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Abstract 

In the contemporary petroleum industry, decisions involving large allocations of 

resources need to be made in the presence of considerable uncertainty. Forecasting 

problems are often formulated to predict the outcome (or the distribution on a set of 

outcomes) of a possible decision-alternative before the actual decision is made and 

the actual outcome is observed. Traditionally, such forecasting problems are 

addressed using data inversion problems as an often iterative Bayesian-predictive-

inference. Data inversion problems estimate the subsurface model parameters given 

observations in the dynamic data. Any forecasts are evaluated as responses of the 

subsurface models obtained as a solution of the inversion problem. This forecasting 

paradigm shifts the focus from the forecast needed for making a good decision to the 

parameters of the model subsurface being estimated. Over the years, in some cases, 

this change in focus has caused a progress-trap situation where more detailed 

subsurface models with a more detailed uncertainty description are sought without 

considering whether the increased detail is informative to the eventual decision 

maker. Furthermore, this increased detail often needs more time for analysis and 

computation that may delay the forecast for the decision maker and even lead to 

missed opportunities. 

This dissertation seeks to take a step towards a forecasting paradigm that focuses on 

the forecast variables that directly inform the agent that is making the decision. The 

forecasting problem is formulated with all the three variables: the observable 

historical data, the prediction needed for decision-making and the subsurface model 

properties. Rather than perceiving the historical-data and prediction variables 

entirely as physical responses of the subsurface model, as is the practice in the 

contemporary forecasting paradigm, the subsurface model is perceived as a 

parameter that establishes causality in the relationship between the historical-data 

and prediction variables.  
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Statistical techniques to examine this data-prediction relationship in low dimensions 

using non-linear principal component analysis (NLPCA) have recently been 

introduced in the hydrogeology literature. However, non-linear techniques are not 

scalable to the large problems as encountered in the petroleum industry. An 

algorithm that utilizes statistical techniques that rely in linear operations such as 

functional component analysis (FCA) and canonical correlation analysis (CCA) by 

trading off linearity against low-dimensionality has been introduced for examining 

the data-prediction relationship. This provides a linear model of the data-prediction 

relationship that can be inferred using linear regression techniques to provide a 

usable estimate of the forecast uncertainty needed for many applications. Bootstrap 

techniques that test the reliability of such a forecast with a predictivity metric for the 

specific problem have also been introduced. This algorithm is validated using a 

hydrogeological forecasting problem involving the analog of a spatially uncertain 

German aquifer and its efficacy demonstrated using a reservoir engineering problem 

involving the analog of a structurally uncertain Libyan oil reservoir. 

In practice, the model-prediction relationship is defined using a forward-model flow 

simulator that models the prediction as a physical response of the subsurface. Global 

sensitivity techniques have been introduced in literature to examine the relationships 

between the prediction and the individual geological parameters of the subsurface 

model. Since these relationships are complex, some geological parameters that are 

insensitive for the prediction often interact with other geological parameters in 

significant ways to determine the response. In a forecasting paradigm that focuses on 

the prediction variable, effort spent on modeling uncertainty of aspects of the model 

that are insensitive for the prediction can be avoided. This dissertation introduces an 

algorithm that allows for reducing the uncertainty in a geological parameter that is 

insensitive for the prediction in a way that preserves the overall prediction 

uncertainty based on the interactions of the geological parameter. This algorithm is 

validated using an uncertainty modeling problem on the analog of a structurally 

uncertain Libyan oil reservoir. 
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Together, the sensitivity and predictivity metrics serve as a statistical tool-kit that 

serves to examine the relationships of the prediction variable with the data and model 

variables respectively. This tool-kit can be applied to any forecasting problem in an 

application-specific workflow that constricts the Bayesian-predictive-inference. Only 

the most predictive aspects of the data and the most sensitive aspects of the model, 

that is, only the variables that are the most consequential to the forecast needed to 

inform the decision at hand need to be used in a data inversion problem. The efficacy 

of one such workflow has been demonstrated using a reservoir forecasting problem 

involving an analog of a structurally uncertain Libyan oil reservoir. 



vii 
 

Acknowledgements 

The work presented in this dissertation is the result of many hours of discussions and 

conversations with others. Foremost, I express gratitude for my advisor, Prof. Jef 

Caers for his guidance and support at every step of this endeavor. I have learnt a lot 

from him in all aspects of my doctoral work including my research, my writing as well 

as my presentation. During the program, I have experienced a lot of growth thanks to 

his continuing feedback and comments. Thanks are also due to my doctoral 

committee: Prof. Karen Casciotti, as chairperson, Prof. Sally Benson and Dr. Celine 

Scheidt, as reading members, and to Prof. Roland Horne for examining my work. 

Celine has been a continuous source of encouragement and patient guidance 

throughout my work. Prof. Tapan Mukerji's ideas and suggestions in all varied fora 

have been invaluable.  

I started my doctoral work with minimal awareness about the petroleum industry. I 

want to thank Dr. Alexandre Boucher at AR2Tech for introducing me to its problems 

and for continuous mentorship since the outset. Dr. Darryl Fenwick at Streamsim has 

very generously shared his time throughout the years. Dr. Peter Seuss at Winters Hall 

has provided me with a real world forecasting problem whose analog I have used 

widely in my dissertation. Furthermore, my internship mentors, Ms. Claude 

Scheepens, Dr. Lin Hu and Dr. Yongshe Liu at ConocoPhillips, Dr. Yuguan Chen at 

Chevron, Dr. Jeffrey Grenda, Dr. Balakrishnan Selvam, Dr. Hongmei Li and Dr. Satomi 

Suzuki at Exxonmobil, and Mr. Robert van Delden and Dr. Mike Hawkins at Shell have 

helped me frame my work in the application framework that the industry uses.  

I also want to thank my colleagues at the Stanford Centre for Reservoir Forecasting, 

Whitney, Andre, Orhun, Ognen, Jaehoon, Siyao and Hyucksoo, among many, for 

helping me out generously with their work - codes, illustrations and most 

importantly, a calm and sympathetic ear during the tougher moments. Thuy, Yolanda, 

Joanna and Rachael in the department student services made sure I had few 

administrative impediments. Dr. Sujata Patel at Stanford CAPS and Rabbi Mychal 



viii 
 

Copeland at the Stanford Hillel, in both, their professional capacity as well as in their 

personal friendship, have formed a very important part of the support system I have 

had these years. 

Lastly, I want to thank Mum and Pa. All my life, they have been the smartest, most 

hard working and most high-achieving people I have had the privilege of knowing so 

personally. Even though they've never entirely approved of the time I have spent on 

my doctoral work, everything I do is motivated by a strong aspiration to, one day, 

have their achievements, their relationships and their lives. 



ix 
 

Table of Contents 

Abstract ..................................................................................................................................................... iv 

Acknowledgements .............................................................................................................................. vii 

Table of Figures ...................................................................................................................................... xi 

1 Introduction .................................................................................................................................... 1 

1.1 Motivation ................................................................................................................................ 1 

1.2 Forecasting problems .......................................................................................................... 3 

1.3 State of the Art Review ........................................................................................................ 5 

1.4 Challenges ............................................................................................................................. 12 

1.5 Objectives .............................................................................................................................. 15 

1.6 Outline of dissertation ...................................................................................................... 17 

2 Review of Statistical Methods ............................................................................................... 19 

2.1 Introduction ......................................................................................................................... 19 

2.2 Dimensionality reduction ............................................................................................... 19 

2.3 Variable-pair analysis ....................................................................................................... 27 

2.4 Multifactor global sensitivity analysis ....................................................................... 31 

3 Prediction focused analysis using canonical functional component analysis .... 49 

3.1 Introduction ......................................................................................................................... 49 

3.2 Prediction Focused Analysis: Illustration ................................................................. 51 

3.3 Methodology ........................................................................................................................ 58 

3.4 Application to illustrative case...................................................................................... 65 

3.5 Conclusion ............................................................................................................................. 67 

4 Sensitivity based geological uncertainty reduction ...................................................... 77 

4.1 Introduction ......................................................................................................................... 77 



x 
 

4.2 Methodology ......................................................................................................................... 83 

4.3 Case Study application ...................................................................................................... 88 

4.4 Conclusion ............................................................................................................................. 96 

5 Bringing it all together........................................................................................................... 105 

5.1 Introduction ....................................................................................................................... 105 

5.2 Prediction-pivoted forecasting framework ........................................................... 107 

5.3 Case Study .......................................................................................................................... 117 

5.4 Conclusion .......................................................................................................................... 121 

6 Conclusions and Future Work ............................................................................................ 133 

6.1 Conclusions ........................................................................................................................ 133 

6.2 Future work ....................................................................................................................... 136 

References ........................................................................................................................................... 139 

 

 



xi 
 

Table of Figures 

Figure 2.1 Map of Canada showing 35 cities ............................................................................. 39 

Figure 2.2 Temperature variance over 35 Canadian cities over a year. ......................... 39 

Figure 2.3 Temperature variance over a year in four cities. Coastal cities Vancouver 

and Victoria have less overall temperature variance than inland cities Winnipeg and 

Calgary. The bulk of the temperature variance is in the winter months with summer 

temperatures across the cities displaying less overall variation. ..................................... 40 

Figure 2.4 FCA components of temperature data showing the coastal cities and inland 

cities separated ..................................................................................................................................... 40 

Figure 2.5 Fourier basis used for functional data analysis. This basis has 13 functions 

to allow for maximum granularity of the monthly measured data. ................................. 41 

Figure 2.6 Fourier Harmonics of the temperature variations in four cities. The 

harmonics show more variation for inland cities than coastal cities, and more 

variation for winter months than summer months. .............................................................. 41 

Figure 2.7 Eigen-functions of the variations in functional temperature data. The 

variations are higher in the winter months than the summer months. ......................... 42 

Figure 2.8 Functional variation accounted for in the first four functional components. 

The blue line indicates the mean temperature data. The red and the green lines 

indicate the 5th and the 95th percentile variations along each functional component 

respectively. The number in the parentheses gives the percentage of the total 

variation defined by the respective component. ..................................................................... 42 

Figure 2.9 Plot comparing daily measurements (solid lines) of temperature with daily 

evaluations (dotted lines) of the functional basis calibrated to average monthly 

temperature. The close alignment demonstrates scalability of functional bases. ..... 43 

Figure 2.10 Plot showing cities based on functional components of temperature. 

Coastal cities on the East Coast of Canada such as St. John’s and Sydney are placed 

close to coastal cities on the West Coast of Canada such as Vancouver and Victoria 

towards the bottom. Inland cities such as Winnipeg, Yellowknife and Regina appear 

towards the top as well. Arctic cities such as Dawson, Churchill and Inuvik appear 



xii 
 

towards the right-hand side whereas southern cities such as Prince Rupert, Calgary 

and Winnipeg appear towards the left-hand side. .................................................................. 43 

Figure 2.11 Plot showing the variation of bivariate variable x with components 

uniformly valued between zero and one. ................................................................................... 44 

Figure 2.12 Plot showing the variation of trivariate variable y ......................................... 44 

Figure 2.13 Plots showing that the relationships between the components of x and y 

are highly non-linear. Particularly, y1 is a parabolic function of x, y2 is a sinusoid 

function of x and y3 is an exponential function of x. ............................................................... 44 

Figure 2.14 Plots showing the relationships between the canonical variates of 𝒙 and 

𝒚. ................................................................................................................................................................. 45 

Figure 2.15 Plots showing the distributions of the canonical variates of 𝒙 and 𝒚: All 

the canonical variates have a sample mean of zero and a sample standard deviation 

of one. However, the distributions of all the canonical variates are not necessarily 

Gaussian. .................................................................................................................................................. 45 

Figure 2.16 the response space for f(x,y,z) ................................................................................ 46 

Figure 2.17 The response space for f(x,y,z) classified into three classes using K-means 

clustering ................................................................................................................................................. 46 

Figure 2.18 Empirical parameter cumulative distributions in the three classes. ....... 47 

Figure 2.19 One-Way sensitivity metrics.................................................................................... 47 

Figure 2.20 Multi-way sensitivity .................................................................................................. 48 

Figure 3.1 Illustration case set-up. Bottom: Aquifer modeled using two dimensional 

grid with 𝟏𝟎𝟎 × 𝟐𝟓  cells. Contaminant injected on left-hand edge, Contaminant 

concentration measured in the center 3.5 days after contamination and Forecast 

seeks contaminant concentration on right-hand edge 12 days after contamination. 

Top: Training image containing binary spatial distribution of higher conductivity 

spatial feature (Source: (Scheidt et al., 2014)) ........................................................................ 69 

Figure 3.2 Trade-off between linearity and dimension-reduction: Correlation of the 

first canonical variate of the data-forecast projection pairs when dimensions are 

reduced using NLPCA. ........................................................................................................................ 70 

Figure 3.3 Flowchart for data flow in canonical functional component analysis based 

prediction focused analysis. The blue blocks indicate that explicit inverse modeling 



xiii 
 

may be required if either the canonical component analysis fails or the 𝑪𝒅𝒄 

calculation doesn’t converge. .......................................................................................................... 71 

Figure 3.4 Data Case One: Contaminant arrival at the three observation wells is late 

(top and bottom-left). NLPCA-based PFA predicts posterior uncertainty reduction 

around late arrival of contaminant at the drinking well. ..................................................... 72 

Figure 3.5 Data Case Two: Contaminant arrival at the three observation wells is early 

(top and bottom-left). NLPCA-based PFA predicts posterior uncertainty reduction 

around early arrival of contaminant at the drinking well. .................................................. 72 

Figure 3.6 Data Case Three: Contaminant arrival at the first two observation points is 

late (top) but at the third observation point, it is early (bottom-left). NLPCA-based 

PFA predicts posterior uncertainty is not significantly reduced compared to the prior.

 ..................................................................................................................................................................... 73 

Figure 3.7 Data Case One: Comparison between relationships between data and 

prediction in Functional Space and Canonical Functional Space ...................................... 73 

Figure 3.8 Histogram transformation: Components obtained as a result of Canonical 

correlation analysis (left) can be transformed to a Gaussian distribution (right) using 

a linear one-dimensional histogram transformation. ........................................................... 74 

Figure 3.9 Posterior Sampling in Data-case one. Histogram of 100 samples of the 

posterior of the first component hc1 (Top left). 100 posterior sample in a scatterplot 

of the first two components (hc1, hc2) points (Top right). Reconstructed posterior 

h(t) curves in blue showing uncertainty reduction compared to prior h(t) curves in 

grey (bottom). The grey lines represent the prior samples. .............................................. 74 

Figure 3.10 Comparison of P10-P50-P90 quantile statistics of posterior estimates using 

CFCA and NLPCA based PFA for Data-cases One (left) and Two (right) ....................... 75 

Figure 3.11 Comparison of P10-P50-P90 quantile statistics of posterior estimates using 

CFCA and NLPCA based PFA for Data-case Three. .................................................................. 75 

Figure 4.1 One way Sensitivity Analysis for f(x,y,z) ............................................................... 97 

Figure 4.2 Conditional Sensitivity of f(x,y,z) to interactions between parameters ... 98 

Figure 4.3 Conditional Sensitivities to Least Sensitive Parameter of f(x,y,z)............... 98 



xiv 
 

Figure 4.4 f(x,y,z) Response uncertainty reduction when parameter range arbitrarily 

reduced: Blue dots indicate initial uncertainty. Red asterisks indicate uncertainty 

with parameter range reduced. ...................................................................................................... 99 

Figure 4.5 f(x,y,z) Response uncertainty preserved when parameter range reduced 

using methodology described: Blue dots indicate initial uncertainty. Red asterisks 

indicate uncertainty with parameter range reduced ............................................................. 99 

Figure 4.6 Faults and well placement in model of Libyan Reservoir: WellIn is the 

injector and WellOut is the producer well. ............................................................................. 100 

Figure 4.7 Location of the major Libyan Oil fields (top) and the location of the 

Hameimat trough in the Sirte Basin (bottom) ....................................................................... 101 

Figure 4.8 Differential hydrodynamic trapping mechanism in Libyan Reservoir seen 

as the reason for difference in fluid contact ........................................................................... 102 

Figure 4.9 Perched aquifer in Libyan Reservoir seen as the reason for difference in 

fluid contact ......................................................................................................................................... 102 

Figure 4.10 Training image to parameterize the spatial uncertainty in the Libyan 

Reservoir. Red and Yellow regions indicate highly conductive sand bodies and the 

Blue region indicates a less-conductive shale substrate. .................................................. 102 

Figure 4.11 Reservoir model of the Libyan reservoir analog showing well locations 

and faults in the structure. ............................................................................................................ 103 

Figure 4.12 Libyan Reservoir Case: One way sensitivity for cumulative water 

production in Producer Well ........................................................................................................ 103 

Figure 4.13 Libyan Reservoir Case: Conditional Sensitivity for cumulative water 

production in Producer well to Least Sensitive Parameter, the displacement of the 

oldest fault valued in depth-cell-units ...................................................................................... 104 

Figure 4.14 Libyan Reservoir Case: Comparison of response uncertainty on an MDS 

Plot (left): Blue dots indicate initial uncertainty using all values of all parameters. Red 

asterisks indicate uncertainty with parameter range reduced. Comparison of 

response uncertainty with P10-P25-P50-P75-P90 quantile curves (right): Blue dotted 

lines indicate initial uncertainty. Red dashed lines indicate uncertainty with 

parameter range reduced. ............................................................................................................. 104 



xv 
 

Figure 5.1 Flowchart representing workflow to apply the toolkit to forecasting 

problem in the Libyan oil reservoir analog. Black arrows indicate control flow and 

pink arrows indicate data flow ..................................................................................................... 123 

Figure 5.2 Well placement with respect to the oldest fault in the Libyan oil reservoir 

analog. .................................................................................................................................................... 124 

Figure 5.3 Observed decline curve (indicated as reference) in the producer well with 

respect to the prior distribution of decline curves obtained using simulation ......... 124 

Figure 5.4 The two different depositional scenarios depicted by training images 

containing channels (left) and ellipsoids (right) .................................................................. 125 

Figure 5.5 Quality of match achieved through rejection sampling. The grey curves 

represent the prior decline curves, the red curve represents the reference and the 

blue curves represent the decline curves of the models accepted by the sampler. . 125 

Figure 5.6 The reference posterior quartile curves with respect to the prior quartile 

curves for the predicted water cut in the prediction well (left) and the predicted 

cumulative oil production in the prediction well (right). .................................................. 126 

Figure 5.7 Comparison of posterior quartiles obtained from PFA and Rejection 

sampling with prior quartiles of the predicted water cut in the prediction well. .... 126 

Figure 5.8 Comparison of posterior quartiles obtained from PFA and Rejection 

sampling with prior quartiles of the predicted cumulative oil production in the 

prediction well. ................................................................................................................................... 126 

Figure 5.9 One way sensitivity to predicted cumulative oil production in prediction 

well .......................................................................................................................................................... 127 

Figure 5.10 Conditional sensitivity of predicted cumulative oil production to the 

throw in the oldest fault .................................................................................................................. 127 

Figure 5.11 Uncertainty reduction in the predicted cumulative oil production when 

throw of the oldest fault is restricted to high values ........................................................... 128 

Figure 5.12 Comparison of posterior quartiles obtained from PFA and Rejection 

sampling with prior quartiles of the predicted cumulative oil production in the 

prediction well when displacement of the oldest fault is limited to high values. ..... 128 

Figure 5.13 One way sensitivity to predicted water cut in prediction well ................ 129 

Figure 5.14 Conditional sensitivity of predicted water cut to the training image ... 129 



xvi 
 

Figure 5.15 Uncertainty reduction in the predicted water cut when training image is 

restricted to ellipsoid ...................................................................................................................... 129 

Figure 5.16 Comparison of posterior quartiles obtained from PFA and Rejection 

sampling with prior quartiles of the predicted water cut in the prediction well when 

when training image is restricted to ellipsoid ....................................................................... 130 



1 
 

1 Introduction 

1.1 Motivation 

As the global demand for energy grows in step with continued exhaustion of the easy-

to-access onshore oil fields, the petroleum industry is investing increasingly in 

environments where it is technologically difficult and financially expensive to obtain 

reliable data such as deep-water and ultra-deep-water environments. With the daily 

costs of operating in these environments easily exceeding a billion USD, operational 

decisions about the reservoirs often need to be made quickly. These decisions are 

often made based on limited knowledge of the factors that might influence their 

outcomes such as the reservoir subsurface structure and properties, the reservoir 

fluid behavior, commodity prices, rig rates etc. In other words, these decisions are 

made in the presence of considerable uncertainty. As early as (Kahneman et al., 1982; 

Kahneman and Tversky, 1979; Welsh et al., 2005), it has been demonstrated that 

human agents rarely make good decisions on their own even in the presence of 

perfect and complete information. Making good decisions gets even more difficult for 

human agents when information is uncertain.  

Normative decision theory provides a formal structure for making good decisions by 

prescribing a choice that would be made by an agent who is fully rational consistent 

with axiomatic optimality and has the ability to evaluate all the choices available. 

(Gilboa, 2011; Peterson, 2009) In decision theory, a decision is any irreversible 

allocation of resources. (Peterson, 2009) In practice, this does not mean that a 

decision can never be changed. Some decisions, such as drilling a well, are truly 

irreversible. Others, such as entering into a partnership with another company, can 

be revoked, but only at some cost. An “optimal decision” is any such irreversible 

allocation whose outcome is expected to yield at least as much or higher utility to the 

agent than the alternative allocations given the available information and its 

reliability. (Peterson, 2009; Tversky and Kahneman, 1981) Optimizing decisions is 

challenging since actual outcomes can’t be used to evaluate the expected utility of a 
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decision. (Peterson, 2009) Good decisions can lead to bad outcomes and poor 

decisions can lead to good outcomes. Decisions need to be compared based on an 

expectation of the utility of their outcomes. Thus, it is very difficult to verify whether 

a decision is optimal in hindsight unless the decision-exercise is repeated multiple 

times with multiple decision-alternatives and the utilities of the sets of their 

outcomes are compared. (Peterson, 2009) Reservoir engineering decisions such as 

the choice between drilling a well in one of two predetermined locations along 

predetermined paths under 1500m of seawater typically involve a commitment of 

large amounts of money and man-power. It has been demonstrated (Welsh et al., 

2005) that in practice, such decisions are made as the result of “satisficing” rather 

than optimizing. Satisficing refers to making sure that the decision is “good enough” 

to meet certain criteria as defined by the decision maker whereas optimizing refers 

to making sure that the decision is as good as possible according to criteria that can 

be generally agreed upon. Decisions made as a result of satisficing have been found 

to be significantly suboptimal in hindsight. This goes against the fiduciary 

responsibility of public companies and short-changes the beneficiaries of national 

resources. Thus, it is vital that resource commitment is made as a result of a choice 

that is based optimizing the utility of the likely outcomes of the available alternatives 

according to a rational framework that is either axiomatic or, at least, can be generally 

agreed upon. 

Any decision-making exercise that needs to make optimal decisions that can impact 

multiple stakeholders carries an inherent risk considering the criteria used by the 

decision-maker and the stakeholders as a test for optimality for a decision might be 

different. Formally, in a decision-making problem, uncertainty differs from risk. Risk 

indicates the possibility of an outcome with negative utility. Uncertainty, on the other 

hand, indicates that the distribution on the outcomes of a decision is not known. 

(Peterson, 2009)  

For a decision-making problem in the presence of uncertainty, forecasting is used to 

predict the outcome or the distribution on a set of outcomes of a possible decision-

alternative before the actual decision is made and the actual outcome is observed. If 
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the utility of each outcome is known, expected-utility can be calculated for each 

decision-alternative. This can enable the comparison of the available decision-

alternatives and making an optimal decision by choosing from among the available 

decision-alternatives using a rational framework that maximizes expected utility.  

For example, for the aforementioned reservoir engineering decision about the choice 

between two predetermined locations to drill a new well, the decision alternatives 

would be to drill in one location and to drill in another location. If reliable predictions 

can be made about the costs of drilling a new well in the two locations and about 

economic performance (benefit) of such a well, a rational framework such as a cost-

benefit analysis can be used to define a utility and use the utility to choose between 

the alternatives. Such a rational framework controls for the typical limitations of a 

human decision maker such as biases or errors of premise, and fallacies or errors of 

logic (Tversky and Kahneman, 1981) and can prevent mismatches between 

perceptions of optimality between the decision-maker and the stakeholders. 

1.2 Forecasting problems 

In decision theory, the goal of a forecasting problem is formally defined as making 

reliable statements or “forecasts” about decisions whose actual outcomes have not 

yet been observed based on information at hand. (Gilboa, 2011; Peterson, 2009) In 

other words, forecasting asks conditional on what is known, what can be said about 

the future? This makes the forecasting problem analogous to Bayesian inference 

problems. However, in practice, forecasts can be subjective or objective.  

Subjective forecasts are based on the opinion and intuitive judgment of experts. (Bos 

and Arkley, 2011) For example, in the petroleum industry, it used to be common 

practice to base a production forecast on a single deterministic description of a 

reservoir or “reservoir model” that could reproduce its historical production and 

pressure data within a certain tolerance. Since the historical production and pressure 

data are generally consistent with more reservoir descriptions than one (Caers, 

2012a), such a choice of any single reservoir model and associated production 

forecast is a subjective judgment of the engineer. (Bos, 2011) 
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Such subjective judgment has been demonstrated to be systemically overconfident. 

(Hawkins et al., 2002; Morgan et al., 1990; Soll and Klayman, 2004) Overconfidence 

means when an engineer subjectively forecasts future production with, for example, 

a 90% confidence, her forecast is likely to reflect the realized production much less 

than 90% of the time. This overconfidence or overly narrow forecast uncertainty, can 

quickly compound to a very serious underestimation of the overall uncertainty with 

possible enormous expected losses. (Capen, 1976; Ríos et al., 1994) Long-range 

forecasts such as those used for general investment decisions, for booking reserves 

and for global supply matters are still made using a “most likely” or a “base case” view 

of subsurface properties and reservoir performance. (Bos, 2011) They are considered 

appropriate when past data about the specific case are not available and well-defined 

data-generating processes do not exist. In the presence of data or data-generating 

processes, however, subjective forecasts are increasingly considered obsolete and 

their acceptability is limited to applications where time, cost or technology 

constraints prohibit objective forecasting. (Bickel and Bratvold, 2007) 

Objective forecasts are obtained as a conditional distribution f(𝑯 = 𝒉| 𝑫 = 𝒅𝑜𝑏𝑠) of a 

“prediction variable”  𝑯  in presence of an observation 𝒅𝑜𝑏𝑠  in a historical “data 

variable” 𝑫 through the solution of a Bayesian predictive inference problem. This 

notation is analogous to that used in (Mosegaard and Tarantola, 2002). In this 

notation, f(𝑥)  contains information describing the probability distribution  P(𝑥) . 

However, since probability assessment is subjective, that is, probability can’t be 

measured and defined in a value like physical quantities, to be mathematically 

consistent, f(𝑥)  is a “measure” of the probabilistic variation that allows for 

comparison of the probability of the occurrence of an event against another as defined 

in (Caers, 2012a). Thus, the conditional distribution f(𝑯 = 𝒉| 𝑫 = 𝒅𝑜𝑏𝑠) is a measure 

of the conditional probability distribution  P(𝒉|𝒅𝑜𝑏𝑠)  of the prediction variable  𝒉 

given the occurrence 𝒅𝑜𝑏𝑠 in the data variable. 

In a reservoir-engineering problem, for example, a data variable could be the 

historical production of a field and a prediction variable could be the performance of 

a new well in a predetermined location based on the decision-alternative being 
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evaluated. In a geophysical problem, the data variable could be the seismic survey 

and the prediction variable could be the indicator on the presence of a fault. Objective 

forecasting attempts to first identify a relationship between the observable “data 

variable” and the desired “prediction variable” and then obtain the value or values of 

the prediction variable that the relationship associates with the data observation.  

Causal or evidential approaches can be used to define the data-prediction 

relationship. Causal forecasting approaches define the data-prediction relationship 

based on underlying physical systems and physical processes that influence the 

prediction variable from the data variable. For example, umbrella sales in a 

geographical area are related to rainfall measurements in the area because of a causal 

relationship. Evidential forecasting approaches, on the other hand, infer relationships 

between data and prediction variables statistically. For example, regression analysis 

can be used to determine if one observable variable is linearly related to another 

without necessarily understanding the reasons for the linear relationship. The next 

section reviews the practice of forecasting as done in the contemporary petroleum 

industry. 

1.3 State of the Art Review 

1.3.1 Forecasting Problems 

In the petroleum industry, the bulk of objective forecasting is contemporarily done 

overwhelmingly using causal approaches through computational modeling. (Bickel 

and Bratvold, 2007) Since the data and prediction variables are often complex time 

series, it is difficult to use evidential techniques for identifying relationships between 

them. For example, in the reservoir-engineering forecasting problem with the data 

variable being the historical production of a field and the prediction variable being 

the performance of a new well, the history may be a multivariate time series and the 

prediction variable may be another time series.  

However, in the causal approach, the data variable and the prediction variable are 

viewed as physical “responses” of the subsurface. This establishes a causal 
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relationship between the data and the prediction based on a shared underlying 

subsurface. A model variable 𝑴  is defined to capture relevant properties of the 

subsurface. For example, in a reservoir engineering problem, the model variable 

could contain the permeability field on a three dimensional grid of a certain 

resolution. Forward models based on physical processes are used to estimate the 

causal physical relationships between (1) the data and the model as 

𝒅 = 𝒈(𝒎) (1) 

and (2) the prediction and the model as 

𝒉 = 𝒓(𝒎) (2) 

In reservoir engineering problems where 𝒅 and 𝒉 are flow responses of subsurface 

permeability field 𝒎, the deterministic relationships 𝒈(𝒎) and r(𝒎) are estimated 

using a reservoir simulator or its proxy model. The model variable 𝑴  is then 

calibrated to the observations 𝒅𝑜𝑏𝑠 of the data variable within a tolerance by solving 

an inverse problem that seeks values �̂� of 𝑴 such that 

𝒅𝑜𝑏𝑠 ≅ 𝒈(�̂�) (3) 

These values of 𝒈(�̂�) match the observation 𝒅𝑜𝑏𝑠 within a pre-determined tolerance 

range. 

In reservoir engineering, these values 𝑴 = �̂� are referred to as “history matched 

models”. For causal forecasting, a model  𝑴 = �̂�  possibly represents the actual 

subsurface of the reservoir since its flow response is consistent with the observation. 

Such a model can be used to generate a prediction 𝑯 = �̂� using the causal physical 

relationship between the subsurface and the prediction variable. An ensemble of 

predictions �̂� is calculated as 

�̂�  = 𝒓(�̂�) (4) 

from an ensemble of models �̂�. This ensemble of predictions is used to empirically 

represent the forecast uncertainty f(𝒉| 𝒅𝑜𝑏𝑠) given the historical data observation. 

This forecast uncertainty is dependent on the uncertainty of the “history matched 

models” obtained from solving the inverse problem. If the choice of inverse problem 
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algorithm ensures that the ensemble of models �̂� empirically represents the 

Bayesian posterior model uncertainty f(𝒎| 𝒅𝑜𝑏𝑠)  consistently, the forecast 

uncertainty can be formalized as a marginal distribution consistent with Bayesian 

predictive inference given by 

f(𝒉| 𝒅𝑜𝑏𝑠) = ∫ 𝒓(𝒙) f(𝒙| 𝒅𝑜𝑏𝑠)  𝑑𝒙

𝒎

  (5) 

Many algorithms are available to obtain the ensemble of models  �̂�  as a 

solution to an inverse problem. The theory and practice of solving inverse 

problems have been reviewed in the next section. 

 

1.3.2 Inverse Problems 

Inverse problems seek models 𝒎 that are consistent with the data 𝒅𝑜𝑏𝑠. In reservoir 

engineering, inverse problems that seek a subsurface model honoring observed data 

(for example, production history) are called history-matching problems. A generic 

formulation of the inverse problem (Mariethoz and Caers, 2014; Tarantola, 2005) 

conjoins three states of information about the joint distribution f(𝒎, 𝒅) of the model 

and data: 

1. Information from theory such as the relationship between a numerical model 

of the subsurface and a simulator response based on physics of fluid flow 

2. Information available a priori independently of the theory. This information 

eliminates many ’impossible’ models. For example, when making a reservoir 

model, the prior information can exclude all geologically unrealistic 

subsurface models. 

3. Information about the metric defining the variables 𝒎, 𝒅 such as a subsurface 

model be defined as a property field on a three dimensional grid or a data 

response be defined as a time series with measurements every month for ten 

years. 

Assuming that the distribution on the data is predictable from the model using the 

theory – that is, assuming that the model variable captures all the features of the 
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subsurface that are informative to the data variable - and assuming the metric density 

to be uniform, data inversion problems are formulated as  

f𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟(𝒎) = 𝐾 f( 𝒅𝑜𝑏𝑠|𝒎) f𝑝𝑟𝑖𝑜𝑟(𝒎) (6) 

The likelihood density distribution f( 𝒅𝑜𝑏𝑠|𝒎)  models the compatibility of the 

observed data with a model  𝒎 . This formulation is consistent with Bayes’ Rule. 

(Mariethoz and Caers, 2014; Tarantola, 1987)  

Bayes’ Rule states the relationship between a conditional probability  P(𝐻|𝐸)  of a 

hypothesis 𝐻 in the presence of evidence 𝐸 as a consequence of two antecedents: (1) 

the a priori probability of the hypothesis in the absence of evidence P(𝐻) and (2) the 

likelihood function P(𝐸|𝐻) that evaluates the compatibility of the evidence with the 

given hypothesis, as  

P(𝐻|𝐸) P(𝐸) =  P(𝐸|𝐻) P(𝐻) (7) 

P(𝐻|𝐸) ∝  P(𝐸|𝐻) P(𝐻) (8) 

In the context of a data-inversion problem, the evidence is the observation 𝒅𝑜𝑏𝑠 and 

the hypothesis is the hypothetical numerical subsurface model 𝒎. Thus, from Bayes’ 

Rule,  

f(𝒎| 𝒅𝑜𝑏𝑠 ) ∝ f( 𝒅𝑜𝑏𝑠|𝒎) f(𝒎) (9) 

where f(𝒎| 𝒅𝑜𝑏𝑠 ) is the posterior distribution on the model variable 𝑴 and f(𝒎) is 

the prior distribution on the model variable. Bayes’ rule does not tell us how to find 

solutions to inverse problems, in other words, it is not a technique for finding 

posterior Earth models; it just tells us what the constraints are to finding them. 

(Mariethoz and Caers, 2014; Tarantola, 2005)  

The generic inverse problem samples a posterior distribution that has been 

formulated using likelihood and prior. Inverse problems are solved in the industry 

using either optimization techniques, sampling techniques (Caers, 2012a) or search-

based techniques. (Mariethoz and Caers, 2014) These are reviewed one-by-one in the 

next sections. 
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1.3.2.1 Optimization based techniques 

Optimization techniques treat inverse problems as a nonlinear function inversion 

since the data 𝒅 is a complex non-linear physical response modelled by 𝒈(𝒎) from 

the unknown subsurface  𝒎 . Hence, they seek to obtain models that minimize an 

objective function 𝑂(𝒎) that represents an application-specific difference between 

the observed  𝒅𝑜𝑏𝑠  and the calculated  𝒅 = 𝒈(𝒎). Examples of such techniques are 

Ensemble Kalman filters (Evensen, 2003), genetic algorithm (Whitley, 1994) and 

simulated annealing (Vanderbilt and Louie, 1984). In spite of the fact that any of these 

methods can find an ensemble of models �̂�, each of which is constrained to observed 

data, they may not follow Bayes’ rule in that the posterior samples of subsurface 

models obtained from optimization might lie outside the prior distribution on 

subsurface models. For example, solutions obtained using stochastic optimization 

techniques such as Ensemble Kalman Filter may not necessarily represent a realistic 

uncertainty in the model in that the obtained model may be geologically unrealistic. 

(Caers, 2012a; Park et al., 2011)  

1.3.2.2 Sampling based techniques 

Sampling based techniques such as Rejection sampling, Metropolis sampling etc. are 

used to sample the posterior model distribution as formulated in the generic inverse 

problem using likelihood and prior. These techniques obtain a set of models �̂� 

constrained to observed data that taken as an ensemble empirically provide a realistic 

representation of the posterior model uncertainty. Rejection sampling(Ripley, 2008; 

Von Neumann, 1951) is a simple technique for finding such models. It aims to “reject” 

models that are incompatible with the data. It aligns perfectly with the Bayes Rule. In 

the absence of data uncertainty, if 𝒅 = 𝒈(𝒎) , rejection sampling samples the 

posterior distribution on models in the following steps iteratively: 

1. Sample a model 𝒎 from the prior f(𝒎) 

2. Calculate the forward model 𝒈(𝒎) 

3. Accept 𝒎 as a sample of the posterior distribution f(𝒎| 𝒅𝑜𝑏𝑠) if there is no 

mismatch 𝒅𝑜𝑏𝑠 − 𝒈(𝒎) else reject it. 
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However, in presence of data uncertainty, such as that arising from measurement and 

modeling errors, each iteration is modified to  

1. Sample an earth model 𝒎 from the prior distribution f(𝒎) 

2. Calculate the mismatch 𝒅𝑜𝑏𝑠 − 𝒈(𝒎) 

3. Calculate the objective function 𝑂(𝒎)  for the sample: Usually, 𝑂(𝒎)  is a 

positive-valued function of the mismatch 𝒅𝑜𝑏𝑠 − 𝒈(𝒎). 

4. Calculate the likelihood function from the objective function 𝐿(𝒎) =

𝑘𝐿𝑒−
𝑂(𝒎)

2
 where the constant 𝑘𝐿 is chosen such that the maximum 𝐿(𝒎) value 

is 1. 

5. Sample a random number 𝑢 from a continuous uniform distribution on [0,1]. 

6. Accept 𝒎 as a sample of the posterior 𝜎𝑀(𝒎) if 𝑢 ≤ 𝐿(𝒎) 

Generating enough samples to represent the posterior uncertainty depends on 

iterative model sampling (generating 𝒎) and forward simulation (calculating 𝒈(𝒎)). 

As the model generation and forward simulation algorithms in real-world problems 

tend to be computationally complex, evaluating them iteratively can render the effort 

computationally prohibitive. 

Metropolis sampling (Metropolis et al., 1953; Ripley, 2008) approximates Rejection 

sampling by relating the realizations or samples of the model between two successive 

iterations. If in an iteration, a model realization is more mismatched (or has high 

objective function and low likelihood), the next iteration considers a model 

realization that is more different than the one being considered in the present 

iteration. To do this, the Metropolis uses a proposal mechanism to generate a 

proposal 𝒎(next) from the current model 𝒎(this). In the case of subsurface models, the 

proposal mechanism may generate the next realization 𝒎(next)  by perturbing the 

current realization 𝒎(this) . This perturbation can be a decreasing function of the 

likelihood 𝐿(𝒎(this)) to perturb unlikely realizations more than the likely realizations. 

The nature of perturbation is specific to the model-realization generation technique. 

For example, in spatial models of the reservoir subsurface, some part of the current 



11 
 

realization can be used as conditioning data to generate the next realization. The 

following steps are taken to generate each posterior sample: 

1. Given a current model 𝒎(this), generate a new proposal model 𝒎(next) 

2. Accept this proposal model 𝒎(next) with probability min {1,
 𝐿(𝒎(next))

𝐿(𝒎(this))
} 

3. Instead of using a randomly sampled model for the next iteration, use 𝒎(next) 

if accepted 

As a result, each iteration obtains an as likely or more likely model as the previous.  

f(𝒎(i)) = f(𝒎(i)|𝒎(1), 𝒎(2), … , 𝒎(i-1)) (10) 

L(𝒎(i)) ≥ L(𝒎(i-1))∇𝑖 > 1 (11) 

In subsurface problems, with large complex priors for spatial models, this technique 

obtains a representative posterior ensemble much faster than Rejection sampling. 

However, the computation complexity problem remains. In actual reservoir 

engineering applications, a single evaluation of the model generation algorithm and 

its forward model takes a few hours of CPU time. This renders sampling based 

techniques impractical. 

1.3.2.3 Search-based techniques 

Stochastic search based techniques sample the posterior model distribution. 

However, such sampling is not rigorously done according to an explicitly defined 

posterior distribution according theory. (Mariethoz and Caers, 2014) Instead, the 

goal is to generate multiple solutions of the inverse problem such that 

1. The posterior ensemble models contain any patterns in the model variable 

identified in the prior. For example, if the prior has been defined using a 

training image for multiple point statistics (Caers, 2005), the spatial patterns 

and dimensions in the training image will be reproduced in the posterior 

models. 

2. The data is matched up to an error tolerance specified using an objective 

function.  
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Examples of these techniques are Probability perturbation method (Caers and 

Hoffman, 2006), and Neighborhood algorithm (Sambridge, 1999a, b). These 

techniques, however, cannot guarantee that the ensemble of posterior models 

obtained contain all the variability needed to represent the posterior uncertainty. 

Instead of sampling, these methods perform a stochastic search in the prior model 

space for those models that match the observed data up to stated objective. Hence, 

they compromise between computational complexity and coverage of the prior 

model space. However, they have realistic computational requirements to generate 

multiple surface models that fit the data well as well as fit the prior. As long as these 

models provide information on the resulting forecast implications, stochastic search 

based techniques prove relevant for forecasting. (Mariethoz and Caers, 2014) 

1.4 Challenges 

The prevailing forecasting paradigm in petroleum industry solves forecasting 

problems through explicitly solving inverse problems. (Bickel and Bratvold, 2007; 

Qutob et al., 2003; Scheidt et al., 2014) However, forecasting problems and inverse 

problems are very different problems in the nature of their objective. The objective 

of forecasting is to be able to compare the outcomes of decision-alternatives in order 

to identify the decision-alternative that helps achieve the goal better. When the 

outcomes are certain, their values can be readily compared to choose between 

decision-alternatives. However, in the presence of uncertainty of outcomes, the 

choice between decision alternatives is made using utility. Utility is a subjective 

perception of value. It is rarely a symmetric function of value. For example, in a 

reservoir engineering problem where the arrival time of the water-cut at a well is 

being forecast, if the predicted arrival time is too early, the penalty for inaccuracy is 

lower than if such a prediction is too late compared to the observed value. Thus for 

decision making purposes, the goal of the forecasting problem is to be able to 

correctly, or at least confidently, predict the water-cut arrival time at the well.  

However, the objective of inversion is to obtain the information the observed data 

tells about the subsurface. However, inverse problems often involve complex models 
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of the subsurface and consume a large amount of computational effort. When 

forecasting is done based on the ensemble of models of the subsurface obtained as a 

solution to an inverse problem, the real reason for forecasting can get obfuscated.  

When the objective is to gain as much information about the subsurface, in presence 

of rapidly increasing computational ability, prevailing industry practice is to make as 

detailed a model as possible of the subsurface, take into account as many physical 

processes as possible, assume probability distributions on all the uncertain 

parameters and then calibrate them to all available data. This often results in a 

massive computational effort being spent in geo-modeling, flow simulation and 

inversion. Depending upon the computational capability available to the decision 

maker, such a situation can either lead to a progress trap or force the decision maker 

to turn to heuristics. 

1.4.1 Progress Trap 

With computational power increasing exponentially according to Moore’s Law, the 

ability to numerically model the details of physical systems and physical processes 

has increased tremendously over the last 50 years. Numerical models of physical 

systems and physical processes have become increasingly complicated and detailed. 

The approach in the industry has been articulated by (Bratvold and Begg, 2008) as: 

Given sufficient computing power, a detailed-enough model of the subsurface can be 

built that would allow calculating the right answer. Thus, the industry has been 

described as being locked in a good-faith effort to provide decision makers with a 

richer, more detailed understanding of the possible outcomes of major decisions by 

seeking mode detailed understanding of the subsurface through the available data. It 

has been observed furthermore that many professionals fail to critically assess the 

purpose of forecasting; assuming that uncertainty reduction through inverse 

modeling is a desirable goal at almost any cost. (Bickel and Bratvold, 2007) 

This leads to a possibly irrational escalation in effort towards achieving maximum 

model precision and maximum detail in uncertainty quantification. In recent studies 

in hydrogeology (Scheidt et al., 2014), it has been demonstrated that the available 
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data may not be informative at all about the forecast desired to make the decision. 

This can make the inverse problem superfluous for the purpose of forecasting. Since 

detailed models take time to build and invert, the prevailing forecasting paradigm can 

possibly spend considerable effort towards solving a problem that might turn out to 

be superfluous for its ultimate goal. Furthermore, the amount of time needed to solve 

the inverse problem for the purpose of forecasting has been known to lead to delayed 

decisions and missed opportunities. (Bos, 2005) This can been described as a 

Progress Trap – a situation where in the pursuit of progress through human 

ingenuity, problems whose solutions need more time and resources than are 

available, are inadvertently introduced. In the pursuit of higher model precision and 

higher detail in uncertainty quantification, the prevailing forecasting paradigm 

presents increasingly complex problems that require more time to solve.  

1.4.2 Heuristics 

In practice, when faced with uncertainties in complex forecasting models and 

constraints of time and computational power, decision makers often employ 

heuristics (Wald, 1939) to simplify the forecasting problem to make its time and 

computational power requirements more manageable. Heuristics are strategies that 

are not guaranteed to be optimal but are good enough for a set of goals. Examples of 

manual heuristics are intuition, rules of thumb and stereotypes – fast and frugal 

techniques that are learnt through experience using cognitive regression or pattern-

recognition rather than reasoning. However, heuristics, when learnt or applied by 

human agents have been demonstrated to be susceptible to not just cognitive biases 

(errors of premise), but also formal fallacies (errors of logic). In problems specific to 

the petroleum industry, cognitive biases such as anchoring and overconfidence, and 

formal fallacies such as conjunction fallacy and gambler’s fallacy have been 

demonstrated. (Hawkins et al., 2002; Welsh et al., 2005) The conjunction fallacy is the 

assumption that specific conditions are more probable than general ones. This is in 

direct contravention of Bayes’ Rule. The gambler’s fallacy is the belief that a future 

random event is affected by previous random events. An anchoring bias is the 

tendency to choose a value that is easily available irrespective of its relevance to the 
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problem. An overconfidence bias is the tendency to describe parameter or prediction 

ranges too narrowly.  

In the oil industry, when a reservoir model is designed, a data analysis process is used 

to define the major uncertainties and scenarios, and create uncertainty ranges. 

(Qutob et al., 2003) However, time and budget constraints render the exhaustive 

analysis of all possible outcomes from all possible scenarios impractical. In a stage 

wise reservoir modeling process, structural uncertainty modeling precedes spatial 

uncertainty modeling. In practice, a single structural realization often chosen and 

considered as representative scenario due to anchoring bias. Unless this sharp 

reduction of structural uncertainty is reported, it propagates to the spatial 

uncertainty modelling stage due to overconfidence bias. Such biases in the heuristics 

can render the forecast unusable for decision-making. 

1.5 Objectives 

This dissertation seeks to take a step in the direction of a utility-aware forecasting 

paradigm with the underlying aim of finding an alternative to the state of the art 

inversion-based forecasting paradigm that is prevalent in the industry. For a forecast 

to be usable, it must provide information about the outcomes of decision-alternatives 

that makes it possible to choose between them based on an expected utility 

comparison that can be generally agreed upon. However, this information should also 

be made available in a constrained amount of time without having to resort to 

heuristics that bring in biases and fallacies that have the potential to make the 

forecast unusable. 

Considering that the bulk of the time and computational power needed for forecasting 

under the prevalent paradigm are used in inversion with its need for generating and 

flow-simulating subsurface models iteratively, this dissertation seeks a diagnostic 

that can foresee the need for inversion for forecasting in the petroleum industry much 

like (Scheidt et al., 2014) have presented one for forecasting in hydrogeology. An 

evidential approach to objective forecasting would be an option to check if a 

relationship between the data variable and the prediction variable exists for a system.  



16 
 

The petroleum industry uses state of the art subsurface models that are complex and 

time-consuming to generate and flow simulate. Thus, it is inevitable for a causal 

approach to objective forecasting to involve the analysis of the uncertainties in the 

physical parameters being used to build the subsurface model that defines the causal 

relationship between the data and the prediction variables. However, instead of 

handling all parameters of a subsurface system, their interrelationships, and the 

impact of their uncertainties, a fit-for-purpose assessment of the uncertainty 

contained in the subsurface is needed. This dissertation seeks a framework for the 

fitness for purpose criterion that makes heuristic strategies less susceptible to human 

biases and fallacies. 

In summary, this dissertation seeks the following main objectives towards the overall 

goal of an alternative utility-aware forecasting paradigm. 

1. A diagnostic for the cases where the data observed contains no information 

about the system that will help with understanding what the forecast might 

be. Such a diagnostic can potentially eliminate the need for computationally 

expensive inversion.  

2. A framework for heuristic strategies for a fit-for-purpose uncertainty 

assessment of the subsurface such that it is less susceptible to human biases 

and fallacies. Such a framework would potentially prioritize uncertainties in 

some variables over others for a particular problem so that any simplification 

of the system is conditional to their preservation. 

To be usable, this forecasting paradigm would need to be quick in terms of 

computational time and allow for easy visualization of uncertainty by human agents. 

Furthermore, it would need to predict the uncertainty in the forecast that is important 

for the decision with at least as much accuracy or confidence as the state of the art 

inversion-based forecasting paradigm. 
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1.6 Outline of dissertation 

In this dissertation, the focus is on forecasting problems where time-varying 

information parameterizes 𝒅𝑜𝑏𝑠. As a result, the data variable 𝑫 and the prediction 

variable 𝑯 are time variant 𝒅(𝑡)  and 𝒉(𝑡)  respectively. However, the proposed 

forecasting paradigm is generic and can be applied to other subsurface forecasting 

problems. This dissertation consists of six chapters: 

Chapter 2: Review of statistical methods. Techniques used to define and infer the 

relationship between data and prediction variables in a forecasting problem are 

reviewed in this chapter. 

Chapter 3: Prediction-focused analysis using CFCA. This chapter presents a 

framework for an evidential rather than causal analysis of the relationship between 

data and prediction variables in any generic application using a linear parametric 

regression. This framework provides a quick estimate for any forecasting problem 

and is inherently scalable. 

Chapter 4: Sensitivity based parameter uncertainty reduction. This chapter presents 

an intelligent approach to reducing subsurface parameter uncertainty such that there 

is minimal effect on response uncertainty. 

Chapter 5: Application to Libyan Reservoir case. This chapter presents the full 

forecasting paradigm and applies it to a forecasting problem for a Libyan Reservoir. 

Chapter 6: Conclusion and Future Work 
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2 Review of Statistical Methods 

2.1 Introduction 

A direct data-prediction relationship analysis framework applies well to problems 

that use numerical models of the subsurface to study the relationship between history 

and forecast variables in order to aid decision-making or forecasting. An example of 

such problems in the earth sciences would be estimating the production in a future 

well based on observed past production in existing wells. Instead of explicitly using 

multiple detailed numerical models of the subsurface, that are computationally 

complex to build, simulate and forward model, the data-prediction relationship can 

be parameterized statistically.  

This chapter presents the techniques used to study these statistical data-prediction 

relationships. Three such techniques are presented. Dimension reduction techniques 

allow visualization of the uncertainty in a multivariate physical variable such as the 

data or the prediction variable in low dimensions. Variable pair inference allows for 

visualization of relationships between a pair of multivariate quantities such as the 

relationship between data and the prediction variable in low dimensions. Multifactor 

sensitivity analysis provides a sensitivity measure for the relationship between a 

model-parameter variable and its stochastic response. The next sections examine 

these techniques one-by-one to serve as a reference for the reader as they are applied 

in the following chapters. 

2.2 Dimensionality reduction  

The complexity and dimensionality of a decision variable such as whether or not to 

drill a well at a certain pre-determined location is usually very low. However, the 

complexity and dimensionality of variables that are used to reach this decision, the 

model variable or the data variable, for example, can be enormous.  For example, the 

facies, porosity and permeability field simulated on a relatively modest 100 × 100 ×

100 grid is a model variable of dimension three million and a data variable containing 
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the simulated historical daily oil and water production rates in three wells contains 

three vectors of possibly varying sizes. However, these complex variables are used to 

inform binary decisions such as whether or not to drill a well.  

This suggests that there might be value in representing uncertainty in fewer 

dimensions to simplify the problem. This problem of modeling uncertainty in a lower 

dimension space has traditionally been addressed with the help of a lower 

dimensional space (Caers, 2012a) that uses a distance that has been defined as a 

symmetrical measure of the difference in the responses of two models (Caers et al., 

2010; Scheidt and Caers, 2009). Using such a “distance” measure on an ensemble of 

prior samples of the model-variable, such that the distance 𝑑𝑖𝑗 between two values of 

the model variable 𝒎𝑖 and 𝒎𝑗  that correlates well with the relevant data difference 

such as √(𝒈(𝒎𝑖) − 𝒈(𝒎𝑗))
𝑇

(𝒈(𝒎𝑖) − 𝒈(𝒎𝑗))  and then using Multidimensional 

scaling or MDS (Borg and Groenen, 2005), the models can be mapped on to a low 

dimensional metric space where the Euclidean distance between the points 𝒅𝑖
∗ in 

such a space is correlated with the difference in the associated values of the simulated 

data-variables 𝒈(𝒎𝑖) . This is analogous to projecting the models 𝒎𝑖  on to a low 

dimensional space that has been parameterized using the distance 𝑑𝑖𝑗 . 

This allows for observing the uncertainty in the simulated data variable more easily 

through a visual inspection. Discreteness and disjoint scenarios can be easily 

detected. For example, if the data variable denotes water-cut percentage in an 

observation well at a predetermined location, the models where the water-cut has 

not reached the observation well will be projected in a disjoint cluster from the ones 

where the water-cut has reached the observation well. Furthermore, a low-dimension 

representation makes it possible to identify models sharing similar properties in 

terms of the associated data variable. Clustering algorithms can be used to classify the 

models into “data-scenarios” such as based on early or late water-cut arrival time. 

Additionally, the efficiency of iterative methods that sample the model space can be 

visualized in a low dimension to compare performance. (Caers et al., 2010; Scheidt 

and Caers, 2009) For example, intuitively, a Metropolis sampler is likely to sample 
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points far away from the “goal” of matching the observed data in early iterations but 

within a subset of the metric space in the neighborhood of the goal in later iterations. 

However, a major disadvantage of using distance-based metric spaces for low 

dimensional visualization of variables is that the transformation using MDS is 

injective. Thus, back transformation of a point chosen arbitrarily in the metric space 

is an ill-posed problem as investigated by (Park et al., 2011) as the “pre-image 

problem”. This is often computationally complex and suggests a need for a bijective 

transformation that allows for projection of complex high dimensional variables to 

low dimensional space. In (Scheidt et al., 2014), the dimension reduction is achieved 

using a bijective non-linear Principal Component Analysis or NLPCA (Kramer, 1991). 

However, this involves training a Neural Network that scales cubically in terms of 

computational complexity. Thus, it doesn’t scale well for Earth Sciences applications. 

Another bijective transformation to low dimensions that overcomes this limitation is 

Functional component analysis (Ramsay and Silverman, 2005) and has been 

reviewed in the next section. 

2.2.1 Functional Component Analysis (FCA) 

This dimensionality reduction technique incorporates sequentially Functional Data 

Analysis (Ramsay and Silverman, 2005) and Principal Component Analysis 

(Krzanowski, 2000) to represent samples of a space-variant or a time-variant 

physical variable as linear combinations of orthogonal eigen-functions in time. Each 

unique sample of physical variable can thus be represented as a unique set of 

coefficients to a common set of eigen-functions.  These sets of coefficients represent 

a projection of the physical variable into a lower dimensional space. The 

transformation between physical and low dimensional variables is bijective and 

linearly scalable. In this section, each of the sequential steps of FCA are reviewed. 

2.2.1.1 Functional Data Analysis (FDA) 

FDA assumes that changes in any measurement of a physical variable over space or 

time is based on an underlying smooth physical process (Ramsay and Silverman, 

2005) that in turn can be mathematically represented using a continuous and 
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differentiable mathematical function and that this function is not always needed to be 

known to analyze these measurements. This assumption allows for decomposing any 

time series measurement 𝒙(𝑡) into a linear combination of underlying continuous 

functions called basis functions. These functions together form a functional basis.  

The same physical variable can be decomposed using multiple functional bases such 

as a sinusoidal basis, a Fourier basis, a polynomial basis, an exponential basis, a spline 

basis etc. The choice of functional basis is usually application-driven. For example, a 

periodic variable is better analyzed using a Fourier or a sinusoidal basis whereas a 

monotonic variable is better analyzed using a logarithmic or exponential basis. The 

spline basis has an advantage over the others with its versatility in terms of 

computational ease of evaluation of basis functions and their derivatives as well as its 

flexibility. When a time series 𝒙(𝑡)  is analyzed using a spline-basis of 𝐿 spline 

functions {𝝍1(𝑡), 𝝍2(𝑡) … 𝝍𝐿(𝑡)}, it can be calibrated as a linear combination  

𝒙(𝑡) ≅ ∑ 𝑥𝑙
𝜓

𝐿

𝑙=1
𝝍𝑙(𝑡) 

 

(12) 

where 𝑥𝑙
𝜓

 represents the scalar linear combination coefficient of the spline function 

𝝍𝑙(𝑡) . These  𝑥𝑙
𝜓

 are the FDA components. For matrix representation, if the 𝑁 ×

𝑇 matrix 𝑿 contains 𝑁 samples of the time series variable 𝒙(𝑡), with each sample 𝒙𝑛 

being a row vector with 𝑇 components representing the time series value at 𝑇 values 

of time 𝑡 = 𝑡1, 𝑡2 ⋯ 𝑡𝑇 , the FDA decomposition can be represented in matrix terms as  

𝑿 ≅ 𝑿𝜓𝚿 (13) 

where the 𝐿 × 𝑇 matrix 𝚿 contains the values of the 𝐿 spline basis functions at the 

𝑇 values of time 𝑡 = 𝑡1, 𝑡2 ⋯ 𝑡𝑇  as row vectors and the 𝑁 × 𝐿 matrix 𝑿𝜓 contains the 

𝐿 coefficients or FDA components of each of the 𝑁 time series as row vectors. 

The value of the time series 𝒙(𝑡) and that of the basis functions are taken at the same 

values of time for calibration. Since basis functions are finitely valued at all finite 

values of time, if the application demands that 𝒙(𝑡)  needs to be updated, the 

functional basis needs to be recalibrated. This recalibration scales linearly and thus 
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is more scalable than NLPCA. FDA components obtained using a generic basis such as 

the spline basis do not achieve significant dimension reduction but provide FDA 

components with an inherent scalability. The next step in FCA accounts for the bulk 

of the dimension reduction. 

2.2.1.2 Principal Component Analysis (PCA) 

This is a classical multivariate analysis procedure that uses an orthogonal 

transformation to convert a set of observations of possibly correlated variables into 

a set of values of linearly uncorrelated variables called principal components 

(Krzanowski, 2000). The number of principal components is less than or equal to the 

number of original variables. This transformation is defined in such a way that the 

first principal component accounts for as much of the variability in the data as 

possible, and each succeeding component in turn has the highest variance possible 

under the constraint that it is orthogonal to (i.e., uncorrelated with) the preceding 

components. 

When applied to vector data, PCA identifies the principal modes of variation from the 

orthonormal eigen-vectors of the covariance matrix.  In order to perform PCA on the 

row vector data in any matrix  𝒁 , the eigenvalue decomposition of 𝒁𝑇𝒁  as 𝒁𝑇𝒁 =

𝑾𝚲𝑾𝑇  obtains the eigen-vectors of the covariance matrix as the columns of 𝑾 where 

𝚲 is the diagonal vector of the eigen-values of 𝒁𝑇𝒁. The first 𝑀 principal components 

𝒁𝑀
∗  of the data in 𝒁 are evaluated as 𝒁𝑀

∗ = 𝒁𝑾𝑀 where 𝑾𝑀 are the 𝑀 eigen-vectors 

of the covariance matrix associated with the 𝑀 largest eigenvalues of 𝒁𝑇𝒁 and the 

principal components 𝒁𝑀
∗  are identified as the dominant modes of variation. 

Analogously, when applied to FDA component data, PCA can identify the dominant 

modes of functional variation from orthonormal eigen-functions. This is referred to 

as Functional Component Analysis (FCA). FCA on the time series variable 𝒙(𝑡) from 

the previous section would entail applying PCA to the rows of the 𝑁 × 𝐿 matrix 

𝑿𝜓 from the previous section that contain the FDA components of 𝑁 samples of 𝒙(𝑡). 
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FCA obtains the first 𝑀 principal components 𝑿𝜓
𝑀
∗

 of the rows of 𝑿𝜓  as the first 𝑀 

functional components of 𝑿 as the rows of the 𝑁 × 𝑀 matrix 𝑿𝑀
𝑓

 by evaluating 

𝑿𝑀
𝑓

 = 𝑿𝜓𝑾𝑀
𝜓

 (14) 

where the columns of  𝑾𝑀
𝜓

 are the 𝑀 eigen vectors of 𝑿𝜓𝑇
𝑿𝜓 associated with the 𝑀 

largest eigenvalues of 𝑿𝜓𝑇
𝑿𝜓 . The orthonormal property of eigenvectors (𝑾𝑾𝑇 =

𝑰) can be used to represent 𝑿 as  

𝑿 ≅ 𝑿𝜓𝚿 = 𝑿𝜓 (𝑾𝐿
𝜓

 𝑾𝐿
𝜓𝑻

) 𝚿 (15) 

(𝑿𝜓𝑾𝐿
𝜓

) (𝑾𝐿
𝜓𝑻

𝚿) = 𝑿𝐿
𝑓

 𝚽𝑳
𝒙 (16) 

𝑿 ≅ 𝑿𝐿
𝑓

 𝚽𝑳
𝒙 (17) 

where the rows of the 𝐿 × 𝑇 matrix 𝚽𝑳
𝒙 = 𝑾𝐿

𝜓𝑻
𝚿  can be interpreted to contain the 

orthonormal values of the 𝐿 time-variant functions at the 𝑇 values of time  𝑡 =

𝑡1, 𝑡2 ⋯ 𝑡𝑇 or orthonormal time-series. For the purposes of FCA, these orthonormal 

time-series are called eigen-functions and serve as modes of functional variation. 

The  most dominant modes of functional variation in 𝒙(𝑡)  are associated with 

the largest eigen-values of 𝑿𝜓𝑇
𝑿𝜓.  

Conventionally, a large majority of the functional variation in 𝒙(𝑡) can be captured 

by 𝑀  functional components associated with the 𝑀 largest eigen-values of 𝑿𝜓𝑇
𝑿𝜓 

such that 𝑀 ≪ 𝐿 such that  

𝑿 ≅ 𝑿𝑀
𝑓

 𝑾𝑀
𝜓 𝑻

 𝚿 (18) 

𝑿 ≅ 𝑿𝑀
𝑓

 𝚽𝑴
𝒙  (19) 

In more general terms, FCA represents a time series 𝒙(𝑡) as a linear combination of 

𝑀 orthonormal eigen-functions {𝝓𝑥,1(𝑡), 𝝓𝑥,2(𝑡) ⋯ 𝝓𝑥,𝑀(𝑡)} with coefficients 𝒙𝑓 such 

that  

𝒙(𝑡) ≅ ∑ 𝑥𝑚
𝑓

𝝓𝑥,𝑚(𝑡)
𝑀

𝑚=1
 (20) 
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Each eigen-function 𝝓𝑥,𝑚(𝑡) of a physical variable  𝒙(𝑡)  has the same dimensions 

as 𝒙(𝑡). If the dimensions of 𝒙(𝑡) change, its eigen-functions can be recalibrated using 

linear operations. The coefficients 𝒙𝑓 are referred to as functional components. These 

functional components can be interpreted as projections of the physical variable 𝒙(𝑡) 

in an 𝑀-dimensional functional space. This achieves a dimension reduction. 

2.2.1.3 Simple example 

To illustrate the benefit of using FCA, let’s look at the average monthly temperature 

data measured over a year in 35 Canadian cities seen in Figure 2.1 (Ramsay and 

Silverman, 2005). An important pattern in temperature data in Figure 2.2 is that the 

temperature in coastal cities such as Vancouver and Victoria varies a lot less over the 

year compared to inland cities such as Winnipeg and Calgary as seen in Figure 2.3. 

This important functional aspect of the data is captured when this data is represented 

in low dimensions using FCA seen in Figure 2.4 where the points representing 

Vancouver and Victoria are on the edge (or “coast”) of the functional space and the 

points representing Winnipeg and Calgary are in the interior. Another functional 

aspect is that summer temperatures are similar between coastal and inland cities 

whereas the variance in winter temperature is more substantial seen in Figure 2.2. 

Temperature variance is seasonal with temperatures in all cities rising over the 

summer months and seasons are periodic. This information about the data being 

periodic can be used in the choice of a functional basis. For this case, a Fourier basis 

seen in Figure 2.5 is chosen. To account for granularity, thirteen basis functions are 

used. A basis with more functions typically allows for more granular data to be 

represented. A Fourier basis also allows for calculation of harmonics that measure 

the deviation from the mean. As seen in Figure 2.6, the variation is higher for inland 

cities in the winter months. However, the variation is similar between coastal and 

inland cities in the summer months. When PCA is used to identify the principal modes 

of variation or the eigen-functions, as seen in Figure 2.7, the bulk of the variation is in 
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the winter months. Close to 98% of the variation in the entire data is captured by just 

two functional components as seen in Figure 2.8.  

The eigen-functions are functions of time. The eigen-functions calibrated using 

monthly data can be resampled and repurposed for daily measurement resolution. 

Figure 2.9 shows the daily temperature time-series reconstructed using the eigen-

functions obtained using monthly data compared with the measured daily 

temperature data in four cities. The scalability and versatility of functional 

components can be seen from how close the reconstructed and measured data are for 

all the four cities. 

The two components that account for 98% of the variation in the data are plotted 

against each other, in a two-dimensional functional space in Figure 2.10. This 

representation separates out cities based on whether they are inland or coastal using 

the second eigen-function. Additionally, cities in the Arctic region are separated from 

the ones near the US border using the first eigen-function. Inland cities such as 

Winnipeg and Regina appear together but far away from coastal cities such as 

Vancouver and St. John’s. Furthermore, the coastal cities from the East Coast such as 

St. John’s and Sydney appear together with coastal cities from the West Coast such as 

Victoria and Vancouver. Northern cities such as Churchill and Yellowknife appear 

away from southern cities such as Prince Rupert and Calgary. But since Churchill is a 

coastal city and Yellowknife is an inland city – but both are Arctic region cities, they 

appear away from each other albeit with similar values of the first FCA component. 

This representation doesn’t take into account the actual physical distance between 

the cities – which would likely be correlated to the difference in their temperatures - 

but is entirely dependent upon the variations in the temperature of the cities. Thus, 

the functional components can be said to extract “data-features” such as “inland-ness” 

and “arctic-ness” that are relevant physical features of the system that inform the 

data. 
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2.2.2 Utility of FCA 

The main advantage of using FCA over traditional distance-based dimension 

reduction techniques such as multi-dimensional scaling (Borg and Groenen, 2005) is 

bijectivity. This is important for the ease of back transformation. Any unique point in 

the functional space can be back-transformed into a unique physical variable such as 

a time series by linear combination with the eigen-functions. However, for a point in 

metric space obtained through multi-dimensional scaling to be back-transformed to 

a physical variable, a complex pre-image problem is needed. 

Another advantage of FCA is scalability. The dimensions of a time series increase as 

more data becomes available. Since computational complexity of the FCA 

decomposition of a time series is linear, as dimensionality increases, FCA scales 

linearly in computational complexity. Other bijective dimension reduction techniques 

such as non-linear Principal Component Analysis (NLPCA) (Kramer, 1991) require 

retraining a new Neural Network each time there is a change in dimensionality or 

resolution of the variable. The computational complexity of training a Neural 

Network scales cubically. Furthermore, the linearity of the FCA decomposition 

ensures that other properties of linear transformations such as scalability and 

proximity preservation for polynomial distances hold as well.  

2.3 Variable-pair analysis 

When making decisions based on a yet unknown prediction variable, analyzing its 

relationship with the observed data variable can identify useful trends. These trends 

can be regressed in order to aid decision-making. Since both variables reflect features 

of the physical earth system, valuable information about the underlying system can 

be learned from analysis of the relationships between pairs of variables.  

Traditionally, such a relationship-analysis is done between the model variable and 

the data variable to resolve conflicts between the prior distribution on the model 

variable and the data-model relationship as described by the Bayesian likelihood. 

(Caers, 2012a) The MDS projection of the observed data along with the simulated 
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data variable in metric space has been used to compare the prior uncertainty in the 

data variable as suggested by the prior uncertainty in the model variable with the 

observed value of the data in (Park et al., 2013).  

For analysis of the data-prediction relationship in hydrogeological applications in 

(Scheidt et al., 2014), NLPCA (Kramer, 1991) is used to reduce the prior ensemble 

data variable 𝒅 and prediction variable 𝒉 to single dimensional projections 𝒅∗  and  

𝒉∗ respectively through a bottleneck layer with a single node in an identity 

transformation Neural Network. The resultant two dimensional cloud of points 

(𝒅∗, 𝒉∗ ) is inferred for a data-prediction relationship using a Kernel-smoothed 

bivariate joint distribution f(𝒅∗, 𝒉∗ ). The (𝒅∗, 𝒉∗ ) relationship in such a case is often 

highly nonlinear. The reason for this is even though an identity transformation Neural 

Network can be designed such that the bottleneck layer has just one node, a single 

vector can very rarely be used to describe the entire variability in a physical system. 

Thus, there is often a trade-off between low dimensionality and high linearity for 

analyzing the relationship between two physical variables. To overcome the 

constraints of such a trade-off, Canonical Correlation Analysis can be used to linearize 

the relationship between two higher dimension variables. It has been reviewed in the 

next section.   

2.3.1 Canonical Correlation Analysis (CCA) 

Canonical Correlation Analysis (Leurgans et al., 1993) is a multivariate analysis 

procedure used to transform the relationship between pairs of vector variables into 

a set of independent linearized relationships between pairs of scalar variables.  

2.3.1.1 Basic Principle 

For dataset containing 𝑛 paired samples of simulated or observed values {𝒙𝟏 ⋯ 𝒙𝒏} of 

a 𝑝-dimensional column vector variable 𝒙 and {𝒚𝟏 ⋯ 𝒚𝒏} of a 𝑞-dimensional vector 

variable   𝒚 , CCA finds the column vectors 𝒂1  and 𝒃1  ( 𝑝 -dimensional and 𝑞 -

dimensional vectors respectively) for which the linear combinations 𝒂1
𝑇𝒙 and 𝒃1

𝑇𝒚 are 

as highly correlated as possible. The coefficient of correlation between the 𝑛 scalar 

values of these linear combinations is termed the “canonical correlation” between 𝒙  
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and 𝒚. The values 𝒂1
𝑇𝒙 and 𝒃1

𝑇𝒚 are termed the first “canonical variates” of  𝒙  and 𝒚 

respectively.  

By convention, the first pair 𝒂1  and 𝒃1 are chosen such that the 𝑛 values 𝑢1 = 𝒂1
𝑇𝒙 

and 𝑣1 = 𝒃1
𝑇𝒚 both have a sample variance of one and a positive correlation. Thus, if 

𝒙 and 𝒚 are centered before canonical correlation analysis by subtracting the sample 

mean from all 𝑛 samples in the dataset, the 𝑛 values of the first canonical variates 𝑢1 

and 𝑣1 have sample means of zero, sample variances of one and a positive coefficient 

of correlation. At most, 𝑚 such orthogonal canonical variate pairs can be evaluated 

where 𝑚 = min(rank([𝒙𝟏 ⋯ 𝒙𝒏]), rank([𝒚𝟏 ⋯ 𝒚𝒏])). (Ramsay and Silverman, 2005) 

To obtain the 𝑗𝑡ℎ  pair of canonical variates 𝑢𝑗  and 𝑣𝑗 , vectors 𝒂𝑗  and 𝒃𝑗   need to be 

identified such that they maximize the coefficient of correlation between 𝑢𝑗 = 𝒂𝑗
𝑇𝒙 

and 𝑣𝑗 = 𝒃𝑗
𝑇𝒚 subject to the constraints that for all 𝑘 such that 𝑘 ≤ 𝑚 and 𝑘 ≠ 𝑗, the 

canonical variate pairs 

1. 𝑢𝑗 = 𝒂𝑗
𝑇𝒙 and 𝑢𝑘 = 𝒂𝑘

𝑇𝒙 are orthogonal 

2. 𝑣𝑗 = 𝒃𝑗
𝑇𝒚 and 𝑣𝑘 = 𝒃𝑘

𝑇𝒚 are orthogonal 

3. 𝑢𝑗 = 𝒂𝑗
𝑇𝒙 and 𝑣𝑘 = 𝒂𝑘

𝑇𝒙 are orthogonal 

2.3.1.2 Simple example  

Consider a case of a bivariate variable 𝒙 = [𝒙1 𝒙2]T  with values of 𝒙1  and 

𝒙2 uniformly distributed between zero and one. The uncertainty in the variable 𝒙 is 

seen in Figure 2.11. For such a variable 𝒙, consider another trivariate variable 𝒚 that 

is synthetically constructed such that  

𝒚 = [
𝒙1

2 + 𝒙2
2

sin 𝜋𝒙1 + sin 𝜋𝒙2

𝑒10𝒙1 + 𝑒10𝒙2

] (21) 

In Figure 2.12, it is evident that the distributions of the components of 𝒚 are very 

different from each other. The values of 𝒚3 are in a different order of magnitude from 

the values of 𝒚1 and 𝒚2. Furthermore, the relationships between the components of 𝒙 

and 𝒚 are observed in Figure 2.13. Particularly, 𝒚1 is a parabolic function of 𝒙, 𝒚2 is a 
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sinusoid function of 𝒙  and 𝒚3  is an exponential function of  𝒙 . So, the relationship 

between 𝒙  and 𝒚 is explicitly non-linear. With Canonical correlation analysis, the 

matrices 𝑨 and 𝑩 are evaluated  

𝑨 = [
2.42 −2.81

−2.66 −2
]

𝑇

 (22) 

𝑩 = [
2.36 −0.55

−0.092 −1.58
−.0022 × 10−3 −0.188 × 10−3

]

𝑇

 (23) 

such that 𝒖 = 𝑨𝒙 and  𝒗 = 𝑩𝒚 each contain two canonical variates. The relationships 

between these canonical variate pairs can be seen in Figure 2.14. Particularly, 𝒖1 

and 𝒗1, and 𝒖2 and 𝒗2 are very well correlated. All other pairwise combinations of the 

components of  𝒖  and 𝒗  are completely uncorrelated. Furthermore, as seen in 

Figure 2.15, all the components of 𝒖  and 𝒗  a mean of zero, a sample variance of 

one but their values are not necessarily distributed in keeping with a Gaussian 

distribution. Additionally, the matrix 𝑨 is non-singular and can be used to calculate 

𝒙 = 𝑨−𝟏𝒖 uniquely from a randomly sampled value of 𝒖 however, the matrix 𝑩 does 

not always allow for calculating 𝒚 uniquely from a value of 𝒗. Thus, CCA represents a 

bijective transformation of the variable 𝒙 such that its orthogonal components are 

linearly correlated with the orthogonal components of a linear transformation of 𝒚 

taken pairwise.  

2.3.2 Utility of CCA 

The advantage of linearizing relationships between multivariate quantities is that 

linear relationships can be inferred and interpolated using linear regression 

techniques such as the ones seen in (Hansen et al., 2014). These linear regression 

techniques are usually computationally very inexpensive compared to the non-linear 

regression techniques such as Kernel Smoothing. As a result, they can serve as 

approximate inference techniques for predictive inference. 

Furthermore, CCA obtains canonical variates with sample mean of zero and sample 

variance of one. Since every pair of canonical variates are completely orthogonal to 

other pairs of canonical variates, the canonical variate pair relationships can be 
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studied independently in canonical variate planes. Each such plane contains two 

variables with sample mean zero, sample variance one and a linear relationship with 

each other. A uni-dimensional histogram transformation can be used to convert one 

of the variables into a Gaussian variable to enable the use of Gaussian linear 

regression for predictive inference. Gaussian linear regression is very inexpensive 

even for large variables and can serve well to provide a quick estimate for predictive 

inference. 

2.4 Multifactor global sensitivity analysis 

Earth systems are very complex with multiple sources of uncertainty, or parameters, 

which interact in multiple ways to produce observable measurements, or responses. 

Numerical models of Earth systems, thus, establish parameter-response 

relationships. For decision-making, it is important that the parameters that influence 

a decision variable are identified. Sensitivity analysis methods provide a 

mathematical framework to quantify when a model response is sensitive to a 

parameter or parameter interaction.  

Traditionally, sensitivity analysis used to entail using a “base” set of parameters and 

varying one parameter keeping the rest constant to observe the change in response 

as a measure of the sensitivity of the parameter. This is termed the one-at-a-time or 

OAT approach. (Saltelli, 2008) Though this provides an excellent diagnostic for 

numerical model failures, in physical systems, the joint parameter distributions are 

complex and the parameters themselves interact and influence each other. The OAT 

approach cannot detect interactions between input variables (Czitrom, 1999).  

To include the effects of interactions in sensitivity analysis, a mathematical 

approximation of the physical parameter-response relationship, or an emulator, is 

used to model the response at multiple points of the parameter space and sensitivity 

is calculated from comparing response variance as parameters or sets-of-parameters 

are varied. (Saltelli, 2008) When the emulator is a parametric function such as a 

polynomial, it is called a Response Surface Model (RSM). Emulators essentially 

introduce machine-learning problems. So, the need for their cross-validation 
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increases as the parameter-response relationship gets more non-linear. 

Furthermore, emulators need for the response to be approximated as a differentiable 

function of continuous-valued parameters. (Czitrom, 1999)  

However, in physical systems, the parameters are often not continuous-valued and 

responses are often not smoothly varying. Furthermore, the response-parameter 

relationship is often complex with the emulator surface passing through many 

inflection points. This can cause sensitivity measures that are obtained using 

gradients to be only locally relevant whereas a real-world problem demands 

sensitivity measures that are global in nature. To overcome these shortcomings of 

classical RSM-based sensitivity analysis techniques, Distance based generalized 

sensitivity analysis (Fenwick et al., 2014) is used. This has been reviewed in the next 

section. 

2.4.1 Distance-based Generalized Sensitivity Analysis (DGSA) 

DGSA is a sensitivity analysis technique based on comparing cumulative probability 

distributions of a parameter conditional to values of its stochastic response variable 

to evaluate how sensitive a response variable is to a set of parameter values.  

2.4.1.1 Workflow 

DGSA can be used to evaluate the sensitivity of a response 𝒓  a list of parameters 𝒑, 

when the relationship between  𝒓 and 𝒑 is stochastic – that is, when a parameter set 

𝒑𝑖 can lead to multiple responses 𝒓𝑖
(𝑙)

 where 𝑙 = 1, … , 𝐿. For example, when 𝒑𝑖 is a set 

of MPS parameters such as a training image, SNESIM can result in 𝐿 realisations, each 

of which can be flow simulated using 3DSL to get 𝐿 flow responses.  To perform DGSA, 

the workflow is 

1. Sample 𝑁 sets of parameter 𝒑 values {𝒑1 … 𝒑𝑁} and obtain upto 𝐿 responses 

from each thus obtaining up to 𝑁 × 𝐿 responses in all. This sampling of the 

parameter sets can be random. However, to ensure coverage of the parameter 

space, Latin-Hypercube sampling (McKay et al., 1979) or Orthogonal sampling 

(Stinson, 2004) can be done. Latin Hypercube sampling or Orthogonal 
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sampling ensures that the ensemble of 𝑁  samples is representative of the 

variability in the parameter space, whereas random sampling just obtains an 

ensemble of samples without any guarantees of parameter space coverage – 

especially so when the extent of the variability in the parameters space is 

unknown. The response can be obtained from a full physics based simulation. 

However, any proxy response that maintains proximity relationships can be 

used. The rationale behind this is explained later. This is important for 

reservoir engineering problems where the model generation and flow 

simulation algorithms can take hours to run.  

2. Using a distance measure appropriate to the physical nature of the responses 

𝒓, classify each response into one of 𝐾 classes. A distance, for this purpose, is 

any symmetric scalar metric that correlates with the application-specific 

difference between two values of the response. If such a distance metric can 

be calculated without calculating the responses explicitly, it is still fit for the 

purpose of DGSA. This allows for the use of proxy models in most cases. For 

example, in cases where the parameters describe subsurface structure and the 

response describes fluid flow through the subsurface, modified Hausdorff 

distance has been shown to serve as a proxy distance measure. (Suzuki et al., 

2008) In these cases, the calculation of a response is not needed. At the end of 

this step, there are 𝑛𝐶𝑖
responses in each class 𝐶𝑖. 

3. The prior cumulative distribution function on each parameter 𝑝𝑖 denoted by 

F(𝑝𝑖) is obtained empirically from the sampling in Step 1 as F̂(𝑝𝑖). For each 

class 𝐶𝑘, a class conditional empirical distribution F̂(𝑝𝑖|𝐶𝑘) is obtained. Using 

a difference operator between cumulative distributions, such as the L1-norm 

difference, the Kolmogorov-Smirnov difference (Justel et al., 1997; Smirnov, 

1948) or the area-between-the-curves, the difference between the empirical 

prior distribution and the class conditional empirical distribution is obtained 

as  

�̂�𝑘,𝑖 = ∆𝐶𝐷𝐹(F̂(𝑝𝑖) , F̂(𝑝𝑖|𝐶𝑘)) (24) 

This is denoted as the CDF distance 
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4. Using hypothesis testing, the statistical significance of the CDF distance is 

evaluated. The statistical significance is used to measure how the classification 

impacts the distribution of the parameter 𝑝𝑖. A highly sensitive parameter will 

have its distribution impacted more from classification than a less sensitive 

one. To account for small sample sizes, a bootstrap method (Efron and 

Tibshirani, 1993) is used for hypothesis testing. 

The sensitivity metric is evaluated as  

𝑠(𝑝𝑖) =
1

𝐾
∑ �̂�𝑘,𝑖

𝑆
𝐾

𝑘=1
 (25) 

where  𝑠(𝑝𝑖)  is the standardized sensitivity measure for parameter 𝑝𝑖 , �̂�𝑘,𝑖
𝑆  is the 

standardized CDF difference between the empirical prior distribution of 𝑝𝑖 and the 

empirical distribution of 𝑝𝑖 conditional to class 𝐶𝑘 evaluated as  

�̂�𝑘,𝑖
𝑆 =

�̂�𝑘,𝑖

�̂�𝑘,𝑖
(𝑞)

 (26) 

where �̂�𝑘,𝑖
(𝑞)

 is the 𝑞𝑡ℎ quantile of the bootstrapped distances �̂�𝑘,𝑖
(𝑏)

 evaluated as  

�̂�𝑘,𝑖
(𝑏)

= ∆𝐶𝐷𝐹(F̂(𝑝𝑖) , F̂(𝑝𝑖
(𝑏)|𝐶𝑘)) (27) 

where F̂(𝑝𝑖) and F̂(𝑝𝑖
(𝑏)|𝐶𝑘) are the prior distribution of 𝑝𝑖 and the class conditional 

empirical distribution of 𝑝𝑖 respectively in a single bootstrapped sample of responses. 

Since sensitivity is a standardized measure of a hypothesis test, a value less than one 

signifies with a confidence of 𝑞, the failure of the hypothesis that the CDF difference 

between the empirical prior distribution and the class conditional empirical 

distribution for a parameter-class pair is statistically significant thereby implying that 

the response is not sensitive to the parameter in that class. However, this sensitivity 

metric is not ordered. That means, it doesn’t measure specifically whether there is an 

increase or decrease in the response variable when the parameter variable is 

increased or decreased. 
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2.4.1.2 Multi-way parameter interaction 

The DGSA technique can be extended from one-way parameter sensitivity to a multi-

way interaction sensitivity. This is important for reservoir engineering problems 

where the relationship between parameter and response is complicated and non-

linear, and where the parameters interact in complex ways in their effect on the 

response.  

To consider the interaction between two parameters 𝑝𝑖  and 𝑝𝑗 , each parameter’s 

range is divided into 𝑀  ranges {𝜃1, … , 𝜃𝑀} . The number of these ranges can be 

different for different parameters. Furthermore, these ranges do not have to be 

contiguous. For example, an integer-valued parameter can be separated into two 

ranges with odd and even numbered values respectively. The advantage of using non-

contiguous ranges is that the parameter can have continuous, discrete or categorical 

values. Even when a parameter can’t be ordered, such as a training image or a 

structural interpretation of fault placement, the sensitivity of its interactions for a 

response can be evaluated. 

The standardized asymmetric conditional sensitivity measure 𝑠𝑘(𝑝𝑖 |𝑝𝑗) in each class 

𝐶𝑘 is evaluated as  

𝑠𝑘(𝑝𝑖 |𝑝𝑗) =
1

𝑀
∑ �̂�𝑘,𝑖|𝑗,𝑚

𝑆
𝑀

𝑚=1
∀𝑘 (28) 

where �̂�𝑘,𝑖|𝑗,𝑚
𝑆  is the is the standardized CDF difference between the empirical 

distribution of 𝑝𝑖  given that the value of parameter 𝑝𝑗  lies in range  𝜃𝑚 and the 

empirical distribution of 𝑝𝑖 conditional to class 𝐶𝑘 given that the value of parameter 

𝑝𝑗  lies in range 𝜃𝑚.  The CDF difference metric being standardized to obtain �̂�𝑘,𝑖|𝑗,𝑚
𝑆  

using bootstrap hypothesis tesing is calculated as 

�̂�𝑘,𝑖|𝑗,𝑚 = ∆𝐶𝐷𝐹(F̂(𝑝𝑖|𝐶𝑘) , F̂(𝑝𝑖|𝐶𝑘, 𝑝𝑗 ∈ 𝜃𝑚)) (29) 

Since the interaction sensitivity measure is asymmetric, directional or asymmetric 

interactions can be studied using DGSA thus enabling better prioritizing or selection 
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of parameters than other interaction sensitivity analysis techniques that assume 

symmetry in parameter interactions. 

2.4.2 Simple example 

The utility of DGSA can be demonstrated using a simple example. Consider a simple 

three parameter system where the parameters 𝑥, 𝑦, 𝑧  are univariate random 

variables uniformly valued between 0 and 1, and the response 𝑓(𝑥, 𝑦, 𝑧) is bivariate 

function simulated as 

𝑓(𝑥, 𝑦, 𝑧) = [
|𝑦(𝑥 − 1)|

𝑧
] (30) 

Intuitively, such a function is more sensitive to 𝑧 than the other parameters. Also, 

interactions between 𝑥  and 𝑦  are likely to be more sensitive. To quantify the 

sensitivity, DGSA is used. From 𝑁 = 250  samples of the prior joint-parameter 

distribution, 250 values of 𝑓(𝑥, 𝑦, 𝑧) are simulated. They form a response space seen 

in Figure 2.16 where the distance between the projected points reflects the Euclidean 

distance. Using K-means clustering (Hartigan, 1975), the response space is classified 

into three clusters as seen in Figure 2.17. The empirical cumulative distribution 

functions of the three parameters in each of the three classes are seen in Figure 2.18. 

Using bootstrap-based hypothesis testing, the sensitivity measure is calculated. The 

sensitivity measures of each parameter are seen in Figure 2.19. This aligns with 

intuition. The response is more sensitive to 𝑧 and less sensitive to 𝑥. 

Dividing the overall range of each of the three parameters into 𝑀 = 2 ranges, such 

that values more than 1

2
 lie in one range and values less than 1

2
  lie in another range for 

all the parameters, the interactions between the parameters are studied. The 

conditional sensitivity measures are shown in Figure 2.20. Interestingly, even though 

by itself the parameter 𝑥 is least significant to the response, its interactions with the 

parameter 𝑦 are most significant. Furthermore, the interaction is directional. That 

means the 𝑥|𝑦  interactions are more significant than the 𝑦|𝑥  interactions. This 

indicates that the value of 𝑦  influences the behavior of the parameter 𝑥  in 

determining the response.  This aligns with intuition from the definition of 𝑓(𝑥, 𝑦, 𝑧). 



37 
 

2.4.3 Utility of DGSA  

The main advantages of using DGSA over traditional emulator-based methods such 

as Response-Surface Modeling (RSM) techniques are: 

(1) Ability to accommodate for discrete, continuous as well as categorical 

parameters: The ability to analyze sensitivity to categorical parameters is 

important for subsurface modeling problems because when parameters such as 

fault-patterns or training images for MPS are uncertain, there is no way to order 

their values for RSM techniques. 

(2) Ability to accommodate a stochastic response: many subsurface modeling 

algorithms are stochastic – that is the same set of parameter values can result in 

multiple response values – such as multiple point statistics. However, an RSM 

based technique would require a deterministic value of the response for each 

point in the parameter space so that a response surface can be interpolated. 

(3) Ability to analyze asymmetric parameter interactions: RSM-based sensitivity 

analysis techniques can identify significant parameter interactions but assumes 

them symmetric. The conditional probability approach in DGSA allows for 

identifying asymmetric interactions since the conditional probabilities are 

inherently asymmetric. 

(4) Ability for sensitivity analysis to be performed even with approximate 

responses: Since DGSA uses model responses only for classification, approximate 

proxy responses that correctly classify the model responses – such as streamline 

simulations rather than finite-difference simulations - can be just as reliably used 

for this purpose. 

(5) Ability for sensitivity analysis to be performed when the response is a vector or 

a time series: DGSA requires only for the response to be amenable to clustering 

rather than RSM techniques that require for the response to usually be univariate 

so that it can then be used to create a surface. 
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In the next chapter, distance-based generalized sensitivity analysis is used to simplify 

the extent of parameter uncertainty such that the overall response uncertainty is 

minimally affected.  
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Figure 2.1 Map of Canada showing 35 cities 

 

Figure 2.2 Temperature variance over 35 Canadian cities over a year. 

0 5 10

-30

-20

-10

0

10

20

 Months

 D
e

g
 C

Avg monthly temp (35 Cities)



40 
 

 

Figure 2.3 Temperature variance over a year in four cities. Coastal cities Vancouver and Victoria have 
less overall temperature variance than inland cities Winnipeg and Calgary. The bulk of the 
temperature variance is in the winter months with summer temperatures across the cities displaying 
less overall variation. 

 

Figure 2.4 FCA components of temperature data showing the coastal cities and inland cities 
separated 
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Figure 2.5 Fourier basis used for functional data analysis. This basis has 13 functions to allow for 
maximum granularity of the monthly measured data. 

 

Figure 2.6 Fourier Harmonics of the temperature variations in four cities. The harmonics show more 
variation for inland cities than coastal cities, and more variation for winter months than summer 
months. 
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Figure 2.7 Eigen-functions of the variations in functional temperature data. The variations are higher 
in the winter months than the summer months. 

 

Figure 2.8 Functional variation accounted for in the first four functional components. The blue line 
indicates the mean temperature data. The red and the green lines indicate the 5th and the 95th 
percentile variations along each functional component respectively. The number in the parentheses 
gives the percentage of the total variation defined by the respective component. 
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Figure 2.9 Plot comparing daily measurements (solid lines) of temperature with daily evaluations 
(dotted lines) of the functional basis calibrated to average monthly temperature. The close alignment 
demonstrates scalability of functional bases. 

 

Figure 2.10 Plot showing cities based on functional components of temperature. Coastal cities on the 
East Coast of Canada such as St. John’s and Sydney are placed close to coastal cities on the West Coast 
of Canada such as Vancouver and Victoria towards the bottom. Inland cities such as Winnipeg, 
Yellowknife and Regina appear towards the top as well. Arctic cities such as Dawson, Churchill and 
Inuvik appear towards the right-hand side whereas southern cities such as Prince Rupert, Calgary 
and Winnipeg appear towards the left-hand side. 
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Figure 2.11 Plot showing the variation of bivariate variable x with components uniformly valued 
between zero and one. 

 

Figure 2.12 Plot showing the variation of trivariate variable y 

 

Figure 2.13 Plots showing that the relationships between the components of x and y are highly non-
linear. Particularly, y1 is a parabolic function of x, y2 is a sinusoid function of x and y3 is an 
exponential function of x. 
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Figure 2.14 Plots showing the relationships between the canonical variates of 𝒙 and 𝒚. 

 

Figure 2.15 Plots showing the distributions of the canonical variates of 𝒙 and 𝒚: All the canonical 
variates have a sample mean of zero and a sample standard deviation of one. However, the 
distributions of all the canonical variates are not necessarily Gaussian.  
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Figure 2.16 the response space for f(x,y,z) 

 

Figure 2.17 The response space for f(x,y,z) classified into three classes using K-means clustering 
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Figure 2.18 Empirical parameter cumulative distributions in the three classes. 

 

Figure 2.19 One-Way sensitivity metrics 
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Figure 2.20 Multi-way sensitivity 
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3 Prediction focused analysis using 

canonical functional component analysis 

3.1 Introduction 

Forecasts obtained as uncertainty quantification on some future response such as 

future oil and water production of existing wells, four-dimensional saturation 

changes in the field, or production rates of planned wells are often used for decision 

making in the petroleum industry. A typical example of a forecast is the prediction of 

reservoir production performance based on historical production data and geological 

information in presence of the historical production data. The causal relationship 

between the data and the prediction is parameterized using a three-dimensional 

gridded subsurface model constrained to well and seismic data.  These forecasts are 

often evaluated as forward responses of the subsurface models obtained solutions of 

dynamic data inversion. Analogous problems exist in groundwater management 

(Alcolea et al., 2009; Freeze et al., 1990; Gallagher and Doherty, 2007) where 

piezometric (pressure) records and water chemistry data are used in a data inversion 

framework to constrain a subsurface model, which is then used to estimate 

uncertainty and provide management decisions.  

Even though data inversion problems are an active research area as evidenced by 

multiple review papers (Carrera et al., 2005; Mosegaard and Tarantola, 2002; Oliver 

and Chen, 2011; Zhou et al., 2014) in both, petroleum and groundwater research, data 

inversion continues to be a difficult problem due to two essential reasons. Firstly, the 

relationship between subsurface parameters and the dynamic data is complex, non-

linear and often requires the numerical solution of partial differential equations that 

are computationally demanding. This limits the number of forward model runs that 

can be performed realistically in time for a forecast to be usable for decision making. 

Secondly, the ill-posed nature of the data inversion problem, due to non-linearity and 

incompleteness of the dynamic data, requires the formulation of a three dimensional 



50 
 

spatial prior distribution on the subsurface model based on other knowledge of the 

subsurface geological heterogeneity. This spatial prior distribution may include 

elements of structural uncertainty (layering and faults), lithofacies and petrophysical 

properties (porosity, hydraulic conductivity) from geological and geophysical data 

sources. Ignoring such prior information may lead to inverse solutions that are 

geologically unrealistic and have limited forecasting ability. Additionally, subsurface 

models obtained as solutions to data inversion must span a realistic range of 

uncertainty (Caers, 2012b; Park et al., 2013) in keeping with inverse modeling theory.  

However, forecasting problems do not necessarily seek the inverted subsurface 

models or parameters themselves. Instead, forecasts are evaluated after data 

inversion on the inverted subsurface models or parameters. In (Scheidt et al., 2014), 

it was recognized that time-consuming explicit data inversion may not always be 

required for forecasting problems in groundwater management. In an extreme 

example, if the goal is protection of a groundwater well using a forecast of travel times 

between this well and a waste disposal upstream, it is quite intuitive to assume that 

the forecast of this travel time will not be influenced significantly by a water level 

measurement far downstream of the groundwater well. However, in most practical 

cases, the situation is not so clear and obvious. In particular, if the relationship 

between simulated data and prediction variables is highly non-linear, and the data 

are only partially informative about prediction, it is difficult to determine whether 

inverse modeling will be required.  

(Scheidt et al., 2014) address this problem by presenting tools to diagnose if 

performing a time-consuming inverse modeling is relevant or not for a given specific 

forecasting problem using a rapid Prediction Focused Analysis (PFA). In addition, in 

certain cases, the framework of PFA can be used to obtain a reasonable estimation of 

the uncertainty in prediction without having to run the full traditional data inversion 

using an evidential forecasting approach rather than the causal forecasting approach 

taken in inversion-based forecasting. As seen in an earlier chapter, causal forecasting 

approaches define the data-prediction relationship based on underlying physical 

systems and physical processes that influence the prediction variable from the data 
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variable whereas evidential forecasting approaches, on the other hand, infer 

relationships between data and prediction variables statistically without necessarily 

understanding the reasons for the relationship.  

(Scheidt et al., 2014) build a direct statistical relationship between the data variables 

and the prediction variables in a low dimensional space. Building this relationship 

requires generating only a few subsurface models and accompanying forward model 

runs. It does not require any iterative inverse modeling. They, then, obtain forecasts 

by inferring this relationship in the low-dimensional space at the low dimensional 

projection of observed data. However, their technique relies on nonlinear principal 

component analysis (Kramer, 1991) and kernel smoothing (Bowman and Azzalini, 

1997). These are highly nonlinear techniques that don’t scale well for higher 

dimensional problems such as those often encountered in the petroleum industry. As 

the dimensions of the data and prediction variables increase, computations required 

by these nonlinear techniques can take more time for forecasting than is available to 

make the decision leading to the possibility of missed opportunities. 

In this chapter, the PFA approach from (Scheidt et al., 2014) for groundwater 

management forecasting problems is modified using a trade-off between linearity 

and dimensionality such that it is scalable to forecasting problems in the petroleum 

industry. This modified approach is applied to a forecasting problem in groundwater 

management in this chapter and to a reservoir engineering problem in a later chapter. 

The next section sets the groundwater management forecasting problem up and 

introduces notation for prediction focused analysis. 

3.2 Prediction Focused Analysis: Illustration 

In (Scheidt et al., 2014), the problem of predicting contamination at a drinking water 

well based on past observations of contaminant concentration at three observation 

wells is considered for the two-dimensional analog of a German aquifer near Basel. In 

this problem, the data variable 𝑫 consists of time series observations of contaminant 

concentration at the three observation wells over the past 3.5 days and the prediction 

variable 𝑯 is the contaminant concentration at the drinking water well over 12 days. 
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In a causal forecasting approach, the data-prediction relationship would be 

parameterized using a model variable 𝑴 that contains the subsurface parameters of 

the aquifer. Deterministic relationships between the model and the data, and the 

model and the prediction are defined using a flow and transport multi-scale finite 

volume model (Künze and Lunati, 2012) that simulates the flow of the fluid 

containing water and the contaminant.  

To keep the notation consistent with that used in the context of reservoir engineering 

problems in earlier chapters, the relationship between the model and the data 

variables is denoted as  

𝒅 = 𝒈(𝒎) (31) 

and the one between the model and the prediction variables as 

𝒉 = 𝒓(𝒎) (32) 

Rather than the three dimensional permeability field of reservoir engineering 

problems, the model variable contains a two dimensional binary spatial distribution 

of the depositional feature with high hydraulic conductivity. In the state-of-the-art, 

causal forecasting approach, the uncertainty in the forecast in presence of observed 

data  𝒅𝑜𝑏𝑠  can be formalized as a marginal distribution consistent with Bayesian 

predictive inference given by 

f(𝒉| 𝒅𝑜𝑏𝑠) = ∫ 𝒓(𝒙) f(𝒙| 𝒅𝑜𝑏𝑠)  𝑑𝒙

𝒎

  (33) 

However, PFA uses an evidential forecasting approach that relies on a statistical 

relationship between the data and the prediction variables. This requires using 

statistical methods to infer a relationship from the prior joint distribution on the data 

and the prediction variables f(𝒅, 𝒉).  

In (Scheidt et al., 2014),  the Bayesian predictive inference models of prior 

uncertainty in the data and the prediction variables are used. These depend upon the 

prior uncertainty in the model variable. They assume that the prior uncertainty in the 
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data and prediction variables is fully defined using their relationship with the model 

variable. The prior uncertainty in the data variable is formalized as  

f(𝒅) = ∫ 𝒈(𝒙) f(𝑴 = 𝒙)  𝑑𝒙

𝒎

  (34) 

and in the prediction variable as  

f(𝒉) = ∫ 𝒓(𝒙) f(𝑴 = 𝒙)  𝑑𝒙

𝒎

  (35) 

The next section provides background on how the prior uncertainty  f(𝑴 = 𝒎) in the 

model variable is obtained using geological and geo-statistical techniques. 

3.2.1 Aquifer description 

Sedimentary aquifers in river valleys host many important shallow aquifers in Central 

Europe. (Bayer et al., 2011) Late Pleiostene unconsolidated fluvio-glacial and fluvial 

braided river sediments in the Rhine basin are often built up by non-uniform 

sequences of layers, cross beddings and deposits that change gradually. These 

features cannot be modelled using non-invasive techniques. (Chen et al., 2010)  

Sedimentary analysis and interpretation provide a framework for reconstruction of 

architectural elements and their spatial continuities. Sedimentary characterization 

identifies “lithofacies” that reflect well defined deposition events or environments. 

This knowledge can be utilized in hydrogeological characterization to achieve a 

geologically plausible description of heterogeneity, delineate ranges of high 

conductivity zones and for consistent reinterpretation of geophysical data. (Asprion 

and Aigner, 1999; Scheibe and Freyberg, 1995)  Hydrogeological characterization 

identifies “hydrofacies” that reflect quasi-homogeneous sub-units that can be 

characterized by single representative hydraulic and/or hydro-chemical parameters. 

To bring sedimentological and hydrogeological characterization together, aquifer 

analog studies are a popular approach. In analog studies of petroleum reservoirs, 

vertical outcrops of sedimentary bodies are studied in detail to obtain a model that 
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imitates real reservoirs as exactly as possible. This approach was extended to 

sedimentary aquifers by (Huggenberger and Aigner, 1999). An analog for fluvio-

glacial sedimentary aquifers in Central Europe has been identified in a gravel-pit mine 

located 500m west of the town of Herten in Southwest Germany. (Bayer et al., 2011; 

Comunian et al., 2011) The site is located in the upper Rhine Valley close to the Swiss 

border near Basel. At this quarry, four lithofacies are distinguished by (Bayer et al., 

2011): 

1. Poorly sorted gravel with broad grain size distribution, cobbles and sand as 

secondary components. 

2. Alternating gravel sequences of a matrix-filled and matrix-free gravel. The 

matrix is made of sand or silt. 

3. Well sorted gravel and sand that forms the typical bed-load deposit in high-

energy fluvial systems. 

4. Pure sand with occasional gravel debris that forms the typical bed-load 

deposit in low-energy fluvial systems. 

In contrast to lithofacies, hydrofacies can be quantitatively described using specific 

hydraulic parameters like permeability and porosity. Thus hydrofacies can be 

identified by merging lithofacies with comparable hydraulic parameters as identified 

from samples in laboratory settings. Hydraulic parameters of the lithofacies 

visualized on the logarithmic scale were clustered into groups by (Bayer et al., 2011) 

based on their hydraulic conductivity to determine hydrofacies of samples from the 

analog.  

A major problem with analog study is that analogs are usually obtained from single 

outcrop walls that deliver only a cross sectional profile rather than capture the true 

three dimensional conditions. (Bayer et al., 2011; Comunian et al., 2011) As a result, 

(Comunian et al., 2011) use a data set of six parallel geological sections with 

dimensions 16m × 7m  that are 2m apart. These sections were obtained by 

sequentially excavating a 16m × 7m × 10m gravel body. In each of these sections, six 

units were identified by (Bayer et al., 2011) 
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1. The lowermost unit has sand rich poorly sorted gravel with discontinuous 

beds indicating sub horizontal stratification. 

2. A thick heterogeneous unit with variably cross bedded poorly sorted gravel 

dipping to the South and a well sorted gravel body in the Southern half. 

3. A trough shaped thin and continuous unit with alternating sequences dipping 

south. 

4. A wedge shaped sand rich poorly sorted gravel deposit with cross-

stratification dipping North. 

5. A laterally extended unit with heterogeneous sequences of inclined concave 

and trough shaped bimodal gravel dipping south. 

6. A horizontally stratified thick continuous gravel sheet forms the top unit in 

each section. 

Each of the sections was used as a training image to perform two dimensional 

unconditional multiple point statistics (Caers, 2005) simulations without taking the 

non stationarity of the training images. These realizations were used to identify 

hierarchy among the regions across the sections and interpret separation surfaces 

between the regions. These separation surfaces were then interpolated to generate 

object-based Boolean three-dimensional training images that in turn, were used to 

generate realizations of the aquifer analog using multiple point statistics. 

In (Scheidt et al., 2014), a training image based on one of the six sections in the data 

set in (Comunian et al., 2011) is used. (Scheidt et al., 2014) have chosen the third 

section that is located 4m from the initial outcrop. This section has two hydrofacies – 

one with high hydraulic conductivity and another with low hydraulic conductivity. All 

the six layered units are exhibited by this section as seen in Figure 3.1. This training 

image is used to create two dimensional realizations of the aquifer subsurface model 

on a 100 × 25 grid seen in Figure 3.1 using multiple point geostatistics algorithm 

IMPALA (Straubhaar et al., 2011). This represents the prior uncertainty in the model 

variable for the forecasting problem considered in (Scheidt et al., 2014). 
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3.2.2 Data-prediction relationship 

For Prediction Focused Analysis, (Scheidt et al., 2014) generate 𝑁 = 200 realizations 

of the aquifer model {𝒎1, 𝒎2 ⋯ 𝒎200} as samples of the model variable using IMPALA 

(Straubhaar et al., 2011). In each realization, the flow of the fluid containing water 

and the contaminant is simulated using a flow and transport multi-scale finite volume 

model (Künze and Lunati, 2012). These are referred to as “scoping runs”. A 

contaminant is injected on the left side (representing the north end of the aquifer) of 

the realization as seen in Figure 3.1. The contaminant concentration in the three 

locations 𝑤1, 𝑤2, 𝑤3 in the center of the grid during 3.5 days after contamination is 

calculated as the data variable 

𝒅𝑖(𝑡) = (

𝒅𝑤1,𝑖(𝑡)

𝒅𝑤2,𝑖(𝑡)

𝒅𝑤3,𝑖(𝑡)

) = 𝒈( 𝒎𝑖) (36) 

and the contaminant concentration on the right hand edge (representing the south 

end of the aquifer) over 12 days after contamination was calculated as the prediction 

variable 

𝒉𝑖(𝑡) = 𝒓( 𝒎𝑖) (37) 

with one measurement every 2.88 hours resulting in a 3 × 30 dimensional variable 

for 𝒅 and a 100 dimensional variable for 𝒉. Each realization provides a sample each 

of the data and prediction variables from the finite volume model. Consistent with 

Bayesian predictive inference, (Scheidt et al., 2014) treat these as the prior samples 

of the data and prediction variables. However, the prior joint distribution  f(𝒅, 𝒉) is in 

a 3 × 30 × 100 space that can be very difficult to visualize or infer a relationship from. 

To address this problem of high dimensionality, (Scheidt et al., 2014) use non-linear 

principal component analysis or NLPCA (Kramer, 1991) to reduce the dimensions of 

the samples 𝒅 and 𝒉 to a scalar value. These scalar values can be cross plotted to 

visually inspect the data-prediction relationship in low dimensions. NLPCA entails 

training a neural network to obtain an identity mapping: the network outputs are 

simply the reproduction of network inputs (simulated data or prediction variables in 
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this case). The middle layer of the neural network works as a bottleneck to enforce a 

dimension reduction. This bottleneck layer provides the desired low dimension 

component values (scores) 𝒅∗ and 𝒉∗ of 𝒅 and 𝒉 respectively.  

The statistical data-prediction relationship in low dimensions is inferred from the low 

dimensional joint distribution f(𝒅∗, 𝒉∗) using Kernel-Smoothing. Posterior prediction 

scores are obtained by sampling the Kernel-Smoothed distribution  f(𝒅∗, 𝒉∗) at the 

low dimensional projection of the observed data 𝒅𝑜𝑏𝑠
∗ . These prediction scores are 

readily back-transformed into prediction time-series since NLPCA is bijective. These 

back-transformed prediction time-series serve as an ensemble of posterior samples 

of the prediction variable. This ensemble empirically represents the posterior 

uncertainty in the prediction variable or in other words, the desired forecast. 

PFA has been demonstrated to provide the same posterior uncertainty in the 

prediction variable as obtained by causal forecasting using rejection sampling for 

data inversion for the case in (Scheidt et al., 2014). Thus, in cases where data 

inversion would not result in any uncertainty reduction in the forecast, the 

computationally complex data inversion problem can be avoided. This can serve as a 

valuable diagnostic for the need for data inversion for any given forecasting problem 

and in some cases, provide a quick evidential forecast. 

3.2.3 Linearity-dimensionality trade-off 

The approach to PFA in (Scheidt et al., 2014) relies on a bijective non-linear principal 

component analysis (Kramer, 1991) for dimension reduction. As the dimensions of 

the data variable and prediction variables increase, the computational complexity of 

training a Neural Network for NLPCA increases cubically. Furthermore, such a drastic 

dimension reduction may not be realistically feasible in all practical cases of reservoir 

engineering problems.  

If this is addressed by increasing the number of nodes in the bottleneck layer of the 

identity mapping neural network, the  f(𝒅∗, 𝒉∗)  distribution must be modeled in 

higher dimensions. However, if the dimensionality of the low dimensional space 
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increases, Kernel smoothing would require more data points. Each data-point is 

obtained from generating and flow-simulating a subsurface model. For reservoir 

engineering problems, generation and flow simulation of subsurface models can be 

highly complex and take computational time of the order of machine-hours. In 

addition, sampling the non-linear low-dimensional relationship between data and 

prediction variables using a Metropolis sampler may be difficult due to tuning and 

convergence problems (Caers, 2012a). 

However, as seen in Figure 3.2, the linearity of the relationship between the 

projections of the data variable and the prediction variable increases as the number 

of NLPCA dimensions are increased. The coefficient of correlation between the first 

canonical variates serves as a metric of linearity of the data-prediction relationship. 

The first canonical variate is obtained from Canonical Correlation Analysis 

(Krzanowski, 2000), reviewed in an earlier chapter, on the NLPCA scores of the data 

and prediction variables. Linear models of relationships between data and prediction 

can be inferred for evidential forecasting using linear inference techniques whose 

computational complexity scales much slower than non-linear methods such as 

Kernel Smoothing and Metropolis Sampling. In the next section, the scalability 

problem in NLPCA-based PFA is addressed by replacing (1) the low dimension 

transformation and (2) the data-prediction relationship inference techniques by 

more scalable techniques that can be applied to reservoir engineering problems.  

3.3 Methodology 

In Prediction Focused Analysis (PFA), (Scheidt et al., 2014) establish a statistical 

relationship between ensembles of {𝒉1, 𝒉2 ⋯ 𝒉𝑁}  and {𝒅1, 𝒅2 ⋯ 𝒅𝑁}  obtained from 

forward simulations, 𝒓  and 𝒈  respectively, of an ensemble of 𝑁  prior models 

{𝒎1, 𝒎2 ⋯ 𝒎𝑁}  sampled from the prior  f(𝒎)  on the model variable 𝑴 . Directly 

establishing such a relationship is difficult because the dimension of 𝒅 and 𝒉 may be 

large, although typically much less than 𝒎. Lower dimensional representations of 𝒅 

and 𝒉 are required and are denoted as 𝒅∗ and 𝒉∗. If a significant dimension reduction 

can be achieved without much loss of variability in 𝒅∗  and 𝒉∗  then the joint 
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distribution f(𝒅∗, 𝒉∗) approximates the joint relationship between the data and the 

forecast variable. This joint relationship, in turn, is statistically inferred at the low 

dimensional projection of the observed data 𝒅𝑜𝑏𝑠
∗  to provide a posterior forecast 

uncertainty f(𝒉∗|𝒅𝑜𝑏𝑠
∗ ) in low dimensions. This posterior distribution is sampled to 

obtain 𝐾 low dimensional samples of 𝒉∗ that are back transformed to an ensemble of 

{𝒉1, 𝒉2 ⋯ 𝒉𝐾} that together empirically represent the forecast uncertainty in physical 

dimensions. In order to overcome the scalability problem due to NLPCA, a 

dimensionality reduction technique is desired that is bijective and scales linearly. In 

order to overcome the scalability problems due to non-linear statistical inference 

techniques, this dimensionality reduction technique must linearize the data-

prediction relationship in low dimensions to enable linear statistical inference. These 

conditions are fulfilled by canonical functional component analysis. This technique is 

presented in the next section. 

3.3.1 Canonical functional component analysis 

This dimensionality reduction technique incorporates sequentially Functional Data 

Analysis (Ramsay and Silverman, 2005), Principal Component Analysis (Krzanowski, 

2000) and Canonical Correlation Analysis (Krzanowski, 2000; Leurgans et al., 1993) 

to provide a linear model of the relationship between the data and prediction 

variables in a low dimensional space. All these multivariate analysis techniques have 

been reviewed in an earlier chapter. The resulting lower dimensional space from 

canonical functional component analysis (CFCA) usually has more dimensions than 

the low dimensional space arising from NLPCA but contains information about the 

data-prediction relationship in a finite number of independent two-dimensional 

planes. In each of the two dimensional planes, the data-prediction relationship can be 

visually inspected for better understanding. 

In order to perform CFCA, the first step is to apply functional component analysis or 

FCA, as reviewed in an earlier chapter, to both the data and forecast variables 

obtained from 𝑁 samples. This obtains the functional components: 
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𝒅(𝑡) ≅ ∑ 𝑑𝑖
𝑓

𝝓𝑑,𝑖(𝑡)
𝐾

𝑖=1
 (38) 

and  

𝒉(𝑡) ≅ ∑ ℎ𝑖
𝑓

𝝓ℎ,𝑖(𝑡)
𝐾

𝑖=1
 

 

(39) 

where 𝝓𝑑,𝑖(𝑡)  are the eigen-functions of 𝒅(𝑡)  and 𝝓ℎ,𝑖(𝑡)  are the eigen-functions 

of 𝒉(𝑡). It results in 𝑁 points (𝒅𝑓 , 𝒉𝑓) in functional space whose joint variation can be 

said to represent a sample of the joint variation between the data and predicted 

variables. Additionally, FCA is inherently scalable since the eigen-functions can be 

calculated on any non-negative values of the time variable taken at as fine or coarse a 

resolution as required. While FCA transformation may result in a significant 

dimension reduction, dim(𝒅𝑓) ≪ dim(𝒈(𝒎))  and  dim(𝒉𝑓) ≪ dim(𝒓(𝒎)) , the 

relationship may be complex, non-linear and therefore difficult to infer using linear 

statistical inference approaches. Therefore, a further transformation of  (𝒅𝑓 , 𝒉𝑓) is 

needed.  

Canonical Correlation Analysis or CCA (Krzanowski, 2000), as reviewed in an earlier 

chapter, establishes a linear relationship between two random vectors that are not-

linearly related using the transformations 𝒅𝑐 = 𝑨𝒅𝑓  and  𝒉𝑐 = 𝑩𝒉𝑓 where 𝑨 and 𝑩 

are obtained as solutions to  

max
𝑨,𝑩

𝑨𝚺𝑫𝑯𝑩𝑻

√𝑨𝚺𝑫𝑫𝑨𝑻√𝑩𝚺𝑯𝑯𝑩𝑻
 

 

(40) 

where 𝚺𝐷𝐷  is the sample covariance of 𝒅𝑓 , 𝚺𝑯𝑯  is the sample covariance of 𝒉𝑓  and 

 𝚺𝐷𝐻  is the sample cross-covariance between  𝒅𝑓  and  𝒉𝑓 . This maximizes the 

correlations between pairwise components of 𝒉𝑖
𝑐 and 𝒅𝑖

𝑐  while constraining all the 

inter-component correlations between 𝒉𝑖
𝑐  and  𝒉𝑗≠𝑖

𝑐 , between 𝒅𝑖
𝑐 and  𝒅𝑗≠𝑖

𝑐 , and 

between 𝒉𝑖
𝑐  and 𝒅𝑗≠𝑖

𝑐  to 0. 𝒅𝑐  and 𝒉𝑐  are each of the 

dimension min( rank(𝑯) ,  rank(𝑫)). Moreover, as long as the rank(𝑯) < rank(𝑫), 𝑩 
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is non-singular and square with rank(𝑯) rows and columns. This makes the back-

transformation from 𝒉𝑐 to 𝒉𝑓 a linear operation. 

CFCA can transform the joint variation of a set of N samples of (𝒅, 𝒉) to a set of N 

samples (𝒅𝑐, 𝒉𝑐)  that are linearly related and of lower dimension. This 

transformation may not always be successful i.e. the first pair correlation between 

𝒅𝑐 , 𝒉𝑐  might not be high enough. This would be an indication that full inverse 

modeling (involving sampling the posterior on  𝒎 ) is required.  In case CFCA 

transformation is viable, then a linear least square framework (See Chapter 3 

(Tarantola, 2005)) can be used to statistically infer the data prediction relationship 

and directly obtain the posterior forecast uncertainty f(𝒉| 𝒅𝑜𝑏𝑠) as discussed in the 

next section. 

3.3.2 Linear Gaussian Inversion 

(Tarantola, 2005) present a linear least squares framework that, in this dissertation 

is termed “Linear Gaussian Inversion” to statistically infer the data prediction 

relationship at a value of observed data when these conditions are met: 

1. The prediction variable is multi-variate Gaussian 

2. The data-prediction relationship is linear. 

By design, the canonical variates 𝒉𝒄 obtained from canonical correlation analysis are 

linearly independent variables with sample mean 0 and sample standard deviation 1, 

as seen in an earlier chapter. Linear Gaussian inversion assumes that the prior f(𝒉𝒄) 

is multi-variate Gaussian. In cases where f(𝒉𝒄) is not multivariate Gaussian, since the 

individual components of 𝒉𝒄 are not correlated, a simple histogram transformation 

can be used for each independent canonical variate. The mean 𝒉𝒄̅̅ ̅ and covariance 𝑪𝐻 

can both be estimated from the N samples. If CCA has been successful, the relationship 

between 𝒅𝑐  and 𝒉𝑐 is linear with 

 𝒅𝑐 = 𝑮𝒉𝑐 (41) 

The least square framework models an observational error in 𝒅obs as Gaussian with 

an error covariance matrix 𝑪𝑑. In the lower dimensional CFCA projections, 𝒅obs
𝑐  has a 



62 
 

Gaussian observational error with covariance 𝑪𝑑𝑐 . The relationship between 𝑪𝑑 and 

𝑪𝑑𝑐  is derived in the next section. The likelihood is then assumed to be multi-variate 

Gaussian with the following expression:  

𝐿(𝒉𝑐) = exp (−
1

2
(𝑨𝒉𝑐 − 𝒅obs

𝑐 )𝑇𝑪𝑑𝑐
−1(𝑮𝒉𝑐 − 𝒅obs

𝑐 )) (42) 

With likelihood and prior multi-variate Gaussian and a linear model, the posterior 

distribution f(𝒉𝑐|𝒅𝑜𝑏𝑠
𝑐 ) is also multivariate Gaussian with mean 𝒉�̃� and covariance 

model 𝑪�̃� such that  

𝒉�̃� = (𝑮𝑇𝑪𝑑𝑐
−1𝑮 + 𝑪𝐻

−1)
−1

(𝑮𝑇𝑪𝑑𝑐
−1𝒅obs

𝑐 + 𝑪𝐻
−1𝒉𝒄̅̅ ̅) (43) 

  

𝑪�̃� = (𝑮𝑇𝑪𝑑𝑐
−1𝑮 + 𝑪𝐻

−1)
−1

 (44) 

Thus, linear calculations can be used to calculate the mean and covariance of the 

posterior Gaussian distribution f(𝒉𝑐|𝒅𝑜𝑏𝑠
𝑐 ) . This posterior distribution can be 

sampled through an affine transformation on any random number generator. Thus, 

an ensemble {𝒉1
𝑐 , 𝒉2

𝑐 ⋯ 𝒉𝑀
𝑐 } of 𝑀 samples of the posterior f(𝒉𝑐|𝒅𝑜𝑏𝑠

𝑐 ) can be sampled 

using 𝒉�̃� and 𝑪�̃�. Each of these samples can be back transformed into a time series 

using the following steps: 

1. Calculating functional posterior samples from canonical posterior samples as 

𝒉𝑓𝑇
= 𝑩−𝟏𝒉𝐶𝑇

 and inverting any linear scaling used for histogram 
transformation. 

2. Calculating time series posterior samples from functional posterior samples 

using 𝒉(𝑡) ≅ ∑ 𝒉𝑖
𝑓

𝝓ℎ,𝑖(𝑡)𝐾
𝑖=1 . 

This allows for conversion of the ensemble of 𝑀 samples of points {𝒉1
𝑐 , 𝒉2

𝑐 ⋯ 𝒉𝑀
𝑐 } in a 

low dimension space to an ensemble of 𝑀  samples of time-

series {𝒉1(𝑡), 𝒉2(𝑡) … 𝒉𝑀(𝑡)}. This ensemble can be used to estimate the the posterior 

forecast uncertainty f(𝒉| 𝒅𝑜𝑏𝑠), the final desired result of the forecasting problem.  

3.3.2.1 Modelling error in data measurement 

The relationship between the physical-space data error covariance 𝑪𝑑  and the 

canonical-functional space data error covariance 𝑪𝑑𝑐  can be modeled using the linear 
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relationships between 𝒅 and 𝒅𝑐 . In general, if 𝑌 = 𝑋𝐴𝑇 , the covariance between the 

columns of 𝑌 

Σ𝑌𝑌 = cov(𝑌, 𝑌) = 𝐴Σ𝑋𝑋𝐴𝑇 (45) 

where Σ𝑋𝑋 = cov(𝑋, 𝑋) is the covariance between the columns of 𝑋. 

In our case, 𝑪𝑑𝑐  is the covariance matrix between the components in the Canonical 

functional component space. Due to the nature of the relationships between canonical 

components, it is a diagonal matrix. If 𝒅𝑐 = 𝒅𝑓𝑨𝑇,  

𝑪𝑑𝑐 = 𝑨𝑪𝑑𝑓𝑨𝑇 (46) 

relates the covariance of the functional components 𝑪𝑑𝑓  with 𝑪𝑑𝑐 . 𝑪𝑑𝑓  is a 𝐾 × 𝐾 

matrix where 𝐾 is the number of eigen-functions in the functional basis such that  

𝒅(𝑡) = ∑ 𝒅𝑖
𝑓

𝝓𝑑,𝑖(𝑡)
𝐾

𝑖=1
 (47) 

Assuming that functions on 𝑡 are valued at 𝑀  values  {𝑡1 … 𝑡𝑀} , the above 

expression can be expressed as 𝒅 = 𝒅𝑓𝚽𝑇 where 𝑩 is an 𝑀 × 𝐾 matrix.  

Note that the 𝑀 values of measurement of 𝑡 don’t necessarily need to be unique. If, 

for example, 10 measurements are taken independently at three locations, as in the 

illustrative case of the German aquifer analog considered by (Scheidt et al., 2014), the 

eigen-functions 𝝓𝑑,𝑖(𝑡) can be evaluated either as treating 𝒅(𝑡) as a tri-variate on 10 

values of 𝑡 or as uni-variate on 30 values of 𝑡 treating 𝒅(𝑡)  as a concatenation 

of 𝒅𝑤1,𝑖(𝑡), 𝒅𝑤2,𝑖(𝑡) and 𝒅𝑤3,𝑖(𝑡).  

The 𝑀 × 𝑀 covariance matrix 𝑪𝑑 is expressed as 

𝑪𝑑 = 𝚽𝑪𝑑𝑓𝚽𝑇 (48) 

or 

𝑪𝑑 = 𝚽𝑨−𝟏𝑨𝑪𝑑𝑓𝑨𝑻(𝑨𝑻)−𝟏𝚽𝑇 (49) 

in terms of the desired canonical functional data component covariance. (Ramsay and 

Dalzell, 1991)  Thus the expression 
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𝑪𝑑 = 𝚽𝑨−𝟏𝑪𝑑𝑐(𝑨𝑻)−𝟏𝚽𝑇 (50) 

(The matrix 𝑨−𝟏  represents the Moore-Penrose inverse of 𝑨  if 𝑨  is not a square 

matrix) can be used to express the relationship between the physical-space data 

covariance 𝑪𝑑 and the canonical-functional space data component covariance 𝑪𝑑𝑐 . In 

a reservoir engineering forecasting problem, the error-covariance on the observable 

data 𝑪𝑑 often models the measurement error of an instrument. In a 2𝑞-dimensional 

Canonical Functional Component space, the corresponding error-covariance can be 

modeled as  

𝑪𝑑𝑐 = argmin
𝑿=diag(𝒙)∀𝒙ϵ𝑹𝒒+

𝑪𝑑 − 𝚽𝑨−𝟏𝑿(𝑨𝑻)−𝟏𝚽𝑇 (51) 

where 𝑹𝒒+ is the set of all 𝑞-dimensional vectors with positive real-valued elements. 

3.3.2.2 Modeling error due to deviations from theory 

In physical systems, the relationship between 𝒅𝑐  and 𝒉𝑐  is rarely perfectly linear 

along a line of regression 𝑮𝒉𝑐, hence an error model 

𝒅𝑐 = 𝑮𝒉𝑐 + 𝝐 (52) 

is more appropriate. Here, 𝝐 represents the error in the theoretical linear model of 

the relationship. Since this error can be observed in the N transformed samples 

(𝒅𝑐, 𝒉𝑐), it is modeled using a multi-variate Gaussian distribution with mean �̅� and 

covariance model 𝑪𝑇 which can be calculated as follows, 

�̅� =
1

𝑁
∑ (𝒅𝑖

𝑐 − 𝑮𝒉𝑖
𝑐)

𝑁

𝑖=1
 (53) 

  

𝑪𝑇 =
1

𝑁
𝑫diff𝑫diff

𝑇  (54) 

where each of the N columns 𝒅diff  in 𝑫diff is calculated as 

𝒅diff = 𝒅𝑖
𝑐 − 𝑮𝒉𝑖

𝑐 − �̅�   (55) 

to represent the deviation in each observation. This method was employed in 

(Hansen et al., 2014) to model the error in using an approximate forward model 

instead of an exact one. This model error can be accounted for by replacing 𝑪𝑑𝑐  by 
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𝑪𝑑𝑐 + 𝑪𝑇  and 𝒅obs
𝑐  by 𝒅obs

𝑐 +  �̅� 𝑤ℎ𝑒𝑛  calculating 𝒉�̃�  and  𝑪�̃� . If linearization of the 

relationship between 𝒅𝑐 , 𝒉𝑐 using canonical correlation analysis is unsuccessful, the 

error covariance 𝑪𝑇 will exceed the 𝑪𝑑𝑐  covariance. In that case, instead of linear 

Gaussian regression, explicit inverse modeling of 𝒎 might be required.  

3.3.3 Summary 

The scalability problem of NLPCA-based PFA as introduced by (Scheidt et al., 2014) 

is proposed to be addressed by using a bijective canonical functional component 

analysis (CFCA) for dimension reduction instead of NLPCA. CFCA is inherently 

scalable since it depends upon functional component analysis for dimension 

reduction. CFCA also enables the use of linear statistical inference techniques such as 

Linear Gaussian Inversion that are able to obtain posterior samples of the prediction 

variable using linear operations. The entire workflow for CFCA-based PFA is 

presented as a flowchart in Figure 3.3. In the next section, CFCA-based PFA is applied 

to the German aquifer analog considered by (Scheidt et al., 2014) and results 

compared with  those obtained from NLPCA-based PFA to demonstrate functionality 

of the methodology presented. 

3.4 Application to illustrative case 

(Scheidt et al., 2014) consider the problem of predicting contamination at a drinking 

water well based on past observations of contaminant concentration at three 

observation for the two-dimensional analog of a German aquifer near Basel to 

illustrate PFA. To analyze different situations, three different synthetic observed 

data-sets  𝒅𝑜𝑏𝑠,1 , 𝒅𝑜𝑏𝑠,2  and  𝒅𝑜𝑏𝑠,3  were chosen by (Scheidt et al., 2014) to exhibit 

different possible situations of contaminant arrival and were generated in a manner 

analogous to the other 𝒅𝑖(𝑡) to ensure that the observed data is consistent with and 

is contained in the prior. A reference posterior distribution on 𝒉(𝑡) is obtained using 

the NLPCA-based PFA (Scheidt et al., 2014) in each case for comparison.  

1. In Data-case one,  𝒅𝑜𝑏𝑠,1 shows that there is a late arrival of the contaminant at 

each of the observation points (in the center). Intuition suggests that the 
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contaminant arrival at the right hand edge would be late as well. When PFA is 

applied in 3 dimensions with 2 NLPCA components for 𝒉∗  and 1 NLPCA 

component for 𝒅∗, uncertainty in the forecast is reduced and more centered 

around a late arrival of the contaminant as seen in Figure 3.4.  

2. In Data-case two,  𝒅𝑜𝑏𝑠,2 shows that there is an early arrival of the contaminant 

at each of the observation points. The uncertainty reduction obtained using 

PFA based on NLPCA is seen in Figure 3.5. 

3. In Data-case three,  𝒅𝑜𝑏𝑠,3  shows late contaminant arrival at 𝑤1 and 𝑤2  but 

early arrival at 𝑤3. PFA based on NLPCA suggests that the prior and posterior 

will overlap. As a result, there won’t be any significant uncertainty reduction 

through explicit inverse modeling as seen in Figure 3.6.  

When CFCA-based PFA is applied to the illustrative problem, the results closely 

mirror those obtained from (Scheidt et al., 2014) NLPCA-based PFA. The data variable 

𝒅(𝑡) and the forecast variable 𝒉(𝑡), obtained from 200 scoping runs like in NLPCA-

based PFA are decomposed using spline bases. The choice of basis is driven by the 

versatility of spline functions and their differentiability at all non-negative values of 

time. The three time series 𝒅𝑤1,𝑖(𝑡), 𝒅𝑤2,𝑖(𝑡) and 𝒅𝑤3,𝑖(𝑡) composing each 𝒅𝑖(𝑡) were 

each functionally decomposed using a 4th order 6-spline basis resulting in four eigen-

function components for each time series containing 99.99% of the variability. As a 

result, each 𝒅𝑖(𝑡)  was projected in a 12-dimensional “Functional Space” (Three 

𝒅(𝑡) time series, each with four 𝒅𝑓 components). Each 𝒉𝑖(𝑡) was decomposed using 

a 2nd order 5-spline basis resulting in five eigen-function components containing 

99.99% of the variability. The choice of basis (4th order 6-spline/2nd order 5-spline) 

was guided by minimizing the maximum RMS error between ensembles of simulated 

and reconstructed curves. This minimization provides the least number of splines to 

achieve the maximum dimension reduction. Using Canonical Correlation Analysis, the 

functional data-forecast relationships were linearized into a 10 dimensional (𝒅𝑐, 𝒉𝑐) 

Canonical Functional Component Space from a 17-dimensional (𝒅𝑓 , 𝒉𝑓) space (12 

dimensional 𝒅𝑓 + 5 dimensional  𝒉𝑓 ). All the relevant relationship information, 

however, could be effectively separated into five independent Canonical Functional 
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Component Planes. The number of Canonical functional component planes is 

min (dim(𝑑𝑓),dim(ℎ𝑓))  that, in turn is usually dim(ℎ𝑓)  by design such that the 

Canonical Component Analysis is reversible. In each of these planes, the data-forecast 

relationship is highly linear – as seen in the highly correlated component pairs in 

Figure 3.7. The CCA successfully achieves a linear relationship that permits the use of 

linear Gaussian regression to estimate the posterior 𝜎𝐻
𝑐 (𝒉𝒄)  on the forecast 

components as a Gaussian distribution. Since sampling a Gaussian posterior 

distribution and back transforming those samples are computationally inexpensive 

linear operations, as many samples can be generated as needed to effectively quantify 

an estimate on the forecast-uncertainty. In this case, 100 posterior 𝒉𝒄 points were 

sampled from the five dimensional posterior 𝒉𝒄 distribution. These samples, in turn, 

were back-transformed into 100 𝒉(𝑡) curves in Figure 3.9. 

As seen in Figure 3.10, the P10-P50-P90 quantile statistics of the posterior ensemble 

estimated using CFCA-based PFA agree very well with the statistics of the NLPCA-

based PFA estimate in data-cases One and Two in terms of uncertainty reduction. As 

seen in Figure 3.11, in data-case Three, CFCA-based PFA agrees with NLPCA-based 

PFA in suggesting that the observed data doesn’t contain information about the 

system that is relevant to the targeted forecast. As a result, inverse modeling would 

not provide much uncertainty reduction. This last result (data-case three) suggests 

that CFCA-based PFA can be used as a diagnostic technique to ascertain the need for 

explicit inverse modeling for a forecasting problem just like NLPCA-based PFA can. 

However, CFCA is computationally more inexpensive (no need for Monte Carlo 

iterations) and more straightforward (involving linear models) compared to NLPCA, 

and especially so for higher dimensional data, because it employs linear methods. 

3.5 Conclusion 

Since many forecasting problems with subsurface uncertainty tend to involve highly 

multivariate earth models with computationally expensive forward models, using 

PFA as a diagnostic technique or a quick-estimate may be useful since it avoids any 

iterative workflow. The idea behind PFA is to provide a tool to analyze the need of 
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time-consuming inverse modeling. However, PFA is not designed to replace inverse 

modeling. (Scheidt et al., 2014) It can be used to develop metrics based on the 

relationship between the measured field data and the prediction variables. Such a 

metric has been presented in a later chapter. Our results demonstrate that CFCA can 

be used as an effective method to do PFA for a forecasting problem, and that it is more 

computationally inexpensive and scalable than NLPCA due to higher dimensions and 

thus, higher linearity. 

An interpretation of CFCA is that it relates “data features” of an underlying physical 

system with its “forecast features”. Observed data measurements capture 

information about some features of the underlying earth system. Canonical functional 

components of the observed data represent these “data features”. These features of 

the system don’t always inform the targeted forecast. The features of the earth-

system that do inform the targeted forecast – the “forecast features” - are represented 

by the canonical functional components of the forecast. CFCA checks if data and 

forecast features of a system overlap for particular forecasting problem. If not, then 

explicit inverse modelling is needed. When multiple measurements sources are 

available for a system, CFCA can potentially be used to select a data variable – or a 

combination of data variables - that would contain most information about the 

targeted forecast features. As a result, CFCA can potentially be used for application-

specific sensor (or well) location problems. 

An important application of CFCA can potentially be in the integration of unreliable 

or noisy data. Time-series measurements in earth systems tend to reflect smooth 

underlying processes. However, these measurements, in practice, are susceptible to 

errors and data-gaps due to physical agents. These can propagate through numerical 

workflows unpredictably. However, functional analysis provides a framework for 

noise removal in the case of data measurements from smooth processes (Ramsay and 

Silverman, 2002a). 

Another application of functional analysis lies in the ability to quantify the 

extremity/centrality (or “outlyingness”) of an observation with respect to a highly 
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multivariate prior (Ferraty et al., 2011). Bayesian techniques depend upon the 

assumption that the prior information is complete and data-agnostic. In practice, 

however, prior distributions for earth-modelling parameters are rarely data-

agnostic. Using extremity metrics based on CFCA, it is possible to define a criterion 

for adequateness of a prior distribution for a given forecasting problem.  

 

Figure 3.1 Illustration case set-up. Bottom: Aquifer modeled using two dimensional grid with 𝟏𝟎𝟎 ×
𝟐𝟓 cells. Contaminant injected on left-hand edge, Contaminant concentration measured in the center 
3.5 days after contamination and Forecast seeks contaminant concentration on right-hand edge 12 
days after contamination. Top: Training image containing binary spatial distribution of higher 
conductivity spatial feature (Source: (Scheidt et al., 2014)) 
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Figure 3.2 Trade-off between linearity and dimension-reduction: Correlation of the first canonical 
variate of the data-forecast projection pairs when dimensions are reduced using NLPCA. 
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Figure 3.3 Flowchart for data flow in canonical functional component analysis based prediction 
focused analysis. The blue blocks indicate that explicit inverse modeling may be required if either the 
canonical component analysis fails or the 𝑪𝒅𝒄  calculation doesn’t converge. 
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Figure 3.4 Data Case One: Contaminant arrival at the three observation wells is late (top and bottom-
left). NLPCA-based PFA predicts posterior uncertainty reduction around late arrival of contaminant 
at the drinking well. 

 

Figure 3.5 Data Case Two: Contaminant arrival at the three observation wells is early (top and 
bottom-left). NLPCA-based PFA predicts posterior uncertainty reduction around early arrival of 
contaminant at the drinking well. 
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Figure 3.6 Data Case Three: Contaminant arrival at the first two observation points is late (top) but at 
the third observation point, it is early (bottom-left). NLPCA-based PFA predicts posterior uncertainty 
is not significantly reduced compared to the prior. 

 

Figure 3.7 Data Case One: Comparison between relationships between data and prediction in 
Functional Space and Canonical Functional Space 
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Figure 3.8 Histogram transformation: Components obtained as a result of Canonical correlation 
analysis (left) can be transformed to a Gaussian distribution (right) using a linear one-dimensional 
histogram transformation. 

 

Figure 3.9 Posterior Sampling in Data-case one. Histogram of 100 samples of the posterior of the first 
component hc1 (Top left). 100 posterior sample in a scatterplot of the first two components (hc1, hc2) 

points (Top right). Reconstructed posterior h(t) curves in blue showing uncertainty reduction 
compared to prior h(t) curves in grey (bottom). The grey lines represent the prior samples. 
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Figure 3.10 Comparison of P10-P50-P90 quantile statistics of posterior estimates using CFCA and 
NLPCA based PFA for Data-cases One (left) and Two (right) 

 

Figure 3.11 Comparison of P10-P50-P90 quantile statistics of posterior estimates using CFCA and 
NLPCA based PFA for Data-case Three. 
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4 Sensitivity based geological uncertainty 

reduction 

4.1 Introduction 

A commonly occurring forecasting problem in the petroleum industry is the 

prediction of the performance of a new well in a predetermined location based on the 

historical performance in an existing well in the same field. Such a problem usually 

seeks an uncertainty quantification of one or many well responses such as decline 

curve or water cut at the new well location. In the next chapter, for example, such a 

forecasting problem has been considered for an analog of the WintersHall Concession 

C97-I in the N-97 field in the Sirte basin of north-central Libya. However, this 

reservoir is structurally uncertain with evidence of at least one and up to four faults 

with uncertain displacements due to migration and interpretation uncertainty. Such 

structurally uncertain reservoirs present unique challenges for the petroleum 

industry in uncertainty quantification, and thus, forecasting. 

Migration uncertainty in structural models often arises largely due to uncertainty in 

the velocity model that gets carried over to migrated seismic images. Images migrated 

from different velocity models can produce significantly different interpretations. 

Interpretation uncertainty in structural modeling arises when a single seismic image 

allows for differences in horizon and fault identification. This usually expresses as 

different fault patterns and even the presence or absence of certain faults themselves. 

Such uncertainty in the structural model can contribute to a large uncertainty in static 

volumes. When the structure is complex, variation in interpretation of fault intensity 

and in fault pattern can strongly affect the model of fluid behavior across the fault 

seal. (Suzuki et al., 2008) present a hierarchical classification of sources of structural 

uncertainty based on the impact on fluid behavior. Due to the direct impact of 

uncertainty in static volumes and fluid flow behavior on exploration, development 

and production outcomes, they have classified migration uncertainty and 
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interpretation uncertainty as “first order” structural uncertainties. For effective 

decision-making, it is vital to incorporate these migration and interpretation 

uncertainties when quantifying the uncertainty of the predicted well response, or the 

forecast. 

In practice however, the petroleum industry does not include any rigorous statistical 

treatment of structural uncertainty in the reservoir modeling workflows that in turn 

are used for forecasting. Instead, it is common operational practice to carry only one, 

or at best a few,structural model forward to dynamic reservoir simulation. Only 

occasionally is the possibility of an alternative structural interpretation considered. 

The main reasons for this have been identified by (Ottesen et al., 2005) as 

1. The lack of appreciation of how structural parameter uncertainties may 

impact predicted reservoir performance 

2. The need for an efficient methodology 

3. The lack of an easy-to-use, fully integrated software. 

This suggests that although the uncertainties associated with variations in 

sedimentary parameters are commonly addressed by the conventional reservoir 

modeling workflows, those uncertainties that are associated with structural 

heterogeneities are often neglected, oversimplified, or underrepresented. According 

to decision theory, such an underrepresentation of structural uncertainty reflects a 

systemic anchoring and overconfidence bias. As a result, when routine predictions of 

uncertainty in pore volume and recoverable reserves are performed, in many cases, 

the actual production is found to lie outside the predicted range in recoverable 

reserves. (Ottesen et al., 2005) This can have significant economic impact on the 

decisions resulting from forecasts made using these reservoir models. For example, 

in the Njord field, structural uncertainty has been found to be responsible for 20% to 

80% reductions in recovery efficiency when recovery simulated using models that 

take fault uncertainty into account is compared with recovery simulated using modes 

that are generated without taking fault uncertainty into account (Damsleth et al., 

1998). This suggests a need for incorporating uncertainties in the structural 
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interpretation of the subsurface when performing uncertainty quantification of its 

response to obtain forecasts that can be reliably used for decision making. In this 

dissertation, the term “structural uncertainty modeling” is used for uncertainty 

quantification of the response of a subsurface with structural uncertainty rather than 

just the uncertainty in the subsurface components. 

(Thore et al., 2002) have presented a structural uncertainty modeling workflow that 

requires generating multiple equiprobable realizations of the structural model. They 

define the structural model as the description of each source of structural uncertainty 

in terms of magnitude and direction. The realizations of the structural model taken 

together are used to quantify risk in exploration, development and production. Each 

of these realizations is described as a set of horizons intersected by faults. Horizons 

and faults are represented in three dimensional space using triangulated surfaces. 

The relationships between horizons and faults are expressed as a set of constraints. 

For every surface, each source of uncertainty (typically migration, interpretation, and 

time-to-depth conversion) is quantified as a field of vectors with magnitude and 

direction. Once all sources of uncertainty have been quantified, many equiprobable 

realizations of the structural model are generated by moving the faults and horizons 

in three dimensions according to uncertainties. In each realization, however, the links 

between faults and horizons need to be maintained for geological realism. Such 

complex modeling in three dimensions can only be achieved using existing 

commercialized technology in the frame of a human geo-modelling agent and can 

involve significant manual work. Methods to automate some aspects of modeling of 

intersecting triangulated surfaces in three dimensions have been described by 

(Cherpeau et al., 2010; Holden et al., 2003; Irving et al., 2010) however, none of these 

have been made available to geo-modeling practitioners for commercial application 

through an integrated software tool. 

An alternative approach to structural uncertainty modeling presented by (England 

and Townsend, 1998) involves introducing structural heterogeneity in pre-existing 

sedimentary reservoir models. This requires implicitly modeling faults and horizons 

along reservoir simulation grid cell edges using displacement and transmissibility 
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multipliers. Displacement models the distortion in communication geometry 

between displaced layers with contrasting sedimentary properties along a fault in the 

sedimentary reservoir model. Transmissibility multipliers model the fault seal 

through transmissibility reductions at the faulted grid block boundaries. 

Displacement and transmissibility multipliers are supported by commercially 

available reservoir simulation software such as ECLIPSE. In this approach, the 

geologic components of structural uncertainty have been identified by (Ottesen et al., 

2005) as the uncertainties in  

1. Horizon geometry, 

2. Fault geometry, and  

3. Fault seal model 

In addition to these structural components, uncertainty associated with the type, 

geometry, and distribution of sediments and their petrophysical properties also affect 

the calculation of fluid flow across faults in the reservoir. In view of this, (England and 

Townsend, 1998) have stressed that a fully integrated approach is required for 

uncertainty modeling in structurally uncertain reservoirs. Their fully integrated 

uncertainty modeling approach prescribes that the structural uncertainty modeling 

be integrated with total field uncertainty, and especially, the uncertainty in 

sedimentary and structural heterogeneities should be modeled and investigated at 

the same level of detail. However, fully integrated uncertainty modeling can be 

complex because several uncertainty sources are intrinsically linked. (Bailey et al., 

2002) have explored this problem by investigating the effects on field connectivity by 

varying both fault and channel parameters. Even though their study doesn’t include 

fault property calculation and fluid-flow modeling, multiple geological scenarios are 

required to be identified and their outcomes analyzed in order to capture the full 

response uncertainty. This presents a significant computational challenge.  

Contemporary commercialized geo-modeling tools use geological variables as 

“parameters” to quantify and model components of structural uncertainty, such as 

horizon geometry, fault geometry and fault sealing properties as well as components 
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of sedimentary uncertainty, such as distribution of sediments and their petrophysical 

properties. For example, fault geometry can be quantified using variables such as fault 

length, dip and azimuth. Fully integrated uncertainty modeling requires that the 

range of overall uncertainty represented by all possible outcomes of all possible 

geological scenarios is quantified. Since evaluating outcomes of all geological 

scenarios can commonly require hundreds or even thousands of realizations to be 

generated and flow simulated, the outcomes of only a subset of all the possible 

geological scenarios can be realistically analyzed so that the overall response 

uncertainty can be studied in a time-efficient manner in order to be useful for decision 

making. In fully integrated uncertainty modeling studies conducted by (Bailey et al., 

2002; England and Townsend, 1998; Ottesen et al., 2005), the selection of geological 

scenarios for analysis of their outcomes is performed using experimental design 

techniques on the geological variables. 

Experimental design provides a framework for sampling or selecting sets of variables 

or “factors” for simulating or generating outcomes towards an application-dependent 

goal. In fully integrated uncertainty modeling studies conducted by (England and 

Townsend, 1998; Ottesen et al., 2005), the factors are the geological variables used 

by commercialized geo-modeling tools. The range of each uncertain factor is divided 

into a predetermined number of confidence levels (e.g., high and low). Experimental 

design yields a finite number of “experimental units” or “treatments”. (Caers, 2012a) 

Each treatment is a sample that contains a combination of factors and their 

confidence levels. Treatments obtained from experimental design have been selected 

as a geological scenarios for evaluation of outcomes in fully integrated uncertainty 

modeling studies conducted by (England and Townsend, 1998; Ottesen et al., 2005). 

Evaluating outcomes for each geological scenario requires for multiple models in that 

scenario to be generated and flow-simulated. With computational time requirement 

for flow simulation of contemporary reservoir models running as high as two to three 

hours, evaluating the outcomes of the only the selected geological scenarios for 

modeling response uncertainty can still require a significant amount of time. 
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However, many existing experimental design techniques are response-unaware. For 

example, central composite design (Box et al., 1978; Caers, 2012a) and fractional 

factorial design (Box et al., 1978; Caers, 2012a) model the relationships between 

factors and outcomes as polynomials or response surfaces. Response surfaces assume 

a smooth relationship between the factors and the outcome, and a lack of confounding 

interaction between the factors. In decision theory, such assumptions are heuristic 

and display the cognitive formal fallacy of base-rate neglect. Base rate neglect implies 

that when presented with generic information and specific information (information 

only pertaining to a certain case), the human cognitive process tends to ignore the 

former and focus on the latter. For example, for a flow response that varies due to a 

small change in a parameter, important variations may be ignored when only coarse 

confidence-levels are chosen for uncertainty modeling experiment design. (Box et al., 

1978; Caers, 2012a) Additionally, any geological scenario-selection involves some 

reduction in the overall geological uncertainty under analysis for geological modeling 

and simulation. A response-unaware reduction in geological uncertainty risks a 

distortion in overall response uncertainty. For forecasting problems that aim to 

reliably model the uncertainty in a response, such a distortion in the response 

uncertainty is undesirable. 

The fully integrated uncertainty modeling problem presents a tradeoff between the 

computational costs of evaluating the outcomes all possible geological scenarios and 

the risk of distortion in the response uncertainty when evaluating the outcomes of a 

selected subset of geological scenarios. Before approaching the forecasting problem 

in a structurally uncertain reservoir in the next chapter, this tradeoff needs to be 

addressed. In this chapter, a response-aware reduction in the geological uncertainty 

is targeted such that its effect on response uncertainty would be minimized. The key 

idea is to preserve the uncertainty in the parameters that matter more to the response 

while reducing the uncertainty in the parameters that matter less. The magnitude by 

which a certain parameter matters to the response can be quantified using sensitivity 

analysis. The resulting subset of geological scenarios should still be able to model a 
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representative estimate of the spread in the response uncertainty thereby enable a 

forecast that is relevant for decision making. 

4.2 Methodology 

In workflows where the uncertainty in the response is modeled empirically by 

running forward models on an underlying set of subsurface models, such as the state-

of-the-art forecasting workflow used in the petroleum industry (Bratvold and Begg, 

2008), any effort to reduce geological uncertainty carries an inherent risk of reducing 

or distorting the response uncertainty. When the subsurface models are structurally 

uncertain, the sources of geological uncertainty can be diverse. Based on their effect 

on fluid flow, the sources of structural uncertainty have been classified by (Suzuki et 

al., 2008). Based on their relevance to geo-modeling, the sources of structural 

uncertainty are classified by (Ottesen et al., 2005). However, in addition to structural 

components, uncertainty associated with the type, geometry, and distribution of 

sediments and their petrophysical properties also plays a part in the overall response 

uncertainty. Thus, a fully integrated uncertainty modeling approach is needed. When 

using such an integrated approach using existing commercially available geo-

modeling tools, the sources of geological uncertainty can be parameterized as  

1. Categorical Variables such as faulting scenarios, training images etc., 

2. Discrete Variables such as number of faults, number of facies etc. or,  

3. Continuous such as fault displacement, marginal distribution etc. or, 

4. Spatial such as the actual distribution of geological flow bodies etc. 

When commercially available reservoir fluid flow simulation tools are used to 

evaluate the response, the aforementioned geological parameters can interact in 

complex ways to influence fluid flow. Thus, geological uncertainty as represented by 

parameter uncertainty is intrinsically and complexly linked to response uncertainty. 

Intuitively, if response uncertainty is not sensitive to uncertainty in a geological 

parameter, uncertainty in that parameter could be reduced while maintaining 

response uncertainty. But, complex interactions between parameters make it difficult 

to determine direct causal relationships between individual parameters and the 
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targeted response. As a result, it is challenging to identify individual parameters 

whose uncertainty can be reduced without significant impact on response 

uncertainty. A one-way sensitivity analysis may result in isolating the least significant 

parameter that, while not being significant in isolation, interacts with other 

parameters to have significant impact on the response. 

This can be illustrated using the problem of quantifying the uncertainty in  

𝑓(𝑥, 𝑦, 𝑧) = [
𝑧

|𝑥𝑦 − 𝑥|] (56) 

where, 𝑥, 𝑦, 𝑧 are all uniformly distributed uni-variate random variables between 0 

and 1. Distance-based Generalized Sensitivity Analysis (Fenwick et al., 2014) is used 

to isolate the parameter whose uncertainty is least significant to the response 

uncertainty. The choice of the sensitivity analysis technique is guided by the presence 

of an absolute value function in the second component of 𝑓(𝑥, 𝑦, 𝑧)  that is not 

globally-differentiable thus eliminating the utility of response-surface-based 

sensitivity analysis techniques for quantifying the globally sensitivity of the 

parameters. A one-way sensitivity analysis seen in Figure 4.1 shows that the response 

𝑓(𝑥, 𝑦, 𝑧) is very sensitive to 𝑧 and less to 𝑦. Hence, an argument can be made that 

uncertainty in 𝑦 can be reduced without causing a major change in the uncertainty 

in 𝑓(𝑥, 𝑦, 𝑧). Any differences from the results in Chapter 2 are due to the number of 

clusters used for DGSA. In Chapter 2. Three clusters were used and here, we use 5 

clusters. The choice of the number of clusters is dependent upon the computational 

capacity available. More clusters need a more granular bootstrap and thus more 

computational power.  

One way to reduce uncertainty in 𝑦 would be to use a median value for 𝑦 rather than 

the entire range of possible values. This is a common engineering practice: if the 

parameter is not impactful, then set it to some average value. When a value needs to 

be chosen for modeling system behavior that is “representative” of the physical 

system, the median value is often used since it is not-too-high and not-too-low. This 

notion often stems from the conjecture that a too-high or too-low value of a 

parameter can bias system behavior. However, in physical earth systems, the 
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parameters are so intricately interactive that the assumption that a too-high or too-

low parameter value would bias system behavior is an overly simplistic heuristic that 

exhibits base-rate neglect.  

For example, in the illustrative simple algebraic example, when the median value of 𝑦 

is used, the vertical axis value |𝑥𝑦 − 𝑥| is limited to the maximum value of 0.5. This 

change results in distorting the overall uncertainty in  𝑓(𝑥, 𝑦, 𝑧)  significantly as is 

visible in Figure 4.4. The effect in Figure 4.4 is understood using the sensitivity 

analysis based on interactions. As seen in Figure 4.2, even though 𝑦 is insignificant 

to 𝑓(𝑥, 𝑦, 𝑧), its interactions with 𝑥  and 𝑧  are the most significant. As a result, the 

reduction in the uncertainty of 𝑦, if done arbitrarily, is likely to impact uncertainty in 

𝑓(𝑥, 𝑦, 𝑧). Hence, any such reduction needs to be response-aware. 

In structurally uncertain reservoirs, with their diverse parameters that interact in 

complex mechanisms to express uncertainty in the response, an arbitrary or a 

heuristic-based reduction in the uncertainty of a geological parameter – either 

structural or sedimentary - can lead to significant distortion of response uncertainty. 

This distorted response uncertainty, used as a forecast can translate into a 

significantly suboptimal decision. Thus, it is important for any reduction in 

uncertainty of a geological parameter be done taking into account the effect of its 

interactions with other parameters in the system.  

For example, in the illustrative simple algebraic example, if the goal is to preserve the 

overall uncertainty in 𝑓(𝑥, 𝑦, 𝑧), the uncertainty in 𝑦 must be reduced systematically 

in a way such that the effects of significant interactions are preserved. To study the 

effects of narrowing uncertainty in 𝑦 on 𝑓(𝑥, 𝑦, 𝑧), the sensitivities of the interactions 

conditional to 𝑦 limited to values in 𝑀 = 3 representative ranges: 

𝜃1 = [0, 1
3⁄ ] (57) 

𝜃2 = [1
3⁄ , 2

3⁄ ] (58) 

𝜃3 = [2
3⁄ , 1] (59) 
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are quantified using multi-way distance-based generalized sensitivity analysis 

(Fenwick et al., 2014) as seen in Figure 4.3. The conditional sensitivity measure 

𝑠(𝑥|𝑦 ∈ 𝜃2) is calculated as  

𝑠(𝑥|𝑦 ∈ 𝜃2) = ∑ ∆𝐶𝐷𝐹(F̂(𝑥|𝐶𝑘) , F̂(𝑥|𝐶𝑘, 𝑦 ∈ 𝜃2))
𝐾

𝑘=1
 (60) 

where  𝑓(𝑥, 𝑦, 𝑧)  has been classified into 𝐾  classes 𝐶1, . . , 𝐶𝐾 . The conditional 

sensitivity is a measure of how much will 𝑓(𝑥, 𝑦, 𝑧) vary with respect to 𝑥 if 𝑦 is fixed 

to the range 𝑦 ∈ 𝜃2 with values between 1 3⁄  and 2 3⁄ , and 𝑥  is varied. The difference 

between the distributions of 𝑥 with and without fixing the range of the values of 𝑦 

serves as a measure of the sensitivity of the 𝑥 and 𝑦 interactions in that range of 𝑦. 

Since the 𝑥 and 𝑦 interactions are sensitive for the response, as much uncertainty in 

them needs to be preserved as possible in order to preserve the overall response 

uncertainty. Furthermore, these conditional sensitivity measures are intrinsically 

asymmetric, in particular for this function, which is asymmetric in x and y. Multi-way 

DGSA can be used to quantify such asymmetric sensitivity measures. The net 

conditional sensitivity to 𝑦 ∈ 𝜃2  can be calculated as a sum of 𝑠𝑓(𝑥|𝑦 ∈ 𝜃2)  and 

𝑠𝑓(𝑧|𝑦 ∈ 𝜃2) since sensitivity, as calculated using multi-way DGSA, is dimensionless 

and has been normalized using the same factor. (Fenwick et al., 2014) This net 

conditional sensitivity measure represents how much the 𝑓(𝑥, 𝑦, 𝑧) can vary due to 

the variation in 𝑥 and in 𝑧 when the range of variation in 𝑦 is limited to 𝑦 ∈ 𝜃2.  

The median value of 𝑦 lies in the range 𝑦 ∈ 𝜃2. From Figure 4.3, 𝑦 ∈ 𝜃2 is a range with 

low conditional sensitivity. Thus, when the uncertainty in 𝑦  is limited using the 

heuristic to its median value, the variation in 𝑓(𝑥, 𝑦, 𝑧) is limited strongly. Thus, the 

overall uncertainty in 𝑓(𝑥, 𝑦, 𝑧) is distorted significantly in Figure 4.4. 

On the other hand, in Figure 4.3, 𝑦 ∈ 𝜃1 is the range of 𝑦 with most conditional 

sensitivity. Thus, when the uncertainty in 𝑦 is limited to low values less than 1 3⁄ , the 

limiting of the variation in 𝑓(𝑥, 𝑦, 𝑧) is likely to be minimized. This is verified using 

Figure 4.5 where overall uncertainty in 𝑓(𝑥, 𝑦, 𝑧)  remains unchanged when the 

uncertainty in 𝑦 is reduced to the range 𝑦 ∈ 𝜃1. 
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Such an uncertainty reduction is response aware. It takes into account the effect of 

uncertainty reduction in the parameter on the uncertainty in the response. The 

uncertainty in the response in this example is measured by the conditional sensitivity 

measures  𝑠(𝑥|𝑦 ∈ 𝜃2) and𝑠(𝑧|𝑦 ∈ 𝜃2). If the conditional sensitivity measure is high, 

it indicates that a larger part of the uncertainty response of the smaller set of 

parameters is spanned by varying the parameters 𝑥 and 𝑧. 

In addition to the utility of multi-way distance-based generalized sensitivity analysis 

in case of undifferentiable response and for asymmetric interactions, another 

advantage is that a set of ranges {𝜃1, 𝜃2, 𝜃3} are defined for calculating the sensitivity 

of a response to the interactions of a parameter 𝑦. These ranges can be reused for a 

sensitivity-based reduction in parameter-uncertainty. Since the sensitivity measure 

contains information about the relationship with the response, such an uncertainty-

reduction is response aware. Although it would be an over-reach to claim that such 

an uncertainty reduction is completely inconsequential for overall response 

uncertainty, it can be argued that the effect on overall response uncertainty of such a 

parameter uncertainty reduction is minimized when compared with arbitrary or 

heuristic parameter uncertainty reductions and with uncertainty reduction to the 

ranges 𝑦 ∈ 𝜃2 and 𝑦 ∈ 𝜃3. 

In summary, to minimize the change in uncertainty of a response 𝑓 with 𝐾 uncertain 

parameters 𝒒1, 𝒒2 ⋯ 𝒒𝐾 , the prior uncertainty 𝜌 (𝒒) in parameter 𝑞 can be reduced to 

a range 𝜃𝑓 (𝒒) where 𝒒 is the least significant parameter 

𝒒 = argmin
𝒙∈{𝒒1,𝒒2⋯𝒒K}

𝑠𝑓(𝒙) (61) 

However, this uncertainty reduction must be such that the reduced uncertainty range 

𝜃𝑓 (𝒒) ⊂ 𝜌 (𝒒) maximizes the net conditional sensitivity to 𝑞. 

𝜃𝑓 (𝒒) =  argmax
𝜃(𝒒)⊂𝜌(𝒒)

𝑂(𝜃) (62) 
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where the objective function 𝑂(𝜃) is the net conditional sensitivity to 𝒒 when it is 

valued in a range 𝒒 ∈ 𝜃 (𝒒). 

𝑂(𝜃) = ∑ 𝑠𝑓 (𝒙|𝒒 ∈ 𝜃 (𝒒))

𝒙∈{𝒒1,𝒒2⋯𝒒𝐾}
𝒙≠𝑞

 
(63) 

In the next section, this parameter-uncertainty reduction approach is applied to a 

response uncertainty quantification problem for the WintersHall Concession C97-I in 

the N-97 field in the Sirte basin of north-central Libya for geological uncertainty 

reduction. 

4.3 Case Study application 

The WintersHall Concession C97-I in the N-97 field in the Sirte basin of north-central 

Libya (Bellmann et al., 2009) is an oil reservoir that contains structural as well as 

spatial uncertainty. In the forecasting problem on a synthetic analog derived from this 

reservoir considered in the next chapter, a prediction of the performance of a new 

well in a predetermined location based on the historical performance in an existing 

well in the same field is sought. This prediction would contain a quantification of the 

distribution of a well response. The state-of-the-art technique used in the petroleum 

industry for calculating such an uncertainty model requires an iterative process of 

subsurface model generation and flow simulation with subsurface models being 

perturbed in each iteration. These perturbations are often achieved by perturbing 

values of the geological parameters that are used as input by commercially available 

geo-modeling tools. Such an iterative process can take an immense amount of 

computational effort and computational time. When undertaking such an endeavor, 

it is worthwhile to focus on the perturbations in those aspects of the subsurface 

model that are relevant to the response whose uncertainty is sought. This is 

analogous to the parameter-uncertainty reduction problem considered in the 

previous section. 

Rather than considering the entire forecasting problem, in this chapter, the synthetic 

problem of response uncertainty quantification is considered. This is analogous to 
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forecasting in the absence of historical data. The full forecasting problem is 

considered in the next chapter. The reservoir has an injector well that pumps water 

into the lowest part of the reservoir and a producer well in the highest part of the 

reservoir as seen in Figure 4.6. The uncertainty in the cumulative water production 

in the production well for three years is sought.  

4.3.1 Reservoir description 

4.3.1.1 Geological Setting 

The Sirte Basin in north central Libya contains 1.7% of the world’s proven oil reserves 

according to (Thomas, 1995). Its geological setting as described by (Ahlbrandt, 2001) 

considers the area to have been structurally weakened due to alternating periods of 

uplift and subsidence originating in the Late Precambrian period, commencing with 

the Pan-African orogeny that consolidated a number of proto-continental fragments 

into an early Gondwanaland. Rifting is considered to have commenced in the Early 

Cretaceous period, peaked in the Late Cretaceous period, and ended in the early 

Cenozoic. The Late Cretaceous rifting event is characterized by formation of a 

sequence of northwest-trending horsts (raised fault blocks bounded by normal 

faults) and grabens (depressed fault blocks bounded by normal faults) that step 

progressively downward to the east. These horsts and grabens extend from onshore 

areas northward into a complex offshore terrene that includes the Ionian Sea abyssal 

plain to the northeast. (Fiduk, 2009) 

The primary hydrocarbon source bed in the Sirte Basin has been identified by 

(Ahlbrandt, 2001) as the Late Cretaceous Sirte Shale. Reservoirs in this basin range 

in rock type and age from fractured Precambrian basement, clastic reservoirs in the 

Cambrian-Ordovician Gargaf sandstones, and Lower Cretaceous Nubian Sandstone to 

Paleocene Zelten Formation and Eocene carbonates. The N-97 field is located in the 

Western Hameimat Trough of the Sirte Basin seen in Figure 4.7. The reservoir under 

consideration, the WintersHall Concession C97-I, is a fault bounded horst block with 

the Upper Sarir Formation sandstone reservoir. Complex interactions of the dextral 
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slip movements within the Cretaceous-Paleocene rift system have led to the 

compartmentalization of the reservoir. (Ahlbrandt, 2001; Bellmann et al., 2009)  

Fluid flow across the faults in such heterolithic reservoirs are particularly sensitive 

to the fault juxtaposition of sand layers. But, the variable and uncertain shale content 

and diagenetic processes make estimation of the sealing capacity of faults difficult. 

(Bellmann et al., 2009) Thus, faulting impacts fluid flow through fault juxtaposition 

of sand layers as well as fault sealing. 

4.3.1.2 Sources of uncertainty 

The reservoir is characterized by differential fluid contacts across the compartments. 

Higher aquifer pressure in the eastern compartment than the western compartment 

suggests the presence of either fully sealing faults or low transmissibility faults 

compartmentalization. However, the initial oil pressure is in equilibrium. Such 

behavior can modeled using one of two mechanisms: 

1. A differential hydrodynamic aquifer drive from the east to the west as seen in 

Figure 4.8, or 

2. A perched aquifer in the eastern part of the field as seen in Figure 4.9 

When the physical properties of the fault-rock such as pore-size distribution, 

permeability and mercury injection capillary curves were studied in the lab, it was 

determined that the presence of only a single fault would not be able to explain the 

difference in the fluid contacts. (Bellmann et al., 2009) When fault seal properties are 

modeled in conjunction with fault displacement, the cataclastic fault seal is 

considered to be able to hold oil column heights across a single fault up to 350ft. This 

indicates the possible presence of up to as many as four faults in the system. 

(Bellmann et al., 2009) The displacement of all the faults is uncertain. This structural 

uncertainty in the reservoir in terms of the presence of faults and fluid flow across 

them needs to be modeled for uncertainty quantification of the cumulative water 

production in the production well as desired.  
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4.3.2 Structural modelling 

4.3.2.1 Structural geometry  

To build a structural model of the reservoir, a combination of the structural 

uncertainty modeling approaches suggested by (Thore et al., 2002) and (England and 

Townsend, 1998) are used. FaultMod (Cherpeau et al., 2010) is used to model the 

four possible normal faults in Figure 4.6 as vertical surfaces in a cuboidal volume of 

2000′ × 2000′ × 600′. This deterministic structural model with normal fault surfaces 

and horizontal horizon surfaces is gridded on a very coarse 50 × 50 × 20 grid such 

that all the four faults align with grid-cell boundaries and the distortion from stair-

stepping is minimized. Using the training image with three facies in Figure 4.10, such 

a grid can be populated with a facies model by performing multiple point statistics 

(Caers, 2005). The training image contains elongated cuboids whose alignment is 

equally probable between the North-South or the East-West directions as seen in 

Figure 4.10.  

Once this grid is populated with the facies model, the fault displacement can be 

modeled by translating the z-direction cells vertically. Thus the resolution on fault 

displacement is limited by the model to at least one z-direction grid block or the 

equivalent of  30′ . This framework of a sedimentary model allows for fault-seal 

analysis to be conducted in order to calculate the transmissibility multipliers, which 

in turn, can be utilized by a commercially available reservoir simulator such as 

ECLIPSE or 3DSL for obtaining the fault-restricted fluid flow response. These 

multipliers are obtained from fault seal analysis. This analysis is described in the next 

section. 

4.3.2.2 Fault seal analysis  

Present-day fault description and fault seal analysis techniques have been found to  

severely simplify the observed complex nature of faults in outcrop (Hesthammer and 

Fossen, 2000) but fault description and seal estimation is necessary to be able to 

realistically simulate fluid flow in faulted hydrocarbon-bearing reservoirs. Simple 

empirical algorithms like shale gouge ratio (SGR) (Yielding et al., 1997) and shale 
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smear factor (SSF) (Lindsay et al., 1992) allow some differentiation of relative sealing 

capacities between and along different faults (Knipe, 1997). In reservoirs with 

horizontal shale barriers, if there is evidence of shale in the fault smear, as is evident 

in the reservoir under consideration according to the fault rock analysis done in 

(Bellmann et al., 2009), a fault permeability linked to the SGR value can be reliably 

used to calculate transmissibility multipliers. (Ottesen et al., 2005) However, the 

transmissibility multiplier obtained from the SGR value can be very low but never 

zero. As a result, there is an implicit assumption of partially sealing behavior for all 

the faults under analysis. 

Fault seal in the reservoir under consideration is modeled using the empirical shale-

gouge ratio model described by (Manzocchi et al., 1999). Empirically, fault 

transmissibility is expressed in terms of fault permeability as a multiplier 

𝑇 = [1 +
𝐷

66𝐿
(

𝑘𝑚 − 𝑘𝑓

𝑘𝑓
)]

−1

 (64) 

where 𝑘𝑓 is the fault permeability in mD, 𝐷 is the fault displacement in meters, 𝐿 is 

the size of the grid block and 𝑘𝑚 is the permeability of the fault-adjacent grid block. 

Interestingly, in this model, a fault with no displacement doesn’t influence fluid flow 

i.e. when 𝐷 = 0, 𝑇 = 1. Fault permeability in turn is empirically expressed in terms of 

the Shale-Gouge Ratio (Yielding et al., 1997) as  

log 𝑘𝑓 = −4 𝑆𝐺𝑅 −
1

4
log(𝐷)(1 − 𝑆𝐺𝑅)5 (65) 

where 𝑘𝑓 is the fault permeability in mD, 𝐷 is the fault displacement in meters and 

SGR or Shale-Gouge Ratio is a measure of the shale smeared across a fault surface due 

to faulting. Using this model, fluid flow across a fault can be completely parameterized 

using the fault displacement and the facies model. 

4.3.3 Response uncertainty quantification 

The reservoir has an injector well that pumps water into the lowest part of the 

reservoir and a producer well in the highest part of the reservoir as seen in Figure 

4.11. The uncertainty in the cumulative water production in the production well for 
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three years needs to be modeled. Modeling uncertainty in this response requires 

incorporating structural uncertainty in fault geometry and fault seal parameters as 

well as the sedimentary uncertainty in the geometry and distribution of sediments 

and their petrophysical properties in a fully-integrated approach.  

The fully-integrated approach to this problem as described by (England and 

Townsend, 1998) demands 

1. Identifying all the sources of structural and sedimentary uncertainty, 

parameterizing them and quantifying them as uncertainty in geological 

variables that serve as parameters for a geo-modeling tool. 

2. Identifying all the combinations of the parameters identified above that are 

possible for the system. Each of these combinations is termed a “geological 

scenario”. 

3. Generating, gridding and simulating multiple models from each scenario. Since 

the model-generation algorithm is often stochastic, the same values of the 

underlying model-parameters, multiple models can be generated, and thus, 

multiple responses can be simulated. These responses taken together as an 

ensemble are used to represent the desired response uncertainty.  

For the reservoir under consideration, the uncertain geological parameters used by 

the geo-modeling framework as described in the previous section are 

1. Number of faults:  This is modeled as an integer random variable numFaults 

with equally probable values from 1 to 4. Since the fault surfaces and their 

position is deterministically known, this parameter represents a categorical 

variable containing the deterministic grid. 

2. Displacement or “throw” of each fault: This takes values between 0 and 10 

“depth cell units”. Geologically, older faults have higher displacement than 

newer faults. This indicates a joint distribution between Throw  and 

numFaults parameters. 

Throw𝑖+1 ≤ Throw𝑖∀ 𝑖 ≤ numFaults 

Throwi = 0 ∀ 𝑖 > numFaults 
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where Throw1  is the displacement in the oldest fault. A stochastic model-

generation algorithm samples a value for each flow displacement parameter 

under these constraints. As seen in the previous section, a fault with 0 

displacement doesn’t affect fluid flow in a fault transmissibility model. In other 

words, the absence of a fault can be modeled by constraining its displacement 

to 0. Since the reservoir is known to have at least one fault, the value of Throwi 

is limited between 1 and 10 “depth cell units”. (It cannot be 0.)   

3. Marginal distribution of net-to-gross: Two values are considered with 70% 

and 50% net-to-gross respectively. The MPS algorithm SNESIM takes the net-

to-gross specification as a parameter and produces realizations that reflect 

net-to-gross as specified. The two values are equally probable. 

A full factorial experimental design on all the uncertain parameters is considered to 

estimate the naïve complexity of such an uncertainty quantification problem. 

Considering 2 cases of marginal proportion, 4 categories from number-of-faults and 

3 ranges of values in each fault displacement parameter, a naïve full factorial design 

leads to 2 × 4 × 34 = 648 possible scenarios of parameter-combinations for such a 

relatively simple reservoir case. In such a problem, the number of structural models 

to be generated, gridded and flow-simulated for accurate uncertainty quantification 

can easily get out of hand. Such a problem is a good candidate for sensitivity-based 

geological uncertainty reduction. 

For geological uncertainty reduction through parameter uncertainty reduction, 

distance-based generalized sensitivity analysis is performed using the uncertain 

parameters. In order to perform distance-based generalized sensitivity analysis, Latin 

hypercube sampling is performed on the uncertain parameters to generate 500 

realizations are that are each flow simulated to obtain the cumulative water 

production for 3 years.  Of the original 648 possible scenarios of possible parameter-

combinations, some are geologically inconsistent. For example, when the 

displacement of the oldest fault is low, the displacement in every fault has to be low 

because newer faults must have a lower displacement than the older fault. Latin 

Hypercube sampling addresses this geological-inconsistency problem of using full-
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factorial design because it can be used for sampling joint parameter distributions. The 

500 realizations obtained from Latin Hypercube sampling are all geologically 

consistent since they take into account the joint distribution between the parameters. 

Furthermore, these realizations also take into account the spatial uncertainty 

represented by the training image and the marginal distribution.  

From one-way sensitivity analysis on the flow responses of these reservoir 

realizations (DGSA using 5 clusters based on the Euclidean difference in the time 

series), the least significant parameter to the cumulative water production for 3 years 

(reservoir response) is identified as the displacement of the oldest fault as seen in 

Figure 4.12. From the interaction sensitivities conditional on this parameter Throw1 

in Figure 4.13, high values would allow for least reduction in uncertainty in the 

reservoir response. This makes sense from a geological perspective: “high” values in 

Throw1 allow for a broader range of values in Throw𝑖∀ 𝑖 > 1 since later faults are 

constrained geologically to have lower displacement than older faults. Interestingly 

however, the low values of Throw1  have almost an equally high conditional 

sensitivity. This means that Throw1  is very insignificant to the response unless its 

value is moderate between 4 and 6. As long as the value of Throw1 is not moderate, 

variation in the other parameters can be used to generate responses that span the 

response uncertainty space.  

When uncertainty in Throw1 is narrowed to only “high” values, only 29 scenarios of 

parameter-combinations as opposed to the 648 scenarios from a naïve experimental 

design. This reduction is so large because the displacement parameters are jointly 

distributed. As a result, a reduction in the uncertainty in one of the displacement 

parameters has a collateral effect on the uncertainty in the other displacement 

parameters. This is a significant computational simplification of an otherwise 

complex reservoir model since having to model the uncertainty within each 

parameter combination scenario would need the generation of multiple 

computationally complex reservoir models. 
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To test the effect of reducing parameter uncertainty on the uncertainty in the model 

response, 300 model realizations using the reduced parameter uncertainty were 

sampled, generated and flow-simulated. These model realizations refer to actual 

reservoir models generated based on the reduced set of geological parameters. This 

is different from a sample of the joint parameter distribution because the geo-

modeling algorithm in this case, multiple-point geostatistics using SNESIM, is 

stochastic. That means, for every sample from the joint parameter distribution, 

multiple reservoir models can be generated and flow simulated resulting in multiple 

flow responses. Distance-based generalized sensitivity analysis is able to analyze 

sensitivity in systems with such stochastic parameter-response relationships. The 

responses of these newly generated model realizations were compared with those of 

1000 randomly sampled realizations that allowed all values in all parameters. As seen 

in Figure 4.14, from the comparison of the quartiles of the response, the reduced 

parameter uncertainty model is very reliable when it comes to predicting the overall 

reservoir response uncertainty. 

4.4 Conclusion 

This chapter demonstrates that a reduced parameter uncertainty model can be used 

to quantify uncertainty in the response reliably. This reduced model makes 

uncertainty quantification using fully integrated uncertainty modeling for 

structurally uncertain reservoirs more computationally feasible leading to a better 

understanding of the reservoir uncertainty in the reservoir modeling workflow. This 

is especially applicable to forecasting problems where the underlying geological 

uncertainty in the subsurface is not as important to quantify accurately as the 

prediction response uncertainty. 

The distance based generalized sensitivity analysis needed for parameter uncertainty 

reduction allows for approximations in the model generation, gridding and flow 

simulation workflow and thus the computational complexity of obtaining the model 

responses from multiple samples of parameter-combinations for the purpose of 

sensitivity analysis is lowered. These “scoping runs” can be used for further analysis 
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of the relationships between the data and prediction variables. Since these 

approximate models preserve the distance relationships in the response, they can be 

reliably used to establish the data-prediction relationship in low dimensions for the 

purpose of the diagnostic presented in the previous chapter.  

However, as more production data and other information about the subsurface 

become available with time, updating a reduced-parameter reservoir model would 

present an interesting challenge for a forecast-updating problem. Another challenge 

is presented by the response-sensitivity based parameter uncertainty reduction in 

cases where the data and prediction responses are sensitive to entirely different 

modeling parameters. Such cases add another level of decision in identifying the 

parameter whose uncertainty can be reduced without affecting significantly, the 

uncertainty quantification targeted. Such a case is discussed in the next chapter. 

 

Figure 4.1 One way Sensitivity Analysis for f(x,y,z) 
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Figure 4.2 Conditional Sensitivity of f(x,y,z) to interactions between parameters 

 

Figure 4.3 Conditional Sensitivities to Least Sensitive Parameter of f(x,y,z) 
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Figure 4.4 f(x,y,z) Response uncertainty reduction when parameter range arbitrarily reduced: Blue 
dots indicate initial uncertainty. Red asterisks indicate uncertainty with parameter range reduced. 

 

Figure 4.5 f(x,y,z) Response uncertainty preserved when parameter range reduced using 
methodology described: Blue dots indicate initial uncertainty. Red asterisks indicate uncertainty with 
parameter range reduced 
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Figure 4.6 Faults and well placement in model of Libyan Reservoir: WellIn is the injector and WellOut 
is the producer well. 
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Figure 4.7 Location of the major Libyan Oil fields (top) and the location of the Hameimat trough in 
the Sirte Basin (bottom) 
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Figure 4.8 Differential hydrodynamic trapping mechanism in Libyan Reservoir seen as the reason for 
difference in fluid contact 

 

Figure 4.9 Perched aquifer in Libyan Reservoir seen as the reason for difference in fluid contact 

 

Figure 4.10 Training image to parameterize the spatial uncertainty in the Libyan Reservoir. Red and 
Yellow regions indicate highly conductive sand bodies and the Blue region indicates a less-
conductive shale substrate. 
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Figure 4.11 Reservoir model of the Libyan reservoir analog showing well locations and faults in the 
structure. 

 

Figure 4.12 Libyan Reservoir Case: One way sensitivity for cumulative water production in Producer 
Well 
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Figure 4.13 Libyan Reservoir Case: Conditional Sensitivity for cumulative water production in 
Producer well to Least Sensitive Parameter, the displacement of the oldest fault valued in depth-cell-
units 

 

Figure 4.14 Libyan Reservoir Case: Comparison of response uncertainty on an MDS Plot (left): Blue 
dots indicate initial uncertainty using all values of all parameters. Red asterisks indicate uncertainty 
with parameter range reduced. Comparison of response uncertainty with P10-P25-P50-P75-P90 quantile 
curves (right): Blue dotted lines indicate initial uncertainty. Red dashed lines indicate uncertainty 
with parameter range reduced. 
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5 Bringing it all together 

5.1 Introduction 

Contemporary approaches to forecasting problems in the presence of subsurface 

uncertainty in the petroleum industry such as the prediction of reservoir production 

performance based on historical production data involve inference of the causal 

relationship between an observed historical data variable 𝑫  and an observable 

prediction variable 𝑯. Often, a model parameter variable 𝑴 is introduced into the 

problem to parameterize this causal relationship. (Bickel and Bratvold, 2007) Such a 

parameterization models the data variable 𝑫  and the prediction variable 𝑯  as 

dynamic physical responses of a numerical model of the subsurface. The model 

parameter variable 𝑴 is used to account for the uncertainty in the subsurface.  

The state-of-the-art forecasting paradigm structures the relationship between the 

model variable and the data variable, 𝒅 = 𝒈(𝒎), and the relationship between the 

model variable and the prediction variable, 𝒉 = 𝒓(𝒎), as one-directional forward-

models. For reservoir engineering problems, these relationships are defined using 

flow simulators such as Eclipse, 3DSL etc. Such physical forward models are 

surjective. That means multiple distinct inputs to the forward model can result in the 

same output. As a result, evaluating the data variable from a value of the model 

variable or the prediction from a value of the model variable is better defined and 

more easily computable than going in the reverse direction. This reverse direction 

problem of evaluating the model variable from a given value of the data variable is 

widely studied as data-inversion. Such problems are recognized in the literature as 

ill-posed problems that are computationally complex to solve and are an active 

research area as evidenced by multiple review papers (Carrera et al., 2005; 

Mosegaard and Tarantola, 2002; Oliver and Chen, 2011; Zhou et al., 2014). 

However, instead of treating the model-data and model-prediction relationships 

piecemeal using forward models such as the flow-simulators, if the model-data-

prediction relationship is treated as a triangular relationship between the three 
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variables, model, data and prediction, the state-of-the-art forecasting paradigm can 

be described as pivoting on the model variable  𝑴 . Well-defined two-variable 

relationships in this paradigm can be described by mathematically simulating 

physical processes that treat the model variable as independent and the observable 

variables as its responses. This paradigm biases engineers into believing that it is 

important to know the value of the model variable better in order to achieve their 

objectives according to (Bickel and Bratvold, 2007; Bratvold and Begg, 2008; 

Bratvold et al., 2010). Since a more detailed model of the subsurface with more 

detailed understanding of the physics that underlie the fluid flow processes with a 

more detailed quantification of the underlying uncertainty can be always be obtained, 

this has led to the progress trap problem introduced in Chapter One.  

In the previous chapter, it has been demonstrated that the model variable 𝑴 contains 

uncertainty from multiple geological sources. The uncertainty from some of these 

geological sources can be reduced without affecting the overall uncertainty in the 

response based on a statistical measure of sensitivity of the respective geological 

variable to the response. If the purpose of the forecasting problem is to model the 

uncertainty in a prediction variable, the analysis in the previous chapter 

demonstrates that for such purpose, the uncertainty in the model variable 𝑴 can be 

either narrowed or ignored without any effect on the desired forecast using 

sensitivity to the prediction response. However, in petroleum industry practice, the 

state-of-the-art paradigm rarely considers model-prediction sensitivity measures to 

determine any relevance to the forecast. Instead, model-data sensitivity measures are 

almost exclusively used in the iterative data-inversion context to determine an 

efficient perturbation for the model variable when going from one iteration to the 

next. As a result, the state-of-the-art forecasting paradigm can be said to pivot on the 

model variable 𝑴. Since in this paradigm, it is desirable to quantify the uncertainty in 

the model variable in as much detail as possible, there is a risk that significant effort 

is lost towards modelling geological uncertainty that can be ignored without 

consequence for the purpose of forecasting. 
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This dissertation strives to be a step towards a forecasting paradigm that pivots on 

the prediction variable rather than the model variable. Any such paradigm would 

require two-way relationships between the prediction variable and the other 

variables to be defined and quantified. In this chapter, the statistical techniques 

introduced in the previous two chapters are viewed from the perspective of these 

relationships. In particular, prediction-focused analysis provides a structure for the 

data-prediction relationship and sensitivity-based geological uncertainty reduction 

provides a structure for the model-prediction relationship. These techniques can 

form a part of a “toolkit” for forecasting. Such a toolkit can be used in workflows for 

solving forecasting problems. Later in this chapter, one such workflow that utilizes 

this toolkit is used to solve a realistic forecasting problem in reservoir engineering. 

The next section reviews prediction focused analysis and sensitivity-based geological 

uncertainty in a prediction-pivoted model-data-prediction relationship framework. 

5.2 Prediction-pivoted forecasting framework 

When a forecasting problem is analyzed using the contemporary model-pivoted 

model-data-prediction relationship framework, based from the state-of-the-art data-

inversion-based forecasting paradigm, the concept of the data and the prediction 

variables being physical responses of an underlying subsurface as parameterized by 

a model variable applies. By this paradigm, in any forecasting problem, for a historical 

data variable to be informative to the prediction variable, it needs to contain 

information about aspects of the subsurface that get reflected in the prediction 

response of the subsurface. The information about the subsurface contained in the 

data response can be referred to as its “data features” and the information about the 

subsurface that is reflected in the prediction response can be referred to as its 

“prediction features”. Thus, “data features” and “prediction features” need to overlap 

for the data variable to be informative for the prediction variable in a forecasting 

problem. 

One way to identify the data and prediction features as real geological parameters 

would be to use a global sensitivity analysis technique such as distance-based 
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generalized sensitivity analysis (Fenwick et al., 2014). Sensitivity metrics can be used 

to identify the geological variables that the data variable is most sensitive to and those 

that the prediction variable is most sensitive to. These geological variables can serve 

as “data-features” and “prediction-features”. If they overlap, the data is likely to be 

informative to the prediction.  

When the same geological parameters are sensitive (or insensitive) to both, the data 

and the prediction variables, a sensitivity-based geological uncertainty reduction can 

be performed such that only the sensitive parameters remain uncertain and the 

uncertainty of the insensitive geological parameters can be reduced. This exercise 

would yield a “prior uncertainty distribution” on the model parameter variable 𝑴 

that in agreement with (Mariethoz and Caers, 2014) would be wide enough to contain 

the prior response uncertainties but narrow enough such that an iterative stochastic 

search based data-inversion technique can cover large parts of the prior model 

parameter space relatively quickly and with less computational effort. This would be 

an ideal situation in terms of defining a prior for the reduction of computational 

complexity. 

However, as seen in Chapter Four, physical geological components of the subsurface 

tend to interact in complex non-linear ways in determining a physical flow response, 

particularly for reservoir engineering problems. As a result, the problems where  

1. a clear differentiation can be made between the sensitive and insensitive 

parameter for both data and prediction responses and  

2. reducing the uncertainty in the insensitive parameter to the same range of 

values preserves both, the data response uncertainty and the prediction 

response uncertainty,  

rarely occur for physical systems. Even when data and prediction variables describe 

observable quantities in the same well in the past and future respectively, over the 

age of a reservoir, different aspects of the subsurface might dominate the driving 

factor behind well-observations. Thus, a forecasting paradigm that depends solely 

upon the overlap of geological data and prediction features would not be usable 
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widely. However, geological uncertainty reduction in the model variable based on the 

sensitivity to the prediction variable does allow for “elimination” of the parts of the 

model variable uncertainty that are irrelevant to the prediction. This can be useful for 

structuring or defining the components of the model parameter variable 𝑴  in a 

forecasting paradigm that pivots on the prediction variable. 

Another approach to identifying the “data features” and “prediction features” of the 

subsurface is by using the functional components of the data and prediction variables. 

In Chapter Two, the functional components of the temperature in Canadian cities are 

observed to capture the “inland-ness” and “arctic-ness” of the cities as physical 

attributes of the cities that are relevant to the functional behavior of the temperature 

variations in the cities over a year. This indicates that the cartographical position of 

the cities interacts with the shape of the Canadian coastline to express the annual 

temperature variations as a physical response. These interactions can be described 

as the physical attributes of “inland-ness” and “arctic-ness”. Comparable physical 

attributes such as “fluid-flow-resistivity of a fault” or “presence of long continuous 

flow body between wells” that certainly affect fluid flow are difficult to directly 

identify in subsurface problems due to complex nature of the interactions between 

measurable geological parameters in determining observable responses. However, 

analogous to the Canadian annual temperature measurements, the functional 

components of the data and prediction variables in a forecasting problem can be 

interpreted to contain the abstract data features and prediction features of the 

subsurface. Going forward, the nomenclature “data features” refers to the functional 

components of the data variable and, analogously, “prediction features” refers to the 

functional components of the prediction variable. 

Prediction-focused analysis using canonical functional components analysis, as 

presented in Chapter Three, models the data-prediction relationship as a linearized 

relationship in a low dimension space. This can be interpreted as using canonical 

correlation analysis on the relationship between data features 𝒅𝑓 and prediction 

features 𝒉𝑓 to check for the overlap in the physical quantities these features 

represent. An overlap would make the data variable informative for the prediction in 
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the forecasting problem. This presents an opportunity to quantify the ability of a data-

variable to inform a prediction variable or to define a “predictivity measure” 

analogous to sensitivity measure of a model parameter. Just like the sensitivity 

measure can be used to “eliminate” the prediction-irrelevant aspects of the geological 

uncertainty in the model-variable, the predictivity measure would be useful to 

identify when the information in the data is irrelevant to the prediction variable. A 

combination of these diagnostics can be applied to any forecasting problem to make 

sure that a prediction-pivoted model-data-prediction joint distribution under 

analysis only contains variables that represent information relevant to the prediction 

variable, whose posterior uncertainty in turn is the ultimate objective of the 

forecasting problem. The next section introduces and defines one such predictivity 

measure in the context of prediction-focused analysis (PFA). For the purpose of this 

chapter, the nomenclature “prediction-focused analysis” indicates prediction-focused 

analysis based on canonical functional component analysis (CFCA) as described in 

Chapter Three. However, the analysis can be extended to NLPCA-based PFA as 

described in (Scheidt et al., 2014). 

5.2.1 Measure of Predictivity 

A naïve measure of predictivity, as understood as limited to the meaningful overlap 

between the physical quantities represented by the data and prediction features, 

would be the canonical correlation between the data and prediction features. This 

would measure the extent to which the 𝒅𝑓 − 𝒉𝑓 relationship between the data and 

prediction features can be linearized. However, unlike the first functional 

component 𝒉1
𝑓

 (or the first prediction feature), the first canonical variate  𝒉1
𝑐  is not 

guaranteed by statistical theory to contain a larger part of the variability in 𝑯 than 

the other components. Thus, it is possible that the third canonical variate  𝒉3
𝑐 might 

contain the largest part of the variability in 𝑯 and be a lot less correlated with  𝒅3
𝑐 than 

a predictivity measure based on the first canonical correlation might suggest. Thus 

the canonical correlation by itself would be incomplete as a measure of predictivity. 
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A more reliable measure of predictivity in a forecasting problem should be able to 

determine if the observed data can be used to reduce the prior uncertainty in the 

prediction variable. In problems with high predictivity, calibrating the prediction 

variable to the observed data should be able to produce a difference between the 

prior distribution f(𝒉) and the posterior distribution f(𝒉|𝒅𝑜𝑏𝑠)  of the prediction 

variable as obtained using prediction-focused analysis or another forecasting 

technique. Thus, this difference can serve as a measure of predictivity 𝜔 in a 

forecasting problem when calculated as  

𝜔 = 𝑓(∆𝑑𝑖𝑠𝑡(f(𝒉) , f(𝒉|𝒅𝑜𝑏𝑠))) (66) 

where ∆𝑑𝑖𝑠𝑡  is a measure of difference between the distributions and 𝑓(𝑥) is a 

monotonically increasing function. 

However, when the prediction variable is multivariate such as a time-series, it 

becomes difficult to define a difference measure between multivariate distributions. 

Thus, a proxy scalar variable is needed whose univariate distribution can be used as 

a stand-in for the multivariate distribution of a time series. The first functional 

component 𝒉1
𝑓

 contains the maximum variability in 𝑯 compared to other functional 

components according to principal component analysis theory. (Krzanowski, 2000; 

Ramsay, 2004; Ramsay and Dalzell, 1991; Ramsay and Silverman, 2002b) 

Furthermore, real world time-series responses such as decline curves and water-cut 

curves tend to have a significant underlying functional trend that allows for a large 

part of the overall variability in these curves to be captured in a single functional 

component. This functional component, the first prediction feature, can serve as the 

scalar variable to stand in for the entire time-series curve. Univariate distributions 

can be compared using such as the L1-norm difference(Fenwick et al., 2014), the 

Kolmogorov-Smirnov difference (Justel et al., 1997; Smirnov, 1948) or the area-

between-the-curves. Thus, the measure of predictivity can be estimated as  

𝜔 = 𝑓 (∆𝐶𝐷𝐹(F(𝒉1
𝑓

) , F(𝒉1
𝑓

|𝒅𝑜𝑏𝑠))) (67) 

where ∆𝐶𝐷𝐹 is a measure of difference between the cumulative distributions of the 

first prediction feature and 𝑓(𝑥) is a monotonically increasing function. These 
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cumulative distributions can be empirically calculated for a forecasting problem. The 

prior cumulative distribution F(𝒉1
𝑓

) can be estimated using the empirical cumulative 

distribution F̂(𝒉1
𝑓

) from the 𝑁 scoping runs used for performing prediction-focused 

analysis and the posterior cumulative distribution F(𝒉1
𝑓

|𝒅𝑜𝑏𝑠) can be estimated using 

the empirical cumulative distribution F̂(𝒉1
𝑓

|𝒅𝑜𝑏𝑠) from the 𝑀 posterior samples of 𝒉𝑐 

obtained from prediction-focused analysis. Thus, an empirical difference measure ∆̂𝜔 

can be defined such that 

∆̂𝜔= ∆𝐶𝐷𝐹(F̂(𝒉1
𝑓

) , F̂(𝒉1
𝑓

|𝒅𝑜𝑏𝑠)) (68) 

The numerical value of the difference between the prior and the posterior cumulative 

distribution would have different ranges for different problems. This raises the 

question: How different must the distributions be to be considered different enough? 

One way to address this questions would be to check if the difference between the 

distributions is statistically significant. If there is a statistically significant difference 

between the prior and the posterior, the data is informative to the prediction. Such a 

check has been described in (Fenwick et al., 2014) when defining the global 

sensitivity metric based on hypothesis testing using a bootstrap method from (Efron 

and Tibshirani, 1993).  

For the purpose of hypothesis testing, the null hypothesis is that the prior and the 

posterior distributions of the first prediction feature are not different. For 

bootstrapping, 𝐵 datasets of 𝑁𝐵 samples each are drawn from the existing 𝑁 scoping 

runs without replacement. For each of these datasets, the prediction-focused analysis 

workflow is applied to obtain 𝑀 posterior samples of the prediction feature 𝒉1
𝑓

 as per 

the workflow in Figure 5.1 and their empirical cumulative distribution F̂̂(𝒉1
𝑓

|𝒅𝑜𝑏𝑠) is 

compared with the empirical cumulative distribution  F̂̂(𝒉1
𝑓

)  of the prediction 

features of the 𝑁𝐵 bootstrapped scoping runs to obtain the bootstrapped difference 

measure ∆̂̂𝜔 as 

∆̂̂𝜔= ∆𝐶𝐷𝐹 (F̂̂(𝒉1
𝑓

) , F̂̂(𝒉1
𝑓

|𝒅𝑜𝑏𝑠)) (69) 
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From these 𝐵 bootstrapped values of ∆̂̂𝜔, the confidence of rejection is calculated. The 

null hypothesis is rejected when ∆̂𝜔≥ ∆̂̂𝜔. The confidence of rejection measures the 

fraction of bootstrapped datasets where the null hypothesis is rejected. For example, 

if 80% of the bootstrapped datasets yield a bootstrapped difference measure ∆̂̂𝜔 that 

is less than the empirical distance measure ∆̂𝜔, the hypothesis test reveals with 80% 

confidence that the prior and posterior distributions are different. This confidence 

measure can be used as the predictivity measure as 

𝜔 =
1

𝐵
∑ 𝑖 (∆̂𝜔≥  ∆̂̂𝜔

(𝑏)
)

𝐵

𝑏=1

 (70) 

where 𝑖(𝑥 ≥ 𝑦) is an indicator function defined as 

𝑖(𝑥 ≥ 𝑦) = {
1 ∀ 𝑥 ≥ 𝑦
0 ∀ 𝑥 < 𝑦

 (71) 

This predictivity measure, combined with the canonical correlation between the data 

and prediction features, converts the prediction focused analysis results into a quick 

diagnostic for the need to do explicit data inversion. For example, a low predictivity 

metric combined with a low canonical correlation between the data and prediction 

features would indicate that the observed data is not informative for the prediction. 

In such a case, inverse modeling would not result in any uncertainty reduction and 

thus would be superfluous for the purpose of forecasting. 

In some forecasting problems, where the observed data doesn’t have other data-

prediction pairs nearby in the low dimensional space, the results of prediction 

focused analysis were seen as unreliable in (Scheidt et al., 2014). This raises the 

question: How densely must the data-prediction pairs be defined in the neighborhood 

of the observed data for prediction focused analysis to be reliable? A predictivity 

measure based on statistical significance determined using bootstrap hypothesis 

testing overcomes this problem. When there are too few data-prediction pairs near 

the observed data in a low dimensional space, the predictivity measure is found to be 

low.  
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In the presence of high canonical correlation between the data and prediction 

features (that indicates a statistical relationship between those variables), a low 

predictivity metric would indicate the need for more data-prediction pairs in the 

neighborhood of the data observation. This in turn might correspond to a need for 

modification in the prior distribution being used. A list of the possible diagnoses 

about the forecasting problem based on a combination of the predictivity metric and 

the canonical correlation between the data and prediction features are tabulated in 

Table 1. 

5.2.2 From toolkit to workflow 

The state-of-the-art forecasting paradigm pivots the triangular model-data-

prediction variable relationships on the model variable. The relationship between the 

model variable and the observable variables (data and prediction) are defined using 

simulations of physical flow processes. In inverse problem theory (Mariethoz and 

Caers, 2014; Tarantola, 2005), such a relationship is used to define a joint-

distribution between the model and data variables. Particularly, the data variable is 

considered to be fully defined as a response of the model variable as 

f𝑡ℎ𝑒𝑜𝑟𝑦(𝒎, 𝒅) = f𝑝𝑟𝑖𝑜𝑟(𝒎, 𝒈(𝒎)) (72) 

when formulating the data-inversion problem.  

In the future, a forecasting paradigm that pivots the triangular model-data-prediction 

variable relationships on the prediction variable instead of the model variable may 

use the metrics of sensitivity and predictivity to define the joint distributions between 

the prediction and model variables, and the prediction and data variables 

respectively. More immediately, in the state-of-the-art forecasting paradigm, when 

approaching any forecasting problem, the metrics of sensitivity and predictivity can 

be used to pre-process the prior information before embarking on the 

computationally complex iterative data-inversion problem. For example, for a 

forecasting problem in reservoir engineering where there is structurally and spatial 

uncertainty, the model variable is large and complicated. Iterative history matching 

in such a case is very onerous due to the computational costs of generating new 
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subsurface models and calculating forward flow responses. As seen in the previous 

chapter, using scoping runs and the sensitivity metric, the parts of the model variables 

that contain no information about the prediction variable can possibly be identified. 

If data-inversion is to be carried out for the purpose of forecasting, the need to 

iteratively explore this part of the model variable space can be possibly eliminated. 

Analogously, for a forecasting problem in reservoir engineering with a large and 

complicated data variable such as one in which the output of many wells of different 

ages serves as the historical data, history matching can become very onerous since 

there is a lot of data to match. However, using scoping runs and the predictivity 

metric, the parts of the data variable that contain no information about the prediction 

can possibly be identified. If data-inversion is to be carried out for the purpose of 

forecasting, the need to match the historical observations in these parts of the data 

variable can be possibly eliminated.  

Every real-world forecasting problem presents its own set of complexities in the 

historical data that needs to be matched and uncertainties in the subsurface model 

that need to be spanned by an iterative data-inversion algorithm. The measures of 

sensitivity and predictivity serve as a toolkit to examine these complexities and 

uncertainties from the perspective of relevance to the prediction variable. This can 

lead to focusing the computational effort in the Bayesian predictive inference 

problem on the aspects of the problem that are relevant to the forecast desired to 

inform the decision maker. This can potentially lead to quicker fit-for-purpose 

forecasts that, as seen in Chapter One, can inform better decisions.  

Based on a problem-specific combination of complexities, the toolkit allows for 

sensitivity and predictivity that are calculated using scoping runs to be used in a 

problem-workflow. Later in this chapter, the common reservoir engineering problem 

of predicting the performance of a new well based on the historical performance of 

an existing well would be considered. This problem has a relatively simple historical 

data variable and a very complex model variable. An example of a workflow to pre-

process such a forecasting problem would be: 
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1. Generate 𝑁  subsurface models from the a priori information about the 

subsurface and calculate the data forward model as well as the prediction 

forward model on all of them to obtain 𝑁 scoping runs. 

2. Perform prediction focused analysis using the scoping runs and the historical 

data available and obtain the canonical correlation between data and 

prediction features as well as the predictivity measure.  

a. If the predictivity measure is high, explicit data inversion would reduce 

uncertainty. 

i. If canonical correlation between the data and prediction 

features is high, there is a data-prediction relationship that can 

be inferred using linear techniques and thus, the forecast 

obtained from the PFA is reliable. 

ii. If the canonical correlation between the data and the prediction 

features is low, the data-prediction relationship can’t be 

inferred using linear techniques. Thus, the forecast obtained 

from PFA is unreliable and explicit data inversion is required.  

b. If the predictivity measure is low, it suggests that explicit data 

inversion would not reduce uncertainty 

i. If canonical correlation between the data and prediction 

features is high, there is a data-prediction relationship that can 

be inferred using linear techniques and thus, the forecast 

obtained from the PFA is reliable in that explicit data inversion 

is not required. 

ii. If the canonical correlation between the data and the prediction 

features is low, the data-prediction relationship can’t be 

inferred using linear techniques. In the presence of low 

predictivity in such a case, more points may be needed for 

reliable PFA. 

3. If the need for explicit data-inversion is identified,  

a. Calculate the sensitivity measures of the prediction variable to each 

geological parameter in the model variable.  
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b. If insensitive parameters are identified 

i. Reduce the geological parameter uncertainty of the insensitive 

parameters based on sensitivity. 

ii. Generate new scoping runs to have 𝑁  scoping runs with 

reduced uncertainty in the insensitive parameter. 

iii. Return to Step 2 to re-examine the need for explicit history 

matching 

c. If all left-over geological parameters are sensitive, proceed to explicit 

data-inversion. 

In step 3b of the workflow, it can be argued that if the geological uncertainty of the 

problem is reduced based on sensitivity to the data variable, the overall data-

inversion would proceed faster because every iterative perturbation in the model 

would result in a meaningful change in the data variable allowing the data-inversion 

algorithm to minimize mismatches between 𝒈(𝒎(𝒊)) and 𝒅𝑜𝑏𝑠 faster. However, it is 

important to remember that such geological uncertainty reduction can unduly reduce 

the uncertainty in a geological parameter that has high sensitivity to the prediction 

variable. Thus, the data inversion algorithm would start with an artificially narrowed 

prior distribution in the prediction variable and might yield a posterior distribution 

that is inconsistent with the Bayesian Predictive Inference formulation of the 

forecasting problem seen in Chapter One. Thus, any geological parameter reduction 

before the data-inversion step would need to preserve the prior distribution in the 

prediction variable. Figure 5.1 represents this workflow pictorially. This workflow is 

applied to a forecasting problem in the analogue of the Libyan oil reservoir 

introduced in the previous chapter. 

5.3 Case Study 

In the previous chapter, a response uncertainty quantification problem in a synthetic 

analog derived from the WintersHall Concession C97-I in the N-97 field in the Sirte 

basin of north-central Libya (Bellmann et al., 2009), an oil reservoir that contains 

structural as well as spatial uncertainty was considered. In this chapter, for the same 



118 
 

analog reservoir, a forecasting problem is considered. Based on the historical decline 

of the rate of oil production in an existing well, the performance of a new well needs 

to be predicted.  

The reservoir has an injector well that pumps water into the lowest part of the 

reservoir and a producer well across the oldest fault of the reservoir from the injector 

well as seen in Figure 5.2. The reservoir has been producing for 3000 days and the 

historical decline of the rate of oil production (or decline-rate) has been observed as 

seen in Figure 5.3. A decision on whether or not to drill another production well in 

the highest fault block of the reservoir is being considered. Such a decision would be 

based on the prediction of the performance of the new well over the next 3000 days. 

Thus a forecast objective is the posterior distribution on the performance of the new 

well over the next 3000 days is required. 

In order to quantify well performance, two synthetic cases are considered with two 

different well-defined metrics of well performance in the new well over the next 3000 

days: 

1. The water cut in the new well over the next 3000 days can serve as a measure 

of well performance if the decision maker considers a well with water cut 

above a threshold to be unprofitable. 

2. The cumulative oil production in the new well over the next 3000 days can 

serve as a measure of well performance if the decision maker is driven by an 

overall cost-benefit tradeoff. 

The uncertainties in the reservoir considered in the geo-modeling workflow 

described in the previous chapter for the purpose of this problem are enumerated as 

1. Depositional scenario: Two scenarios are modeled using two training images 

as seen in Figure 5.4. One training image contains channels that are modeled 

using sinusoidal depositional bodies and the other training image contains 

ellipsoidal depositional bodies. Each depositional scenario is equally probable 

in the prior model parameter distribution.  
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2. Number of faults:  An integer random variable numFaults  with equally 

probable values from 1 to 4 is used to model the number of faults in the 

reservoir. Since the fault surfaces and their position is deterministically 

known, this parameter represents a categorical variable containing the 

deterministic grid with pre-defined fault surfaces and fault blocks. 

3. Displacement or “throw” of each fault: This takes values between 0 and 10 

“depth cell units”. Geologically, older faults have higher displacement than 

newer faults. This indicates a joint distribution between Throw  and 

numFaults parameters. 

Throw𝑖+1 ≤ Throw𝑖∀ 𝑖 ≤ numFaults 

Throwi = 0 ∀ 𝑖 > numFaults 

where Throw1 is the displacement in the oldest fault. The stochastic model-

generation algorithm randomly samples a value for each fault displacement 

parameter from the joint distribution under these constraints. As seen in the 

previous section, a fault with 0 displacement doesn’t affect fluid flow in a fault 

transmissibility model. In other words, the absence of a fault can be modeled 

by constraining its displacement to 0. Since the reservoir is known to have at 

least one fault, the value of Throwi  is limited between 1 and 10 “depth cell 

units”. (It cannot be zero.) 

This forecasting problem requires incorporating structural uncertainty in fault 

geometry and fault seal parameters as well as the sedimentary uncertainty in the 

geometry and distribution of sediments and their petrophysical properties in a fully-

integrated approach as suggested by (England and Townsend, 1998). One such 

approach to this problem based on the state-of-the-art forecasting paradigm would 

be to perform data-inversion. The prior distribution on the model variable for this 

would be based on the joint prior distribution of all the underlying geological 

variables enumerated above. Using rejection sampling, 30 history-matched reservoir 

models are obtained with a tolerance around the observed decline curve as seen in 

Figure 5.5. Rejection sampling needs 4912 randomly sampled prior reservoir models 

to be generated and flow-simulated to obtain these 30 history-matched reservoir 
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models. The prediction response of each of these reservoir models is used to 

empirically represent the posterior uncertainty in the prediction variable. The 

quartiles of the posterior prediction variable for each synthetic case are seen in Figure 

5.6. These serve as references for the performance of the workflow based on the 

sensitivity-predictivity toolkit presented in the previous section. 

The first diagnostic needed in a prediction-pivoted framework is whether the 

historical decline curve data that is available is informative to the forecasting problem 

at hand. PFA provides this diagnostic. To perform PFA, 500 randomly sampled prior 

models are generated using SNESIM and their data and prediction responses are 

simulated using 3DSL. Using CFCA-based PFA using spline basis functions, the 

canonical correlation between data feature and prediction feature pairs, the 

predictivity and a forecast from linear Gaussian regression are obtained for each 

synthetic data case. 

As per the workflow in Figure 5.1, the high predictivity measure of 84.2% as seen in 

Figure 5.7 indicates that the historical decline curve data is informative for the 

forecasting problem. Additionally, a high correlation coefficient of 59.96% for the 

predicted water cut in the prediction well indicates that its relationship with the 

historical decline curve can be modeled using a linear relationship and that this linear 

relationship can be inferred to obtain a reliable forecast for the problem.  

A comparison with the results from the rejection sampler seen in Figure 5.7 confirms 

that the forecast obtained from PFA is indeed reliable for this prediction variable. In 

this case, PFA was able to provide the decision maker with a reliable forecast with 

just 500 sets of model generation and flow simulation computations rather than 

4912. This is an order of magnitude reduction is computational effort. 

In the case of the predicted oil production in the prediction well as seen in Figure 5.8, 

the predictivity metric is high indicating that the historical data contains useful 

information about the forecast. However, the canonical correlation is low. Thus, the 

PFA results are inconclusive.  
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As per the workflow in Figure 5.1, a geological parameter uncertainty reduction step 

is performed. As seen in Figure 5.9, the least sensitive parameter to the predicted oil 

production is the displacement of the oldest fault.  When it is restricted to high values, 

the range with highest conditional sensitivity as seen in Figure 5.10 such that the 

overall prior uncertainty in predicted oil production remains unchanged as seen in 

Figure 5.11.  

When PFA is repeated, the correlation coefficient stays low but the predictivity 

reduces sharply to around 8.7% as seen in Figure 5.12. This indicates that this 

forecasting problem needs for inversion to be carried out explicitly as per Figure 5.1. 

Rejection sampling using this reduced uncertainty prior on the model parameters 

yields 30 history matched models in 817 iterations. Combined with the 500 scoping 

runs, the workflow provides the decision maker with a reliable forecast with 1317 

sets of model generation and flow simulation computations rather than 4912. This is 

a 73% reduction in computational effort – in a data case where the PFA results are 

initially inconclusive.  

If the geological parameter uncertainty reduction is carried out for the forecast on the 

predicted water cut in the prediction well out of interest, the least sensitive 

parameter is found to be the Training Image (Figure 5.13). When only the ellipsoid 

training image is considered, due to high conditional sensitivity (Figure 5.14) and 

preservation of uncertainty in predicted water cut (Figure 5.15), and PFA is repeated, 

the correlation coefficient stays high and the predictivity measure increases to 97% 

as seen in Figure 5.16 reinforcing the reliability of the forecast obtained from PFA. 

5.4 Conclusion 

The case study in the previous section demonstrates that a workflow based on 

information from a combination of sensitivity relationships between the model 

variable and the prediction variable, and predictivity relationships between the 

historical data variable and the prediction variable can lead to significant 

computational gains for forecasting problems compared to the traditional Bayesian 
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predictive inference based workflows. Such a workflow would fit well in a prediction-

variable pivoted forecasting paradigm. 

For a broad range of applications, the information about the prediction variable 

obtained from the sensitivity and predictivity relationships can be used in multiple 

ways in forecasting problems. For example, when there are multiple data variables 

available, for example historical pressure decline curves as well as historical water 

cut across multiple wells; history matching becomes a very difficult problem. In such 

a problem, predictivity relationships can be possibly used to eliminate non-predictive 

– or the least predictive – historical data variable for the purpose of history matching. 

Since different applications have different complexities in their data and model 

variables, the utility of the sensitivity and predictivity relationships would be best 

harnessed if instead of limiting ourselves to a single workflow, the techniques 

presented in this dissertation are used as a toolkit for forecasting problems in the 

presence of uncertainty. 
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Figure 5.1 Flowchart representing workflow to apply the toolkit to forecasting problem in the Libyan 
oil reservoir analog. Black arrows indicate control flow and pink arrows indicate data flow 
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Figure 5.2 Well placement with respect to the oldest fault in the Libyan oil reservoir analog. 

 

Figure 5.3 Observed decline curve (indicated as reference) in the producer well with respect to the 
prior distribution of decline curves obtained using simulation 
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Figure 5.4 The two different depositional scenarios depicted by training images containing channels 
(left) and ellipsoids (right) 

 

Figure 5.5 Quality of match achieved through rejection sampling. The grey curves represent the prior 
decline curves, the red curve represents the reference and the blue curves represent the decline curves 
of the models accepted by the sampler. 
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Figure 5.6 The reference posterior quartile curves with respect to the prior quartile curves for the 
predicted water cut in the prediction well (left) and the predicted cumulative oil production in the 
prediction well (right). 

 

Figure 5.7 Comparison of posterior quartiles obtained from PFA and Rejection sampling with prior 
quartiles of the predicted water cut in the prediction well. 

 

Figure 5.8 Comparison of posterior quartiles obtained from PFA and Rejection sampling with prior 
quartiles of the predicted cumulative oil production in the prediction well. 
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Figure 5.9 One way sensitivity to predicted cumulative oil production in prediction well 

  

Figure 5.10 Conditional sensitivity of predicted cumulative oil production to the throw in the oldest 
fault 
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Figure 5.11 Uncertainty reduction in the predicted cumulative oil production when throw of the 
oldest fault is restricted to high values 

  

Figure 5.12 Comparison of posterior quartiles obtained from PFA and Rejection sampling with prior 
quartiles of the predicted cumulative oil production in the prediction well when displacement of the 
oldest fault is limited to high values. 
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Figure 5.13 One way sensitivity to predicted water cut in prediction well 

  

Figure 5.14 Conditional sensitivity of predicted water cut to the training image 

  

Figure 5.15 Uncertainty reduction in the predicted water cut when training image is restricted to 
ellipsoid 
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Figure 5.16 Comparison of posterior quartiles obtained from PFA and Rejection sampling with prior 
quartiles of the predicted water cut in the prediction well when when training image is restricted to 
ellipsoid 

  

3500 4000 4500 5000 5500 6000

30

40

50

60

70

80

90

t (days)

h
(t

)

=97.34%,=57.53%

 

 

Prior

Rej

CFCA-based PFA



131 
 

Table 1 Using the predictivity measure and the canonical correlation between the data and 
prediction features together to diagnose the need for explicit data inversion in a forecasting problem. 

𝜔 value 𝒉1
𝑐−𝒅1

𝑐  correlation Diagnosis 

Low High 

Data and prediction are unrelated. Explicit 

inverse modelling will not result in uncertainty 

reduction. 

High Low 

Canonical correlation analysis has failed. PFA 

results are unreliable. Explicit inverse modelling 

is needed for forecasting. 

Low Low 
Try modifying the prior or generating points 

near 𝒅𝑜𝑏𝑠
𝑐 .  

High High 
Data and prediction are related and the forecast 

obtained from PFA is reliable. 
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6 Conclusions and Future Work 

Forecasting problems in the petroleum industry are contemporarily approached as a 

subset of data-inversion or history-matching or data-integration problems. However, 

data-inversion continues to be computationally expensive. Interest in data inversion 

problems and their continuing challenge is evidenced by the large and growing body 

of research around them as seen in (Carrera et al., 2005; Mosegaard and Tarantola, 

2002; Oliver and Chen, 2011; Zhou et al., 2014). (Bickel and Bratvold, 2007; Bratvold 

and Begg, 2008; Bratvold et al., 2010) have shown that when face with forecasting 

problems, industry practitioners tend to focus on the data-inversion problem seeking 

more detailed quantification of uncertainty for a more detailed model of the 

subsurface. However, the goals of forecasting and data-inversion problems are 

distinct.  

The goal of a forecasting problem is to inform a decision. When forecasting problems 

are solved using workflows that entail detailed and complex data-inversion, the extra 

effort and time may delay the availability of information that is needed to guide the 

decision maker leading to missed opportunities. This dissertation asserts that 

approaches to solving forecasting problems need to be “fit-for-purpose” and suggests 

a forecasting paradigm that focuses on obtaining information about the variable 

needed to make a decision rather than on obtaining an as realistic as possible model 

of the reservoir subsurface in the time available to make the decision. 

6.1 Conclusions 

In the presence of data about the reservoir, forecasting problems are formulated as 

Bayesian Predictive Inference problems. A data variable describes the historically 

observed dynamic data about the reservoir and a prediction variable describes the 

observable variable that is needed to describe the decision. Contemporarily, the 

relationship between these variables is parameterized as a causal relationship using 

a model variable that describes the reservoir subsurface. The data and prediction 

variables are interpreted as “physical responses” of the reservoir subsurface, thus, 
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the model variable. State-of-the-art paradigms for reservoir forecasting pivot on this 

model variable and seek to describe it in as much detail as possible along with its 

underlying geological uncertainties. This dissertation takes a step towards a 

forecasting paradigm that pivots instead on the prediction variable. In other words, 

rather than seeking to quantify the uncertainty in the subsurface (or the model 

variable), the available computational time and effort must be focused on quantifying 

the uncertainty in the information that would be directly useful for decision making 

(or the prediction variable). 

It is important, at the outset, to assert that no claims of iterative data-inversion being 

entirely superfluous for the purpose of forecasting are made as a part of this 

dissertation. Even though there is evidence as suggested by (Bos, 2011) that 

contemporary forecasts in the industry are often very different from the reality, there 

is little evidence that suggests forecasts based on Bayesian predictive inference using 

history matching are inferior to any other techniques. As with any Bayesian problem, 

the forecast can only be as good as the prior distribution being used. (Mariethoz and 

Caers, 2014) define a good prior as being wide enough to capture all the 

consequential aspects of uncertainty and being narrow enough for efficient stochastic 

search.  

For a forecasting paradigm that pivots on the prediction variable, this dissertation 

identifies two techniques from literature: 

1. Prediction focused analysis (PFA) provides a direct relationship between the 

data variable and the prediction variable in low dimensions. (Scheidt et al., 

2014) This has been modified in Chapter 3 in order to become more scalable 

for larger problems such as those encountered in the petroleum industry by 

trading off high linearity against low-dimensionality. Using Canonical 

Functional Component Analysis as the low-dimensional transformation allows 

for preserving high linearity without the limitations that the associated higher 

dimensions present by restricting the information to independent two-

dimensional planes. 
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2. Distance-based generalized sensitivity analysis (DGSA) quantifies the overall 

relationship between geological model parameters (the model variable) and 

the dynamic prediction variable. (Fenwick et al., 2014)  

Any forecasting problem can be approached using these methods in a toolkit. PFA can 

be used to ascertain if available historical dynamic data is informative about the 

forecast using a statistical-significance measure of “predictivity” defined in Chapter 

5. If the available data is not informative enough, the data-inversion problem will not 

result in uncertainty reduction and the computational effort involved can be avoided. 

On the other hand, if the available data is informative enough, evidential forecasting 

techniques such as regression can be used to directly obtain forecasts that are 

comparable to those obtained from explicit data inversion but require much less 

effort.  

DGSA provides another statistical-significance measure of “sensitivity” that can be 

used to identify the parameters of the model that are relevant to the forecast and 

ignore the rest. However, in real subsurface systems, the model parameters interact 

significantly to affect fluid flow. Thus, parameter uncertainty reduction done 

arbitrarily may have an undesirable affect on the overall uncertainty of the desired 

prediction variable. The uncertainty in the insensitive model parameters can be 

reduced using the method described in Chapter 4 with minimal impact on the 

uncertainty in the fluid flow response by taking into account the sensitivity of the 

parameter interactions.  

It is important to view these techniques as a “toolkit” rather than as a workflow or a 

recipe. The two techniques can be combined into a workflow as the forecasting 

problem demands. For example, a problem with a complicated model variable can be 

simplified using parameter uncertainty reduction before using PFA to determine if 

the data variable is informative whereas a problem with a complicated data variable 

such as one where the historical performance of multiple wells that have been active 

for different lengths of time can be simplified by focusing only on the data with high 

productivity.  
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6.2 Future work 

The possibility that a new forecasting paradigm pivoted on the prediction variable 

can lead to its own progress trap is very real. It is just as possible that practitioners 

lose sight of the purpose of the forecasting exercise and instead seek more detailed 

quantification of the uncertainty of a prediction variable at an increased resolution 

even when the extra detail stops being useful for decision making. To avoid this 

problem, any future research must be mindful of the ability to continue to provide 

better forecasts in terms of detailed granularity and uncertainty quantification even 

when they stop being useful to human decision makers. It is important to not let these 

objectives supersede the objectives of the human decision-making agents. The utility 

of any forecast is limited to its ability to influence the choice between two or more 

decision alternatives. With that in mind, the work presented in this dissertation opens 

up many interesting opportunities for future research. 

6.2.1 Enhancements to CFCA-based PFA 

In problems where among the initially sampled and simulated models or “scoping 

runs”, there is discreteness in the response distribution such as problems where the 

decline curve or the water cut are either the data or the prediction variable and there 

are models where there is no decline or there is no water breakthrough respectively, 

the functional components will have distinct regions. This may present an interesting 

classification problem that needs to be investigated. 

A common challenge for Bayesian problems is determining the appropriateness of 

the prior. The Bayesian assumption that the prior contains the posterior entirely is 

difficult to verify in real world problems. Extremity/centrality metrics based on 

functional component analysis in determining the appropriateness of the prior may 

serve important roles in workflows that allow a feedback loop for engineers to go 

back to the geologists with quantifiable evidence of prior broadness or narrowness 

for specific problems. This quantification of prior-appropriateness would apply to all 

Bayesian problems – forecasting problems as well as data-inversion problems. Such 

metrics and their utility still need to be investigated. 
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For problems where canonical correlation analysis fails, or the first pair of canonical 

variates of the functional components of the data and prediction variables are not 

well correlated, linear Gaussian regression does not apply. Rather than deciding to 

perform explicit history matching for such problems, it may be interesting to 

investigate the utility of non-linear Bayesian Regression techniques. 

Since CFCA-based PFA incorporates linear Gaussian regression, it only obtains 

Gaussian posteriors for the prediction variable. In problems where the posterior is 

drastically different from the Gaussian distribution such as long tail distributions, the 

utility of the P10-P50-P90 metric can be called into question for informing decisions. 

The utility of a Gaussian posterior for the prediction variable to alternative metrics of 

uncertainty quantification needs to be investigated. 

6.2.2 Enhanced DGSA-based Geological uncertainty reduction 

In problems where there is more than one parameter insensitive to the desired 

response, there is possibility for further parameter uncertainty reduction after 

uncertainty in the least sensitive parameter has been reduced. These problems can 

present situations where previously insensitive parameters become sensitive due to 

interactions with the least sensitive parameter when the uncertainty in the latter is 

constrained. Such problems need to be investigated.  

In problems where the conditional sensitivity of two disjoint ranges of the most 

insensitive parameter are comparable, in some cases, the choice of retaining the 

range with less conditional sensitivity may lead to a larger parameter uncertainty 

reduction without an impact on the response uncertainty. Thus, it may turn out to be 

a “better” uncertainty reduction technique in some applications. A comparative study 

of such problems and their applications can prove to be interesting. 

Finally, there might be applications where random sampling and hypercube sampling 

of geological parameters to obtain the initial scoping runs may yield radically 

different sets of subsurface models. This may affect considerably the predictivity and 

sensitivity metrics that can be obtained from that set of scoping runs. Furthermore, 
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this presents a question that may not be as simple as “How many scoping runs are 

enough?” This statistical sampling problem can also serve as an interesting avenue 

for further research. 
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