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Abstract

The Kozeny-Carmarequationis often presentedas permeabilityversusporosity
grainsize,andtortuosity Whenit is usedto estimatepermeabilityevolutionversus
porosity someof theseargumentge.qg.,the grainsizeandtortuosity)areheld constant.
Here we theoreticallyexplore the internal consistencyof this assumptionand offer
alternativeformsfor the Kozeny-Carmarequation. The only advantagef theseforms
overthe onetraditionally usedis their internal consistency Suchanalyticalsolutions
cannotreplacemeasurementghysicaland digital, but can ratherservefor quality

control of physical and digital data.

1. Problem Formulation

Traditionally, the Kozeny-Carmarequationrelatesthe absolutepermeability k

absolute

to porosity ¢ and grain sizel as

k, o ~d™?, (1.1)

absolute

This form is frequentlyemployedto mimic permeabilityversusporosity evolution
in datasetssuchasin FontainebleagandstonéBourbieandZinszney 1985)or Finney
pack (Finney 1970). During such calculations,the grain size d is typically kept
constant.

We find at leasttwo inconsistenciesn this approach: (a) the Kozeny-Carman
equationhasbeenderivedfor a solid mediumwith pipe conduits,ratherthanfor a
granularmediumand (b) evenif a grainsizeis usedin this equation,it is not obvious
that it does not vary with varying porosity (Figure 1.1 and 1.2).

Bearingthis agumentin mind, we explore how permeabilitycan be predicted
consistentlywithin the Kozeny-Carmariormalism,by varying the radii of the conduits,

their number andtype. We find thatsucha consistentapproachs possible. However



it requiresadditionalassumptionsspecifically regardingtortuosity evolution during
porosity reduction.

In the endwe arrive at alternativeforms for the Kozeny-Carmarequation,which
still shouldnot be usedto predictpermeability but insteadto quality-controlsphysical

and digital experimental data.
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Figurel.1. Cross-sectionsf four Fontainebleasandstonsampleswvith decreasingorosity (posted
ontop of eachimage). The scalebarin eachimageis 0.5 mm. We arguethatit is not obviouswhich

parameters (grain size, conduit size, or the number of conduits) change during porosity reduction.
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Figure1.2. Cross-sectionsf a Finney pack for uniformly increasingradius of eachsphere(from

1.00to 1.45mm with 0.05mm increment/eft to right andtop to bottom)andrespectivelydecreasing
porosity (postedon top of eachimage). As in theimagesin Figure1.1,it is notimmediatelyobvious
which parameterggrain size, conduit size, or the numberof conduits) changeduring porosity

reduction.



2. Definition of Absolute Permeability

The definition of absolutepermeability k.. of porousrock comesfrom DarcyOs
equation (e.g., Mavko et al., 1998)
Adp

-k
Q absolute M d_x

: 2.1)

where Q is the volumeflux throughthe sample(in, e.g.,m%s); A is the cross-sectional
areaof the sample(in, e.g.,m?); u is the dynamicviscosity of thefluid (in, e.g.,Pas
with 1 cPs= 10° Pas); and dP/dx is the pressuralrop acrosshe sampledivided by the
length of the sample (in, e.g., Pa/m).

3. FlowThrough a Circular Pipe

The equation for laminar viscous flow in a pipe of radius

2
P
gu tow_1dP (3.1)
or° ror udx
where u is thevelocity of thefluid in theaxial (x) direction; u is the dynamicviscosity
of thefluid; dP/dx isthe pressurggradientin the axial direction; and r and x arethe
radial and axial coordinates, respectively

A general solution of Equation (3.1) is

U= A+Br’+Clinr, (3.2)

where A, B, andC are constants. It follows from Equation (3.2) that

n 2 n
?=2¢r+9, ‘;”j=2c=_52. (3.3)
r r r r

By substituting the expressions from Equation (3.3) into Equation (3.1) we find that

28-C,08, 8 LA (3.4)
r r udy
which means that
=2 9P (3.5)
4 dx



To avoid singularity a = 0 we need to assume that in Equation (8.2) 0.

Next, we will employ the no-slip condition = 0 atr = b.

u=Aeprr=fir 2P gy T AP g (3.6)
4u dx 4 dx

which means

A=n LAy (3.7)
4U dx
and
1 dP r’
u="——>nba" —. 3.8
4p dx ( b2) (3.8)

The total volume flux through the pipe is

__mb'ap
8u 1

, (3.9)

where [ is the lengthof the pipe, AP is the pressuréheadalongthe lengthof the pipe,
and the pressure gradiediP/dx is replaced witl/AP/I.

4. Absolute Permeability ® Round Pipe

Assumethat a pore spaceis madeof N identical parallelround pipesembeddedn a
solid block at anangle a to its horizontalface (Figure4.1). The horizontalpressure

head across the block 4. The length of each pipe inside the block is
| =L/sin" =L# 4.1)
where L is the horizontallength of the block and, by definition, " =sin” $ is the

tortuosity
Using Equations (3.9) and (4.1), we obtain the total flux thraMgbipes as

Q=Ng="N2 3P o A AP . \spge 0P (4.2)
8u L% 8 L96dx 8% dx

where AP /Lt is the pressure gradient across the pipe.

The porosity of the block due to the pipes is



_ Nab’l _ Nab'r

¢ AL A

, (4.3)

where A is the cross-sectional area of the block, same as used in Equation (2.1).

L

Open Pipe Concentric Pipe

Figure 4.1. Solid block with a pipe usedfor Kozeny-Carmarderivations(left). Notationsare
explainedin thetext. To theright, we showa cross-sectiomf an openpipe andthatof the samepipe

with a concentric solid kernel.

By combining Equations (4.2) and (4.3), we obtain

b*> AdP
=- —_, 4.4
Q=-95= o« dx (4.4)
which means (using the definition of absolute permeability) that
kabsolute= b2 ¢2 : (45)
8T

Let us nextintroduceanothercharacteristiof the pore space the specificsurface
areas, which, by definition, is the ratio of the poresurfaceareato the total volume of

the block. For the block permeated by pipes,
oo N27abl  N2abr  Nab’z2 2¢

=—1, (4.6)
AL A A b b
and, thereforeb =2" /s and
1 n3
kabsolute = Esz_#a' (4'7)
Finally, let us combine Equations (2.1) and (4.2) to obtain
N ab*
absolute= E 8 * (48)



5. Absolute Permeability -- Concentric Pipe

Considerfluid flow througha roundpipe of radius » with a concentricsolid kernel
of radius a inside (Figure4.1). Equations(3.1) and(3.2) are still valid for the flow
insidethe annulargapformedby the pipeandkernel. The solutionfor velocity u inside

the annulargapis obtainedfrom Equation(3.2) andusingthe no-slip (« = 0) boundary

conditions atr = b andr = a:

_. 1 dP, ,,_2 W 1w @ In(b/r)
el (M T (5.1)

A comparisonof the radial velocity field accordingto Equation(5.1) and(3.8) is

displayed in Figure 5.1.
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Figure5.1. Normalizedvelocity of fluid versusthe normalizedradiusof a circular pipe for (a) flow

in a circular pipe without a kerneland (b) annularfloe in a pipe with a kernelfor the radiusof the

kernel 0.1 of that of the pipe.

By integratingthe right-handpart of this equationtimes2"r from a to » andwith

respect tor we obtain the flux through the annular gap:

T AP a2 1
-T2 1—— 1+ 2
q Su | ( W+ —+(1- bz)l (a/b)] (5.2)

Let us remember that for a pipe without a kernel,

ab* AP
o (5.3)

We can arrive at this expression from Equation (5.2)# 0 andina " #$ .



Also, if a—Db, the infinity in the denominatorof the third term in the square
brackets in Equation (5.2) has the same order as that in the numemdipt O.
In Figure 5.2 we displaytheratio & of the flux computedaccordingto Equation

(5.2) to that according to Equation (5.3):

a’ a’ a’ 1
E=(Q1- F)[l"' ? +(1- E) WL (5.4)

which behaves predictably
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Figure5.2. Ratio of annularflux to that througha round pipe versusthe normalizedradius of a

kernel.

The total flux throughN pipes with a kernel is

# $P a’
=Ng="N b“l"— +—+ "— 5.5
Q=Na="Ng o & e e U ), (a/b)] (5-3)
Hence the absolute permeability is
_N #b* a’ 1
= $— 1+2 + 132 5.6
absolute A" 8 ( )[ ( )l ( /b)] ( )
The porosity of this block is now
o= Nr(b® -a*)l _ Nm(b® - az)r. (5.7)

AL A

The specific surface area is



(_N2"(bta)l _N2"(b+a)# _N"(b'Sa)# 2 _ 2%

= (5.8)
AL A A b$a b%a
As a result,
¢ . & a’ 1
=——bl+=+1-=)—1]. 5.9
absolute 8172 [ + b2 +( bz)ln(a/b)] ( )

6. Permeability versus Poosity

Within the aboveformalism, one may envision at leastthree porosity variation
scenarios:(a) the numberof the pipes N varies,(b) the numberN remainsconstant,
butthe radiusof the pipesb varies,and(c) thenumberN remainsconstanandsodoes
the radiusof the pipes b, but concentrickernelsof radius a grow inside the pipes
(Figure 6.1).

Original Block Porosity Reduces with Porosity Reduces with Porosity Reduces with the
the Number of Pipes the Radius of Pipes Radius of Kernels
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Figure6.1. Porosityreductionfrom that of the original block (left) by the reductionof the numberof

the pipes (middle), the radius of a pipe (third to the right), and radius of the kernels.

Considera solid block with a squarecross-sectiorwith a 10° m side and the
resultingcross-sectionadrea A = 10° n. It is penetratecdby N = 50 identicalround
pipeswith radiusb = 2.83410m. Also assumer = 2.5. Theresultingporosityis " =
N"b*#/A = 0.30. Theresultingpermeability accordingto Equation(4.8),is k.. =
4.772410n7 = 4772 mD.

Next, we alterthe original block (left imagein Figure6.1) accordingto the proposed
threeporosityreductionscenarios.The resultsareshownin Figure6.2, wherewe also
displaythe classicalFontainebleasandstonalataas well asdatafor North Seasand
(Troll field). Thisfigure alsoexplainsour choiceof the solid block andpipe parameters

earlierin this sectionbthe numbersselectechelpedmatchthe porosityandpermeability



of the original block to those of the highest-porosity Fontainebleau sample.
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Figure 6.2. Permeabilityversusporosity accordingto scenarios, b, andc. Opensymbolsare for
measuregermeabilityin Fontainebleasandstone.Filled symbolsarefor measuregermeabilityin
sand samples from Troll field offshore Norway.

Figure 6.2 alsoindicatesthat noneof the proposedsimple modelsreproduceghe
trends present in real data.

7. Third Dimension and Tortuosity

Modeling rock as a block with fixed cross-sectiongclearly doesnot produce
permeabilityresultsthatmatchlaboratorydata. Let ushypothesizehatthe effect of the
third dimensioncanbe modeledby varying the tortuosity “. Specifically within the
Kozeny-Carman formalism, let us assume tharies with porosityp.

Consider two candidate equations for this dependence:

T=¢"?, (7.1)

derivedfrom laboratorycontaminandiffusion experimentdy Boving and Grathwohl
(2001) and

"= (1+#Y/2, (7.2)

theoretically derived by Berryman (1981).

10



At ¢ = 0.3, these two equations give= 4.24 and 2.17, respectively

Let us nextrepeatout calculationsof permeabilityfor the threeporosity evolution
scenariosput this time with the tortuosity varying versusporosity Also, to keepthe
scaleconsistentyve will scaleEquationg7.1)and(7.2)toyield T =2.5at " = 0.3as
follows

" =0.590£" (7.3)

and

" =0.576(1+ #). (7.4)

The resultsshownin Figure 7.1 indicate that both the aboveequationsproduce
similar results. Permeabilitycalculatedor porosityreductionscenarionith contracting
pipe sizematcheghe Fontainebleaulatain the medium-to-highporosityrangebut fails
for low porosity
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Figure7.1. Permeabilityversusporosityaccordingto scenarios, b, andc with varying tortuosity.
Left, according to Equation (7.3) and right, according to Equation (7.4).

Our final attemptto matchthe Fontainebleawatais to assumehat the tortuosity
becomesnfinity at somesmall percolationporosity ¢, (following Mavko and Nur,
1997). The resulting equations for tortuosity become

T=0.590(¢ - ¢,)"” (7.5)

11



and

7=0.57¢1+(¢p-9,)"]. (7.6)

Theresultingpermeabilitycurvesfor the caseof shrinkingpipesand ¢, = 0.025are

displayed in Figure 7.2. This final match appears to be satisfactory
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Figure 7.2. Permeabilityversusporosity for shrinking pipesand for tortuosity given by Equation

(7.4) b top curve, Equation (7.5) B middle curve, and Equation (7.6) B bottom curve.

The resulting forms of the Kozeny-Carmanequationobtainedby combining
Equations (4.5) and (4.7) with Equation (7.6) are, respectively

357° ¢ (7.7)

kab.wlute =0. “172
[1+(9-9,)71]

and

3
=1.50%> # (7.8)

k —.
absolute [1+ (#ll #p) 1]2

Some other reported relations betweeand " are:

T=0.6%", (7.9)

theoreticallyderivedbasedon the assumptiorof fractal pore geometry(Papeet al.,
1998) and

12



7=1.8561-0.715¢, 0.1<¢<0.5;
T=2.1445-1.126¢, 03<¢<0.5; (7.10)
T=-2.1472+5244¢, 0.6<¢<1.0;

derivedfrom laboratoryfluid flow experimentn textiles,kaolinite,andsoil by Salem
and Chilingarian (2000). Tortuosity accordingto Equations(7.1), (7.2), (7.9), and
(7.10)is plottedversusporosityin Figure7.3). Thelarge differencebetweenndividual

curves is likely due to the materials and models these curves were derived for
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Figure 7.3. Tortuosity versusporosity accordingto equationsin the text. Equationnumbersare

posted next to the curves.

8. Kozeny-Carman Equation with Grain Size

The Kozeny-Carmarormalismoperatesith pipe conduits. However its common
interpretationfor clastic sedimentattemptsto operatewith the grain size. Sucha
transformation is possible if one considers permeability Equation (4.7)

1 "3
K = 8.1
absolute 2 Sz#z ( )

and relates the specific surface asda the grain size.

Thisis possibleif we consideradenserandompackof M identicalsphericalgrains
with radiusr andporosity “,. Thevolumeof eachindividual grainis (4/3)"r* andthe
total volume of the packis hence(4/3)M"r*/(1# $,). The surfaceareaof the pore

12



space isAMmr?. Therefore, for this specific case,

s=31-¢,)/r=6(1-¢,)/d, (8.2)

whered = 2r.

Note that this equationis only valid for a spherepackwith porosity ", # 0.36. If
we assumehatthe sameequationappliesto the entire porosityrange,which is clearly
invalid since s shouldbe generallydecreasingvith decreasingporosity we obtainform
Equations (8.1) and (8.2)

2 3 2 3
kabg-olute = r_ ¢ 2 2 = d_ ¢ 2 21 (83)
18(1-¢)*z? 72(1-¢)*t

whered = 2r.
We can also modify this last equationby introducinga percolationporosity ¢,
(Mavko and Nur1997) as
& _C#ny

K =P 8.4
absolute 72 (1# " + ,,p)2$2 ( )

The correspondingurvefor * = 0.025, d = 0.25mm = 0.00025m, and constant
tortuosity * = 0.25 is plotted in Figure 8.1.
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Figure8.1. Black curve: permeabilityversusporosityfor shrinking pipeswith the tortuosity given
by Equation(7.6). Red curve: permeabilityversusporosity accordingto Equation (8.4) with

parameters described in the text.
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9. Conclusion

Consistencyis possiblein deriving and applying Kozeny-Carmanequationfor
permeabilityas a function of porosity Any suchderivationinherentlyrequiressuch
idealizedand,generally nonexistentn realrock parameterasgrainsize,poresize,and
tortuosity Yet,the Kozeny-Carmarequationcanbe madeto mimic someexperimental
trends and, therefore, serve as a quality-control tool for physical and digital

experimental results.
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Appendix: Specific SurfaceAr ea of the Finney Pack with Expanding Sphes

We selecta cubic subsebf the Finneypackandgraduallyanduniformly expandthe
radiusof eachspherefrom 1 to 1.5 mm. The evolutionof the porosity of thesepacks

versus the radius of a sphere is shown in Figure A.1.
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Figure A.1. Left Bporosityof a Finneypackdecreasingvith the increasingradiusof eachsphere.
Middle Bthe specificsurfaceareadecreasingvith the increasingradiusof eachsphere. Right Bthe
specific surfaceareaincreasingwith increasingporosity (black). The red curveis computedfrom
Equation(A.1) with fixed sphereradiusl mm. The blue curveis alsocomputedrom Equation(A.1)

but with respectively increasing sphere radius.

In the samefigure we displaythe calculatedspecificsurfaceareaversusthe radius
andthe specificsurfaceareaversusthe porosity In the latter frame,we alsodisplaya

theoretical curve according to equation

s=3(1" #)/r (A1)

for varying porosityandfixed radiusr = 1 andfor varying porosityandvaryingradius.
Neitherof thesetwo theoreticalcurvesevenqualitativelymatcheghe computedspecific
surface area.
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