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Abstract

Effects of stress and fluid inclusions
on wave propagation in rock.

by
. Amos Michael Nur

Submitted to the Department of Earth and Planetary Sciences
in partial fulfillment of the requirement for the
degree of Doctor of Philosophy.,

Experimental results indicate that the response of
rock with fluid inclusions (air, water and glycerol at
various temperatures) to low amplitude stress waves can be
described by the bulk and shear moduli Ko and Mo and
density of the solid without inclusions, the bulk modulus,
density, and viscosity of the fluid and the volume of the
inclusions, and their aspect ratios dﬁ.

The effective bulk modulus and specific attenuation in
pure dilatation are largely dependent on the bulk modulus of
the fluid inclusion and are almost independent of the fluid
viscosity. The effective shear modulus and specific attenua-
tion in pure shear on the other hand are sirongly influenced
by the viscosity of the fluid and are almost unaffected
by its compressibility. BReplacement of alir by water in the
microcracks of granites causes the velocity of compressional
waves, V,, to increase by as much as 40% while the velocity
of shear waves, VS. remains almost unchanged. ? increase
of the viscosity # of the fluid phase from 10-+ to 109 poise
causes Vg to increase by 25% and Vp by only 6%. A pro-
nounced damping peak for pure shear occurs at frequency

o , when ““7ﬂ%ﬂ°”1'

Velocities of elastic waves and internal friction in
s0lid with viscous fluid inclusions are therefore frequency
dependent. Low veloclty zones and strong shear anisotropy
in the earth can be explalned by the presence of a wviscous
fluid phase. The change of shear velocity from that of the
solid 1s greater than the change of Vp. The depth to the
bottom of the LVZ is frequency dependent. The viscosity of
fluid inclusions decreases with depth in the ¥§per mantle--
1016 poise at 25 km, 1013 at 60 km and 107 10+° at 80 km.

Measurement of velocities in the laboratory on many
rocks that exhiblt a large dependence of elastic wave veloci-
ties on hydrostatic pressure demonstrates that they become
elastically anisotropic under conditions of non-hydrostatic
stress. When unlaxlial stress Is applied the increase of
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velocity is largest in the direction of the applied stress
and smallest in a dlirection perpendicular to it. Two

shear waves which are polarized in planes parallel and per-
pendicular to the applied stress show a veloclity difference
that increases with increasing stress level. The general
anisotropy, of orthorhombic symmetry, is related to the
influence of cracks on the effective elastic properties of
rocks and can be obtained from a small number of measurable
crack parameters, A theoretical study indicates that the
induced velocity anlsotropy can be obtained from velocity
measurements under hydrostatic pressure. Cracks most
likely exist in situ due to differences in the thermal
expansivity and compressibility between various mineral
phases, Therefore, the laboratory results can be extended
to the earth and changes in the local state of stress in the
earth can be determined from several repeated, precise
measurements in situ of seismic travel times if sufficient
information about the properties of the local rock is known.
In a crustal region of increasing shear stress, as well as
in the region around a fault on which sudden stress relief
occurs, velocities of elastic waves increase in some directions
and decrease in others. Measurement ot body and interface

" wave velocitlies in existing boreholes can also be used to
obtain information about stress in situ.

Thesis Supervisor: Gene Simmons
‘Title: Professor of Geophysics.
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List of common symbols used throughout the manuscript:

Ap, As Amplitudes of compressional and
shear waves

a crack width

=4 _ : crack aspect ratio; thermal expansivity
)

A(X) : density distribution function of the
aspect ratio o . - |

j3 ' largest.crack aspect ratio, .

C l : porosity. Concentratidn of inclusion

| in host material.

Cy 311 | ' stiffness tensor -
€ 3 . strain tensor
Ej 30E0sE1,E17 Young's modulus
' q a viscosity
g gravitational acceleration
- 1,5,k,1 . indices of Cartesian coordinates
Iij'Io'I(o) integrals over spatial crack distripu-
. tion
K, Ky _ | bulk modulus
1, n direction cosines
m ' . a. constant |
/‘ijyﬂoyﬂll' 1 shear modulus
Nij' N . distribution function of cracks with

aspect ratio o .
,-bﬁjwyg.)/ Poisson's ratio
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P ' ' hydrostatic stress, pressure
95 o internal friction

9/ V, Vo angular distance

Q‘ _ elastic quality factor

f density

Sijkl , compliance tensor

S, SH, SV shear velocity modes

T temperature- '

T shear stress

Gij ! : stress tensor
Vp,VS,Vl.Vll,Vij.V wave velocitiles (éompfessional, shear).
Uy | elastic diSplaéemént vector
w : frequency

Z depth
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Chapter 1 '

Introduction

The state of stress ihvthe earth is essentially
unknown except for rough estimates of average pressure at
depth and a small number of local stress values, Almost
everything we do know about stresses in the earth (with the
exception of direct local strain méasurements in a number of
mines and quarries) has been obtéined from indirect measure-
ments and theorétical models. Early estimates of pressures
in the earth's interior, such as by Laplace (Bullen, 1963),
were based on theoretical denéity distributions which agreed
with the mean density and the moment of inertia of the | |
earth. Adams and Williamson (1923a) later noticed that
seismic velocities can be used to .obtain readial changes in
density in the earth's interior which in turn improve the
-estimate of the piessuré. Thus, baéicaily, the pressure
distribution inside the earth is eStimated'froh selsmic wave
velocities and from the mean density and moment of inertia
of the earth.

But even this estimate is rather crude. The éafth is
believed to be in a state of hydrostatic stress--an assumption
" which is not critical at great depth but has great influence
on the estimated_near surface (crust and upper mantle)

_ stress distribution. Bireh (1964) has pointed out that
shear stresses in the crust will not exceed the shear

strength of crustal rock and that normal stresses will not



12,

be tensile. Thus, shear stress can range over almost two
thousand bars. 1Indeed the stress data available from direct
measurements at or near the earth's sufface indicate a
rather complicated stress pattern. Hast (1958) found that
horizontal stresses exceed vertical stresses in Scandinavia,
Leeman (1964) reports that measured vertical stresses far
exceed the horizontal ones 1n_many mines in South Africa.
However, such méasurements are véry sensitive to such local
factors as meohanical‘1nhomogene1t1es and while they are
most valuable for mining and tunnelling problems, they
provide little information on the regional stress field.
Indirect measurements are less locallzed. Here rock
properties which are stress dependent are measured over a
1arge area and the stress field or some of its elements can
be evaluated. What are theée rock pfoperties? By far the
most sensitive i1s electrical resistivity, especiélly at
low stress levels. Brace et al. (1965) found an order of
magnitude change in resistivity over a range 0~1 kb hydro-
static stress which suggests that resistivify measurements
can be used for stress detection. Much less sensitive to
stress 1s the magnetic bulk suéceptibility of rocks which
‘ éhanges by a few percent per kilobar (Kapitsa, 1955).
Neithgr of these methods distiﬁguish bétween stress and
temperature effects. An increase of temperature will
cause a decrease in resistivity and a decreaée in apparent

magnetic susceptibility similar to the effects of stress
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reduction. Another important stress dependent‘property
are'the elastic wave velocities. Predicted by Adams and
Willlamson (1923b) and later verified by Zisman (1933),
elastic wave velocities in some porous rocks depend
significantly on the magnitude of the applied pressure.

The change of velocity with pressure is much smaller than
that‘of resistivity, but has the advantage of being associated
with waves rather than with static'inducéd or spSntaneous
fields,

.With waves we have an enormous flexibilit& in modes
of generation, modes of propagation, polérization and
‘path--each of which can be used to extract more information.
Static flelds on the other hand are limited by their in-
herent non-uniqueness--additional measurements often do not
provide additioﬁél information although they may improve |
estimates of measured quantities.

" In this thesis we attempt to answer the following
questions: How does stress influence the various wave
veloclitles in rocks? What is the cause of this influence?
What else influences the veloclties? How can velocities
be used to study stress in situ? |

The types of rocks which we 1ﬁvestigated were limited
because of the great variability--chemical, mineralogidal,
and mechanicél--of rocks in general, Soft sed;mentary
rocks respond to stress in a completely different manner

from brittle rocks. Most importantly, brittle rocks are
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commonly elastic and return to their initial state upon
rembval’of stress. Their mechanical history need not be
known in order to predict their résponse to stress. This
1s true for a limited range of nonhydfostatic stress, With
brittle rocks, however, 1f the shear stress exceeds the
in situ strength they break and cease to be reversible
under stress. Some breaking in the form of microfracture
oécurs before the bulk shear strength is exceeded and thus,
the range'of stress over which brittle rocks are reversible
is further reduced. This investigation is cohfined to a
small number of brittle rocks, mostly granites, at low
stress levels. | | |

In chapter 2 some of the'effects o% fluid filled pores
on sgismic velocitles in rocks are investigated. Commonly,
compressional and shear wave velocitles are significantly
lower near atmospheric pressure than at pressure of a few
kilobars,'but when such rocks are saturated with water the
compressional velocity at low pressures greatly increases.
By contrast, the shear velocity is almost unaffected by
the presence of fluild. A chgnge in the degreé of saturation
of a porous rock produces an effect similar to that of a
stress change-~but only in compressional wave velocities.
Thé various effective elastic cdnstants which are utilized
to describe the elastic response of the rock show variable
degrees of dependence on saturation. The bulk modulus is

most sensitive, the shear modulus least sensiti#e. The
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applications and implications of the study .of saturaﬁion go
beyond the questions of rock properties at or near the
earth's surface. For éxample, beéause oflthe law of effective
stress the presence of fluid 1nclusiohs with pore pressure
extends the range of application of low stress results to
regions qf high pressure. Some of the results obtained in
chapter 2 may be applicable_to the upper mantle with partial
melt. Furthermore, the complexity of even a two phaSe
gystem is so much greater than that of a single phase system
that the concept of a geophysical equation of state in an
upper mantle with melt is, perhaps, too simple.

The influence of the viscosity of a fluid phasé in &
solid aggregate 1is examinedkin chapter 3: Both compressional
and shear wave velocltles increase significantly with
-incre;91ng viscosity. The internal frictlon in shear
exhibits a peak at a particular combination of frequency,
fluid viscbsity‘and shape of the fluid 1ncluéion. Con-
sequently the elastic wave velocitlies and internal friction
are also dependent on frequency. In particular, the
effective shear modulus in a golid with viscoué inclusions
varies greatly with viscosity or frequency.

In the fourth and fifth chapters we investigated in
somé detall, the stress induced anisotropy in a granite.
Tocher (1957) found that compressional wave velocity in the
direction of an applied uniaxial stress 1s higher than the
veloclity normal to the stress. We‘extend his observation to

determine the change of velocity with directioh relative
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to the direction of stress and the dependence of this change
on the magnitude of the stress. We aiso investigate the
behavior of shear waves and their depeﬁdence on stress.

The velocities of both compressional and shear waves are
1argest in the direction of the applied stress and smallest‘
perpendicular to it. The compressional and one shear velocity
vary with direction while the other shear velocity is almost
independent of direction of propagation. An analysis of the
observed velocities yields the effective elastic constants
of the solid which depend on stress.

Thé basic theory relating various stress conditions to
the fdrm of the induced elastic wave velocity_anisotropy
is considered in chapter 5. Although the algebra is heavy
the problem is simple conceptually: cracks close at a

particular'magnitude of applied stress which is related

- to their shape and orientation. Some cracks are so oriented

as to close first when uniaxial stress is being applied
while others remain open. Consegquently, the effective
elastic properties and therefore wave propagation depend on

the direction and magnitude'of the applied stresses and the

initlal distribution of cracks in the rock.'

The presence of cracks in unstressed rock samples
brings us back to earth. Do these cracks exist in situ
or are they 1ntrodu¢edA1nto the sample upon removal from
the earth? In chapter 6 some relevant data is combined
with a simple experiment. The changes in veloclty with

pressure in many igneous rocks are indicative of thelr
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crack porosity--rocks which contain quartz show much higherr
porosities than rocks without quartz. A simple analysis
indicates that the values of thermal expansibity and com-
pressiblility of quartz, which are much larger than the
values of other comﬁon rock-forming minerals, requiré
the presence of cracks in granites. Velocity measurements
on cores, drilled from stressed samples, indicate that only
a-sméll number of cracks are introduced into the cores.

Thus cracks are probably also present in situ and the theory
of chapter 5 and the experimental results of chapter 4 can
be applied to rocks in the real earth. |

‘Relative and abgsolute stress determination can be made
from velocity measurements in situ. Velocities can be
measured either along profiles or in boreholes._ The stress-
velocity relations at a given slte can be determined from

samples in the Laboratory.
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Chapter 2

The effect of Saturation on .

* Velocity in Low porosity rocks

l. Introduction

A very simple experiment at room pressure and temperature
shows clearly the effects of molsture on the veloclty of
elastic waves in some rocks. In fig. 2.2 the compressional
wave velocity in a sample of Chelmsfdrd'granite, 1nif1ally
saturated ﬁith water but allowed to dry in the atmosphere
over a period of four days 1s plotted as a'funcﬁion of time,
Note the rather rapid change of veloclty that occurs in the
first few hours even though the poroéityuof the sample'is
only about 1%. In'this paper, we examine systematically
the effects of saturation on the elastic properties of low
- porosity rocks.

The presence of a fluild phase in porous rocks 1s commoh
Ain the earth. It constitutes one of the environmental factors
that must be considered when in situ seismic velocities are
to be investigated, Among these factors pressure; tempera-
ture and composition are known to influence greatly both
shear and compressional wave velocities (1,2), even in
rocks with such low porosity as compaCt granites, Because
of their low porosity, generally less than 1%, the velocities
in granites were not expected to be influenced by saturation
with water. Simmons and Nur (3) found, however, that the

velocities of compressional waves measured in place in two
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three-km deep boreholes’, both drilled in granites, varied
less from top to bottom than expected from laboratory measure-
ments., They suggested two possible explanations. Either
rock in situ does not contaln cracks, which are responsible
for the increase 1n.velocity in dry rock'under low pressure
(4), or these cracks may have been filled with water in
situ, somehow greatly affecting the seismic velocity. Such
satu&ation effects have been reported by a number of investi-
gators Hughes and Jones (5), King (6), and Dortmen and Magid
(7) in various rocks.

For the measurement of velocities in saﬁurated
"specimens under applied pressure it is inportant to consider
the effect éf pore pressure. When the pore pressure équals
the external pressure, the configuration of pores and cracks
remains unchanged from the initial, unstressed configuration,
An increase of external pressure, accompanied with an equal
increase of pore pressure, affects only slightly the velocity
in the sample. Adams and Williamson (8) first noticed this
effect in their measurements of compressibility in Jacketed
and unjacketed.sampigs. If the fluid in the pores is
pressure free, crécks close under external stress and the
#elocity increases with stress. Thus.in experiments in-
volving both pressure and pore fluid the pore fluid
pressure must be specified in order to obtain the effective
pressure which is merely the difference between the external

and pore pressures,
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2. Experimental procedure

Both shear and cdmpressional wave veloclitles were
measured on!cores one inch in diameter and 2 to 3 inches
long. We used the technique described by Birch (1) with
minor, but important, variations. The flat end faces of the
samples were fine ground and parallel to within .00l inch.
The transducer assembly was attached at each end of the
sample and held in place by a rubﬁer'jacket enclosing sample
and transducers. ‘The transducer Was assembled, as shown in
fig. 2.1, inside a cylindrical brass holder with a .010
inch copper foll closing the end. A ceramic transducer
(PZT) was cemented to the foll., A small brass plug attachéd
to the upper surfacelbf_the'transducer éerved és an electrode.
The copper foillserved both as the second electrode and
" as an impermeable barrler between .the water which saturated
the sample and the pressure medium (petroleum ether). This
fluid was.free to penetrate the assembly in order to avoid
non-hydrostatic stresses 1ﬁ the assemb;y. Travel times
were measured with a variable mercury delay line.*

In order to completely.gaturate the specimens. we
used a combination of vacuum to remove air and pressure to
force water into the pores. Brace et al. (9) deseribed

the technique.

# For detall see Appendix A,
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The sample 1s suspended over a container of water inside
a vacuum chamber.‘ After the pressure in the chamber is
sufficiently low for the water to boil; the sample is then
dropped into the water. The sample remainé in the water
céntainer which is then placed in a gas pressure vessel and
| held overnight at 10 bars.

All measurements on water saturated samples wefe made
at zero pore pressure. In order to keep the pore pressure
at zero, while the cohfining pressure was increased, a
pilano wire wes wrépped around the specimen before the rubber
Jacket was slipped over it. The configuration is shown in
figure 2.1. The fluid expelled from the pores as they close
is allowed to flow intc the free volume betweén the coils
'of the piano wire spring and the'specimen. The confining
pressure was raised in small steps with long pauses between
increments to allow for the reduction of trensient pore
| pressures by the flow of water out of the specimens. The
steel spring causes local stress concentrations in the
sample., We used a wire with diameter about 1/10 of the
diameter of the sample so that the region of stress con-
centration was small, confined to the outer 10% of the
}sample. Because a wire of sufficient diameter must be used
to provide enough space for the expelled water, this method
may not be suitable for use with high porosity rocks. The
"dry" samples were held in a vacuum of 25 inches Hg and

temperature of 50°C for 24 hours; they were then quickly
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enclosed with the transducers in & rubber jackét to avoid
absérption of water from the alr,

Total and crack porosities (Table 2.1) as well as

densities were determined by Brace (10).

3. Samples

A suite of six samples was selécted for a set of
measurements designed to examine the effects of saturation
and external hydrostatic pressure on both shear and com-
pressional wave velocities of low porosity rocks. The
sampies. with the exception of Troy>granite,were the same
ones used by Brace (9). Some of their physical properties
are reproduced in Table 2;1. The préperties of the Troy
granite sample were determined with the method described by
Brace (10). |

L4, Data

New data on the velocity of elastic waves in dry and
completely saturated rocks are given in Tables 2.2 to 2.3.
The compressional'and shear wave velocitles in dry and |
saturated conditions, shown in fig. 2.3,depend very
diffefently on the degree of saturation of samples, at
various pressures. The effect of Hydrostatic pressure and
that of fluid saturation on compressional wave velocity are
similar, High velocity can be‘obtained either by the
application of high confining pressure or by completely

saturating the rock. The effect of pore pressure of Vp.
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however, is small, Once the sample is completely saturated,
the effective pressure has a relatively small influence on

compressionél velocity because V. 'at zero effective pressure

Y
is almost as high as the velocity of the sample would be
without any cracks. The influence of pore pressure on
shear velocity though is very significant. If pore pressure,
for examble,'equals the external pressure the observed
shear velocity will be appfoximately,the same as the velocity
in the unstressed sample which is also‘equal to the velocity
in the dry sample., The strong dependence of velocity on
pressure and saturation is confined to»low effective pressures.
At pressures above 1 or 2 kb and without ﬁore pressure all.
velocities show only a small increase with increasing stress.
The velocities of the saturated Casco granite sample
~ were measured also as a function of pressure without the
steel spring arrangement, fhus fofcing the water in the
cracks to remain theré. iThe fluid in the pores was there-
fore confined, subject to a preésure nearly equal to the
external pressure. The velocities change but 1ittle with
external preséure (fig. 2.3a) and the constant-value dv/dp
is the same as for the (1) saturated, and unconfined
specimen and (2) dry rocks at high pressure. Although Vp
of the confined sample is lower by 10%, and Vg by 35%,
from the corresponding unconfined velocit;es, the slopes
dv/dp are practically the'same..

From the measured velocilties we can obtain values of



25,

the effective elastic constants of the dry as well as the
saturated sgmples. wé assume that the effective elastic
constants a#e related fo the veloéities in the same way
that these quantities are related in a llinear elastic
material. Thus the effective dynamic bulk modulus K is

’(= f)[\ﬁ?“’%%’\é?]

and the effective shear modulus

- _vz.

M= Vs
where F is the density of thelsample. We also obtained
effective Young's modulus E and Poisson's ratio )I.Ifor
both dry and saturated cases. The resuiting vélues(Table 2.5,
‘fig. 2.4) emphasize the observation that fluid saturation
: greaély influences the effective bulk modulus of a rock while
the.shear modulus 1is almost independent of fluid inclusions.
The Poissdn's ratios obtained at various pressures are of
some interest. Dry rocks exhibit very small, even negative
Poisson's ratio values while saturated rocks exhibit
abnormally high values., From the expression for Polsson's

V= (3'<“2/“)/(61<+2/‘)“

it is apparent that a negative Poisson value indicates
‘that K< %"'/"- . Such low Poisson values 1in dry rocks are

observed at very low pressures only. The effective value
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at higher pressures 1s near the intrinsic value. The
effective Young's modulus is not as Sfrongly dependent on
saturation as the bulk modulus, shown ciearly 1nvfig. 2.4,
Interesting results were obtained from the first
pressure run of the Bedford limestone sample, as shown in
fig. 2.5. Like all other samples the compressional velocity
in the dry sample increased greatly with pressure at low
pressure, then became more constént. At a pressure of
about 2 kilobars, however, the velocity increased again
with pressure. Upon reduction of pressure the velocity
remained significantly higher than in the initial part of
the cycle, except at low stress when the‘decregSe of Vp ;
with decreasing pressure became so large that the final
velocity was well below the initial velocity. Similar
" behavior under pressure wWas obserfed Ey Brace (11), also ét
_about 2 kilobars for electrical resistivity. Sinde the
strength of the Bedford limestone is rather low.and initial
pore borosity high, it is likely that pores'begin to collapse
at an external hydrostatic stress of 2 kilobars or more.
A collapsed pore may in later cycles behave liké a crack,
which in ﬁurn wili increase thé dependence of velocity on

'étress at low stress levels,

5, Discussion of results

The simplest theory of wave velocities in two-phase
systems 1s the so-called "Time average" (12, 13) which is

summarized by the relation
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J8. . lma

vV Vi Va

where V, Vl, and V2 are wave veloclitles of the composlite and
of the phases 1 and 2, respectively, and a is the concentra-
tion of phase 1, and (l1-a) is that of phase 2, Equation (1)
can be interpreted physically as expressing the velocity

of waves. which areAshort compared to the size of the in-
homoéeneity, assumed here as layered, in the composite. It
is clear, however, that the wave lengths, even in the mega-
cycl¢ range, are not generally smaller than the size of the
inhomogenelty in the sample. Furthermoré. thé time average
-methéd fails when one of the phases is éir in the case of
compressionai and shear waves or & liquid in the case of
shear waves, -

A more fundamental épproach 1s based on the concept of
effective elastic constants which can be used to yleld the
various wave veloclties. The first attempts to obtain
effective elastic constants from the properties of the com-
ponents required only the specification of the relative
concentrations. TheAVoigt-Reuss estimates provide lower
and upper bounds for the effective elasticity of a composite,
but these bounds,are too far apartifor e composite with
holes, or liqulid inclusions for shear modulus. Hashin and
Shtrikman (14) using a variational energy method derived
narrower bounds and proved that they are indeed the narrowest

ones for a composite with specified concentration alone.
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Even their bounds are widely'separaﬁed for a medium with
holes. Mackenzie (15) derived expressions‘for both bulk
and shear modulil assuming that allvporosity is in the form
of round pores., Satd (16, 17) extended those results to
spherical holes with liquid and solid inclusions and com-
puted the velocities of seismic waves, When the pores con-
tain water Satd's results indicate that both compressional
and shear velocities should differ by less than 1% from the
intrinsic velocities if the porosity 1é 1%. Compressibility
measurements of sintered porous silicates by Walsh et al,
(18) indicate that Mackenzie's and Saté’s.expressions are
quite satisfactory if the porosity 1s.in the form of round.
holes, ) , - -

our results,‘however, are at variance with the poré
_ model. Saturating the granite samples, which haﬁe porosities

less than .0l, caused V, to increase by as much as L0%. It

P
1s necessary then to take into account the fact that
pgrqsity C is not in the form of round holes. Wu (19)
derived expressions for effective elastic constants for two
phase composites with ellipsoidal inclusions.. Walsh (20)
generalized Wu's expressions’ for two phase systems, in which
the inclusion is empty or contains a fluid. The shape of
the inclusion or crack, assumed to be ﬁenny-like, is speci-
fied through a single parameter--the aspect ratio o= a/d
where a 1is the width and’d is the diametér of the crack.

Walsh's expressiéns for bulk and shear modulil when

the inclusion fluild is air, (whose viscosity 1s vanishingly
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small and compressibilit"y almost infinite) are:

Fé-mr Ko [“ bl “]

where -

= Ke(3Ket4p)/TTH, (3K0+/« y

| [8(3Ko+4/10) = 4(3Ko +4Ho)
n-= /srr[ Z3K°+z/ua) ! ( (3Ko+//:l°)]

The corresponding expressions for the same material
saturated with water (viscosity low but compressibility
finite) are: |

Lo~ Lliec(e 1)

tmlcr

and
L . _f-[m,.-éf—]
e fel

for signal freguencies around 5 MH. Unlike the bulk
modulus, the shear modulus is unaffected by saturation.
The effective bulk modulus of saturated rock Rud;r .
i1s almost independent of ™ despite the importémce of & |
in the dry case. . | |

For rocks, Ke/Kp,o  and ¢ = .005 which yields
E(.,,.}e,,-z.‘iLKo,l The difference between the bulk modulus of the
saturated composite and the intrinsic modulus of the solid

is only a few percent. If the conposite contains air this
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difference will depend on the aépecﬁ ratios of . The range .
of fhese o{ values can be estimated from the change, with
pressure, of the elastic propert‘iés of a composite. Walsh
(21) showed that the pressure P y required to close a crack
is related to its shape by P= Eoé‘ where E  1s Young's
modulus of the solid. Because elastic properties become
almogt completely independent of pressure at 1 kb we find,
for E = 10‘6 that o«élo'g. | -

The crack model leads to the prediction that the}
diffé.rence between the "drjy" and "saturat;e«i" bulk modulus
or cqmpressional wave velocities should increase with
increasing crack porosity. Such an 1nbrea;se is clearly shown
in fig. 2.6, while no correlation with volume porosity is .
noticeable (MTable 2.1). From Walsh's expressions we notice
also that for cémposites with high porosity the effect of |
volume porosity on the elastic properties can be quite
- significant. However, the effect of pre'ssure on these
same propertles is largely due to cracks and cannot be
attributed to porosity of round holes.

The change of volume of holes. with external pressure
is rather small. The displacement of the caviﬁy's wall

U under pressure P is

Uza-P

Eo

where a is the radius of the cavity and E, 1s Young's

modulus of the solid. To close the cavity the displacement
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nust be of the order of radius a or PRs E, For most
rocks such pressure 1S far beyond their shear strength.
Cavitiles wiil.thereforé,collapse Before they close
elastically. |

Our results are consistent with a model of rock with

small penny shaped micro cracks., Their closure is very
sensitive to pressure, unl;ke round pores, and when filled
with wafer they greatly influence the effective compressi-
bility of the rock.

6. Some applications to the earth

The available field data on velodities in the shallow.
crust is not complete because of the.difficulty in meésuring
shear wave velocities. Nevertheless, we can test our 1ébora-
tory'results'égainst a‘number of field observations. Dobrin
et al, (22) found thatlvp increased greatly when measured
below the water table‘wh'ilelvS remained essentially un-
affected.

The observation by Simmons and Nur (3) of high, almost
constant, veldcity from top to bottom in two boreholes 3
km deep in granites can now be explained by the presence of
water in the cracks. An interesting test of the saturation
mechanism in granites in situ would be fhe determination of
shear wave veloclty as a function of depth. Unlike the
compressional waves, shear wave velocity is almost unchanged
when the air in cracks is replaced by water. On the other

hand, closure of crack by pressure does influence the shear
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veloclty and we would, therefore,'éxpect a noticeable change
from top to bottom. |

Birch (4) and others reported a lérge range of initial
Vp values for samples of the same rocks. These variations
were attributed to inhomogeneity or anisotropy of the
samples. It 1s quite possible, however, that much of the
scatter 1s simply due to vafious dégrees of saturations,
depending perhabs on the humidity and temperature in the
laboratory. |

A discrepancy between dynamic and static elastic
moduli of rocks was noticed first by Zisman (23). Commonly
the static modulil at low pressures are lower (24) than the
dynamic moduli. Our results combined with Walsh's theory
can explain in part such a discrepancy in rocks which contain
fluids like water. At short periéds.of loading,’such aslln |
.séismic waves, the fluid has no time to flow out of the crack
which increéses the crack's resistance to closﬁre and
1ncréases the effectl#e bulk modulus of the rock, Ir,
however, the loading period is sufficiently long to allow
flow to occur (and space is available for the fluid)-cracks
will behave as dr&, air filled crackg. The'relations
.between period and effective elasticity must involve many
other physicai parameters such as permeabllity of the fluid
in the rock, whiéh depends on pressure and crack shape and
viscosity of the fluid which depends significantly on tem-

perature,
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Our results could shed somé.light on the'Question of
parﬁial melt that possibly exists in the upper mantle,
Shimozuru (25) suggested that a small amount of melt in
the form of flat pockets could greatly influence the
effective shear modulus of mantle ﬁaterial. Akl (26)
showed that the presence of small melt pockets under Japan
coulq explain the observed phase velocities of Love and
Rayleigh waveé. These pockets need also-have a ﬁreferred
orientation to cause an apparent velocity anisptropy for long
waves. ) ' '

The bulk modulus of a solid with fluld pockets will be
almost identical with that of the solid without pockets,
while the shear moduli will differ greatly. This difference
will depend, most importantly, on the shape of the pockets,
their orientati&ﬁ and the viscosity of the fluid. 1In
Chapter 3, the effects of viscosity on shear modulus are
- investigated and we defer extensive discussion of the
application of our laboratory results to an interpretatlon
of the low velocity zone. Brace et al., (27) performed a
series of experiments on the melting of granites. They
found tﬁat melting starts at grain boundaries and that.at
least.initially the melt is in the form of & thin film, #
which could perhaps be described by a small X value.
Composites_with small X values, such as Casco granltes, need
but a very small volume of melt to greatly reduce their

effective shear modulus,
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7. Conclusions- -

" The inclusion of fluid in micro cracks greatly in-
creases the compreésional wave velocity while shear veloclity
remains unchanged., Therefore,_the effective bulk modulus
of a rock is very sensitive to the degree of saturation.
Other effeotive elastic constants show various degrees of
dependence on saturation. The dynamic Poisson's ratio of -
saturated rock with cracks is abnormally high while the
values in dry rock are very low, even negative,

LThe shear modulus of a rock with cracks is a better

stress indicator because it is insensitive to saturation.
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Table 2.2a

Elastic Wave Velocities in Casco Granite

P (BAR) VP (DRY) VP (SAT) VS (DRY) VS (SAT)
20. . 3.400 5.510 2.400 2.500
25. 3.590 5.600 2.440 2.590
40. 4.100 '5.780 2.530 2.640
75. 4.630 5.990 2.660 2.940

100. 5.050 6.020 2.790 3.000
150. 5.420 6.040 2.990 3.100
200. 5.630 6.140 3.120 3.160
250. 5.800 6.180 3.240 ~3.200
300. 5,900 6.220 3.320 3.220
350. 6.020 6.250 3.390 3.290
430. 6.110 6.280 3.460 3.340
550. 6.270 6.360 3.530 3.400
700. 6,300 6.440 - 3.600 3.480
1000. 6.460 6.480 3.660 ©3.600
1500. 6.530 6.520 3.710 3.670
2000.  6.550 6.540 .3.730 3.690
2500. . 6.570 6.560 3.750 3.710
3000. 6.580 6.580 3.760 3.730
3500. 6.590 6.590 - -~ 3.770 3.740
4000. 6.600 6.600 3.780 3.750
4500. 6.610 6.610 3.790 3.760

5000. . 6.620 6.620 3.800 3.770



Westerly granite.

P (BAR) VP (DRY)

D.
20.
40.

100.
150.
200.
300.
400.
500.
600.
700.
800.
900.
1000.
1100.
1500.
2000.
3000.
4000.

3.800
4.080
4.450
4.980
5.190
5.310

5.450

5.550
5.610
5.670
5,730
5.770
5.810
5.850
5.890

- 5.970

6.060
6.130
6.180

Table 2.2b

VP (SAT)

5.480
5.530
5.600
5.700
5.740
5.770
5.840
5.900
5.940
5.970
6.010
6.020
.040
.060
.070
.100
.130
170
6.220

OO OO OY

VS (DRY)

2.800
3.000
3.020
3.070
3.120
3.170
3.230
3.280
3.300
3.330
3.350
3.365
3.380
3.395
3.410
3.450
3.480
3.520
3.530

Elastic Wave Velocities.

VS (SAT)

3.000
3.050
3.070
3.100
3.130
3.150
3.190
3.230
3.260
3.290
3.310
3.325
3.340
3.350
.3.360
3.410
3.440
3.470
3.490

39'



Table 2.2c

Troy granite. Elastic Wave Velocities.

P (BAR) VP (DRY) VP (SAT) = VS (_DRY) ‘{S (SAT)

20. 4.800 5.899 3.100 3.100
35. 5.183 6.033 3.185 3.185
50. - 5.651 6.216 3.233 3.233
100. 5.909 6.224 3.328 - 3.328
150. . 6.044 6.308 . 3.379 3.379
200. 6.169 6.336 3.424 3.424
250. 6.216 5.348 3.455 3.455
300. 6.272 6.358 3.475 3.475
400. 6.336 6.378 3.511 3.511
500. 6.365 6.398 3.524 3.524
700.. 6.428 6.450 3.561 3.561
900. 6.443 6.504 3.575 3.575
3.581 3.581

1000. 6.449 6.510



Webatuck dolomite.

P (BAR)

25.
40.
50.
75.
100.
150.
200.
250.
300.
400.
500.
600.
700.
900.
1200.
1500.
2000.
2500.
3000.

VP (DRY)

5.145
5.830
5.900
6.150
6.400

6.598

6.686
6.776
6.819

6.870 .

6.890
6.905
6.919
6.958
6.965
6.977
6.997
7.016
7.029

Table 2.2d

VP (SAT) -

6.434
6.575
6.600
6.680
6.730
6.769
- 6.807
6.383
6.856
6.890
6.920
6.940
6.958
6.977
6.995
7.026
7.045
7.050
7.090

VS (DRY)

3.550
3.720
3.750
.3.810
3.840
3.920
3.966
3.990
4.024
4,056
4.062
4.080
4.095
4,115
4.110
4,145
"4.161
4.180
4.193

Elastic Wave Velocities.

VS (SAT)

3.409
3.700
3.730
3.780
3.830
3.879
3.931
3.997
4,037
4.068
4,115
4.133
4,153
4,198
4.220
4.240
4.256
4,270
4,290

A

J
\A
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Bedford limestone.

P (BAR)

30.
50.
75.
100.
125.
150.
200.
250.
300.
400.
500.
600.
800.
1000.
1300.
1700.
2000.

VP (DRY)

2.
2.
2.
.039
.113
.193
.351
.500
.600
.770
.912
.008
.205
.380
.598
.735
. 829

R SR D R W W W W W W W W

700
794
929

Table 2.2e

VP (SAT)

4.600
4.640
4.660
4.680
4.700
4.730
4.760
4.970
4.810
4.820
4.840
4.860
4.880
4.900
4.920
4.490
4.960

Elastic Wave Velocities.

VS (DRY) VS (SAT)

1.547
-1.640

1.690

1.752
1.795
1.841
1.917
1.983

2.040"

2.138
2.223

2.283

2.382
2.466
2.548
2.633
2.681

1.560
1.680
1.720
1.760
1.810
1.880
1.940
1.970
2.000
2.140
2.230
2.300
2.350
2.400
2.510
2.600
2.610

L2,



" Solenhofen limestone.

P (BAR)

50.
100.
200.
300.
500.
700.

1500.
2000.
2500.
3000.
3500.

VP (DRY)

5.607
5.616
5.628
5.637
5.650
5.664
5.709
5.724
5.738
5.752
5.757

Table 2.2f

VP (SAT)

5.632
5.644
5.671
5.685
5.710
5.732
5.772
5.781
5.787
5.800
5.810

VS (DRY)

3.006
3.014
3.029
3.043
3.063
3.083
3.103
3.104
3.110
3.115
3.128

Elastic Wave Velocities.

VS (SAT)

2.
3.
3.
- 3.
3.

Wwwwww

994
010
044
050

072
.078
.101
.103
.107
111
.124

L3,
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Figure Captions

Fig. 2.1

Fig.

2.2,

Fig. 2.3

Fig.

2.4

. Transducer assembly. The sample is mounted

between two transducer assemblies. A piano
wire spring is wrapped around the sample to
provide space for the water which 1is expelled

from the saturated sample by pressure.

The velocity of compreséional waves in Chelms-

ford granite, lnitially saturateq with water,
as a functlon of time. The sample'was subject
to roonm temperature, pressure, and humidity.
The decrease of Vp is dausgg by the slow‘evapofa-
tion‘of_the water,

Velocity of elastic waves in rock samples as

a functldn’of'pressure; The compressional wave
vglocity.depends significantly on the degree

of saturation but shear wave veiocity is almost
independent of saturation. These observations
are made for (a) Casco granite (b) Westerly
granite (c) Troy granite (d) Webatack dolomite
(e) Bedford limestone and (f) Solenhoffen
limestone. |

Elastic moduli of dfy and saturated rocks. The
bulk modulus of saturated rock samples is

almost identical to the intrinsic value of rock

without cracks. The bulk modulus of the dry
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rock increases with pressure. The shear moduli
~ of the dry and saturated samples are almost |
..1dentical.b Young's mﬁdulus depends somewhat on
saturation.‘ Poisson's rét;olis high in
saturated rocks and very low in dry ones.
Yalues are for (a) Casco granite (b) Westerly
granite (c) Troy granite (d) Webatack dolomite
(e) Bedford Limestone.:
Fig. 2.5  Compressional wave veloclty in a dry sample of
Bedford limestone vs. hydrostatié préssure.
At P = 2 kb roﬁnd pores begin to collapse. They
act like cracks'ﬁhen pressure is reducéd.
Pig. 2.6 Difference betwgen Vp in dfy and saturated
graniteé vs. créck porosity. Size of rectangles

indicates experimental uncertaintles.
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Chapter 3
Effects of Viscous Fluid Inciusion on the
Propagation of Waves in Rodk and Applications
to the Earth

1, Introduction

An understanding of the mechanical behavior of fluid-
" filled rocks of low porosity is iﬁportant 1n'geophysics for
the correct 1nterpretation of the eléstic properties of the
earth's crust and mantle, We previously reported data on
the effects of saturation in rocks (Chapt. 2). 1In this chapter
we discués the effects‘of viscoslity on the propagation qf
waves in low porosity aggregates. The results have inter-
esting implications on the effects of‘partial melt such as
‘may occur in the Upper Mantle,

Several authors have studied the effects of inclusions
' of alr, water, and low.viscosity organic olls. Aside from
fhe effect of fluld pore pressure; the replacement of air
by water in high porosity rocks causes an increase of
compressional velocity and a decrease of shear'veloqity.
. King (1) investigated the effects of air, salt water and
“kerosene. Hls results indicated that Vp Wwas commonly
highest when the saturating fluid was salt water while the
corresponding shear velocity was lowest. The dry rocks on
the other hand had low V, but relatively high Vg, similar
to those observed in rocks saturated with kerosene.

Replacement of air with liquid in a high porosity
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robk'affécts se#eral 1m§ortant parameters such as density,
effective elastic moduli, and the viscosity of the fluid
phase. In such low porosity rocks as granites the change

of the bulk density is negligible but the changes of the
effective elastic modull are large. Nur (2) reported that
Vp increases greatly while VS remains unchanged in a number
of granite samples upon saturation with water. Dortmann
and Magid (3) reported similar observations on various
1gne§us rocks. The effective bulk modulus of the saturated
rock was almost identical to that of the r_oCk Without'porosity
but the effective dynamic bulk modulus of dry rock was very
low and increased rapidly with externai pressure (which
causes cracks‘to close).

Timur (4) observed a velocity increase in rock saturated
with wéter as thé water froze, Spetzler and Anderson (5) |
using ice aggregates noticed large decrease of both Vp and
" Vg when partial melt first appeared. Born (6) found that
internal friction 95 in a specimen of the Anﬁherst sand-
stone increased with increasing water content and depended
on frequency. Gordon and Davis (7) also noticed that ;5
ls dependent on the presence of flu;d. its viséosity and
wave frequency. Garanin (8) found a nonlinear increase of
absorption coefficieht and wave velocity with 1ncreasihg
viscosity ovér 2 limited range of viscosity.

The introduction of a liquid phase replacing either air

or solid involves changes of both viscosity and bulk
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modulus of the inclusion. It is however, 1mpoftant to
investigate the influence of these two parameters indepen-

dently. Here the effects of viscosity are reported.

2, Experimental procedure

A large range of viscosity must be used to show the
1nfluénce of viscosity on velocitieé and attenuation, All
other parameters should preferab1y rema1n constant. For
this experiment two core samples of Barre granite were used,

one for the measurement of V.. and the other for Vg with

p
variéus fluids in the microcracks. The properties of this
‘granite are summarized in Table 3.1. The measurement
techniques are identical to those used pfeviously by us
(Chapter 2) and similar to those used by Birch (9) and
Siﬁmons (10). Barium titanate transducers (PZT 4), 0.10"
thick, attached to the specimen with an electrically conduct-
ing epoxy (Traduct BA-2902, manufaétured by ‘the Tracon Co.,
Medford, Mass;) which hardened to 70°C for 12 hours were
used for generating compressional waves. AC-cut quartz
transducers (gold-plated, coaxial, manufactured by the

Valpey Co., Holliston, Mass.) to generate shear waves were
mounted on the second core with a non-conducting epoxy

(Trabond BA210l). Agreement of the V, of the two samples

p
measured at room conditions before the transducers were
attached was better than 1%, indicating that the two cores

had simlilar elastic properties and could be assumed identical.

Variation of the viscosity of the fluid in the micro-
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cracks 1s obtained by the use of glycerol, C3Hg(0H) 4, at
various‘temperatures. together with water and air, The
viscosity of glycerol,vunusually éensitive to temperature
is shown in fig. 3.1. A change of temperature from -77°C
to 100°C changes the viscosity of the glycerol by ten
orders of magnitude. The compressibility of glycerol
changes by a factor of only three over the temperature
range -77°C to +100°C despite the very large change in
viscosity (11). 1In the measureménts of glycerol-saturated
rock, each sample was immersed in a constant femperature
bath filled with methénol dry ice mixtures., Temperatures
were measured with an 1ron-Cdnstantan thermocouple ﬁhich
was attached to the specimen and therefore indicated the
temperatures at_the outer surface. Repeated readings in
- separate runs indicated that temperature was determined
witﬁin 10C resulting in a corresponding approximate error
in viscosity of‘z%. & value sufficiently small to be
neglected. The added measurements with water and air in the
microcracks of the rocks provide a range of viscosities
from lO"’+ to 109 poise. For.comparison, the Viscosity of
molten basalt is 105-107 poise (12).

The effects of temperature on the intrinsic properties
of'the solid phases of the rock can be neglected., Velocities
in the two samples subject to temperatures from -77°C to
+100°C and air dried change significantly less than in the

glycerol saturated samples, Changes of sample length due
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to thermal strains are also small énd were neglected.,

Techniques of saturating the specimen were similar to
those used previously by us (Chapter 2) and described by
Brace (13). Drjing was done at about 90°C in a vacuum
furnace. For saturation with glycerol, the container was
kept at 90°C-100°C for 36 hours. Gas pressure of 10 bars
was applied and removed a few times to facilitate the flow
of glycerol inté the cracks. Although the degree of
saturation of the samples was not tested, the results of
Brace (14) indicate that the saturation with water is very
high. The viscosity of glycerol at 100°C is about 15 times
that of water. Dortmann and Magid (3) found that saturation
of igneous rocks with machine oil took-4-5‘t1mes longer than
with water. The fact that viscosity of glycerol at lOOOC_is_
. comparable with that of oil and that glycerol alsp wets
silicates, suggests that the degree of Saturation should be
'comparable ﬁith that of water., '

The velocities measured as a function éf increasing
temperature with glycerol in the cracks were compared with
the velocitles obtained as a functibn of decreasing tem-
perature. The appérent reversibility suggesfed that the
,ﬁemperature distribution in the sample was sufficlently
steady and uniform when a measureﬁent was made,

Rough estimaﬁes of the effects of the viscosity of
the saturafing fluid on the attenuation of elastic waves

were obtalned by holding constant the input voltage to the
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transducers and comparing the outpﬁt voltage throughout
each temperature cycle. The varigtion of voltage between
measurement$ did not exceed 10% andwas probably, on the
average, only a few percent. The dominant frequency in
the received signals was approximately % Mh for both

compressional and shear waves.

3. Wave velocities, relative attenuation, and elastic

constants,

The data obtained}on Vp and VS in our experiment are
given in Table 3.2, together with the effective elastic
properties of Young's modulus;-bulk,modulus, shear modulus,
and Poisson's ratio calculated from Vp and Vg, In visco-
elastic materials.with largé internal friction, the veloclities
~ depend not only on shear and bulk moduli but also on ¢
15). Although the absolufe value 'of ¢ i3 not known, in
our experiment the large'relative value at the peak suggests
that internal friction should perhaps not be neglected in
computing the true effective elastic constants, The large
value of gﬁ élso implies that a discrepancy between static
and dynamic elastic constants may exist over some viscosity
renge.

The dependence of V. and ston the viscosity of the

p
fluld that fills the microcracks in the Barre granite 1is
shown in fig. 3.2. The values are those measured on the
glycerol saturated rodk except at the very low viscosity

range where values were obtained with water (. /7 = 10~%
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poise) and air ( 7 = 113-10’4 poise). The value of Vp
obtained on a dry sample, 3.93 km/s, 1s much lower than
the values for rock saturated with water of glycerol.

The value of Vg in dry rock though, is about that of water-
saturated rock. Both compressional and shear wave velocl-
ties lncrease significantly with increasing viscosity. At
relatively high viscosities of the fluid phase the veloci-
ties vary almost linearly with the lbgarithm of the vis-
cosity. Hence they are more sensitive to visposity at low
values. Both velocities possess an inflection point near
/7:: 10'1 poise. The relative change of Vg with viscosity
near the inflection point, as well_as elsewhere, is much |

larger than the relative change in V We attribute this

p*
experimental observation to the fact that the effective
" bulk modulus of saturated rock is independent of vilscosity,
as seen in fig. 3.3, whereas the effective shear modulus
depends strongly on the viscosity. |

The relative attenuation may be estimated from the
variation (with viscosity) of the amplitude of the received
~signals., The amplitude of the input pulse waé held roughly
constant throughout each temperature run. Because too
many parameters are involved 1t 1s‘not possible to determine
the abéolute magnitude of the input elastic pulse. From
the runs on dry samples it appears though that the loss of
power in the bond between the transducer and the rock is

approximately independent of temperature_and that the
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transducers themselves radiated aﬁproximately the same
signal in the temperature range of 477'to 100°C. The
received amplitudes in the. experiments with glycerol-
sgturated samples exhibited remarkable features. The com-
pressional wave amplitudes were almost independent of
viscosity ﬁhereas the shear Wavevamplitude Ag exhibited a
pronounced minimum at about the same viscosity at which the
inflection poinﬁ in Vg occurred. Since both frequency and
sample length remained practically unchanged throughout the
éxperiment, the observed amplitudes can be converted into
relative internal friction ¢f,s= “%[Ap,s]. The values
shown in fig. 3.2 have been normaliéed,'with ;6 of dry rock
‘taken as unity. The attenuation of seismic shear energy
has a sharp peak near /7 = 10':L po.ise.'. Values of ¢ for
" either dry or water saturated rock or for high viscosity
glycerol are much smaller.

The calculated values of Young;s modulus and Polisson's
ratio'are shown in fig. 3.3. Polisson's ratio decreases
steadily with increasing viscosity, indicating that the
effective shear modulus increases faster with viscosity
than the bulk moduius. Young's modulus increases with
_#1scosity almost like the effective shear modulué. The
behavior resembles that of rocks saturated with water sub-
Ject to 1ncreasing effective hydrostatic stress (Chapter 2),.
The phenomena are different, however: hydrostatic stress

causes cracks to close whereas increasing fluid vlscosity
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essentially makes the fluid to behéve increasingly like a
solid. |

4, Discussion of some theoretical aspects.

The increase of shear velocity by ~ 22% and compression;_
al velocity by ~ 7% with the viscosity of the fluid phase in
the Barre granite clearly demonstrates the importance of
viscoslity in solid aggregafes with fluid-filled microcracks.
The magnitude of the phenomena are espécially surprising
because they occur in rocks with crack porosity well below
.01, Theoretical results by Walsh (16), ﬁreviously verl-~
fied by Nur (Chapter 2) explain the_lérge changes observed.
“in Vp upon saturation with water, Séveral 1nvestigators
have considered the theoretical aspects of viscous inclusions.
. Biot'(l?) treated.the_problem of fluid in tubular and
spherical inclusions. Forﬁal solﬁtions in which viscoelastic
relations were gssumed bﬁt in whilch no specific form was
agsigned to the viscous phases have been considered in some
detail by Knopoff and MacDonald (18),and Collins and Lee
(19). While these theories are useful mathematically they
do not provide a particular physical mechanism of attenua-
tion. Walsh (16) used solutions for the elastic response
of aggregates to stress and the visco-eiastic correspondence
principle to obtain the viscous terms. As in the elastic
solution the role of the inclusion shape is very important.
Crack-like inclusions cause large changes in the fesponse

of a composite to stress even if porosity is small,.
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The bulk modulus of the fluid‘ihclusion was shown
previously (Chapter 2) to affect the bulk modulus of the
aggregaté. The presentbexperimental results indicate that
. the effectlive shear modulus depends on the viscosity 6f the
fiuid phase, These observations are in remarkable agree-
ment with Walsh's theoretical results which show that there
exists a frequency at which the shear modulus has an
inflection point and the internal friction a pronounced
peak. This characteristic frequency d  1is rather low

and is related to the viscosity, and the intrinsic shear

modulus, /“o » by

| w4 !‘ zi , . o 3.1
a/‘fo .
where a is approximately equal to the average crack aspect
ratio ol . PFurthermore Walsh's expressions indicate that
internal friction and velocilties are frequency dependent,
In the nelghborhood of (Jd he found that , |
96 - AW /wd : 3.2
s , .
B+ (W/wd)* S

~ [+ (W/Lud)z_
. M Mo B (Wig)

3.3

where A and B are constants that depend on the shape and
density of pores and cracks. Our experimental data were
obtained at a constant frequency (W while viscosity, and

therefore Wy, varied greatly. Walsh's work can be used
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with our data to obtain other résults. Combining equations.

3.1, 3.2, and 3.3 gives
¢ o AW [t Mo o | 3.4
7B+ (wh i)’
Tome . N ap) 3.5
VAl +(0n /4 o)

Note that frequency &) and viscosity'7 appear always as

and

tﬁe product CuP). The dependence of velocities and in-
ternél friction on viscosity, if Newtonian, cah be used to
evaluate their dependence on frequency aﬁ a constant
-viscésity--a relationship that 1is muchvmore difficult to
'obtain experimentally.

Our results are similar to the results reported by
K8 (20, 21) and McLean (22) on the effects of grain boundary
viscosity in polycrystalline aluminum and brass. Kg found
. that polycrystalline aluminum and brass exhibit a tempera-
ture dependent internal friction 55 and shear modulus /E
very much like those of viscoelastic material., A peak of
internal frictidn was obsefved at some critical frequency
W, at which an inflection point in the value of the
effective shear modulus was also obéerved. This peak occurred
at 290°C although aluminum melts at 660°C, With the assumption
that the structural disorder at grain boundaries is associated
with a viscosity, Ke showed that the critical frequency W

is related to viscosity /7 y the intrinslic shear modulus /‘10
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aﬁd'the ratio 6f the thickness of the viscous layer to grain
diameter u‘by , -
Ly 3.6
o /u

which has the form as equation 3.1. The expression for
viscosity as a function of temperature for molten aluminum

is approtimately

eme

where 70 and K are constents and T is absolute temperature.
K€ found that the viscosities he computed from equation 3.6
;agreed with equation 3.7 extremely well. He concluded that
grain boundaries in metals show a viscous behavior even
several hundred degrees below the melting temperature.
Further experiments at various frequencies by Ke (21)
demonstrated that frequency and viscosity are indeed inter-
chaﬁgeable. Because grain boundsary creép rate varles
linearily with stress it is relatively important at low
stresses (23). Consequently this mechanism is likely to
have significant effects on elastic wave propagation in
polycrystalline aggregates. ;

Ih summafy-it is clear that shear modulus and internal
friction in shear in a solid with inclusions of viscoﬁs
fluids are very sensitive to both viscosity and frequency.
At low concentrations of fluid with reasonably high bulk

mddulusvthe effective bulk modulus of the aggregate is al-
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most identical to that of the solid itself and internal
friction associated Wwith compressional waves is almost

independent of frequency.

5. Application to the earth,

Our results may be applied in two ways to the study of
the earth. They may be used to predict the effect of partial
melt, in rocks, on the elaétic and anelastic properties.
Secondly, they may be used to infer the.viscosity of the
fluid phase in the low velocity zone, abbreviated LVZ,
from seismic observation on the earth and with the plausible
assuiption that the LVZ is caused by partial melting.

The relatively high attenuation (24), low viscosity
(25), and occurrence of zones of low velocity (26) in the
.upper'mantle are all compatible with the presence of small
amounts of a fluid phase. 1In ordef to apply our results
to the earth through équétion 3.1, three of the four para-
meters must be known. The frequency () and intrinsic shear
modulus /H° are readily available from seismic investiga-
tions. The fréquency is determined from the observed
waves while the shear modulus gah be estimated from travel
times and phase velocities of surface'waves (29). The
estimation of the viscosity of the fluid phase and the &spect
ratio X are less cert2in. The viscosity'can be estimated
by thermodynamic considerations (27, 28) but the uncertainty
of both temperature an& pressure effects on viscosity are

very large, Vlscoslty estimates from the responses of such
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large reglons as Fennoscandia to surface loads (25), are

irrelevant to the determination of the viscosity of the
fluid phase.‘ Clearly, fhe viscosify of grailn boundary zones
- 1s much smaller than the apparent viscbsity of the whole
aggregate,
Neither 1s the shape of the fluid phase in the earth
known. The available data for various metals indicate
the presence of a very narrow viscous zone, with an aspect
ratio. X = 10-6 to 10~7 (20, 21). For Barre granite,
saturated with glycerol, X , computed from eéuation 3.1
(with Wy = .511066P8,7=.l4 porse,/fo=3.5x10"c‘7-r) » equals
2 x 10'7. These two values ére remarkably close and‘in the
‘present discussion, they'aré_assumed to'be representative
of tye upper mantle.
If rocks with vliscous. pockets respond to stress like
the.glycérol saturated Barre granite, then
wn ~ W
01/40 laboratory d/“’

and equations 3.2 to 3.5 are valid for parts of the earth.

3.8

mantle

Thus when frequency, viscosity of the fluid phase. and

the intrinsic shear modulus in the earth are known, the
velocitles and internal fricﬁidn can be.estimated from the
Laﬁoratory results., These results can be used to estimate
viscositles of the fluld phase from the seismic data.

Aki (29) postulated that a strong shear modulus anisotropy
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_exists beneath Japan in ofder to explain the observed Love
and Rayieigh Wave velo¢1t1es.' If this anisotropy is caused
by the presence of intergranular viscous material mostly
in the form of horizontal flat pocketé, then the ratios R
of thé effective shear modulus for Raylelgh waves t? that
of Love waves at various depths are estimates of the ratilo
of the effective shear modulus of mantle material with
melt to the intrinsic modulus. From Aki's model, R = .82
at a deptﬁ of about 25 km, and R = ,75 at 60.km. These
values correspond to /7= 5 x 108 poise and i] = 3.5 x 10°
poilse respectively in the laboratory measurement. The
frequency of the surface waves was about .03 cps and the
intrinsic shear modulus of the mantle Me= 44 x 1010 at 25 km
and 72 x 1010 dynes/dm at 60 km. Thus from equation 3.6
the viscosity of the fluid phase 1016 poise at 25 km and
1013 poise at 60 km, a substantial decrease with depth.
This trend is compatible with the decrease of Q with depth
(30) over this depth range and the bu;k viscosity computed
by McConnell (25). |

The decrease of the ca}culated viscosity with depth
can be estimated from the temperature dlstribution in the
earth; The theoretical considerations. of Gordon and Nelson
(31) lead to an approximate expression for grain boundary

viscosity in the earth.

'J’IeXP[“'T(HKzP)] e
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where '70, K, and 'Kz are constants. At relatively shallow
depth whereiarazy is large, the tgmperature"effect is dominant
and viscosity is expected to decrease significantly with
depth. At great depth, where 37752. is small the increase
in préssure causes viscosity to increase. If the effect
of pressure is neglected in the upper mantle, the viscosi-
ties under Japan compared with the measured values of vis-
cosity as a function of temperature for glasses and volcanic
rocks (325 correspond to a temperature of 459 to 600°C at 25
xm and 500 to 670°C at 60 km. At the same depths, Clark
and Ringwood's (33) temperature-depth'relations give approxi-
mately 350 to 450°C and 600-700°C respectively. Imﬁrove- |
ments in the data-on.viscoéity of silicéte meits may lead
in the future to improved estimates of temperature in the
earﬁh. |

| If the mechanism of the LVZ is that of grain boundary
viscosity, then we may use our laboratory td»infer certain
features about the LVZ; viz. the dependence of attenuation
and depth of the LVZ on frequency. A
Consider first for simplicity a portion.of an upper
mantle in which the visoosity increases with depth

according to the relation

n (,7/,7 o) = 4’<,z+*{% | ~3.10

From the laboratory results, and assuming again that
equations 3.1 to 3.5 hold, a reglon of rapid increasge of

velocitles should be noticeable as shown in fig. 3.4,
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Furthermore a low Q zone exists at a depth which depends on
the frequency of the wave, foi a givéh viscosity wvariation.
At higher frequency the low Q and large dv/dz zones will
seem shallower than}at lower frequency.

Consider next ﬁhe viscosity distribution that roughly
corresponds to equation 3.9. Viscosity first decreases
rapidly with depth and then increases at a smaller rate.
The velocity and internal friction structure obtained from
the laboratory data are shown in fig. 3.4 for various fre-
quencles. For compressional waves the lowest velocity and
the thiékness of the LVZ are approximately independent of
frequéncy. For shear waves however the'shape.bf the LVZ
and the lowest velocity depend significantly on frequency.
At higher frequencies the shear velocity in the zone is
higher and the LVZ thinner than af; 1c;w frequencies. The
. apparent internal friction in shear has a single.or a double
peak‘depending on frequency. Velocities obtaihed by
Archambeau et al. and Anderson and Smith (34) (fig. 3.5)
show a larger decrease'in'vS than in Vp beéause the effective
bulk modulus remains almost constant through.the LVZ while
_the effective shear modulus décreases by 15%. An upper
bound on the viscosity of tﬁe melt can be obtained from the
decrease of the shear modulus, 'If we teke the intrinsic
‘shear modulus /40- 5 Mb /M//qo - .80 and (M = .1 c¢ps
the viscosity of the fluid phase in the LVZ is r]41013
poise at a depth of 80-100 km. An independent estimate of
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the lower bound of /7 can be obfainéd from equation 3.8
with the assumption that the LVZ 1s a reglon in which a
maximum of attenuation exists. For W= .l cps.- n 2 107
poise. Although the difference between the two estimated
bounds or viscosity is significant, the difference between

the cqrresponding temperatures is only 100°C to 200°c,

6. Conclusions.

Results from laboratory measuiements of velocitlies and
attenuation through rock saturated with viscous phase
indicate that many of the observed selsmic peculiarities
in the upper mantle are compatible with the presence of
.partial melt or grain boundary viscosity. The structure of
the low veloclty zone with its pronounced decrease in shear
velocity can be predicted from the laboratory data.

16 oise at 25 km, 10%3 p. at

Viscosities of the melt (10
60 km end 107-1013 at 80 km) estimated from seismlic data
are.compatible with the temperature expécted at these
depths. |

The presence of partialvmelt causeg selsmic wave
velocities; depth and thickness of the LVZ and internal
friction to depend on the wave freéuency. Longer period
waves will be associated with more pronounced low Velocity
zones. Shorter period waves will be associated with less
pronounced zones. Peaks of attenuation and locally large

values of dV/dZ can occur in a region in which viscosity

1hcreases or decreases monotonously. The depth to this
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region is frequency dependent,
The seismic equation of state becomes considerably
more complicated with the introduction of terms to account
for the presence of a llQuid phase. Both Vp and Vg depend
on frequency because the effective shear modulus 1s a function
of frequency. To describe this dependence, viscosity and
the configuration of liquid phase must be known in addition
to the elastic constants of the solid phases and their

densities.
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.Table 3.1
Physical Properties of Barre granite
Property A ‘ ' Remarks
Density 2,650 gm/cm3
Porosity crack »003+.0005
pore - .003+.002
total .006+.001
Velocity:
at room conditions _
Vo (ary) 3.90 km/s
Vp(saturated) 5.45 km/s
Vg (dry) - 2.58 km/s
Vs(saturated) : 2.63 km/s
at 10 kilobars
Vo - 6.40 ‘ Different sample.
. _ A Birch (1960)
Vg - 3.70 ' Simmons (1964)
Average grain size 3 mm -
Modal analysis (% volume) | Birch (1960)
- Qz - 26%
K-Felspar(orthoclase) 25%
Plagioclase(albite) 37%
Mica-Biotite - S 9%

-Muscovite - 3%
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Flgure Captions

fig. 3.1  Viscosity of giycerol (after Weast[11]l ). The
glycerol was used as fluid inclusion in rock.

fig. 3.2 Effects of viscosity of a fluid phase on velocity
and attenuation of elastic waves. Both Vp and
Vg increase with viscosity, particularly at
f7==.l to 1 p6ise where_internal friction is
particulérly high. |

fig. 3.3 Effective isotropic elastic constants cal-

V culafed from the velocities.. Shear and
Young's moduli increase and Poisson's ratio
decrease. with increasing viscosity. Bulk
moduius'is almost constant, ‘

~ fig. ‘3.4 Relations between viscosity distribution and
velocities anﬂ iﬁterﬁai friction. Viscosity
1npreases linearily on a log scale with depth
(upper figure) or has a minimum (lower figure).

fig. 3.5 Upper mantle velocity structure (éfter Ander-

| son and Sammis[34]). The low velocity zone

1s more pronounced for shear than compressional
waves, consistant with the presence of viscous

pockets.
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Chapter 4
Stress induced veloclty anisotrbpy in rock:

an experimental study

1, Intrbduotion

The fact that uniaxial stress causes larger changes
of elastic properties in certain rocks in the direction of
the applied stress which are larger than the changes in
the perpendicular direction was demonstrated by Tocher
(1957). This behavior seems clearly to .be assoclated with
the microcracks that exist in granitic rocks, a suggestlion
made long ago by Zisman (1933) to explain the.gffect of
‘hydrostatic stress on elastic properties of rock. At
effective* stress levels up to about 1 kb, the elastic
" properties of some rocks are controlled nainly by the pro;
perties of the microcracks. Such rocks include granites,
‘schists, monzonites, quartz diorites, and in geheral, those
igneoﬁs rocks that contain quaftz. The effect of non hydro- -
static stress on.elastic wave velocltles, which we report
here, are possibly important for selsmic crusﬁal‘studies.
in situ stress determinations and perhaps also for thé
interpretation of velocity anisotropy of the low velocity
zone,

In rocks, crack shapes are approximated reasonably

# [Effective stress is defined as the confining pressure

minus the pore pressure.
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well by penny shaped elXlipsoids (WaISh 1965),-#hich.allows
one to describe the effects of cracks with only three para-
meters--the crack aspect ratio (width to length), the
porosity, and the distribution in space of the crack nor-
mals, | |

The effect of an applied non-hydrostatic stress is
to close cracks in some directions and leave cracks open
in other directions. The stress necessafy to clese a
penny shaped crack is proportional to its aspect ratio
(Walsb_h 1965)-~the narrower cracks close at lower pressure.
The effective elastic constants of a solid wiih cracks are
determined by the distribution of orientations of open
cracks (Walsh 1965). 1If cracks are closed in some direct;ons
but open in others, rocks that are 1ntrinsically‘isotropic
~ show & directiohal dependence of the effective elastic con-
stants and are in general ahisotropic. The elastic proper-
. ties of a rock, which 1nitially has a random crack distri-
bution, could possibly remain isotropic under hydrostatic
pressure, attain hexagonal symmetry under uniaxial stress,
and orthorhombie symﬁetry under three different principal
stresses.

In order to investigate the effeots of non hydrostatic
stresses on the elastic properties of rocks, we have
measured the velocities of elastic waves in several directions
on the Barre and Westerly granites. These materials have

been used in laboratory studies by others (Table 4.1).



?9.

2. Experimental procedure

A cylinder 10 cm in diameter and 10 cm .long of Barre
granite, caféfully machined on a cylindrical grinder to fit
closely the éorresponding hémi-cylindrioai holes in two
steel blocks was loaded uniaxially in a simple press.

At zero stress the velocitles of compressional waves in the
Barre samble ﬁere 3.79, 3.90, and 3.93 km/s in three
mutually perpendicular direétions. The axis of the cylinder
was along the 3.90 km/s direction and transducers were
mounted along the 3.79 km/s direction for veldcity measure-
ments across the cylinder. The geometry and certain con-
ventions used later are shﬁwﬁ'in fig. 4.1, Because the
validity of our results depend on héving‘a uniaxial stress
and because such facﬁors as eléstic ﬁismatch between the
-steel.blocks and.the rock cylinder,Anon-uniformity of the
rock} and the small holes cut in side of cylinder for
transducers could lead to non-uniaxial stress, we checked
the state of stress in the sample with strain gages mounted

on the flat ends of the cylinder. If it is truly uniaxial

the strain in direction e would be
6.(9)=—L————EV Gcos?o - EZO- 2.1

TheAresults of measuring & as a function of direction,
shown in fig. 4.2, show that terms of higher order than
cos?B are less than 10%.

Instrumentation was similar to that used by Birch
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(1961) and Simmons (1964) and identical to that used by us
(Appendix A) for previbus work on the elastic properties of
rocks., Transducers (bafium titanate for P-waves and AC-
cut quartz for S-waves) were cemented with & conductive
epoxy to the rock surface in each of two slots cut on
opposite sides of the rock cylinder, at the center of its
length. A Velonex model 350 pulse generator was used to
obtain a 0.1 pulse of 50 to‘SOO volts. Time delays were

measured with a varlable length mercury delay line, similar

to that described by Birch (1960),

3. Results of measurements

Four sets of measurements werevmadqz (1) Compreséional
waves normal to akis. (2) shear waves propagating nofmai to
axis and polarized normal to axvis, (3) shear wéves pfopagat-
ing normal to axis and polarized parallel to axis, and (4)
shear waves propagating parallel to axis. Each set con-
sists of velooiéy as a function of uniaxial stress and as
a.function of the angle 8 (fig. 4.1).. All wave velocities
in this experiment were obtained after the sample was
dried and allowed to come to -equilibrium with room conditions.
The data are given in Tables 4,2 through L,5 and shown in
figures 4.3 through 4.8, v - '

Although velocity increases in all directions with
increasing uniaxial stress, the size of the increase clearly
depends on the angle betwéen the streés and the propégation

direction of the compressional wave. For shegr waves, it
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depends on the direction of polarization as well as on the
direction of propagation. The largest effect on velocity
1s observed when the wave propagates in the direction of
the applied stress and the smallest in a direction perpen-
diéular to it (figs. 4.3, 4.4)., 1In addition, the velocity
of the shear wave polarized parallel with the axis of the-
cylinder exhibits large dependence on direction (fig. 4.6)
whereas that of the wave polarized normal to the axis appears
to be (almost) independent of direction (fig. 4.8). These
are the relations that would exist for single crystal
elasticity.

The interesting phenomenon of écoustio double re-
fraction was observed fbr shear waves propagating along
the axis of the cylinder (figs. 4.9 and 4.10). Although
'ﬁhe phenomenon has been observed previously in single
crystals (Watermen and Teutonico, 1957 and Simmons and
| Birch 1963), we believe this is the ‘first time 1t has been
observed in rocks in the laboratory. The observedlarrival
wave forms for the shear wave propagating parallel to the
axis as a function of direction O, and at 400 bars, are
displayed in fig. 4.9. The amplitude of the input signal

was roughly the same for all angles. At 6= 70°, the
arrival of two waves at different times is clearly seen.
These arrivals may be traced to both larger and smaller
values of @ although the second arrival is difficult to

pick at values less than 30° and the first arrival is
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obscure at this amplification at valﬁes greatef than 70°,
The .vel-ocity of the fast wave seen at0°\<9€ 70° in fig.
4.4 is independent of @ whereas the velocity of the slow
wave ( B2 70°) varies with direction (Table 4.5). The
apparent changes in wave forms with increasing stress,'
particularly fore-% 60° and 70° (fig. 4.10) are due to inter-
fereqce between the two shear waves., As indicated in
fig.4.10, the amplitudes of the two waveé that tfavel along
the axis are equal at about 8 = 55 to 60 degrees. This
could.indicate that disslpation becomes anisotropic with
stress;-the dissipation of energy of the fast wave is

smaller than the slow wave,

4, Discussion of uniaxial results

The resultsAéhow clearly that the Barre graﬁite be-
comes anisotropic under uniaxial stress condition. Both
shear and compressional velocities éhange with direction,
at a given stréss level, in a manner expected from the
elasticlty of single crystals. In general, distinct shear
waves with different velocities exist in any direction of
propagation when uniaxial stress 1s applied; one direction
of polarization 1s always in the plane which also includes
the direction of the applied stress and the second direction
of polarization is in an orthogonal plane., It 1s especially
gratifying that at all stress levels the velocity of shear
waves propagating along the cylinder axis and polarized

parallel to the stress axis is equal within + 1% to the
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veiocity of shear waves ﬁropagating parallel to.the stress
axis'and polarized perpendicular to the cylinder axis;
similar statements could be made for other pairs of directions.
We interpreted these results to indicate that the 1nfluence
of stress on velocify in general cah be described in terms
of the anlisotropy elements of an elastic crystal.

| ;f we restrict our discussion to materials in which the
change of velocity with stress is not too.large aﬁd for
waves of sufficiently small stress amplitudes, in order to
avold .the effects of non-linear streés-strain béhavior, then
we may estimate the limits of both the effect of stress on
the elastic constants and the effect of the Stress-amplitude
of the wave., 1In one dimension we have

_ 1 4,1
€=-0T

. where &€ 1is strain, @ is the corresponding stress and E is
-an elastic parameter,

Differentiating with respect to  yields

(, 0" dE) .2
do* ~E E a3

Linear elasticity can describe the material adequately when
T JE &1,

Our measurements indicate that Young's modulus E can

change by as much as 10% per 100 bars. If E = lO6

bars
then CfE)GﬂkalOB. Therefore, the dynamic stress level in

the rock should not exceed a few bars for satisfactory
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linear approximation., Because the maximum stress amplitude
of the waves is .0l bar or less, the'éffect of stress waves
on the dynamic stress-induced anisotroby is negligible.

The uniaxial stress field has a high degree of symmetry,
thét of the hexagonal system., If the lnitilal crack dis-
tribution were.isotropic. no lower symmetry in the elastic
properties would be anticipated although a higher one could
be possible. If however the initial crack distribution was
not random the induced anisotropy may have a form less
symmetrical than hexagdnal. Indeed .the variation of the
velocity of SV with direction with more than one extreme
point is not compétible with hexagonal symmetry. Because
thls variation 1s small, we assume that hekagonal symmetry
descrlbes the stressed rock and proceed to compute the

“various effective dynamic elastic constants as a function of

the applied uniaxial stress. The transformation of velocitiles

té elastic constants is available in several referenoes
(Stoneley 1948; Hearmon 1961 for exemple), 'For convenience
of notation, we ﬁake the 3-axis parallel to‘the direction
of the applied stress, the 2-axis parallel to the cylinder
axis, and the l-stress orthogoﬁal to the 1 and 2 axes. The
_ﬁalues of E33, Ell’/“lB and/Alz are given in Table 4.6 and
are shown in figure 4.11. We notice that much like the
results in chapter 2 at very low stress levels the values

of Polsson's ratio are small and increase slowly with stress.

The Young's moduli (fig. 4.l1lla) and the shear moduli

I
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(fig. 4.11b) also increase with 1nc}easing stress, as a
strong function of direction. gNoteWorthy is the observa-
tion that the influence of stress as well as direction on

the Young's modull E's is greater than on the shear modull,

5. Biaxial loading

In order to extend our obéervations to a biaxial
state of stress, we measured cbmpressional velocities on
13 cm éubes of Westerly and Barre grahite loaded in a
stress system that consisted of two unlaxial presses mounted
at 90° to each other; Equal velocify contours on a C,;,0,
plane are shown in fig., 4.12, These lines indicate the
rangé of biaxial stress combinations which will produce é
given velocity. We conclude from these results that the
: Velocity is not uniquely related to sfress because various
bilaxial stress combinations can produce the same velocity

in a given direction.

6. Conclusions

Application of non-hydrostatic stress to a rock that
contains mlcro-cracks induces elastic anisotropy. The
stressed rock exhibits many features of anisotrople crystals,

 including that of acoustic double refraction.
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“Table 4.1
Physical Properties of Barre Granite

Property ) o Remarks

Density 2.650 gm/cm3
Porosity crack : '.003i.0005
pore .003+.002
- total -006+.001
Velocity
at room conditions
'Vp(dry) 3.90 km/s
Vp(saturated) . 5.45 km/s
Vg (dry) 2.58 km/s
Vg lsaturated) ~ 2.63 km/s
at 10 kilobars
v 6.40 - Different sample.
P - Birch (1960)
Vg : 3.70 - Simmons (1964)
Average grain size 3 mm

Modal analysis (% volume)

Qz 26%
K-Felspar (orthoclase) 25%
Plagioclase(albite) 37%
Mica-Biotite 9%

~Muscovite . - 3%
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Table 4.2
Compressional wave velocity (km/sec) in Barre granite as a function of magnitude

and direction of uniaxial stress

stress Angle between stress and dir. of propagation

bars 0° 10° 20° 30°  ac® 50° 60° 70°  80° 90°
0 3.79 3.82 3.79 3.79 3.78 3.79 3.79 3.79° 3.79 3.79
25 3.54 3.%24 3.90 3.88 3.88 3.85 3.83 3.81 - -

50  4.04 4.03 4.03 3,99 3.95 3,92 3.86 -- _— -
75  4.13 4.15 4.10 4.07 4.06 3.98 3.90 -- e
100 . 4.22 4,22 4,22 4,15 4.12 4.04 3.95 3.89 3.84 . 3.85

150  4.37 4.41  4.37 4.30 4.26 4.15 4.05 —- — -
200 4.51  4.53  4.51 4.42 . 4.36  4.28 4.15 4.05 3.93 3,92
250  4.60 4.61 - 4.58 4.52  4.46 4.34  4.23  —- - -
300 4.67 4.68 4.65 4,59 4.54 4.40 4.30 4.19 4.04  4.02
350 4,73  -- -— - . - - 4,05
400  4.78 - - -~ -— -- - - - 4/08
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a function of magni

Stress
Bar

0.
50.
100.
150.
200.
250.
300.
350.
400.

0°:

2.63 .

2.69
2.74
2.83
2.88
2.92
2.96
2.99
3.03

10°

2.63
2.70
2.78
2.84
2.89
2.93
2.96
3.00
3.03

20°

2.63
2.70
2.78
2.84
2.89
2.93
2.97
2.99
3.03

Table 4.3
Shear Wave Velocity (SH) in Barre granite as
tude and direction of uniaxial stress.
Velocity in KM/SEC.

Angle between stress and direction of propagation

30°

2.63
2.69
2.77
2.83
2.87
2.92
2.95
2.98
3.01

40°

2.63
,2.69

2.76

0 2.81

2.86
2.90
2.93
2.96
2.99

50°

2.63
2.67

0 2.73

2.78
2.83
2.87
2.89
2.93
2.95

'60°

2.63
2.65
2.70
2.75
2.79
2.83
2.85
2.87

2.90

70°
2.62
2.65
2.68
2.73
2.77
2.80
2.82
2.85
2.87

80°

2.62
2.64
2.67
2.71
2.74
2.77
2.79
2.82
2.84

90°

2.63
2.65
2.68
2.71
2.74
2.77
2.79
2.82
2.84
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Table 4.4
Shear Wave Velocity (SV) in Barre granite as
a function of magnitude and direction of uniaxial stress.
Velocity in KM/SEC. :

Pressure Vb@wm between applied stress and direction of propagation
Bar _ . , :
0 10° 20° 30° 40° 50° 60° 70° go° 90°

0. 2.61 2.63 2.64 2.63 2.64 2.63 2.64 2.63 2.63 '2.63

50. 2.68 2.69 2.70 2,70 2.70 2.69 2.68 2.67 2.66 2.66
100. 2,76 2.77 2.77 2.76 2,77 2,75 2.74 2.73 2.73 2.73
150. 2.83 2.84 2.84 2.83 2.83 2.82 2,81 2.79 2.79 2.80
200. - - 2,89 2.90 2.89 2.89 2.89 2.88 2.86 2.86° 2.86 2.87
250. 2.95 2.96 2,95 2,94 2.94 2.93 2.91 2.91 2.91 2.92
300. ‘ 2,99 3.00 2.99 2.91 2.98 2.97 2.95 2.95 2.96 2.96
350. 3.04 3.05 3.04 3.03 3.02 3.00 2.99 3.00 3.00 3.00

400. 3.07 3.08 3.08 3.07 3.05 3.04 3.02 3.02 3.03 3.04
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Table 4.5
‘Shear wave velocities (km/sec) in the direction perpendicular to that of the applied
stress as a function of stress and direction of polarization of the transducers. The
measured velocity is for polarization in the plane of the stress for Qe/AQA.So and per-

-pendicular to stress for e3> 70° (see fig. 4.10Db).
stress Angle between direction of stress and plane of transducers' polarization
bars  0° 10° 20° 30°  40°  50°  60° 70° 80°  90°
0 2.65 2.65 2.65 2.64 2.64 2.64 2.63 2.63 2.63 2.63
50 2.73 2.72 2.72 2.70 - - - 2.65 2.65 2.66
100 2.79 2.78 2.77 2.78 2.78 2,77 - 2.67 2.67 2.69
150 .~ 2.85 2.84 - 2.84 2,84 2.84 2,84 - 2,70 2,70 2.72
200  2.90 2,91 2.90 2.90 2,90 2.88 - 2.72 2.73 2.75
250 2.93 2.93 2.93 2.94 | 2.94 2.93 - 2.74  2.75 2.78

300 2.98 2.98 2.98 2.98 2.98 2.97 2.97 2.76 2,717 2.80
350 3.00 3.00 3.00 3.00 3.00 3.00 3.00 2.78 2,79 2.82
400 3.02 3.02 3.02 3.02 3.02 3.02 3.02 2.80 2.81 2.83
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Table 4.6

Various effective elastic constants (in D) -in Barre granite

as a 'function of uniaxial stress (in bars).

Stresg E1a E33 '/‘412 /‘413 V13 )/31 )712

0 .367 .367 .183 .183 .036 .036 .036

50 .370 .407 .187 .191 .060 .067 .037
100 ,378 436 .190 .198 .073 .086 .O45
150 .388 .475 194 212 067 .082 .06k
200 .396 .502 ,198 ,219 .070 .088 .06k
250 412 517 .203 .225 .070 .093 .070
300 W20 .536  .205 .231 .072 .092 .O08h4
350 425 547,210 .236 .O071 .09 079

400 436 .562 .213 .242 ,070 ,085 ..086
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Figure Captions:

Fig. 4.1 iGeometrical relations., The cylindrical rock sample
‘is subjected to an appliéd uniaxial stress.
Velocities of elastic waves are measured either
'aldng a diameter or along the axis of the
éylinder., The sample, with the transducers
attached, is rétated with respect to the applied
stress so that the wave always travels through
exactly the same path in the rock, while only.
the relative direction of stress 0 is being
changed. Directions of polarization of the
shear transducers are indichted by SV and SH.

Fig. 4.2 Strain és a functlon of stress levels and
' diréction: &/ e Stra;n gages were mounted on

the ends of the cylinder in order to test the
assumption of & uniaxial stress throughout
the sample. Agreement.with theoretical curve,
dashed line, is better thén 10%.

Fig. 4.3 Compressional wave velécity aé a function of
ahd stress direc£ion of propagation. At O =
300 bars the velocity in the stress direction
increased by about 20% while at the perpendicu-
lar direction the incresasse is only about 5%.

Fig. 4.4 Dependence of the compressional velocity on

direction at a given stress level. The
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dependence on directidn has similar form at
all stress levels. |

The velocity of the shear wave SH. SH 1s
pqlarized in the plane that includes the
direction of stress whené::ffand is perpen-
dicular to stress when §= 90°. Velocity

depends both on direction and magnitude of

Aapplied stress.

SH veloclity dependence oh direction. The
dependence 1is similar to that of P-velocity
although the relétive aifférence between the
velocities'normal and perpendicular to stress
are sﬁailer. |
Velocity of the SV wave as a function of stress.
The velocity is almost iﬁgntical in all
diiegtions, unlike the SH velocity. The

plane of pblarization alw&ys includes the
direction of the applied stress..

Variation of SV wave ﬁelocity~with direction.
The direction of the unlaxial stress 1s in the
plane of polarization at all values of - (2 .
Observed received wave form travelling along ‘
the axis of the cylinder at 400 bar at various
angles © Dbetween the direction of applied
stress and direction'of polarization of the

transducers.



Fig, 4.10
Fig. 4.11
Fig. 4,12
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At @ = 70° the fast wave is polarized in the
plane that includes the direction of the

- applied stress.

The shape of the received shear wave form which

travelled along the cylinder's axis perpendi-

. cular to the applied stress. (a) & = 60°.

The amplitude first decreases with increasing

- stress, due to interference, then increases

again., (b) @ = 70°. The amplitude of the fast
wave 1s greatly reduced and'the SV and SH
phases can be identified.

Effective elastic constants. The constants

‘describe the induced velocity anisotropy: (a)

Yéung's moduli (b) Shear moduli, in directilons
parallel and perpcndicular to the applied stress.
Velocity in a state of bilaxial stresé. The same
velocity, in a given direction in Barre granite |
ié observed for many stress combinations. Com-
binations of two stresses which given the same
compressional wave velocity (solid line) are

presented in this equal velocity dlagram,
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Chapter 5
Stress induced velocity anisotropy in rock: a

thebretical stﬁdy

1, Introduction

Results of measurements of velocitles in rock subject
to non-hydrostatic stress, reported in chapter 4 suggest
that the propagation of compressional and shear waves
through a stressed rock 1is very similér’to wave propagation
in elastic crystals., Velocities were found to depend on
direction relative to the direction of the‘applléd stress
and shear waves showedAultrasonic birefraction. These
effects, observed only at low effective stress are caused
by the presence of microcracks in the rocks, a suggestioh
first made by Zisman (1933) to exﬁlain the pfessure effects
'on elastic properties..b

The influence of 'stress on velocities is important for
crustal studies.and possiblyﬁ in the upper mantle. 1In
thé crust most rock contains cracks and therefore exhibits
strong dependence of various properties on stress., In
the upper»mantle the presence. of zones of melt under high
pressure of viscous inclusions causes low effectlive stress
at which our results in chapter 4 are valid. In this chapter
we extend the theory of rock}with random crack distribution, v
derived by Walsh (1965a,b,c) to & non uniform distribution.

Walsh showed that an ellipsoidal crack in an elastic

medium closes when
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G'n=E'°‘ | . 1.1

where E 18 Young's modulus, & = a/cvis the ratio of the
crack's width a to length ¢, and G, is the stress normal to
the crack at great distance from it. Eq. 1.1 indicates that
line cracks (d=-d) close under very small stress whereas
round pores (€ =1) remain open under small stress. Changes
with stress of an effective elastic property are asgsoclated
with the change of the dlstrlibution of bores and cracks.
Because rocks exhibit strong stress dependence of elastic
properties only at relatively low stress 1évels. the aspect
ratios of most of the cracks must be small,

Walsh (1965) also derived expreésions for-severall
elastic propertiesAin terms of the intrinsic solid propefties,
crack: shape, and the distribution of crack directions. His
-expressions can be applied‘to the éffects of an increment

of hydrostatic stress which causes & number of eracks,

uniformly distributed in all directions, to close. If
ho%ever. the applied stress increment 1is not hydrostatic

.the resulting effect is a crack distribution which depends

on direction because cracks whose normals are parallel to

the maximum stress will close before cracks with normals
perpendicular to it. The mathematicél development is simpler
if we begin with a model in which all cracks have identical
aspeéf ratio ol and later generalize tq a model with a
distribution of OSOLS:L' .

We assume that the aspect ratio 1s sufficient for the



98.

description of the shape of the craéks, and .that the maximum
crack lehgth_is small compared to the size of the sample in

a static test or the wave length in a dynamic test. The

term crack is restricted therefore in this paper to those
discohtinuities whose longest dimensions do not exceed the
wave length of the dominant frequency in the ultrasonic
experiment used to obtain the necessary data. As a practical ;

limitation, the crack length must be less than about 1 cm.

2. Single X model and the effective Young's moduli

_ Suppose a rock contains penny shaped éracks which
initially are randomly distributed 1n orientation. All
cracks have identlceal aspect ratios, o« - . A crack will be
closed if. G,> Edl ﬁhere . 'is the applied stress component
_normal to the crack. The angu;ax distribution of open
cracks under some simple condition of stress permlts a
generalization of Walsh's (1965b) expressions which relate
isotropic crack distribution to effective elastic constants.
For any modulus Hij in the direction i and jJ,

ﬁ;j*—;[/+ M’J_é(N’J (8, /&)Smﬁ Cosﬂdﬂd(f]

2.1

where
HLJ = effective elastic_modulusiin.plane 13 (i#3)
| and/or direction i (i=))
Hy, = intrinsic modulus of the solid

mij = a constant~

Ny4(6,8) = density of crack direction distribution
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The angle p is measured from direction 1 and & is measured
in the orthogonal plane (fig. 5.1).

We define a general term

. . 2,2
Iij“'—‘ [N'J (9, /3) SIH"/&QO{.‘) AF d Q
clearly when the function Nij is known the effective modulus
can be obtained immediately. The crux of the problem then
is to determine Nij' If & uniaxial stress Q0 1is applied

in the diréction V= 0 then the normal stress component in

direction ‘/ is
G'nﬁo)"’ O-COSZSD | | | 2.3

cracks will be closed when G;\(‘f) EO‘ If %is the
direci;ion in which Q,=E« , then -

ooy

In the case of hydrostatlic pressure, all cracks remain open
so long as USEX and all are closed when G'>/Eq’. It will be
shown below that discontinuous crack closure occurs only
when tﬁe spectrum of crack shapes 1s discrete. When two

equal Stresses are applied at p = 90(J (-9,=02 )0'3=O) then
.. AR ' | , 2.
57 )] - 5

Consider first the uniaxial stress U . All cracks

whose normal directions /.73 are 1arger than% rem&in open.
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Iﬁtegrating eq.A 2.2 ovex: all open cracks from (ﬂ to'"é yields -
the expression for crack effects on Young's modulus E33.

parallel to the direction of uniaxial stress

I,;= 4ff1m:5{5$w/3d/5 Cs}ﬂ

and from eq. 2.4
4"_ Eol)y’j : | o 2,6
Ly T[_("&z‘ | —

For the effective Young's modulus in a directiqn perpendicu-~
lar to & uniform tangentlial stress (0,°0z,03=0 ) the inte-

gration extend* over the range 0 < </§ 7”0 and yields

L/CoSﬁ%/Sd[s 4"[ cosf]

and from eq. 2. 5

L}ﬂg&[, (I- Ed>3lz] ‘ | 2.7

- which is shown in fig. 5.2. The integration to obtain Ill
for the Young's modulus perpendicular to the direction of
uniaxial stress E;; 1s somewhat more complicated. At a
given F (fig. 5.3)

L:{JCOSQ = QCev‘fa
and

p=Rs~(3

hence

Coo Yo
0 = ;os"[—s‘;ﬁ—] 2.8
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and the 1ntegratlon of eq. 2.2 ylelds
w2 T2
_7_ /gcml&stn{sal(! //Ag Cos(SSmﬂal/!
=4l [1- -fcos" %ﬁ)c"‘ ﬂsM[."d{S] 2.9

Th-fo
which can be evaluated to yield (4pp. I)
o Ed)'l:._ (gf_z_)?»/z] | 2,10
I;| '3 !:3 (?57 ¢} '

3. The effective shear moduli for single ol model

The relationship between the effective shear /‘Tif gnd
Young's modulil E11 will be used to obtain the /‘T'J by
integrations which are similar to, or 1den’cica1 with, the

~ones used to ob‘cain ﬁl,l in the p;.eoed.ing sectlons.

" Conslider first a small pure shear applied to a material
under uniaxial stress 1n the plane of the shear. (It is
convenient in this section to rotate the coordinate system
about the Xa direction by W /4, as shown in fig. 5.4.) The
pure shear A‘:ﬁs is equivalent to & combination of two equal,
perpendicular axial stresses, AU33 and AQ,, opposite in
sign and at an angle of Tl /4 to the applied shear stress.

The two stresses AUy, AG;3 cauée c'iis:placements AU..AU3
and strains A€,,A€3; in directions Xy, X3, respectively.

For any material,

Aé“ = 'é-"” (Ag-“ - 7/3 AU};) : | 3.1
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and

A€y, = 'g’-; (A0’33 - )Z.AU];)

ﬁhere the bar indicates effectlive quantity.
Following the method of MacKenzie (1949) and sato

(1953), we can relate the effective strains to displacements

_aAUc Au:
Ae' 2% < Ta

_2AUs AU,
A€n="3x ~"a

3.2

where a is the dimension of an elastic element. For pure
shear AU},;=-4033and neglecting hysteresis, E33- E11 and
)/,3 )}3, we obtain
4+
AU, _ / )43 Z)TJ?;

a Eu ’
AU v 73
3 /+ 31
== - AT 3

. The effective shear modulus can now be obtained from
the known displacements and stresses,‘

A€3=7 9?:'3 3_%‘—)1‘3') (}AU' /AU‘)’ E::B'Acxis

Formally the shear stress-strain relations in & linear

infinitesimal elastic solid are
| - | ~ 3.5
. /"os
where }q-,3 is the effective shear modulus and
]
AT ATy, +.AG'33)

Hence Ny
I _ 1+
m3 Eas
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or )
i i Ean o 3.6

M= ) |

This relationship 1is correct insofar as Polsson's ratlo
is assumed to be 1ndépendent of a stress distribution. The
correct value for Poisson's ratio will depend on the method
employed to obtain the effective elastlic constants and
requi&es long énd difficult analysis. Here we bﬁpass this
problem by assuming that the effective Poisson ratios.are
indeed independent of stress. It will be showﬁ below that
the corresponding error in velocity is small.-

We obtain F,3 from E33, the effective Young's modulus
associated with crack distribution due to uniaxial stress,
and now can evaluate the contribution of all open cracks
' to the effectlvé Young's modulus in the plane of the applied
stress, in the direction of pure shear, Thus the principal
. normal stresses which are applled at 45°'to this direction
cause non-symmetrical open crack distribution as shown in
fig. 5.4. The integration over this crack distribution,
evaluated in Appendix II, yields (fig. 5.2)

4 (_E_Q_‘._'h (E_._"l- 3, ' 3.7
I= %3 )"+ 0') - |
It is important to note that the influence of a stress

applied at 45° is the same as the average of the effects

of the same stress at 0° and 90°, namely that

I,a:il-[Iu +,1.33] . ' 3.8
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It will be seen below that this ielafionship'léads to shear .
‘modulus which is independent of directlon in the X;X; plane.
The problem of obtaining the shear modulus term 112 in
-the X1X, plane is simpler than that of obtaining 113. The
effective shear modulus is related4to the effective Young's
modulus in the direction perpendicular to uniaxial stress,

namely . »
) — Eu

M= a5 3.9

with fhe corresponding expression | :
e o
11 2

We have thus dbtained estimates of I,, which yleld four
elastic donstants, using eq. 2.| namely 523, EZL ,/Gk
'and,iaztw'integrétion ovef the open cracks dlistributed

under uniaxial stress. The E33 and Eyy are the Young's
.moduli in the X3 and Xy directions, respectively. The

/£E3 and 7; are the shear moduli in the plane perpendicular

to XZ and XB respectively.

L, A spectrum of & values

The results obtained so far for a single & model
indicate some trends which can be compared with available
date in a qualitative way. We notice that theoretically an
effective elastic property in the direction of the applied
stress is more influenced by stress than the same property

in a perpendicular.direction (figs. 5.1). Notice, however,
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that our model with a single value of ol does not describe .
adeqﬁately the elastic behavior of rock under hydrostatic
pressure. In the model all cracks close at the same pressure
and the variation 1n_effeot1ve elasticity with pressure 1s
discontinuous, This prediction doés not agree with the
experimental data that are available in chap. 3.
The single of résults can be generalized however, to

include a spectrum of o values o<olsl by -superpos'ition.
We add not only contributions from cracks in various directions,
as wev. have done sb far, but also contributions vfrom cracks
with various shapes. in particular if thé créck shape
density distrivbution function A(X ) is'continuous,. we need
only' integraté with respect to®{, We denote. the open crac}:

contribution for the single model by I(& ). Integrating
| over all crack shapes we obtain

Y,J A(ol) IIJ (ol)(}o( "'/A(d | | 4,1 |

0
where o(o'-' /E , O being the current stress Ihagnitude. The
first term is the summed oontributioﬁ of cracks with o <o

which are .clo'sed in some directions. The second term
is the contribution of cracks with d)o{a, all of which are

still bpen‘. Under hydrostatic stress conditions
|
4,2
Yhyogos. = / A (o) dot
L £

When uniaxial stress is applied the term for Young's modulus

in the direction X3 of the stress becomes
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. | oo V_ . : : .
| ,\Qf /A(oz)( 5_9‘-) T /A’{o() do a3
° olo ’

and for the shear modulus

Y, 7 [ (50( '/‘ E“)”jA(ol)do( +/A(oz)o/o< X

In direction Xl perpendicular to the direction of the applied

stress

Yu”—/[%&x /z (Eol JA{o( )dd +/A(o( 4.

and for the shear modulus

| . | 4.6
Yn.’Yu»> - |

It is theréfore possible to determine these four
~modull in a stressed rock, given the spectrum density
function of the crack parameter and the state of stress,
The integrals we derived can be utiiized.to obtain the
velocity under~uniaxial conditions but we must first find a

simple way to obtain the initial crack spectrum A(K ).

5. Determination of the spectrum of crack shapes

Consider the hydrostatic loading test. From Walsh
(1965a) we find that under this stress condition an effective
elastic prqperty E can be obtained from the corfesponding |

intrinsic prdperty E, and crack parameters

m(g-t)n >

.where m is a numerical constant and N 1s the total number
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of cracks. The value of N is related to the aspect ratio

density function A(®X) thru

i o
JAE) ot =N and [ALDdot= Ao
«

o

or in & differential form

dN _
et A)

where & is obtained from of = P-/Eo |
thus .

dN _ dN dot _ Al)
dFT dd tdff Efo~

or

N
AW = Eo S5

‘but from eq. 5.1

AN g_(meo)'.‘

dp ~dp

5.3

5.4

5.5

5.6

which can be obtained from measurements of E under hydro-

static pressure.

Thus

/\GX) Eilw‘jf)(héé)

similarly

A(d)=/”o'“'4'c4'l’[3(%?-)

The aspect ratio density distribution function can

5.7

5-8
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~ therefore be obtained from the measurement of an elastic

property as a function of hydrostatic pressure. If a rock
with cracks is initially isotropic then A(X ) is sufficient
to determine its behavior under a general state of stress,

On the basis of the symmetry of & uniaxial stress field

‘we assume that the associated induced anisotropy has hexa-

gona1~symmetry Wwith fine independent elastic constants.
We can write the stiffness tensor (Bisplihghof et-al._l966)
O’U =Cijke Exd
and the compliance tensor
véq=swdékl
In terms of the more familiar technicalvconstants we have
(Lekhnitski, 1963) |
S = ‘/Eu. Swz2= "~ V/:!/E,,
S3333 -1 /Ess S = ’//q”' 5.9

Vai e =
Snaz=- V'B/E,:"” /Ess Si313 = ’//‘1/3 _
We can also obtain the Cijkl without much difficulty.

For small values of )Qf the values of Cijkl are, within

a few percent

€3333 = £33 | (£ .2%)
C1111 = E13 ' (+ .2%) 5.10
Ci122 = - Y12 E11 | (£ 1%) |
C1133 = - Y13 E11 = - V31 B33 (+ 1%)

and exactly by
C1212 =/‘12
1313 = f13
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The approximate errors in the first'four terms, computed
from the‘values in Chapter 3, are given in parentheses. They
do not excee@ 17 fof thé off-diagohal elements and a fraction
of a percent for the diagonal elements; From Sections 4

and 5 we already have expressions for 1/Ejj, l/E33, 1{/(12
and 16/413. The value of Yj5/Ej] can be obtained from eq.
5.9 while expressions for y&3/E11 °r.y61/E33 have not been
derived so far, Walsh (1965c) derived an approximate
expression for Poisson's ratio in rock with cracks but the
extension of his results to the anisotropic cése'is lengthy
and will not be derived. Instead we will obtain these

values from eq. 21 in app. IIi; It}Can be shown, frbm'the
experimental values qf'yaj in the previoﬁs chapter, that
errors in the effective elastic of constants of ones a few

"percent are introduced through the use of eq. 21. (App. III).

6. Aspect ratio distribution in Barre granite

The aspect ratio density function A(X ) can be expressed
numerically or by some analytic fit to -data, Most such
analytic expreésions involve excessive computation which
tend to complicate our present investigation. Furthermore,
both Westerly and Barre granite samples show an initial
velocity anisotropy variation of aboﬁt 10%, whic; implies
an initlal crack distribution that is anisotroplc. However,

the stress induced velocity anisotropy is not greatly affected

by the initial anisotropy if all velocities, or other per-
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tinent elastic parameters, are measured along the same path
through the sample while the various stres.es are applied
in different .directions. For Barre granite, the absolute
error in velocity does not exceed 2% which is negligible
for thé present analysis. Instead of an exact fit tg the
data, A(X ) is approximated by the simple form
All) = A= Arel for o< Ao/, ,=ﬁ 6.1
=0 mr'd>ﬁ |

This funcpion is shown in fig. 5.5 together with the
numerically derived spectrum from measurements ih a single
direction in Barre and Westerly granites. Because the
final velocity values are obtained by’ integration of A()
the linear approximation employed here is satisfactory. The
value Ay = Ao/{g is obtained at &:{3 . wherep=0"/&', and
‘where O, denotes the pfessure at which all cracks are closed
under hydrostatic stress. For Westerly /3ﬂ,.2x10‘3 and
for Barrej3-.5 x 10 3. Equations 4.2 to 4.6 are integrated
in'appendix ITTI to yleld the effective elast ic constants,
which are used to obtain the wave velocitles in terms of
the intrinsic velocitles V) and V9. The velocities in the

p
Barre granite are, for hydrostatic stress O

VF:- \/Po{l+15["i“(gp)*',i(g{s)l]fh} for T<ER 6.2

{+]

= Vf for T2 E/-;

and | - | '

Ve =V {’*’-‘72[5‘(%5)*%(%3)1] } ror TS 6.3
- So | for | o> E/5
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The velocity of waves propagating in the direction of

an applied uniaxial stress O ,

| ' | '
Vpag VF{1+2§[E--&-.- E(S) 134(5/5)_” or Ugg/_& 6.4

el Et L G

and the wave polarized in the plane including the stress

direction

Veiz= V¢ {l-f-l??.[ “70(5/3)}} /zfor G'SEF

- Vg { |+ "72[?(6@ NG %ﬂf b 9">/EF

and finally the velocity of the waves propagating in a

direction normal to the applied uniaxial stress

Ve [zl -2(E)+ 5E) e 0cep
2 1)k |
=Vp gl*z's[?( ) "5?(3‘@@} for _0§>’Eﬁ
and '

Veiz= Vs{/'f/‘fl[z :(5/3)* To (EF ]}-’/l for. ¢$EF 6.7
~\/{I+/‘iz[ Eé)h 3:("é)3/J} /1 TR

- For Barre granite we used Ve = 5.90 km/sec and Vg = 3.65

P
km/sec. The computed velocities are compared with the
measured values in fig. 5.6. The agreement is quite good.
The small discrepancy in Vp is probably due to the sim-

plified form of A(X ). Perhaps the clearest agreement
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.bgtween model and data is seen in the relatiVely small
différence between the two shear velocitles and the large
diffgrences between the two compressional wave velocities.

The velocities 1n various directions other than the
principal directions of stress canAbe found from the general
expressions for velocities in anisotropic medla, Brady |
(1969) suggested that the effective. elastic cohstants in
any direction should be obtained through.an inteération
~over the open crack distribution about that direction. The
anisdtropy resulting from Brady's method will generally be
1nconsistent with the anlsotropy of a genéral‘linear elastic
solid and the relationship between elastic cqnstants and
wave ﬁeloclties will not be that which is found for linear
elastic solids. Because we have assumed that the effective
elastic constanié are reléted to the wave velocities in
rock much like the relations in a linear elastlc solid,

. which imﬁlies the validity of the linear'wdve equation, we i
can obtain the various elastic properties from their

principal values using only one transformation namely that

of a fourth rank tensor. Any other transformation is in-
consistant with linear elastic velocity anisotfopy. For .
uniaxial loading this anisotfopy is'hexagonal with the added
empirical condition based on the data in ch. 3 that V813
does not depénd on direction. The velocities of elastic
waves propagating in a given direction withn respect to

the direction of the applied stress can therefore be expressedl
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_very simply in terms of "the larg‘est F(V“ ) and smallest (VJ_ )
veloéities which are parallel and perpendicular to the

applied stress, respectively (Appendix III).
y A 2 2 2
V=V, + (Vﬁ]"\ﬁﬁ)<$€95 2 6.8

which is valid for both Vp and Vgip. The second shear

velocity equals the largest value of Vg0, namely

Vi3 (6) = Ve ,9=o | | | >

2

The surface representing the dependence of both Vp and Vg

12
on d;rection 1s spheroidal, The highestvveloéity is in
‘the direction of the applied stress and the smallest 1s
perpendicular'to it. The computed values of Vi and Vil2
are compared with the measured values for Barre_granite 1ﬁ
fig. 5.7. Thesé'results'indicate satisfactory agreement

between theory and data,

7 Applicatidn to stress changes associated with faulting.

The results of this analysis can be used to estimate
the pattern of veloclty changes that occur arpund active
strike slip faults, such as the San Andreas fault. The
stress acbumulation around such a long fault can be
considered as pure shear'(Knopoff 1958, Chinnery 1963),

The magnitude of the shear stress lncreases with time until
faulting occurs. This motion releases part of the stress
which is also pure shear. Pure shear of magnitude ¢ 1s

statiscally equivalent to a compression J and tension =G
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applied at 450 to the direction of the shear in the horizontal
plane (fig. 5.8). |

The velocity anlsotropy induced by pure shear has the
symmetry of the orthorhombic system with nine elastic
constahts—-three distinct principal directions at right
angles to .each other. It can be shown however that only
5 elastic constants are required to describe adequately the
wave velocities in a plane perpendicular to a principal
direction.. In the case of the crust under pure shear this
‘plane is horizontal, and we can consider the dependence 6f
velocity on direction in this plane only.

Assuming that the compréssional'wave velocity 1é
similar in this two dimensiohal case to éhe hexégonal
system the (Vp)z,surface will have an elliptic shape, as
‘indicated by eq. 6.8, namely,

2 . X 7.1
V, = as sin’B + b cos’d

Qois the compressional wave velocity in the direction of
tension and b, in the direction of compression, both roughly
T/ from the fault plane. |

Suppose shear stress has changed over a period of time
and a new velocity distribution'existé
V,l-- a’sin’@ + blcos’d 7

where

al-:ao'l'Aa ‘and Llréo’fA,O
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Because the magnitude of the change in compression equals
thatlin-tension the velocity changes will also be approximate-

ly equal in magnitude while opposite in sign or
Aa=-ab 7.3

combining eq.71 to73 and neglecting higherorder terms of Zkb

TASVALS 246 (60526’ - Slhzﬁ) | 7.4

: _ Vo

also '
Vlz" Vozﬁ—' AV'ZVD o | I ' 7.5

thus the change of velocity associated with the change of

pure shear has the form

AV= Ab(cosd - s1n%6) s

. Where 9 is measured from the direction of maximum compression.
. Values of AL)D correspond to increasing shear stress while
A‘: <o corresponds to decreasing stress such és that due
to sudden motion on the fault.

The change of velocity is positive in the direction
of compression and negative in the direction of.tenslon.
No velocity change will occur eithef along or normal to
the fault plane at Q= TT/4 , as shown in fig. 5.8.

Eisler (1969) obtained compressional wave velocity
changes in directions roﬁghly parallel and perpendicular

to the San Andreas fault in the Gabilan range in Cali-
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fornia and interpreted the drop of velocity.to indlicate

reduction of stress., Our results clearly indicate that an
increase or'a decrease of shear stress always causes velocity
to decrease in some directions and increase in others,
Therefore it is necessary to determine stress changes from
at least three velocity profiles in different directions.

It 15 1mbortant to e#aluate the influence of the pre-
sence of water in rocks in Situ. It was shown in chap. 2

that the presence of water greatly lincreases V_ while Vg4

p
is almost unaffected. The bulk modulus of a water saturated
rock is similar to the modulus of the rock without cracks.
The compressional velocity wiil vary with direction in a
saturated and stressed rock dependihg on the variation of
the effective shear modulus, or shear wave veloclity. The

' -changé of velocify. however, due tp:a change of stress will
be much smaller than in the dry roék. The measurements on
dry and saturated rock (chap. 2) indicate that in dry
granites dVb/dP 2,01 km/sec. bar while in saturated

rock de/dP$3 .003 km/sec bar. The shear wave-velocity does
not depend much on saturation, and the ohahge‘of veloclity

with stress in saturated rock will be equal to the change

in dry rock.

8. Conclusions

The general stress dependence of the elastic response
in any direction of a rock with cracks can be predlcted

from the measurement of this response to hydrostatic stress.
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All of the main features of the measured velocities in a
rock subject to uniaxial streSS'appeaf also in the theoretical
expressions.

The importance of the initial crack distribution 1is
quite clear from our analysis. An anisotropic distribution
does not however pose a great obstacle in the analysis and
if known can be included in the craék shape density function
A(K) which now'becomes direction dependent. A geometrical

serles expression such as

A(o(,»]): Ao +A.Cosz‘7 + Az.Co-S4V]+..... 8.1

can probably be used and it seems most likely that retaining
Ay only up to 4 will suffice for most rocks,

It is possible to obtain this more generalized crack
" shape density function from a limiﬁed.number of velocity |
measurements in various directlions on unstressed iock
samples (Aleksandrov et al, 1968), In the caseiof hexagonal
symmetry the analysis in .thls chapter is applicable and with
some modifications can be used to yield A(of,v ).

The extension of the analysis from uniaxial stress
applied to 1sotropic Tock to triaxial (three distinct
_principal stresses) stress 13 conceptually easybut the
computations become increasingly more complicated as the
expressions fqr the distribution of open cracks become more
complicated., Numerical methods can be used when necessary.

Of the various possible triaxial loadlings the blaxial ex- -
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perimental arrangement ("O'.#O'}_ . 'U‘3=O) can be easily achieved. |
by abplying stress to the flat ends of the cylindrical ~
sample which was described in chapter 3 (fig. 4.1).

We can speculate on.the extension of the correspondence
between the symmetriés of the stress field and the stress
induced velocity anlisotropy to more general cases of initial
crack anlsotropy and triaxial stress. Various combinations
are presented in Table 5.1 indicating that all the elastic
symmetry systems should be anticipated. Of particular
impoftance is the influence 6f the direction of application
of stress with respect to the principal directions of
initial anisotropy. The resulting induced anisotropy
probably depends significantly on this relative direction--
if for example the material possesses initially hexagonall
symmetry of appérent elaétic properties and the épplied
stress is uniaxial the resulting anisotropy can be hexagonai,
orthorhombic, or monoclinic depending on the direction of
the principai stress.

Despite the complications that arise from generélizing
our results, a baéi§ theory permits now the prediction of
veiocities of elastic waves in rocks which have an initial
and stress 1nduc¢d velocity anisotropy, and its dependence
on stress. The determination of the necessary crack para-

meters is simple and practical.
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APPENDIX 1
Integration of crack contributions to

transverse Young's modulus

The value of Iij (eq. 2.9) is to be evaluated

L=~ nﬂ_//_ cos™ [<25% ] cos sm/salp .

Let J--——(i ) a . : 2.

and 1r (b=To-o¢ | dp=-dd (fig.5.3)
_then' '700 _
J '—;/Cos" —a—ﬁfj]sm%(cosx el o« | 3.
. Let Z =cos ! . and Co$700= '/l<
Kk 2 2 :
- S (Z2\(2>=1) 4.
J‘fcos (Z)2dz
. I .
. Integr'ation by' parts ylelds ,
]-__ “(z-)* dz 5.
Z23(k*-2")"
Substitute = K/(X +')‘/"
Yee-i
3/ ' ,
J= —,K “("-l-X‘) z‘/x ' | 6.

X2+/
7] -

and agaln substitute x= (K>~ I) smb
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_ [+2c0526+Cos’ _
- 6'(3/0(2*!)/([( 1) —CoS 20 6/9 = , 7.
T/2

k)T ,<1+~/) 47
IS (24 k=) (K t) ~ (k*1)Co$20

Substitute 7 = ‘/ﬂmg

_n(1-3x) ﬂ -ﬂ(k—l)zfzw/) 8.
J‘ 12 K3 3 /+;<17 ~2K3

and since COS?”O = I//(

Ty= /-3 (1-cosp,)*(2+cos) 5.

I,, = '2'/' (360574,-— Cosgﬁﬂ,)' ~} 10.

‘ ‘e_xpression 3 was also e\}aluated by & numerical Aintegration

and the results are identical to eq. 10. Introducing eq.
2.4 in 10, we find '

I,-= ZTI‘[ (Eo()lz (Eo(>3/2] o
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APPENDIX II.
Integration of open crack contributlions to the
effective shear modulus in the plane of an applied

uniaxial stress

First we seek an expression for the angle 8 (fig.

5.4) at a given /3
We notice that as long as /3<7/4

L=b-2 _ o 1.
and
b:Iﬁ.RCOSfo . _ 2.
also . |
Z= RCOS/3 : 3.
 and - ‘ | ‘ '

_L_=/’case = @Sl’nﬁCoSQ

hence
SM(.%COSB V—‘COS‘zﬂ —COSF
oY ‘ |
9= cos” [FCOsy’ —Cosﬁ] B vu.

Slvvg

The required integral is now, from eq. 2.2, over all

open cra%¥s-’ "h* o .
L,=41 Co§/3$sn($d[$+4 ]da Cos/.’»smpdf; 5.
. ﬂh ﬁ
TUL

41T | <o ™ fgf_.4 rfﬂ&ﬁfk“COJé_ o sinfbd =‘ﬂEm.4.
“'ﬂ/ferPS PAP 3 n"lj“fo [ Stap JC /3 PF 3 ]



where 3 is the integral to be evaluated.

Integrat ing by parts

Ty +
(I-q CoS)DoCecﬁ)COS Bdf
Sin (b[s‘m p- (V"Co;}l’ 'COSﬂ)"J i
Uy-fo

] /(2cx4 x3) dx
(I-4ct+4Cx -2 )0 (x*1)

c-$
" Letting Sih 0= .>£:_¢.
W
] [ZC Y 4c%. SMQ +2cs SM"Q c - S-smb+2¢
: -ﬂ/;
—- C""z" c-' ]dg
C-H-fS-SmB C-1+$-S1np

which yields after lengthy computations

(Cos b +3 CoS?ﬂ 4)

This result was checked for a few values of V, by

numerical integration. The results are identical,

Substituting back in (5) we obtain

L= %‘——r<3cos7ﬂ, + COS3§0,,)

When /5}77/4 the analysis follows the same steps

. St
Let X=COS[.‘», C:_&_ﬂe. and S= n
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10.

with identical final expression for 113. aubstituting eq.

2.4 in 10, yields

1, 4[5 (59" ()]
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APPENDIX III
Elastic wave velocities in rock.With a sﬁectrum of

crack shapes

Equation 5.1.. relates the integral over a crack dis-

tribution to an effective elastic constant |
..‘,__L(ée. _/) 1.
j=c EU .
where C 1is a constant.
| The 1)'s indicate the directions at which this quantity
is detérmined. The sécond index J relates to the plane of
polarization of shear,
Introducing now a spectrum of crack-shapes with a
density distribution (Fig. 5.5) |
A(o()=Ao"Atv°‘ [ 4#, 2.
=0 | | o<>,ﬂ

combined with egs. 4.2 to 4.6 we obtain

S = 1+clb - /]

E_é:: /+C[a,+for- '{’3(42-&192)] | 4,

""E.:-"l';":/'f' C[é‘(3a3"'41)+é,"’2—.17$(3a4-a1)— bz/ﬂ] 5.
and : | ) | v o 6.

i el bfs]
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./%.';— [+¢ [4 (3a3+a)+la 4F (304 ‘*az) !;‘] 7.

ﬁ.—— I+ ;'[11-(3a3-a.)+lo. —175(3‘44'%) + 5] 2

where the expressions for &y and bi are

for 0'<E(3 . for O>ep

o flauerE) e
afie g e

R RS Ok
e flas AEE) o

e &) B E 5= 3 E)"
o= f{%—)'ﬁad: 2(g)* ay = -}{5“”(5)'/"

Introducing these terms into egs. 3 to 8 we find the
velocities at various states of stress.

. For the case of a hydrostatic stress

Eo

Ekydm— /+C{3[_“EF 7'( J | | for .G“SE/} 9.

=] | | for G)Eﬂ



and . B '
T T A
| 2'{. ' | - for G>/E/$

In case of uniaxial Astress the elastic parameters
in the direction of the applied stress are related to

stress as follows |
En Y [%—%(%5) ‘i (?(Zﬂ)zj for (s E/3_-
= +e i[5 (2P 3'2] for TS ES

| ﬁiﬂﬂucl/}[ 2(L)+2 EP)’] o O<Efs
Pl @) (5]

. and the elastlic parameters perpendicular to the uniaxial

)

or G)EP

A stress are givén by
Eo = I+C/3J:"”' 6(5 ()) J for G\<E/5
I+CF[ ’o‘é)l/z— 3_;—(5 3/J | for G‘QEF

"~ and the shear

fio = 1repfd-(8)+5(8,)7]
= I+ c/;[—{.é)”z zé)yﬂ

for D’sE/A

")

o C2Ep
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For Barre granite (fig. 5.5) all cracks are closed at
LEO bar. If E = 1 Megabar then /5:-.—'.‘5)(/0"3 . The
shear velocities are related to the shear moduli
(vo)l :
s/ _ Mo | 15.
LT -
(VQU) /uU

Assuming that Polsson's ratio is independent of stress; thus

(\/E)z _, Eo o | | 16.
(Vew)* i

Knowning the initial and final. velocitles the two
constants C and C' ~can be obtained from eqs. 9 and 10

combined with 15. At Q=0 we have then

M:l-ﬁicp 17.

Eeretep

For V; = 5.9, Vp = 3.9, Vg = 3.65 and VSI= 2.6 xm/sec we
obtain C/3= 2.5 and CF = 1.92, These vaiueé and eqs.
15 and 16 yield the expressions 6.2 to 6.7 for velocities
‘ in Barre granite in various directions relative to the
applied stress direction.
At a given uniaxial stress level O , the elastic constant
in the principal direction can be utilized té obtain the

velocities in all directions., In an hexagonal system the
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three wave velocities are given (Stoneley, 1949)

e[ 421 b
[a-B87"h
VSV,-[Alf | | 19.b

where A=Cun sing +C33 +C3333 C_os’@
and 37 {[(Cm' ~Ci3i3) S %o - (C3333- Crais) caszaj + 4[Cu33+C:313TSM29(.0<29} h

and also

o A . )
()VgH = CnnSIn'0 + Crpcos’® i 20.

In chapter 4 it was shown that Vsy 1s almost independent
of angle © while Vp, clearly is dependent on direction. |
‘Thus all 6 dependent terms must cancel in 19(b) which is

' satisfied by letting v

'(C||33+C13|3)_2.= (Ccacn‘Cl313)(C3-333' C"W) ‘, =

which substituting in eq. 19(b) yields

ool "

' and

\/ _ CuuSl.hzg'f C3333C0s%0 ' _ 23;
i

{J

Denoting Vz = Ca233 and Vo.=C
{) P3 (’ pi= Cun
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-

eq. 23 becomes

Vf’z= \/;; Sin2@ + V‘:; coso 24;
and similarly |
V;I:i = \é:j Siih?g + Vsuzcos?d 25
‘T-Ifxe‘V;‘ and V51;4 surfaces ar;e therefore spheroids,
- and the V;'V - surface 1is a sphere.

We can test the wvalidity of equation 21, Substituting
in 21 from 5.10 yields

| 26.
, 2
()/I3Eu+/’ﬂ3) = (‘El"'/"ﬂ) (Eg; "/(4/3) o
expanding and neglecting higher power in )/:J ‘
’ 27.
2-/“!3 )/;3 Eu :-Eu E33 "‘/ul3 (E,,'* E33)
and because )/13 is small (table 4,2, chap. &)
_ | 28,
E.E3; = (/*1/:3)/‘4'3(5,."'533)
or, letting )/13 = )/12 =l/
1 1,1l | 29-
/‘(73 (l+l/)[E:|-r E33] »
Substituting from eqs. 2.1 and 3.9 ‘yields
2(1+v) [+ | | - 30.
5 (l-{-.—y,?(ln‘l'z)) = ”E%){Z+’"(—[;+'J)

which is an identity. Thus the observation that Vgy ig

almost independent of direction is in good agreement with
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the theoretical relationships between the shear and Young's .
modﬁli-in rock containing cracks, given small values of

Poisson's ratios.,
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Figure Captions:

Fig. 5.1 iThe dependence of crack distribution in an
‘aggregate in which all cracks have the same
aspect ratio on the'magnitudg and direction of
the applied stresses. When 0= P and Q,=0,;,=0
ﬁhen 9% is the.angle of the cone of normals to
closed cracks. | When 0;3-—-9 _anc'l Un=0..'=p» then

‘Ué—y% 1s the angle of the corresponding cone.

Fig. 5.2 The change of various compliance'elements with
uniaxial stress T3 in a rock in which all cracks
have the same aépéct ratio. Properties in the
direction of thg appliéd stress (133, 113) change
more with stress than properties perpendicular
to‘it (I317y I32). Fo;\comparison I§3 is shown:
for biaxial.loading normal to direction in
which prdpertyvis determined. Under hydro-
static stress the change is discontinuous be-
cause the crack shape spectrum 1s'd1screet.

Fig. 5.3 Distribution of closed cracks in stressed
roék. Uniaxial .stress is applied along X3
while elastic constants are to be determined
along the X3 direction. The cone of angle

Sﬂ,,contains the normals to cracks which were

closed because of the applied stress.,
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133.
Distribution of closed éracks in stressed rock.
Uniaxial stress is applied at 45° from the
direction.of a principal value of the shear
modulus, Ali.normals to cracks which closed
by stress are withln the cone ?’ .
Normalized crack shape densify function for
Barre and Westerly granites.  Data shows a
rélative high cdncentration of very narrow
cracks ( &K < '110-3). The solid line is
the form of A(®) that was used in computa-
tions.
Computed.and observed velocities in the
principal directions of the‘stréss induced

anisotropy. (I) hydrostatic stress (II)

‘uniaxial stress parallel to and (III) per-

.pendioular to the direction of wave propagation,

Agreement is particulérly good regarding the
differ;nces'between I and II for both Vp and
SH®

Variation of the computed and meaéured‘vg
ahd’VSH with direction at a given stress
level,. Both V% and VSH depend on direction
in the same manner, .
Cﬁange of velocity associated with changes of

stress around faults. Velocity variation

is largest at 9—'—77/4 from fault plane.
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No velocity change.occtirs pa:rallei or normal

to the fault plane ( 8=0 ,T/2),
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Chapter 6. '

The origin of small cracks in igneous rocks

l. Introduction

The properties qf many lgneous rocks at pressure to
1 or 2 kb, as measured in the labofatory. are dependent on
the behavior of small cracks. If we wish to apply the
laborgtory results to the interpretation of rocks in place
then it is necessary to investigate the bossible.sources of
the cracks. In particular, we wish to determine whether
cracks exist in the rocks--in situ and whether'they can be
introduced into & rock sample upon removai frdm the earth.
The microcracks are probably associated with boundaries
between grains, and as such must be distinguished from
faults and joints, whose length 1s measured in meters or
kilometers. Miéfocracks'are therefore mostly shorter than
the dlameter of the grains in rock.-

In this note we look at some avallable data for brittle
rocks in order to evaluate the relatlive importance of the
pressure and thermal'history and mineralogical composition
on crack density. We also examine the mechanical effects of

drilling cores from rocks under stress.

2. Influence of the thermal and stress history

Igneous rocks are probably in a state of hydrostatic
stress just before solidification from a melt and no
significant non hydrostatic stresses build up as grains grow

from the melt. However, by the time the solid rock is
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exposed at the surface of the earth, two major changes have
occurred; the temperature is reduced several hundred degrees
and the pressure several kilobars. Beqause rocks consist
of mineral phases which‘have different mechanical properties
such changes produce intergranular stresses, Even in
rocks made of a‘single mineral the random orlentation of
anisotropic grain willl also cause intergranular stresses.
Cracks wlll occur when these internalAstresses exceed.the
strength of the material,

A simple model will permit a rough estimatién of crack
density from the properties of the constitutive minerals.
In a so0lid with a spherical solid 1n¢1usion we find
(appendix I) that theviocal stress concgntration is apprdximate-
ly proportional to the difference betﬁeen the bulk modulil
of the two solids. If'the'ihclusion'is more compressible
than the métrix and the 1initial external stress 1s suffi-
clently large, removal of this stress will caﬁse fracture i
1n'the matrix. At a grain boundary the maximum.shear stress

is of the order of

quxép(i‘ k'/Ko) | 2.1

where Plis an initial pressure 6f ébout 10 kb and k; and
ko are bulk modull of 1nclusion and matrix, respectively.
The values of %,/k, for common mineral pairs and the
assoclated shear stress for P=10 kb are shown in Table

6.1. The shear stress at grain boundaries, of a few kb, 1is
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comparable to the shear strength of several single crystal
silicates aqd the strehgth of igneous rocks.

if the.;nclusion 15 less compfessible than the matrix,
a separation of the incluslion boundary from the matrix wall
will occur and the volume of the nevaorosity (for small c)

will be
P (Ko
Ve (—-—K"I) 2.2

where ¢ 1s the concentration of phase 1 and P is the initilal
pressure, If, for example, ¢ = .1 and Ko = 2;6'(Quartz-
Augite, Table 1), the resulting crack pogésity is .0015
which 1s comparable with the.ﬁorosity'of granites. Removal
of the initial pressure can'pause signlficant cracking of
grains or induce grains to partially separate from one
" another along grain boundaries., |

| Consider now differential thermal contraction. Let
denote thé difference between the thermal expansions of the
matrix and the inclusion. The poroélty generated by grain
separation when the 1nclusion contracté more than the matrix
is | ’

Va &T 2ol C 2.3

If o = .10,Acl = 2:1075/°C andAT = 6+10° °C we find Va10~2,
which is also comparable to the porosities of granites.
The thermal stress wh;ch 1s set up in an aggregate when the

thermal contraction of the inclusion is smaller than that



138,

of the matrix is given by

- F=AT-AXE . 2.4

If E, = 10% bar, T = 6:102 °C andAd= 10-5 ¢ (Table 6,2)
then‘T':: 5 kb a value comparable to the strength of various
minerals in granites and many other rocks.

Consequently, both the. differential thermal expansivity
and the differential compressibility of .minerals appear to
be a possible source of cracks in lgneous rooks. The
pressure of cracks In lgneous rocks is correlated with
the presence of quartz,

The difference between the compressional Waﬁe vélocitiés
in dry and saturated‘sémples was shown t; be ihdicative of
the crack porosity of a rock sample (Chapter 2, fig. 2.1).

‘Phe difference between V_ at high pressure and at room

p
pressure 1s related to crack porosity in a similar fashion
(see fig. 6,1 éﬁd Table 6.1). In fig. 6.2 we have plotted
thée values of R = (Vy45 -V5/Vyg) where

Vip = Vy, at 10 kxilobars

Vo = Vp at 10 bars _
for various rocks, as tabulated by Press (1966). It is
quite obvious that the large values of R, and hence the
larger values of crack porosity are found in rocks which
contain quartz. Rocks without quartz, such as dunites and

eclogites, have significaritly lower crack porosities.

Compared with other dommon rock-formlng minerals; quartz has
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unusual properties. It undergoes a lérge volume change
upon cooling from 600°C, about 4.5ﬁ$.compared to a value
of 1-2% for most other silicate minerals., It is also one
of the most compressible silicates. These properties of
quartz seem to cause the relatively large crack density

observed in quartz bearing rocks.,

3. Influence of drilling in stressed rocks

Drilling a -hole in a stressed solid is accompanied

by translent, high etress concentrations around the bottom
of the hole. When the initial stress is large, discing .
of.coreé occurs (Pretorius 1958, Hast 1958) and the fre-
quency of discing is proportional to the initial stress
(Jaeger and Cook, 1963, Obert and Duvall, 1967).

' It 1s conceivable that small cracks can be produced

" in the core by drilling at stresses well below that at
_which discing occurs. In order to test this possibility,
compressionai wave velocities were ﬁeasured in ‘eight cubes
of Weeterly granite after a cycle of vacuum.drying and |
exposure to room conditions. The cubes, 5 cm in size, were
stressed uniaxially, each at a different stress level ’
while a core 2 cm in diameter was drilled. Compressional
‘ﬁave velocity was measured on the cores after vacuum drying
and reexposure.to room conditions} the results are shown in.
fig. 6.3. The laét core, at a stress of about 800 bars,
broke into a number of thick discs and velocity could not be

measured, The wveloclity in all other cores, drilled under
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lesser load, is only slightly below the initial velocities
in the cubes. A small increase in the difference between
the two velocities with increasing stress (ayéozl% per

100 bars) indicates that a few small cracks are produced_
before discing occuré but that at étress Just below the
discing stress, such cracking is not significant. These
results are in agreement with other work on microfracturing
in roék. Scholz (1968), for example, foﬁndlthat.most of

the microfracturing in rock subject to increasing non-hydro-
static stress occurs just before the shear stréngth of the

rock is exceeded.

L, Conclusions

Small cracks in igneous rocks appear to be assoclated’
with both the history and mechanical behavior of the rocks.
Existence of these cracks 1s due malinly to the differential
thermal expansivity and compressibiiity Qf minerals and in
. particular quartz in these rocks.

Unless the stresé in situ is very high only a.few
small cracks will be-introducéd into the sample while it
is being cored. When the in situ stress is high discing
occurs.

The mechanical propefties of igneous rocks measured
in the laboratory on small samples are indeed representatlive
of the in situ properties provided the environmental condi-
tions of pressure, temperature, and saturation are properly

‘modelled.



141,

Appendix
Effects of solid spherical 1nolusions on the 1nterna1

stresses in a composite solid

Suppose a material with bulk modulus K, and shear
modulus/M contains a spherical inclusion (fig. 6.4) with
bulk modulus Kl' An external hydrostatic pressure P 1is
applied at R= b, If superécript 0 denotes the material
around the inclusion (matrix) and superscript 1 the inclusion .
itself, the stress and displacement compone,nts. can be

written (Timoshenko and Goodier, p. 358, 1951) as follows
O = A /Q o Opg =D

.G_;e=A *_B/ZR"‘ | b =D 2.

uﬂ z/u 2px 3Kog | >

where A, B, & D are constants to be determined.
At B = a the normal stress G'RKand 'displacementU'R

must be continuous, hence

/1* BAQ3 =D _‘ L,

andatR:b.O‘Rn=Por

..B/bl:aED
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solving for A, B'& D eqs. 4.5.6 yields

_ [+h | .
A=P l+n=c(l-m) B . 7
B D_‘ [=m ' 8
43 Ut ~c(l-m) - )

m+n
D= P/—m c(/-m) | 9.
where = Kl/ko sy N= 3’(:/4/40 rand C= (a/é)g

which 1s the concentration of the inclusion material.
The magnitude of the shear stress at the contact

between the inclusion and mati‘ix is ‘given by
may = z R~ bg| = I-Hn—c(/ -m)

. or for spmall ¢ and n 21l B
<) 11,
’J—h\wfv ""p (/ /A(o) ' | : '

When K5 < KO removing the pressure g will cause internal
shear stress Tmax in the neighborhood-of the inclusion.
If, however, K; > Ky the removal of pressure will simply
cause the separation of the 1.nclusion from the matrix,

The volume of the porosity can be estima,ted from the
difference in expansion between the inclusion material and

an equivalent amount of matrix, or

V= AV, -AV, | B
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and for the whole composite
p P - 13.
AV,= €3 | v =¢q
where C 1s the concentration of 1 in 0

Veeg (- %)

Because the matrix now contains primarily holes, there

14,

are also stress concentrations induced around these holes,

From (10) we find for n=m = 0 and small concentrations
Omax F g .

Tension could develop around grains‘for'a‘limited range of
elastlc constants values. Since the tensile strength of
rocks 1s almost zero, cracks will appear instantaneously.
To evalute the stresses assodiatéd with the differ-
ential thermal contraction, expressions-derived by Uykle-

stad (1942) for a hot inclusion vield

CT__; EO(T . | : 16.

where E is Young's modulus, and T is the volﬁmeﬁric strain
due to cooling. In the case of uniform cooling & is
replaced by AKX , the difference between the thermal
expansion &, of the matrix and that O(, of the inclusion, ‘
thus |

Tz Adl. AT E 17.



144 L]

When o, > ol,, the inclusion will séparate from the matrix

upon cooling. The volume of the porosity will again be

obtained from the difference in vdlume change between the

inclusion and an equal amount of matrix. Thus

18.
V= c Ad-AT

where AT 1s the temperature difference between melting

and room temperature.
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Shear stress and porosity due to differential

bulk modulus (data from Birch, 1966)

A Mineral pair

Olivine-Augite
Augite-0Oligoclase
Oligoclase-Quartz

Augite-Quartz

Ratlo of
bulk moduli*

.77
.75
« 38
. 54

Max., shear Estimated

stress

v W H M

total crack
porosity at
room condi-
tions

. 0004

. 0003

.0012

. 0015

# K and K are the bulk moduli of. inclusion and metrix,

respectively.



~ Table 6.2

Shear stress and porosity due to

147,

differential - thermal expansion (data from Skinner, 1966)

Mineral pair Difference in

thermal expan-
sivity
Olivine-Augite 1

Augite-~-Plaglioclase 0.7

AN

Plagioclase-Quartz 3

Quartz~Augite L

Estimated
total crack
porosity at
room condition

.0003
.0002
.0009
.0012



Table 6.3
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Difference in compressional velocity at 10 kb and room

pressure for alr dried samples

Rock Symbél'
Oak hall limestone OL
Fredrick diabase FD.
Troy graﬁite TG
Rutland quartzite BQ
Westerly granite WG
Stone mnt. granité SG
Casco granite CG

Webatuck dolomite WD

1, Velocity data from Simmons and Brace 1965.

porosity from Brace 1965,

(+.0004)

. 001
.00l
. 002
. 0035
. 0045
. 0022

V/Vo(+.03)

. 045
.051
.148
2132
333
428
. 500
.270

Crack

References!

I SR S S N o

2. New velocity data from Nur and crack porosity from Brace.
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Figure Captions

Figure 6.1 The relative difference of-compressionai velocity
(Vlo-—Vo)/Vlo in igneous rocks between 10 kilo-
.bars to room pressure. The difference increases
with increasing crack porosity. Vlo is velocity
at 10 kb and Vo 1é the veloclity at atmospheric
pressure. ' |

Figure 6.2 The relative difference of velocities R =
VlO’VO)/Vld computed for many igneous rocks
as a function of their'denéity. Large values
of R indicate large crack porosity and small
values'correspond to small crack porosity. |
Typical values of R for solids without cracks
are .03-.05. Quartz bearing rocks have the
lafgest crack density. (Data from Press, 1966).

" Figure 6.3 Compressional wave vel@oities in corés drilled

' from stressed blocks at various stresses. The
difference 6f velocity'between.the core and
the block it came from increases slightly
with-increasing stress, indicating the bresence
of new cracks. At 800 bars core broke into
thick discs.

Figure 6.4  Geometry of two phase model. A spherical

| | solid inclusion with bulk.modulus K, embedded
in a solid with bulk and shear moduli Kj

and/Ho respectively, subject to a hydrostatic

stress P.
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Chapter 7
In situ stress determinations from

veloclty measurements

1. Introduction

Many physical properties of rocks are stress dependent.
These include the velocitlies of elastic waves, electrical
resistivity, maghetic susceptibility, fluld permeability
and thermal conductlvity.' All of these properties become
dependent on directlon in a rock with cracks under non-
hydrostatic stress and may be useful for determination of
stress in situ. Perhaps the most promising approach to in-
direct stress measurements is the simultaneous.measurement
1n situ of several such properties. In this chapter though we
" examine only the use of field measurements of the velocitles
of elastic waves to detefmine in situ stress,
| _ Measurements of velocities undér the controlled condi-
tions of the laboratory are the basis for the interpretation
of field data, Perhaps the most important aspect of the
laboratory work is the simulation of environmental condi-
tions of rocks in the earth. Requirements for the simulation }
of pressure and ﬁemperature have been known at least since
1923 (Adams and Williamson 1923). The need for simulation
‘of saturation, pore pressure, and viscosity of pore fluids-
has been established only recently for such low porosity

rocks as granites.
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Such measurements made in the laboratory .studies have
been limited to small specimens,_high selsmic frequenciles
and coherent solid rock samples which are possibly unre-
presentative of the average large scale features of rocks
in situ. The influence of a truly trlaxial stress (three
distinect principal stresses) on thevinduced veloclty aniso-
tropy or the influence of saturation on shear wave veloclity
have not even been investigated yet. Furthermore the pre-
éence of initial elastic anisotropy in most rocks requires a

more extensive analysis than that of Chapter 4.

2. Sources of local stress in the earth

The next step in extending the laboratory results to
field use is the investigation of various aspects of the
- veloclity-stress relationships in controlled field tests.
There are a number of requiremeﬁts for meaningful tests. We
need to measure seismic wave velocities in situ, measure
' elastic properties of a representative sémple and compute
the local stress. 1t is essentialAto make these tests
where elther stresses or stress changes are already known
from independent estimates. This last requirement is quite
demanding, especially when we consider the scale of an in
situ experiment. - Although it is not difficult to stress a
small part of the earth, i1t is very difficult to obtain high
stress over a large region and we are limited to natural
phenomens.,

The difficulty of obtaining stress over a large region
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can be séén easily. A ib ton truck, acting as a stress
source, will cause an average compfessive stress of only
20 to 30 bars 1 meter away, The use of heavier loads will
not improve the situation greatly.

The application of several large flat jacks could pro-
duce stress of a few tens of bars over a somewhat larger
region. 'Because flat jacks can tolerate only a %imited
displacement they can be effectiveiy used over a region of
a few meters at most.

Another, somewhat similar, loading method is the use
of pressurized boreholes. The main adyantages of holes
.over slots are the relative ease with which the holes can
be drilled and the great depth which can be reached, The .
stresses, 1nduoed by pressurizing holes are also quite local,
The radial stress decreases as a2/r2 from the hole, of
radius a, and if a pressure of 200 bars is applied in a 15
cm hole the radial stress reduces to 504bars 30 cn away from
the hole and to 1 bar 2 m away. An increase of the extent
of the induced stress perhaps by a factor of two 1s possible
by pressurizing a second borehole, a few feet away from
the first hole. |

Sfresses near the surface of the earth-associated with
such topographio features as canyons and cliffs may be.as
large as 200 bars. The vertical stress at a bottom of
stralght rocky cliff of height h 1is G;c pgh where P is
the density of the rock. Por most rocks G,= 200-300 bar/km
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and thus most ciiffé are much too small to cause stresses
in eicess of 50 or 70 bars (corresponding to 150-250 meters).
Obviously the stresses due to self weight are small in most
natural sites with the exception of a few localities such as |
Yosemite Valley with a granite cliff of 1 km and where the
assoclated stress is roughly 150-200 Baré.

?here are various known sources which cause ohanges
of stress over extensive reglons. Atmosﬁheric pfessure
centers, Earth tldes, ocean tldes and floéds are such loﬁg
period natural stress sources. Of these, oceaﬁ tides and
periodic floods cause ﬁﬁe larger stress oﬁangés. Ocean
tide is about 3 meters, which correspohds»to a stress change
of approximatély .3 bars in regions adjacent to the ocean,
Earth tides and atmospheric pressure centers cause stresses
which do not exééed a hunﬁredth of a bar. None of these
sources appear to be useful for our purposes.

‘The construction of a new dam could perhaps provide
for a controlled stress test in that the rising water level
causes & slow increase of the stresses around the dam site.
The stress would not exceed 1 or 2 bars but the areal extent

could be several'loo kmz.

3. Stress changés and strain accumulation assoclated with

earthquakes

The change of stress with time, possibly easier to measure
than thé absolute stress, associated with such phenomena as

earthquakes 1s of considerable value in the study of the
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dynamic phenomena of the earth. We'may be able to use the
stress change associatéd with éarthquakes to calibrate the
veloclity-stress relationship in teétonically active areas

and then to use the relationship to stﬁdy stress accumulation ;
prior to other earthquakes. Chinnery (1967) listed several
earthquakes and thelr assocliated stress drops which were
calculated from the known sizes of the faults and the measured '
dislocations. The largest estimated stress release (Knopoff ‘
1958) is 188 bars and the smallest (iki 1967) .5 bar. Nost
values are in the range of 20-100 bars, Measufements of
velocity to detect such stress changes appear to be possible.
The unpredictability of earthéuakes requires howéver.many
velocity measurements,‘repeated several éimes in a region

that is tectonically active. Possibly such measurements
‘should be incorporated eventually in a program of geodetic
measurenents,

The 1ﬁcreése of stress‘preceding an earthquake is slow.
Kasahara et al. (1966) reporﬁed a strain lncrease of 4x10'u
per year in the latsushiro area, a very active region, in
1965-66, with a shear stress increase rate of a few bars
per year in this region. lost teétonic regions will exhlbit
smaller rates, Repeated'measurément-6f-velocity by Eisler
(1969) near the San Andreas fault indicate a slight decrease
of stress over a period of 6 months. On the basis of these
rates and the presently avallable seismic methods velocity

tests should be repeated at intervals of two or three years.
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The difficulty of using earthuékes for teéting our
1abofatory results, which arises chiefly from their unpre-
dictabillity, may be circumvented by triggering small or.
micro earthquakes by explosions as suggested by Aki (per-
sonal communication) or by the use'of earthquake swarms and
aftershocks, The sm&ller stress changes associated with
the smaller events 1s compensated by the predictability
of the occurrence of the event within a éhorter éime inter-
val,_ Due to the smallness of aftershocks both in maghitude
and aerial extent, the detection‘of the.changeé of velocity
assoclated with a single shock may be undétectéble. But
if the released stress during a long séquence of small shocks
has a constanf'direction a statistical study might reveal_

a systematic variation with direction of travel time

residuals,

L, vVelocity measurements in situ

From the values of d¥/dp listed for various rocks in
Table 7.2, we see that shear_velocities are generally less
sensitive to stress than compressional velocities in dry rocks
but they are almost independent of saturation. Changes in
Vp in rocks in situ could always be partly due to qhanges in
saturation and nét necessarily indicate a change of stress.
Furthermore we believe that in the larger part of the earth's
crust, rocks are completely saturated with water and there-
fore the value of de/dP‘~ is much less than dv /dp .

Shear velocitles are therefore more useful as stress indicators

provided adequate shear sources are available or can be
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built. (Compressional velocities may also indicate stress
changes even when the rocks are saturated with fluids. The
sensitivity 1s small but the generatioﬁ and detection of
these waves is easy). ' |

| Seismic veloclties may be measured on the surface of
the earth with seismic profiles, or in vertical profiles in |
boreholes. In order to measure both magnitudes and directlon |
of the principal stresses many pfofiles are necessary. Even i
at very shallow depths;Atwo horizontal principal stress |
components and one direction are involved and, therefore,
at least three profiles are necessary. Several additional
profiles may be needed in practice to remove sgch "nolse"
as local inhomogeneity of the rock, natural anisotropy of
the rock in place, and changes in the degree of saturation
" along the wave path. The pfoblemsiof'inhomogeneity and
anisotropy must be balanced against the.need to extend the
.path length to increase the precision of velocify determina-
tion.‘ |
An alternaﬁive to the use of long paths is the use of
high frequency seismic sources either in the fcfm of sharp
preclsely timed 1mpu1ses or continuous signals. The im-
pulsive source is well suited for determination of &absolute
velocities, with limited resolution. It may be a plezo-
electric transducer which can be excited at high frequencies
and therefore be used only for short wave paths of a few feet.‘

A fast explosive can be used for longer profiles but such
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explosives do not generate very high frequencies and the
resolution therefore diminishes. There is no serious
limitation on the length of the spread. Eisler's (1969)
results indicate that the arriving wave forms from similar
explosions are almost 1denﬁica1--perhaps a careful analysis
of a section of the wave form rather than first arrival alone
could improve the resolution. The dontinuous source 1s also
applicable to determination of relaﬁive veloclity or velocity
changes in a given path over a period of time. Repeated
precise measurements of travel times can be achieved easily
and 1f enough samples are collected é rather detalled pattern
of stress change should be detectable. -

Some consideration should be givén to the kind of waves
" to be used for fhe determination of stress, or‘of stress
 changes. by éeismic prbfiles. Although in a dry'rock the
compressional wave velocity is very sensitive to stress,
saturation decreases the sensitivity greatly. 1In addition,
because the deéree of saturation is commonly unknown, especially
in low porosity rocks, thé use of compressional wave veloclity
can lead to ambiguous results. On the other hand the genera-
tion and reception of compressional waves 1s much easlier than
shear waves, The velocity of the shear wave which is polarized
in the plane of the appliéd stress is almost independent of
" direction of propagation, while the velocity of the wave
polarized in a perpendicular plane depends significantly
on direction. In the shallow crust then the SV veloclty is

dependent on directlon. Thérefore, for stress determination
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from shear velocities we require a source of SV waves,
.The4second alternative, that of using ﬁertioal pro-
files, is best done in boreholes., ~Such measurements, at
least for co&pressional waves, have been routine in the oil
industry for a decade or more. Some attempts have been made

to measure both V., and VS but the resolution of Vg with pre-

p
sently uséd commercial logging tools is not sufficient for
our‘use. Increased resolufion of present instruments is
therefore requlred. |

Waves other than body waves may be used to determine

vV Several interface waves have been ldentifled in bore-

g°
heles (White 1965, Chap. 4). 'Perhap$ the most useful one
for us 1is travels in the fluid column of the ﬁorehole with
a velocity i | o | “Ya
= [rlh 7]
where P is the density of the flﬁid, h&is the bulk modulus
of the liquid and /usAis‘the shear modulus Qf the rock.
Because 1t is easy to determine Klfrom compressional wave
velocities in the borehole fluid,/qscah.be obtained. Changes
of /As with time can be obtained with even higher acburacy
because changes in WKg are negligible. Since v, < VgV,

the interface wave can travel without excessive loss of
amplitude. Such waves have been observed to travel up and
down boreholes several times (Riggs 1955), Hydrophones,

suspended in the fluid, can be used to determine accurately

phase velocities and core samples from the boreholes can be
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used to obtain the relationship betwéén shear modulus and
stress. Such tube waves appear to have conslderable
potential for precise vélocity measurements in connection

with stress determinations. .

. 5, Conclusions

Extension of laboratory measurements of velocity for
in situ determination of stress requires testing in regions
of known stress, or at least stress changes, Stresses
induced locally by topography and stress changes assoclated
wlth earthquakes are most promising for field tests.

Velocitlies can be measured in shallow penetration
seismic profiles or in existing boreholes; rock samples are
needed for either technique. Simple tests are sufficient
to determine in the laboratory the geheral stress-velocity
relationship.‘ Borehble logging can be used to measure the
.necessary velocities. The velocityfof tube interface waves
which depends on the shear modulus-éf the solid rock, can
provide an independent estimate of the effeptive shear

modulus which 1s dependent on stress but not on saturation.
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Table 7.1

Magnitude and areal exﬁent of various

Source or location

Laboratory

Laboratory

In situ induced stress
Topographic stress
Earthquakes

Ocean tides

stress fields

161,

Typical . Stress (bars)

areal extent

10 em | 10000
1m 1000
5m - ' | | 300
1 ko | 200

100 km 100

500 km
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Table 7.2 ' _ i
Observed changes of wave velocities with hydrostatic

pressure in various rocks (in km/s bar)

Rock . (av_/dp) (4dv_/dp) dvg/dp Reference

satur, dryp
Westerly granite 1.2-2072% 4-1073  1.2-2073 Nur (chap.2)
Casco granite 1.7-1073 5-1073  3-1073 " |
Webatuck dolomite 1.0-10"3 3.5-10"3 1°1073 " !
Berea sandstone 1.7°1073 13-10-3 4'10“3 Desai (1968)

Barttesville 1-10-3  6+10-3 . 3.10-3 | "



- 163.

APPENDIX A

Experimental set-up for travel time measurements

A schematic diagram of the electrohic equipment for
travelltime measurements is shown in fig. A.1. A 4O4B
Fairchild-Dumont pulse generator is used to trigger a 545B
Tektroﬁ1X'Oscilloscope with a 1Al Dual trace plug-in unit.
A second, high voltage Velohex model 350 pulse generator is
triggered after a constant delay through an Ad-Yu Type
602H2 step variable delay line. A pulse is generated by
the Fairchild-Dumont generator, delayed relative.to the
trigger by the built-in oontdnuouely variable delay line.
The pulse travels thrqugh a'continuoﬁslyuvariable mercury
delay line and is displayed on the oscilloscope'svscreen;
The Velbhex generates a stron~ pulse ﬁhich travels through
:the sample and is then.also displayed on the screen. The
Dumont continuously variéble delay is now adjusted to obtaih
zero reading of the Hg delay line for zero sample length.
The early triggering of the scope allows the display of the
complete event from pulse triggering to the arriving signal
and no calibration is necessary to find the length of mercury
which corresponds to zero sample 1ehgth.

'The signals travelling through the sample and the
mercury delay line respectively are displayed on the
oscilloscope and their first afrivals_are'made to coincide
by adjusting the length of the mercury column. The iength'

of the column, read in mm, together with,Vp in mercury
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(obtained from calibration with fused silica)'l.46 km/sec' '

yields the velocity in sample. -Accuracy is about 2%,

whereas precision is better than .5%.
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