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Abstract
Volcanic eruptions involve �ow of compressible, viscous 
magma through cracks and conduits in solids. Changes 
in �uid pressure push conduit walls apart or suck them 
together, exciting seismic waves. Solid deformation 
alters cross-sectional area of conduit, in�uencing �uid 
�ow. Our objectives are to 
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Model of Fissure Eruptions

Dike opens when �uid pressure exceeds remote 
compressive normal stress. Two-dimensional 
model with plane strain linear elastodynamic rock 
response.

Low Re �ow of viscous �uid assumed laminar 
and fully developed (parabolic velocity pro�le) 
with wall shear stress related to width-
averaged velocity by
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short λ waves 
propagate at �uid 
sound speed (rigid 
walls limit)

long λ waves 
propagate slowly 
(incompressible 
�uid  limit)

Wave Propagation in Fluid-�lled Cracks 

Volcanic Tremor, Sound Wave Instability, and Self-excited Oscillations

Numerical Method

Perturbations About Steady Flow
Steady state solution for constant pressure 
gradient and conduit width (inertia and �uid 
compressibility negligible in steady state and 
weight combined with pressure gradient):

(basaltic eruptions)

Fluid-solid coupling:

5 March 2011 �ssure eruption, Napau, Hawaii [USGS/HVO]

width w
magma:
pressure p
density ρ
velocity u
(width-averaged)

rock:
velocity vi
stress σij

- develop a computational tool to simultaneously solve 
mass and momentum balance equations for quasi-one-
dimensional isothermal �uid �ow and elastodynamic 
equations for seismic wave propagation through solid
- study in�uence of conduit wall deformation on sound 
wave propagation within dikes (magma-�lled cracks)
- assess possibility of self-excited oscillations of conduit 
walls during eruptions, one of several proposed mecha-
nisms for volcanic tremor

(right) Simulation of basaltic �ssure 
eruption. Dike breaks surface at t=0 
and rarefaction carries pressure drop 
down conduit. For rigid conduit walls, 
rarefaction is simply sound wave in 
magma, but conduit wall deformation 
causes dispersion (with shortest wave-
length waves propagating fastest). 
When “crack waves” propagating along 
conduit di�ract o� of the vent, seismic 
waves are excited. 
(bottom right) Synthetic seismograms 
at a station 200 m along surface from 
vent. Motions are dominated by Ray-
leigh surface waves .

Quasi-one-dimensional �ow
mass and momentum balance: Linearized equation of state relates pressure 

and density perturbations in terms of �uid 
bulk modulus Kf  and sound speed c0:

pressure and shear 
stress on conduit walls

conduit opening
no shear slip across 
conduit (by symmetry)

isothermal sound waves 
with speed c0 relative to 
unperturbed velocity u0

wall deformation

drag perturbations

Perturb solution:

Perturbations governed by linearized 
equations with

For quasi-static elasticity, perturbations in 
pressure and conduit width related by

Seek solutions of form
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Wave motion arises from �uid compressibility and wall 
deformation. Two limiting cases emerge when comparing 
response of system to pressure perturbations:

�uid compressibility

conduit compressibility (from elastic 
wall deformation, walls more compliant 
for larger λ since strains smaller)

dimensionless ratio 
of compressibilities:

de�nes “elastic coupling length”

Upward-propagating sound 
waves with observed tremor 
frequencies are unstable for 
su�ciently fast �uid velocities. 
However, dimensional calcula-
tions for basaltic eruptions 
suggest instability is unlikely 
to occur in natural eruptions.

[Lesage et al., JVGR, 2006]

Ubiquitous seismic signal at many volcanoes is 
tremor, often harmonic with overtones (left). One 
proposed mechanism [Julian, JGR, 1994] is self-
excited oscillations of conduit walls from �uid �ow. 
Previous stability analyses of conduit �ow 
[Balmforth et al., JFM, 2005] have neglected �uid 
compressibility (κ << 1 limit in our analysis).Arenal Volcano, Costa Rica

reasonable 
wavelengths

1-2 orders of
magnitude too fast

Elastic wave equation written in �rst-order form for velocities and stresses, 
discretized with (6th order interior, 3rd order boundaries) summation-by-
parts (SBP) �nite di�erence operators. Boundary and interface conditions en-
forced weakly with simultaneous approximation term (SAT) method.

Fluid �ow equations written in conservation form, discretized with SBP di�er-
ence operators or with upwind-biased WENO scheme (latter may be neces-
sary for explosive eruptions that develop shocks within conduit). Boundary 
conditions enforced weakly with SAT method.

nondimensional 
wavenumber

rigid walls limit: 
�uid sound speed

incompressible �uid limit: 
slower speed, dispersion

Drag Perturbations: Damping or Instability? 
Waves perturb �uid velocity and conduit width, and thus alter drag. Drag 
perturbation (see “Perturbations About Steady Flow”) is proportional to

acoustic impedance

elasticity
Instability if drag reduction from widening conduit exceeds 
drag increase from increased particle velocity. Threshold 
Mach number is

Model improvements: If wave period less than momentum di�usion time across conduit 
width, fully developed �ow assumption not justi�ed. Magma has pressure-dependent 
compressibility from gas exsolution, leading to depth-dependent wave speeds. We are in 
the process of incorporating these e�ects into our models.
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collocated grid points 
(on either side of dike)

solid velocity vi, stress σij
�uid conservation variables ρw, ρuw; 
primitive variables ρ, u, p (and w)

Both sets of equations integrated simultaneously with 4th order explicit 
Runge-Kutta scheme. Given �elds at time tn, calculate rates at tn for
 a. solid, including BC penalty term involving �uid pressure pn;
 b. �uid, using conduit width wn  in momentum balance and when 
  converting between conservation and primitive variables to evaluate 
  equation of state;
 c. conduit width, using solid particle velocity vn.
Then update �elds explicitly. Repeat for each internal Runge-Kutta stage. upward 

propagating 
sound wave

in above simulations, 


