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Abstract

The developmentof geostatisticshasbeenmostly acccomplishedby application-oriented

engineersin thepasttwentyyears.Thefocusonconcreteapplicationsgavebirth to agreat

many algorithmsandcomputerprogramsdesignedto addressvery different issues,such

asestimatingor simulatinga variablewhile possiblyaccountingfor secondaryinforma-

tion like seismicdata,or integratinggeologicalandgeometricaldata. At the coreof any

geostatisticaldataintegrationmethodologyis awell-designedalgorithm.

Yet, despitetheir obvious differences,all thesealgorithmssharea lot of commonali-

ties oneshouldcapitalizeon whenbuilding a geostatisticsprogramminglibrary, lest the

resultinglibrary is poorly reusableanddifficult to expand.

Buildingonthisobservation,wedesignacomprehensive,yetflexibleandeasilyreusable

library of geostatisticsalgorithmsin C++.

Therecentadventof thegenericprogrammingparadigmallowsusto elegantlyexpress

thecommonalitiesof thegeostatisticalalgorithmsinto computercode.Genericprogram-

ming,alsoreferedto as”programmingwith concepts”,providesahigh level of abstraction

without lossof efficiency. This lastpoint is amajorgainoverobject-orientedprogramming

which oftentradesefficiency for abstraction.It is not enoughfor a numericallibrary to be

reusable,it alsohasto befast.

Becausegenericprogrammingis ”programmingwith concepts”,the essentialstepin

the library designis the careful identificationand thoroughdefinition of theseconcepts

sharedby mostof the geostatisticalalgorithms. Building on thesedefinitions,a generic

andexpandablecodecanbeprovided.
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To show theadvantagesof suchagenericlibrary, weusetheGsTL to build two sequen-

tial simulationprogramsworkingontwo verydifferenttypesof grids:asurfacewith faults

andanunstructuredgrid; without requiringany changeto theGsTL code.
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Section1

Intr oduction

The developmentof geostatisticshasbeenmostly accomplishedby application-oriented

engineersin the past twenty years. The focus on concreteapplicationsgave birth to a

greatmany algorithmsdesignedto addressvery different issues,suchas estimatingor

simulatinga variablewhile possiblyaccountingfor secondaryinformation like seismic

data,or integratinggeologicalandgeometricaldata.

In orderfor thesealgorithmsto betestedandthenappliedto realcases,they have to be

codedinto aprogramminglanguage.Makingacomputerexecutableavailableplaysacap-

ital role in popularizinganalgorithm.However, despitetheessentialplaceof programmed

algorithmin geostatistics,no programminglibrary that implementsthebasictoolsandal-

gorithmsof geostatisticsexists(at leastnosuchlibrary is publicly available).

Themainprogrammingeffort in geostatisticsmadepubliclyavailableisGSLIB[Deutsch

andJournel,1992],theGeostatisticalSoftwareLibrary. GSLIB, asits namesuggests,is a

collectionof softwares,not a programminglibrary: it providesa varietyof computerexe-

cutableswhich implementabroadfamily of algorithms,but it hardlyprovidesaframework

or toolsfor programmingnew softwares.
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8 SECTION1. INTRODUCTION

It wasoriginally built with two goalsin mind: thefirst onewasto wide-spreadtheuse

of geostatisticalalgorithmsdevelopedat StanfordUniversity. Thesecondwasto serve as

a seedfor researchandnew developments[DeutschandJournel,1992]. While GSLIBno

doubtcompletedits first mission,addingnew codeor modifyingtheexistingonehasturned

out really tedious.Most end-userseitheruseGSLIBwithout makingany changeor have

rewritten theprogramsto fit their own means(e.g.gOcad).

Thepurposeof this work is to proposeagenuineprogramminglibrary of geostatistical

toolsandalgorithms.

It wasdesignedwith thefollowing goalsin mind:

� Thenew library shouldbeusablebothfor researchdevelopmentsanddirectapplica-

tions.Thismeansthatthelibrary shouldbeflexible enoughto servearesearchclien-

tele thatrequiresa quick codingof new algorithms,aswell serve a largePetroleum

company willing to integrateeasilya newly developedgeostatisticalapplicationin

their softwareplatform.� Thenew library shouldallow a fastreuseof existing code.This requiresa thorough

designof thelibrary.� The new library shouldbe easilyextendable.Expandabilityrequiresa library de-

signthatrecognizesimportantconceptsthatarecommonto almostall geostatistical

algorithms.� Wewill proposealibrary thatdoesnotsacrificereuseabilityfor efficiency (in termof

computingspeed).Library optimizationtoooftenleadsto incomprehensiblecode.� Thecodeshouldbeunderstandablewithout toomuchcomputersciencebackground.
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The first importantdecisionregardsthe selectionof a programminglanguage. C++

is retainedfor both computersciencereasonsandpracticalreasons.C++ is a high level

programminglanguagewhoseusageis now wide-spread.This is importantto produce

understandablecodeandreachaslargeauser-baseaspossible.

Thesecondcapitalchoiceis to decideon adesignfor thelibrary. As statedpreviously,

the new library ought to be expandableandgeneric. This implies that it must recognize

thekey conceptsthatarerecurringin geostatisticalalgorithms,andcapitalizeon themto

produceagenericimplementationof thealgorithms.

The solution retainedto obtain an abstractand genericprogrammingcode is often

object-orientedprogramming.However, object-orientedprogrammingis not theonly pos-

siblesolution.Chapter2 introducesa morerecentandprobablylessknown programming

paradigm,GenericProgramming, andexplainswhy it waspreferredto themoreclassical

objectorientedapproach.

Insteadof workingdirectlywith actualdatatypes(“classes”in C++), agenericalgorithm

workson abstractionsor concepts, which areassumedto have preciseproperties.Thekey

stepin thedesignof genericalgorithmsis thusthepreciseidentificationof theminimalset

of propertiesthealgorithmsneedto assumein orderto performefficiently. This is theaim

of Chapter3. Chapter4 thenthoroughlydescribestheidentifiedproperties.

Chapter5 is a referencemanualthatdescribesthealgorithmsandobjectsprovidedby

thelibrary. Finally, Chapter6 givesanexampleof how to extendthelibrary by implement-

ing anew algorithmandhow thelibrary couldbeintegratedinto anexistingsoftware.





Section2

Library Design

2.1 GenericProgramming

Algorithmsdetailtheprocedurefor solvingaspecificsetof problems.In orderto makethe

usageof theseproceduresaswidespreadaspossible,theprogrammingof algorithmsshould

begeneric.A genericcodeis achievedby removing from thealgorithm’s implementation

any unnecessaryinformation,i.e. any data-structureor objectthatthecoderelieson but is

notessentialto thealgorithmitself.

Considerfor examplethesequentialGaussiansimulationalgorithmfor aGaussianvari-

able[Ripley, 1987;Journel,1989;Isaaks,1990]. Thecore“idea” of sequentialGaussian

simulationis to simulatea seriesof valuesby sequentialdrawing from Gaussiandistribu-

tionswhoseparametersaredeterminedthroughkriging. It canbesummarizedasfollows:

1. defineapathvisiting all thenodesof thesimulationgrid

2. for eachnodeu in thepath:

11



12 SECTION2. LIBRARY DESIGN

(a) find thenode’s informedneighbors.Theneighborscanbenodesfrom theorig-

inal dataset
�����

, or nodessimulatedat previousiterations
�����

.

(b) estimatetheGaussiancumulativedistribution 	�
 �������������������� atu conditional

to theneighbors(n+l) by solvingakriging system.Themeanof 	 
 �������������������
is thekriging estimateandits varianceis thekriging variance.

(c) draw arealizationfrom 	�
 �������������������� byMonte-Carlosimulation,andassign

thesimulatedvalueto thenode

An implementationof this algorithmfor a Cartesiangrid would unnecessarilyrestrict

its potentialdomainof application.ThesequentialGaussiansimulationalgorithmdoesnot

indeedrequirethegrid to beCartesian.As longasa paththroughall thegrid nodescanbe

defined,this algorithmcanbeappliedto any typeof grid, be it Cartesianor unstructured,

1D, 3D or nD.

Similarly, thepathdefinedat thebeginningof thealgorithmis usuallytakenrandomin

practicalapplications.Howeverthis is not imposedby thealgorithm,andonecouldchoose

apaththatvisitspreferentiallynodescloseto theoriginal setof data.

A truly genericimplementationof thesequentialsimulationalgorithmshouldtherefore

beindependentof thetypeof thegrid or thetypeof thepath.

In moderncomputing,oneof themostusualway to tendto this aim is to useobject-

orientedprogramming.In object-orientedprogramming,thegenericnessof thealgorithms’

implementationis providedthroughtheuseof inheritanceanddynamicbinding. Thealgo-

rithm is written for abstracttypes(or objects),e.g. an“AbstractGrid”,an“AbstractPath”,

andwill work on objectsthatrepresentparticularcasesof theseabstractobjects:thealgo-

rithm would bedefinedin termsof “AbstractGrid”,but will beusedon “CartesianGrid”or

“UnstructuredGrid”which areparticulartypesof grid that inherit from “AbstractGrid”.
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This approachis mostusefulwhentheentitiesdealtwith aresimilar but not identical,

i.e. when they can be groupedinto objectshierarchies. If this is not the case,forcing

an objectorientedapproach,i.e. forcing a taxonomyof the entitiesdealtwith, leadsto

awkwarddesigns.Theuseof inheritanceanddynamicbindingalsohasa majordrawback

in scientificprogramming:it inducesnon-negligible run-timeoverheadwhich canbadly

hurtCPUperformance.Thesepointswill bedevelopedin moredetail in section2.2

Object-Orientedprogrammingis not theonly wayof achieving a high level of abstrac-

tion however. Genericprogrammingis a fairly new1 programmingparadigmthatallows to

elegantlyabstracttheprogramimplementationfrom any unnecessaryinformation.Instead

of working directly with actualdatatypes(“classes”in C++), a genericalgorithmworks

on abstractions(oftencalledconcepts) which areassumedto have preciseproperties(the

fewer theassumedproperties,themoregenerictheimplementation).A genericalgorithm

is thusmadeof two parts:anactualprogramcode,anda list of all theassumedproperties

of theabstractionsused.This list of propertiesis not C++ code2, yet it is a integral partof

thealgorithm. Thesepropertiesarethehypothesesof thealgorithm. Omitting themis as

damagingasomitting to statethehypothesesof amathematicaltheorem.

To illustratehow this works,considerthesimplecaseof finding themaximumof a set

of elements.The setcould be an array, a linked list,  ! ! , andits elementsreal numbers,

strings,cars,  ! ! To find themaximumof this set,oneonly requires:

1. amethodto go from oneelementof thesetto another

2. anorderrelationis definedon theelementsof theset,andgiventwo elements,one

1Early researchpaperson genericprogrammingare actually 20 yearsold, but no exampleof generic
programminghadcomeoutof researchgroupsbefore1994.STL, theC++StandardTemplateLibrary, wasthe
first exampleof genericprogrammingto becomeimportantasit wasincludedin theC++ standardlibrary.

2Otherlanguageslike Ada actuallyhave keywordsfor specifyingthe assumptionsmadeon theabstrac-
tionsusedby thealgorithm.C++ doesnot. Thismakesthetaskof definingtheassumptionscritical: sincethere
is no compilercheck,it is theprogrammer’sburdento ensurethatall theassumptionsareclearlydefined.
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knowshow to comparethem

Thealgorithmwould thenbeimplementedasfollows:

1 template<class iterator, class comparator>

2 iterator find_maximum(it er at or first,

3 iterator last,

4 comparator greater){

5

6 // initialize iterator max_position, the iterator

7 // that points to the largest element found so far

8 iterator max_position = first;

9

10 // iterate through the container

11 for(iterator current=first++ ; current!=last; current++)

12 {

13 if ( greater(*max_po si ti on , *current) )

14 max_position = current;

15 }

16

17 return max_position;

18 }

Thefirst line indicatesthatalgorithmfind_maximum refersto two concepts:iterator

andcomparator. Thealgorithmassumesthesetwo conceptshave thefollowing properties:

iterator : It is thedevice usedto go throughtheset. Onecanthink of it asa generalized

pointer. An iterator is a classicalway to make the codeindependentof the con-

tainer(setof elements)it is appliedto. Dif ferentkinds of iteratorsaredetailedin
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[Austern,1999]. The find_maximum algorithmassumesan iteratorhasthe fol-

lowing properties:� aniteratorcanbeassignedto another(line 8: max_position = first )� two iteratorscanbecomparedusing!= (line 11: current!=last )� operator++ canbe appliedto an iterator, andit will move the iterator to the

next positionin thesetof elements(line 11: current++ )� operator* canbeappliedto aniterator, andit will returntheelementtheiterator

is pointingto (line 13: *current )

comparator :� a comparatorhasanoperator() which takestwo objectsasargumentandre-

turnsa typeconvertibleto bool .

For example:greater(*max_position,*curren t) (line 12).

It returns“true” if thefirst argumentis greaterthanthesecond.

ThepreviousC++ codeandits two setsof requirementsform thegeneric

find_maximum algorithm. Any C++ object that fulfills the 4 requirementsof concept

iterator is aneligible iteratorfor thealgorithmandcanbean input of find_maximum .

Suchanobjectis calleda model of concept iterator. On theotherhand,trying to useas

an iterator anobjectwhich doesnot meetthefour requirementsof iterator will resultin a

compile-timeor link-time error.

Typedouble* is a valid modelof iterator becauseit hasthefour propertiesrequired

by conceptiterator. A call to
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find_maximum(do uble * an_array,

double* an_array+10,

greater_doubles () )

will thenfind themaximumof thearrayan_array which contains10 elementsof type

double . Heregreater_doubles is a modelof conceptcomparator, i.e. it takestwo

doublesasargumentandreturnsa typeconvertibleto boolean.Nothingpreventsa model

of a conceptto be implementedin a genericway, that is to useconceptsof its own. Type

greater_doubles couldfor examplebedefinedasfollows:

template<class ordered_set_ele ment>

class greater_generic {

public:

bool operator()(orde re d_se t_ ele ment & arg1,

ordered_set_ele ment & arg2)

{

return arg1 > arg2;

}

};

// define greater_doubles as the particular case:

// ‘‘ordered_set_ el ement ’’ is ‘‘double’’

typedef greater_generic< double > greater_doubles;

Whereordered_set_element is assumedto bea typefor which operator> is valid,

this operatorreturninga type convertible to bool . In this examplea modelof concept

comparator is definedusinganotherconcept:ordered_set_element .
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Similarly, find_maximum can be appliedto a STL list of characterswithout any

changeto its implementation,becausetheSTL type list<char>::iterator hasthe

four propertiesof iterator. The comparatorcould be greater_generic<char> be-

causecharacterssupportcomparisonthroughoperator> (typechar is amodelof concept

ordered_set_element ):

list<char> stl_list;

// initialize list ...

// find maximum of stl_list

list<char>::ite ra to r max_position = find_maximum(s tl _l ist .b egin () ,

stl_list.end() ,

greater_generi c<cha r> () );

Given a setof requirements,onecanwrite any modelof the conceptsandusethem

in any genericalgorithmthat needstheseconcepts;without requiringany changeto the

implementationof thealgorithm.

2.2 Generic Programming is NOT Object-Oriented Pro-

gramming

At first sight, theremight seemto be little conceptualdifferencebetweengenericand

object-orientedprogramming.A conceptcould be thoughtof asan abstractobject,and

amodelof aconceptwouldsimplybeanobjectderivedfrom theabstractobject-concept.
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How would the greater_generic functor3 be implementedin an object-oriented

way? The first stepis to turn theconceptordered_set_element into an actualC++

datatype,call it OrderedSetElement_OBJECT . Therequirementof

ordered_set_element was:a typefor whichoperator> is valid, thisoperatorreturn-

ing a typeconvertibleto bool :

class OrderedSetEleme nt_ OBJECT{

public:

virtual bool operator>(order ed_se t_ el ement _OBJECT& B) = 0;

};

Note that this objectis not a strict equivalentto theordered_set_element con-

cept: the return type of OrderedSetElement_OBJECT ’s operator> is a boolean,

which is lessgeneralthanthe“type convertibleto bool ” requiredby

ordered_set_element . This is howeverof lesserimportance,and

OrderedSetElement_OBJECT couldcertainlybemodifiedsoasto returna“type con-

vertible to bool ”, probablyat theexpenseof codesimplicity. Using this abstractobject,

theobject-orientedprogrammingcounterpartof greater_generic wouldbe:

3a functoris simply anobjectthatbehaveslikea function
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class greater_OOP{

public:

bool operator()(Orde re dSet El ement _OBJECT& arg1,

OrderedSetEleme nt _OBJECT& arg2)

{

return arg1 > arg2;

}

};

To comparetwo real numbers,onewould then derive a real_number classfrom

OrderedSetElement_OBJECT , definethe> operatorandcall greater_OOP .

Althoughthecodeof greater_OOP andgreater_generic look quasi-identical,

there is actually a key difference: greater_OOP allows to compareany two objects

derived from OrderedSetElement_OBJECT , for examplea string of charactersand

a real number, which hasno meaning! The genericimplementationdid imposethe two

argumentsto beof thesametype.

Object-Orientedprogrammingandgenericprogrammingdonotexpressthesameideas:

inheritance,the mediumof object-orientedprogramming,expressesthe relationshipbe-

tweentwo types.Modeling(makinga modelout of a concept),thegenericprogramming

counterpartof inheritance,is a relationshipbetweena setof typesanda type: a conceptis

thesetof all thetypesthatmeettheconcept’s requirements;a modelis oneof thesetypes.

Oneof theserelationshipscannotemulatetheother.

Thereis anothermajor difference,thoughlessconceptual,betweengenericprogram-

ming andobject-orientedprogramming(at leastasimplementedin C++). Thegenericness

obtainedthroughobject-orientedprogrammingis usuallyobtainedatthecostof speed.The
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useof virtual functionsanddynamicbindingindeedcausesa runtimeoverheadwhich can

badlyhurtperformance,essentiallywhenthefunctionsaresimple(no timeconsumingop-

erationis performed)andfrequentlycalled.A functionwhich comparestwo elementslike

greater_OOP or greater_generic hasto be very fastsinceit is likely to be used

veryoftenin theprogram.

In thecaseof genericalgorithms,thecompileradaptsthegenericcodeto theparticular

types(modelsof thealgorithm’s concepts)requested.Schematically, thegenericcodeis a

templatethatthecompilerusesto write anew implementation,replacingeveryoccurrence

of aconceptby its model.This resultsin analgorithmpotentiallyasfastasa hand-crafted

algorithm,specificto asingletype.

2.3 Library Design

Genericprogrammingallows to elegantly attaina high level of abstraction.It hasmany

advantagesthat make it an interestingchoiceof paradigmfor implementinga library of

geostatisticsalgorithms.

Its most obvious advantageis efficiency. Contraryto object-orientedprogramming,

genericprogrammingenablesto write genericcodewhile retainingtheefficiency usually

only achievedby a specific,hand-craftedimplementation,suchasthecurrentGSLIBpro-

grams. It is indeedessentialthat a scientificcomputinglibrary be asfastaspossible,as

longasnosacrificeto codereadabilityandre-usabilityis made.

A secondandmaybemore subjective advantageof genericprogrammingis its con-

ceptualsimilarity with mathematics.Mathematicsis basedon abstractconcepts,which

are assumedto have preciseproperties. A theoremwill hold true for any specificcase

which verifiesthetheorem’s hypotheses.Similarily, a genericalgorithmcanbeappliedto
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anobjectsthatsatisfyits hypotheses,i.e. satisfyits concepts’requirements.It is actually

possibleto elegantly definemathematicalalgebraicstructureslike groups,rings or fields

with genericprogramming[BartonandNackman,1994]. Expressinganalgorithmin the

genericprogrammingway is thusmorenaturalthanadoptingtheobject-orientedapproach.

Thismakesgenericprogrammingverysuitablefor implementinggeostatisticsalgorithms.

However, thechoiceof genericprogrammingasaguidingprogrammingparadigmdoes

notpreventtheuseof otherparadigmslikeobject-orientedprogramming.Theonly restric-

tion is thatgenericnessandefficiency mustbemaintained.

After definingthealgorithmsto beimplemented,acritical taskin thedesignof thenew

library is thecarefulidentificationof themostgeneralsetof requirementsthatallows the

algorithmsto performefficiently. As underlinedpreviously, a “generic” codeis uselessif

theconceptsusedarenot thoroughlydefined.This is thelastpartof thelibrary design.





Section3

ConceptsIdentification

The first stepin the designof GsTL is to analyzethe algorithmsto be implemented,and

identify theminimumsetof requirementsthatallow thesealgorithmsto performefficiently.

Someof theserequirementsmightbecommonto all algorithms,while othersmaybemore

particularto specificalgorithms.

The goalof geostatisticsis to studyandcharacterizephenomenonsthat vary in space

(and/ortime). Geostatisticshastwo principalapplications:� estimation,i.e. themappingof aspatiallyand/ortimely dependentvariable" , through

regressiontechniques.Estimationoftenprovidesa singlenumber, termedestimate,

andanassociatederrorvariance.� simulation,usedto assessthe uncertaintyon a spatially and/or timely dependent

variable " , quantifiedthrougha seriesof numbersor possibleoutcomes,allowing

risk quantification.

Thesetwo applicationsof geostatisticsarereviewedanddetailedin thefollowing sec-

tionswith thepurposeof identifying thekey conceptsof geostatistics.

23
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3.1 Estimation

Considera set # of locationsin spaceor time. In practicalapplications,# is finite, of size

N. Supposethatthevalueof " is known onasubsetof # . Theaim is to estimatethevalues

of " , interpretedastherealizationof a regionalizedrandomvariable $ ���%� , at any location

u in # giventheknown z-values&'" ���)(*�,+.-0/21�+  ! 3 +4�65 .
For a givenlossfunctionL, thebestestimate"7
 ���%� of unknown value " ���%� is theesti-

matethatminimizestheexpectedloss:" 
 ���.�8/ argmin9: ; <�=�>@?A +CB8���.�EDGF
Kriging is thenameof a family of generalizedlinearleastsquareregressionalgorithms

[Krige, 1951;Goovaerts,1997].Theestimate$H
 ���%� is modeledasa linearcombinationof

theknown z-values&'" ���I(J�K5 :$ 
 ���%�.LNMO���.�8/ PQ (�R�SUT (WVXB8���)(J�.LYMZ���)(@�\[ (3.1)

where] ���.� and ] ���)(J� aretheexpectedvaluesof $ ���.� and $ ���I(@� .
Undertheunbiasednessconstraint:^ > $ 
 ���%�.L_B8���%� D /a`

minimizing theexpectedlossamountsto minimizing theerrorvariance:bdce ���.��/gf�hji > B 
 ���.�.L_B8���.� D (3.2)

Substituting$H
 ���%� in (3.2)by its expression(3.1)andsettingto zeroall thederivativeskCl3mnUoqpsrkCtKu yieldsasystemof linearequationswhosesolutionis theweightsT ( , -v/w17+  ! ! +�� .

Thesystemis of theform:xyyyz|{ ���8S,+K�}S��  ! ! { ���}S,+K� P �
...

. . .
...{ ��� P +K�}S��  ! ! { ��� P +K� P �

~3����
xyyyz T S

...T��
~3���� / xyyyz|{ ����+K�}S��

...{ ����+K� P �
~3����
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where { ������+K�U��� is thecovariancebetween$ ������� and $ ���W��� .
Combining the weights T SC+  3 ! + T�� accordingto (3.1) provides the best linear least-

squaresestimate$H
 ���.� .
Many variantsof kriging havebeendeveloped,but all rely on thesameconcepts.

Threetypesof kriging canbedifferentiateddependingon themodelusedfor ] ���.� :
Simplekriging: themeanis known andconstantfor all locationsin # :� �N� # MO���.��/gM

Thekriging problemis thento find
� T (@� suchthat:����� > �Q (�R�S T (�V $ ���)(J�.LYM�[ULgVXB8���%�.LNM�[ D

is minimum

Ordinary kriging: themeanis unknown but is locally constant.Thekriging problemthen

becomesto find
� T (@� suchthat:������ �����

����� >%� �(�R�S T (�V $ ���)(@�.LNM�[ULgVXB8���%�.LNM�[ D
is minimum� � (�R�S T (�/�1

The constraint

� � (�R�S T (g/ 1
filters the mean ] out of the first condition, hence

alleviating theneedfor knowing ] :���@� > �Q (�R�S T (WV $ ���I(J�.LYM�[UL�VXB8���%�.LYM�[ D /gf�h7i > PQ (�R�S T (@B8���I(@�.L_B8���.� D
if

� � (�R�S T (�/w1
.

Kriging with Trend: themeanis unknown andvariessmoothlywith location:

] ���%��/ �Q � R�� h � ���%�\� � ���%�
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where
���

areunknown but locally constantand � � areknown functionsof u. The

kriging systemat locationu is thengivenby:������������ �����������
����� > � � (�R�S T (�V $ ���I(��8L�MO���I(@��[UL�VXB8���%�.LNMO���.��[ D

is minimum� � (�R�S T (�/�1
� �(�R�S T (W���.��� � ���I(@��/�� � ���.� ��  �¡V¢1�+K£¤[

Kriging can also be madeto accountfor secondaryinformation by extendingequa-

tion (3.1). Suppose
��¥

secondaryvariables¦�§ ���.� , ¨ /©1�+  ! ! +4��¥ areto beaccountedfor,

equation(3.1)becomes:$ 
 ���%�.LNMO���.�ª/ �Q (�R�S T (WV $ ���)(J�.LNMZ���)(��\[� �!«Q § R�S �!¬Q(7�R�S T ( ¬ V ¦�§ ���)(s®¯�.LNM������)(s®¯�\[ (3.3)

where]°§ ���U�±� is theexpectedvalueof ¦�§ ���U��� . Thisversionof kriging is calledcokriging.

The kriging weightsareobtainedby minimizing the error varianceasdefinedin 3.2.

As in thesinglevariablecase,differentmodelscanbeassumedfor themeans] ���U�±� and]°§ ���W��� , henceleadingto threetypesof cokriging.

All thesemethodsrequiresolvingpossiblylargesystemsof linearequations,depending

on thenumberof conditioningdata " ���)(J� andsecondarydata. Hence,in orderto reduce

computationcosts,only thedataclosestto thelocationu beingestimatedareaccountedfor.

Thesedatawill bereferedto astheneighborhoodof u. This approximationis acceptable

becausethe closestdatatend to screenthe influenceof further away data: the weights

associatedwith thedistantdataareusuallynegligible.
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Fromanalgorithmicpointof view, kriging andits variantscanbedecomposedinto two

parts:� a weightingsystemwhich to locationu, neighborhood
� ���%�

andsetof covariance

andcross-covariancefunctions { §³² / {�´'µ � $·¶§ ���.�C+CB ¶� ���¸�_¹.��� ( $·¶§ caneitherbe $ or

oneof thesecondaryvariables¦ � , º /�17+  ! ! +���¥ ) associatesasetof kriging weights

andakriging variance(thekriging varianceis independentof thevalues" ���)(*� ):> ��+�f����%�,+ &j» � �E5 D½¼L�¾ > & T (¿5�S�ÀJ(7À P oqpsr + b c ���.� D
Thecross-covariancefunctionsbetweenvariables̈ andÁ areonly neededin thecase

of cokriging. For kriging with a singlevariable,theset & { §Â² 5 is a singlecovariance

function.

Thesystemof equationsleadingto thekriging weightsis composedof asetof equa-

tions commonto all kriging variantsto which differentequationsareaddedto ac-

count for additionalconstraints,e.g an unknown locally constantmean,or an un-

known smoothlyvarying mean. Hencethe weightingsystemconsists,in the most

generalcase,of two parts:afirst partaccountsfor thecorrelationandtheredundancy

betweenthedatathroughthecovariancefunctions,while a secondpart,implements

theadditionalconstraintequations.� a combiner, which from the previous weightsandan a-priori mean,computesthe

kriging estimate:Ã & T (¿5Ä·Å " ���)(J��Æ½.MÈÇ ¼ L6¾ A 
 ���.� 1ÄÉg-¡É������%�
where] is thea-priori mean.

Thecombineris amerelinearcombination:� oqpsrQ (�R�S T ( " ���)(J�)� T�Ê M
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with

TUË /w1ÌL � oqpsrQ (�R�SUT (
Notice that in ordinarykriging andkriging with a trend,the weight T�Ë associated

with themean] is 0. Hencetheactualvalueof ] which is input to thecombiner

hasno influenceon theestimate.

Note that other typesof kriging have beendeveloped,like block-kriging, which are

not coveredin the previous overview of kriging. However, usingthe kriging techniques

describedpreviously, dataat differentscalescanstill be accountedfor. Chapter6 details

how kriging canbeconstrainedto a blockaveragevalueby usingcokriging.

3.2 Simulation

Theaimof simulationis to find a function��� �� # L�¾ Í%Î��� § �4S�À § À Î ¼ L�¾ > " ���IÏ���D S�À § À Î
suchthat thesequenceof values" ��� § � ¨ /Ð1�+  ! ! +KÑ�+ honorsa setof constraints(

Í
is the

spacein which " is valued).Theconstraintscanbeof varioustype:� local equalityconstraints,or dataconditioning:thevalueof thevariableis known at

a subsetof locations
���U����Ò·/Ó1�+  3 ! +K£ÕÔ|Ö

. This constraintis of greatimportance

in many applicationsof geostatistics.� inequalityconstraints:thevaluesof thevariablemustbelesseror greaterthanagiven

threshold× ���%� at asubsetof locations
���U����Ò�/�1�+  3 ! +K£ØÉgÖ

.
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� correlationconstraint:the valuesof the variablemusthonora given modelof cor-

relation. Most oftena variogramis imposed,but morecomplicatedmodels,which

involve thecorrelationbetweenmorethantwo locationsat a time,couldbechosen.� histogramconstraints:the valuesmust matcha given histogramwhich could for

examplereflectsomeprior knowledgeof variable" .� othervariablescorrelatedto " areknown, possiblyat all locations,andthusimpose

a constrainton thevaluesof " . For example,in petroleumapplications," couldbe

rock permeability, andtheconstrainingvariablethepressuredropobservedduringa

well test.

Becausethesetof constraintsdoesusuallynotsufficeto fully characterizethesequence> " ���%ÏÙ� D , many solutionsexist. Dif ferentsolutions,termedrealizations,provideamodelof

theuncertaintyabouttheunknown $ ���%� .
Four typesof simulationalgorithmscanbedistinguished:

Sequentialsimulation. A pathvisiting all locationsis definedandeachlocationis sim-

ulatedsequentially. The variableto be simulatedis interpretedas a regionalized

randomvariable $ ���.� . At eachlocationu thecumulative functiondistribution (cdf)Ú > ��+CB������W� D
conditionalto someinformation

���d�
, is estimatedandsampled.As

in kriging, the conditioninginformation is soughtonly in the vicinity of the loca-

tion to besimulated,in orderto reducecomputationcosts.Contraryto kriging, the

conditioninginformationincludesboth theoriginal data(if any) andthepreviously

simulatedvalues.Sequentialsimulationis themostversatileclassof simulational-

gorithmsdueto its low CPUdemandandits largepotentialto integratevariousdata

types.
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P-field. Thep-field simulationis dividedinto two parts:first a cdf
Ú ����+CB¡�U��� ¶ p ��� condi-

tional to only theoriginal data
��� ¶ p � is estimatedat eachlocationu to be simulated

(
��� ¶ � dependson u if only theclosestoriginal dataareretainedat eachlocationu).

Thefamily of conditionalcdfs(ccdf)

> Ú ����+CBY�*��� ¶ p �8� D pjÛ,Ü is thensampledusinga

field of correlatedprobability values(p-field). Thegenerationof thep-field canbe

madevery fastby usingmethodsbasedon the fastFourier transform(FFT), hence

yielding a computationallyefficient classof simulationalgorithms.P-fieldhowever

hasa majordrawback: a mapsimultatedby p-field canpresentun-desiredartifacts,

especiallydiscontinuitiesat datalocations.

Booleansimulation. Theaim of booleantechniquesis to reproduceshapesdescribedby

specificparameterizations,whichhonortheoriginaldata
��� ¶ � . For example,it canbe

usedto simulatechannelsof givensinuousitiesandextent,or ellipsesparametrized

by their dimensionsandorientations. This simulationtechniquefits well into the

genericprogrammingapproachsince,at leastfor unconditionalsimulation(i.e. with-

out any sampledata),theonly differencebetweentwo booleanalgorithmsis theob-

jectdescription.However, booleanalgorithmsarenotprovidedin thecurrentrelease

of GsTL.

Optimization techniques. Insteadof approachingthe simulationproblemfrom a statis-

tical point of view, i.e. interpretingthe variableto be simulatedasa regionalized

randomvariable,simulationcanbeenvisionedasa mereoptimizationproblem:the

satisfactionof theconstraintsis measuredthroughanobjective functionwhich must

beminimized.Deutsch(1992)proposedto usesimulatedannealing[GemanandGe-

man,1984] to minimize theobjective function. This classof simulationtechniques

is not implementedin thecurrentreleaseof GsTL.
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This first releaseof GsTL focuseson sequentialsimulationand p-field simulation.

Thesetwo simulationparadigmsinterpretthe sequenceof values " ���IÏ¯� , ¨ /21�+  ! ! +4Ñ½+ to
besimulatedasanoutcomeof thesequenceof randomvariables$ ���IÏ¯� , ¨ /w17+  ! ! +4Ñ . The

two simulationalgorithmsproceedasfollows:

1. Definea partition Ý /Ø��Þ ² �KS�À ² À¿ß of & 1;  ! ! ;N
5
:�� �_à S�À ² À¿ß Þ ² / & 1�  ! ! KÑv5� ÁOá/ Á ¶ Þ ²dâ Þ ²Eã /aä

2. For each
Þ ² , visitedin apre-definedorder,

(a) for every ¨ �gÞ ² , estimatethecumulative distribution of $ ��� § � conditionalto

someneighboringdata
� �����å�

:> �)��+.f����)���ED ¼ L�¾ Ú > ����+CBv�@�������������ED
(b) for every ¨ �OÞ ² , draw a realizationfrom

Ú > ����+CBv�@������������� D
Ú > ����+CBv�����)�����¯��� D ¼ L�¾ " ���IÏ��

If the
Þ ² are singletons,the algorithm describedis sequentialsimulation. If Ý /& 1�  3 ! KÑv5 , thealgorithmdescribedbelongsto thep-field family.

Varyingtheorderof visit of the
Þ ² , theway thecumulativedistributionsareestimated,

andthewaynew valuesarededucedfrom thecdf’s,provideabroadfamily of algorithms.

Order of visit of the æèç
In p-fieldsimulation,thereis only onesetof indices

Þ�S
( é /21

), hencethereis noorderto

decide.
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In sequentialsimulation,eachcdf is conditionalto only theneighboringdata
� ���%�

, and

visiting eachlocationalonga “structured”path(e.g. columnby column,if the locations

arearrangedin a Cartesiangrid) could createartificial continuity. Hencea randompath

is usuallychosenin practice.However, othertypesof pathcouldbe used,for examplea

paththatwouldpreferentiallyvisit locationscloseto theoriginaldata,soasto increasethe

weightof theoriginaldataandpossiblyimprovethedataconditioning.

Sometechniqueslike MCMC simulationalsousea completelyrandom“path”, allow-

ing locationsto be visited many times. In MCMC simulation,the setof locationsto be

simulatedis initializedwith somearbitraryvalues(randomfor example).Thissetof values

is thensequentiallymodified,until it honorstheconstraints:at a randomlyselectedloca-

tion, a sampleof a cdf modelis generated.This new samplevaluecaneitherbeaccepted

andreplacethe former valueat that location,or be rejected,in which casethe location’s

valueis unchanged.Thekey lies in definingthecorrectacceptanceprobability in orderto

reproducea givenvariogramor histogramandconstraintto otherdatatypes.Theprocess

is theniterateduntil convergence.MCMC algorithmsarenot sequentialalgorithmsfrom

a theoreticalpoint of view, but they follow the samescheme,andhencecould sharethe

sameimplementation:thecdf at a givenlocationis estimated,conditionalto theneighbor-

ing information,andis sampled.Thesampledvalueis eitherretainedor rejected,andthe

algorithmproceedsto anew randomlocation.

Estimation of the conditional cdf’s

Two approachescanbedistinguished:� First: thecdf is built from estimatedvalues.If thevariable $ ���%� is multi-Gaussian,

all cdf
Ú > �)��+KB_�U��� p ® � D arealsoGaussian,andit sufficesto estimatetwo values:a

meananda variance.Whenno Gaussianassumptionis made,the cdf is estimated
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for given " -values" SK+  ! ! + " � andaninterpolationof theseestimates
Ú 
ê ����+ A �)�J���U�8�

yield amodelof thefunction " ¼ L�¾ Ú ê ����+ A �@���W�.� .
Most simulationalgorithmsestimatethesevaluesby kriging. In thecaseof a Gaus-

siancdf, themeanis thekriging estimate,andthevariancethekriging variance.In

the non-parametriccase,the probabilities
Ú ê ����+ A �������W�Ì��/ìë8i�í7î)��B8���.�ïÉ A �±�¢���W���

areestimatedby kriging theindicatorrandomvariableÝ ����+ A ��� definedasfollows:

¨ ����+ A ����/ �� � 1 if " ���%�ÌÉ A �`
otherwise

Theconditionalprobability
Ú ����+ A �%�����W��� is indeedequalto theconditionalexpec-

tationof Ý ����+ A �å� : Ú ê ����+ A �d�@���W�.��/ ;�ð¯ñ ����+ A �¯�ò�����W��ó
and the least squaresestimateof the indicator ¨ ����+ A ��� is also the kriging (least-

squares)estimateof its conditionalexpectation[Luenberger, 1969].� A secondpossibility is to infer the ccdf directly from theneighboringinformation,

i.e. no estimationof parametersof a ccdf is required. The cdf canfor examplebe

readfrom a tablewhich entriesaretheconditioningdatavaluesandgeometry. It is

themethodusedin thesequentialnormalequationsimulation(SNESIM)algorithm

[Strebelle,2000]. Theccdf canalsobe inferredby a classificationalgorithmlike a

neuralnetwork [CaersandJournel,1998].

Drawing new values

Thenew simulatedvalueis usuallyobtainedby drawing avaluefrom theccdf,usinguncor-

relatedrandomprobabilities.This is thetechniqueusedin sequentialGaussiansimulation,
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sequentialindicatorsimulationor sequentialnormalequationsimulation. However, it is

not thesoleoption.

Thep-field techniqueusesafield of correlated“random”probabilitiesto draw from the

cdf’s.

The MCMC approachalsousesa differentsamplingscheme,called the Metropolis-

Hastingssamplingscheme:a new valueis drawn from a cdf usinguncorrelatedrandom

probabilities,but it doesnotautomaticallybecomethesimulatedvalue.It is indeedretained

or discarded,with agivenprobability.

Fromthis brief descriptionof thedifferentfamiliesof geostatisticsalgorithms,certain

conceptscommonto most,if notall algorithmsemerge:

� A location:coordinatesin spaceor time.� A geo-value:a locationplusasinglepropertyvalue.� A geovalue-iterator:thedevice thatallows to go throughthesetof geo-valuesto be

simulatedor estimated.� A neighborhood:mostgenerally, only thedataclosestto thelocationof interestare

taken into accountin orderto decreasethe computationcost. However, if speedis

not an issue,theneighborhoodcanbe madelarge enoughto alwaysincludeall the

availabledata.� A cdf (cumulative distribution function): it canrepresenta conditional,marginal or

likelihooddistribution. It is eitherparametric(Gaussian, ! 3 ) or non-parametric,i.e.

definedby afinite setof values
Ú ê � $}§ � at thresholds$}§ : > "3§ + Ú ê � "3§ � D .
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� A cdf-estimator:to provide anestimateof thecdf, beit marginal or conditional.An

estimatorcaneitherdirectly estimatea cdf givena nodeandits neighborhoodasin

SNESIMor built thecdf from estimatedvalues,asin sequentialGaussianor indicator

simulation.� A sampler:determinesthenew simulatedvaluegivenacdf.

Theseconcepts,alongwith othersmorespecificto certainalgorithms,arethoroughly

describedin thenext chapter.





Section4

ConceptsDefinitions

In chapter3 variousgeostatisticalalgorithmsareanalyzed,andsomerecurringconcepts

areidentified(like thenotionof neighborhoodor thenotionof conditionalcdf estimation).

Building on theseconcepts,a library of genericalgorithmscanthenbeimplemented(see

Chapter5 for a comprehensivedescriptionof thesealgorithms).However, asexplainedin

Chapter2, thesealgorithmsareof little valueif theconceptsthey rely onarenot thoroughly

defined.The aim of this chapteris thusto thoroughlydefinethe conceptsusedby GsTL

algorithms.

Thedefinitionof eachconceptandalgorithmfollowsthelayoutusedbyAustern(1999).

Thedifferentfieldsof thedescriptionarethefollowing:

Refinementof: conceptB is saidto be a refinementof conceptA if the requirementsof

A areasubsetof therequirementsof B. Considertheexampleof aForwardIterator.

A forwarditeratoris anobjectthatpointsto otherobjects.It is usedto iterateovera

rangeof objects,in asingledirection:it doesnotallow to gobackward.Theconcept

of Forward Iteratorhencerequiresan operator++ to advanceto the next objectof

the range,an operator* which allows accessto the value the iterator is pointing

37
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to, an operator!= to comparetwo iterators,and an operator= which assignsan

iteratorto another. A BidirectionalIteratoris aniteratorwhich allows to iterateover

arangeof objectsin bothforwardandbackwarddirections.It thusrequiresthesame

four operatorsasForwardIterator, plusoperator-- , which movestheiteratorto the

previousobjectin therange.Sincetherequirementsof ForwardIteratorarea subset

of therequirementsof BidirectionalIterator, BidirectionalIteratoris a refinementof

a ForwardIterator. Following this definition,if conceptB is a refinementof concept

A, any modelof B is alsoa modelof A.

Associatedtypes: a list of C++ typesassociatedto theconcept

Notations: somenotationsusedin theremainingof thedescriptionof theconcept

Valid expressions:a list of expressionsthatcanbeappliedto amodelof theconcept.For

instance,if iter is a modelof theafore-mentionedForwardIteratorconcept,such

valid expressioncouldbe iter++ or *iter .

Models: someexamplesof modelsof theconcept.

4.1 Basicconcepts

4.1.1 Forward Iterator

AssociatedTypes� ValueType

I::value_type

The type obtainedby dereferencing(applyingoperator* ) to a model of Forward

Iterator.



4.1. BASIC CONCEPTS 39

Notations

I A typethatis a modelof ForwardIterator

i,j objectsof typeI

Valid Expressions� Assignment

i=j

Returntype: a typethatis convertibleto bool

Semantics: j is assignedto i� Preincrement

++i

Returntype: I

Precondition: i is dereferenceable

Semantics: i is modifiedto point to thenext value

Postcondition: i is dereferenceableor onepasttheend� Postincrement

i++

Returntype: I

Precondition: i is dereferenceable

Semantics: i is modifiedto point to thenext value

Postcondition: i is dereferenceableor pasttheend� dereference

*i
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Returntype: G

Precondition: i is incrementable(operator++ canbeappliedto i )

Semantics: Returnstheelementi is pointingto.� comparison

i!=j

Returntype: a typeconvertibleto bool

Semantics: Returnstrueif i is differentfrom j , i.e i andj arepointing

to differentelements.

4.1.2 Container

A Containeris anobjectthatstoresotherobjects(thecontainerelements)andhasfacilities

to accessits elements.

AssociatedTypes� ValueType

A::value_type

Thetypeof theelementsof thecontainer.� Iterator type

A::iterator

An iteratorthatpointsto theContainer’selements.
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Notations

A A typethatis amodelof Container

a,b objectsof typeA

Valid Expressions� Copy constructor

X(a)

Returntype: X

Semantics: X() containsacopy of eachelementof a� Copy constructor

X b(a)

Semantics: b containsacopy of eachelementof a� Assignmentoperator

a=b

Returntype: X&

Semantics: b containsacopy of eachelementof a� Beginningof range

a.begin()

Returntype: iterator

Semantics: returnsan iteratorpointing to thefirst elementof theCon-

tainer� End of range

a.end()
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Returntype: iterator

Semantics: returnsan iteratorpointing to onepastthe last elementof

theContainer� Size

a.size()

Returntype: a typethatrepresentsapositive integer

Semantics: returnsthenumberof elementsin theContainer� Empty

a.empty()

Returntype: a typethatis convertibleto bool

Semantics: returns“true” if thesizeof theContaineris 0

4.1.3 Location

A location is an elementof a d-dimensionalEuclideanspace
Í

. It is representedby its

Cartesiancoordinates:
�¢ôU�!+�ô6SK+  ! ! +�ô�õKöUSE� .

AssociatedTypes� Coordinate type

A::coordinate_type

The typeof thecoordinates
ô § , `÷É ¨ Éùø�Lú1

. Operations+, -, * mustbe defined

on this type. Thecoordinatetypeshouldalsobeconvertible to a type thatsupports

operation/.
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Notations

A A typethatis amodelof Location

a,b Objectsof typeL

C coordinatetype: L::coordinate_type

i objectof typeunsigned int

Valid Expressions� Coordinate AccessFunction

a[i]

Returntype: C

Precondition:
`ûÉ ¨ Égø�Lü1

Semantics: returnsthe ¨�ýåþ coordinateof theLocation

� Coordinate AccessFunction

a == b

Returntype: bool

Semantics: checksif two locationsareidentical

Models� location2d

� location3d
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4.1.4 Geo-Value

A Geo-Valueis thebaseelementa geostatisticalalgorithmoperateson. It is definedby a

Locationu anda propertyvalue,which canbe eithercategorical (’sand’,’mud’,  ! ! ) or

continuous.

AssociatedTypes� Property type

A::property_type

The type of the propertyvaluehold by the Geo-Value. It could be a floating point

type(double , float ) or a “discretetype” (int , bool ,  ! ! ).� location type

A::location_type

A typethatis amodelof Location.

Notations

A A typethatis amodelof Geo-Value

a Objectof typeG

P thetypeof thepropertyassociatedto A

p Objectof typeP

L thetypeof thelocationassociatedto A

Valid Expressions� Accessproperty value
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a.property_value()

Returntype: P

Semantics: returnsa referenceto the propertyvaluehold by the Geo-

Value. Expressiona.property_value() = x must

bevalid.� Get Location

a.location()

Returntype: L

Semantics: returnsthelocationof theGeo-Value

Models� node_2d� node_3d

4.1.5 Neighborhood

Call � abinarypredicatetakingtwo geo-valuesasarguments.If u is ageo-value,aNeigh-

borhoodof u in # is thesetof geo-values
� ���.�

suchthat:� ���%��/ &sÿ � # � ������+ ÿ �8/��4i����j5
u is calledthe centerof the Neighborhood.A neighboris, of course,an elementof the

Neighborhood.The neighborhoodcanbe madeto containno morethana fixed number

of neighbors,evenif moregeo-valuesactuallysatisfycriterion � . Theretainedgeo-values

could be selectedaccordingto their variogramdistancefrom the center, or accordingto
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their “nature” (i.e. thegeo-value’s propertyis a “hard datum”or is a previously simulated

value),etc.

In geostatisticstwo typesof neighborhoodsareoften used: elliptical neighborhoods

andwindow (or template)neighborhoods.An elliptical neighborhoodis a neighborhood

for which � ����+ ÿ �·/��4i��	� if v is insidea givenellipsoidcenteredon u. A window neigh-

borhood,is definedby asetof vectors
¹}SC+  ! ! +4¹ P and:� ����+ ÿ �8/
�4i���� ��� �òÒò�¡V¢1�+4�¿[ ÿ /��¸� ¹U�

Refinementof

Container

AssociatedTypes� NeighborhoodIterator

A::iterator

A neighborhooditeratoris amodelof ForwardIterator(seepreviousdescriptionand

[Austern,1999]). It is an iterator that returnsa geo-valuewhendereferenced,and

supportsoperator= (assignment),operator++ (increment),operator* (dereference)

andoperator!= (comparison).

Notations

A A typethatis amodelof Neighborhood

a Objectof typeN

I A typetheis amodelof ForwardIterator

u An objectof a typethatmodelsLocation
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Valid Expressions� find neighbors

a.find_neighbors(u)

Returntype: void

Semantics: findstheneighborsof locationu andstoresthem� begin

a.begin()

Returntype: I

Semantics: returnsaniteratorto thefirst geo-valuein theneighborhood� end

a.end()

Returntype: I

Semantics: returnsaniteratorto onepastthelastgeo-valuein theneigh-

borhood� size

a.size()

Returntype: unsigned int

Semantics: returnsthenumberof geo-valuesin theneighborhood� Empty

a.empty()

Returntype: a typethatis convertibleto bool

Semantics: returns“true” if thesizeof theneighborhoodis 0
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Models� elliptical_neighborhood� window_neighborhood

4.1.6 Cdf

It is acumulativedistribution function(cdf):Ú ê� " ¼ L6¾ Þ � ´�� &j$ É " 5
It canbe eitherdefinedanalytically(e.g. a Gaussiancdf, or an exponentialcdf) or by a

family of couples

> "3§ + Ú ê � " � � D , ¨ /w1�+  3 ! +4� (non-parametriccdf).

AssociatedTypes� ValueType

A::value_type

Thetypeof z (seedefinitionabove).

Notations

A A typethatis amodelof Cdf

a Objectof typeX

z Objectof typeX::valuetype

P A typethatrepresentsa realnumber(e.g.float,double)

p anobjectof typeP
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Valid Expressions� Cdf Evaluation

a.prob(z)

Returntype: P

Semantics: returns
ô�/aÞ � ´�� &j$ É " 5

Postcondition:
`ûÉNô½É|1

(
ô

is a probability)� Cdf Inverse

a.inverse(p)

Precondition:
`ûÉ¡ô�É|1

(
ô

is aprobability)

Returntype: X::value_type

Semantics: returnsthevalue " suchthat
ô°/aÞ � ´�� &j$ É " 5

Definition

A Cdf is valid if� � " Ú ê � " � �¡V³`¿+!13[ .� Ú ê is amonotonous,increasingfunction.

This meansfor examplethatorderrelationproblems(resultingfrom someindicator-based

algorithms)mustbecorrectedbeforetheobjectis actuallya valid cdf.

Models� gaussian_cdf� discrete_variable_non_paramet ric_ cdf
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4.1.7 Non-Parametric Cdf

A non-parametriccdf of variableZ is acdf F definedby adiscretesetof points

> "3§ + Ú � "3§ � D ,¨ / 17+  ! ! +�� . If variableZ is categorical, the "3§ areall the possiblevaluesof Z, andthe

points

> "3§ + Ú � "3§ � D fully describethecdf of Z.

If on theotherhandZ is a continuousvariable,thepoints

> "3§ + Ú � "3§ ��D mustbeinterpo-

latedin orderto associateaprobabilityto any z-value.

AssociatedTypes� ValueType

A::value_type

Thetypeof z (seedefinitionabove).� Z-iterator

A::z_iterator

Thetypeof theiteratorto thevalues" S,+  ! ! + " � (seedefinitionabove).� Z-iterator

A::p_iterator

Thetypeof theiteratorto thevalues
ô�S,+  ! ! + " � (seedefinitionabove).

Refinementof

Cdf
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Notations

A A typethatis amodelof Cdf

a Objectof typeX

m objectof typeunsigned int

Valid Expressions� Resize

a.resize(m)

Returntype: void

Semantics: Redefinesthe size of the discretizations" S,+  ! 3 + " � andô6S,+  ! ! + " � . Spzcefor m valuesis allocated.� Accessto the beginningof the z-set

a.z_begin()

Returntype: z_iterator

Semantics: providesaniteratorto the "3§ ’s� Accessto the endof the z-set

a.z_end()

Returntype: z_iterator

Semantics: providesaniteratorto the "3§ ’s� Accessto the beginningof the p-set

a.p_begin()

Returntype: p_iterator

Semantics: providesaniteratorto the
ô § ’s
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� Accessto the endof the p-set

a.p_end()

Returntype: p_iterator

Semantics: providesaniteratorto the
ô § ’s

4.2 Function Objects

A functionobject, or functor, is anobjectthatcanbecalledusinganordinaryfunctioncall.

It canbea pointerto a functionor anobjectwith a memberfunctionoperator() . For

example,objectsine is a functionobject:

struct sine{

double operator(double x) {return sin(x);}

};

becauseif my_sine is of type sine , my_sine canbe calledby: my_sine(x) and

return �!¨ �8����� , just asif my_sine wasa function.

4.2.1 Sampler

A samplerdeterminesa value " accordingto a cdf
Ú

. Dif ferentmethodsarepossible.The

mostusedis Monte-Carlosimulation:aprobability
ô

is determinedrandomlyand " is such

that
ô½/ Ú � " � . Anothersolutionwould beto useconstantprobabilitiesinsteadof random

ones.Hence" wouldbeagivenquantileof thecdf.

AssociatedTypes

None
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Notations

A A typethatis amodelof Sampler

a anobjectof typeA

C A typethatis amodelof Cdf

c Objectof typeC

Valid Expressions� Number generation

a(c)

Returntype: C::value_type

Semantics: returnsa realizationof randomvariable $ describedby its

cdf c.

Models� random_sampler

Drawsavaluefrom acdf usingMonte-Carlosimulation.� quantile_sampler

Returnsagivenquantileof thecdf.

4.2.2 Covariance

A covarianceis a positive-definitefunctionthatcharacterizesthecorrelationbetweentwo

randomvariables. In geostatistics,the covarianceis computedbetweentwo stationary
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randomvariables$ S ���.� and $ c ���O�g¹.�
(if $ S á/ $ c thecovarianceis actuallya calleda

cross-covariance),henceis a functionof two locations:

{  ���}SC+K� c � ¼ L�¾ » > BIS,���}S��,+CB c ��� c � D
AssociatedTypes

None

Notations

A A typethatis amodelof Covariance

a anobjectof typeA

L A typethatis amodelof Location

u1,u2 two objectsof typeL

T A typethatrepresentsa realnumber(e.g.float,double)

Valid Expressions� Computecovariance

a(u1,u2)

Returntype: T

Semantics: returnsthecovariance{ � u1 ,u2
�
.

Models� spherical_covariance� exponential_covariance
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4.2.3 Kriging Constraint

A kriging systemcanbe divided into two parts: oneaccountsfor the correlationandthe

redundancy betweenthe datamodeledthroughthe covariance,while the otherexpresses

variousconstraintsas: “the kriging weightshave to sum-upto 1”. A functor thatmodels

Kriging Constraint setsup this secondpart of the system. It takes in charge of

definingthetotal sizeof thekriging systemandfilling in thekriging matrixentriesbelong-

ing to non-covarianceterms.

Notations

A a typethatis a modelof Kriging Constraint

a anobjectof typeA

M an object of type Matrix (see the descriptionof kriging

in 5.4.1for adetaileddescriptionof this type)

V an object of type Vector (see the descriptionof kriging

in 5.4.1for adetaileddescriptionof this type)

first apointerto anarrayof pointersto “neighborhoods”

Nv thenumberof pointersto neighborhoodsin thearray“first”

pointsto

u anobjectof typethatmodelsLocation

Valid Expressions� Set-upthe system

a(M,V,u,first,Nv)
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Returntype: a typeconvertibleto unsigned int

Semantics: Thetotal sizeN of thekriging systemis computedfrom the

total numberof neighboringdata.Thekriging matrix M is

thenresizedto
Ö�� Ö

, andvectorV (secondmemberof the

kriging system)is resizedto N. Finally, thepartof thesys-

tem that doesnot dependon the covariancesis computed,

possiblyusing location u and the neighboringgeo-values

of u. Thereturnedvalueis thetotalnumberof conditioning

data,i.e. thesumof thesizesof theall neighborhoods.

Models� OK_constraints

Imposestheconstraintsof ordinarykriging� KT_constraint

Imposestheconstraintsof kriging with trend

4.2.4 Covarianceset

Cokrigingof variable$ S accountingfor variables$ c +  ! 3 + $�� requiresthecovariancesbe-

tweenall thevariables:{ §�� ² ��¹%� , ¨ + Á / 1�+  ! 3 +�� . Thesecovariancesarespecifiedthrough

a CovarianceSet. Dif ferentmodelscanactuallybe usedto determinethesecovariances.

The full cokriging approach(LMC approach)is very demandingbecauseit requiresthe

completeknowledgeof all covariancefunctions{ §�� ² ��¹.� . Modelingcross-covariancesfrom

datais a difficult task,becauseall thecovariancescannot bemodeledindependentlyfrom
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oneanother. TheMarkov modelsMM1 andMM2 alleviatethedifficultiesof full cokriging

by usingonly thecollocatedsecondaryvariables:thecokrigingof locationu dependson

theneighboringvaluesof $ S3����� ¹���� andonly thecollocatedvariables$}§ ���.� , ¨ /��*+  ! 3 +��
(insteadof many neighborhoodsof variables:$}§ ���°� ¹ Ï� � ). Hencethecovariances{ §�� ² ��¹%� ,¨ + Á / �*+  ! ! +�� needonly bemodeledfor distance

¹÷/a`
. Moreover, thecovariances{ S � ² ,Á /!�*+  3 ! +�� are(approximately)proportionalto { S � S or { ²"� ² , dependingon theMarkov

approximationused(MM1 or MM2).

Notations

A a typethatis a modelof Covarianceset

a anobjectof typeA

L a typethatmodelsLocation

u1,u2 objectsof typeL

i, j objectsof typeconvertibleto unsigned int

Valid Expressions� Set-upthe system

a(i,j, u1,u2)

Returntype: a typeconvertibleto double

Semantics: returnsthecovariancevalue { §#� ² ���8S,+4� c �
Models� LMC_covariance� MM1_covariance� MM2_covariance
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4.2.5 SingleVariable Cdf Estimator

A Single VariableCdf Estimator(more preciselya conditional-cdfestimator)estimates

a conditionaldistribution function of variable $ at a locationu given someneighboring$ -values. It can estimateparametriccdf’s (usually Gaussian)or non-parametriccdf’s,

usingdifferentapproaches:kriging,searchtrees(SNESIM[Strebelle,2000])orevenneural

networks([CaersandJournel,1998]).

Notations

A a typethatis amodelof cdf estimator

a anobjectof typeA

f anobjectof a typethatmodelsCdf

u anobjectof a typethatmodelsa location

V anobjectof a typethatmodelsaneighborhood

Valid Expressions� Estimatecdf

a(u,V,f)

Returntype: int

Semantics: estimatesthe “parameters” of cdf f (mean and vari-

ance in the case of a Gaussiancdf, or the probabili-

ties
Þ � ´�� � $ É "3§ ��/ Ú � "3§ � , ¨ / 1�+  3 ! +4� , if

Ú
is non-

parametric).Thereturnedvalueis 0 if no problemwasen-

counteredduringtheexecutionof thefunction.
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Models� gaussian_cdf_Kestimator : estimatorof agaussiancdf usingkriging (K)� indicator_cdf_Kestimator : estimatorof anon-parametriccdf usingindica-

tor kriging� search_tree_estimator : estimatorof a non-parametriccdf using a search

tree(SNESIM)

4.2.6 Multiple VariablesCdf Estimator

A Multiple VariablesCdf Estimatorestimatesaconditionaldistributionfunctionof variable$ S at a locationu given someneighboringinformation. This informationcanconsistof

outcomesof severaldifferentvariables$ c +  ! ! + $ Î « . A Multiple VariablesCdf Estimator

canestimateparametriccdf’s (usuallyGaussian)or non-parametriccdf’s, usingdifferent

approaches:kriging, searchtrees(SNESIM[Strebelle,2000]).

Notations

A a typethatis amodelof cdf estimator

a anobjectof typeA

f anobjectof a typethatmodelsCdf

u anobjectof a typethatmodelsa location

V a pointer to an array of pointersto objectsof a type that

modelsNeighborhood

Nv thenumberof variables(primaryandsecondary)
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Valid Expressions� Estimatecdf

a(u,V,Nv,f)

Returntype: int

Semantics: estimatesthe “parameters” of cdf f (mean and vari-

ance in the case of a Gaussiancdf, or the probabili-

ties
Þ � ´�� � $ É "3§ ��/ Ú � "3§ � , ¨ / 1�+  3 ! +4� , if

Ú
is non-

parametric).Thereturnedvalueis 0 if no problemwasen-

counteredduringtheexecutionof thefunction.

Models� gaussian_cdf_coKestimator : estimatorof a gaussiancdf usingcokriging

(coK)

4.3 Iterators

4.3.1 Geo-Value Iterator

A geo-valueiteratoris an iteratoron a setof geo-values.This setcouldbe for examplea

simulationgrid, a region of a simulationgrid or a Neighborhood.Geo-valueiteratorscan

berandompathsthroughthesetof geo-valuesor deterministicpaths.Thesepathscanbe

constrainedto visit everygeo-valueonly once,or they canallow multiplevisits to thesame

geo-value.Someiterativesimulationmethodsstartthesimulationwith aseedimagewhich
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is iteratively modified. Eachlocation to be modified is chosenrandomly, and the same

geo-valuecanbechangedtwice in a row, while othergeo-valueswouldneverbevisited.

Refinementof

ForwardIterator

AssociatedTypes� ValueType

I::value_type

Thetypeobtainedby dereferencing(applyingoperator* ) to a modelof Geo-Value

Iterator.

Notations

I A typethatis a modelof geo-valueiterator

i,j objectsof typeI

G A typethatis a modelof Geo-Value

Valid Expressions� Assignment

i=j

Returntype: a typethatis convertibleto bool

Semantics: j is assignedto i� Preincrement

++i
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Returntype: I

Precondition: i is dereferenceable

Semantics: i is modifiedto point to thenext value

Postcondition: i is dereferenceableor onepasttheend� Postincrement

i++

Returntype: I

Precondition: i is dereferenceable

Semantics: i is modifiedto point to thenext value

Postcondition: i is dereferenceableor pasttheend� dereference

*i

Returntype: G

Precondition: i is incrementable(operator++ canbeappliedto i )

Semantics: Returnstheelementi is pointingto.� comparison

i!=j

Returntype: a typeconvertibleto bool

Semantics: Returnstrueif i is differentfrom j , i.e i andj arepointing

to differentelements.

Models� random_path� deterministic_path
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Section5

Algorithms and Classes

GsTL hasthreemainconstituents:a library of genericalgorithms,a thoroughdescription

of theconceptsusedby thesealgorithms(Chapter4), andfinally a library of modelsof the

concepts,i.e. objectsthatmeettherequirementsof theconceptsdefinedin Chapter4. This

Chapteris areferencemanualto GsTL. It detailsall thealgorithmsandmodelsof concepts

availablein GsTL.

5.1 Algorithms

Thedescriptionsof thealgorithmsfollow thesamelayoutusedby Austern(1999):� The algorithmprototypeis stated. Somealgorithmscanhave multiple prototypes.

Thefirst versionof thealgorithmusuallyassumessomedefault behavior, which can

beoverridenby usingthesecondversion.� Preconditionslistsall theconditionsto bemetbeforethealgorithmcanbeused.� Requirementon typesdetailswhatthetypesof thealgorithms’argumentsmustbe.

65
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� Finally, averysimpleexampleis given.

All the examplesillustrating eachalgorithm’s descriptionrefer to the two following

simpleimplementationsof amodelof LocationandGeo-Value:

class location2d{
public:

typedef int coordinate_typ e;
location2d(int X, int Y) {coord[0]=X; coord[1]=Y;}
int& operator[](unsi gned int i) {

assert(i<2); return coord[i];
}

private:
int coord[2];

};

class geo_value2d{
public:

typedef double property_type;
typedef location2d location_type;
geo_value2d();
geo_value2d(loc at ion 2d u, double prop) : loc(u), pval(prop) {};
const location_type& location() const {return loc;}
property_type& property_value() {return pval;}
const property_type& property_value () const {return pval;}

private:
double pval;
location2d loc;

};

5.1.1 Construct Non-Parametric Cdf

1. template<class non_param_cdf, class random_iterato r>
void
build_cdf(rando m_it er at or first, random_iterator last,

non_param_cdf& new_cdf, unsigned int nb_of_threshol ds )

2. template<class non_param_cdf, class random_iterato r>
void
build_cdf(rando m_it er at or first, random_iterator last,

non_param_cdf& new_cdf)
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This function builds the cdf
Ú

of a randomvariable $ from a setof outcomesof $ ,

containedin range[first,last) . Cdf
Ú

is a functiondefinedby a setof thresholds"3§
andtheassociatedprobabilities

Ú � "3§ � , ¨ /�17+  ! ! +�� .

In version1, function argumentnb_of_thresholds indicatesthe number
�

of

thresholdsto beusedto definethecdf. The
�

valuesretainedare
�

equally-spacedquantiles

of thedistribution.Forexample,if
��/%$

, " S is thesmallestvaluein range[first,last) ," c is thefirst quartile, "'& is themedian,")( is theupperquartile,and "'* is thehighestvaluein

range[first,last) . With this versionof thealgorithm,
Ú � " S��Ì/ØÞ � ´�� � $ Ô " S��·/�`

and
Ú � " � �8/ Þ � ´�� � $ Ô " � �8/w1

.

Version2 of the algorithm assumesthat the cdf new_cdf is alreadyinitialized: it

alreadycontainsthevalues"3§ , ¨ /21�+  ! 3 +4� , andfunctionbuild_cdf computesthecor-

respondingprobabilities
Ú � "3§ � . This versiongivesa completeflexibility in the choiceof

thethresholdsvalues"3§ .
Notethatrange[first,last) will bemodifiedby build_cdf (it will besorted).

If therangemustnotbemodified,acopy shouldbemadefirst.

Where defined

In headerfile <univariate_stats.h>

Preconditions� Therange[first,last) is a valid range.

� Thevaluesin range[first,last) areof typecdf::value_type , or arecon-

vertibleto this type.
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Requirementson types

� random_iterator is a modelof RandomAccessIterator. RandomAccessIter-

ator is a refinementof Forward Iterator. If i is a modelof RandomAccessIterator

pointing to the i-th elementof a range,i-n is an iteratorto the(i-n)-th elementof

the range,i[n] is equivalent to *(i+n) , and i<j comparesto iterators. For a

thoroughdescriptionof RandomAccessIterator, see[Austern,1999].

� non_param_cdf is amodelof Non-ParametricCdf.

Example

int main()
{

gaussian_cdf normal_cdf(0,1) ;

vector<double> gaussian_values ;

for(int i=1; i<=100; i++)
gaussian_values .p ush _bac k( normal_cdf.inve rs e( dr and48 () ) );

non_parametric_ cd f new_cdf;

build_cdf(gauss ia n_val ues. begi n() , gaussian_values .e nd( ),
new_cdf);

}

new_cdf now containsa discreterepresentationof a standardnormalcdf, andthe ele-

mentsof gaussian_values aresorted.
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5.1.2 CDF Transform

template<class target_cdf, class data_cdf, class forward_iterat or >
void
cdf_transform(f or ward _it er at or first, forward_iterat or last,

data_cdf& from, target_cdf& to)

cdf_transform transformstherangeof values[first,last) sothattheir final

cumulative distribution function is to . Cdf from is thecumulative distribution function

beforethedataaretransformed.It couldbecomputedwith build_cdf .

Where defined

In headerfile <univariate_stats.h>

Preconditions� Therange[first,last) is a valid range.� Thevaluesin range[first,last) areof typetaret_cdf::value_type , or

areconvertibleto this type.

Requirementson types� forward_iterator is amodelof ForwardIterator.� target_cdf is amodelof CDF.� data_cdf is amodelof CDF.
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Remark

Thevaluesin range[first,last) areoverwrittenby thetransformedvalues.

Example

Transform100uniformly distributedvaluesso that the transformedvaluesfollow a stan-

dardnormaldistribution:

int main()
{

vector<double> uniform_values;

for(int i=1; i<=100; i++)
uniform_values. push_ back ( rand() );

non_param_cdf from;
vector<double> tmp(uniform_val ues );
build_cdf(tmp.b egin (), tmp.end(), from);

gaussian_cdf normal_cdf(0,1) ;

cdf_transform(u ni fo rm_va lu es .b egi n( ), uniform_values .en d( ),
from, normal_cdf);

}

5.1.3 Kriging Weights

1. template<class location, class neighborhood,
class covariance, class kriging_constra in ts ,
class Vector>

double
kriging_weights (V ec to r& weights,

const location& center, const neigborhood* neighbors,
covariance& covar, kriging_constra in ts & Kconstraint);
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2. template<class matrix_lib,
class location, class neighborhood,
class covariance, class kriging_constra in ts ,
class Vector>

double
kriging_weights (V ec to r& weights,

const location& center, const neigborhood* neighbors,
covariance& covar, kriging_constra in ts & Kconstraint);

Thekriging_weights algorithmsolvesakriging system:������������ �����������
����� > � � (�R�S T (�V $ ���)(@�}LYMZ���)(@�\[UL�VXB8���%�.LNMZ���%�\[ D

is minimum

� S > & T (�5 D /a`
...��+ > & T (¿5 D /a`

where �s§ > & T (¿5 D / `
, ¨ / 1�+  3 ! +�ô arelinear constraintsexpressedby theKriging Con-

straintsKconstraint . Thesolutionto this systemis asetof weights:� T SC+  ! ! + TU� +-,%SK+  ! ! +�, + �
wheretheweights

, ² aretheLagrangeweightsusedto accountfor constraints� S,+  3 ! + ��+ .
Thekriging_weights functionreturnsthekriging varianceandstoresthekriging

weightsinto Vector weights in the following order:
� T SC+  ! 3 + TU� +-,ISC+  ! ! +�, + � . Only

theweightsT SC+  3 ! + T�� areusefulto computethekriging estimate.Theweights
,IS,+  ! ! +�, +

are usedto computethe kriging variancewhich is returnedby the function. Vector

weights doesnot needto beof thecorrectsize
�°�Nô

whenpassedto the function: the

functionautomaticallyresizesthevectorif necessary.

Version2 of the algorithmallows to changethe linear algebralibrary (which defines

matrices,matrix inversionroutines, 3 ! ) usedby kriging_weights (see5.4).
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Where defined

In headerfile <kriging.h>

Requirementson types� Vector is a containeron which an iteratoris defined. It musthave threemember

functionswhoseprototypesare:

1. iterator Vector::begin() which returnsan iterator to the first ele-

mentof theVector

2. size_type Vector::size() which returnsthesizeof theVector .

3. void Vector::resize(size_type n) which changesthesizeof the

Vector to n� location is amodelof Location.� neighborhood is a modelof Neighborhood.Thelocationtypeof thegeo-values

containedin theneighborhoodmustbe location .� covariance is a modelof Covariancethat takestwo objectsof type location

asarguments.� kriging_constraints is amodelof Kriging Constraints.� matrix_lib specifiesthelinearalgebralibrary touse.Therequirementsonmatrix_lib

arefully definedin 5.4. By default, it is theTNT library (slightly modified),apublic

domainlibrary byRoldanPozo,MathematicalandComputationalSciencesDivision,

NationalInstituteof StandardsandTechnology. Thelibrary is freely availablefrom

http://math.nist.gov/tnt/ .
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Remarks� Vector weights is resizedafter it is passedto kriging_weights , unlessit

is of thecorrectsize. Thecostof this resizecanbedecreasedby smartlymanaging

theVector ’s memory(in thesamestyleasanSTL vector ): thevectorallocates

morememorythanit needs,hencedoesnotneedto re-allocatememoryeachtime its

sizeincreases.

However, eachcall to kriging_weights implies a matrix inversion,hencethe

costof theresizewouldusuallybenegligible.

� If the samedata " ���}S4�,+  ! 3 + A ���/.�� areusedfor estimatingdifferentlocations,algo-

rithm global_neigh_kriging_weights canbemoresuitablethan

kriging_weights . The kriging matrix doesnot dependon the location to be

estimated,but only on the datalocations
�8SK+  ! ! +K�0. . Henceif theexact samedata

are usedto estimatemultiple locations,the kriging matrix remainsunchanged:it

canbe invertedoncefor all andsolving further kriging systemsreducesto a mere

matrix-vectormultiplication. global_neigh_kriging_weights implements

such“global kriging”.

Example

Estimate " ��`*+K`�� from " �1�*+-2��÷/ `  �*1 and " �43¿+!L657�÷/ `  `87 by ordinary kriging. After

the call to kriging_weight , vector weights hassize 3; its two first elementsare

theweightscorrespondingto " �9�*+:2�� and " ��3�+!L;5�� respectively, andits last elementis the

Lagrangeparameter.
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typedef std::vector<geo_ va lu e2d> neighborhood;

// gaussian covariance of range 4
inline double gauss_covarian ce (L oca ti on2d u1, Location2d u2){

double square_dist = pow(u1[0]-u2[0 ], 2) +
pow(u1[1]-u2.[ 1] , 2);

return exp(-3*square_d is t/ 16);
}

int main()
{

location2d u1(2,3);
location2d u2(4,-7);

geo_value2d Z1(u1,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors;
neighbors.push_ back (Z1 );
neighbors.push_ back (Z2 );

location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,
u, &neighbors,
gauss_covarianc e, OK_constraint);

}



5.1. ALGORITHMS 75

5.1.4 Cokriging Weights

1. template<class location, class neighborhood,
class covariance_set, class kriging_constra in ts ,
class Vector>

double
cokriging_weigh ts (V ec to r& weights,

const location& center, const neigborhood** first_neigh,
unsigned int nb_of_neighbor hoods ,
covariance_set & covar, kriging_constra int s& Kconstraint);

2. template<class matrix_lib,
class location, class neighborhood,
class covariance_set, class kriging_constra in ts ,
class Vector>

double
cokriging_weigh ts (V ec to r& weights,

const location& center, const neigborhood** first_neigh,
unsigned int nb_of_neighbor hoods ,
covariance_set & covar, kriging_constra int s& Kconstraint);

Thecokriging_weights algorithmsolvesacokrigingsystem:���������������� ���������������

���@� > � � (�R�S T (WV $ ���)(J�.LNMZ���)(��\[*� � <>=�XR�S � P ® o¢psr? R�S T �? V B8��� �? �.LNMO��� �? �\[L�V $ ���%�}LYM�[ D is minimum

� S > & T (*5@+ & T (  5@+  ! ! + & T (A@ « 5 D /�`
...��+ > & T (*5@+ & T (  5@+  ! ! + & T ( @ « 5 D / `

where ��§ > & T (*5@+ & T (  5@+  ! ! + & T (A@ « 5 D , ¨ / 1�+  3 ! +�ô are p constraintsexpressedby the

Kconstraint s. Thesolutionto this systemis asetof weights:



76 SECTION5. ALGORITHMS AND CLASSES

� T SC+  3 ! + T�� + T SS +  ! ! + T Î «� @ « +-,%SC+  3 ! +-, + � , where the weights
, ² are the Lagrangeweights

usedto accountfor theconstraints� SC+  ! ! + �B+ .
Thecokriging_weights functionreturnsthekriging varianceandstoresthekrig-

ing weightsinto Vector weights in thefollowing order:� T SC+  3 ! + T�� + T SS +  ! ! + T Î «� @ « +-,%SC+  3 ! +-, + � .
Only theweightsT SK+  ! ! + T Î «� @ « areusefulto computethekriging estimate.Theweights,%SC+  ! ! +-, + are usedto computethe kriging variancewhich is returnedby the function.

Vector weights doesnot needto be of the correctsize
�0��ô

when passedto the

function.

Version2 of the algorithmallows to changethe linear algebralibrary (which defines

matrices,matrix inversionroutines, 3 ! ) usedby cokriging_weights (see5.4).

Where defined

In headerfile <kriging.h>

Requirementson types� Vector is a containeron which an iteratoris defined. It musthave threemember

functionswhoseprototypesare:

1. iterator Vector::begin() which returnsan iterator to the first ele-

mentof theVector

2. size_type Vector::size() which returnsthesizeof theVector .

3. void Vector::resize(size_type n) which changesthesizeof the

Vector to n� location is amodelof Location.
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� neighborhood is a modelof Neighborhood.Thelocationtypeof thegeo-values

containedin the neighborhoodmust be location . Cokriging requiresmultiple

neighborhoods,nb_of_neighborhoods in total. Pointersto theseneighbor-

hoodsmustbe storedin an array first_neigh , so that first_neigh[0] is

apointerto thefirst neighborhood.� covariance_set isamodelof CovarianceSet.In expressioncovar(i,j,u1,u2) ,

requiredby CovarianceSet,u1 andu2 mustbeof type location .� kriging_constraints is amodelof Kriging Constraints.� matrix_lib specifiesthelinearalgebralibrary touse.Therequirementsonmatrix_lib

arefully definedin 5.4. By default, it is theTNT library (slightly modified),apublic

domainlibrary byRoldanPozo,MathematicalandComputationalSciencesDivision,

NationalInstituteof StandardsandTechnology. Thelibrary is freely availablefrom

http://math.nist.gov/tnt/ .

Remarks

Vector weights is resizedafter it is passedto cokriging_weights , unlessit is

of the correctsize. The cost of this resizecan be decreasedby smartly managingthe

Vector ’smemory(in thestyleof anSTLvector ). However, eachcall tocokriging_weights

impliesamatrix inversion,hencethecostof theresizewouldusuallybenegligible.

Example

Estimate" ��`¿+K`�� from " �9�*+:2���/Õ`  �J1 , " �43�+3L65��Ä/Õ`  `C7 andonesecondarydata � �E17+:2��¤/3D�  1 by ordinary(full-)cokriging. After thecall to kriging_weight , vectorweights
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hassize5; its threefirst elementsarethe weightscorrespondingto " �9�*+:2�� , " ��3�+!L;5�� and� �E1�+-2�� respectively, andits two lastelementsaretheLagrangeparameters.

typedef std::vector<geo_ va lu e2d> neighborhood;

int main()
{

location2d u1(2,3);
location2d u2(4,-7);

geo_value2d Z1(u1,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors1, neighbors2;
neighbors1.push _bac k(Z 1) ;
neighbors1.push _bac k(Z 2) ;

location2d u3(1,2);
geo_value2d S1(u3,42.1);
neighbors2.push _bac k(S 1) ;

neighborhood* neigh_array[2] ={ &neig hbor s1 , &neighbors2};

location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,
u, neigh_array, 2,
LMC_covariance, OK_constraint);

}
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5.1.5 Linear Combination

template<class iterator, class neighborhood>
double
linear_combinat io n( it era to r begin_weights, iterator end_weights,

const neigborhood* neighbors)

Computesthelinearcombinationof theweightsin range

[begin_weights, end_weights) , andthepropertyvaluesof thegeo-valuescon-

tainedin the neighborhoodthat neighbors pointsto. Denote T S,+  ! ! + TFE the weights,

and " ���}S��,+  3 ! + A ��� < � thegeo-valuespropertyvalues.linear_combination returns:� Î§ R�S T §U" ���)�¯�
Where defined

In headerfile <kriging.h>

Preconditions

P, the numberof weights,mustbe equalor greaterthanthe numberof geo-valuesin the

neighborhood.The algorithmloopson the geo-values,henceif
ÞHG Ñ

only the N first

weightsareused,theothersareignored.

Thetypeof thegeo-valuespropertymustbeconvertibleto double .

Requirementson types� iterator is a modelof Forward Iterator: it is assignable,default constructible,

supportsoperator++, operator* , andtwo iteratorscanbe comparedwith operator

!= . Thedereferencetypeof theiteratormustbeconvertibleto double .
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� neighborhood is a modelof Neighborhood.

Example

Computethe kriging estimatefrom the kriging weights. gauss_covariance is the

Gaussiancovariancedefinedin theexamplefollowing thedescriptionof

kriging_weights .

typedef std::vector<geo_ va lu e2d> neighborhood;

int main()
{

location2d u1(2,3);
location2d u2(4,-7);

geo_value2d Z1(u1,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors;
neighbors.push_ back (Z1 );
neighbors.push_ back (Z2 );

location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,
u, &neighbors,
gauss_covarianc e, OK_constraint);

double kmean = linear_combine( wei ghts .b egin( ), weig ht s.e nd() ,
&neighbors);

}

Replacingthelastline by

std::vector<dou bl e>::i te ra to r end_weights = weights.begin() +2;

double kmean = linear_combine( wei ghts .b egin( ), end_weights,
&neighbors);
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wouldhave led to thesamevalueof kmean.

5.1.6 Multi Linear Combination

template<class iterator, class neighborhood>
double
multi_linear_co mbin at ion (i te ra to r begin_weights, iterator end_weights,

const neigborhood** first_neighbors ,
unsigned int nb_of_neighborh oods)

Computesthelinearcombinationof theweightsin range

[begin_weights, end_weights) andthe propertyvaluesof the geo-valuescon-

tainedin the neighborhoodsin array first_neighbors . first_neighbors is an

arrayof pointersto neighborhoods,so that first_neighbors[0] is a pointerto the

first neighborhood.nb_of_neighborhoods is the total numberof pointersto neigh-

borhoodsin thearray. DenoteT S,+  ! ! + TIE theweights,and "K² ��� � S �,+  3 ! + A ����� � PKJ � , Á /�1�+  3 ! +KÑ�¥
propertyvaluesof thegeo-valuescontainedin the

Ñ�¥
neighborhoods.linear_combination

returns: Î «Q ² R�S �:LQ § R�S T ( o §�� ² r "K² ��� � � �
where

-G� ¨ + Á �8/ � ² öUS� R�S � � � ¨
Where defined

In headerfile <kriging.h>
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Preconditions

P, thenumberof weights,mustbeequalor greaterthanthetotal numberof geo-valuesin

all theneighborhoodscombined.Thealgorithmloopson thegeo-values,henceif
ÞMGaÑ

only theN first weightsareused,theothersareignored.

Thetypeof thegeo-valuespropertiesmustbeconvertibleto double .

Requirementson types

� iterator is a modelof Forward Iterator: it is assignable,default constructible,

supportsoperator++, operator* , andtwo iteratorscanbe comparedwith operator

!= . Thedereferencetypeof theiteratormustbeconvertibleto double .

� neighborhood is a modelof Neighborhood.

Example

Computethe kriging estimatefrom the kriging weights. gauss_covariance is the

Gaussiancovariancedefinedin theexamplefollowing thedescriptionof kriging_weights .
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int main()
{

location2d u1(2,3);
location2d u2(4,-7);

geo_value2d Z1(u1,0.21);
geo_value2d Z2(u2,0.09);

Neighborhood neighbors1, neighbors2;
neighbors1.push _bac k(Z 1) ;
neighbors1.push _bac k(Z 2) ;

location2d u3(1,2);
geo_value2d S1(u3,42.1);
neighbors2.push _bac k(S 1) ;

neighborhood* neigh_array[2] ={ &neig hbor s1 , &neighbors2};

location2d u(0,0);

std::vector<dou bl e> weights;

double kvariance = kriging_weights( weig ht s,
u, neigh_array, 2,
LMC_covariance, OK_constraint);

double kmean = multi_linear_co mbi ne(w ei ghts. begi n( ),
weights.end(),
neigh_array, 2);

}
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5.1.7 SequentialSimulation, Single-Variable Case

1. template<class gval_iterator, class neighborhood,
class cdf, class cdf_estimator, class marginal_cdf>

void
sequential_simu la ti on(g val _i te ra to r begin, gval_iterator end,

neigborhood* neighbors, cdf& ccdf,
cdf_estimator& estim, marginal_cdf& marginal)

2. template<class gval_iterator, class neighborhood,
class cdf, class cdf_estimator, class marginal_cdf,
class sampler>

void
sequential_simu la ti on(g val _i te ra to r begin, gval_iterator end,

neigborhood* neighbors, cdf& ccdf,
cdf_estimator& estim, marginal_cdf& marginal,
sampler& samp)

This functionperformsasequentialsimulationof therangeof geo-valuesdelimitedby

iteratorsbegin andend . At eachlocationu beingsimulated,the neighborhoodof u is

retrievedandstoredinto theneighborhoodthatneighbors pointsto. If no neighboris

found, a new value is simulatedfrom the marginal cumulative distribution marginal .

Otherwiseestim estimatesa conditionalcdf which is storedinto ccdf anda new value

is drawn from ccdf .

In version1, a new valueis simulatedusingMonte-Carlosimulation:a probability is

determinedrandomlyandusedto draw arealizationfrom conditionalcdf ccdf .

Version2 allows to modify thewayasimulatedvalueis drawn from theccdf .

Where defined

In headerfile <simulation.h>
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Preconditions� Therange[begin,end) is avalid range.� estim andccdf do not conflict: if estim is designedto estimateGaussiancdf’s,

ccdf shouldbea Gaussiancdf.

Requirementson types� gval_iterator is amodelof Geo-ValueIterator.� neighborhood is a modelof Neighborhood.� cdf is a modelof Cdf.� marginal_cdf is a modelof Cdf. It canbedifferentfrom cdf .� cdf_estimator is amodelof Cdf Estimator.� sampler (in version2) is amodelof Sampler.

Example

A call to

// ...

location2d u(0,0);
geo_value2d Z(u,-99);

sequential_simu la te (& Z, &Z+1,
neighbors_ptr, gauss_cdf,
gauss_cdf_estim );

//...

wouldsimulatethesinglegeo-valueZ.
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5.1.8 SequentialSimulation, Multiple-V ariable Case

1. template<class gval_iterator, class neighborhood,
class cdf, class cdf_estimator, class marginal_cdf>

void
sequential_cosi mula ti on(gv al _i te ra tor begin, gval_iterator end,

neigborhood* first_neigh,
unsigned int nb_of_neighborh oods ,
cdf& ccdf, cdf_estimator& estim,
marginal_cdf& marginal)

2. template<class gval_iterator, class neighborhood,
class cdf, class cdf_estimator, class marginal_cdf,
class sampler>

void
sequential_cosi mula ti on(gv al _i te ra tor begin, gval_iterator end,

neigborhood** first_neigh,
unsigned int nb_of_neighborh oods ,
cdf& ccdf, cdf_estimator& estim,
marginal_cdf& marginal, sampler& samp)

This functionperformsasequentialsimulationof therangeof geo-valuesdelimitedby

iteratorsbegin andend , accountingfor multiplevariables.At eachlocationu beingsim-

ulated,theconditionalcdf is estimatedbasedon theprimaryinformationstoredin thefirst

neighborhood*first_neigh[0] , andthesecondaryinformationcontainedin theother

nb_of_neighborhoods-1 neighborhoods(first_neigh is anarrayof pointersto

neighborhood s). If at a given locationno neighboringdatais found, a new value is

drawn from themarginal cumulativedistribution: marginal .

In version1, a new valueis simulatedusingMonte-Carlosimulation:a probability is

determinedrandomlyandusedto draw arealizationfrom conditionalcdf ccdf .

Version2 allows to modify thewayasimulatedvalueis drawn from theccdf .
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Where defined

In headerfile <simulation.h>

Preconditions� Therange[begin,end) is avalid range.

� first_neigh[n] is a pointerto the (n+1)-thneighborhoodto beaccountedfor.

(n
Ô

nb_of_neighborhoods ).

� estim andccdf do not conflict: if estim is designedto estimateGaussiancdf’s,

ccdf shouldbea Gaussiancdf.

Requirementson types� gval_iterator is amodelof Geo-ValueIterator.

� neighborhood is a modelof Neighborhood.

� cdf is a modelof Cdf.

� marginal_cdf is a modelof Cdf. It canbedifferentfrom cdf .

� cdf_estimator is amodelof Cdf Estimator.

� sampler (in version2) is amodelof Sampler.
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5.1.9 P-Field Simulation

1. template<class gval_iterator, class forward_iterat or ,
class neighborhood, class cdf, class cdf_estimator>

void
pfield_simulati on(g va l_ ite ra to r begin, gval_iterator end,

neigborhood* neighbors,
cdf& ccdf, cdf_estimator& estim,
forward_iterat or pf_begin, forward_iterator pf_end)

2. template<class gval_iterator, class forward_iterat or ,
class neighborhood, class cdf, class cdf_estimator>

void
pfield_simulati on(g va l_ ite ra to r begin, gval_iterator end,

neigborhood** first_neighbors,
unsigned int nb_of_neighbor hoods ,
cdf& ccdf, cdf_estimator& estim,
forward_iterat or pf_begin, forward_iterator pf_end)

This function performsa p-field simulationon geo-valuesin range[begin,end) .

For eachgeo-value,a cdf conditionalto only theoriginal data(contraryto sequentialsim-

ulation wherethe cdf at eachgeo-value is conditionalto both the original dataand the

previously simulatedvalues)is estimatedby Cdf Estimatorestim . All thecdf’s arethen

sampledusingthecorrelatedprobabilitiesstoredin range[pf_begin, pf_end) (“pf ”

standsfor p-field). The cdf correspondingto the geo-value that begin+i points to, is

sampledusingtheprobabilitythatpf_begin+i pointsto. Hencetheorderin which the

geo-valuesandthep-fieldvaluesarestoredis important.

Version2 of thealgorithmallows to usemultiplepropertiesto estimateeachcdf.

Where defined

In headerfile <simulation.h>
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Preconditions� Ranges[begin,end) and [pf_begin, pf_end) are of the samesize (i.e.

thereareasmany geo-valuesasp-fieldvalues).� Thevaluesof thep-field (in range[pf_begin, pf_end) ) areprobabilities,i.e.

realnumbersbetween0 and1.� estim andccdf do not conflict: if estim is designedto estimateGaussiancdf’s,

ccdf shouldbea Gaussiancdf.� In version2 of thefunction, first_neigh[n] is a pointerto the(n+1)-thneigh-

borhoodto beaccountedfor. (n
Ô

nb_of_neighborhoods ).

Requirementson types� gval_iterator is a modelof ForwardIterator, which iterateson Geo-Values.It

is nota modelof GeoValueIterator.� forward_iterator is a modelof Forward Iterator, iteratingon floating points

values.� neighborhood is a modelof Neighborhood.The find methodof theneighbor-

hoodmustconsideronly original dataaspotentialneighbors,andignoreany other

geo-value:in p-fieldsimulation,eachcdf is only conditionalto theoriginal data.� cdf is a modelof CDF.� cdf_estimator is amodelof CDF Estimator.
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Remarks

The cdf correspondingto the geo-value that begin+i points to, is sampledusing the

probabilitythatpf_begin+i pointsto. Thismeansthatthetwo sequencesof geo-values

andp-field valuesare tightly linked. Elementi of the geo-valuerangeandelementi of

the p-field form a pair. Swappingelementsof eitherrangewould completelychangethe

correlationof the simulatedfield. In particular, gval_iterator cannot be a random

path.

5.2 Basicclasses

Thedescriptionsof themodelsfollow thesamelayoutusedby Austern(1999):� Theobjectprototypeis stated.� TemplateParameters lists whatarethetemplateparametersandwhatkind of con-

ceptthey model(thesecouldbenon-GsTL concepts).� Model of indicateswhatconceptis modeledby theobject.� Requirement on types describespossibleadditionalrequirementson the template

argumenttypes.� Members is a list of all thememberfunctionof theobject.

5.2.1 GaussianCdf

gaussian_cdf
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gaussian_cdf definesa Gaussiancumulative distribution functionof a continuous

variableZ. The functionandits inversearecomputedusingnumericalapproximationsas

proposedby W.J.KennedyandGentle(1980)andAbramowitz andStegun(1965).In both

casestheapproximationerroris lesserthan
`  `�`�`¿1 .

Where Defined

In headerfile <cdf.h>

Model of

Cdf

Members� gaussian_cdf::value_type

Thetypeof thevariableZ. It is setto bedouble .� gaussian_cdf::gaussian_cdf()

CreatesastandardGaussiancdf (mean0 andvariance1).� gaussian_cdf::gaussian_cdf(double m, double var)

CreatesaGaussiancdf of meanmandvariancevar .� double& gaussian_cdf::mean()

Returnsthemeanof thecdf.� const double& gaussian_cdf::mean() const

Returnsthemeanof thecdf.
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� double& gaussian_cdf::variance()

Returnsthevarianceof thecdf.� const double& gaussian_cdf::variance() const

Returnsthevarianceof thecdf.� double gaussian_cdf::prob(value_type z)

Returnstheprobability
Þ � ´�� � $ É " � .� value_type gaussian_cdf::inverse(double p)

Returnsthevalue " suchthat
ô°/aÞ � ´�� � $ É " � .

5.2.2 Non-Parametric Cdf, continuousvariable

non_param_cdf<lower_tail_inte rpol, midd le_in terp ol,up per_ tail, T>

A non-parametriccdf of variable $ is a cdf
Ú

definedby a discreteset of points> "3§ + Ú � "3§ � D , ¨ / 1�+  ! ! +4� , " S�É  ! ! É " � . As $ is a continuousvariable,the points> "3§ + Ú � "3§ � D mustbe interpolatedin orderto associatea probability to any " -valuediffer-

ent from the "3§ ’s. Call " an outcomeof $ different from "3§ (for all ¨ ). If " Ô " S or" G " � , a function of type lower_tail_interpol or upper_tail_interpol

is usedto interpolatethe cdf and compute
Ú � " � . If " S_É " É " � a function of type

middle_interpol is used. Similarly, when computingthe inverseof the cdf for a

probability
ô
, if

ôÕÔ ô6S
or
ôMGìô � , a function of type lower_tail_interpol or
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upper_tail_interpol is usedto interpolatethe cdf andcompute
Ú öUS �¢ô��

. If
ô6S°Éô½ÉYô � a functionof typemiddle_interpol is used.

Where Defined

In headerfile <cdf.h>

TemplateParameters

lower_tail_interpol thetypeof thefunctionusedto interpolatethelower tail of

thedistribution

upper_tail_interpol thetypeof thefunctionusedto interpolatetheuppertail of

thedistribution

middle_interpol the type of the function usedto interpolatebetweentwo

known values"K² and "K²�N S
T thecdf’s typevalue.It is double by default.

Model of

Non-ParametricCdf

TypeRequirements� lower_tail_interpol andupper_tail_interpol : anobjectthatmodels

theseconceptsmusthave two memberfunctions:

1. double p(value_type z1, double p1, value_type z)

returnstheinterpolatedvalueof p giventhepoint (z1,p1)andnew valuez.

2. value_type z(value_type z1, double p1, double p)

returnstheinterpolatedvalueof z giventhepoint (z1,p1)andnew valuep.
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� middle_interpol : anobjectthatmodelstheseconceptsmusthavetwo member

functions:

1. double p(value_type z1, double p1,

value_type z2, double p2, value_type z)

returnstheinterpolatedvalueof p giventhepoint (z1,p1)andnew valuez.

2. double z(value_type z1, double p1,

value_type z2, double p2, double p)

returnstheinterpolatedvalueof z giventhepoint (z1,p1)andnew valuep.

Members� non_param_cdf::value_type

Thetypeof variableZ. It is setto bedouble by default.� non_param_cdf::z_iterator

An iteratorto thesequenceof values" S É  3 ! É " � . It is amodelof ForwardIterator.� non_param_cdf::p_iterator

An iteratorto thesequenceof values
ô6S É  3 ! ÉYô � . It is amodelof ForwardIterator.� non_param_cdf:: non_para m_cdf ()

Default constructor.� non_param_cdf:: non_para m_cdf (z _i te rat or z_begin, z_iterator z_end)

Createsanon-parametriccdf. Thez-values" SC+  ! 3 + " � arereadfromrange[z_begin,z_end) .

Thecorrespondingprobabilitiesarenot initialized. Therange[z_begin,z_end)

mustbesorted,in increasingorder.
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� non_param_cdf:: non_para m_cdf (z _i te rat or z_begin, z_iterator z_end,

p_iterator p_begin)

Createsanon-parametriccdf.

The z-values " S,+  ! ! + " � arereadfrom range[z_begin,z_end) , andthe corre-

spondingprobabilitiesarereadstartingfromp_begin . Therange[z_begin,z_end)

mustbesorted,in increasingorder.� void non_param_cdf: :r es ize (u ns ig ned int m)

Allocatesspacefor adiscretizationof sizem.� void non_param_cdf: :z _s et( z_ it er at or z_begin, z_iterator z_end)

Redefinesthediscretization" S,+  3 ! + " � to thevaluesin range[z_begin,z_end) .

Therange[z_begin,z_end) mustbesorted,in increasingorder.

Thenew discretizationcancontainmorevaluesthanthepreviousone.Theprobabil-

ity valuescorrespondingto theformerdiscretizationareinvalidated.� z_iterator non_param_cdf:: z_ begi n( )

Returnsamodelof ForwardIteratorto thefirstelementof thediscretization" SC+  ! 3 + " � .� z_iterator non_param_cdf:: z_ end( )

Returnsamodelof ForwardIteratorto theendof thediscretization" S,+  ! ! + " � .� p_iterator non_param_cdf:: p_begi n( )

Returnsa modelof Forward Iterator to the first elementof the setof probabilitiesô6SK+  ! ! +�ô � .
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� p_iterator non_param_cdf:: p_end( )

Returnsamodelof ForwardIteratorto theendof thesetof probabilities
ô6SC+  ! 3 +�ô � .� double non_param_cdf::prob(value_type z)

Returnstheprobability
Þ � ´�� � $ É " � .� value_type non_param_cdf::inverse(double p)

Returnsthevaluez suchthat
ôï/ Þ � ´�� � $ É " � .

5.2.3 Non-Parametric Cdf, categoricalvariable

categ_non_param_cdf<T>

categ_non_param_cdf<T> is anon-parametriccdf of acategorical(discrete)vari-

ableZ. It is definedby n categorylabels" S,+  ! 3 + " � andthecorrespondingprobabilities.We

definethecumulativeprobabilityof beingin class"K² by:Þ � ´�� � $ É "K² ��/ ² öUSQ § R�S Þ � ´�� � $ / "3§ �
Where Defined

In headerfile <cdf.h>

TemplateParameters

T thecdf’s typevalue.It canbeany “discrete”type(e.g. int

or bool ). It is unsigned int by default.
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Model of

Non-ParametricCdf

Members

Theleadingcateg_non_param_cdf:: is omitedin thefollowing list of memberfonc-

tions.� categ_non_param_cdf::value_type

Thetypeof variableZ. It is setto beunsigned int by default.� non_param_cdf::z_iterator

An iteratorto thesequenceof values" S É  3 ! É " � . It is amodelof ForwardIterator.� non_param_cdf::p_iterator

An iteratorto thesequenceof values
ô6S É  3 ! ÉYô � . It is amodelof ForwardIterator.� categ_non_param _c df ()

Default constructor.� categ_non_param _c df (z _i ter at or z_begin, z_iterator z_end)

Createsanon-parametriccdf.

z_iterator is amodelof ForwardIterator. Thez-values" SC+  ! ! + " � arereadfrom

range[z_begin,z_end) . Thecorrespondingprobabilitiesarenot initialized.� categ_non_param _c df (z _i ter at or z_begin, z_iterator z_end,

p_iterator p_begin)
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Createsanon-parametriccdf.

z_iterator and p_iterator are modelsof Forward Iterator. The z-values" S,+  3 ! + " � arereadfrom range[z_begin,z_end) , andthecorrespondingprob-

abilities are readstartingfrom p_begin . Sincethe probabilitiesare cumulative

probabilities,the (cumulative) probability associatedto the last classis necessarily

equalto 1.� void non_param_cdf: :r es ize (u ns ig ned int m)

Allocatesspacefor adiscretizationof sizem.� void z_set(z_iterat or z_begin, z_iterator z_end)

Redefinesthelabels " SC+  ! 3 + " � to thelabelsin range[z_begin,z_end) .

z_iterator is amodelof ForwardIterator. Thenew setof labelscancontainmore

valuesthan the previous one. The probability valuescorrespondingto the former

labelsareinvalidated.� z_iterator categ_non_param _c df :: z_ beg in ()

Returnsamodelof ForwardIteratorto thefirst elementof set " SC+  ! 3 + " � .� z_iterator categ_non_param _c df :: z_ end ()

Returnsamodelof ForwardIteratorto theendof set " S,+  3 ! + " � .� p_iterator non_param_cdf:: p_begi n( )

Returnsa modelof Forward Iterator to the first elementof the setof probabilitiesô6SK+  ! ! +�ô � .
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� p_iterator non_param_cdf:: p_end( )

Returnsamodelof ForwardIteratorto theendof thesetof probabilities
ô6SC+  ! 3 +�ô � .� double categ_non_param_cdf::prob(value_type z)

Returnstheprobability
Þ � ´�� � $ É " � .� value_type categ_non_param_cdf::inverse(double p)

Returnsthevaluez suchthat
ôï/ Þ � ´�� � $ É " � .

5.3 Function Object Classes

5.3.1 RandomSampler

random_sampler<random_number_ gener ator >

random_sampler randomlydrawsavalue " from acdf
Ú

: a randomprobabilty
ô

is

generated,and " / Ú öUS �åô��
. By default,probability

ô
is generatedby drand48 , a random

numbergeneratorof stdlib.h thatusesthelinearcongruentialalgorithmand48-bit integer

arithmetic.

Where Defined

In headerfile <sampler.h>

Model of

Sampler
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TypeRequirements

random_number_generator is a functionobjectthat takesno argumentandreturns

a double between0 and1. Its constructormusttake a long int asargumentto seed

thepseudo-randomnumbersequence.

Members� random_sampler: :r andom_sampl er ()

Default constructor.� random_sampler: :r andom_sampl er (l ong int seed)

Constructor. Initializestherandomnumbergeneratorwith seed .� template<class cdf>

typename cdf::value_typ e

operator()(cdf f)

Functioncall operator. Typecdf is amodelof Cdf. Drawsavaluefrom f .

5.3.2 SimpleKriging Constraints

SK_constraints

In simplekriging, the error varianceis minimizedwithout any additionalconstraint.

Thekriging systemis then:< ����� > � � (�R�S T (�V $ ���I(J�.LYMZ���)(@��[UL�V B8���.�.LNMZ���%�\[ D
is minimum
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or, if secondaryvariablesareaccountedfor:��� �� ���@� > � � (�R�S T (WV $ ���)(J�.LNMZ���)(��\[*� � <>=�XR�S � P ® o¢psr? R�S T �? V B8��� �? �.LNMO��� �? �\[L�V $ ���%�}LYM�[ D is minimum

SK_constraints computesthekriging systemsize,resizesthekriging matrix and

thesecondmember, andreturnsthesystemsize.

Where Defined

In headerfile <kriging.h>

Model of

Kriging Constraints

TypeRequirements

See5.4for a thoroughdescriptionof therequirementson thematrix library.

Members� SK_constraints: :S K_co ns tra in ts ()

Default constructor.� template<class neighborhood, class location, class Matrix, class Vector>

unsigned int

SK_constraints: :o pera to r() (Mat ri x& A, Vector& b,

const location& u

Neighborhood** first_neigh,

unsigned int nb_of_neighbor hoods )
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Functioncall operator. neighborhood is amodelof Neighborhood,andlocation

is a modelof Location. A is the kriging matrix andb the secondmemberof the

kriging system. u is the location being estimated. The function returnsthe total

numberof neighbors,i.e. the sum of the numberof neighborsin eachneighbor-

hoods.The requirementson conceptsMatrix andVectorarefully describedin 5.4.

first_neigh is anarrayof pointersto neighborhood s.

5.3.3 Ordinary Kriging Constraints

OK_constraints

In ordinarykriging, theerrorvarianceis minimizedwith theconstraintthatthekriging

weightssum-upto 1. Thekriging systemis then:������ �����
����� > � � (�R�S T (�V $ ���)(@�}LYMZ���)(@�\[UL�VXB8���%�.LNMZ���%�\[ D

is minimum� � (�R�S T (�/�1
or, if secondaryvariablesareaccountedfor:

������������ �����������
���@� > � � (�R�S T (WV $ ���)(J�.LNMZ���)(��\[*� � < =�XR�S � P ® o¢psr? R�S T �? V B8��� �? �.LNMO��� �? �\[L�V $ ���%�}LYM�[ D is minimum� � (�R�S T ( /w1� �3¬ oqpsr? R�S T §? /a` ¨ /21�+  ! ! +KÑ�¥

OK_constraints computesthekriging systemsize,resizesthekriging matrix and
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thesecondmember, computesthetermsof thesystemthatareassociatedwith theconstraint

on thekriging weightsandfinally returnsthesystemsize.

Where Defined

In headerfile <kriging.h>

Model of

Kriging Constraints

TypeRequirements

See5.4for a thoroughdescriptionof therequirementson thematrix library.

Members� OK_constraints: :O K_co ns tra in ts ()

Default constructor.� template<class neighborhood, class location, class Matrix, class Vector>

unsigned int

OK_constraints: :o pera to r() (Mat ri x& A, Vector& b,

const location& u,

Neighborhood** first_neigh,

unsigned int nb_of_neighbor hoods )

Functioncall operator. neighborhood is amodelof Neighborhood,andlocation

is a modelof Location. A is the kriging matrix andb the secondmemberof the
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kriging system. u is the location being estimated. The function returnsthe total

numberof neighbors,i.e. the sum of the numberof neighborsin eachneighbor-

hoods.The requirementson conceptsMatrix andVectorarefully describedin 5.4.

first_neigh is anarrayof pointersto neighborhood s.

5.3.4 Kriging with TrendConstraints

KT_constraints<forward_iterat or>

KT_constraints addsconstraintsto accountfor thevariationsof themeanof the

kriggedvariableZ. Themeanis assumedto beof theform:] ���.��/ �Q � R�� h � ���.��� � ���.�
where

���
areunknown but locally constantand � � areknown functionsof u.

Thekriging systemat locationu is thengivenby:������������ �����������
����� > � � (�R�S T (�V $ ���)(@�}LYMZ���)(@�\[UL�VXB8���%�.LNMZ���%�\[ D

is minimum� � (�R�S T (�/�1
� �(�R�S T (U���%�\� � ���)(@��/g� � ���%� ��  �¡V¢1�+K£¤[

Kriging with trendis rarelyusedwith secondaryvariables.HenceKT_constraints

assumesno secondaryvariableis to beaccountedfor. KT_constraints computesthe

kriging systemsize,resizesthekriging matrixandthesecondmember, computestheterms

of the systemthat areassociatedwith the constraintson the kriging weightsandfinally

returnsthesystemsize.
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Where Defined

In headerfile <kriging.h>

TemplateParameters

forward_iterator is amodelof ForwardIterator.

Model of

Kriging Constraints

TypeRequirements

See5.4for a thoroughdescriptionof therequirementson thematrix library.

Members� KT_constraints: :K T_co ns tra in ts (f or war d_it er at or begin, forward_iterato r end)

Constructsa KT_constraint . Therange[begin,end) containsthefunctions�s§ , ¨ /�1�+  ! ! +:O thatdefinethemeanof Z. Thesefunctionsmustbeunaryfunctions

andassociateto a locationa valueof typeconvertibleto double . Theprototypeof

eachfunction �s§ mustbe:

double f(location u)

wherelocation is amodelof Location.
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� template<class neighborhood, class location, class Matrix, class Vector>

unsigned int

KT_constraints: :o pera to r() (Mat ri x& A, Vector& b,

const location& u,

Neighborhood** first_neigh,

unsigned int nb_of_neighbor hoods =1)

Functioncall operator. neighborhood is amodelof Neighborhood,andlocation

is amodelof Location.A is thekriging matrixandb thesecondmemberof thekrig-

ing system.u is the locationbeingkriged. Thefunctionreturnsthetotal numberof

neighbors,i.e. thesumof thenumberof neighborsin eachneighborhoods.There-

quirementsonconceptsMatrix andVectorarefully describedin 5.4. first_neigh

is anarrayof pointersto neighborhood s.

5.3.5 LMC Covariance

LMC_covariance<covariance_mat rix>

Cokrigingof variable$ S , accountingfor secondaryvariables$ c +  ! ! + $ Î « , requiresthe

covariances
���}S,+K� c � ¼ L6¾ » � � �����}S,+K� c � .

LMC cokrigingrequirestheknowledgeof thecovariancesbetweenany two locations�}S
,
� c .

Where Defined

In headerfile <kriging.h>
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TemplateParameters

covariance_matrix is an object that has member function

covariance_matrix[int i][int j] , which

returnselement(i,j) of the matrix. The elementsof the

matrixmustbemodelsof Covariance

Model of

CovarianceSet

TypeRequirements

Theelementsof thematrixmustbemodelsof Covariance

Members� LMC_covariance: :L MC_c ov ari ance (c onst covariance_matr ix & A,

unsigned int size)

ConstructsaLMC_covariance . Matrix Acontainspointersto thecovariancefunc-

tions
���}S,+K� c � ¼ L6¾ » � � �����}SC+K� c � . size is thesizeof thecovariancematrix. It is equal

to thenumberof variables
Ñ�¥

.� double LMC_covariance :: ope ra to r( )( uns ig ned int i, unsigned int j,

const location& u1, const location& u2)

Functioncall operator. Returnsthecovariance{ §#� ² ���8S,+4� c � .
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5.3.6 MM1 Covariance

MM1_covariance<covariance, matrix>

Full cokrigingof $ S accountingfor secondaryvariables$ c +  ! ! + $ Î « requirestheinfer-

enceof all covariancefunctions
���8SC+4� c � ¼ L6¾ » � � �����8S,+4� c � betweenvariablesi andj. This

verydifficult taskcanbeeasedby consideringonly thecolocatedsecondaryvariables.The

underlyinghypothesesis thatthecolocatedvaluescreensout theinfluenceof furtheraway

data.In thissituation,only thecovariances{ S � ² needbeinferred.TheMM1 approximation

alleviatethemodelingeffort furtherwith thefollowing approximation:

{ S � ² ���}S,+K� c ��/ » S � ����`��» S � S3��`�� » S � S3���8S,+4� c �
where { §#� ² ��`���/ { §�� ² ���8S,+K�}S���/ » � � ����� c +4� c �

This approximationis acceptableif thesupportof thesecondaryvariablesis not larger

thanthe supportof the primary variable $ S . For example,if $ S is rock porosityand $ c
rock permeability, MM1 approximationis acceptable.It would not be if $ c wereseismic

amplitude,becauseseismicamplitudeis generallydefinedon a much larger scalethan

porosity.

Where Defined

In headerfile <kriging.h>
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TemplateParameters

covariance is amodelof Covariance

matrix is antypesuchthat if A is of typematrix , A[i][j] is a

valid expression(i and j aretwo integers),which returns

element(i,j) of A.

Model of

CovarianceSet

TypeRequirements

Theelementsof thematrixareof typeconvertibleto double .

Members� MM1_covariance: :MM1_c ov ari ance (c onst covariance& cov,

const matrix& A, unsigned int size)

Constructsa MM1_covariance . Covariancefunction cov is { S � S , andmatrix A

containsthe covariancevalues { §�� ² ��`�� . Notice thatmatrix A containsnumbers,not

pointersto functionsasin LMC. size is thesizeof thecovariancematrix. It is equal

to thenumberof variables
Ñ�¥

.� double MM1_covariance :: ope ra to r( )( uns ig ned int i, unsigned int j,

const location& u1, const location& u2)

Functioncall operator. Returnsthecovariance{ §�� ² ���8S,+K� c � usingtheMM1 approxi-

mation.
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5.3.7 MM2 Covariance

MM2_covariance<covariance_vec tor, matrix>

TheMM1 approximationis not valid if thesupportof thesecondaryvariablesis larger

thanthesupportof theprimaryvariable.In this case,thecovariances{ S � ² canbeapproxi-

matedasfollows (MM2 hypothesis):{ S � ² ���8SC+4� c �8/ » S � ����`��» S � S3��`�� » � � �����}SC+K� c �
This approximationis lessconvenientthanthe MM1 approximation,becauseit requires

theinferenceof all covariances{ ²"� ² .
Where Defined

In headerfile <kriging.h>

TemplateParameters

covariance_vector is an object that has member function

covariance_vector[int i] , that returns ele-

ment i of the vector. The elementsof the vectormustbe

pointersto modelsof Covariance

matrix is an object that has member function

matrix[int i][int j] , that returns element

(i,j) of thematrix.

Model of

CovarianceSet
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TypeRequirements� Theelementsof thematrixareof typeconvertibleto double .� covariance_vector containspointersto modelsof Covariance.

Members� MM2_covariance: :MM2_c ov ari ance (c ov ari ance _v ec tor & cov_vect,

const matrix& A, unsigned int size)

Constructsa MM2_covariance . cov_vect containspointersto the covariance

functions { §�� § , ¨ /�1�+  3 ! +KÑ�¥ .
Matrix A containsthecovariancevalues{ §�� ² ��`�� . Noticethatmatrix A containsnum-

bers,notpointersto functionsasin LMC.

size is thesizeof thecovariancematrix. It is equalto thenumberof variables
Ñ�¥

.� double MM2_covariance :: ope ra to r( )( uns ig ned int i, unsigned int j,

const location& u1, const location& u2)

Functioncall operator. Returnsthecovariance{ §�� ² ���8S,+K� c � usingtheMM1 approxi-

mation.

5.3.8 Kriging-Based, GaussianCdf Estimator

gaussian_cdf_Kestimator<covar iance ,kri ging_ cons train ts,m atrix _lib >
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This cdf estimatorassumesthe cdf of variableZ is Gaussian,anddoesnot account

for any secondaryvariable. Themeanandvarianceof theGaussiancdf areestimatedby

kriging.

Where Defined

In headerfile <cdf_estimators.h>

TemplateParameters

covariance is amodelof Covariance

kriging_constraints is model of Kriging Constraints. It is set by default to

OK_constraints<tnt_lib>

matrix_lib definesthelibrary of linearalgebrato beused.Thedefault

valueis tnt_lib , theTNT library.

Model of

SingleVariableCdf Estimator

Members

The leadinggaussian_cdf_Kestimator:: is omitted in the list of memberfunc-

tions.� gaussian_cdf_Ke st im at or (co ns t covariance& cov,

const kriging_constra int s& Kconstraints)

Constructsa gaussian_cdf_Kestimator . It requiresthecovariancefunction:{�´'µ > $ ���%�,+CB8���0�|¹%� D
, anda setof kriging constraints(e.g. simplekriging con-

straints).
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� template<class location, class neighborhood, class gaussian_cdf>

void operator()(con st location& u, const neighborhood& neighbors,

gaussian_cdf& ccdf)

Functioncall operator. It estimatesthegaussiancdf parametersandmodifiesccdf

accordingly. location is a modelof Location,andneighborhood is a model

of Neighborhood.

u is thelocationat which theGaussianconditionalcdf is estimated.

neighbors is theneighborhoodof locationu.

5.3.9 Cokriging-Based,GaussianCdf Estimator

gaussian_cdf_coKestimator<cov arian ce_s et,kr igin g_con stra ints, matr ix_li b>

This cdf estimatorassumesthe cdf of variableZ is Gaussian,and doesaccountfor

secondaryvariables.Themeanandvarianceof theGaussiancdfareestimatedbycokriging.

Where Defined

In headerfile <cdf_estimators.h>
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TemplateParameters

covariance_set is amodelof CovarianceSet

kriging_constraints is model of Kriging Constraints. It is set by default to

OK_constraints<tnt_lib>

matrix_lib definesthelibrary of linearalgebrato beused.Thedefault

valueis tnt_lib , theTNT library.

Model of

Multiple VariableCdf Estimator

Members

Theleadinggaussian_cdf_coKestimator:: is omittedin thelist of memberfunc-

tions.� gaussian_cdf_co Kest im at or( co ns t covariance_set& cov_set,

const kriging_constrai nt s& Kconstraints)

Constructsa gaussian_cdf_coKestimator . Covariancesetcov_set gives

thecovariances{ §�� ² ������+K�U��� betweenvariables$ ���)�å� and $ ���W��� .� template<class location, class neighborhood, class gaussian_cdf>

void operator()(con st location& u, neighborhood** neighbors,

unsigned int nb_of_neighbor hoods ,

gaussian_cdf& ccdf)

Functioncall operator. It estimatesthegaussiancdf parametersandmodifiesccdf

accordingly. location is a modelof Location,andneighborhood is a model

of Neighborhood.
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u is thelocationat which theGaussianconditionalcdf is estimated.

neighbors isanarrayof pointerstoneighborhoodsof locationu (*(neighbors+i)

pointsto the ¨�ýåþ neighborhoodof u, informingvariable$8§ ).
Therearenb_of_neighborhoods neighborhoodsin thearray.

5.3.10 Indicator Cdf Estimator

indicator_cdf_estimator<covar _iter ator ,cons trai nts_i tera tor,m atri x_lib >

Indicatorkriging estimatesa non-parametriccdf

> "3§ + Ú � "3§ � D , ¨ /Ó1�+  ! 3 +4� of variable

Z by kriging n indicatorvariablesÝ ����+ A ��� :
¨ ����+ A ����/ �� � 1 if " ���%� É A �`

otherwise

Thekriging estimateof Ý ����+ A ��� is indeedtheleast-squaresestimateofÞ � ´�� � $ ���.�GÉ A ��� (seesection3.2).

Eachindicatorvariablecanbeestimatedusingadifferentkriging method,e.g.with dif-

ferentkriging constraints.Thiscdf estimatoronly allowsto changethekriging constraints,

andnoneof thekriging systemscanaccountfor multiplevariables(no cokriging).

It mustbestressedthatanIndicatorCdf Estimatorexpectsn indicatorvariablesÝ ����+ A �å� ,
not thesinglevariable $ ���.� itself.

Where Defined

In headerfile <cdf_estimators.h>
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TemplateParameters

covar_iterator is amodelof ForwardIterator

constraints_iterator is modelof ForwardIterator

matrix_lib definesthelibrary of linearalgebrato beused.Thedefault

valueis tnt_lib , theTNT library.

Model of

Multiple VariableCdf Estimator

TypeRequirements� covar_iterator iteratesonasetof pointersto covariancefunctions,i.e. pointers

to objectsthataremodelsCovariance.� constraints_iterator iterateson a setof pointersto kriging constraints,i.e.

pointersto objectsthataremodelsof Kriging Constraints.

Members

The leading indicator_cdf_estimator:: is omitted in the list of memberfunc-

tions.� indicator_cdf_e st im at or (co va r_ it er ato r cov_begin,

covar_iterator cov_end,

constraints_ite ra to r begin,

constraints_ite ra to r end)

Constructsan indicator_cdf_estimator . Rangesof iterators

[cov begin,cov end) and[begin,end) neednotbeof thesamesize,nordo
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they needto beof sizen, thenumberof discretizationsof thenon-parametriccdf. If

they areof sizelesserthann, thelastelementof therangeis usedfor kriging there-

mainingindicators.For example,if
� /P$

andboth [cov begin,cov end) and

[begin,end) containonly two elements,thefirst indicatorvariable Ý ����+ A S�� will

be kriged usingcovariance*cov_begin andkriging constraints*begin , while

all four remainingindicatorvariablesÝ ����+ A ��� , ¨ /Õ1�+  ! ! +-3 will bekrigedusingthe

samecovarianceandthekrigingconstraints*(cov_begin+1) and*(begin+1) .� template<class location, class neighborhood, class non_parametric _c df>

void operator()(con st location& u, neighborhood** neighbors,

unsigned int nb_of_neighbor hoods ,

non_parametric _c df & ccdf)

Functioncall operator. It estimatesthe non-parametriccdf parameters
Ú � "3§ � and

modifiesccdf accordingly. location is amodelof Location,and

neighborhood is a modelof Neighborhood.

u is thelocationat which thenon-parametricconditionalcdf is estimated.

neighbors isanarrayof pointerstoneighborhoodsof locationu (*(neighbors+i)

pointsto the ¨�ýåþ neighborhoodof u). Therearenb_of_neighborhoods neigh-

borhoodsin thearray. Neighborhoodi informsvariableÝ ����+ A ��� .
ccdf mustcontainthevalues"3§ , ¨ /21�+  ! 3 +4� .

5.3.11 Search Tree

search_tree<neighborhood>
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Considera randomvariable $ ���.� which cantake K differentvalues$ SC+  ! 3 + $RQ . The

aim of a SearchTree is to infer the ccdf of $ ���.� from a known realizationof $ ���.� :" ���I(  �C+  ! ! + A ���)(ASU� , called“training image”.

Call T / & ¹VU'+  ! ! +K¹XW,5 the family of vectorsdefininga geometrictemplate(or “win-

dow”) of × locations. Thesevectorsarealsocallednodesof the template. A dataevent

impliedby T, at locationu, is thesequenceof values:Y[Z ���.��/ & B8�����_¹\U3�C+  ! ! +CB8���°�_¹0W4�C5
u is calledthecentralnodeof the template.Providedthe training imageis stationary, the

samedataevent(i.e. thesamesequenceof values)canbeobservedatdifferentlocations.

GuardianoandSrivastava(1993),andStrebelle(2000)proposedto modeltheprobabil-

ity Þ > $ ���.��/ A � � & A ���¸� ¹VU3�,+  ! ! + A ���¸�_¹0W4�C5 D
by thefrequency of occurrencein thetrainingimageof event" ���I(J��/ A � � & A ���)(¤�_¹\U3�C+  ! ! + A ���)(¤�_¹0W4�K5
(
�)(

is a locationof thetraining image): if for a givendataevent ]	^ , thereare
�

locations�IÏ
in thetrainingimagesuchthat:Y_Z ���IÏÙ��/ ]>^ ��/w1�+  ! 3 +4�

and amongthesen locations,
� �

are suchthat the centralpixel value " ���F����/ A � (Á /1�+  3 ! +4� � ), thentheprobability
Þ > $ ���.��/ A � � ]	^ D is modeledbyÞ > $ ���%��/ A � � ]>^ D / � ��
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In somecases,dataevent
ø Z

cannotbefoundin thetrainingimage.Call T öUS thesubset

of T obtainedby droppingoneof thevectors(nodes)of T, andsimilarly, T ö ² thesubsetof

T afterdropping Á vectorsof T, for any Á � & `¿+  ! 3 + × L�175 , with T öJ�û/ T . If dataeventø Z
cannot be found in the training image,templateT is recursively simplified into T öUS , ! ! ,T ö ² , until

ø ZA` L canbefound.Typically, thenodesaredroppedaccordingto theamount

of information they bring in estimatingthe probability distribution of $ ���%��/ A � . The

probability
Þ > $ ���%��/ A � � ]	^ D is thenapproximatedbyÞ > $ ���%��/ A � � ]	^ Dba ë > B8���.�8/ A � � ]	^ ` J D

A searchtreeisadatastructurethatenablestostoreall thedataevents
ø ZA` L � Á / `¿+  ! ! + × L�1��

presentin the training image,alongwith the correspondingfrequenciesof occurrenceof" � � º /21�+  ! 3 +:Ov� at thecentralnode.

Where Defined

In headerfile <cdf_estimators.h>

Model of

SingleVariableCdf Estimator

Members� template<class forward_iterato r>

search_tree::se ar ch _t re e(f or ward _i ter at or begin, forward_iterat or end

neighborhood& neighbors)

Constructsasearch_tree .
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forward_iterator is a modelof Forward Iterator. It iterateson a setof geo-

values,thetrainingimage.

neighborhood is a modelof Neighborhood.It is usedto definethe dataevent

associatedto eachgeo-value in range[begin,end) . It is usually a window-

neighborhood.� template<class location, class non_param_cdf>

void search_tree::o pera tor () (c onst location& u,

const neighborhood& neighbors,

non_param_cdf& ccdf)

Functioncall operator. It estimatesthenon-parametriccdf parametersandmodifies

ccdf accordingly. location is a modelof Location,andneighborhood is a

modelof Neighborhood.

u is thelocationat which theGaussianconditionalcdf is estimated.

neighbors is neighborhoodof locationu. It mustbethesameobject(or different

objectwith thesamecharacteristics)astheoneusedin thesearchtreeconstructor.

The order in which the neighborsarestoredinsidethe neighborhoodis important.

Denote
�½�ü¹%Ï

, ¨ /Ó1�+  ! ! +KÑ the locationsof the
Ñ

neighborsof u. Thealgorithm

assumesthatthe ¨ ýåþ geo-valuein theneighborhoodis $ ���¸� ¹IÏÙ� .

5.4 Changing the Linear Algebra Library

Kriging, which is at therootof many geostatisticalalgorithmsrequiresbasiclinearalgebra

facilities,essentiallymatrix inversion. Most of the computingtime in kriging is actually
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spentbuilding andsolving thekriging system,hencethe importanceof usinganefficient

linearalgebralibrary.

Thedefault library usedby GsTL is a slightly modifiedversionof TNT, theTemplate

NumericalToolkit. It is apublicdomainlibrary writtenby RoldanPozo,Mathematicaland

ComputationalSciencesDivision, NationalInstituteof StandardsandTechnology(it can

befreelydownloadedfrom http://math.nist.gov/tnt/ ). Thislibrarywaschosen

becauseit is relatively efficient, it is easyto useandmodify, andit is publicdomain.

However, it is easyto changethe linear algebralibrary usedby the GsTL algorithms

withouthaving to modify existingcode.Theprocedureis twofold. Thefirst stepis to wrap

all theneededfunctionalitiesof thelibrary intoasinglestructure,call it new_matrix_lib .

This structurewill containnestedtypes(a matrix type,a vectortype, c'c)c ) andstaticfunc-

tions (for examplestatic void inverse(matrix& A) ), which must honor the

requirementsdetailedin section5.4.1.

Thefollowing is anextractfrom theTNT wrapper:
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template<class T>

struct tnt_lib{

typedef TNT::Subscript Subscript;

typedef TNT::Matrix<T> tnt_Matrix;

typedef TNT::Vector<T> tnt_Vector;

// Cholesky factorization.

static inline int cholesky(TNT::M at ri x<T>& A, TNT::Matrix<T>& B){

return Cholesky_upper_ fa ct or iza ti on(A ,B );

}

// LU factorization.

static inline int LU_factor(TNT:: Matr ix <T>& A, TNT::Vector<in t> & index){

return TNT::LU_factor( A, in dex);

}

static inline TNT::Matrix<T> transpose(TNT:: Matr ix <T>& A){

return TNT::transpose( A) ;

}

It hasthreenestedtypes:Subscript , Matrix , andVector which aredefinedby

TNT, and threefunctions: a Cholesky factorization,a LU factorization,anda transpose

function,whichsimplycall existingTNT functions.

Thesecondstepis to specializethematrix library trait classfor thenew library wrapper

new_matrix_lib . The trait classis definedin <matrix_lib_traits.h> (for a
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detailedintroductionto the ideaof trait classes,see[Myers, 1995]). Whathasbeendone

in thecaseof TNT canserveasamodel.

5.4.1 Linear Algebra Library Requirements

Matrix

Thematrix typerepresentsamatrixof double andmusthave thefollowing interface:

d Matrix::Matrix()

Default constructor.d Matrix::Matrix(int m, int n)

Createsa egfih matrix.d double Matrix::operator()(subscript i, subscript j)

returnselement(i,j) of thematrix. Theindiceshaveoffset1: thefirst elementis (1,1),

not (0,0). subscript is a typeconvertibleto int .d int Matrix::num_rows()

returnsthenumberof rowsof thematrixd int Matrix::num_cols()

returnsthenumberof columnsof thematrixd void Matrix::resize(int n, int m)

Resizesthematrix to size hjfke .
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Vector

Vectortypeis avectorof double whichhasthefollowing interface:d Vector::Vector()

Default constructor.d Vector::Vector(int m)

Createsavectorof size e .d double Vector::operator()(subscript i)

returnselementi of thevector. Theindex hasoffset1: thefirst elementis number1,

not0. subscript is a typeconvertibleto int .d void Vector::resize(int n)

Resizesthevectorto size h .
LU solve

Theprototypeof thefunctionmustbe:

template< class random_iterato r>

int LU_solve(Matrix & A, Vector& b, iterator solution_begin)

This functionsolveslinearsystemlnm�oPp usinga LU decompositionof A, andstores

theresultingvector m in thecontainersolution_begin pointsto. This containermust

be of sizeequalto the sizeof vector p . The iteratormustbe a RandomAccessIterator.

A RandomAccessIteratoris a refinementof ForwardIterator. If it is a RandomAccess

Iterator, it[j] is a valid expressionwhich makesiteratorit point to thej-th elementof

thecontainer.
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Cholesky solve

Theprototypeof thefunctionmustbe:

template< class random_iterato r>

int Cholesky_solve( Matri x& A, Vector& b, iterator solution_begin)

This function solveslinear systemlnm�oqp usinga Cholesky decompositionof A (A

mustbepositive-definite),andstorestheresultingvectorm in thecontainersolution_begin

pointsto. Thiscontainermustbeof sizeequalto thesizeof vector p .





Section6

Two ExampleApplications

Thealgorithmsdescribedin chapter5 arenot numerouscomparedto thegreatnumberof

geostatisticalalgorithmsonecanfind in the literature.This doesnot meanthealgorithms

implementedin GsTL werelimited to a selectedfew. The aim of the library designwas

indeedto obtaingenericalgorithmsthat capturethe commonalitiesof the variousexist-

ing geostatisticalalgorithmsandcapitalizeon thoseto provide a genericandextendable

implementation.

Two examplesof thegenericnessof thealgorithmsarepresented.Thefirst onedetails

how to useGsTL to implementa kriging algorithmthat accountsfor block averagecon-

straints.Thenotionof scalewasnevermentionedin GsTL algorithms,yet it is possibleto

useGsTL to constraintkriging to block data,i.e. datathat inform a largersupportthana

singlepoint.

Thesecondexampleshowshow thekriging algorithmof GsTL couldbeintegratedinto

anexistingsoftware,gOcad, to estimategridsof complex geometry.

127



128 SECTION6. TWO EXAMPLE APPLICATIONS

6.1 Kriging constrainedto a block averagevalue

Thetraditionalkriging algorithmestimatesvariableZ at locationu from dataof thesame

support: the dataareeither relatedto points in space,or supportsof identicalvolumes.

However, it is sometimesnecessaryto accountfor informationat otherscales.

Considerthe casewherea locationu in spaceregion V(u) hasto be estimated.The

averagepropertyvalue rts0uwvtx r sXuyvtx o z{}|j~4���t{ � s0uwvtx r ~4� ¶ � ] � ¶
is known, alongwith somevalues r ~9�/��� , �%o z8� c'c'c � h in V(u). The aim is to estimater ~4��� from boththedata r ~4����� andtheaveragevalue r sXuyvtx . If all thelocationsin V(u) are

estimated,theiraveragemustthenbeequalto r s0uwvtx . Thissituationoccursin down-scaling

applications.

Thekriging estimateis of theform:r ~4��� o �� �A����� �8��~4�����0� ��� uyvtx � � uyvtx
Thekriging systemis then:��������� � ~4�\� � �\��� c'c'c � ~4�\� � � � � �� ~9�V� ��� �...

. . .
...

...� ~9� � � �V��� c'c'c � ~9� � � � � � �� ~4� � ��� ��� ~9�V� ��� � c'c'c �� ~4� � ��� � �� ~1| � |_�
�)��������
��������� � �

...�F�� s0uwvtx
�)�������� o

��������� � ~9� � �V���...� ~4� � � � �� ~9� ��� �
�)��������

where
� ~9�0� � �F�1�

is theaveragecovariancebetween� ~9�0��� and � ~9�F�1� , �� ~4�/� ��� � is thecovari-

ancebetween� ~4�/��� and � s uyvtx , and
�� ~1| � |[�

is thecovariancebetween� sXuwvtx and � sXuwvtx .
Theselasttwo covariancesaredefinedby:�� ~ � ~9�/��� ��¡ � � o z{ � { � � uwvtx�¢j£ ¡ ~9�/�D� �:¡ ~9� ¶ ��¤ ] � ¶
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and

�� ~ � s � � s � o z{}|¥{ ¦ � sXuyvtx � s0uwvtx � £ � ~9�§� �:¡ ~9� ¶ � ¤ ] � ] � ¶
This kriging systemis in facta cokrigingsystem,with primaryvariableZ(u) andsec-

ondaryvariable � sXuwvtx .
Hence,thiskriging techniquecouldbeimplementedeasilyusingalgorithms

cokriging_weights andmulti_linear_combination (describedpage75and81).

Implementation

The implementationsproposedhereafterarekept very simple. The aim is not to provide

a genericandefficient implementation,but ratherto illustratetheuseof GsTL algorithms

with somebasicobjects.

First, thecovariancefunctions
� ~9�0� � �F�9�

,
�� ~9�0� ��� �

and
�� ~1| � |[�

mustbedefined.

Theimplementationof
� ~9�0� � �F�1�

couldbe,for agaussiancovarianceof fixedrange:

class Czz{

public:

inline double gauss_covarian ce( Loca ti on2d u1, Location2d u2){

double square_dist = pow(u1[0]-u2[0 ], 2) +

pow(u1[1]-u2[1 ], 2);

return exp(-3*square_d is t/ 16) ;

}

Type location2d is definedat thebeginningof part5.1.
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Assumetypeneighborhood isamodelof Neighborhood,covariancefunction
�� ~9�0� ��� �

canbeimplementedas:

typedef neighborhood block;

class Czblock{

private:

Czz& point_cov_;

block& B_;

public:

Czblock(block& B) : B_(B) {};

double operator()(loca ti on2d u1, location2d u2){

B_.find_neighbo rs( u2);

double covar = 0;

for(block::iter ato r it =B_.begin(); it!=B_.end(); it++)

covar += point_cov_(u1, *it);

covar = covar / double(B_.size( )) ;

return covar;

}

};

Noticethatblock V(u) is implementedasaneighborhood.It is indeeda setof geo-values,

“centered”ona locationu, whichcorrespondsto thedefinitionof Neighborhood.

Finally
�� ~9�0� ��� �

couldbeimplementedas:
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class Cblockblock{

private:

Czz& point_cov_;

block& B1_;

public:

Czblock(block& B1) : B1_(B1) {};

double operator()(loca ti on2d u1, location2d u2){

B1_.find_neighb ors (u 2) ;

block B2_ = B1_;

double covar = 0;

for(block::iter ato r it_B1 =B1_.begin(); it_B1 != B1_.end(); it_B1++)

for(block::itera to r it_B2 = B2_.begin(); it_B2 != B2_.end(); it_B2++)

covar += point_cov_(*it_ B1, *it_B2);

covar = covar / double(B_.size( )* B_.s ize () );

return covar;

}

};

A modelof CovarianceSetcanthenbedefinedusingthesethreecovariancefunctions:
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class Block_covarianc e_s et {

private:

Czz& point_cov;

Czblock& point_block_cov ;

Cblockblock& block_block_cov ;

public:

Block_covarianc e_set (C zb lo ck & C2, Cblockblock& C3) :

point_cov(C1), point_block_cov (C 2) , block_block_cov( C3) {};

double operator()(int i, int j, location2d u1, location2d u2){

switch(i){

case 0:

if(j==0) return point_cov(u1,u2 );

else return point_block_cov (u 1, u2);

break;

case 1:

if(j==0) return point_block_cov (u 1,u 2) ;

else return block_block_cov (u 1, u2);

break;

}

}

};

A function call to cokriging_weights would thencomputethe kriging weights� � � c'c'c � �F� � � s :
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cokriging_weigh ts (w ei ght s, center, neighborhood_ar ra y, 2,

covariance_set , ordinary_krig)

wherecovariance_set is of type Block_covariance_set , ordinary_krig

is of type OK_constraints , andneighborhood_array containsa neighborhood

of z-valuesr ~9�/��� , andanotherneighborhoodof block-values� s (only oneblock valuein

this example).

Theseweightscanthenbe combinedwith thevariablevalues r ~4�\��� � c'c'c � ��~4� � � � � � uyvtxto obtainthekriging estimate.

6.2 Integration into an existingsoftware: kriging complex

geometriesin gOcad1

In GsTL, The geostatisticalalgorithmsthat work with grids of geo-valuesdo not rely on

a specifictypeof grid. Applying suchalgorithmsto differenttypesof grids,which were

possiblyimplementedoutsidetheGsTL framework, is thereforestraightforward.Themain

stepis to checkthatthealreadyexistingobjectsmeettherequirementsof thegenericalgo-

rithms.If they donot,“wrapper”classeshaveto beimplemented,whichmodify theformer

behavior of theobjectto make it compliantwith theGsTL requirements.

This is anexampleof implementationof amodelof Neighborhood:

1The figuresand computer codein this sectionwere realizedwith the help of Arben Stuka, gOcad,
France.
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class neighborhood{

public:

typedef std::vector<GT LNode>::i te ra to r iterator;

public:

neighborhood() {}

neighborhood(co ns t neighborhood& ng) : neigh_(ng.neigh_ ) {}

neighborhood(TS ur f* ts, int u_idx, int v_idx, int p_idx );

˜neighborhood() {}

void add_node(GTLNod e n){

neigh_.push_bac k(n );

}

iterator begin(){

return neigh_.begin();

}

iterator end(){

return neigh_.end();

}

size_t size(){

return neigh_.size();

}

void find_neighbors( poin t3 d u);

private:

std::vector<GTL Node> neigh_;

};

Theneighborhoodconstructoris definedasfollows:
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neighborhood::n ei ghborho od(

TSurf* ts, int u_idx, int v_idx, int p_idx

) {

for ( AtomicGroupAtoms It r it(*ts); it.more(); it.next()) {

Atom* a = it.cur();

if (a->CN()) {

Atom& ra = *a;

float u = ra[u_idx];

float v = ra[v_idx];

double prop = ra[p_idx];

GTLNode gnode(u, v, prop);

add_node(gnode );

}

}

}

AtomicGroupAtomsItr is thegOcadclassthatrepresentstheworkinggrid.

Ordinarykriging is performedonagOcadtriangulatedfaultedsurfaceusingtheGsTL.

The kriging usesa global neighborhood(all the dataare accountedfor at every kriged

location),andthevariogramhadastronganisotropy. Two snapshotsof theresultareshown

in Figure6.1

This sameGsTL algorithm could also be usedto estimatea gOcadT-solid, i.e. an

unstructuredgrid with polyhedracells. Two snapshotsof the resultinggrid areshown on

Figure6.2.Recallthatto obtainbothresultsin Figure6.1andFigure6.2nochangei smade

to theGsTL kriging algorithm.

In bothcases,thepropertyis continuousacrossthefaults. This assumesthat thefault
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appearedafter the genesisof the rock. However, it could have beenpossibleto make

the propertydiscontinuousacrossthe faultsby modifying the way the neighborsof each

locationareretrieved: If no neighborsaresoughtacrossa fault, the propertywould have

beencontinuousbetweentwo faults,but discontinuousacrossthefaults.

Working directly on thesecomplex grids henceallows to incorporatesomeimportant

geometricalfeaturesinto the model,which wasnot feasiblewith the tradition approach.

In the traditionalapproach,the propertiesaresimulatedor estimatedon a Cartesiangrid

andthentransportedto a complex grid. Suchamethodologydoesnot allow to accountfor

gometricalconstraintslike faults.



(a)View 1

(b) View 2

Figure6.1: Kriging ona triangulatedfaultedsurface



(a)View 1

(b) structureof the“T-solid”

Figure6.2: Kriging on aT-solid: anunstructuredgrid with polyhedracells



Section7

Conclusion

GsTL is a C++ library of geostatisticalalgorithms. It hasthreemajor components:the

sourcecodeof the geostatisticalalgorithms,the detaileddescriptionof the requirements

on the conceptsusedby the algorithms,and a collection of ready-to-usemodelsof the

concepts,i.e. actualC++ objects.

Contraryto thetwo othercomponents,thedescriptionof theconceptsis not C++ code.

It is a meretextual descriptionof theassumptionsmadeby theGsTL algorithms,yet it is

an essentialpart of the library. Thesedescriptionsarethe analogueof the hypothesesof

a mathematicaltheorem:thestatementof a theoremhaslittle valueif thehypothesesare

omitted.

This similarity with mathematicaltheoremsmakesthe useof the genericalgorithms

intuitive. The procedureis indeedthe sameaswhenonewantsto call a theorem: first

checkthatthehypothesesareverified,andthenapplythetheorem.

This is muchmoreintuitive thanthe object-orientedapproach,which requiresthe li-

brary userto have a detailedunderstandingof the classhierarchiesbeforebeingable to

efficiently usethelibrary

139
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TheGsTL codeis compliantwith theISO/ANSIC++ standard.It is uniquelycomposed

of headerfilesanddoesnot requireto bepre-compiled.

It mustbestressedthatGsTL is a library of programmingcomponents,notacollection

of softwares.Its aim is to provide tools for quickly building new geostatisticsalgorithms,

sparingfrom theneedto re-inventthewheeleachtimeakriging routineis needed.

An extensionof thiswork would thenbeto implementasetof geostatisticalsoftwares,

in the style of GSLIB [Deutschand Journel,1992], basedon GsTL. Programmingthis

“library” of softwareswould be the opportunityto cashin on the GSLIBexperienceand

proposea moreconvenientinterface.This includesbetterfile formatsfor input andoutput

andpossiblyagraphicaluserinterface.

GSLIBparameterfiles are indeedassumedto have a staticstructure:parameterX is

expectedat line j. A moreconvenientapproachwould beto usekeywordsto specifywhat

parameteris passed.Thedatafile formatcouldalsobemodifiedto at leastincludeessential

informationas,for example,grid dimensions.
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