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Abstract

Semi-permanent lava lakes, like the one at the summit of Kı̄lauea Volcano,
Hawai‘i, provide valuable opportunities for studying basaltic volcanism. Seis-
mic events recorded by the summit broadband seismometer network during the
May 2018 eruption of Kı̄lauea feature multiple oscillatory modes in the very
long period (VLP) band. The longest period mode (∼30-40 s, here termed the
conduit-reservoir mode) persisted during drainage of the lava lake, indicating
its primary association with the underlying conduit-reservoir system. Addi-
tional modes, with periods of 10-20 s, vanished during lake drainage and are
attributed to lava lake sloshing. The surface displacements of the two longest
period sloshing modes are explained as the superimposed response to a near-
surface horizontal force along the axes of the crater (from the pressure imbalance
during sloshing on the crater walls) and a volume change in a reservoir located
at the conduit-reservoir mode source centroid. Both sloshing modes are in the
“deep-water” surface gravity wave limit where disturbances are largest near the
lake surface, though pressure changes on the top of the conduit at the lake bot-
tom provide the observed excitation of the underlying conduit-reservoir system.
Combining magma sloshing dynamics in the crater and a conduit-reservoir os-
cillation model, we bound the storativity of the reservoir (volume change per
unit pressure change) to be greater than 0.4 m3/Pa, probably indicating the
presence of other shapes of magma bodies (than a spherical reservoir), such as
sills or dikes, and/or significant finite source effect. Our work demonstrates the
signature of lava lake sloshing modes in the seismic data and the potential of
these modes in constraining the shallow magmatic system.
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1. Introduction1

Several open-vent volcanoes, such as Kı̄lauea Volcano, Hawai‘i, and Mount2

Erebus, Antarctica, support semi-permanent lava lakes, providing valuable op-3

portunities for studying basaltic volcanism (e.g. Aster et al., 2003; Patrick et al.,4

2011, 2018). As the uppermost part of the magmatic system, the lava lake, with5

directly observable outgassing and surface convection, offers insights into pro-6

cesses occurring in the deeper plumbing system (e.g. Chouet et al., 2010; Patrick7

et al., 2011, 2015; Anderson et al., 2015).8

At the summit of Kı̄lauea Volcano, the Overlook crater was formed on the9

south wall of Halema‘uma‘u crater during an explosion in March 2008 (Wilson10

et al., 2008), as shown in Figure 1a, and subsequently expanded due to collapses11

of the crater wall (Patrick et al., 2018). The satellite image from Google Maps12

(image date: December 7, 2017) indicates a crater size of ∼270×190 m, as13

shown in Figure 1b. Sporadic bubble bursts and rockfalls on the lava lake14

excite oscillations in the very long period (VLP) band, 2-100 s, which have been15

attributed to various resonances in magma-filled cracks (e.g., Chouet, 1986;16

Ferrazzini and Aki, 1987), reservoirs (e.g., Shima, 1958), conduits (e.g., Garces,17

2000; Karlstrom and Dunham, 2016), and coupled conduit-reservoir systems18

(e.g., Chouet and Dawson, 2013; Liang et al., 2019a). However, relatively less19

attention has been given to magma oscillations in the lava lake itself.20
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Figure 1: (a) Map of Kı̄lauea summit caldera showing broadband seismic stations and lava
lake. (b) Zoomed-in view of the Halema‘uma‘u crater and the lava lake with semi-major and
semi-minor axes marked as AA′ (∼270 m) and BB′ (∼190 m), obtained from Google Maps
(image date: December 7, 2017). (c-d) NPT vertical velocities in raw counts for two events.
The instrument response is nearly flat in the frequency band of interest.

Standing surface gravity waves in bounded ponds, channels, or locally iso-21

lated parts of basins give rise to fluid oscillations, commonly referred to as seiches22
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in the field of hydrodynamics (e.g., Wilson, 1972; Rabinovich, 2010). Seiches23

in water bodies can be driven by atmospheric pressure variations (Gomis et al.,24

1993), wind drag (Horn et al., 1986), seismic waves (McGarr, 1965), and land-25

slides (Kulikov et al., 1996), for example. Water seiches have also been observed26

seismically (e.g., McNamara et al., 2011; Amundson et al., 2012) and by bore-27

hole strain meters (Luttrell et al., 2013). However, there have been relatively28

few reports of seiches, or sloshing (a synonymous term that we adopt in this29

study), in lava lakes. Notable exceptions are works by Richardson and Waite30

(2013) and Dawson and Chouet (2014). Richardson and Waite (2013) attribute31

the seismic source mechanism of a long period (LP) bubble burst event to the32

viscous drag of sloshing magma on the crater floor at Villarica Volcano. When33

characterizing VLP seismicity at Kı̄lauea Volcano during 2007-2013, Dawson34

and Chouet (2014) discovered two oscillation modes with periods of 10-20 s and35

hypothesized them to be lake sloshing modes along the two axes of the roughly36

elliptical-shaped crater. However, stronger evidence is required to rule out the37

possibility that these modes are due to other mechanisms such as crack wave38

resonance in shallow dikes or sills, or resonances in the conduit.39

In this work, we present a comprehensive investigation of lava lake sloshing40

modes with periods of ∼10-20 s during the May 2018 eruption of Kı̄lauea Vol-41

cano. During the first ten days of May, the summit lava lake level dropped by42

more than 300 m (Neal et al., 2019). The evolution of seismic waveforms and43

spectra associated with the events as the lava lake drained from the crater pro-44

vides strong evidence that the ∼10-20 s resonant modes are due to lake sloshing.45

We then show that the surface deformation of the two longest period sloshing46

modes are well explained by a combination of a near-surface horizontal force, re-47

sulting from the imbalance of pressure on the side walls of the crater as the lake48

lava sloshes, and a volume change of a shallow magma reservoir. The synchro-49

nization of these deformation sources requires hydraulic connection between the50

lake and reservoir, and motivates application of a coupled lake-conduit-reservoir51

model, an extension of the conduit-reservoir model introduced in Liang et al.52

(2019a), in interpreting the data. Using this model, we introduce a workflow53

to constrain the reservoir storativity (volume change per unit pressure change)54

from the inverted force and reservoir volume change. In this study, we adopt a55

2D crater geometry when calculating the depth-dependent pressure distribution56

of the sloshing modes, but the approach should be extended to 3D when the57

crater geometry is publicly available.58

2. Observation59

The summit of Kı̄lauea Volcano is instrumented with a network of 11 broad-60

band seismic stations (Figure 1a). We compile a dataset of 24 events (Liang61

and Dunham, 2019) by visually inspecting the raw waveforms at NPT station62

(see also Supplementary Material). These events are clearly visible in the seis-63

mograms, with high frequency peaks followed by VLP oscillations and positive64

up first motions, as exemplified by the two events shown in Figure 1c and 1d.65
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Figure 2: (a) NPT displacement spectra (normalized by the maximum spectral amplitude of
the vertical component) of the event shown in Figure 1c. Note the distinct relative amplitudes
of different components (East, North, and Vertical) for multiple resonant modes. (b) Same as
(a) but for the event shown in Figure 1d. Note that this event only exhibits a single spectral
peak around 32.26 s. (c) Total displacement spectra (Euclidean norm of the spectral ampli-
tudes of three components) at NPT station between 3-8 May 2018. The gradual diminishing
of modes in the 10-20 s band as the lava lake drained indicates their primary association with
the lake. (d) Periods of identified spectral peaks.

The waveforms and spectral characteristics of these events change dramati-66

cally as the lava lake drained from the crater. When the lava lake level was high,67

multiple resonant modes were excited in the band of 10-100 s, as in the event on68

3 May shown in Figures 1c and 2a. The longest oscillation period is ∼30-40 s,69

which matches the mode studied by Chouet et al. (2010), Dawson et al. (2010),70

and Chouet and Dawson (2013). As in Liang et al. (2019a), we refer to this71

mode as the conduit-reservoir mode. Higher modes in the 10-20 s band exhibit72

distinct relative amplitudes among the different components (East, North, and73

vertical) compared to the conduit-reservoir mode, as shown in Figure 2a. For74

example, the 18.66 s mode does not contain much East component while the75

15.62 s mode lacks energy in the vertical component.76

As shown in Figure 2c, the conduit-reservoir mode persists as the lake drains,77

indicating the mode’s primary association with the underlying conduit-reservoir78

system. This observation is consistent with previous studies (Chouet and Daw-79

son, 2013; Liang et al., 2019a), which explain this mode as oscillation of magma80

in a conduit beneath the lake with restoring force from buoyancy in the conduit81

and compressibility/storativity of a reservoir at the base of the conduit. Thus,82

the change of period of the conduit-reservoir mode from 38-40 s on 3 May to83

30-32 s on 7 May (Figure 2d) indicates evolution of magma density and viscosity84

in the conduit-reservoir system, provided that the geometry is relatively fixed.85

On the other hand, the higher modes in the 10-20 s band gradually diminish86
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as the lake level drops, indicating a primary association with the lava lake. By87

the end of 5 May, no observable spectral peaks are present in the 10-20 s band.88

For example, the 7 May event shown in Figure 1d and 2b exhibits only a single89

mode (the conduit-reservoir mode) with a period of ∼32 s. We can immediately90

rule out acoustic resonances within the lava lake as an explanation for the 10-2091

s period modes as follows. Given the dimension of the lava lake (∼300 m), it92

would require a magma acoustic wave speed of ∼20 m/s to explain a ∼15 s93

oscillation, which is inconsistent with even order of magnitude constraints on94

density and compressibility of basaltic magma. As we will show later, these95

modes are instead well explained by lava lake sloshing, that is, the resonance of96

surface gravity waves on the lake surface. We therefore refer to the modes in97

the 10-20 s band as the “sloshing modes.” Possible causes for the diminishing98

of sloshing modes as the lava lake drains will be presented following a more99

detailed explanation of the sloshing model.100
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Figure 3: (a) Schematic of the magmatic system. Sloshing of the lava lake surface creates
pressure perturbations in the lake, appearing as a horizontal force F exerted on the side walls
of the crater and a pressure perturbation on the crater floor pex that drives oscillations of
the underlying conduit-reservoir system and volume change ∆V in the reservoir. Both the
horizontal force F and reservoir volume change ∆V contribute to the surface displacements.
(b) Truncated wedge as an approximate 2D crater model, used in lake sloshing calculations.

3. Modeling surface deformation101

In this section, we model the surface displacements of the conduit-reservoir102

mode and the two longest period sloshing modes (18.66 s and 15.68 s) for an103

event that occurred at 03:32:40 (UTC) on 3 May 2018, as shown in Figures 1c104

and 2a. This event occurred when the lava lake level was high with efficient105

coupling between the lava lake and the surrounding walls of the crater. Due106

to the very long period nature of these modes, we assume quasi-static solid107
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deformation. This assumption is valid when ωr/c � 1, where ω is the angular108

frequency of oscillation, r is the source-receiver distance, and c is an elastic wave109

speed.110

The reservoir location is well indicated by the deformation centroid of the111

conduit-reservoir mode, assuming negligible contributions to displacements from112

pressure changes within the narrow conduit following Liang et al. (2019b). For113

simplicity, we model the reservoir as a spherical magma reservoir, known as the114

Mogi source (Mogi, 1958). This assumption should not be interpreted as our115

preference for a spherical reservoir as opposed to other shapes such as cracks116

(sills or dikes). Instead, the Mogi source provides a minimal parameter model117

that permits quantitative estimation of the reservoir centroid location and vol-118

ume change.119

In the two longest period sloshing modes, the oscillating lava lake surface120

perturbs the pressure distribution inside the crater. The imbalance of pressure121

on the crater wall results in a net horizontal force, F (Figure 3a). The pres-122

sure change on the crater floor, pex, drives magma flow in/out of the reservoir123

through the conduit. Therefore, we model the surface displacements of the two124

sloshing modes as a combination of a horizontal force and a volume change in125

the reservoir. We use the Green’s function for surface displacements due to a126

point force inside a uniform elastic half-space by Mindlin (1936). Antisymmet-127

ric pressure perturbations on the crater floor give rise to a vertical force couple,128

but this has negligible contribution to the surface displacement as compared to129

the horizontal force (see Supplementary Material) and is neglected. Likewise,130

the contributions to surface displacement from pressure changes on the walls of131

the conduit are negligible.132

We also neglect topographic corrections to the Green’s functions, though133

such corrections might be important to consider in future studies as pointed out134

by Johnson et al. (2019). The leading order topographic correction to the surface135

displacement is of order the surface slope times the surface displacement in an136

elastic half-space (McTigue and Segall, 1988; Segall, 2010). The surface slopes137

in the vicinity of the seismometers are generally 4% to 12%, suggesting an error138

of approximately 10%. This error is tolerable relative to other approximations139

we make such as our idealization of the crater shape and uncertainties in conduit140

location that are described in the next section.141

We first invert the displacements of the conduit-reservoir mode of all events142

using a Mogi model to determine the location (East, North, and depth) of143

the magma reservoir. The deformation source centroid of the conduit-reservoir144

mode is remarkably stable over the entire lava lake drainage (Figure 4). There-145

fore, we fix the magma reservoir at the average conduit-reservoir mode source146

centroid and then invert the displacements of the two sloshing modes of the147

selected event for the amplitude F̂ , orientation θ (angle from North), and depth148

d of the horizontal point force, and the reservoir volume change ∆V̂ . F̂ (ω)149

and ∆V̂ (ω) are the spectral amplitudes of the time domain quantities F (t) and150

∆V (t). Note that the inversions are performed in the Fourier domain and only151

at frequencies of the resonant modes.152

Following Maeda et al. (2011) and Chouet and Dawson (2013), we account153
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for the contribution of tilt to horizontal displacements, which can be substantial154

at very long periods. Because the surface displacement from a Mogi source is155

independent of the shear modulus G and the inverted F̂ is proportional to G156

(Mindlin, 1936; Mogi, 1958), it is only possible to constrain F̂ /G. In this study,157

we assume G = 10 GPa and a Poisson ratio ν = 0.25.158

We apply the same processing technique introduced in Liang et al. (2019b)159

to the surface displacement data. To prepare the data for inversion, we extract,160

for each mode, the spectral values of displacements Ui, normalize by eiΦ0 , where161

Φ0 is the phase of a reference channel (NPT vertical), and keep the real parts162

ui. Note that i is the channel index. The fraction of the imaginary part Ii163

in the total amplitude ai is an indication of deviation from the quasi-static164

assumption or noise. We compute the noise spectra ni using a window of 500165

s prior to the start time of the event and then obtain the signal-to-noise ratios166

SNRi = ai/|ni|. For quality control, we discard the channels with |I2
i /a

2
i | > 0.1167

or SNRi < 5.168

The Markov Chain Monte Carlo (MCMC) method is used to estimate the169

posterior distributions of model parameters accounting for data uncertainty (e.g.170

Mosegaard and Tarantola, 1995). We assume flat priors with large bounds and a171

Gaussian likelihood function. Data uncertainty is estimated based on the SNR.172

Although SNRi of most channels is above 10, we set the standard deviation of173

the displacement σu in each channel to be min(10, SNRi)×max(ai). This choice174

of standard deviation tends to overestimate the data uncertainty for channels175

with smaller amplitudes and is thus more robust with noisy data. In this study,176

we use an affine invariant ensemble MCMC sampler developed by Goodman177

and Weare (2010) to obtain one million samples with 50 random walkers. The178

software used, GWMCMC, is an open source repository on GitHub (Grinsted,179

2014). Since we focus on modeling the deformation, the periods and decay rates180

are not used in the inversion.181

3.1. Conduit-reservoir mode and reservoir location182

The source centroid of the conduit-reservoir mode is well constrained as183

indicated by the 90% credible intervals in Figure 4. The general deformation184

pattern of the conduit-reservoir mode is vertical uplift/depression and horizontal185

expansion/contraction, consistent with a volumetric source (Mogi model in this186

study) as shown in Figure 4e. The displacement patterns of this mode are also187

highly consistent across different events, as shown in Figure 4d. As a result,188

the maximum likelihood estimate (MLE) of the source centroid is consistently189

located at ∼1 km depth, ∼660 m East, and ∼400 m North from the centroid of190

the vent during the entire lava lake drainage, as shown in Figures 4a, 4b, and191

4c. This centroid location is at a similar depth with but ∼200 m east from the192

centroids previously inferred for events prior to 2013 (Chouet et al., 2010; Chouet193

and Dawson, 2013; Liang et al., 2019b) and is consistent with the centroid depth194

of the shallow magma reservoir participating in deflation-inflation (DI) events195

(Anderson et al., 2015).196
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Figure 4: Inversion of the conduit-reservoir mode for event on 2018-5-3T03:32:40. (a) Horizon-
tal and (b) North and depth positions of source centroids. The blue dots mark the maximum
likelihood estimate (MLE) positions and the magenta error bars mark the 90% credible in-
terval. (c) Centroid positions over time. Dots mark the MLEs and error bars mark the 90%
credible interval. (d) Displacements ui (after normalization by NPT vertical) for 5 events.
The displacements are ordered by East, North and vertical from left to right for each station.
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2
i >0.1 or SNRi <5 are discarded. (e) Predicted (from the MLE model)

and observed displacements. The diameters of circles indicate the vertical uplifts and arrows
indicate horizontal displacements. The horizontal components of BLY, SBL, and UWB are
discarded due to poor quality.

3.2. Lake sloshing modes197

The results for inverting the two longest period lake sloshing modes of one198

event (start time 2018-5-3T03:32:40) are presented in Figure 5. For both slosh-199

ing modes, the angle θ, force amplitude F̂ , and reservoir volume change ∆V̂ are200

well constrained. In particular, the MLE of θ for two sloshing modes (18.66 s201

and 15.68 s) are 136.9◦ and 49.8◦ from the North, respectively, corresponding to202

directions along the major and minor axes of the Overlook crater, as shown in203

Figure 5a and c. The depth d of the horizontal force is not well constrained but204

the data seem to favor a shallower depth, which is likely related to the depth-205

dependence of pressure perturbations in the lake. Figure 5b and d show fits of206

the MLE models to observed displacements when fixing the reservoir location207

at the conduit-reservoir mode centroid for the two lake sloshing modes. Both208

the horizontal force and the reservoir volume change contribute to the surface209

deformation of the sloshing modes. As a horizontal point force is not effective210

at generating vertical displacements, the vertical displacements are largely con-211
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trolled by the reservoir volume change. Compared to the 18.66 s mode, the212

15.68 s mode’s displacements exhibit a higher contribution from the horizontal213

force than from the volumetric source. This is probably due to a larger con-214

tact area on the crater side walls perpendicular to the minor axis and smaller215

pressure perturbation at the crater floor due to smaller width-to-depth ratio to216

drive reservoir volume changes, as we demonstrate in the next section.217

4. Inferring magma reservoir storativity218

During lava lake sloshing, pressures within the lake are perturbed by the219

motion of the lake surface. This perturbation creates an imbalance of pressure220

on the crater walls that results in a net horizontal force along the crater axis221

pointing to the side with higher lake height. At the same time, the pressure per-222

turbation on the crater floor drives magma into and out of the reservoir through223

the conduit, generating a volumetric component in the surface displacements.224

In this study, we propose a novel way to constrain the pressure-volume relation225

of the reservoir using the point force F̂ and change in volume ∆V̂ obtained in226

the previous section.227

Given a reservoir having pressure-dependent volume Vr(p), we define the
reservoir storativity Cr as

Cr ≡ dVr/dp = βrVr = ∆V/p0, (1)

where βr is reservoir compressibility, ∆V is the change in reservoir volume, and
p0 is the perturbation of reservoir pressure. Equation (1) holds for both the time
and frequency domain. Note that Cr solely accounts for the compressibility of
the reservoir itself, βr, but not magma compressibility βm = ρ−1

m dρm/dp, where
ρm(p) is pressure-dependent magma density. The total storativity that accounts
for both βr and βm is defined as (e.g. Anderson et al., 2015; Rivalta and Segall,
2008)

Ct = ∆Vin/p0 = (βr + βm)Vr, (2)

where ∆Vin is the magma volume injected into the reservoir. Due to finite228

magma compressibility, ∆Vin ≥ ∆V , such that Cr ≤ Ct. For the ease of later229

discussion, we denote p̂0(ω) as the Fourier transform of p0(t). The pressure230

perturbation at the floor of the crater (or the top of the conduit) is defined as231

pex(t) with Fourier transform p̂ex(ω).232

Conventional geodetic inversions using volumetric sources only constrain the233

reservoir volume change and alternative observations are necessary to obtain234

the reservoir pressure change (e.g. Anderson et al., 2015). In this study, we235

demonstrate how the obtained F̂ puts constraints on p̂0, which then constrains236

Cr given the estimate of ∆V̂ . We break this task into two steps. The first237

step is to convert F̂ to the pressure perturbation at the floor of the crater p̂ex,238

which involves modeling the sloshing dynamics in the lava lake. The second step239

relates p̂ex to p̂0 using an oscillation model for the conduit-reservoir system.240
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4.1. Lava lake sloshing dynamics241

To relate the inverted horizontal force F̂ and convert it to the pressure change242

on the lake bottom (crater floor) p̂ex that forces the underlying conduit-reservoir243

system, we must understand the spatial distribution of pressure perturbation244

within the crater during lava lake sloshing. In the current study, we model the245

crater as a 2D truncated wedge as shown in Figure 3b. The wedged face is246

defined by the region with a ≤ r ≤ b and 0 ≤ φ ≤ φ0, where r is radial distance247

from the apex and φ is the angle counterclockwise from the right crater wall.248

The two subvertical walls are defined as φ = 0 and φ = φ0. r = a and r = b249

indicate the crater floor and free surface, respectively. The two sloshing modes250

are assumed to be independent and modeled with different truncated wedge251

geometries.252

We use the surface gravity wave solutions by Bauer (1981) for a 3D wedged253

tank with finite thickness filled with inviscid, incompressible fluid. The two254

longest period modes, which are the ones relevant to our application, have eigen-255

functions that are independent of the thickness. The formulas for sloshing fre-256

quencies and pressure perturbations for the 3D truncated wedge (Bauer, 1981)257

and a 2D rectangular tank (e.g. Ibrahim, 2005) are given in the Supplementary258

Material. The method presented here can be straightforwardly extended to 3D259

by replacing the 2D eigenmode analysis with a 3D model.260

The inviscid assumption in calculating resonant frequencies and pressure261

distribution is justified by realizing the sloshing modes are in the boundary layer262

limit. The thickness δ of viscous boundary layers along the crater walls scales263

as
√
µm/(ρmω), where µm is magma dynamic viscosity and ω is the angular264

frequency of oscillation. Given the sloshing mode period ≈20 s, basaltic magma265

density ≈1000 kg/m3, and basaltic magma dynamic viscosity 1-1000 Pa s, we266

obtain δ ≈0.05-2 m, which is much smaller than the depth of the lava lake.267

Therefore, the boundary layer limit is justified and viscosity is neglected in268

calculating the period and pressure distribution of the sloshing modes.269

The Overlook crater is ∼ 270 × 190 m at the top (Figure 1b) and ∼300 m270

deep as revealed by the 2018 May eruption (Neal et al., 2019). According to271

Neal et al. (2019), the average rate of lava lake drop was ∼30 m/day between 1-272

10 May. However, the withdrawal only accelerated after the Mw 6.9 earthquake273

on 4 May. Assuming the lava lake level dropped ∼30 m during the first two274

days of May, we estimate a lake depth of ∼270 m for the studied event on 3275

May. The bottom part of the crater is approximately elliptical with dimension of276

∼ 160× 140 m as revealed by the lava lake withdrawal in March 2011 (Carbone277

et al., 2013). Therefore, we use W1 = 270 m, W2 = 160 m, and H = 270 m for278

the 18.68 s mode, and W1 = 190 m, W2 = 140 m, and H = 270 m for the 15.62279

s mode.280

The predicted periods for the two sloshing modes using the truncated wedge281

model are 18.61 s and 15.61 s, matching the observed periods 18.66 s and 15.62282

s remarkably well. In fact, the predicted periods from rectangular tanks with283

shapes W1 = W2 = 270 m, H = 270 m and W1 = W2 = 190 m, H = 270 m284

are 18.64 s and 15.61 s, which are very close to predictions from the truncated285
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wedge model. This observation indicates that both sloshing modes are in the286

short wavelength or “deep-water” limit where the resonant periods are only287

sensitive to the crater dimension at the top and relatively insensitive to the288

depth (e.g. Ibrahim, 2005).289

The pressure perturbations, as shown in Figure 6a and b, are depth-dependent290

and concentrated near the free surface, reaffirming that both sloshing modes are291

in the short wavelength limit. For both sloshing modes, the pressure perturba-292

tions on the crater floor are substantially less than (<5% of) those at the top293

and can vary significantly depending on the horizontal position (highest near294

the wall and zero at the nodal point). In addition, the bottom geometry of the295

crater has substantial impact on the pressure distribution near the crater floor296

(see Supplementary Material).297

From the spatial distribution of pressure perturbation, we compute the hor-298

izontal force F̂ and the pressure perturbation p̂ex at a given position on the299

crater floor. To calculate F̂ due to sloshing along one crater axis, we resolve300

the depth-dependent pressure profile into tractions on the crater wall (φ = 0),301

the wedged cross-section perpendicular to this axis. The azimuthal dependence302

of pressure perturbation would have to be taken into account if a 3D crater303

geometry were used. p̂ex is directly evaluated given the position of the conduit304

on the crater floor. We now compute the ratio F̂ /p̂ex, in which undetermined305

constants drop out. Since p̂ex depends on the position of the conduit on the306

crater floor, which is poorly known, we evaluate p̂ex at φ = 0, giving an upper307

bound estimate of p̂ex. The computed p̂ex/F̂ of the two sloshing modes (18.66308

s and 15.62 s) are 1.3× 10−6 m−2 and 2.4× 10−6 m−2, respectively.309

Now that we have introduced the sloshing model, we offer possible explana-310

tions for the diminishing seismic expression of the sloshing modes as the lake311

level drops, as seen in Figure 2c. One possibly important factor is the reduc-312

tion of contact area between the magma and the crater walls as the lake drains313

and the crater narrows with depth. The reduction of contact area directly re-314

duces the horizontal force on the crater wall even when the lava lake surface315

is perturbed by the same amount. Another possibly important factor could be316

viscosity, which bounds the amplitude of the lake sloshing response to external317

forcing around the resonant frequencies (e.g. Ibrahim, 2005). As the lava lake318

gets shallower, cooler and thus more viscous magma is in contact with the crater319

walls and floor. Additionally, the ratio of viscous boundary layer thickness to320

lake depth increases, which increases damping. Together, all of these effects will321

contribute to weaker seismic expression as the lake drains, which is confirmed322

by the increase of spectral widths in Figure 2c and slight increase of periods in323

Figure 2d. Extension of our lake model to a viscous fluid is required to quantify324

these effects and demonstrate consistency with the observations.325

4.2. Oscillation of the conduit-reservoir system326

We use the conduit-reservoir oscillation model developed in Liang et al.327

(2019a), to relate p̂ex to p̂0. This model accounts for two restoring forces: buoy-328

ancy in the conduit and reservoir pressure changes from compressibility of the329

reservoir and magma within it. We introduce the governing equation of the330
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oscillator for inviscid magma here, for simplicity, and leave the treatment of331

viscosity in the Supplementary Material. The viscous magma model is used in332

actual calculations because the viscous boundary layer thickness can be compa-333

rable to the conduit radius, which is on the order of a few meters (Fee et al.,334

2010).335

Consider oscillation of incompressible, inviscid magma in a vertical cylindri-
cal conduit of length L and cross-sectional area A, as shown in Figure 3a. The
governing equation for the vertical displacement of the magma column, h, is

d2h

dt2
+

A

ρmLCt
h+

∆ρg

ρmL
h = − pex

ρmL
, (3)

where ρm is magma density, ∆ρ is the magma density contrast between the
bottom and the top of the conduit, Ct is the total storativity defined in (2), and
pex is the external pressure perturbation at the top of the conduit. The second
and third terms on the left-hand side of (3) represent the restoring force from
reservoir pressure perturbation p0 = −Ah/Ct and buoyancy. This is essentially
a spring-mass system driven by external forcing from pex, with the spring being
the restoring force from the reservoir and buoyancy and the mass being the total
magma mass in the conduit. The relative significance between the two restoring
forces is quantified by the stiffness ratio

γ =
AC−1

t

∆ρg
. (4)

When γ � 1, reservoir stiffness dominates the restoring force over buoyancy,
and vice versa. The inviscid free oscillation angular frequency is

ω0 =
√
A(1 + 1/γ)/ρmLCt (5)

and the natural period is T0 = 2π/ω0. We can rewrite (3) in terms of p0 as

ω−2
0 d2p0/dt

2 + p0 =
γ

1 + γ
pex. (6)

Equation (6) can be solved in the frequency domain, giving

p̂0

p̂ex
=

γ

1 + γ

1

1− (ω/ω0)2
, (7)

where ω is angular frequency. As buoyancy becomes increasingly important rela-336

tive to reservoir stiffness, the reservoir pressure change per unit external pressure337

change at the top of the conduit decreases, as indicated by this ratio γ/(1 + γ).338

Thus, neglecting buoyancy (γ−1 = 0) results in an upper bound estimate of p̂0.339

We note that this upper bound could be an dramatic overestimation if buoy-340

ancy dominates the restoring force; analysis of the conduit-reservoir mode by341

Liang et al. (2019b), suggests γ ∼ 0.1. Nonetheless, in this study we proceed by342

neglecting buoyancy (that is, setting γ−1 = 0) to obtain a lower bound estimate343

of reservoir storativity and then later discuss how results and conclusions might344
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change if the system is in the buoyancy-dominated limit. p̂0/p̂ex is amplified345

when ω ≈ ω0, converges to 1 as ω/ω0 → 0, and decays to −0 as ω/ω0 → ∞.346

The sign of p̂0/p̂ex changes from positive to negative as ω exceeds ω0. When347

the system is driven with ω > ω0, p0(t) and pex(t) are out of phase, such that348

when the top of the conduit is experiencing a positive pressure perturbation,349

the reservoir is deflating.350

When viscosity µm is added, the free oscillation is damped, exhibiting a finite351

quality factor Q and a longer period T than T0. Q is defined as the number of352

oscillations required for a free oscillation’s energy to fall off to e−2π or ∼0.2%353

of its original energy (e.g. Green, 1955). Given T and Q, ω0 (or T0) can be354

obtained and p̂0/p̂ex can be solved as a function of ω/ω0 (see Supplementary355

Material).356

As shown in Figure 7, p̂0/p̂ex with viscosity has a finite amplitude and non-
real component near ω0 but otherwise very similar characteristics with the in-
viscid limit away from ω0. The event with start time 2018-5-3T03:32:40 has a
conduit-reservoir mode with T = 38.12 s and Q = 11, which we interpret as
the free oscillation of the conduit-reservoir system. The obtained T0 is 36.53
s, slightly smaller than T . Pressure perturbations p̂ex from the two sloshing
modes (18.66 s and 15.62 s) thus drive the underlying conduit-reservoir system
into forced oscillations with frequencies higher than the natural frequency of the
system. At the two sloshing mode periods (18.66 s and 15.62 s), |p̂0/p̂ex| is 0.32
and 0.21, respectively, with opposite signs for the real parts of p̂0 and p̂ex. The
reservoir storativity Cr is then obtained by equation (1) as

Cr =
∆V̂

p̂0
=

∣∣∣∣ p̂exp̂0

∣∣∣∣×
∣∣∣∣∣ F̂p̂ex

∣∣∣∣∣× ∆V̂

F̂
. (8)

The opposite signs of p̂0 and p̂ex together with the displacement patterns help357

constrain the location of the conduit on the crater floor, as shown in Figure 8.358

For example, in the 15.62 s sloshing mode, when the horizontal force is pointing359

in the OB direction, the reservoir undergoes inflation with vertical surface uplift,360

as shown in Figures 5d and 8a. Inflation in the reservoir indicates a positive p̂0361

and therefore a negative p̂ex due to the phase lag. A horizontal force pointing362

in the OB direction indicates an increase of pressure in the ABA′ half of the363

crater and a decrease of pressure in the AA′B′ half of the crater. Therefore, the364

15.62 s sloshing mode constrains the conduit to the AA′B′ half of the crater.365

Similarly, the 18.66 s sloshing mode constrains the conduit to the ABB′ half of366

the crater. Therefore, the conduit location is constrained in the AOB′ quadrant367

of the crater, the green region in Figure 8a. This prediction is consistent with368

the vigorously convecting region in an image of the lava lake captured on 7 May369

2019 when the lava lake level was near the bottom, as shown in Figure 8b, and370

also with the observed convective patterns on the lava lake surface in previous371

years (e.g., Patrick et al., 2018).372

Although we have no direct constraints on the reservoir shape, we can es-
timate the reservoir dimensions for some end-member cases. For a spherical
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reservoir, the diameter can be expressed as (e.g. Segall, 2010)

D =

(
8GCr
π

)1/3

=

(
8

π

∣∣∣∣ p̂exp̂0

∣∣∣∣×
∣∣∣∣∣ F̂p̂ex

∣∣∣∣∣× ∆V̂

F̂ /G

)1/3

. (9)

For a penny-shaped crack reservoir, the diameter can be expressed as (Sneddon,
1946)

Dc =

(
3GCr
1− ν

)1/3

≈ 1.16D, (10)

assuming ν = 0.25. Note that Cr puts no constraints on the crack width. The373

diameter of a penny-shaped crack estimated from Cr is very similar to that of374

a spherical reservoir. Therefore, we only report the distribution of the diameter375

of a spherical reservoir.376

Using the posterior samples of F̂ and ∆V̂ obtained from the MCMC inver-377

sion, we construct the distribution of Cr and D. Since F̂ /G is well constrained378

by displacements from the horizontal force, our estimate of D is robust with379

respect to shear modulus G. Since both |p̂0/p̂ex| and
∣∣∣p̂ex/F̂ ∣∣∣ are upper bound380

estimates, the current method puts a lower bound on Cr and D.381

4.3. Results382

In Figure 9, we report reservoir storativity Cr and diameter D constrained383

by independent analysis of the two sloshing modes. The 18.66 s mode gives a384

Cr of about 0.46 m3/Pa (MLE) with 90% credible interval of 0.39-0.59 m3/Pa.385

The 15.62 s mode gives a Cr of about 0.09 m3/Pa (MLE) with 90% credible386

interval of 0.04-0.10 m3/Pa. As a result, the 18.66 s mode gives D ≈ 2.27 km387

(MLE) with a 90% credible interval of 2.16-2.47 km. The 15.62 s mode gives388

D ≈ 1.31 km (MLE) with a 90% credible interval of 1.03-1.39 km.389

The apparent discrepancy of storativity and diameter of the same reservoir390

constrained by independent analyses of the two sloshing modes should not be391

viewed as a sign of contradiction. This is because we evaluate p̂ex near the392

wall for both modes because of uncertainty in the exact conduit location, which393

results in a upper bound estimate for p̂ex and lower bound estimates for Cr and394

D. If we shift the conduit location along the minor axis from the wall to 7 m395

from the center and keep the conduit near the wall along the major axis, we396

can get the MLEs of Cr and D from both sloshing modes to match, as shown in397

Figure 9 (the yellow and blue lines). Potentially, we could adjust the position of398

the conduit along both crater axes and obtain a set of positions where Cr from399

both sloshing modes match. In reality, however, the 3D crater geometry would400

have a significant impact on the pressure distribution on the crater floor. In401

this study, we thus focus on obtaining bounds for Cr using a 2D crater model402

rather than tuning the conduit location to obtain the exact Cr that is consistent403

for both sloshing modes. We recommend revisiting this analysis when the 3D404

crater geometry is publicly available.405

Among the two lower bounds of Cr constrained by the two sloshing modes,406

we take the higher lower bound as the overall lower bound and hence constrain407
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Cr to be larger than ∼0.4 m3/Pa. This bound is consistent with the estimates by408

Anderson et al. (2015) of 0.21-0.46 m3/Pa with 95% confidence. The diameter409

D is thus constrained to be larger than ∼2.16 km for a spherical reservoir. If410

the reservoir is a penny-shaped crack, then its diameter Dc ≈ 1.16D and is411

longer than ∼2.5 km. However, if the restoring force for the conduit-reservoir412

oscillation is dominated by the buoyancy (γ � 1) as suggested by Liang et al.413

(2019b), then the actual Cr would need to much larger. For instance, a γ ∼ 0.1414

results in a ten-fold increase in Cr (to ∼4 m3/Pa) and a 2.1 fold increase in D415

(to ∼ 4.6km).416

Such large reservoir storativity places a significant constraint on the struc-417

ture of the shallow magmatic system. A single sphere with diameter larger than418

2.16 km (or even larger seems incompatible with the reservoir centroid depth419

∼1 km. Several mechanisms neglected in this study may help to reconcile this420

geometric incompatibility. For a large and shallow reservoir, a Mogi model can421

significantly underestimate surface displacements (e.g., Segall, 2010). As a con-422

sequence, the reservoir size D (and its storativity) are overestimated. However,423

quantifying the finite source effect requires numerical calculations that are be-424

yond the scope of the present study. On the other hand, a sub-horizontal sill425

could satisfy the geometric constraint, but is challenging to connect with the426

lava lake in a manner that is consistent with conduit-reservoir mode properties427

(Liang et al., 2019b). Alternatively, the observed storativity may be explained428

by a reasonably small spherical or ellipsoidal reservoir connected to sills or dikes429

that increase its storativity. Our estimate may also have been limited by the430

2D crater geometry and revisiting these calculations with a 3D model is recom-431

mended.432

5. Conclusion433

Multiple oscillation modes in the VLP band are visible in seismic events434

during the May 2018 Kı̄lauea eruption. The mode with the longest period (∼30-435

40 s) persists during the lava lake drainage, indicating its primary association436

with the underlying conduit-reservoir system. Modes with periods of 10-20 s437

are due to lava lake sloshing and disappear as the magma is drained from the438

crater. The surface displacements of two longest period sloshing modes are well439

explained by a horizontal force along the axes of the crater, arising from the440

imbalance of pressure perturbation on the crater walls, and a volume change at441

a magma reservoir. The periods of the two longest period sloshing modes are442

in excellent agreement with the predictions from surface gravity waves in the443

deep water limit given the crater dimension near the top (∼ 270 × 190 m). In444

this limit, pressure perturbations are primarily confined near the free surface445

and crater shape has a significant control on the pressure perturbation on the446

crater floor.447

We also introduced a method to constrain the magma reservoir storativity448

from observed seismic displacements of the two longest period sloshing modes.449

This involves converting the horizontal force into the change in reservoir pressure450

and volume using magma sloshing dynamics and a conduit-reservoir oscillation451
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model. The data constrain the storativity Cr of the summit magma reservoir at452

∼1 km depth to be larger than ∼0.4 m3/Pa, consistent with previous estimates453

in the literature. This lower bound on Cr is obtained due to two approximations:454

neglecting buoyancy in the conduit and evaluating p̂ex near the crater wall.455

However, a purely spherical reservoir model seems problematic in reconciling456

the observed storativity and reservoir centroid depth, possibly indicating the457

presence of other magma bodies, such as sills and dikes connected to the magma458

reservoir.459

The sloshing modes, with frequencies twice higher than the natural frequency460

of the conduit-reservoir system, drive the underlying conduit-reservoir system461

into forced oscillation. Due to the phase lag between the external forcing and462

response of damped harmonic oscillators at high frequencies, the pressure per-463

turbation in the reservoir p̂0 is of opposite sign to the pressure perturbation at464

the crater floor p̂ex. A positive pressure change on the crater floor corresponds465

to deflation in the reservoir during these sloshing modes. This observation,466

together with surface displacement patterns, constrains the location of the con-467

duit to the northwest to west quadrant of the crater, consistent with convective468

patterns on the lava lake surface.469

Future studies could utilize the change of periods and decay rates of the470

sloshing modes to constrain the evolution of magma density and viscosity. This471

requires a rigorous treatment of viscosity during magma sloshing. More accu-472

rate 3D crater geometry and conduit location would also help to put tighter473

constraints on the storativity of the shallow magma reservoir at the summit of474

Kı̄lauea Volcano. Combination of different finite source models need to be tested475

to better interpret the obtained reservoir storativity. In addition, the sloshing476

lava lake surface may produce observable infrasonic signals, which could provide477

additional constraints on the lava lake sloshing dynamics.478
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Figure 5: Inversion of sloshing modes for event on 2018-5-3T03:32:40. (a) Correlation plots
of model parameters for 18.68 s mode. The vertical and horizontal black lines indicate the
MLE model. The red arrow in the upper right map indicates the MLE force orientation. (b)
Observed surface displacements compared to predictions from the MLE model for the 18.66
s mode. The gray arrow marks the MLE force orientation. (c) and (d) Same as (a) and (b)
but for the 15.62 s mode. The MLE orientations of inferred horizontal forces for both sloshing
modes are consistent with the axes of the crater.
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Figure 6: Pressure perturbations (normalized by maximum value) for sloshing modes along
(a) major and (b) minor axes. Perturbations are confined near the free surface, indicating
that both sloshing modes are in the short wavelength or “deep water” limit.
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Figure 7: (a) |p̂0/p̂ex| as a function of normalized angular frequency ω/ω0 for an oscillator
with T = 38.12 s and Q = 11 (accounting for magma viscosity). The red dashed line indicates
the inviscid case. Note the amplification near ω0 and that the two sloshing modes (18.66
s and 15.62 s) have higher frequencies than ω0. (b) Normalized real part of p̂0/p̂ex. Note
the negative sign of the real parts of p̂0/p̂ex at two sloshing frequencies due to the phase lag
between forcing and response. Shown for γ−1 = 0 (negligible buoyancy).
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Figure 8: (a) Predicted conduit location by two sloshing modes (the green quadrant). The
two arrows indicate the orientation of the horizontal force when the reservoir experiences an
inflation (uplift in vertical displacement) for two sloshing modes. (b) Image of the lava lake
showing an actively convecting region on May 7, 2018 when the lava lake level was near the
bottom. The image is a screen shot (at 15 s from the start) of the video filmed by scientists
from Hawaii Volcano Observatory (HVO) (HVO, 2018), standing approximately at location
A′ and looking into the lava lake toward A, as shown in (a).
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Figure 9: (a) Posterior probability function (PDF) of reservoir storativity Cr for two slosh-
ing modes. (b) Reservoir diameter constrained by two sloshing modes assuming a spherical
reservoir. By setting the conduit location to 7 m from the center along the minor axis and
near the wall along the major axis, the MLE of storativity and sphere diameter inferred from
two sloshing modes match (yellow and blue lines). Note that results are shown for γ−1 = 0
(negligible buoyancy); accounting for buoyancy would increase storativity and diameter.
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