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Abstract

Crosshole ground-penetrating radar (GPR) travel-time tomography is a popular geo-

physical technique for characterization of the shallow subsurface in environmental

applications. With this technique, a critical factor determining the resolution of the

velocity images obtained is the angular ray coverage of the subsurface region between

the boreholes; when travel-time data representing a narrow range of ray angles are

used for the tomographic reconstruction, the resulting images contain undesirable

directional smearing. Here, I investigate the problem that, even when the crosshole

GPR survey geometry offers the potential for high-resolution imaging due to wide

angular ray coverage of the inter-borehole region, two significant issues are commonly

encountered when attempting to take advantage of this coverage. First, travel times

corresponding to high-angle ray paths are often extremely difficult to pick because

of low signal-to-noise ratios in the data. Secondly, even when high-angle travel-time

data can be reliably determined, they often appear to be incompatible with the lower-

angle data available, and tend to cause strong numerical artifacts when included in

inversions.

To address the high-angle picking problem noted above, I develop a method for

determining first-break times in crosshole GPR data using cross-correlations. High-

quality reference waveforms for this technique are obtained from the data through the

stacking of common-ray-angle gathers. To address the incompatibility issue with high-

angle data, I first develop finite-difference time-domain (FDTD) numerical modeling

v



codes that allow for the determination of realistic crosshole GPR antenna current dis-

tributions, and the modeling of transmitted and received waveforms in heterogeneous

media. Using these codes, I then find that the high-angle incompatibility issue is likely

the result of assuming that first-arriving energy always travels directly between the

antenna centers; at high transmitter-receiver angles, this energy likely travels between

the antenna tips. Using this knowledge, I develop an improved inversion methodology

for crosshole GPR data. In addition to inverting for subsurface velocities, I estimate

a small number of parameters that describe a travel-time correction curve as a func-

tion of ray angle. I then show the successful application of this improved inversion

methodology to synthetic crosshole GPR data, and a data set collected at the Boise

Hydrogeophysical Research Site.
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Chapter 1

Thesis overview

1.1 Motivation

Groundwater is a precious resource that is being increasingly threatened around the

world by contamination from human activities. In order to protect this resource, it

is crucial that we develop effective and cost-efficient strategies for groundwater reme-

diation in contaminated regions, and also strategies to avoid future contamination in

areas where problems do not yet exist. A critical part of developing such strategies

is the creation of numerical models for groundwater flow and contaminant transport.

With these models, the potential impacts of human activities on groundwater re-

sources can be examined, and the effectiveness of proposed remediation strategies

can be evaluated before their implementation.

One key aspect of designing accurate numerical flow and transport models in a re-

gion is the adequate characterization of subsurface spatial heterogeneity. It is now well

understood that, above and below the water table, this heterogeneity has a profound

effect on the way that contaminants travel and spread, with the scale of heterogeneity

that is most important being related to the scale of the flow phenomena being exam-

ined. Unfortunately, traditional methods for the estimation of hydraulic properties
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in the subsurface, such as pumping tests and core measurements, are often unable to

provide the degree of spatial detail that is required for accurate flow and transport

modeling (e.g., Sudicky, 1986). Whereas pumping tests yield only average values of

properties over a relatively large region, core measurements provide sparse, 1-D pro-

files of subsurface geology, and have the added disadvantage of being very costly and

invasive. For these reasons, much interest has been shown over the past few years

in the use of geophysical methods for subsurface hydrogeological characterization.

Because changes in hydraulic and geophysical properties in the subsurface are both

closely linked with changes in lithology, these methods offer the hope of providing a

relatively cheap and non-invasive means of obtaining spatially dense hydrogeological

information.

Ground-penetrating radar (GPR) is one geophysical method that has proven to

be a powerful tool for hydrogeological characterization in electrically resistive geo-

logical environments. Similar to seismic except using electromagnetic (EM) energy,

GPR allows us to learn about the structure of the shallow subsurface from short EM

pulses that have traveled through the earth for many different configurations of a

transmitter and receiver antenna. As with seismic, GPR surveying can be divided

into two main modes of operation: surface-based reflection surveying and crosshole

surveying. With surface-based reflection surveying, the most common means of in-

corporating the data into hydrogeological models is through a radar facies approach

(e.g., Asprion and Aigner, 1999; Beres et al., 1999; Lesmes et al., 2002; McMechan et

al., 2002; Moysey et al., 2003), whereby regions of a common-offset GPR image are

distinguished from one another based on their external form and the configuration of

their internal reflections, and the resulting radar facies are assumed to correspond to

hydrogeologically distinct zones in the subsurface. A significant concern with this ap-

proach, however, is that the connection between radar facies and hydraulic properties

is often very unclear. For example, how do we assign reasonable values of properties
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to radar facies in a hydrogeological model, and how can we be certain that different

radar facies represent regions of the subsurface having different hydraulic properties?

Further, because a relatively large part of a radar image is often required to identify

a particular radar facies, resolution with this technique is somewhat limited. As a

result, tomographic radar methods have recently been the subject of much attention

from hydrogeologists and hydrogeophysicists. Although more labour intensive than

common-offset reflection techniques, these methods can provide high-resolution im-

ages of subsurface EM-wave velocity and attenuation, parameters that are strongly

correlated with soil water content and clay fraction, respectively. Such estimates can

then be used in combination with radar-facies methods to better estimate the hy-

draulic properties of the different facies, and to assess the degree of spatial variability

within those facies. In addition, they allow for the improved processing of the reflec-

tion GPR data, such that the various facies boundaries are correctly positioned in

the subsurface images obtained.

Both surface reflection and crosshole GPR tomographic methods have been used

in recent studies to estimate the spatial distribution of hydraulic properties in the

subsurface (e.g., Greaves et al., 1996; Hubbard et al., 1997; Eppstein and Dougherty,

1998; Hubbard et al., 2001; Pipan et al., 2002; Oldenborger et al., 2003; Tronicke et

al., 2004). In all of these studies, ray-based tomographic techniques were employed

for the simple reason that they are robust and have been proven to be very effective.

Although work is currently underway on the application of waveform-based tomo-

graphic methods to GPR data (e.g., Ernst and Holliger, 2005), such work is still very

preliminary. With all ray-based tomographic techniques, a critical factor that affects

the resolution of the images that are obtained is the degree of angular ray cover-

age of the region under investigation (Menke, 1984; Rector and Washbourne, 1994;

Tronicke et al., 2001). Without adequate angular coverage, smearing and ambiguity

occur in the resulting tomograms. This dissertation focuses on increasing the angular
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coverage available with crosshole GPR travel-time tomography, with the overall goal

of obtaining the highest-possible-resolution images of subsurface EM-wave velocity

for incorporation into hydrogeological models. More specifically, I address the prob-

lem that, although the crosshole GPR survey geometry often offers the potential for

excellent angular coverage of the subsurface, a number of practical issues currently

prevent us from taking full advantage of this coverage. A significant part of this thesis

is devoted to the numerical modeling of GPR data, as such models were necessary

to verify a number of hypotheses, and to create synthetic data sets upon which new

processing and inversion strategies could be tested.

1.2 Summary of research

The research in this dissertation is divided into four chapters. Each chapter has been

prepared as a stand-alone paper for submission to a peer-reviewed scientific journal.

Chapters 2 through 4 are published, whereas Chapter 5 is currently in the process of

being submitted for publication. For convenience, the references from each chapter

have been consolidated and appear at the end of the thesis.

In Chapter 2, I present codes that I have developed for the numerical modeling of

crosshole and surface GPR data in two dimensions. As mentioned, numerical mod-

els for GPR were required in my research to verify a number of hypotheses, and to

create synthetic data sets upon which new processing and inversion strategies could

be tested. Disappointingly, despite a considerable number of papers being published

on GPR modeling over the past decade, there was a severe lack of corresponding

codes available for public use. The major contribution of this research, therefore, is

to present to the public a collection of well-commented, open-source, GPR modeling

codes that are easy to implement, understand, and modify for the user’s specific pur-

pose. Although the focus of this dissertation is on crosshole GPR tomography, codes
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were created for modeling both crosshole and surface-based GPR data because the

original scope of the thesis included joint crosshole and surface tomographic imaging.

The codes are written for the MATLAB environment, and apply the finite-difference

time-domain (FDTD) method to Maxwell’s curl equations in 2-D Cartesian coor-

dinates to model EM-wave propagation. To prevent reflections at the edges of the

modeling grid, the novel perfectly-matched layer (PML) absorbing boundaries (e.g.,

Berenger, 1994) are implemented, which allow for the almost complete absorption

of outward-traveling waves, at any angle of incidence, using a very small number

of boundary cells. In addition, although MATLAB is generally regarded as a very

slow-running platform for modeling, all possible optimizations in notation were made

in the codes so that they are efficient; their run time is actually comparable to C

routines that I have written for the same purpose. This chapter (including the MAT-

LAB algorithms) was published in the journal Computers and Geosciences (Irving

and Knight, 2006a).

Chapter 3 of this thesis again focuses on numerical modeling. Here, however, I

develop an efficient and novel means of simulating both antenna transmission and

reception for crosshole GPR based on the general modeling concepts described in

Chapter 2, but using a 2-D cylindrical (not Cartesian) coordinate system. The moti-

vation behind this research was to investigate a common problem in crosshole GPR

tomography: the inability to successfully incorporate high-angle ray data into inver-

sions when the boreholes are spaced closely together. My hypothesis was that this

problem is related to the length of the GPR antennas, which is currently ignored in

all inversion strategies despite the fact that it often represents a significant fraction of

the borehole spacing. To model transmission and reception, I derive an approach that

uses a superposition of point-electric-dipole source and receiver responses to emulate

realistic antenna current distributions in the boreholes. The major contribution of

this research is that it represents the first numerical modeling algorithm that is able
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to efficiently and accurately simulate the complete waveforms that are recorded in

crosshole GPR surveys. This allows us to fully examine the effects of radar system

and antenna details on crosshole GPR measurements (as is done in Chapters 4 and 5),

but more importantly, it paves the way for the full-waveform inversion of the data.

This chapter was published in the journal Geophysics (Irving and Knight, 2006b).

In Chapter 4, I use the antenna modeling algorithm described in Chapter 3 to ex-

amine in detail the high-angle-ray issue in crosshole GPR tomography. As mentioned,

significant problems are often encountered when attempting to include high-angle ray

data into crosshole GPR tomographic inversions. Specifically, the high-angle data of-

ten appear to be incompatible with the lower-angle data available, and commonly

cause significant numerical artifacts in the resulting tomograms. Here, I investigate

the idea that this problem is caused by an assumption that is common to all present

crosshole GPR inversion strategies: that first-arriving energy always travels directly

between the centers of the antennas. The work in this chapter shows that, at high

transmitter-receiver angles, it is very likely that first-arriving energy actually travels

via the antenna tips. This chapter was published in the journal Geophysics (Irving

and Knight, 2005b).

Building on the results of Chapters 3 and 4, Chapter 5 of this thesis introduces

two methods by which we can improve the resolution of crosshole GPR tomography

at close borehole spacings. Both of these methods work towards increasing the angu-

lar ray coverage of the inter-borehole region by allowing the inclusion of high-angle

data. First, I present a travel-time picking strategy for crosshole GPR data based on

cross-correlations. With this technique, high-angle travel times, which are notoriously

difficult to pick due to low signal-to-noise ratios, now become available for incorpo-

ration into crosshole GPR inversions. Next, I describe a number of mechanisms that

I believe cause the problems experienced with high-angle data in crosshole GPR in-

versions (one of these being the tip-to-tip coupling issue discussed in Chapter 4).
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Using the fact that all of these mechanisms produce errors in measured velocities

that vary as a function of transmitter-receiver angle, I then develop an improved in-

version methodology that involves estimating, in addition to subsurface velocities, a

small number of parameters that describe a travel-time correction curve as a function

of angle. The results of this chapter now allow us to successfully make use of the

excellent angular coverage provided by close borehole spacings in crosshole GPR to-

mography, and thus obtain improved resolution tomograms. This chapter is currently

in preparation for submission to the journal Geophysics (Irving et al., 2006).
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Chapter 2

Numerical modeling of GPR in

2-D using MATLAB

2.1 Abstract

We present MATLAB codes for finite-difference time-domain (FDTD) modeling of

ground-penetrating radar (GPR) in two dimensions. Surface-based reflection GPR is

modeled using a transverse magnetic (TM-) mode formulation. Crosshole and vertical

radar profiling (VRP) geometries are modeled using a transverse electric (TE-) mode

formulation. Matrix notation is used in the codes wherever possible to optimize them

for speed in the MATLAB environment. To absorb waves at the edges of the modeling

grid, we implement perfectly matched layer (PML) absorbing boundaries. Although

our codes are two dimensional and do not incorporate features such as dispersion in

electrical properties, they capture many of the important elements of GPR surveying

and run at a fraction of the computational cost of more elaborate algorithms. In

addition, the codes are well commented, relatively easy to understand, and can be

easily modified for the user’s specific purpose.

9
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2.2 Introduction

Ground-penetrating radar (GPR) is a popular geophysical method for high-resolution

imaging of the shallow subsurface. The GPR technique can be divided into two main

modes of operation: (i) surface-based reflection surveying, where the transmitter and

receiver antennas are located on the surface of the earth and the subsurface is imaged

in terms of changes in its electrical properties, and (ii) borehole surveying, where one

or both antennas are located in boreholes and subsurface properties are estimated

tomographically. Of interest in our research is the application of both surface and

borehole GPR to hydrogeological problems. Specifically, we are interested in using

these techniques to assist in the development of hydrogeological models that predict

groundwater flow and contaminant transport. A critical step in using GPR for this

purpose is determining the link between the hydrogeological properties that govern

these processes, and the information contained in a GPR data set.

Numerical GPR models provide one means of exploring the link between sub-

surface properties and GPR data. We can create a model of a subsurface region of

interest, where we define the subsurface in terms of its lithological or hydrogeological

properties. We can then transform this model into one that represents the subsurface

in terms of its electrical properties. GPR modeling can then be used to simulate the

acquisition of data in this subsurface region. The synthetic data that are obtained

can be used to advance our understanding of the way in which information about the

spatial variability of subsurface properties is captured by, and can be extracted from,

GPR data.

A number of approaches have been presented for the numerical modeling of GPR

data. These include ray-based methods (Goodman, 1994; Cai and McMechan, 1995),

frequency domain methods (Powers and Olhoeft, 1994; Zeng et al., 1995), integral

methods (Ellefsen, 1999), and pseudospectral methods (Carcione, 1996; Casper and
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Kung, 1996; Liu and Fan, 1999). What has become by far the most common ap-

proach for GPR modeling over the past decade, however, is the finite-difference time-

domain (FDTD) technique (e.g., Wang and Tripp, 1996; Bourgeois and Smith, 1996;

Bergmann et al., 1996; Teixeira et al., 1998; Holliger and Bergmann, 2002). Reasons

for this include that the FDTD approach is relatively conceptually simple, accurate

for arbitrarily complex models, and capable of accommodating realistic antenna de-

signs and features such as dispersion in electrical properties (Taflove, 1995). What is

lacking, however, are FDTD modeling codes for GPR, freely available for the public

use, that are easy to understand and modify.

Here, we present FDTD codes, written in the MATLAB programming language,

for basic surface reflection and borehole GPR modeling in two dimensions. Although

2-D modeling is limited in the sense that it cannot fully account for antenna behavior

and out-of-plane variations in material properties, our codes capture many of the

important features of GPR surveying and run at a fraction of the computational cost

of fully 3-D algorithms. The codes feature perfectly matched layer (PML) absorbing

boundaries to avoid reflections from the edges of the modeling grid. To optimize

the programs for speed in MATLAB, matrix notation is used wherever possible. To

begin, we discuss the theory behind our codes, including the governing analytical

equations, their finite-difference approximations, numerical stability and dispersion

criteria, and boundary conditions. Next, we briefly discuss how the FDTD equations

are implemented in the MATLAB environment. Finally, we present two examples of

the use of our codes, one showing modeling of a reflection GPR survey, and the other

modeling of a crosshole GPR survey.
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2.3 Theory

2.3.1 Governing equations

We begin the theory behind our GPR modeling codes with Maxwell’s curl equations

in the frequency domain, which are:

∇× E = −iωµH, (2.1)

∇×H = σE + iωεE, (2.2)

where i =
√−1, ω is angular frequency, ε, µ, and σ are the dielectric permittivity,

magnetic permeability, and electrical conductivity parameters, respectively, and E

and H are the electric and magnetic field vectors. To implement PML absorbing

boundaries in our codes, we consider the general case of a complex stretched coor-

dinate space (e.g., Chew and Weedon, 1994; Gedney, 1998), where the ∇ operator

takes the following form:

∇ = x̂
1

sx

∂

∂x
+ ŷ

1

sy

∂

∂y
+ ẑ

1

sz

∂

∂z
, (2.3)

where

sk = κk +
σk

αk + iωε0

, k = x, y, z (2.4)

are complex coordinate stretching variables that vary only in the k direction (Kuzuoglu

and Mittra, 1996). Here, ε0 is the dielectric permittivity of free space, and σk,κk, and

αk are parameters that can be specified to allow for wave propagation in the interior

of the modeling grid and wave absorption in the PML boundary regions. It should

be stressed that σk, κk, and αk are not true electrical properties. Rather they are

parameters that, through complex coordinate stretching, add additional degrees of

freedom to Maxwell’s equations to allow for PML boundary implementation.
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Taking the components of equations (2.1) and (2.2) using the identity in equa-

tion (2.3), and assuming that there is no variation in the y direction for 2-D modeling,

we arrive at the following two decoupled sets of partial-differential equations involving

the {Hx, Hz, Ey} and {Ex, Ez, Hy} field components:

iωµHx = − 1

sz

∂Ey

∂z
, (2.5a)

iωµHz =
1

sx

∂Ey

∂x
, (2.5b)

σEy + iωεEy =
1

sx

∂Hz

∂x
− 1

sz

∂Hx

∂z
, (2.5c)

and

σEx + iωεEx =
1

sz

∂Hy

∂z
, (2.6a)

σEz + iωεEz = − 1

sx

∂Hy

∂x
, (2.6b)

iωµHy =
1

sz

∂Ex

∂z
− 1

sx

∂Ez

∂x
. (2.6c)

Equations (2.5a-c) and (2.6a-c) are the transverse magnetic (TM-) and transverse

electric (TE-) mode sets of equations in the stretched coordinate space, respectively.

For surface-based reflection GPR modeling, where the antennas are oriented perpen-

dicular to the x− z survey plane, we use the TM-mode equations. For crosshole and

vertical radar profiling (VRP) geometries, where the antennas are contained within

the survey plane, the TE-mode equations are employed. It is important to note that,

when the stretching parameters are set to unity, equations (2.5a-c) and (2.6a-c) be-

come the standard TM- and TE-mode equations in an unstretched coordinate space.

In the interior of the modeling grid, we therefore set sx = sz = 1. In the PML

boundary regions of the grid, however, sx and sz are given complex values, which

allows significant wave absorption to occur. Unlike in the simpler case of a change in
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electrical conductivity in these regions (which would also cause absorption), altering

the coordinate stretching variables does not result in a change in electromagnetic

(EM) impedance from the interior of the grid, and thus no reflections are created at

the edges of the PML domain.

We implement PML absorbing boundaries in our modeling codes using the convo-

lutional PML (CPML) approach of Roden and Gedney (2000). This method makes

use of time-domain expressions for 1/sx and 1/sz in the FDTD formulation, and

avoids the splitting of the electric and magnetic field components common in other

PML approaches (e.g., Berenger, 1994; Fang and Wu, 1996). For this reason, we find

the CPML approach to be the most intuitive implementation of PML. Taking the

inverse Fourier transform of the inverse of equation (2.4), we have:

s−1
k (t) =

δ(t)

κk

− σk

ε0κ2
k

exp

[
− t

ε0

(
σk

κk

+ αk

)]
u(t)

=
δ(t)

κk

+ ζk(t), (2.7)

where δ(t) is the Dirac delta function and u(t) is the Heaviside step function. Us-

ing this expression and assuming frequency-independent material properties, equa-

tions (2.5a-c) and (2.6a-c) are transformed into the time domain as follows:

µ
∂Hx

∂t
= − 1

κz

∂Ey

∂z
− ζz(t) ∗ ∂Ey

∂z
, (2.8a)

µ
∂Hz

∂t
=

1

κx

∂Ey

∂x
+ ζx(t) ∗ ∂Ey

∂x
, (2.8b)

σEy + µ
∂Ey

∂t
=

1

κx

∂Hz

∂x
− 1

κz

∂Hx

∂z
+ ζx(t) ∗ ∂Hz

∂x
− ζz(t) ∗ ∂Hx

∂z
, (2.8c)
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and

σEx + ε
∂Ex

∂t
=

1

κz

∂Hy

∂z
+ ζz(t) ∗ ∂Hy

∂z
, (2.9a)

σEz + ε
∂Ez

∂t
= − 1

κx

∂Hy

∂x
− ζx(t) ∗ ∂Hy

∂x
, (2.9b)

µ
∂Hy

∂t
=

1

κz

∂Ex

∂z
− 1

κx

∂Ez

∂x
+ ζz(t) ∗ ∂Ex

∂z
− ζx(t) ∗ ∂Ez

∂x
, (2.9c)

where ∗ represents convolution. We now describe how equations (2.8a-c) are approx-

imated using finite-differences in our TM-mode modeling code for GPR reflection

profiling. The derivations for the TE-mode modeling code using equations (2.9a-c)

are not included here, as they are performed in a nearly identical manner.

2.3.2 Finite-difference approximations

To numerically model equations (2.8a-c), we use a leap-frog, staggered-grid approach

that involves offsetting the electric and magnetic field components in both space and

time such that the finite-difference approximations of the partial derivatives in each

equation are centered on the same spatiotemporal location (Yee, 1966). Figure 2.1

shows the configuration of Hx, Hz, and Ey in space for our TM-mode modeling code.

All spatial derivatives are approximated using fourth-order-accurate finite-difference

expressions. The time derivatives are approximated with second-order-accurate ex-

pressions. This O(2,4) scheme is identical to that described in Bergmann et al. (1996)

for 1-D GPR modeling. The conduction current density term in equation (2.8c) is

modeled using a semi-implicit approximation (e.g., Taflove, 1995, p. 64), which has

been shown to have superior numerical properties over one-sided expressions for this

term (Bergmann et al., 1996).

After substituting the appropriate finite-difference expressions into equations (2.8a-

c) and solving for the updated electric and magnetic field components, we arrive at
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Figure 2.1: Spatial arrangement of Hx, Hz, and Ey field components for TM-
mode modeling. Electric and magnetic field components are also staggered in
time by ∆t/2.

the following FDTD update equations:

Hx|n+1/2
i,j+1/2 = Hx|n−1/2

i,j+1/2

−Dbz |i,j+1/2

[−Ey|ni,j+2 + 27Ey|ni,j+1 − 27Ey|ni,j + Ey|ni,j−1

]

−Dc|i,j+1/2

[
ΨHxz |ni,j+1/2

]
, (2.10a)

Hz|n+1/2
i+1/2,j = Hz|n−1/2

i+1/2,j

+ Dbx|i+1/2,j

[−Ey|ni+2,j + 27Ey|ni+1,j − 27Ey|ni,j + Ey|ni−1,j

]

+ Dc|i+1/2,j

[
ΨHzx|ni+1/2,j

]
, (2.10b)

Ey|n+1
i,j = Ca|i,j

[
Ey|ni,j

]

+ Cbx |i,j
[
−Hz|n+1/2

i+3/2,j + 27Hz|n+1/2
i+1/2,j − 27Hz|n+1/2

i−1/2,j + Hz|n+1/2
i−3/2,j

]

− Cbz |i,j
[
−Hx|n+1/2

i,j+3/2 + 27Hx|n+1/2
i,j+1/2 − 27Hx|n+1/2

i,j−1/2 + Hx|n+1/2
i,j−3/2

]

+ Cc|i,j
[
ΨEyx|n+1/2

i,j −ΨEyz |n+1/2
i,j

]
, (2.10c)
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where the subscripts indicate spatial position, and the superscripts indicate time

(i.e., Hx|n+1/2
i,j+1/2 represents the Hx field component at position (x, z) = (i∆x, (j +

1/2)∆z) and time t = (n + 1/2)∆t, where ∆x and ∆z are the horizontal and vertical

field discretization intervals, and ∆t is the time step). FDTD modeling using these

equations is accomplished by alternately updating the electric and magnetic fields.

This moves forward in time since the two fields are temporally staggered by ∆t/2.

As can be seen from the equations, all field updates are fully explicit.

The update coefficients Ca, Cbx , Cbz , Cc, Dbx , Dbz , and Dc in equations (2.10a-c)

are given in terms of the electrical properties and grid parameters as follows:

Ca =

(
1− σ∆t

2ε

)(
1 +

σ∆t

2ε

)−1

, (2.11a)

Cbk
=

∆t

ε

(
1 +

σ∆t

2ε

)−1

(24κk∆k)−1 , (2.11b)

Cc =
∆t

ε

(
1 +

σ∆t

2ε

)−1

, (2.11c)

Dbk
=

∆t

µ
(24κk∆k)−1 , (2.11d)

Dc =
∆t

µ
. (2.11e)

Although not explicitly indicated, these coefficients are all functions of position since

ε, µ, σ, κx, and κz are, in general, spatially varying. The convolution terms in

equations (2.8a-c) are modeled using the recursive convolution technique (Luebbers

and Hunsberger, 1992), and are accounted for in equations (2.10a-c) through the
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ΨHxz , ΨHzx , ΨEyx , and ΨEyz terms. These are defined as:

ΨHxz |ni,j+1/2 = Bz|i,j+1/2

[
ΨHxz |n−1

i,j+1/2

]

+ Az|i,j+1/2

[−Ey|ni,j+2 + 27Ey|ni,j+1 − 27Ey|ni,j + Ey|ni,j−1

]
, (2.12a)

ΨHzx |ni+1/2,j = Bx|i+1/2,j

[
ΨHzx|n−1

i+1/2,j

]

+ Ax|i+1/2,j

[−Ey|ni+2,j + 27Ey|ni+1,j − 27Ey|ni,j + Ey|ni−1,j

]
, (2.12b)

ΨEyx|n+1/2
i,j = Bx|i,j

[
ΨEyx|n−1/2

i,j

]

+ Ax|i,j
[
−Hz|n+1/2

i+3/2,j + 27Hz|n+1/2
i+1/2,j − 27Hz|n+1/2

i−1/2,j + Hz|n+1/2
i−3/2,j

]
, (2.12c)

ΨEyz |n+1/2
i,j = Bz|i,j

[
ΨEyz |n−1/2

i,j

]

+ Az|i,j
[
−Hx|n+1/2

i,j+3/2 + 27Hx|n+1/2
i,j+1/2 − 27Hx|n+1/2

i,j−1/2 + Hx|n+1/2
i,j−3/2

]
, (2.12d)

where

Ak =
σk

σkκk + αkκ2
k

(Bk − 1) , (2.13a)

Bk = exp

[
−∆t

ε0

(
σk

κk

+ αk

)]
(2.13b)

are PML update coefficients that, again, vary with location in the modeling grid.

As can be seen from equations (2.12a-d), the values of the convolution terms at the

current time step are computed from those at the previous time step. Therefore

ΨHxz , ΨHzx , ΨEyx , and ΨEyz must be stored, in addition to the Hx, Hz, and Ey

field components, during the FDTD simulation. Throughout the above equations,

we have kept our notation consistent with that of Roden and Gedney (2000) so that

their paper can be consulted for further details on CPML implementation.

To introduce an electric field source into the grid during FDTD modeling using

equations (2.10) through (2.13), we add a source pulse function to the update for

the Ey field component at the desired spatial location. This amounts to adding
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the source function to the y-component of the current density term in Maxwell’s

equations. To model receivers in our code, we simply record the Ey field component

as a function of time at the receiver locations. It must be stressed that, because our

modeling codes are two-dimensional, all such sources and receivers are actually line

elements, extending to positive and negative infinity in the dimension perpendicular

to the survey plane. As a result, the radiation patterns and geometrical spreading for

realistic, dipole-type GPR antennas cannot be properly modeled with our codes; this

would require either a fully or pseudo 3-D approach (e.g., Moghaddam et al., 1991;

Xu and McMechan, 1997). Nevertheless, as stated previously, our 2-D codes capture

many of the important features of reflection GPR surveying, and can provide much

insight into the interaction of EM waves with a complex subsurface. They should be

used with caution, however, when antenna radiation patterns play a critical role in

how the data are analyzed. A key example is crosshole GPR attenuation tomography.

2.3.3 Numerical stability and dispersion criteria

An important step in FDTD modeling is choosing appropriate time and spatial dis-

cretization intervals for a simulation. Ideally, we would like to have ∆x, ∆z, and ∆t

as large as possible to make the simulation run most quickly. However, if ∆t is too

large, the FDTD scheme presented above will become numerically unstable. In addi-

tion, if ∆x or ∆z are too large, the electric and magnetic fields will be inadequately

sampled in space and numerical dispersion will be the result. For the O(2,4) scheme

presented here, the maximum time step that can be used, in order for the scheme to

remain numerically stable, is (Georgakopoulos et al., 2002):

∆tmax =
6

7

√
µminεmin(
1

∆x2 + 1
∆z2

) , (2.14)



20

where µmin and εmin are the minimum magnetic permeability and dielectric per-

mittivity values present in the modeling grid. To control numerical dispersion, the

O(2,4) scheme must allow for 5 field samples per minimum wavelength (Bergmann

et al., 1996; Georgakopoulos et al., 2002). The MATLAB programs finddt.m and

finddx.m determine the maximum possible ∆t, ∆x, and ∆z given a model’s electrical

properties as input, and should be run prior to starting any simulation.

2.3.4 PML absorbing boundaries

Compared with other absorbing boundary types, PML boundaries possess a number

of significant advantages. First, the PML approach offers superior attenuation of

reflections from the edges of the modeling grid, and requires only a small number

of cells to be very effective (Gedney, 1998). Second, to implement PML, only the

coordinate stretching variables need to be changed in the boundary regions, and not

the FDTD update equations (i.e., the same update equations are used everywhere in

the grid). For this reason, PML is well suited to parallel implementations. Finally,

the CPML approach that we have chosen for our codes has the advantage of being

media independent (Roden and Gedney, 2000). That is, the approach is implemented

in the same manner no matter what the properties of the materials being modeled.

For example, our FDTD formulation could be modified to allow for dispersion in ε,

µ, and σ (say, using the technique of Bergmann et al. (1998)), and the Ψ terms for

invoking CPML in equations (2.10a-c) would remain unchanged.

As mentioned previously, in the interior of the modeling grid, the coordinate

stretching variables, sx and sz, are set to unity such that equations (2.10) through

(2.13) become the standard, TM-mode, FDTD update equations in an unstretched

coordinate space. This requires that κx = κz = 1 and σx = σz = 0 in these regions (see

equation (2.4)). In the PML boundary regions, however, these parameters are given

different values. Setting σx and σz greater than zero (which makes the stretching
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variables complex) allows propagating waves to be absorbed. Making κx and κz

greater than one, on the other hand, allows the PML regions to absorb evanescent

waves. Setting αx and αz greater than zero may also improve the absorption of

evanescent modes (Kuzuoglu and Mittra, 1996; Roden and Gedney, 2000), although

by default these parameters are set to zero in our codes.

In theory, because there is no change in electromagnetic impedance associated

with a change in sx and sz, values for κx, κz, σx, and σz should be set as high as

possible in the PML regions to achieve the most complete absorption of propagating

and evanescent waves. In practice, however, in the discrete FDTD space, numerical

reflections occur when electrical properties change too much between nodes. Conse-

quently, the PML parameters must be set to gradually increase from their values in

the interior of the grid to some maximum value at the grid edges. For κx and κz, we

have:

κk =





1 in grid interior

1 +

(
d

δ

)m

(κkmax − 1) inside PML region,
(2.15)

where d is the distance into the PML region from the interior/PML boundary, δ is

the thickness of the PML region, m is known as the PML exponent, and κkmax is the

maximum value. Similarly, for σx and σz, we have:

σk =





0 in grid interior(
d

δ

)m

σkmax inside PML region,
(2.16)

where σkmax is the maximum value. Here, κk and σk vary only along the k direction

since the coordinate stretching variables are one-dimensional functions. For example,

σx will be zero throughout the interior of the modeling grid and non-zero only in

the left and right PML regions. The κz parameter, on the other hand, will be one
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throughout the interior of the grid and greater than one only in the top and bottom

PML regions. In our codes, we use m = 4 and set κxmax = κzmax = 5 by default,

which we have found is adequate for the effective absorption of evanescent waves. The

maximum value for σk is determined using the following criterion (Gedney, 1998):

σkmax =
m + 1

150π
√

εr∆k
, (2.17)

where εr is the relative dielectric permittivity (i.e., the permittivity normalized to its

value in free space) in the interior of the grid nearest to the PML boundary. In other

words, in a heterogeneous medium, σkmax may vary depending on the permittivity

values bounding the interior of the modeling domain. The natural boundaries in the

grid interior are extended into the PML region by padding with PML cells before

running a simulation (Chen et al., 1997).

2.4 MATLAB implementation

The 2-D, TM-mode, finite-difference formulation presented above has been imple-

mented in the MATLAB environment in the code TM model2d.m, for reflection GPR

modeling. The MATLAB code for TE-mode modeling, suitable for crosshole and

VRP surveys, is TE model2d.m. To perform the FDTD simulations in MATLAB, we

use matrices to store all field components and electrical properties. The property

matrices are double the size of the field matrices because ε, µ, and σ are required

at every electric and magnetic field component location (see Figure 2.1). As inputs,

TM model2d.m and TE model2d.m require the electrical property matrices, all source

and receiver locations, a time vector and corresponding source pulse sampled with the

appropriate ∆t, and the number of PML boundary cells to use. All finite-differences

in the FDTD update equations are computed using matrix notation instead of loops
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Figure 2.2: Examples of Blackman-Harris pulses fed into grid as sources in our
FDTD modeling codes.

to optimize the codes for speed in MATLAB. In addition, the FDTD and PML up-

date coefficients are calculated and stored in matrices the same size as the electrical

property matrices before starting a simulation, so that the number of calculations

required during each iteration is reduced. Finally, the Ψ terms in equations (2.10a-c)

are computed and added to the electric and magnetic fields only in the PML regions,

as in the interior of the modeling grid, these terms become zero.

For the source pulse in our codes, we use the normalized first derivative of a

Blackman-Harris window function (Harris, 1978), which is described in Chen et al.

(1997) for geophysical FDTD modeling. This pulse is created using the program

blackharrispulse.m. Figure 2.2 shows Blackman-Harris pulses having dominant

frequencies of 50, 100, and 200 MHz. When fed into the Ey field component at the

desired source location in our TM-mode code, the resulting pulse that travels through

the grid and is recorded at the receiver locations roughly resembles a Ricker wavelet.

Figure 2.3 is a flowchart showing the sequence of steps involved in simulating a



24

reflection GPR survey with our TM-mode modeling code. First, the maximum spatial

discretization intervals that can be used, in order to control numerical dispersion, are

determined using finddx.m given the electrical properties in the model and the source

pulse as inputs. Next, the code finddt.m is used to determine the maximum time

step that ensures numerical stability given the model’s electrical properties, ∆x, and

∆z. If necessary, the electrical property matrices are interpolated at half the spatial

discretization interval, since they are double the size of the field matrices, using

the code gridinterp.m. As a final step before running a simulation, the property

matrices are then padded around the edges with the proper number of PML absorbing

boundary cells using the program padgrid.m. The values of σ, ε, and µ in the PML

regions are set to be simply an extension of those in the interior of the grid.

In the code TM model2d.m, an outer loop runs over the number of sources and

an inner loop over the number of FDTD iterations required for each source. In each

FDTD iteration, the Hx, Hz, and Ey field matrices are first updated, in that order,

using equations (2.10) through (2.13). The appropriate time sample of the source

pulse function is then fed into the Ey field component at the current source location,

and the Ey wavefield is recorded at all of the receiver locations. The output from

our codes is a data cube containing a series of stacked common-source gathers (i.e.,

we record multi-offset data). Extraction of common-offset data, which is typically

acquired during reflection GPR profiling, from the multi-offset data cube is a trivial

matter in MATLAB.

2.5 Examples

We now show examples of reflection and crosshole GPR modeling using the codes

TM model2d.m and TE model2d.m, respectively. The programs are called with the

example run scripts TM run example.m and TE run example.m. Figure 2.4 shows
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determine maximum ∆x, ∆z  (finddx.m)

determine maximum ∆t  (finddt.m)

interpolate ε, µ, σ grids  (gridinterp.m)

pad grids for PML  (padgrid.m)

begin FDTD simulation for new source

update Hx, Hz, and Ey  (in that order)

add source pulse to Ey at desired location

store Ey field component at receiver locations

iterations complete?

done all sources?

NO

NO
YES

DONE

YES

TM_model2d.m

Figure 2.3: Flowchart of FDTD modeling procedure.
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Figure 2.4: Electrical property model used for TM-mode reflection GPR ex-
ample.

the electrical property model used for the TM-mode, reflection GPR example. The

subsurface consists of two layers separated by a dipping boundary. The upper layer,

representative of vadose zone sediment, has εr = 9 and σ = 1 mS/m. The lower

layer, representative of material in the saturated zone, has εr = 25 and σ = 5 mS/m.

Within the upper layer there are three anomalous blocks of different sizes having

εr = 16 and σ = 1 mS/m. For all materials, µ was set equal to its free space value,

µ0. An air-earth interface is included in the model at z = 0; this was accomplished

by simply adding a thin upper layer with εr = 1 and σ = 0 to the grid. Sources

and receivers were located along the air-earth interface every 0.2 m for the reflection

survey. The Blackman-Harris source pulse had a dominant frequency of 100 MHz. For

this pulse and the electrical properties in the model, finddx.m yielded a maximum

possible spatial discretization of 0.0423 m. We used ∆x = ∆z = 0.04 m. The

maximum possible time step, determined using finddt.m, was 0.0801 ns. We used

∆t = 0.08 ns.

Figure 2.5 shows snapshots of the Ey field component at various times during the
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FDTD simulation for the source located at x = 10 m. Because of the PML absorbing

boundaries implemented in our code, no reflections can be seen coming from the

edges of the modeling domain in any of the panels. At t = 30 ns, we capture the

wavefield as it is spreading outwards from the source before it has encountered any

heterogeneities within the earth. Head waves link the energy traveling more rapidly

through the air with that traveling through the ground. At t = 50 ns, the wavefield

has clearly encountered the large anomalous block in the middle of the upper layer,

and has been partly reflected back towards the surface. The direct wave traveling

through the air from the source location has also left the boundaries of the modeling

domain at this point. At t = 70 ns, the energy reflected from the block in the upper

layer has reached the air-earth interface. At t = 90 ns, we see the wavefield being

reflected from the dipping boundary between the top and bottom layers. Figure 2.5

clearly shows that, even for the relatively simple earth model shown in Figure 2.4,

the propagating wavefield becomes quite complicated very quickly.

Figure 2.6 shows one of the common-source gathers (consisting of the recorded

Ey field component in time at all of the receiver locations) for the source located at

x = 10 m in Figure 2.4. This is one slice of the output multi-offset data cube. The

linear events in the image are the direct air and ground arrivals. The events with

hyperbolic moveout are reflections from the top and bottom of the block anomaly in

the middle of the upper layer, and the dipping boundary between the upper and lower

layers. Figure 2.7, on the other hand, shows the common-offset reflection GPR data

that were extracted from the data cube. The source-receiver offset for this image is

1 m. In the image, diffractions are clearly seen originating from each corner of the

block anomalies. Also, the dipping boundary between the upper and lower layers is

strongly visible, although it is not a perfectly straight interface in the GPR section

because of time shifts caused by the velocity anomalies in the upper layer. Finally, the

direct air and ground waves are merged together and present at the top of Figure 2.7.
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Figure 2.5: Snapshots showing amplitude of Ey wavefield at different times
during TM-mode FDTD modeling. Source is located at x = 10 m, z = 0 m.
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Figure 2.6: Common-source gather for source located at x = 10 m, z = 0 m
in Figure 2.4.

In our second example, we demonstrate FDTD modeling of a crosshole GPR sur-

vey using TE model2d.m. Figure 2.8 shows the subsurface EM-wave velocity of the

survey plane, which was obtained from the distribution of relative dielectric permit-

tivity using the following low-loss approximation:

v =
c√
εr

, (2.18)

where c is the velocity of EM waves in free space (0.3 m/ns). The permittivity

model was constructed using the GSLIB geostatistical software package (Deutsch

and Journel, 1992). Relative permittivity values were set to vary between 20 and 32,

a range which is typical of materials in the saturated zone. A constant conductivity

of 5 mS/m was assumed, and µ was again set equal to its value in free space. Sources

were located every 0.25 m from 0.5 to 10.5 m depth down a borehole located at

x = 0.5 m. Receivers were located at the same depths in a borehole located at
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Figure 2.7: Common-offset gather for TM-mode reflection GPR modeling ex-
ample.

x = 5.5 m. Again, a Blackman-Harris pulse with a dominant frequency of 100 MHz

was used as a source function. For this example, finddx.m yielded a maximum spatial

discretization interval of 0.0374 m. We used ∆x = ∆z = 0.025 m. The maximum

possible time step determined using finddt.m was 0.0226 ns. We used ∆t = 0.02 ns.

The air-earth interface was not modeled in this example to facilitate the automatic

picking of travel times through the earth in the resulting data.

Figure 2.9 shows shapshots of the Ez field component at various times during the

crosshole modeling when the Ez source was located at z = 2 m. The propagating

wavefront in this case is much more circular than that shown in Figure 2.5 because

the magnitudes of the velocity heterogeneities in this example are quite small. Small

variations in velocity were purposely used in this example so that the resulting travel

time data could be inverted reasonably accurately using a simple, straight-ray to-

mography code. Despite this, low-amplitude reflections are clearly seen in Figure 2.9,

which arise from the velocity heterogeneities.

Figure 2.10 shows one of the common-source gathers that was obtained in this
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Figure 2.8: Subsurface velocity model used for TE-mode crosshole GPR ex-
ample. Source and receiver locations are marked by an ‘x’.

example for the Ez source located at z = 5 m in Figure 2.8. The first-arrival times in

each common-source gather (i.e., the arrival times for each source-receiver configura-

tion in the survey) were picked automatically from the data based on the first point in

each trace where the amplitude exceeded 1% of the trace maximum. These noise-free

travel-time data were then inverted using a straight-ray, least-squares, tomography

algorithm with a small amount of second derivative smoothness regularization added

for stability. Figure 2.11 shows the resulting velocity tomogram. Compared with

Figure 2.8, we see that the inversion of the noise-free travel-time data, as expected,

produces a very good image of the subsurface velocity field. There is a small amount

of smearing in the image along some of the high-angle raypath directions. Also, the

resolution of the inversion result is slightly worse than that of the true velocity model,

due to the resolution limits of ray-based tomography, the aperture-limited nature of

the survey, and errors resulting from our straight ray approximation.
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Figure 2.9: Snapshots showing amplitude of Ez wavefield at different times
during TE-mode FDTD modeling. Source is located at x = 0.5 m, z = 2 m.
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Figure 2.10: Common-source gather for source located at x = 0.5 m, z = 5 m
in Figure 2.8.
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Figure 2.11: Straight-ray velocity tomogram obtained from synthetic crosshole
data created using our TE-mode code.
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2.6 Conclusions

The codes presented here provide a relatively easy-to-understand, flexible package

for 2-D GPR modeling in MATLAB. Although the use of MATLAB means that our

codes are slightly slower than similar compiled C or Fortran routines, the MATLAB

environment offers significant benefits over these other programming languages such

as increased code readability and easier plotting and manipulation of data. Our codes

are well suited to be modified for more complex modeling if desired, an example being

to alter them to allow for dispersion in electrical properties. The possibility also exists,

for very long reflection GPR surveys, for the run scripts that we have provided to be

modified so that only the subsurface region contributing to the traces being recorded

is considered. This could be done without altering the main code, TM model2d.m, and

could significantly decrease the modeling time for very long survey lines.



Chapter 3

Simulation of antenna transmission

and reception for crosshole GPR

3.1 Abstract

To develop waveform-based inversion methods for crosshole ground-penetrating radar

(GPR) data, numerical models that account for realistic transmitter and receiver an-

tenna behavior are required. A challenge in developing such models is simulating

the antennas in a computationally efficient manner such that inversions can be per-

formed in a reasonable amount of time. We present an approach to efficiently simulate

crosshole GPR transmission and reception in heterogeneous media. The core of our

approach is a finite-difference time-domain (FDTD) solution of Maxwell’s equations

in 2-D cylindrical coordinates. First, we determine the behavior of the current on a

realistic GPR antenna in a borehole through detailed FDTD modeling of the antenna

and its immediate surroundings. To model transmission and reception, we then repli-

cate this antenna current behavior on a much coarser grid using a superposition of

point electric dipole source and receiver responses. Results obtained with our tech-

nique are in excellent agreement with analytical results, numerical modeling results

35
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where the transmitter antenna and borehole are explicitly accounted for using a fine

discretization, and crosshole GPR field data.

3.2 Introduction

Over the past decade, crosshole ground-penetrating radar (GPR) has gained increas-

ing popularity as a tool for high-resolution imaging of the shallow subsurface. Ap-

plications of this technique include delineation of orebodies (Fullagar et al., 2000),

location of underground tunnels and voids (Olhoeft, 1988; Moran and Greenfield,

1993), mapping fractures in bedrock (Olsson et al., 1992; Day-Lewis et al., 2003),

and estimation of subsurface lithology and hydrogeological properties using field or

laboratory-derived petrophysical relationships (Alumbaugh and Chang, 2002; Moysey

and Knight, 2004; Tronicke et al., 2004). Of interest in our research is the use of tomo-

graphic images obtained from crosshole GPR data in the development of subsurface

hydrogeological models.

Crosshole GPR tomography is identical in principle to crosswell seismic tomogra-

phy. A transmitter antenna, moved to numerous locations in one borehole, radiates

high frequency electromagnetic (EM) pulses that are recorded by a receiver antenna,

which is moved down a second borehole. Most commonly, inversion of the resulting

data is accomplished by assuming that the propagating radar energy can be modeled

by infinite-frequency rays that join the centers of the antennas. Under this assump-

tion, the first-break travel times and amplitudes of the data can be used to determine

the distribution of subsurface EM wave velocity and attenuation. The ray-based to-

mographic images of the subsurface obtained in this manner, however, are limited in

resolution to approximately the width of the first Fresnel zone associated with the

propagating pulse bandwidth (Williamson and Worthington, 1993). In order to im-

prove resolution, modeling algorithms that account for more detailed physical aspects
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of the crosshole GPR experiment, such as wave propagation and antenna behavior,

are required. These algorithms can be employed in waveform-based inversion strate-

gies that use all of the recorded data to determine subsurface properties (e.g., Pratt

and Worthington, 1988; Zhou et al., 1995).

A number of approaches have been presented for crosshole GPR modeling. None

of these, however, allow for the simulation of both antenna transmission and recep-

tion in heterogeneous media. Sato and Thierbach (1991), for example, modeled a

crosshole GPR experiment analytically using an expression for the current on an in-

sulated dipole antenna derived by King and Smith (1981). Although their approach

gives much insight into the effects of antenna and system parameters on recorded

GPR wavelets, it requires a homogeneous medium between the boreholes, and that

the antennas be in the far field of one another. In addition, the expression that they

used for the antenna current is not valid for the case of water-filled boreholes, and is

thus only suitable for modeling in the vadose zone. Holliger and Bergmann (2002),

on the other hand, modeled crosshole GPR numerically using a finite-difference time-

domain (FDTD) approach in 2-D cylindrical coordinates. In their formulation, only

the transmitter borehole was included in the model, and the antennas were simulated

as point vertical electric dipoles. Ernst et al. (2005) further developed this algo-

rithm to allow for detailed modeling of a realistic, finite-length transmitter antenna.

Ellefsen and Wright (2005) employed a similar approach to examine the radiation pat-

terns of realistic borehole GPR antennas. With these methods, much can be learned

about the effects of the borehole, subsurface heterogeneity, and antenna characteris-

tics on crosshole GPR radiation. However, only half of the antenna problem can be

addressed; explicit modeling of both the transmitter and receiver antennas and bore-

holes is not possible using 2-D cylindrical coordinates, and would require a fully 3-D

approach. Considering the many FDTD simulations that are necessary to forward

model a crosshole GPR data set, and the numerous forward model calculations that
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are required for inversion, such an approach remains too computationally intensive

for most computers.

We present an algorithm to efficiently simulate crosshole GPR transmission and

reception in heterogeneous media. This is accomplished using FDTD modeling in

2-D cylindrical coordinates through a superposition of point dipole source and re-

ceiver responses. Our technique replicates the behavior of the antenna current in the

boreholes, without the need for explicit modeling of the antennas and boreholes. To

begin, we develop the basis for our approach using analytical expressions for trans-

mission and reception between dipole antennas located in a homogeneous medium.

After demonstrating the approach for two simple cases where ideal antenna current

distributions are assumed, we next discuss a means of determining the current distri-

bution on a realistic GPR antenna located in an air- or water-filled borehole. Finally,

we compare results obtained using our technique with analytical results, numerical

modeling results where the transmitter antenna and borehole have been explicitly

included in the modeling grid, and crosshole GPR field data.

3.3 Development of the modeling algorithm

3.3.1 FDTD modeling in 2-D cylindrical coordinates

The core of our modeling approach is the FDTD solution of Maxwell’s equations in 2-

D cylindrical coordinates presented by Holliger and Bergmann (2002). In this formu-

lation, rotational symmetry about the vertical z-axis is assumed such that Maxwell’s

equations can be separated into the transverse magnetic (TM) and transverse electric

(TE) modes, which are two sets of coupled partial-differential equations involving the

{Eφ, Hr, Hz} and {Er, Ez, Hφ} electric and magnetic field components, respectively.

For crosshole GPR modeling where the antennas are oriented parallel to the z-axis,



39

only the TE-mode equations are required. These are solved numerically in the time

domain using a leapfrog, staggered-grid approach, which involves offsetting the elec-

tric and magnetic field components such that the finite-difference approximations of

all partial derivatives are centered in both space and time (Yee, 1966). Stepping for-

ward in time is accomplished by alternately updating the electric and magnetic fields.

All updates are fully explicit. For approximate modeling of the radiation from an in-

finitesimal vertical electric dipole, a source current function is added to the update

for the Ez field component at the desired spatial location. This amounts to adding

the source function to the z-component of the current density term in Maxwell’s

equations (Buechler et al., 1995).

We locate our field components in space in an identical manner to Holliger and

Bergmann (2002) to avoid singularity problems on the z-axis. We also use second-

order-accurate finite-difference approximations for all derivatives, which means that

10 grid points per minimum wavelength are required to control numerical disper-

sion. The time step is chosen according to the Courant numerical stability criterion

(Holliger and Bergmann, 2002). Higher-order approximations could be used for the

spatial and/or temporal derivatives in our code, with a moderate increase in code

complexity, to decrease the number of field points needed and thus reduce computing

time (e.g., Bergmann et al., 1999). We have implemented perfectly matched layer

(PML) absorbing boundaries in cylindrical coordinates to prevent reflections from

the top, bottom, and right-hand side of the simulation grid (Berenger, 1994; Teixeira

and Chew, 1997).

With the assumed cylindrical symmetry the transmitter antenna and its borehole,

which are centered on the z-axis, can be explicitly and accurately represented with

the above approach. However, as mentioned previously, explicit modeling of both

antennas and their boreholes to account for transmission and reception is not possible

using 2-D cylindrical coordinates, and would require a fully 3-D approach. Next, we
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describe how this basic code can be adapted to model both antenna transmission and

reception using a superposition of point source and receiver responses.

3.3.2 Simulation of antenna transmission and reception

Borehole GPR antennas are generally center-fed, linear dipoles. We begin with the

far-field analytical expressions for radiation and reception between two such antennas

aligned parallel to the z-axis and located in a homogeneous medium. A schematic

of this situation is shown in Figure 3.1. Both antennas have half-length l and are

terminated by loads having impedance Z0. The transmitter antenna is excited by

the generator voltage pulse Vg(t). Electromagnetic waves incident upon the receiver

antenna induce the voltage Vr in the receiver load. In the far field, the frequency-

domain expression for the radiated electric field is (Sato and Thierbach, 1991)

Eθ(r, θ, ω) = −iξk
e−ikr

4πr
heff (ω) I(0, ω), (3.1)

where r and θ are defined in Figure 3.1, Eθ is the total electric field in the direction

of unit vector θ̂, ω is angular frequency, ξ and k are the electromagnetic impedance

and wave number in the surrounding medium respectively, I(0, ω) is the frequency-

domain antenna current at the feed point z = 0, and heff (ω) is the θ component of

the vector antenna effective height, given by (Sengupta and Tai, 1976)

heff (ω) = − sin θ

I(0, ω)

∫ l

−l

I(z, ω) eikz cos θdz. (3.2)

The parameters ξ and k are given in terms of the dielectric permittivity, ε, magnetic

permeability, µ, and electrical conductivity, σ, of the surrounding medium as follows:

ξ =

√
µ

ε− iσ/ω
, (3.3)



41

k = ω
√

µ (ε− iσ/ω). (3.4)

Substituting equation (3.2) into equation (3.1), we obtain

Eθ(r, θ, ω) =

∫ l

−l

[
−iξk

e−ikr

4πr
I(z, ω) sin θ

]
eikz cos θ dz. (3.5)

The term in brackets in equation (3.5) is the far-field response of an infinitesimal ver-

tical electric dipole having current I(z, ω) (e.g., Balanis, 1997). This equation thus

shows that the electric field radiated by the transmitter antenna could be approxi-

mated by a superposition of the responses of a number of infinitesimal electric dipoles

located along the length of the antenna, each excited by some current function I(z, t).

This fact was used by Arcone (1995) to numerically examine the radiation patterns

of resistively loaded dipoles. The delay in phase by the exponential term outside the

brackets in equation (3.5) accounts for the differences in path length between the

far-field measurement point and different points on the antenna.

Consider now the frequency-domain current at the transmitter feed point, which

is related to the generator voltage as follows (Sato and Thierbach, 1991):

I(0, ω) =
Vg(ω)

Z0 + Zin(ω)
, (3.6)

where Zin(ω) is the antenna input impedance. Defining

A(z, ω) =
I(z, ω)

I(0, ω)

(
1

Z0 + Zin(ω)

)
, (3.7)

we have

I(z, ω) = A(z, ω) Vg(ω), (3.8)

or in the time domain,

I(z, t) = A(z, t) ∗ Vg(t). (3.9)
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Figure 3.1: Basic schematic of a crosshole GPR experiment. For simplicity, the
boreholes and antenna cross-sectional details have not been included. After
Sato and Thierbach (1991).

Here, we see that the current at each point on the transmitter antenna can be ex-

pressed as the convolution of the generator voltage pulse with the function A(z, t).

We call A(z, t) the antenna current impulse response because it represents the current

that results on the antenna in response to a delta voltage excitation.

As an example, we calculated A(z, t) using the inverse Fourier transform of equa-

tion (3.7) for the case of a 2-m-long, bare-wire dipole antenna attached to a 50 Ω load

and embedded in a lossless medium having dielectric constant κ = 9 (Figure 3.2).

For the antenna current and input impedance, we used the familiar standing-wave

expressions (e.g., Smith, 2001),

I(z, ω) = I(0, ω)
sin k(l − |z|)

sin kl
(3.10)
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and

Zin = −iZc cot kl, (3.11)

which are obtained by approximating the antenna as a short-circuited transmission

line having characteristic impedance Zc. For the wave number on the antenna, we

used the low-loss expression

k =
ω
√

κ

c
(3.12)

where c is the velocity of light in free space. We set Zc = 150 Ω to yield a feed point

reflection coefficient of 0.5. Figure 3.2 shows that, in response to an input voltage

pulse, a current pulse is created on each arm of the transmitter antenna. These two

pulses travel back and forth between the antenna feed and end points. For this simple

example, we assumed that the velocity of the current pulses on the antenna is the

same as that of the external medium. In addition, the pulses were assumed to travel

without any distortion and become reduced in amplitude only upon reflection at the

feed point. In the next section, we evaluate the suitability of assuming this type of

simple current behavior for the crosshole GPR case.

At the receiver antenna, we are interested in an expression for Vr, the voltage

induced in the receiver load by the radiated electric field. In the far field, this is given

in the frequency domain by (Sato and Thierbach, 1991)

Vr(r, θ, ω) = −Eθ(r, θ, ω) heff (ω)

(
Z0

Z0 + Zin(ω)

)
. (3.13)

Substituting equation (3.2) for the antenna effective height into the above expression,

and using our definition for A(z, ω), we obtain:

Vr(r, θ, ω) =

∫ l

−l

[
Eθ(r, θ, ω) sin θ eikz cos θ

]
A(z, ω) Z0 dz, (3.14)

where integration is now along the length of the receiver antenna. The term in



44

Position on antenna (m)

T
im

e 
(n

s)

−1 −0.5 0 0.5 1

0

20

40

60

80

100 −1

−0.5

0

0.5

1

Figure 3.2: Normalized antenna current impulse response, A(z, t), for a 2-m-
long, bare-wire, standing-wave dipole antenna embedded in a lossless κ = 9
medium. Results were obtained using the inverse Fourier transform of equa-
tion (3.7).

brackets in equation (3.14) is simply the z-component of the electric field at location

z on the antenna. Defining this quantity as Ez(z, ω), we obtain in the time domain

Vr(r, θ, t) =

∫ l

−l

[Ez(z, t) ∗ A(z, t)] Z0 dz. (3.15)

Equation (3.15) shows that, similar to the transmission case, the voltage induced in

the receiver load can also be approximated as a superposition of the responses of

infinitesimal elements along the receiver antenna. Specifically, we can obtain Vr(t) by

summing the convolution of Ez(z, t) and A(z, t) along the antenna, and multiplying

this result by the load impedance, Z0. Intuitively, this can be understood as follows.

At each point on the receiver antenna, the Ez component of the incident EM pulse

from the transmitter antenna induces current pulses that travel in both directions

away from that point. As in the transmission case, these pulses reverberate along the

antenna arm. Just as A(z, t) describes how an impulsive voltage at the transmitter
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antenna feed is related to the current experienced at each point along the antenna,

it also describes how an impulsive voltage excitation at each point on the receiver

antenna is related to the current experienced at the center. Thus we convolve Ez(z, t)

with A(z, t) and sum along the antenna to obtain the total current in the receiver

load. The multiplication by Z0 transforms this current into voltage.

Based on the above results, we can numerically simulate crosshole GPR trans-

mission and reception using the previously described FDTD code in 2-D cylindrical

coordinates. To model transmission, we first obtain the antenna current distribution

by convolving the excitation voltage pulse with A(z, t). To the update for the Ez field

at each point in the simulation grid corresponding to a location on the transmitter

antenna, we then add the appropriate current function, which simulates infinitesi-

mal vertical electric dipole radiation from that point. Together, the responses of the

infinitesimal dipoles emulate the radiation of the finite-length antenna. To model re-

ception, the Ez field at all nodes collocated with the receiver antenna is stored during

the finite-difference simulation. After the time stepping is complete, the recorded data

are convolved with the appropriate values of A(z, t) and then summed and multiplied

by Z0 to obtain the receiver load voltage. In simulating transmission and reception

in this manner, we avoid explicit, detailed modeling of the antennas and their bore-

holes, and instead account for these features through the antenna current behavior.

As a result, modeling can be performed very efficiently on a relatively coarse grid.

In addition, although we used far-field expressions to derive this approach, it is not

restricted to the far field, and is thus perfectly valid for the small borehole separations

that are typically encountered in crosshole GPR.
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3.3.3 Examples for standing-wave and Wu-King dipole an-

tennas

As basic examples of our modeling approach, Figures 3.3 and 3.4 show the radiated

Ez field and receiver load voltage determined for two cases that represent the end

members of commercial borehole GPR antennas. In Figure 3.3, we used the antenna

current impulse response function from Figure 3.2 to model radiation and reception

between 2-m-long, standing-wave dipole antennas embedded in a lossless, homoge-

neous medium having κ = 9. The transmitter antenna was placed at a depth of 10 m,

and the horizontal antenna separation was 4 m. For the excitation voltage, we used

a Gaussian pulse, given by

Vg(t) = exp

[
−

(
t− t0

τ

)2
]

, (3.16)

where the characteristic time τ was set equal to 1 ns, and t0 was chosen such that

Vg(0) is the first point in the Gaussian where the amplitude reaches 0.1% of its

maximum value. The radiated Ez field for the standing-wave dipole can be seen to

consist of a series of positive and negative pulses, each of which represents radiation

from either the antenna feed or end points in accordance with time-domain antenna

theory (Smith, 1997, 2001). That is, although we have superimposed the responses

of infinitesimal dipoles along the entire length of the antenna to model the radiated

wavefield, these responses cancel everywhere on the dipole except at the feed and end

points, where charge acceleration and deceleration take place. We purposely chose a

short excitation pulse and long antennas for this example to demonstrate this effect.

If the antennas were shortened, the current pulse velocity along the antennas were

increased, or the excitation pulse were lengthened, then the discrete arrivals seen

in Figure 3.3 would merge. This typically occurs in crosshole radar data (Sato and
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Thierbach, 1991). There is also a significant difference between the Ez and received

voltage waveforms in Figure 3.3. Whereas Ez consists of distinct pulses in time, the

received voltage waveform appears more like an integrated pulse sequence. This is

also in accordance with time-domain antenna theory (Shlivinski et al., 1997; Smith,

2004), and illustrates the importance of properly accounting for reception, in addition

to transmission, when modeling crosshole GPR data.

In Figure 3.4, we used the same modeling parameters and experimental geometry

as Figure 3.3, but altered A(z, t) to simulate transmission and reception between

resistively loaded, Wu-King dipole antennas (Wu and King, 1964). Specifically, the

amplitude of the original standing-wave dipole impulse response shown in Figure 3.2

was linearly tapered to zero at the ends of the antenna such that (Smith, 1997)

Awk(z, t) =





As(z, t) (1− |z|/l) if t ≤ l/vant

0 otherwise,
(3.17)

where vant is the velocity of the current pulses on the antenna, Awk(z, t) is the Wu-King

dipole impulse response, and As(z, t) is the standing-wave dipole impulse response.

Whereas a standing-wave antenna sustains pulses of current that travel back and

forth along the antenna arms, a Wu-King dipole is loaded with resistance in such a

manner to be reflectionless. For this reason, the pulses of current on a Wu-King dipole

travel only from the feed point to the ends of the antenna before they decay to zero

amplitude. Figure 3.4 shows that, in contrast to the standing-wave case, the radiated

and received waveforms for the Wu-King dipole are very compact. Because there are

no reflections on the antenna, radiation comes largely as an initial pulse from the feed

point (Smith, 1997). The results in Figure 3.4 are in accordance with those obtained

by Sengupta and Liu (1974), who analytically investigated the response of Wu-King

dipoles to Gaussian pulse excitation.
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Figure 3.3: (a) Radiated Ez field and (b) received waveform determined for
2-m-long, standing-wave dipole antennas in a lossless κ = 9 medium.
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Figure 3.4: (a) Radiated Ez field and (b) received waveform determined for
2-m-long, resistively loaded (Wu-King) dipole antennas in a lossless, κ = 9
medium.



50

In practice, commercial borehole GPR antennas lie somewhere between the un-

damped, standing-wave dipoles of Figure 3.3 and the Wu-King dipoles of Figure 3.4.

That is, these antennas tend to be lightly resistively loaded to achieve a compromise

between power radiated into the ground and pulse width, which ideally should be

short. Indeed, crosshole GPR waveforms that we have recorded in the field tend to

contain more peaks and troughs than the waveforms displayed in Figure 3.4b, but

significantly less of these than the waveforms shown in Figure 3.3b.

3.3.4 Behavior of the antenna current for crosshole GPR

To model antenna transmission and reception using a superposition of point source

and receiver responses, we require prior knowledge of the antenna current behavior,

contained in A(z, t). For the examples shown in Figures 3.3 and 3.4, ideal A(z, t)

functions were assumed. In using these functions, the velocity of the current pulses on

the antennas was assumed to be the same as the EM wave velocity of the surrounding

medium, and the pulses were assumed to undergo no change in shape as they traveled

along the antenna arms. For the simple case of a thin, bare-wire antenna embedded in

a homogeneous medium, this behavior may be a reasonable approximation to reality

(Balanis, 1997). However, in the crosshole radar case, the antennas are insulated and

located in air- or water-filled boreholes. As a result, such simple A(z, t) functions are

generally not valid.

In the situation where the materials between the antenna wire and the exter-

nal medium (i.e., the antenna insulation and borehole-filling material for the cross-

hole GPR case) have significantly lower dielectric permittivities than the external

medium, a realistic current distribution on an insulated antenna may be obtained

analytically (King and Smith, 1981; King et al., 1983). Under these conditions, the

antenna can be treated as a short-circuited transmission line and characterized by

equations (3.10) and (3.11), but with a characteristic impedance that is complex
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and frequency-dependent, and a wave number different from that of the surrounding

medium. These results were used by Sato and Thierbach (1991) in their analytical

formulation of crosshole GPR transmission and reception. However, as mentioned

previously, this approach is valid only for modeling in the vadose zone, as in the sat-

urated zone, the material present in the borehole (water) has a significantly higher

dielectric permittivity than the surrounding earth.

To determine realistic current behavior for crosshole GPR antennas in both air-

and water-filled boreholes, without any assumptions or approximations, we use a de-

tailed FDTD modeling approach in 2-D cylindrical coordinates. In a similar manner

to Ernst et al. (2005) and Ellefsen and Wright (2005), we model explicitly the trans-

mitter antenna and borehole using a fine spatial discretization. We then simulate

transmission on the antenna and examine the current distribution. To reduce com-

puting time, we limit the extent of our model to a small region around the borehole.

Figure 3.5 shows the modeling domain that we consider for this approach. The an-

tenna wire, with diameter dwire and electrical conductivity σwire , contains a small,

1 mm feed gap at the center. The wire is surrounded by lossless insulation having

external diameter dins and dielectric constant κins . The borehole, with diameter dbh ,

is characterized by either κbh = 1 and σbh = 0 mS/m (air-filled), or κbh = 80 and

σbh = 1 mS/m (water-filled). The surrounding medium has electrical properties κmed

and σmed . For all materials, we assume that the magnetic permeability equals its free

space value, µ0. To feed the antenna and represent the correct impedance contrast at

the input terminals, we attach a 1-D transmission line that is terminated at the far

end with an absorbing boundary condition (Maloney et al., 1994; Lampe et al., 2003).

The voltage excitation function is then introduced into the line through a one-way

injector. To obtain the current on the antenna from the FDTD modeling results, we

apply the integral formulation of Ampere’s Law to the Hφ field nodes located just

outside the antenna wire.
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Figure 3.5: Modeling domain used to determine the behavior of the current
on a realistic borehole GPR antenna.

Figure 3.6 shows the antenna current that we obtained using this approach for a 2-

m-long, insulated dipole located in a 5-cm-diameter, air-filled borehole and excited by

a Gaussian pulse with τ = 1 ns. This borehole diameter is typical of the PVC-cased

piezometer wells that we commonly use for our crosshole GPR work. The surrounding

earth had κmed = 9 and σmed = 1 mS/m. The antenna wire was modeled as a copper

cylinder with dwire = 5 mm and σwire = 5 × 107 S/m. For the insulation, we used

dins = 30 mm and κins = 4. These specifications approximately model the cross-

section of our commercial borehole GPR antennas. The characteristic impedance of

the 1-D feeding transmission line was set to 50 Ω. Figure 3.6 shows that, as described

previously, a pulse of current travels back and forth on each arm of the antenna in

response to the excitation voltage pulse. In contrast to the simple cases considered

earlier, however, these pulses can be seen to undergo significant broadening as they

propagate due to the presence of the antenna insulation and borehole. This shows that

we cannot ignore dispersion that occurs along the antennas when modeling crosshole
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Figure 3.6: Normalized transmitter antenna current for an insulated, 2-m-long,
dipole antenna located in a 5-cm-diameter, air-filled borehole and surrounded
by earth having κmed = 9 and σmed = 1 mS/m. Results were determined using
a finely discretized FDTD simulation with the outer boundary set 0.5 m away
from the antenna axis.

GPR. For the case of a water-filled borehole, the dispersion was found to be even more

significant than shown here. Also important in Figure 3.6 is the fact that the velocity

of the current pulses on the antenna is 0.14 m/ns, which is significantly greater than

the EM-wave velocity of the surrounding earth (approximately 0.1 m/ns). Clearly,

the antenna insulation and borehole have a marked effect on the antenna current

distribution, and thus transmission and reception.

To model crosshole GPR using our approach, the actual current on the antennas

is not required, but rather the antenna current impulse response A(z, t). However,

FDTD modeling using a true impulse voltage excitation to obtain A(z, t) would re-

quire an extremely fine spatial discretization because of the high frequency compo-

nents involved and the fact that 10 grid points per minimum wavelength are required

to control numerical dispersion. To obtain a reasonable approximation to A(z, t) for

our purposes, we compute the antenna current as described above using a Gaussian
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excitation pulse whose frequency spectrum is essentially white over the bandwidth of

the transmitter excitation pulse of interest. We have found that setting τ = 0.1 ns in

equation (3.16) yields a good approximation to A(z, t) for crosshole GPR modeling.

In addition, we have found that A(z, t) is relatively insensitive to moderate fluctua-

tions in the electrical properties of the earth surrounding the antennas; that is, the

antenna current behavior is much more dependent upon the properties of the insu-

lation and material filling the borehole. As a result, A(z, t) often need be computed

only once, using an average value for the earth’s electrical properties, to adequately

model an entire crosshole GPR survey.

3.4 Comparison with analytical, numerical, and

field results

To validate our modeling approach, we now compare results that we have obtained

using our code with analytical results, numerical modeling results where the trans-

mitter antenna and borehole have been explicitly discretized, and crosshole GPR field

data. For all cases, 0.8-m-long dipole antennas were considered, which is the length

of the frequently employed 100-MHz center frequency antennas in our crosshole GPR

system. The transmitter antenna for all cases was located at 10 m depth, and the

antenna wire was assumed to be a 5-mm-diameter copper cylinder. A Gaussian ex-

citation pulse with τ = 2 ns (e.g., Sato and Thierbach, 1991) was used for all of the

simulations. We believe this to be a good approximation to the voltage pulse deliv-

ered by our commercial system transmitter. We normalized each trace in the gathers

presented below by the maximum value in order to allow for easier comparison of the

individual waveforms, whose amplitudes decrease significantly at high propagation

angles. In each case, the absolute amplitudes of the data being compared were in
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Figure 3.7: Comparison of received waveforms computed using our approach
(black) and determined analytically using the method of Sato and Thier-
bach (1991) (red).

excellent agreement.

Figure 3.7 compares the receiver load waveforms obtained using our code with

the analytical results of Sato and Thierbach (1991) for the case where the antennas

were situated in 5-cm-diameter, air-filled boreholes and surrounded by a homogeneous

medium having κmed = 9 and σmed = 1 mS/m. For this example, the borehole sepa-

ration was 5 m. The modeled antennas were not insulated (i.e., dins = dwire) because

the formulation presented by Sato and Theirbach considers only one material between

the antenna wire and the surrounding earth. Their approach could be extended to

include both the antenna insulation and borehole-filling material using the results of

King et al. (1983). As seen in Figure 3.7, there is excellent agreement between our

results and the analytical solution.
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In Figure 3.8, we compare the radiated Ez field determined using our approach

with that obtained by explicitly modeling the transmitter antenna and its borehole

using a very fine spatial discretization, in a similar manner to Ernst et al. (2005)

and Ellefsen and Wright (2005). We examined four cases, which represent 5-cm- and

10-cm-diameter boreholes in vadose- and saturated-zone environments. In all of these

cases, the insulated antenna profile used for Figure 3.5 was employed. The Ez field

was recorded at points along a vertical line 3 m away from the transmitter borehole.

In the vadose-zone examples (Figures 3.8a and 3.8b), the borehole was air-filled and

surrounded by a homogeneous medium having κmed = 9 and σmed = 1 mS/m. Here,

we see that our results are nearly identical to those determined through detailed

FDTD modeling. In the saturated zone examples (Figures 3.8c and 3.8d), the borehole

was filled with water and the surrounding medium had κmed = 25 and σmed = 5 mS/m.

Again, the results obtained using the two approaches are in excellent agreement.

Clearly, in accounting for the transmitter antenna and borehole by replicating the

antenna current behavior on a significantly coarser grid, we are able to obtain the

radiated wavefield very accurately.

Recent work has shown that, in addition to affecting the current distribution on an

antenna, a water-filled borehole may distort antenna radiation through guided-wave

effects (Holliger and Bergmann, 2002; Tronicke et al., 2004; Tronicke and Holliger,

2004). Indeed, there is slightly less agreement between our code and the detailed mod-

eling results for the 10-cm-diameter, water-filled borehole case shown in Figure 3.8d,

which we believe is related to this phenomenon. Although the differences between

our code and the finely discretized results in Figure 3.8d are minor, it is important

to emphasize that our methodology can only account for guided-wave effects to the

extent that they affect the antenna current distribution. For some combinations of

antenna excitation pulse and borehole diameter in water-filled boreholes, it is possi-

ble that guided-wave effects that cannot be modeled with our approach may be more
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Figure 3.8: Comparison of radiated Ez field computed using our approach
(black) and using finely discretized FDTD code with the transmitter antenna
and borehole explicitly modeled (red). (a) vadose zone, 5-cm-diameter bore-
hole; (b) vadose zone, 10-cm-diameter borehole; (c) saturated zone, 5-cm-
diameter borehole; (d) saturated zone, 10-cm-diameter borehole.
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significant than shown here.

As a final example, Figure 3.9 compares results obtained using our code with

crosshole GPR field data collected between 5-cm-diameter, air-filled piezometer wells

located in a relatively homogeneous, unsaturated, glaciofluvial sand-and-gravel de-

posit near Abbotsford, BC, Canada. The boreholes were 6 m apart. Again, we

modeled the antennas using the insulated antenna profile from Figure 3.5. In ad-

dition, to obtain the best match with the field data, constant resistive loading was

included along the antennas. This was accomplished by increasing the resistivity of

the antenna wire cells in the detailed FDTD simulation that we used to obtain A(z, t).

We used an average value of κmed = 6, which was obtained from first-arrival times

in the crosshole data. The conductivity of the sand and gravel was estimated to be

1 mS/m. Figure 3.9 shows our modeling results and the field data to be in good

agreement. The received waveforms are very similar except for a slightly broader

received pulse in the field data, especially at high angles (i.e., longer travel paths),

which we suspect is related to intrinsic dispersion in the sand and gravel. We have

not accounted for frequency-dependent material properties in our FDTD code, but

including dispersion into the algorithm would be straightforward (e.g., Bergmann et

al., 1998).

3.5 Conclusions

Through a relatively simple modification of the FDTD algorithm of Holliger and

Bergmann (2002), we can simulate both antenna transmission and reception for cross-

hole GPR in heterogeneous media. A significant advantage of our approach is that

modeling can be performed very efficiently on a relatively coarse, 2-D grid. In ad-

dition, our method allows us to simulate the current behavior on realistic borehole
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Figure 3.9: Comparison of received waveforms modeled using our approach
(black) and recorded in the field in an unsaturated sand-and-gravel aquifer
deposit (red).
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GPR antennas very accurately because we obtain A(z, t) from a detailed FDTD sim-

ulation where the antenna and borehole features are explicitly included. Our next

step is to use this modeling approach to develop a full-waveform inversion strategy for

crosshole GPR data. Although it has been shown recently that guided-wave effects

may significantly affect antenna radiation in water-filled boreholes, our method was

able to model radiation in both 5-cm- and 10-cm-diameter, water-filled boreholes very

accurately. However, some combinations of borehole diameter and transmitter exci-

tation pulse may produce guided-wave effects that cannot be completely accounted

for through the antenna current distribution. If these effects are determined to be

important, they could at least be partly accounted for with our code by explicitly

modeling the transmitter borehole. Finally, it is likely that our formulation could

also be used, with a few modifications, to model transmission and reception in a

vertical radar profile (VRP) configuration. This is a topic of future research.



Chapter 4

Effect of antennas on crosshole

GPR velocity estimates

4.1 Abstract

In order to obtain tomographic images with the highest possible resolution from cross-

hole ground-penetrating radar (GPR) data, raypaths covering a wide range of angles

between the boreholes are required. In practice, however, the inclusion of high-angle

ray data in crosshole GPR inversions often leads to tomograms so dominated by

inversion artifacts that they contain little reliable subsurface information. Here, we

investigate the problems that arise from the standard assumption that all first-arriving

energy travels directly between the centers of the antennas. Through numerical mod-

eling, we show that this assumption is often incorrect at high transmitter-receiver

angles, and can lead to significant errors in tomographic velocity estimates when the

antenna length is a significant fraction of the borehole spacing.

61
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4.2 Introduction

Crosshole ground-penetrating radar (GPR) tomography is a popular method for high-

resolution imaging of the shallow subsurface. Applications include determination of

the location of underground tunnels and voids (Moran and Greenfield, 1993), de-

lineation of orebodies (Fullagar et al., 2000), mapping fractures in bedrock (Olsson

et al., 1992), and estimation of subsurface lithology and hydrogeological properties

using field- or laboratory-derived petrophysical relationships (Tronicke et al., 2004).

The spatial resolution of tomographic images obtained from crosshole GPR data is a

critical parameter that determines both the way in which the data are used, and the

value of the data, for a specific application.

Of interest in our research is the use of GPR images to quantify the spatial vari-

ability of the subsurface for the purpose of predicting contaminant fate and trans-

port. This application requires that our images have the best possible resolution in

all directions. In order to obtain tomographic images with such high resolution from

crosshole GPR data, raypaths covering a wide range of angles between the boreholes

are required. This is a direct consequence of the Fourier projection slice theorem,

which states that each set of rays passing through an object at a particular angle

(which constitutes a projection) yields one slice of that object’s 2-D Fourier spectrum

(Rector and Washbourne, 1994). In practice, however, the inclusion of high-angle ray

data in crosshole GPR inversions can be problematic (Peterson, 2001; Alumbaugh

and Chang, 2002). That is, the inclusion of these data often results in tomograms so

dominated by inversion artifacts that they contain little, if any, reliable subsurface

information. For this reason, common practice is to limit the aperture of crosshole

GPR data sets prior to inversion by discarding rays at angles greater than a particular

threshold value (e.g., Alumbaugh and Chang, 2002).

The process of aperture limitation tends to yield reasonable tomographic images
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from crosshole GPR data. In our experience, however, it typically requires that we

discard all rays at angles above 40 degrees from the horizontal, which is often well

below the maximum angle at which first-arrival data can be reliably picked. We are

therefore degrading the potential resolution of our images by discarding these rays.

We are interested in determining why the high angle rays have such a negative effect

on the images. Once this has been resolved, it may be possible to find a means of

properly incorporating these data into crosshole GPR inversions.

In this study, we explore the idea that a key assumption, currently employed in

the inversion of all crosshole GPR data, is invalid for high-angle rays. Crosshole

GPR inversion strategies treat the antennas as point sources and receivers whose

locations are given by the antenna midpoints. That is, these strategies effectively

ignore the length of the antennas, and assume that all first-arriving energy travels

directly between the antenna centers. In many cases, however, the antenna length

is a significant fraction of the separation distance between the boreholes. Here, we

use numerical modeling to investigate whether, for large vertical offsets between the

transmitter and receiver antennas, first-arriving energy can sometimes travel between

the antenna tips.

4.3 Velocity along a borehole GPR antenna

A key parameter in assessing the travel path of electromagnetic (EM) waves in a

crosshole GPR experiment is the velocity at which energy travels along the borehole

antennas, vant , relative to the velocity of EM waves through the medium between the

boreholes, vmed . Because the borehole antenna wires are not simply embedded within

the earth in a crosshole GPR experiment, but rather are surrounded first by the an-

tenna insulation and then the borehole filling material, these two velocities are usually

quite different. If vant ≤ vmed , then the first-arriving energy at all transmitter-receiver
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angles should be that traveling directly between the antenna centers. In contrast, if

vant > vmed , then the possibility exists at high transmitter-receiver angles for the

first-arriving energy to travel between the tips of the antennas. More specifically, it

is possible in this case that the first-arriving energy (i) travels from the center feed

point along the transmitter antenna to the tip at velocity vant , (ii) is radiated from

the tip of the transmitter antenna, (iii) travels through the subsurface at velocity

vmed , (iv) is received at the opposite tip of the receiver antenna, and (v) travels along

the receiver antenna from the tip to the center input terminal at velocity vant .

The physics governing the propagation of energy along an insulated antenna in a

borehole are very complex, and involve the solution of Maxwell’s equations in cylindri-

cal coordinates subject to boundary conditions at the various interfaces surrounding

the antenna wire. In general, the velocity of energy traveling along a borehole GPR

antenna will be most sensitive to the material closest to the antenna wire (i.e., the

antenna insulation) and less sensitive to material further away. For an excellent treat-

ment of the theory of insulated antennas, along with a derivation of the propagation

constant on such an antenna under certain limiting assumptions, the reader is referred

to King and Smith (1981) and King et al. (1983). Unfortunately, the assumptions

required for the propagation constant derivation are too restrictive for our purposes.

We therefore determine the velocity of energy along a borehole GPR antenna using

a numerical modeling approach.

Figure 4.1 shows the ratio of the antenna velocity to external medium velocity

(vant/vmed) that we have calculated for a realistic borehole GPR antenna in a variety

of vadose and saturated zone situations. To create this plot, we first constructed

a finely discretized finite-difference time-domain (FDTD) model of the antenna and

its immediate surroundings in 2-D cylindrical coordinates, based on the approach

presented by Holliger and Bergmann (2002). This model was then used to obtain

the current distribution on the antenna during transmission when it was placed in
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Figure 4.1: Antenna-to-medium velocity ratio (vant/vmed) determined versus
borehole diameter for a number of cases in the vadose zone (red, air-filled
borehole) and saturated zone (blue, water-filled borehole). κ values represent
the dielectric constant of the medium surrounding the boreholes.

air- and water-filled boreholes of various diameters. The boreholes were surrounded

by media having different values of the dielectric constant κ. The antenna design

used for the simulations was based on the borehole antennas in our commercial GPR

system, and consisted of a 5 mm diameter copper cylinder with electrical conductivity

σ = 5×107 S/m, surrounded to 30 mm diameter by non-conductive insulation having

κ = 4. To feed the antenna, we applied a Gaussian voltage pulse, having a -20 dB

width of approximately 5 ns, to a 1 mm feed gap located at the center of the antenna

wire. The antenna velocity was obtained by determining the first-arrival time of the

resulting current pulse as it traveled to each point along the antenna.

As shown in Figure 4.1, vant/vmed is much more dependent upon borehole diam-

eter in the vadose zone than in the saturated zone. This is because, in the case

of a water-filled borehole, the borehole acts as a dielectric waveguide and thus the

external medium has little influence on the velocity of energy along the antenna (Hol-

liger and Bergmann, 2002). More important, however, is the fact that for most of
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the cases considered, Figure 4.1 clearly shows that vant/vmed is significantly greater

than 1. Surprisingly, this is even the case in a water-filled borehole. The antenna

insulation (a fast dielectric) is evidently thick enough to allow energy to propagate

along the antenna at a velocity greater than that of the saturated external medium,

despite being surrounded by water (a very slow dielectric). Figure 4.1 thus indicates

that, for the insulated antenna that we have considered, it will often be possible at

high transmitter-receiver angles for energy traveling between the tips of the antennas

to arrive before that traveling directly between their centers. In the next section,

we evaluate the implications of this result for crosshole GPR tomography, and find

that significant errors in velocity estimates can occur when this phenomenon is not

addressed.

4.4 Crosshole GPR modeling results

4.4.1 Homogeneous medium

We first consider a crosshole GPR experiment where the medium between the bore-

holes is homogeneous with κ = 25. This is a typical value of the dielectric constant

for earth materials located in the saturated zone. We generate synthetic crosshole

GPR data through this medium using finite-length antennas. We then examine the

errors that can result in velocity estimates obtained from the synthetic data when

it is assumed that first-arriving energy always travels directly between the antenna

centers.

To numerically simulate transmission and reception between realistic, finite-length,

borehole GPR antennas, we use a superposition of point dipole source and receiver

responses in 2-D cylindrical coordinates (Irving and Knight, 2006b). Results obtained

using this technique have been shown to be in excellent agreement with analytical,
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field, and finely discretized numerical modeling results. For all of the examples in

this study, we also simulated moderate resistive loading on the antennas such that

the waveforms produced were similar to crosshole waveforms that we have recorded

with our commercial GPR system. Borehole GPR antennas tend to be resistively

loaded, but only lightly, in order to obtain a compromise between a short radiated

pulse and maximum power transfer into the ground.

Figure 4.2 shows the velocity error that results at different transmitter-receiver an-

gles when it is assumed that first-arriving energy travels directly between the centers

of the antennas. This error was determined using the following equation:

% error =
vmeas − vtrue

vtrue

× 100, (4.1)

where vmeas is the velocity measured from the synthetic data using the picked first-

arrival time, and vtrue is the known velocity of the medium between the boreholes

(in this case, 0.06 m/ns).

Modeling was performed for a number of different cases corresponding to variations

in vant/vmed , the borehole separation distance, and the length of the transmitter and

receiver antennas. The flat-lying solid red curve in Figure 4.2 corresponds to the case

where the velocity along the antennas was set equal to the velocity of the surrounding

medium (i.e., vant/vmed = 1). As expected, there is no error in the measured velocity

with angle. A very different behavior is observed, however, for all of the other curves

shown in Figure 4.2. In these cases, there are no errors in the measured velocities

for low propagation angles between the antennas, but errors clearly exist at higher

angles as a result of our assumption that first-arriving energy travels directly between

the antenna centers. For low transmitter-receiver angles, this assumption is valid. At

higher angles, however, energy traveling between the antenna tips arrives first, which

results in a measured velocity that is greater than the true velocity of the medium.
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Figure 4.2: Velocity error versus transmitter-receiver angle (measured from
the horizontal) determined from numerical simulations of finite antennas in a
homogeneous medium having κ = 25. (1) vant/vmed = 1.5, borehole separa-
tion = 4 m, antenna length = 0.8 m; (2) vant/vmed = 1.0; (3) vant/vmed = 2.0;
(4) borehole separation = 2 m; (5) borehole separation = 8 m; (6) antenna
length = 0.4 m; (7) antenna length = 1.6 m.
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We now consider the magnitude of the errors in Figure 4.2. The green curve in

the figure was created using a conservative antenna-to-medium velocity ratio of 1.5,

0.8 m long antennas (which is the length of the 100 MHz antennas in our commercial

borehole GPR system), and a borehole separation of 4 m. These parameters are

typical of many crosshole GPR surveys, and result in an error in velocity of 2% at some

transmitter-receiver angles. As we will see in the next section, a consistent error of

this magnitude can have significant effects on the tomograms obtained from crosshole

GPR data. All of the other curves shown in Figure 4.2 represent a perturbation

of one of the three parameters described above from the values used for the green

curve. From these results, we see that the velocity error associated with high-angle

rays is greatest for large values of vant/vmed , small borehole separations, and longer

(i.e., lower frequency) antennas.

4.4.2 Heterogeneous medium

We now consider crosshole GPR data acquired through the heterogeneous medium

shown in Figure 4.3a. This velocity model was constructed using the geostatistical

software package GSLIB (Deutsch and Journel, 1992). A range of 20 ≤ κ ≤ 32 was

chosen to represent earth materials in the saturated zone. The boreholes located on

either side of the model are 4 m apart and 12 m deep. The transmitter and receiver

locations were spaced every 0.25 m down the boreholes from 0.5 m to 11.5 m. To

produce all of the tomograms for this example, we again assumed that all first-arriving

energy travels directly between the antenna centers. In addition, straight rays were

assumed in all of the inversions and a Laplacian smoothness operator was employed

for regularization purposes. The same parameters were used in each inversion so that

differences between the resulting tomograms could be fully attributed to differences

between the antennas and apertures used.
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Figure 4.3: Heterogeneous medium example. (a) true velocity model; (b) ve-
locity tomogram obtained from synthetic data created using point dipole an-
tennas; (c) velocity tomogram obtained from synthetic data created using re-
alistic, finite-length antennas; (d) velocity tomogram obtained from aperture-
limited finite-antennas data, where rays at angles greater than 40 degrees from
the horizontal were discarded.

We first generated synthetic crosshole data through the velocity model in Fig-

ure 4.3a using point dipole sources and receivers, so that all first-arriving energy

would truly travel between the antenna centers. This was done using the modeling

approach of Holliger and Bergmann (2002) with a 100 MHz Ricker wavelet source

function. Figure 4.3b shows the inversion result for the point source and receiver

data using all available travel times, which involved rays at angles up to 70 degrees

from the horizontal. There is excellent agreement between Figure 4.3b and the true

velocity model in Figure 4.3a due to the agreement between our forward model and

inversion procedure on the path taken by first-arriving energy, and the wide angular

coverage provided by the data set.

We next generated synthetic crosshole GPR data through the velocity model in

Figure 4.3a using 0.8 m long, finite-length antennas with vant = 0.09 m/ns, which

is 1.5 times the average subsurface velocity of 0.06 m/ns. These parameters, along
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with the borehole separation of 4 m, are the same as those used to create the green

curve in Figure 4.2. Figure 4.3c shows the tomogram obtained from the finite-length

antennas data. Here, we see that the tomogram is dominated by inversion artifacts

to the extent that no reliable information about the subsurface can be inferred. As

in Figure 4.3b, rays at all available angles were included in this inversion. It is the

velocity errors associated with the high-angle rays, due to the incorrect assumption

about first-arriving energy, that cause the severe artifacts seen in Figure 4.3c.

Figure 4.3d clearly illustrates the impact of the velocity errors at high transmitter-

receiver angles on the tomogram. For this figure, all rays at angles greater than

40 degrees from the horizontal were discarded from the finite-length antennas data

before inversion. Notice that we now obtain a reasonable tomographic image because

we avoid the errors associated with the high-angle rays. However, the resolution of

this image is reduced when compared to Figure 4.3b because of the decreased angular

aperture. For many applications, this loss of resolution may be critical. To further

quantify the accuracy of the recovered velocity models in Figures 4.3d and 4.3b,

we calculated the root-mean-square (RMS) error between each tomogram and the

true velocity model shown in Figure 4.3a. Figure 4.3b has an RMS velocity error of

1.1×10−3 m/ns, whereas the RMS error for Figure 4.3d is greater at 1.5×10−3 m/ns.

4.5 Conclusions

Through numerical modeling we have shown that, at high propagation angles between

the transmitter and receiver antennas in crosshole GPR tomography, energy traveling

between the tips of the antennas can often arrive before that traveling between their

centers. This can occur in both the vadose and saturated zones, and contradicts the

assumption of present inversion strategies that first-arriving energy always travels di-

rectly between the antenna centers. Consequently, significant errors in tomographic
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velocity estimates can result when high-angle ray data are included in inversions.

These errors will be greatest for small borehole separations and lower-frequency an-

tennas.

It should be noted that the results shown here are not restricted to perfectly elec-

trically conducting (PEC) type antennas. As stated previously, moderate resistive

loading along the antennas was included for all of the examples presented, such that

the modeled waveforms were similar to those that we have recorded with our commer-

cial borehole GPR system. However, we acknowledge that greater resistive loading

in a progressive manner, such as in a Wu-King configuration (Wu and King, 1964),

would likely reduce the magnitude of the errors shown here, as antennas loaded in

this manner tend to act as very short dipoles. To our knowledge, this type of resis-

tive loading is uncommon in commercial borehole GPR antennas because it does not

permit sufficient energy transfer into the ground.

Finally, we do not suggest that all difficulties associated with high-angle ray data

in crosshole GPR tomography are related to the assumption that first-arriving energy

travels directly between the antenna centers. There are lower signal-to-noise ratios

associated with these data that will contribute to greater picking errors and thus less

accurate inversion results as well. However, the errors resulting from the assumption

about first-arriving energy can, alone, have a major impact on the quality of tomo-

grams obtained from crosshole GPR data. Now that we understand the effect of the

antennas on inversion results, finding a way to properly include the high-angle ray

data becomes a feasible and important objective for future research.



Chapter 5

Strategies for improving crosshole

GPR travel-time tomography at

close borehole spacings

5.1 Abstract

Crosshole ground-penetrating radar (GPR) travel-time tomography between closely

spaced boreholes presents a number of significant challenges to the GPR practitioner.

One of these is that the accurate picking of high-angle ray data, which are necessary

to obtain the highest resolution tomographic images, is often extremely difficult be-

cause of low S/N in the data. Another challenge is that, even when high-angle travel

times are available, they often appear to be incompatible with lower-angle ones at

close borehole spacings, and cause significant numerical artifacts when included in

inversions. Although an easy solution to both of these problems is to simply ignore

the high-angle ray data, such a strategy effectively limits the horizontal resolution

of the images that are obtained, which may be critical depending on the end use of

73
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the data. Here, we attempt to deal with these problems more completely, and first

present a travel-time picking strategy based on cross-correlations that is suitable for

noisy, high-angle data. High-quality reference waveforms for the cross-correlations

are obtained by stacking aligned common-ray-angle gathers. Next, we discuss how

tip-to-tip antenna coupling, interference between feed- and end-radiated pulses, and

propagation dispersion can result in problems experienced with high-angle rays at

close borehole spacings, and using the fact that all of these mechanisms cause errors

in velocity as a function of angle, we develop a modified inversion procedure: In ad-

dition to estimating subsurface EM-wave velocities, we invert for a small number of

parameters that describe a travel-time correction curve as a function of angle. Using

this methodology, we show the improved inversion of synthetic crosshole GPR data,

and also field data collected between closely spaced wells at the Boise Hydrogeophys-

ical Research Site (BHRS).

5.2 Introduction

Crosshole ground-penetrating radar (GPR) travel-time tomography is a popular geo-

physical method for high-resolution imaging of the subsurface in terms of its electro-

magnetic (EM) wave velocity. With this method, a short EM pulse is radiated from

a transmitter antenna, located in one borehole, and recorded at a receiver antenna,

which is located in an adjacent borehole. The first-break travel times of energy for

various configurations of the two antennas are then picked and inverted to obtain an

image of the distribution of velocity between the boreholes. Because of the strong

contrast that exists between the EM-wave velocity of water (0.33 m/ns) and that of

dry earth materials (∼0.15 m/ns), the velocities obtained with crosshole GPR tomog-

raphy are highly correlated with water content in the subsurface. For this reason, the

technique is commonly used to detect differences in porosity in the saturated zone,
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and differences in soil water retention (and thus grain size) in the vadose zone. Of

interest in our research is the use of such information in the development of numerical

models for groundwater flow and contaminant transport. For this application, the

resolution of the crosshole GPR images we obtain is critical.

In environmental applications, crosshole GPR tomography is commonly performed

between boreholes that are spaced quite closely together (on the order of a few me-

ters) (e.g., Peterson, 2001; Alumbaugh and Chang, 2002; Tronicke et al., 2002). At

such borehole spacings, the potential exists in theory for excellent tomographic res-

olution. This is because, even for the relatively shallow (∼20 m) borehole depths

typical of environmental applications, close borehole spacings allow for wide angular

coverage of the inter-borehole region, which is a key requirement for high-resolution

imaging with ray-based tomography. In practice, however, two significant problems

are encountered when trying to take advantage of this wide angular coverage. First,

the arrival times of energy traveling at high transmitter-receiver angles are often very

difficult to pick because of low S/N in the data. This results not only because of

an increased amount of attenuation at high angles due to longer travel paths, but

also because of the radiation patterns of the GPR antennas, which approximately

follow a half-cosine distribution with the maximum perpendicular to the antenna

elements. Secondly, when high-angle travel times are available at close borehole spac-

ings, difficulties are commonly encountered when attempting to incorporate these

data into crosshole GPR inversions. Specifically, the high-angle data often appear

to be incompatible with travel times corresponding to lower transmitter-receiver an-

gles, and cause significant numerical artifacts in the resulting tomograms (Peterson,

2001; Alumbaugh and Chang, 2002; Irving and Knight, 2005b). As we will show, this

incompatibility cannot be simply explained by decreased picking accuracy at high

angles, reasonable geological anisotropy, or survey measurement errors.

At the present time, the strategy for dealing with the two problems mentioned
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above is quite simple. Because travel times at high transmitter-receiver angles are

often difficult to pick and can cause significant inversion artifacts at close borehole

spacings, they are generally excluded from the tomographic imaging process. Doing

this allows for reasonable tomograms to be obtained from the data; however, it comes

at the expense of horizontal resolution. Because, without the high-angle rays, we have

little information constraining lateral variability in the subsurface, the tomograms

obtained in this manner tend to be significantly smoothed in the horizontal direction.

For some applications of the images such as ours, this lack of horizontal resolution may

be a serious drawback. As a result, it has been our goal to understand in more detail

the high-angle problem at close borehole spacings, and develop improved picking

and inversion methods for crosshole GPR data in order to obtain higher-resolution

tomograms.

In this paper, to address the high-angle picking problem, we present a strategy

for determining first-break times in crosshole GPR data using cross-correlations. Our

methodology allows for the robust and automatic picking of first breaks in data having

very low S/N, and is best suited to subsurface environments lacking extreme velocity

constrasts (interference between the direct and scattered arrivals in such environ-

ments is minimal). We show the application of this picking methodology to crosshole

GPR data collected at the Boise Hydrogeophysical Research Site (BHRS) near Boise,

Idaho. Next, we address the nature of the incompatibility problem with high-angle

ray data, and discuss a number of factors, other than simple coordinate mislocations

and transmitter fire-time errors, that can result in apparent variations in measured

velocities as a function of angle. Although these factors have a minimal effect at

large borehole offsets, they can cause significant problems when boreholes are spaced

closely together. Finally, using this information, we develop an inversion algorithm

for data collected at close borehole spacings that allows all of the available travel

times (high- and low-angle) to be effectively used. We show the results of successfully
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applying this inversion technique to synthetic crosshole GPR data, and also to the

picked field data set from the BHRS.

5.3 Cross-correlation picking of travel times

As mentioned, one theoretical advantage of crosshole GPR data collected between

closely spaced boreholes is that high-angle raypaths are available, and the potential

thus exists for wide angular coverage of the inter-borehole region. However, often the

S/N in data acquired along such raypaths is very low and it is extremely difficult, if

not impossible, to determine the first breaks manually or using automated techniques

such as finding where the amplitude on a trace first reaches some threshold value,

and then backing off by a prescribed amount. As an example, Figure 5.1 shows a

common-receiver gather from a 250 MHz crosshole GPR data set that was collected

between wells A1 and B2 (∼3.5 m apart and cased with 4-inch-diameter PVC) at the

BHRS. In this gather, the receiver antenna was located at a depth of 5.33 m, and

the transmitter antenna was moved from 3.72 to 18.04 m depth. All traces in the

gather have been normalized by their maximum amplitudes for easier comparison.

Notice in the figure that, when the depths of the antennas are similar (near the top

of the plot), the recorded waveforms have a very strong S/N and picking of the first

breaks is straightforward; on the uppermost trace, the first break occurs just before

the small positive peak located at approximately 55 ns. However, as the transmitter

depth (and thus the angle between the antennas) increases, the S/N worsens to the

point where, near the bottom of Figure 5.1, this first-arriving peak cannot even be

seen, let alone picked. Although low-pass filtering may be of some help in attempting

to pick such noisy data, the large amount of filtering required for very noisy traces can

often significantly affect the apparent onset of signal. Another idea might be to pick

the point of maximum amplitude on the traces and then back off to obtain the first
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Figure 5.1: Common-receiver gather showing the difficulties in picking first-
break times at large transmitter-receiver offsets due to low S/N. Receiver depth
is 5.33 m. All traces have been normalized by their maximum value.
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breaks. However, such picking is not robust, and more importantly the position of

the first break with respect to the trace maximum will vary with transmitter-receiver

angle because the GPR waveform changes with angle. Clearly, signal is present in the

lower traces of Figure 5.1; its onset is simply overshadowed by noise. The question

is: how do we use what signal is there to estimate the first arrivals?

One solution for the robust estimation of travel times in the presence of signifi-

cant noise, that has been widely used in earthquake and other studies, is the cross-

correlation technique (e.g., Peraldi and Clement, 1972; VanDecar and Crosson, 1990;

Woodward and Masters, 1991; Molyneux and Schmitt, 1999). With this method, the

discrete cross-correlation of a trace and a high-quality reference waveform (having

known arrival time) is determined, and the difference in travel time between the two

signals is then obtained from the time shift at which the value of the cross-correlation

is a maximum. Ideally, the reference waveform used with this technique should be

noise-free and have the same shape as the waveform present on the trace in question.

Although synthetics are often used to obtain such a waveform in earthquake studies,

we instead choose to obtain reference waveforms for the cross-correlation picking of

GPR data from the data themselves. We have found that synthetic modeling requires

too much knowledge about system, antenna, and earth parameters to yield waveforms

that are sufficiently close enough to those in field data for effective cross-correlation

analysis. To obtain the reference waveforms from the data, we stack traces that have

been aligned on the first arrival. Because the GPR pulse changes with transmitter-

receiver angle (a result of variations in antenna radiation and reception with angle,

and also propagation dispersion along travel paths having different lengths), we deter-

mine a number of different reference waveforms that represent ranges in angle where

the arriving pulses have similar shape.

Figure 5.2 is a flowchart illustrating the sequence of steps involved in our cross-

correlation picking procedure. The crosshole GPR data are first pre-processed by
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removing any DC offset from each trace (determined from the mean value of the

trace before the onset of signal) and by normalizing each trace by the signal maximum

(estimated by low-pass filtering the data and finding the maximum value). If desired,

extremely noisy traces with no apparent signal can be discarded straightaway to

reduce the number of bad picks obtained with our technique. Next, the crosshole

data are sorted into common-ray-angle gathers (e.g., Pratt and Worthington, 1988;

Pratt and Goulty, 1991). To do this, we create a set of angle bins and place each

trace into the appropriate bin based on the transmitter-receiver angle. To determine

a high-quality reference waveform for each angle bin, the waveforms in each gather

must be aligned and then stacked. Since aligning the traces requires some means of

estimating the relative time shifts between the waveforms, we use cross-correlations,

but in an iterative manner as follows: Initially, the traces in a common-ray-angle

gather are aligned by cross-correlating them with the trace in the gather having the

highest S/N. This places the majority of traces into proper alignment, which then

allows for a higher quality waveform to be obtained through stacking. In the second

iteration, the traces in the gather are aligned again, but this time by cross-correlating

them with the mean trace from the previous iteration. This process is continued until

the vast majority of traces in a gather are properly aligned. In practice, we have

found that 2 iterations are usually sufficient for this. Once the reference waveforms

for each angle range have been determined, their first arrivals are picked manually.

The entire crosshole data set is then picked automatically by cross-correlating each

trace with the appropriate reference waveform. To increase the robustness of our

algorithm, we limit the number of lags used in the cross-correlations to reasonable

values (i.e., differences in arrival time between traces and the reference trace should

not be too great). As a final step, all of the automatic picks made with our method

should be visually checked for accuracy. Bad picks are generally quite obvious, as they

tend to be caused by the cross-correlation being maximized when the two signals are
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Figure 5.3: (a) Common-ray-angle gather and (b) mean trace for the 65 to 70
degree angle range in the BHRS data set. The picked first-arrival time on the
mean trace is indicated with a horizontal dashed line.

mismatched by a full cycle.

As an example, we now show the application of our cross-correlation picking tech-

nique to the full BHRS data set from Figure 5.1. Figure 5.3a shows one of the

common-ray-angle gathers obtained from the data set for the 65 to 70 degree angle

range. Here, transmitter-receiver angle is measured from the horizontal with positive

angles representing the case where the receiver is located above the transmitter. Two

iterations of cross-correlating were used to align the traces in this high-angle gather.

The waveforms in the gather are clearly visible and have very similar shapes, but

they are contaminated by significant amounts of noise which makes picking the first

breaks extremely difficult. Figure 5.3b, on the other hand, shows the mean trace that

was obtained by stacking the 322 traces in Figure 5.3a together. Here, we see that
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Figure 5.4: Mean traces determined for the BHRS data set by stacking the
different common-ray-angle gathers. The traces have been aligned at t = 0 on
their picked first arrivals and normalized by their maximum value.

the S/N has been greatly increased and that a small, positive, first-arrival peak, not

clearly visible on any individual trace, is now easily identified. The much higher S/N

of this mean trace, and the fact that its first break can be easily picked, make it an

excellent reference waveform for cross-correlation analysis.

Figure 5.4 shows the mean traces that were obtained in the above manner for

each angle group in the BHRS data set. The waveforms have been aligned on their

manually picked first arrivals for easier comparison. For the BHRS data, angle bins

were created for every 5-degree increment from -75 to 75 degrees, which yielded 31

reference waveforms. Figure 5.4 clearly shows why we must determine these wave-

forms as a function of angle when picking crosshole GPR data, as opposed to using

a single reference waveform for the entire data set; there is a significant change in

shape of the GPR pulse with angle that must be accounted for. Also notice that all

of the reference waveforms in Figure 5.4, including the ones on both ends if scaled

enough in amplitude, have first-arrival times that are easily identified.
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Finally, Figure 5.5 shows four example receiver gathers from the BHRS data set

upon which the first-break times, all determined automatically with our technique,

have been superimposed in red. In all of the gathers, the picks are seen to be very rea-

sonable. This is despite the fact that significant noise is present at high transmitter-

receiver angles, and in many cases the positive first-arrival peak at these angles cannot

even be visually identified. We conclude that picking of the BHRS data using cross-

correlations was an effective means of determining first-arrival times.

It is important to note that the picking method described above assumes that

waveforms recorded at similar transmitter-receiver angles have similar shapes, and

are thus suitable for stacking to obtain useful, high-quality reference waveforms for

the cross-correlations. This assumption is only truly valid in the absence of very

sharp velocity contrasts in the subsurface, as such velocity contrasts can give rise to

strongly scattered arrivals that interfere with the direct-arriving pulse. Indeed, the

BHRS data shown in Figures 5.3 through 5.5 were collected entirely below the water

table (located at approximately 3 m depth) and were void of any strongly scattered

arrivals. Had the survey region spanned the water table (a very large velocity contrast)

or had the antenna positions been nearer to the very reflective air-earth boundary,

problems could have been encountered with the picking of some traces; such problems

could likely be overcome through a modification of our algorithm, or by filtering

the data beforehand to remove the strongly scattered arrivals. For the case where

very sharp velocity contrasts in the subsurface are minimal, we have found that the

cross-correlation algorithm presented here works extremely well. In addition, with

the technique, the effects of moderate scattering are suppressed in the mean traces

through the stacking of the common-ray-angle gathers (Pratt and Goulty, 1991).
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Figure 5.5: Four common-receiver gathers from the BHRS data set showing
the results of our automatic picking procedure. Picked first breaks are shown
in red. (a) receiver depth = 5.33 m; (b) receiver depth = 8.73 m; (c) receiver
depth = 12.33 m; (d) receiver depth = 15.53 m.
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Figure 5.6: Velocity-versus-angle plot for the BHRS field data set.

5.4 Incompatibility of high-angle data

As discussed previously, a second problem that exists when attempting to take ad-

vantage of the wide angular coverage afforded by close borehole spacings is that, even

when high-angle-ray data can be reliably picked (such as with our cross-correlation

technique), they often appear to be incompatible with the lower-angle data available.

Significant insight can be gained into this phenomenon through velocity-versus-angle

plots, where the average velocity calculated along each ray in a data set (assum-

ing a straight path between the centers of the antennas) is plotted as a function of

transmitter-receiver angle. Figure 5.6 shows such a plot for the BHRS data picked

in the previous section. Notice the general trend that exists in velocity with angle

for these data; the along-the-ray velocities at high transmitter-receiver angles are

markedly greater than those determined for lower angles. It is this trend that clearly

illustrates why problems are encountered when the high- and low-angle travel times

are inverted together; reasonable subsurface velocity models (that do not possess

significant amounts of anisotropy) should not give rise to such large-scale trends in
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velocity with angle.

We have found that the trend seen in Figure 5.6 is typical of crosshole GPR

data collected between closely spaced boreholes (see also Peterson, 2001; Alumbaugh

and Chang, 2002). Although Peterson (2001) attributes such a trend to refracted

waves that travel partly through air-filled boreholes and arrive before the direct pulse,

we also see this trend in data collected between water-filled wells (e.g., the BHRS

data shown here). Further, we have not observed such refracted arrivals in finite-

difference time-domain (FDTD) simulations of crosshole GPR radiation where the

borehole is explicitly included. It is also very difficult to explain the trend shown in

Figure 5.6 by the other factors discussed in Peterson’s paper that can cause apparent

variations in velocity with angle in crosshole GPR data. For example, although errors

in the calculation of the transmitter fire time and inaccurate borehole locations could

result in a plot resembling Figure 5.6, every step was taken to ensure that these

measurements were very accurate for the BHRS data set. More importantly, such

errors do not explain the consistency of the trend in Figure 5.6 across different data

sets. In addition, although the presence of anisotropy can give rise to general trends

in velocity with angle, geologically reasonable anisotropy (i.e., due to thin horizontal

layering) results in velocities that are greater at low angles, which is the opposite of

what we observe. Finally, it is unlikely that the inversion problems experienced with

high-angle data are the simple result of having less-accurate travel-time picks at high

angles due to decreased S/N; this again does not explain why we have a general trend

in velocity with angle in Figure 5.6.

Recently, Irving and Knight (2005b) addressed the high-angle incompatibility issue

in crosshole GPR tomography, and suggested that the problem may result from a

common assumption made during the inversion of the data: that first-arriving energy

always travels directly between the centers of the antennas. They proposed that,

at high transmitter-receiver angles, first-arriving energy may actually travel via the
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antenna tips. Figure 5.7 shows a schematic of this situation. In Figure 5.7a, we

have the travel paths of energy that are currently assumed by all crosshole GPR

inversion strategies. Energy is thought to travel from the center of the transmitter

antenna, through the subsurface at some medium velocity vmed , to the center of the

receiver antenna. Figure 5.7b, on the other hand, shows the path of energy at high

angles proposed by Irving and Knight (2005b). Here, first-arriving energy travels

between the antenna tips with a velocity along the antenna of vant . Geometrically,

the travel path in Figure 5.7b will be faster than that shown in Figure 5.7a when

vant > vmed and the transmitter-receiver angle is beyond some threshold value. Using

numerical modeling and considering a number of different borehole diameters and

external medium properties, Irving and Knight (2005b) showed that vant will often be

significantly greater than vmed , in both air- and water-filled boreholes, for a common

commercial GPR antenna design.

Figure 5.8 shows the geometrically calculated trend in velocity with angle that

occurs if vant > vmed , when it is assumed that all first-arriving energy travels directly

between the centers of the antennas. Here, the antennas considered are 0.8-m-long,

center-fed dipoles that are separated by a horizontal distance of 4 m. The homoge-

neous medium velocity is 0.06 m/ns, and the velocity along the antennas is 0.11 m/ns.

These two velocities are typical of a saturated zone scenario (Irving and Knight,

2005b). Figure 5.8 shows that, at low angles when the assumption about the travel

path of first-arriving energy is valid, there is no error in the calculation of the medium

velocity (i.e., the velocity curve is flat and equal to the correct value of 0.06 m/ns).

However, above some threshold angle when first arrivals actually represent tip-to-tip

antenna coupling, errors result because this assumption is invalid. These errors reach

some peak value with angle, and then begin to decrease in magnitude as the length

of the travel path increases.
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Figure 5.7: (a) Assumed and (b) proposed travel paths of first-arriving energy
at high transmitter-receiver angles (Irving and Knight, 2005b).
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Figure 5.8: Geometrically determined velocity-versus-angle plot for the case
where vant > vmed . Borehole separation = 4 m, antenna length = 0.8 m,
vmed = 0.06 m/ns, and vant = 0.11 m/ns.

Although velocity-versus-angle plots similar in character to Figure 5.8 were gen-

erated by Irving and Knight (2005b) using the antenna modeling approach of Irving

and Knight (2006b), we have found that such curves are too simplistic to describe all

crosshole GPR behavior. Specifically, the exact trend in velocity with angle seen in

Figure 5.8 will occur only when the excitation pulse feeding the transmitter antenna

is short in comparison to the length of time required to travel along the antenna arms;

this is not likely a realistic scenario in all cases (e.g., Sato and Thierbach, 1991; Ellef-

sen and Wright, 2005; Liu and Sato, 2005). To illustrate, Figure 5.9 shows two syn-

thetic waveform gathers generated using the technique of Irving and Knight (2006b)

for short and long transmitter feed pulses, and the correponding velocity-versus-angle

plots obtained by picking the gathers and assuming center-to-center antenna coupling.

All parameters used to create this figure were the same as those used in Figure 5.8,

except that a waveform modeling code was employed instead of geometrical ray the-

ory to determine first-arrival times. Constant resistive loading was added along the
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Figure 5.9: Example waveform gathers and velocity-versus-angle plots for the
case of short (top) and long (bottom) transmitter feed pulses. Antenna and
medium parameters are the same as those used in Figure 5.8.
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antennas in the numerical simulations to reduce the width of the emitted pulses and

better represent commercial GPR antennas.

Figure 5.9a shows the waveforms produced at various transmitter-receiver offsets

using an extremely short (and unrealistic) Gaussian feed pulse having a -20 dB width

of approximately 1 ns. Here we see that a number of distinct pulses are visible in the

received waveforms, representing radiation and reception at the antenna feed and end

points. Because the pulses are well separated in time and do not interfere with one

another, we see behavior almost identical to that in Figure 5.8 in the corresponding

velocity-versus-angle plot (Figure 5.9b). Figure 5.9c, on the other hand, shows the

waveform gather for the more realistic case where the transmitter feed pulse is long

compared to the length of time needed to travel along the antenna arms. In this

case, a Gaussian pulse having a -20 dB width of approximately 10 ns was used for

the simulation. Here, we see that the individual pulses from Figure 5.9a have now

merged together. As a result of this interference, the behavior in the corresponding

velocity-versus-angle plot (Figure 5.9d) also changes; there is now variation in the

calculated velocity across the entire angle range because the arrival time of the first

pulse is effectively altered by the presence of subsequent pulses. The behavior shown

in Figure 5.9d is clearly very similar to the trend shown for the BHRS data set.

It is important to note that the above results, and those of Irving and Knight (2005b),

are based on the fundamental assumption that commercial crosshole GPR antennas

radiate (and receive) significant pulses of energy at both the antenna feed and end

points. That is, although we acknowledge that commercial GPR antennas are re-

sistively loaded to produce a compact, broadband waveform, we assume that this

loading is such that the input feed pulse (radiated first at the center of the antenna)

is still able to reach the antenna tips and be radiated there as well. We base this

assumption upon the following observations: First, although they are compact, the

waveforms produced by crosshole GPR antennas contain a number of peaks and
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troughs that could not be produced if the antennas were loaded in a manner so as to

be reflectionless. As shown by Irving and Knight (2006b), resistive loading of a dipole

antenna using a true Wu-King reflectionless profile (Wu and King, 1964) results in

received waveforms with significantly less ringing than the crosshole GPR pulses that

we record in the field. Secondly, it is well known that true Wu-King resistive load-

ing of antennas significantly decreases their radiation efficiency (Lampe and Holliger,

2005). As a result, resistive loading in commercial antennas tends to be less severe

than this, such that there is an adequate compromise between pulse width and power

transfer into the ground (A.P. Annan, personal communication, 2005).

Another factor that may affect measured velocities as a function of angle in cross-

hole GPR tomography is dispersion. GPR pulses are well known to undergo signifi-

cant frequency dispersion when traveling through the subsurface (Turner and Siggins,

1994; Baño, 1996; Irving and Knight, 2003). This broadening of the pulses during

propagation results from frequency-dependent electrical properties and scattering. It

also occurs when the combination of GPR frequency and earth conductivity is such

that the radar operates near the boundary between the wave propagation and dif-

fusion regimes (Annan, 1996; Cai et al., 1996). Figure 5.10 illustrates the effect of

dispersion on velocities measured from crosshole GPR data. For this figure, we took

the synthetic gather shown in Figure 5.9c and introduced constant Q = 15 disper-

sion into each trace. This Q value falls in the middle of the range suggested for

GPR by Turner and Siggins (1994) of 2 to 30. The non-dispersed waveforms and

velocity-versus-angle plot are shown in red in Figures 5.10a and 5.10b, respectively,

whereas the results for the dispersed gathers are shown in black. All traces have been

normalized by their maximum values for easier comparison. Notice that, because of

the broadening of the GPR pulse due to dispersion, the picked first breaks are de-

layed more at high angles (i.e., longer travel paths) which causes a relatively sharp

pull-down on the velocity-versus-angle plot. Given that the representative waveforms



94

50 100 150 200 250

−10

−5

0

5

10A
nt

en
na

 v
er

tic
al

 o
ffs

et
 (

m
)

Time (ns)

(a)

−50 0 50
0.059

0.06

0.061

0.062

0.063

Tx−Rx angle (degrees)
V

el
oc

ity
 (

m
/n

s)

(b)

Figure 5.10: Example waveform gathers and velocity-versus-angle plots com-
paring the non-dispersive case from Figure 5.9 (in red) with the case of constant
Q = 15 dispersion (in black).

for the BHRS data in Figure 5.4 appear to be more dispersed at high angles, this

phenomenon may be the cause of the relatively sudden decrease in velocity beyond

60 degrees that can be seen in Figure 5.6.

5.5 Improved inversion procedure

We outlined in the previous section a number of factors that we believe contribute

to the incompatibilities experienced with high-angle ray data in crosshole GPR to-

mography. All of these factors together result in errors in measured velocities that

vary as a function of transmitter-receiver angle; these errors are most significant at

close borehole spacings because small errors in travel time have a greater impact on

velocities for shorter path lengths. Understanding the nature and causes of the high-

angle incompatibility problem now allows us to formulate an inversion methodology

for crosshole GPR that can make use of all available data.

Initially, our approach to this problem involved attempting, through numerical
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modeling, to accurately estimate the errors associated with all of the factors that we

have discussed, such that crosshole GPR travel-times and ray geometries could be

adjusted to remove these errors before inverting. Although we found this approach

to work very well with synthetic data where the effects of all factors can be easily

quantified (i.e., Irving and Knight (2005a)), we have determined that it requires too

much knowledge about specific GPR system and antenna details, along with borehole

and external medium properties, to be a useful approach for field data. Indeed, all of

our attempts to estimate these sources of error for the BHRS data in Figure 5.6 met

with little success. As a result, the approach that we have decided upon to invert all

available data in crosshole GPR tomography is much simpler. Because we believe the

high-angle incompatibility problem to result from a number of factors that together

result in an apparent (but incorrect) trend in velocity with transmitter-receiver angle,

we set up our inversion to estimate, in addition to subsurface velocities, parameters

that describe a travel-time ‘correction curve’ as a function of angle. In other words,

we allow the inversion to determine a small number of parameters that should largely

correct for the angle-related errors in the data.

Standard ray-based travel-time tomography is based upon the following equation

linking perturbations in travel time to slowness (inverse of velocity) changes in the

subsurface:

∆t = L∆s, (5.1)

where ∆t is a vector containing the difference between observed travel times and

those obtained by ray-tracing through a reference slowness model, ∆s is a vector

containing the slowness perturbations that must be added to the reference model

to fit the observed travel-time data, and L is the ray-based tomographic sensitivity

matrix whose rows contain the length of each ray in every model cell, assuming center-

to-center antenna coupling. In our modified inversion procedure, we simply augment
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equation (5.1) in the following manner:

∆t =
[
L A

]

 ∆s

∆pa


 , (5.2)

where the parameters contained in vector ∆pa are the values of the travel-time cor-

rection curve at a set of reference angles, and the rows of matrix A contain linear

interpolation weights to obtain, from these parameters, the travel-time correction for

each ray. In using equation (5.2) for tomography, we implicitly assume that measured

travel times, once they have been suitably corrected as a function of angle, satisfy

equation (5.1).

To solve equation (5.2) for ∆s, we form the least-squares normal equations and

solve the resulting system using the conjugate-gradient method (e.g., Scales, 1987;

Squires et al., 1992). We explicitly impose regularization on the slowness model in this

system using second-derivative (smoothness) constraints in the x- and z-directions. If

desired, smoothness or symmetry constraints could also be imposed on the travel-time

correction curve, although we have generally found such constraints to be unnecessary

if the number of parameters describing the curve is kept small. The only constraint

on ∆pa that we have found to be absolutely necessary in crosshole GPR inversions

is the enforcement of a zero travel-time correction for horizontal (zero-angle) rays.

This is because, without such a constraint, velocities in the model could be adjusted

by some constant value and the offset compensated by an angle-dependent travel-

time correction. In forming this constraint, we make the assumption that low-angle

travel times in the data are accurate. Generally, this should be the case because our

travel-time data are calibrated in the field using waveforms that are recorded when

the antennas are parallel and separated in air by some known amount.

As we will see in the next section, the modified inversion strategy described by

equation (5.2) allows us to successfully invert high- and low-angle crosshole GPR data
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together to obtain tomograms with improved horizontal resolution. This is despite

the fact that, in using this strategy, only travel times are adjusted as a function of

angle and we thus neglect any errors in source and receiver locations caused by tip-

to-tip antenna coupling. One important limitation to applying angle corrections in

this manner is that the technique is not suitable for the inversion of data collected in

strongly anisotropic environments. In such environments, large-scale velocity varia-

tions as a function of angle are not errors, and an anisotropic inversion code would

be necessary to obtain a proper subsurface image. In our experience, however, strong

EM-wave velocity anisotropy in unconsolidated sediments is uncommon. This obser-

vation is supported by Peterson (2001).

5.6 Examples

5.6.1 Synthetic data

We now show the results of applying our modified inversion strategy to synthetic

crosshole GPR data generated using the antenna modeling approach of Irving and

Knight (2006b). Figure 5.11a shows the velocity model that we constructed for this

example. The model consists of a number of blocks of various sizes having dielectric

constants of κ = 22 (red, 0.064 m/ns) and κ = 28 (blue, 0.057 m/ns) embedded in

a homogeneous background medium having κ = 25 (green, v=0.06 m/ns). Electrical

conductivity throughout the model was set to a constant value of 1 mS/m, and mag-

netic permeability was assumed to equal its value in free space, µ0. These electrical

properties were chosen to represent a saturated zone scenario. Although the model

in Figure 5.11a is clearly not geologically realistic, its blocky structure allows us to

effectively examine the differences in resolution attainable using different inversion

strategies.
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Figure 5.11: Synthetic data results. (a) Input velocity model and velocity-
versus angle plot for the synthetic data. Transmitter and receiver locations
are marked with an ‘x’; (b) Result of applying the standard crosshole GPR in-
version strategy to all available data; (c) Result of applying the same standard
inversion strategy to an aperture-limited (< 30 degree) subset of the data; (d)
Result of allowing an angle-dependent travel-time correction in the inversion
of all available data. Dark blue areas represent regions with no ray coverage.
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To create the synthetic data, we simulated crosshole GPR transmission and re-

ception through the model in Figure 5.11a. The boreholes, located along the left and

right sides of the model, were spaced 4 m apart and the transmitter and receiver

antennas were located every 0.25 m from 0.5 to 11.5 m depth. Realistic antenna

behavior was accounted for in the simulations by replicating, using a superposition of

point-electric-dipole source and receiver responses, the antenna current distribution

obtained from a finely discretized FDTD simulation (Irving and Knight, 2006b). The

borehole in the detailed simulation was modeled as a 4-inch-diameter, water-filled

cylinder. The antenna model that we considered is a 0.8-m-long, insulated, center-

fed dipole, and is described in detail by Irving and Knight (2006b). Constant resistive

loading was included along the antenna elements such that the waveforms that were

produced approximately resembled those that we have recorded in field surveys with a

similar antenna. The approximate velocity of energy along the model antenna, when

located in the water-filled borehole, was 0.11 m/ns. To feed the transmitter antenna,

we used a short Gaussian pulse having a -20 dB width of approximately 10 ns.

Once the FDTD simulations were complete, the synthetic crosshole gathers were

automatically picked (a trivial procedure in the case of noise-free data) and the first

breaks were calibrated so that the travel times for horizontal ray paths were accurate.

At the bottom of Figure 5.11a, the velocity-versus-angle plot for the resulting data

set is shown. Because there are travel-time data for angles up to 70 degrees from the

horizontal, we should, in theory, be able to perform very high-resolution tomographic

imaging of the inter-borehole region. However, like the plot for the BHRS data in

Figure 5.6, there appears to be a general trend in this figure towards greater velocities

at high angles. This trend, again, is the result of assuming that first-arriving energy

always travels directly between the antenna centers, when in fact we have tip-to-tip

coupling at high angles, and also the effects of interference between feed- and end-

radiated pulses. Note that dispersion was not considered in this synthetic example.
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Figure 5.11b shows the tomogram and residuals that were obtained when all of

the available travel-time data (for high- and low-angle rays) were incorporated into

a standard crosshole GPR tomographic inversion (i.e., based on equation (5.1)). For

this and each inversion result to follow, regularization parameters were kept constant

so that differences in the tomograms would truly reflect differences between the in-

version strategies used. Also, because velocity contrasts in the synthetic model are

less than 15% and the travel paths are relatively short, straight rays were assumed

in the inversions; this assumption has no impact on the generality of our findings,

but significantly simplifies the tomographic imaging. The tomogram in Figure 5.11b

is clearly dominated by numerical artifacts as a result of the incorrect assumption

about the travel path of first-arriving energy. In fact, the artifacts are so strong in

this case that they completely obscure any reliable subsurface information. In the

travel-time residuals plot, the problem appears as a ‘W’-shaped trend with angle. It

is this angular dependence that we address in our modified inversion strategy to allow

for the successful incorporation of all available data.

The usual means of dealing with the high-angle incompatibility problem in cross-

hole GPR tomography is to simply exclude high-angle data from inversions. Fig-

ure 5.11c shows the tomogram and residuals obtained by inverting an aperture-limited

(< 30 degree) subset of the synthetic data set. Once again, the standard crosshole

GPR inversion strategy was employed. Here, a reasonable representation of the input

velocity model is clearly obtained. However, because we have not incorporated high-

angle rays into the inversion, horizontal resolution is significantly compromised. Most

noticeably, the high- and low-velocity anomalies around 2 m depth in Figure 5.11a

are not separated from the edges of the grid in Figure 5.11c, the small, low-velocity

anomaly around 4 m depth cannot be identified, and the large, low-velocity anomaly

around 8 m depth is significantly smeared in the horizontal direction. Although more

horizontal structure could be added to this tomogram by increasing the cutoff angle
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for aperture limitation, we found that 30 degrees yielded the best trade-off between

an image containing horizontal structure and one with a minimal number of inversion

artifacts. Significant angular dependence is also seen in the travel-time residuals in

Figure 5.11c.

In Figure 5.11d, we see the results of applying our modified inversion procedure

to all available travel times in the synthetic data set. As mentioned, this involves es-

timating, in addition to subsurface velocities, a set of parameters describing a travel-

time correction curve as a function of angle. Notice that, in this case, we obtain a

significantly improved result over aperture limitation. All anomalies in the input ve-

locity model can now be seen, and there is far less horizontal smearing present in the

tomogram. In addition, the amplitudes of the anomalies in Figure 5.11d are closer to

the true block velocities in Figure 5.11a. Clearly, by allowing for an angle-dependent

travel-time correction in the inversion, we are able to effectively use the high-angle

data to improve tomographic resolution. Further, because of the parameterization

with angle, there is no longer an angular trend seen in the travel-time residuals in

Figure 5.11d, and the absolute magnitude of these residuals is significantly less than

in Figure 5.11b. This is not surprising, but it does show that, after the travel-time

correction, our synthetic data are much better fit by the model described by equa-

tion (5.1). Finally, Figure 5.12 shows the angle correction parameters that were

obtained with our modified inversion strategy. In this example, we inverted for 30

parameters that were evenly spaced over the angle range of the data, from -70 to

70 degrees. Although no regularization (aside from enforcing a zero travel-time cor-

rection at zero angle) was imposed on these parameters, we see that the travel-time

correction curve is smooth and reasonable.
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Figure 5.12: Angle-dependent travel-time correction parameters obtained in
the inversion of the synthetic data in Figure 5.11d.

5.6.2 BHRS field data

As a field-data example, we now show the application of our modified inversion

strategy to the 250-MHz BHRS data set considered earlier and picked using cross-

correlations. As mentioned, all steps were taken with these data to determine as

accurately as possible the transmitter fire time and borehole positions in the subsur-

face. In addition, for the tomography, we applied a slight coordinate rotation to the

data to minimize borehole deviations in the out-of-plane dimension; after this coor-

dinate adjustment, all transmitter and receiver locations were contained within 3 cm

of the tomographic plane. As with the synthetic example, straight rays were used

in all of the inversion results to follow because velocity contrasts in the subsurface

were believed to be less than 20%. Also, regularization parameters were again kept

constant between inversions so that the relative effectiveness of the different inversion

strategies could be evaluated.

Figure 5.13a shows the tomogram and travel-time residuals obtained when all of

the available BHRS data (for ray angles up to 75 degrees from the horizontal) were

inverted using the standard crosshole GPR inversion approach. Although numerical

artifacts in this image are clearly not as severe as in Figure 5.11b (likely a result of



103

Position (m)

D
ep

th
 (

m
)

(a)

0 2 4

4

6

8

10

12

14

16

18

−50 0 50
−2

−1

0

1

2

Tx−Rx angle (degrees)

R
es

id
ua

l (
ns

)

Position (m)

D
ep

th
 (

m
)

(b)

0 2 4

4

6

8

10

12

14

16

18

−50 0 50
−2

−1

0

1

2

Tx−Rx angle (degrees)

R
es

id
ua

l (
ns

)

Position (m)

D
ep

th
 (

m
)

(c)

0 2 4

4

6

8

10

12

14

16

18

−50 0 50
−2

−1

0

1

2

Tx−Rx angle (degrees)

R
es

id
ua

l (
ns

)

Position (m)

D
ep

th
 (

m
)

(d)

0 2 4

4

6

8

10

12

14

16

18

v (m/ns)

0.074

0.076

0.078

0.08

0.082

0.084

0.086

0.088

0.09

0.092

−50 0 50
−2

−1

0

1

2

Tx−Rx angle (degrees)

R
es

id
ua

l (
ns

)

Figure 5.13: Application to the BHRS field data set. (a) Result of applying
the standard crosshole GPR inversion strategy to all available data; (b) Re-
sult of applying the same standard inversion strategy to an aperture-limited
(< 30 degree) subset of the data; (c) Result of allowing an angle-dependent
travel-time correction in the inversion of all available data; (d) Result of al-
lowing both angle- and receiver-position-dependent travel-time corrections in
the inversion of all available data. Dark blue areas represent regions with no
ray coverage.
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the fact that shorter, higher-frequency antennas were used for this survey), we see a

number of features in Figure 5.13a that are geologically unreasonable, and indicate

problems with the inversion. Specifically, in a number of places in the image, there

are horizontal discontinuities where it appears that continuity should exist. Most

notable of these are the high-velocity layer between 16 and 18 m (which fades out in

the center of the tomogram), and the thick, high-velocity zone between 7 and 12 m

(which contains a central zone of significantly higher velocity). As with the synthetic

example, these problems appear in the plot of travel-time residuals as a distinct,

‘W’-shaped trend with angle.

In Figure 5.13b, we see the result of applying aperture-limitation the BHRS data

set. Again, a cutoff angle of 30 degrees was used to obtain the best trade-off between

horizontal resolution and a minimal number of obvious inversion artifacts. In this case,

we see that the tomogram has become much more geologically reasonable. Layers are

now more horizontally continuous and the image lacks the obvious problems seen in

Figure 5.13a. However, because we discarded the high-angle ray data to produce this

inversion result, we are left wondering whether such horizontal continuity is real, or

simply a product of the aperture limitation.

Figure 5.13c shows the tomogram and residuals obtained when all available BHRS

travel times were incorporated into our modified inversion procedure. Notice that we

are now able to obtain a very reasonable subsurface image that is quite similar in

appearance to the aperture-limited result in Figure 5.13b. For this example, it seems

that the addition of the high-angle data does not provide much additional structure to

the tomogram (i.e., the geology between the boreholes is such that it can be largely

captured by the low-angle-ray data). However, because we have used all available

travel times to create the image in Figure 5.13c, we have greater confidence that the

features seen here are representative of the true subsurface. Again, the travel-time

residuals obtained using our modified inversion procedure are approximately flat with
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angle.

Although we consider Figure 5.13c to be a much improved subsurface image over

Figure 5.13a, there are still a number of features in this tomogram that cause concern

given geological knowledge at the BHRS (a very well characterized site). Specifically,

the thick, high-velocity zone between 7 and 12 m depth, which is known to be a poorly

sorted sediment layer, shows significant lateral variability in Figure 5.13c, when it is

well known that this layer is relatively homogeneous and continuous across the BHRS.

Also, the lateral change from low to high velocity in the upper 2 m of the tomogram

is not supported by other site data. As a result, we investigated adding a further

parameterization to the inverse problem to account for possible static travel-time

shifts at the receiver locations.

When collecting each gather in the BHRS data set, the receiver antenna was kept

fixed while the transmitter antenna was moved down its borehole. Because of this, the

potential exists for many travel times to be affected by a single error in the location

of the receiver antenna in its well, or by differences in coupling of this antenna with

its surroundings. For example, a movement of the receiver antenna in its well by only

1 inch will result in a shift in measured travel time of approximately 1 ns, which is

significant when the borehole spacing of 3.5 m is considered. In addition, possible

drift in the transmitter fire time over the crosshole survey can result in time shifts

that will affect all traces in a receiver gather.

To estimate travel-time shifts at each receiver location in addition to velocities

and angle-correction parameters, we further augmented equation (5.2) as follows:

∆t =
[
L A R

]



∆s

∆pa

∆pr


 (5.3)
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where the vector ∆pr contains the receiver position travel-time corrections, and ma-

trix R selects, for each ray, which correction to use. Inverting for statics in this

manner was shown by Vasco et al. (1997) to be a valuable tool in crosshole GPR

tomography. Because there is no reason why such static travel-time shifts should be

smooth in depth, we add no smoothness regularization to the inversion.

Figure 5.13d shows the tomogram and residuals for the complete BHRS data set,

after both receiver-position- and angle-dependent travel-time corrections were esti-

mated in addition to subsurface velocities. We now see that the thick, high-velocity

zone between 7 and 12 m depth is more uniform and horizontally continuous, and that

the lateral velocity change in the upper 2 m of the section has disappeared. In addi-

tion, the thin, high-velocity layer at approximately 13 m depth is more pronounced

than in Figure 5.13c, and the dipping interface between the low- and high-velocity

layers near the bottom of the section can be seen more clearly. In our opinion, the

results in Figure 5.13d appear to be more geologically reasonable than those shown

in Figure 5.13c, and they are more consistent with the other data from the BHRS.

Figure 5.14 shows the angle- and receiver-position-dependent travel-time corrections

that were estimated by the inversion procedure. In the plot of the receiver static

corrections versus depth (Figure 5.14b), we see a general trend that may result from

a drift in the transmitter fire time over the period of the crosshole survey, inaccuracies

in the borehole deviation measurements, or possibly stretching of the receiver cable

from repeated use. The cause of this trend is currently under further investigation.

5.7 Conclusions

We have presented two strategies for improving the resolution of crosshole GPR to-

mography at close borehole spacings. Together, these strategies allow us to take full

advantage of the excellent angular coverage that such borehole spacings can provide.
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Figure 5.14: (a) Angle- and (b) receiver-position-dependent travel-time cor-
rections obtained in the inversion of the BHRS data in Figure 5.13d.
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For picking first breaks on very noisy traces at high angles, we have shown that a

cross-correlation approach using angle-dependent reference waveforms can be very

effective. An important application of this picking method, not considered here, may

be time-lapse crosshole GPR surveying, where S/N is commonly very low because

stacking of each trace is minimized. As mentioned previously, our picking method

performs best when strong scattering in the data (interfering with the direct arrivals)

is not present. Future work includes investigating whether such an approach could

be modified for effective use on data containing strongly scattered events.

To incorporate high-angle data into crosshole tomographic inversions, we have

shown that inverting for a small number of parameters that describe an angle-dependent

travel-time correction curve, in addition to subsurface velocities, can be very effective.

The reason for this is that the factors causing the problems with high-angle data result

in errors in measured velocities that vary as a function of transmitter-receiver angle.

These errors are most significant when borehole spacings are small. We note again

that our modified inversion procedure provided improved results with both synthetic

and field data, despite the fact only travel times were altered, and changes in survey

geometry due to tip-to-tip coupling were thus ignored. If desired, the tomographic

sensitivity matrix in equations (5.1) through (5.3) could also be adjusted to account

for end-to-end coupling above a certain threshold angle. This may be a necessary

step with lower-frequency (i.e., longer antennas) data.

Finally, we must stress that angular coverage is one of many factors that affect

resolution in crosshole GPR tomography. By allowing for improved angular coverage

with the methods presented here, we have seen that significant increases in tomo-

graphic resolution are possible. However, resolution with ray-based tomography can

only be improved to a certain point, as ray-based techniques have an upper resolution

limit of approximately the first Fresnel zone associated with the GPR pulse band-

width (Williamson and Worthington, 1993). In order to improve resolution past this
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limit, full-waveform inversion methods must be employed. This is another topic of

future research.
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Chapter 6

Directions for future research

A number of possible avenues for future research have opened as a result of the work

presented in this thesis. First and foremost, the crosshole GPR waveform modeling

code presented in Chapter 3 now allows us to fully investigate how radar system,

antenna, and borehole details affect the measurements that we make with crosshole

GPR, and the subsurface parameters that are estimated from these measurements.

One topic that falls into this category, of course, is the work presented in Chapters

4 and 5, where the effects of the antenna length, borehole diameter, borehole fill-

ing material, and transmitter feed pulse on crosshole GPR travel-time tomography

were investigated, and an inversion strategy was tailored to fit these findings. How-

ever, many other questions remain to be answered. Perhaps the most interesting

of these involves the effects of the same parameters on crosshole GPR attenuation

tomography. Whereas travel-time tomography can yield estimates of subsurface wa-

ter content, crosshole GPR attenuation tomography offers the prospect of providing

another very useful parameter to hydrogeologists: electrical conductivity, which is of-

ten very dependent upon clay content in the subsurface, and thus possibly hydraulic

conductivity.

Recently, Holliger and Bergmann (2002) questioned the robustness of crosshole
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GPR attenuation tomography because they found, through basic FDTD modeling

using an infinitesimal dipole source, that guided waves in water-filled boreholes can

significantly alter crosshole GPR radiation patterns from the patterns that are usually

assumed for the tomography (those of a half-wave dipole antenna in a homogeneous

medium). However, preliminary work that I have done with the antenna modeling

code presented in Chapter 3 suggests that such effects may only play an important

role when the voltage pulse fed into the transmitter antenna is very short. That is, if

the transmitter feed pulse is of low-enough frequency, guided waves may have a min-

imal effect on the radiation patterns of the antennas. Consequently, further research

should investigate what types of feed pulses are typical of commercial crosshole GPR

systems, and if borehole guided modes are exicted by these pulses, whether atten-

uation tomography could be made more robust through low-pass filtering the data

before analysis.

Another logical research direction that follows from the work presented in Chap-

ter 3 of this thesis is the full-waveform inversion of crosshole GPR data. With ray-

based tomography, resolution cannot exceed a limit approximately equal to the Fres-

nel zone associated with the propagating pulse bandwidth, because scattering from

subsurface heterogeneities is neglected (Williamson and Worthington, 1993). This

resolution limitation can be overcome with full-waveform inversion techniques (which

account for all forms of scattering in the data), but this comes at the cost of (i) severe

non-linearity of the problem and thus great sensitivity to the starting model, and (ii)

great computational expense because a full numerical simulation must be performed

for each iteration. One finding in this thesis that has important implications for full-

waveform inversion is the sensitivity of crosshole GPR waveforms to antenna design,

radar system details (such as the form of the transmitter feed pulse), and borehole

properties. In order to forward model waveforms that are similar to those obtained

in the field, we must be able to obtain all of these parameters very accurately.
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Finally, a topic of research that was planned for this thesis, but was eventually

left out after the realization that it could fill an entire thesis on its own, is the joint

inversion of crosshole and surface-based GPR data for tomography. As mentioned,

at close borehole spacings, it is possible to obtain excellent angular coverage of the

subsurface with crosshole GPR tomography. However, when the boreholes are further

apart, we have a strong bias towards horizontal raypaths, and we thus lack the vertical

rays necessary to constrain lateral subsurface variability. Similarly, when using multi-

offset surface-based reflection data for tomography, there is a strong bias towards

vertical raypaths, and we lack the horizontal rays necessary to properly constrain

variability in the vertical direction. Through jointly inverting these two types of data

for tomography, it may be possible to significantly improve tomographic resolution.
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