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Chapter I

INTRODUCTION

The {ield ol resource estimation knoun as geostatistics has made

great inroads into many diverse ereas of the earth sciences such as

mining engineering, petroleum engineering and hydrology since its advent

in the early 1960's. A primary factor in the acceptance of

geostatistics by such a tide group of practitioners lrith such varied

interests is the simpl ici ty and robustness of the basic estimator of

geostatisticsr ordinary kriging. The ordinary kriging estimator does,

houever, have important I imitations uhich reduce its effectiveness in

certain instances. 0ne instance in uhich the ordinary kriging estimator

may not be effective is predicting the tonnage and quantitV of metal t

recovered (for a given cutof{) at the tine of rnining utilizing only

sparse exploration data. This estimation problem, termed recoverable

reserve estimation, is especial ly difficult for dePosits uhich present

a highl y skeued grade distribution and/or contain mineral ization uhich

is interspersed nith uraste material. To handle this difficul t problem

various recoverable reserve estimators have been introduced. These

estimators have not, houeverr ehjoyed the the uidespread acceptability

and use afforded the ordinary kriging estimator' because they are

difficult to comprehend and apply. If recoverable reserve estimators

are to attain the level of acceptability of ordinary krigingr nethods of

lTons of copper or ounces of gold recovered.

- l-



2

estimating recoverable reserves nust be developed uhiclr are simple,

robustr 6rrd easy to apply. The development and application of ttto such

estimators, indicator kriging atrd probabi I itV kriging, are presented

here.

I. I THE PROBLEI'I

The probl em of estimating recoverabl e reserves for deposi ts ni th

strongly positively-skeued distributions and mineral ization uhich is

interspersed tith uaste material has become important recently due to

the strong interest of the mining community in sedimentary uranium and

Carlin type gold deposits. Both ol these classes of deposits contain

mineral ization uhich is so highly variable that it is impossible to

distinguish ore from uaste unti I shortly before mining uhen blasthole

assays and detailed geologic mapping become available. Unfortunately,

the estimates of recoverable reserves uhich are required to perform

{easibility studies, mine planning, and scheduling must be available

months to years prior to the time of mining. Thus the recoverable

reserves must be determined from the available sparse exploration data,

uhich are usual ly located on a grid uhich is too large to al lou the

accurate blocking of ore and uaste.

Since accurate estimation of recoverable reserves is a crucial step

in the evaluation of an orebody, the use of advanced geostatistical

teclrniques is justified. The premise behind any advanced geostatistical

recoverable reserves estimator is that the exact location ol a selective

mining unitt (smu) uithin a panel (comprising a day's to a 1r;eek's

defined as the smal lest volume of material
or raste.

tA selective
uhich can be

mining uni t is
selected as ore



3

production) is unimportant at the planning stage. It is suf{icient to

knou that a certain number of ore grade smus carrying a certain amount

of recoverable metal are located someuhere uithin the panel. This basic

premise is reasonable since tlre planning stage is typically six mottths

to several years prior to the time of mining; so that, knolledge of the

estimated grade of each smu uould only be narginally more valuable than

lre tonnage and grade of material nithin a small region of the deposit.

Accepting the basic premise, recoverable reserves can be obtained by

estimating the distribution of smus uithin a panel or equivalently the

local spatial distribution (see figure l) and applying the economic

cutolf to this distribution. Given this distribution of smus uithin a

panel, the estimated tonnage recovered for the panel is the percentage

of the estimated distribution above cutofl multiplied bv the total panel

tonnage and the estimated mean recovered grade is the nean grade of the

portion of the estimated distribution above cutofl. The quantity of

metal recovered is the product of recovered tonnage and mean recovered

grade.



TY?ICAL SITUATION IN A
SELECTTVE MINING OPERATION

- PANEL SIZE (V): 3OC30 U

- Sr{U SIZE (v): 3X3 ll
- BENCH HEIGHT: 5 I
O DRIII HOI"E SAIPIJ
X BI.AST HOLE SAMPII

DISTRIBUNON OT THE SMU

GRADES WITHIN THE PANEL

LOCAI RECOVERY T'IINCTIONS:

- TONNAGE

- QUANTNY OF IIE|TAL

- ONE CRADE

Figure l:

l3

Di str i but i on
Pane I

Ct.d.r

of Selective llining Units llithin a Given

I.2 PREVIOUS NORK

Various estimators of recovereble reserves have been introduced over

the past t0 to l5 years. These estirnators can be broadly grouped into

parametric and non-Paranetric estimators.

The common thread connecting the psranetric estimators is that all of

the estimators uithin this group neke aome assumption concerning the

distribution of grades. If the grade yilues are assumed to follou a

rnultivariate normal distribution after a univariate normal scores trans-

{orm, the distribution of grade values rithin a particular P.nelr condi-

tioned by the surrounding data, can be obtained straightfornardly (af.

Anderson, 1972). Parametric estinetors of recoverable reserves based on
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based on normal score transforms uere f irst introduced by l'latheron

( 1974, l976a,b). An estimator based on the assumption of mul tivariate

normality after transform, multigaussian kriging (t'lG), allor'rs derivation

of the distributions conditioned to the data. An estimator based on a

hypothesis of bivariate normal ity after transform, disjunctive kriging

(DK), al lotts aPProxination of these conditional distributions' The t1G

rnethod has been developed by Verly ('1983, l9E4) uhi le the DK nethod has

been expanded on by l,larechal ( 1976), Jackson and I'larechal ( 1979) and

Young ( t982). The perf ornances ol the DK and 1'1G estimators on e

simul ated deposi t lere compared by Verl v ( 1983) '

parametric methods based on the assumption of rnul ti lognorrnal itv

uithout any univariate transformation have elso been introduced. Simple

lognormal kriging, uhich requires knouledge of the stationarv mesn of

the grades uas introduced by Parker (1975) and Parker and Sutitzer

(|975).OrdinaryIognorma|kriginguhichdoesnotrequireknouledgeol

the nean grade uas developed bv Rendu (1979). Further expansion of this

method is found in Parker et al. (1979) and Journel (1980).

Al I of the previous parametric techniques share a distinct

disadvantage in that the paranetric hypothesis uhich forms the basis of

thetechniquesnaynothold{oranygivendeposit.Additionallythere

are no available statistical tests uhich can be utilized to investigate

the val idity of multivariate distribution hypotheses. Thus it is

possible that these techniques may be applied on deposits uhich do not

conform to the initial hypotheses and, therefore, yield poor results. A

further drauback of the parametric nethods is tlrat nany Prectitioners

find them difficult to comprehend end apply due to their nathematical

complexity.
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Non-parametric methods, in contrast to parametric methods, require no

assumption concerning the distribution of grades. Tlre basis of these

techniques is the indicator transform ulrichr €ss€rltial Iy' transforns the

grade at each sampled locatiorr into a distribution function. Tlrese

transformed data are then used to estimate the I ocal sPatial

distribution of grades uithin a panel. In addition to not requiring anv

distributional hypotheses, the non-parametric solutions are simple to

obtain as the estimates are obtained by solving linear kriging systems

uhich are nearly identical to the ordinarv kriging system solved to

est i nrate mean grade .

Indicator transforms uere first used to estimate distributions of

correlated data by Suitzer (t977). The goal in his studv uas to

estimate the model cumul ative distribution function F(a). This uas

eccomplished by defining indicators from the normal score transforns of

the data and utilizing a linear kriSing procedure to obtain an estimate

of F(z).

Journel (1982,1983) defined indicators on the initial untransformed

data. The spatial correlation o{ these indicators }las determined and

used to obtain optimal estimates of the local spatial distribution of

grades. Further development of this estimator is presented by Lemner

(1984a,b) and Sullivan (1984).

A comparison of Parametric and

Verly and Sullivan (1984).

non-parametric techniques is given by
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I.3 ORGANIZATION

The devel opment of non-parametric estimators of spatial distributions

for the case of estimating the local distribution of point supportl

units uithin a speci{ic region is discussed in chapter 2. In chaPters 3

and 4 these non-parametric techniques are tested on simulated (chapter

3) and actual (chapter 4) deposits. Chapter 5 discusses the difficul t

problem of estimating the spatial distribution of non-point suPPort

units; that is, the local distribution of block grades and presents a

case study i I lustrating the appl ication of block support distribution

estimators on an actual deposit. Final ly en aPPendix is included

containing all the computer softuare necessary to perform non-parametric

spatial distribution estimation.

tThe term support is synonymous l,lith the volume on nhich the
defined. For instance grades obtained from drill hole assays
support assays. TyPically core support assays are referred to
support assays because the volume of a core is insignif
comparison to the volume of a mining unit or block.

grade is
are core
as point

icant in
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deposit. The set of these random variables is termed a random {unction.

As a set of random variables, the random function expresses both the

point and regional behavior of the variable of interest. At a given

point in space, the random function Z(x1) is a random variable' but over

a region, the random {unction contains the complete spatial correlation

structure of any set of random variables. Thus the random function

describes both the random and structured asPects of the variable of

i nterest .

In any stochastic estimation, some knouledge of the sPatial lan o{

the random function must be obtained before an optimal estimator can be

defined. The random variables usual ly considered in the earth sciences'

houever, have only one realization at each sampled location lhich yields

only one real ization of the random function I imited to the particular

data locations. As it is imPossible to infer eny ProPerty of e random

{unction from a single realization, a stationarity assumption nust be

included in the model to allou inference of properties of the random

function. For reasons Nhich uill be discussed later (sec. 2'4), the

type of stationarity invoked for non-parametric estimation of spatial

distributions is stationarity of the bivariate distributions of Z(x) and

Z(x+h) for various distance vectors h:

Fx x+6(z'z') = Fh(zrz')

The impl ication of bivariate stationarity is that the bivariate

distribution o{ tuo random variables Z(x1) and Z(x2) depends on tlte

vector h separating these tuo random variables not on the particular

I ocat i ons x1 and x2 .



Chapter I I

OEVELOPNENT OT NON-PARANETRIC ESTIIIATORS OF SPATIAL
DISTRIBUTIONS

The theory and development of non-parametric estimators of spatial

distributions is very simi lar to the theory and development of

non-parametric estimators of local mean 9rade. The onl y najor

differences betueen these tuo types of estimators are in the variable

estimated and the tvpe of data used. Hence, in this chapter, the data

used and the variable estimated are clearly defined at the outset.

Having de{ined the variable of interest and the data r.rhich can be used

to estimate i t, I inear kriging tvpe estimators uhich minimize the

vari ance of errors ui I I be devel oped to obtain I east squares tyPe

estimates of the spatial distribution. In the process of develoPing

these estimators the various nuances and strengths of the estimators

ui I I be di scussed.

Before proceeding nith the development of these estinators, houever,

the underlying stochastic model uhich provides a basis tor tlte

estimators is discussed.

2.1 THE RANDOI1 FUNCTION CONCEPT

It is convenient to conceptual ize the observed variable of i nterest

z(x!)r ds i(for instancer metal grade) at a particular point in sPace,

real ization of a random variable Z(xr ). As at location xt r a random

variable Z(x) can be defined at each and every location' xr lithin the

-9-
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Bivariate stationarity impl ies stationarity of the univariate

distribution; that is, the rarrdom variables representing the variable of

interest at each particular location, Z(xr), Z(xz), Z(xp)r oF€

identical ly distributed usual ly non-independent random variables'

Given stationari ty of the bivariate distribution, non-Parametric

estimators of spatial distributions can be developed. Before the

development of these estimators can proceed, houever, the quantity o{

interest, the spatial distribution, nust be defined and cast in the

random function frameuork.

2.2 THE SPATIAL DISTRIEUTION

A spatial distribution is the distribution of grade values delined on

a support size or volume uithin a region or subset of the deposit' In

the discussion nhich f ol lor.rsr only the spatial distribution of point

support grades r.ri I I be considered. Spatial distributions of non-point

support grades and their estimation urill be discussed in chapter 5'

The I ocal spatial distribution of Point support grades ui thin a

region A can be defined mathematical lv as

tf
C(A,zc) = 

-.1 

it*,zc)dx
meas (A) J

rhere:

tThe measure of region
in the follouing equat

xeA

C(A,zc)

A ui I I be denoted
ions for notational

as (A) rather than meas(A)
conven i ence.

12 .2)

is the spatial distribution of
point values uithin the region A for
cutoff zc (i.e. the ProPortion of
point grades uithin region A less
than zc). Region A can have any size
or shape t .

i (x,zc) is an indicator de{ined as
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(2.3)

z(x) is the observed value at location x

zc is a cuto{f or threshold value.

This de{inition of the spatial distribution is deterministic as it is

based solely on real izations of the random variables Z(x) and not the

random variable itsel f. The spatial distribution C(Arzc) can be seen in

stochastic terms if C(A,zc) is considered as a realization of a random

variable {(A,zc)r there {(A,zc) is the fo'l louing integral transform o{

the random variabl e Z(x) .

(1 if z(x) ( zc
i(x,zc) = 1t0 if z(x) ) zc

rI
l(A,zc) = 

-.1 
I(x,zc)dx

(A) J (2.4)
xeA

uhere t (x,zc) is the indicator random function
defined as:

fl if Z(x) ( zc
I(x,zc) = I (2.5)

t0 is Z(x) ) zc

The expected value of this random variable

tl
Eti(A,zc)l : 

-'EtlI(xrzc)(A) J
xeA

s easily determined:

Idx

(2.6)
rf

= 
-.1 

EII(x,zc
(A) J

x€A

tf
EI*(A,zc)l = 

-.1 
It.ertZt

(A) J
xeA

= Pr(Z(x)(zc):
= F(zc)

x))zc)ldx

ty of Z(x)

dx

szc) + 0o(Pr(

{rom stationa
(2.7)
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The spatial distribution defined as C(A,zc) can thus be seen as a

realization of a random lunction, l(A,zc), uhose expected value is equal

to the value o{ the stationary univariate cumulative distribution

{unction F(zc).

2.3 ESTITlATION OF SPATIAL DISTRIBUTIONS

As in the estimation of block grade, uhere the quantity of interest

is the particular real ization zy(x) and not the probabi I ity density

function (pdf) or any parameter of the pdf o{ the random {unction Zv(x),

the quantity of interest in the estimation of a sPatial distribution is

the particular realization f(A,zc) end not the pdf or any parameter of

the pdf of tlre corresponding randon function l(A,zc) including its

expected value. In non-statistical terms, the quantity of interest is

the spatial distribution rri thin a particul ar region A uhich uoul d be

observed if the region Nere comPletely samPledt. ln real ity' no region

larger than the sample suPport is completely sampled, so the local

spatial distribution must be estirnated uti I izing onlv the sParse

information gathered from sampl ing the deposit. To this po'int' the

exact inf ornation r.rhich ui | | be used to estimate /(A,zc) has not been

described. This is the subject of the next section.

l-tn tlris context,
possible locations

completely sampled
urithin the region A.

1S taken sampl ing at al I
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2. 3. I Indicator Data

Tlre problem of estimating a spatial distribution is very much I ike

estimating the mean grade of a region. Nhen estimating mean grade,

point support data are used to estimate the unknoun block suPport grade.

In the case of spatial distribution estimation, the quantity of intereet

#(A,zc) has been defined, houever the point supportl data f(x,zc) uhich

uill be used to estimate f(A,zc) must be determined

C(x,zc) =
(x,zc)dx

(2.8)
:i

Thus the point support datum is identical to the indicator defined in

relation 2.2 as a simple transform of the realization z(x). Since this

indicator is defined as a transform of tlre realization or datum z(x),

i(x,zc) is termed an indicator datum.

The spatial distribution at a samPled Point, i (x,zc), takes a simple

forn uhich is shoun in figure 2. This sPatial distribution has only tuo

possible values,0 and l. The cutoff value at uhich i(x,zc) jumps from

0 to I is the observed realizatiorr z(x). Thus all spatial distributions

at sampled points, i(x,zc), uill have the same basic shape (0 for zc

values less than z(x) and I otherrise), houever the value at uhich the

jump from zero to one occurs uill vary from location to location'

rl
-'l 

r
(x) J

x€x

(x,zc).

lActually the data are
the volume of a core
block, the terms

found on quasi-Point or core support. Houever as

is negl igible in comparison to the volume of a

core support and point support are used

interchangeabl v.
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conditionalAdditional

probability.

ly, the indicator

That is,

data can be interpreted as a

i (xg,zc) : Pr(Z(xe)Szcla(xq))

Thus, given a realization at location xq tlrere is either a l00Z or 0Z

chance that the random variable at location xs uill take on a value less

than or equal to the cutoff zc.

i(x,zc)

t

Figure 2: The Spatial Distribution At A SamPled Point

The indicator data, defined here, provide the source of information

uhich can be used to estimate a spatial distribution in the same ray

that point grade data are used to estimate block grades. The similaritv

betueen these tto estimation procedures is demonstrated in the follouing

relations.
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Zv(Y) = )dx

(2.9)

t'(V,zc) = (x,zc)dx

Thus any estimator used to determine block grades from point grade data

can also be used to determine the spatial distribution {rom point

indicator data. That is, either stochastic or deterministic, I inear or

non-l inearr €stimators of f(A,zc) could be considered. The chosen

estimator, hotever must be optimal in some sense and it should not be

too di{ficul t or expensive to apply.

2.3.2 Properties gf the Estimator

There are a large number of estimators utilizing indicator data uhich

could be used to estimate the spatial distribution. The estimators

uhich uill be utilized, houeverr dF€ unbiased, have minimum mean squared

€rFoF ot'r equivalently, minimum estimation variance, ahd are I inear

combinations of the data. Estimators ui th these proPerties ui | | be

uti I ized because the derivation of this type of estimator is not

difficult, the criterion of ninimum nean squared error is a nidely used

and accepted criterion of optinralitv, and such an estirnator uould be

simi lar in form to the kriging estinators of mean grade The

requirement that the estimator be a linear combination of the data is

invoked (although there are superior non-linear estimators) because

non-l inear estimators are usual ly dilf icult to comprehend and apply. ln

tf

-.1 
z(x

(v) J
x€V

tf
I

(v) J
x€V

addition, non-l inear estimators are almost al uays distribution
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est i mator,

can take.

sections.
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The above properties, uhich ui I I be imposed on the

pl ace some defini te restrictions on the form the estimator

Tlrese restrictions are discussed in the fol louing tuo

2. 3.2. I Unbi asedness

Every conceivabl e estimatorr ho matter hou compl ex, ui | | have some

error of estimation in nearly ell applications unless the unknoun region

is completely sampled. This error can be treeted as a random variable

and the histogram of these €Ft.oFS carr in theory' be examined (fig 3)'

Nhen this histogram of errors has a mean of z€For the estimator is

termed an unbiased estimator. In the case of a spatial distribution

estimatorr uobiasedness entai ls

E[+t(Arzc) - l(A,zc)l = 0' i.e.

E[*r(A,zc)l = Ell(A,zc)l = F(zc). (2.10)

Given a linear estimator of the follouing forn

Cr(A,zc) = I lq,(zc).i(xq,zc)
o.

(2.11)

uhere: i(xq,rzc) is an indicator datum obtained

trc (zc )

by applying the indicator transform
to the data values z(xc).

i s the r.re i ght g i ven to the
indicator data at each locatioh xq,.

Notice that the neight is a function
of the cutoff zc.

The conditions for uhich this linear estinrator uill be unbiased are

easily derived.
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EIO*(A,zc)l = etlra(zc)rI(x,zc)l
c

= Itro,(zc)oEll(x,zc)l
a ( 2.12)

= Itra(zc).F(zc)
c

If the ueights trq(zc) are constrained so that ltrq(zc)=1, the estimator

uill be unbiased. Due to this constraint on tlre ueights this estimator

uil I be termed the constrained estimator.

An al ternative form of this estimator uhich does not require any

constraint on the sum of the ueights is

Cr(A,zc) = fla(zc)ri (xq,,zc) + t t-!Iatzc) l.Fr(zc)
q,g (2.r3)

The expected value of this unconstrained estimator is

Eltr(A,zc) l= ElItre(zc) rt (xq,zc) | + t l-IIq(zc) I rFt(zc)
q' o 

tz' 14)

= ftra(zc)oF(zc) + t l-IIa(zc) l'F*(zc)
c

If Fr(zc) is knoun to equal F(zc)

ElSr(R,zc) I = F(zc). (2. ts)

So providing F(zc) is knoun, this estimator of C(A'zc) ri | | also be

unbiased.

2.3.2.2 l'linimum Estimation Variance

There are many possible unbiased estimators as the condition uhich

ensures unbiasedness is not very strict. Among the class of unbiased
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llcan = Bias
Variancc= oj

Figure 3:

o

E RROR

Histogram 0f Errors

estimators are deterministic estimators such as Polygons of influence

and inverse distance squared ueighting. These estimators, al though

unbiased and extremely sirnple to apPly' are not optimal in any s€rser

hence they uill be outperformed by other oPtimal estinators. In order

{or an estinator to be optimal it must minimize some neasure of spread

of the previously described distribution of errors (fig 2)' The chosen

measure is the mean squared error or variance of tlre distribution of

errors. The variance of this distribution is referred to as the estima-

tion variance of the estimator.

Ihe estimation variance of a

defined as:

spatial distribution estimator ls
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Sg 2 (A,zc)= E[ (l(A,zc)-$r(A,zc) )2 |
= E [+2 (A,zc) l-2rE [*(A, zc).Itra(zc).I (xa, zc) I

q.

+ r tfla(zc) rI (xq.,zc)'IlB (zc) rI (xp, zc) I

( 2. l6)

The ueights tra(zc) r,ri I I be chosen to min'imize this expression' This

minimization ui I I be performed by setting the various Partial

derivatives of o€2(A,ZC) tlith respect to the ueights tra to zero' Notice

that the expression for o"2 (A,zc) contains various EI I (xarzc)'I (xp'zc) I

and EIl(A,zc)oI (xa,zc) t terms urhich have not been discussedr 3o before

proceeding uith the determination of the ueights trq(zc) uhich minimize

o"2, the nature of these terms and their inference must be investigated.

2 .4 STRUCTURAL FUNCT I OIIS

In the express'ion of the estimation variance sa2' various product

terms of the {orm EI I (xa,zc)'I (xp,zc) I ere found. Inference of these

terms is crucial; hoteverr as there is only one realization o{ I(xcrzc)

at each sampled location xq, there is only one realization o{ the

product I (xn,zc)rI (xprzc) for each particular pair of locations xa Bnd

Xs. certainly it is not possible to infer the exPected value of this

product from one realization, hence a stationarity hypothesis must be

invoked. If it is assumed that EIltxorzc)ol(xp,zc)l depends only on the

vector separating locations xc 8nd xg inference becomes possible as

therearemanylocations(uithingiventolerances)separatedbyagiven

vector. Under this hYPothesis

EII(xe,zc)rI(xp,zc) I = EII (x,zc)'l(x+h,zc) I

uhere h is a vector separating xs and xp'
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The stat.ionarity of this product entails tlre stationarity of a bivariate

probability as'

EII(x+h,zc)oI(x,zc)l = l'Pr(Z(x)!zc and Z(x+h)lzc) + 0

= Pr (Z (x ) 3zc and Z (x+h ) !zc )

Thus the stationari ty of this product entai I s

bivariate distribution of Z(x) and Z(x+lt).

It is recognized that EII(x+hrzc)oI(x,zc)l

covariance of I (x+hrzc) and I (x,zc). The centered

as

stationari ty of the

i s the non-centered

covariance is defined

Ci(h,zc) = Ell(x+h,zc)'I(x,zc)l - EII(x+hrzcl'EtI(x'zc)l

= EII(x+h,zc)'t(x,zc)l - F(zc)z

since Z(x) is stationarY

Given this de{inition of the covariance Ci(h,zc) it is possible to

define the remaining undefined terms in the expression for the

estimation variance (eqn 2' l6); namely' E[*(A'zc)rl(x'zc) I and

E[+(A,zc).1(A,zc)1.

Recal I l(A, zc ) = (x, zc ) dx
(2.17)

EIS(ArzG)rI (xa'zc) I (xrzc)dxoI (xq,,zc) I dx
(2.18)

dx + F(zc)z
(2.'19)

inition of Ct(h,zc)

l.[,
(A) I

A

rf
= E[-.lI

(A) J
A

rf
= 

-.lC;(x-xs,zc)(A) J
A

f rom tlre def
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to simpl i fy notation, set

(2.20)

hence r

C(xc,,A,zc) = E[i}(A,zc)oI(xq,,zc)l - F(zc)2

simi I arl y

f(A,A,zc) = E[*(A,zc)'$(R,zc)t - F(zc)2

Given that all terms in the expression of the estimation variance (eqn

2. l6) can be expressed in terms of the coveriance C i (h'zc), this

covariance must be inferred from the data to evaluate the estimation

var i ance .

The indicator covariance can be inferred unbiasedly util izing the

follor.ring discrete sum.

I nn
c;(h,zc) = -'tI i (x;+hrzc)oi (x;'zc) | - Fr2(zc) (2'21)

nh i=l

nh = the number of pairs of data separated by
distance vector h.

F*(zc) is the best available estimate of F(zc)

The chief di{ficulty uith inferring Ci(h,zc) in this nanner is obtaining

a rel iable estimate of F(zc). Estimation of the indicator

semi-variogram eliminates this difficulty as it carries the seme

information as Ci(h,zc) but does not require prior knouledge of F(zc)'

The indicator semi-variogram is defined as:

6i(xq,A,zc) = ].[ct*-*o,zc) dx
(A) J
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yi(h,zc) = ci(0,2c) - Ci(h,zc)
(2.22)

uith: Ci(0,2c)= Var(I(x,:c)) = F(zc)o(l-F(zc))

yi(h,zc) = F(zc) - EII(x+lr,zc)'I(x,zc)l
= .5.(2F(zc) - 2Elt(x+h,zc).I(x,zc) l) (2.23)
= . 5.E[ (I (x+hrzc)-I (x,zc))2 I

Like the indicator covariance, the indicator variogram can also be

interpreted as a bivariate probabil ityt.

Zi(h,zc) = .5.I lrPr(Z(x))zc and Z(x+h)Szc)+l.Pr(Z(x)!zc and Z(x+h))zc)l
+ .5.[0opr(Z(x))zc and Z(x+h))zc)+0.Pr(Z(x)lzc and Z(x+h)Szc) I

yt(h,zc) = .5.Pr(Z(x))zc and Z(x+h)lzc)
+ .s.Pr(Z(x+h)3zc and Z(x))zc) (2.24)

The indicator variogram and therefore the indicator covariance (eqn

2.21) can be inferred bY

I nr,
yt(h,zc) = 

-.f 
(i(x;+h,ZC) - i(xi,zc))2 (2.25)

2n6 i=l

2.5 THE INDICATOR KRIGING ESTIT1ATOR

Given a definition of end a uay to infer the indicator covariance,

the set of ueights uhich minimize the estimation variance o62 (eqn.

2. l6) can be deternined. Recal I that both constrained and unconstrained

solutions are possible (sec 2.3.2. l). The determination of the optimal

solution for the constrained case uill be shoun in detail. The solution

lsee section 2.6. I for further discussion of the relation betueen
?i (h,zc) and the bivariate distribution.
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for the urrconstrained case is analogous.

2.5. I l'linimization of o-2($,3c) in the Constra'i ned Case

If the estimator described in rel ation 2. I I is consideredr 8

constraint forcing the sum of the ueights to equal one is included in

the system to ensure unbiasedness. As previously stated, the optimal

r.re'ights ui I I be determined by setting the various partial derivatives of

o.2(A,zc) to zero. The constraint on the ueights is included in this

optimization tlrrough the method of Lagrange mul tipl iers.

L(trq(zc),p(zc)) : oc2(A,zc) + 2'p(zc)'Ifla(zc)-ll
c, (2.26)

= Ell(A,zc)-l*(A,zc) tz + Zop(zc).Iftra(zc)-l I
c

(2.27'

= Elil(A,zc) - Ife(zc)oI(xq,,zc)12
c 

(2.2E)
+ 2.tr(zc).tlfc(zc)- I I

g

= El+2(A,zc) t - 2.e[{(A,zc1rftrs(zc)rI(xs,zc) |
q

+ e t (Ife(ec )'I (xq,, zc ) )' (flp (zc) oI (xs, zc) ) I
aB

Q.29'
+ !op(zcl.tfls,(zc)-l I

q,

Setting the partial derivatives of L(la(zc),U,(zc)) to zero yieldst:

lThis system of equations is nearly identical to the system of equations
utilized to determine the ordinary kriging estimate of mean grade.
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n

IC i (xc-xprzc).Iq(zc) + lr(zc) =

c=l

n

flqtzc) = 1

c=l

{or B=l,n

to estimate C(A,zc).

(2.30)

can be so I ved

ueights trq(zc).

Ci(xg,A,zc)

uhere n

This system of

through gaussian

The form of the

is the number of data used

n+l I inear equations and

el imination to determine

estimator of y'(A,zc) is

n+1

the

unknouns

optimal

fr(Arzc) = (xq,,zc) (2.31)

and the minim'ized f orm of the estimation variance is

n

frq.''i
c=l

sikc2(A,zcl = fi(A,Arzc)
n_

- Ifo(zc)oc;(xq,A,zc) - p(zc).
c=l

(2.32)

The system of equations lhich nust

ueights for the unconstrained form of

only di{ference is that the constraint

Lagrange parameter, U, are absent.

be solved to determine the oPtimal

equations and n unknouns.

be solved to determine the oPtimal

the estimator are similar. The

on the sum of the ueights and the

The system of equations lhich nust

ueights for this estimator has n

for B:l,n (2.33)n_
fC i (xs-xp,zc).tra(zc) = Ci (xorArZC)
c=1

uhere n is tlte number of data used

The form of the estimator is
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C*(A,zc) = Itrc(zc)oi (xq,,zc)
q.

n

t l-IIa(zc) l.Fr(zc)
e:l

(2.34)

and tlre estimation variance for

oiku2 = ii(A,A,zc)

this estimator is

n

- Ifo(zc).C ; (xq,Arzc).
a=l

(2.35)

Since the value of F(zc) is assumed to be knoun uhen using the

unconstrained estimator, the constra'ined estimator has a higher

estimation variance than the unconstrained estimator.

oiku2(A,zc) 3 sikc2(A'zc) (2.36)

Both forms of this estimator are referred to as indicator kriging (IK)

estimators since they ere kriging tvpe estimators uti I izing the

indicator data. ln its unconstrained form this estimator, is termed the

simple indicator kriging estimator urhi le in its constrained form it is

termed the ordinary indicator kriging estimator. These estimators are

analogous to the simple attd ordinary kriging estimators of mean grade'

2.6 ITIPROVING THE INDICATOR KRIGING ESTIT'IATOR

In any estimation procedure, the quality of the estimator (measured

here by the estimation variance) uill be improved uhenever additional

information concerning the unknoun is Provided. In the case o{

estimating spatial distributions, both the unknoun, C(A,zc), and the

indicator data are simple nonlinear transforms of tlre 9rade. As the

grade z(x) is strongly related to the unknonn f(A,zc), if in addition to
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the indicator data, information concerning the actual data grades is

included in the estimate of f(ntzc)t tlre quality of the estimate uill

improve. 0ne estimator uhich uti I izes both grade and indicator data is

the probabi I ity kriging (PK) estimator.

This proposed estimator r.roul d uti I ize botlr the indicator data and the

grade at each sampled location to estimate y'(A,zc). This is similar, in

concept, to a cokriging estimator in uhich, {or instance, the unknoun

lead grade at a given location is estimated using not only the available

lead assays but also the avai lable zinc assays. A difficul ty lith an

estimator nhich uti I izes both indicator and grade data to estimate

C(A,zc) is that the tuo sets of data, i(x,zc) and z(x)' are measured on

different scales' The indicator data is a probabil ity' hence it is

bounded by zero and one. Ihe grade datum is neasured in percent so it

is also a bounded variable, houever it is bounded by l00Z and 0Z' The

difficulty caused by this difference in scale is that there is a

non-zero probability that a grade datum uhich is much larger than one

ui | | be used to estimate any particular spatial distribution. This high

grade datum can make the estimator unstable since if an incorrect reight

(caused by incorrect model I in9 of the variogram) is assigned to this

datum the estimate of i(A,zc) is likely to be larger than I or smaller

than zero. A nore stable estinator uould be obtained if a trans{orm of

the grade uhich is bounded by zero and one is considered rather than the

grade itself. One such transform replaces the grade at each location bv

its cumulative distribution futtction. This yields a variable uhich

f ol lor.rs a unif orm distribution uith bounds of zero and one. The

transform is expressed as

u(x) : Ft(z(x))
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Nhere Fr (z ) i s the best avai l abl e estimate of the
gl obal cumul ative distribution function.

U(x) is uniformly distributed uitlr bounds 0 and 1

so E(U(x)) = .$
and Var (U (x ) ) = 1t12

This transform is very robust ui th regards to outl iers' since it

transforms the highest observed grade value, uhetlrer it is'12, l0Z' or

'1002, to 1.0. Thus uhen utiIizing this transform, there is no need to

trim troublesome outlier values. llence all of the available data can be

uti I ized i f this transform is made.

The uniform transformation is also strongly related to the rank order

of the data valuesr 8s orl€ estimate of Fr(z(x)) is

N

Fr(z(x)) = tI i(x5,2(x))]zN = R.O.(z(x))zN
j=l

(2.37)

uhere N is the total number of data
R.0. (z(x)) is the rank order of z(x)' thus
it is an integer betueen I and N inclusive.

From this interpretation it can be seen that an estimator utilizing the

u(x) data urill make use of the spatial correlations of the rank order of

the z(x) data. As statistical measures determined on rank order data

are very robust, the inference of spatial correlations for rank order

data is more robust than the inference of spatial correlations for

untransformed grade data. Thus, utilizing the uniform data uill yield a

more robust estimator of spatial distributions.

A final interpretation uhich the uniform transform al lous is related

to the fact that the uniform data are themselves Probabilities. An

estimator uhich utilizes both indicator and uniform data (both of uhich

have probabi I istic interpretations) is consistent uith the unknoun



C(A,zc) as all three o{ these quantities are probabilities. Hence'

estimator urhich uti I izes botlr the uni form and indicator data can

referred to as the probabilitv kriging estimator.

2,6.1 Development of the Probabil itv Kriqinq Estimator

A I inear estimator uhich includes both indicator and uni{orm

trans{orm data is

29

an

be

nn
gpkz*(A,zc1 = ftrq(zc)ri (xqrzc) * fus(zc)ou(xq)

q,=l C=l
(2.38)

(2.39)

For this estimator to be unbiased, tt.to constraints must be placed on

ueights lcr(zc) and uq(zc), hence it is termed Cpk2r(A,zc). The form

the constraints can be lound by examining the fol louing relation.

the

of

EIlptzr(A'zc) I

Tlre condition uhich must hold if fpka*(A,zc)

estimator is E[{r(A,zc) l=E[0(A,zc) l=F(zc). This

follouing conditions are Placed on tlre neights:

Itra(zc) : I
a=l

n

fuq(zc) = 0.
c=l

n

flqtzc).El I (x
c=l

n

flq tzc ) .F (zc )
c=1

n

,zc)l + fuq(zc).9[U(x)]
c=l

+ uq(zc).(.5)

is to be an unbiased

is guaranteed if the

(2.40)
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As in the case of the indicator kriging estimator, this estimator can

also be r.rritten in less constrained formsr pFoVided that the cdf F(zc)

i s knoun.

Consider a random variable V(Xrzc) ' defined as

V(x,zc) = u(x) - .5 + F(zc)

Elv(xrzc)l = Elu(x)l - .5 + F(zc)

= F(zc)

An estimator of the form

Cpkrt(A,zc1 = f1j1ri (xa,zc) + fuq(zc)'v(x,zc) (2'41)
q=l c=l

uill be unbiased i{ a constraint of the form

fla(zc1+fuq(zc)=l (2.42,
c,=l c=l

is imposed.

If, alternativelyr an €stimator of the follouing form is considered

lrpkor(A,zc1 = flq(zc)'i (Xq,rzc) +fuq(zc)'v(x,zc)
q=l C,=l

( 2. 43)
nn

+ t l-IIq,(zc)-fuq(zc) loFr(zc)
c=l a=l

no nonbias constraints are required.

As in deriving the indicator kriging estimatorr r€ights tlill be found

urhich minimize the estimation variance subject to the imposed

constraints.
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opk2 : E[({p1r(A,zc) - Q(R,zc))21 (2.44)

Evaluating this quantity ui I I require knouledge of expectations uhich

have not yet been defined. These expectations are related to the

fol louing cross and uniform covariances.

C;u(h,zc) = Elt(x,zc).U(x+h)l - f(zc)'(.5)

Cu(h) = EIU(x)oU(x+h)l - .25

Because of

counterparts of

i nferred rather

fol I ous

the uncertainty in est

Cui (h,zc) and Cu(h) '
than the covariances.

imating F(zc), the variogram

Yui(hrzc) and tu(h), lill be

The variograms are defined as

2.Yri(hrzc) = 2oCu;(0,2c) - Cui(h'zc) - C;u(h'zc)

uhere Cu; (0'zc) : EI

U(x).I(x'zc) =

Thus Cui(0'zc) = EIU(

2.yui(h,zc)= 2'EIutxl'I (x,zc) I
- EII(x,zc)'u(x+h)l
= Et(U(x)'I(x,zc)+U(

- I(x,Zc)'U(x+h)l
= E[ (U(x)-U(x+h))r(I

U(x) rI (x,zc) | -

fU(x) if Z(x)Szc
I
It0 if Z(x))zc

x)lz(x)(zcl - .$o

- Elu(x)oI(x+hrzc

x+h) rI (x+h,zc)-U(

(x,zc)-I (x+h,zc) I

5oF (zc )

.I (x+h) 'zc)

F(

)t

x)

zc)

(2.45)

(2.46)

Q.47)

?ui(l'r,zc) = -.5.EI lutx)-U(x+hll tztx)Szc and z(x+h))zcl ( 2. 4E)
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Also notice that the cross variogram is a conditional expectation

uhich can be interpreted in terms o{ the bivariate distribution of U(x)

and U(x+h). Consider a bjvariate distribution of U(x) and U(x+h) (see

figure 4 for such a distribution). The hatched area of figure 4

corresponds to the regions uhere U(x))uc (uc is the unitorm transform o{

zc) and U(x+h)!uc, or U(x)Suc and U(x+h))uc. The variogram 7ui(hrzclt

therefore measures the expected difference of lU(x)-U(x+h) | over the

hatched area (eqn. 2.48). As U(x)-U(x+h) is the vertical or horizontal

distance of a pair (u(x),u(x+h)) from the I ine of symmetry U(x):U(x+h),

the cross variogram is a measure of dispersion of the hatched ereas from

the I ine U(x)=U(x+h). The cross variogram in conjunction uith the

indicator variogram, uhich gives only the area of the hatched regions

(eqn 2.24) t yields more information concerning the bivariate

distribution of the grades than the indicator variogram alone and

certainly more information than given by the variogram of grade.

The cross variogram, 7ui(h,zc) is inferred by

^ I nh
yui(h,zc) = 

-of 
(U(x;+l)-U(xi))r(I(x;+hrzc)-I(xi,zc))

2n6 i=l

Similarly, the variogram of the uniform data is def ined as

?u(h)= cu(0) - cu(h)

= . 5.E[ (U(x+h)-U(x) )z I

The uniform varioEram is inferred by

(2.49)

(2.50)

Yu(h ) =

I nn

-.f 
(u(x;+h)-u(xi))2

n;1 i=l
(2.51)
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Given a uay to

the expressi on

determ'ined.

infer and model

of opk2 (A, zc ) ,

the

the

various expectations lhich appear

optimum r.reights, trc and uq' can

tn

be

U(x+h)

Figure 4: Bivariate Distribution of

U(x)

U(x) and g1x+h)

2,6,2 t1i nimi:at i on el g,Fr: (A're1

Recal I that

oPk2 (A'zc)

uhere in its most

urhich uti I izes both

= E[(S(A,zc) - lott(A,zc))21

estimator

(2.52)

of l(A,zc)highl y constrained {orm,

indicator and uniform data

the

is

n

flstzc)oI (xarzc)
c=l

n
+fuqtzc).U(xa).
e=l

lpke*(A,zc) =
( 2. 53)
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Using the Lagrange multipl ier techrique, the problem becomes the

minimization o{

L(la(zc),pr (zc),p2 (zc) ) =
nn

E t ({ (A, zc ) -ftrq (zc ) o I (xq,, zc )-fuq (zc )'U (xe) ) 2 |
c,=t c=l

(2.54)

+2.pr (zc).lllatzc)-1 l+ 2rp2 (zc).Ilvs(zc) I
c=l c=l

Taking partial derivatives uith respect to Ia(zc) and vq(zc) and setting

these partial derivatives to zero yields the fol lotling system of I inear

equat i ons.

nn
flqtzc).Ci(xq,-xs,zc)+fuq(zc)'C.r;(xs-xs,zc)*Ur(zc)=C;(xs,Arzc) B=l'n
c=l c=l (2.55)

nn
flstzc).Cui(xg-xp,26)+fuq(zc)oCu(x.-xo'zc)+p2(zc)=C;.1(xgrArzc) B:l,n
c=l a,=l (2.56)

n

flatzc) = I
c=l

n

fus(zc) = 0

c=l

The minimized variance is thent

n_
opkz2(A,zcl = E;(ArA,zc)-pr (zc)-IIe(zc)rC;(Arxq,rzc)

c=l
n - 

(2'58)
- Iro(zc) rCu; (Arxcrzc)

a=l

(2.57)
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If an estimator uitlr only one constraint on the sum of the ueights is

considered, (eqn 2.41), the system of equations is changed by replacing

the tuo constraints on the sum of the 1.reights (eqn 2.40) by a single

constraint (eqn 2.42) and eliminating the Lagrange parameter p.2 {rom all

equations. The estimation variance for this less constrained estimator

is

opk,t 2 (A'zc) = Ci(ArArzc) - Pr (zc) -
n_
flqtzc).Ci(A,xc,,zc)
s=l

( 2. s9)n
- fvq(zc)

c=l
rCu; (Arxq,rzc)

tf an estimator uitlrout constraints on the neights is considered' (eqn

2.43), the system of equations is obtained from equations 2.55 through

2.57 bv eliminating the tuo constraints on the ueights and all Lagrange

parameters. The estimation variance for this unconstrained estimator is

opko2 (A, zc)

For a set of estimators it is knoun that the

number of constraints has tlre largest number of

the louest estimation variance. Therefore

hierarchy among the set of probabil itv kriging

n
Ci(A,A,zc) - IIo(zc)oCi(Arxq,'2c)

c=l
n_
fuatzc).Cui(Arxc,zc)
a=l

(2.60)

estimator uith the least

possible solutions hence

the estimation variance

estimators is

tsince the sum of the
lrz(zc) does not aPPear

ueights given to the uni form data equals z?t'o,
in this expression.
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gpkoz !opkt 2 !cpkz2

Recall that a similar hierarchy uas

(eqn. 2.36); namely

derived {or the tr.ro IK estimators

IK estimator, oht

than any IK tyPe

hierarchy is;

oiku23ik"2.

Since a PK estimator util izes more information than an

PK type estimator uill have a louer estimation variance

estimator. Therefore the complete estimation variance

spko 2 sopkr 2 3opke2 !c i ku2 (o i k 
"a

(2.6,l)

2 .7 qRoER RELAT I oN PRoBLEIIS

To this Point, discussion has centered on estimating r,(A,zc) at a

single fixed cutoff zc. In nany applications, houever, knouledge of the

entire spatial distribution function f(A,zc) is required; that is,

t'r(A,zc) must be determined at several different cutoffs of interest.

Since C*(A,zc) is obtained indePendently for each cutoff zc it is

possible that t*(A,zr))Cr(A,22) for z1(22 or that fr(A,zc) be less than

zero or greater than l. Since the unknoun quantity of interest is a

distribution function, any of the above outcomes is unacceptable' Any

estimated distribution lhich exhibits eny of these unacceptable

properties is said to have order relation problems.

grder relation problems stem from the fact that the optimal solution

at each cutoff zc is obtained ui thout uti I izing information concerning
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the spatial continuity of the indicator data at other cutoffs. This

deficiency can be overcome bV solving the kriging systems {or al I

cutoffs ui thin one I arge system. That is, rather than determining

ueights uhich minimize the kriging variance at each cutoff

independen11 y, ueig[ts are determined uhich minimize some function of

the estimation variances at al I cutof f s sub ject to constraints t'thiclr

{orce the order relations to hold. One method for determining such a

solution involves determining the ueights Ic(zc) ulrich;

nc
min f o.2tA,zc;)rl,l;

i=l
(2.62)

subject to

fr(A,zcr) ) 0

fr(A,zci) ( tr(Arzci+r) for zciSzci+r
Ct(A,?cnc) S t.0

(2.63)

uhere: nc is the total number of cuto{fs considered
o.2 (Ar?c i) is the estimation variance at
at cutoff i.
Ni is an optional ueighting function used
to give more ueight to important cuto{fs.

This problem involves minimizing a quadratic subject to a set o{ linear

constraints containing inequal ities. Problems of this type are knoun es

quadratic programs. A quadratic program is solved by first introducing

slack variables equal to the number of unknouns (Hillier and Liebernan'

19g0, pg 751 ). Thenr the optimal values of the unknoun reights are

obtained through a modified I inear programming algorithm. The

impl ication of this solution process is tlrat a modified I inear program

containing (2)(nc)(n) urrknouns must be solved (uhere n is the number of

data and nc is the number of cuto{fs). Ihe solution given by this
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quadratic program, althouglr optimal, is several times more costly than

the solution obtained by solving for the geights at each cutoff

i ndependent I y.

A I ess expensive sol ution to the order rel ation probl em invol ves

solvjng the kriging systems for each cutoff independently using PK or IK

at each of the nc cutof{s of interest. Then, if order relation problems

occur, fi t a val id distribution function to the observed estimates. The

fitted val id distribution function uil I be chosen on the basis of a

minimum squared deviation criterion.

nc
rnin ftfrr(Arzci) - t*(Arzci) l2'Ni

i=l
(2.64)

subject to

C*r(A,zcr) ) 0

fr*(A,zci+r) ) trr(A,zc;) {or all cutof{s zcirr)zci (2.65)
,rr(A'zcnc) I 1.0

uhere #r(A,zc) are the optimal estimates given by kriging
,rr(Arzc) are neu estimates nhich yield a valid
distribution function

The valid distribution {unction obtained using this method uill be equal

to the solution obtained by kriging at any cutoffs uhere order relation

problems do not occur. This algorithm, thus has the reassuring property

that changes in the oPtimal solution given by kriging are nade only uhen

requ i red .

The val id distribution function uhich is sought can be obtained

through quadratic programming, houever in contrast to the quadratic

program described in relation 2.62, this quadratic program contains onlv

(nc).2 unknounsr so the solution can be obtained inexPensively.

Although cost is an important consideration in determining a method to
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obtain the required solution, a cost elfective solution is not aluavs

the best sol ution. In this case, houever, the proposed cost e{{ective

solution (eqn 2.6il has, in several case studies (see sec 3' 3' 3' 3) '

given exactly the same or nearly the same results as the more

compl icatedr €xp€hsive, but strictly corrdct method described in

relation 2.62- This does not imPlyr honever' that tlrese tuo algorithms

are identical as thev certainly are not. The Practical resul ts nerely

indicate that for the majority of order relation problems encountered in

practice, this simple solution is en adequate aPproximation of the

strict solution.

2.7.1 Graphical Solution For 0rder Relation Problems

The method o{ fitting a val id distribution function to spatial

distribution function estimates uith order relation problems is muclr

simpler than obtaining an estimate uhich is guaranteed to have no order

relation problems. Houever, this method involves solving a quadratic

program (eqn 2.64). As quadratic programming algorithms are not found

on every computer system, applying this technique may be impossible

because the necessary Programs are unavai I abl e ' Fortunatel Y the

solution to this quadratic program can be obtained graphical lv so that

quadratic programming algorithms are unnecessary'

Consider a case in uhich estimates are obtained at tuo cuto{{s zcl

and zc2 uhere zc2)2c1. For simplicity o{ notation call these estimates

a1 and a2 rather than c*(A'zc1) and cr(Arzc2). Assume that these tuo

estinates e' and a2 dr€ such that a1)a2 so that an order relation

problem exists. Neu estimates uill be sought at zcl and zcz lhich obey
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the order relations and minimize the squared deviation

solutions ar anci a2. That is solutions uhiclr minimize

D2 : (tiri(A,zc1) - a1)2 + (Crr(Ar2c2) - az)2

subject to trr(Arlc1) 3 trr(A,zc2)

uill be sought.

This problem can easi ly be represented graphical ly,

02, is a circle of radius D centered on the point

constraint frr(A,zcr)Strr(A,zc2) is a half plane.

The optimal

radius of the

solution uhich

from the original

(2.66)

as the objective,

(ar , az ) and the

solution is the leasible solution llrich ninirnizes the

circle defined bv the objective function. The feasible

yields the snallest radius D is the solution at uhich the

,rr(ArZC2)

(A,zcq )=f*r(Arzcr)

Figure 5: Graphical Representation

fr*(A,zc1)

o{ the Quadratic Program
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circle is tangent to the line ,rr(A,zc1)=ff(Arzca), there{ore the

optinral solution is frr(A,zc1 )=frr(Arzc2).

If an order relation problem involving tnore than tno cutoffs occurs,

the same logic can be used to obtain the solution. The objective

function can be seen as a sphere or hypersphere uhile the constraint

appears as a hyperplane. AEain the solution occurs at the point on the

hyperplane uhich is tangent to the hypersphere. That isr given an order

relation problem involving n+l cutoffs, the solution isi

,r* (A, zc ; ) =frr (A, zc i + t ) =. . . =rrr (A, zc i r n) .

An example of possible order relation Problems and their

given in figure 6.

(2.67)

sol ution ere

fr(A,zc)
ord.r ralttion

prob I ein

o Initirl lrtirrtcs

- 
Corrcctcd Ertirnrt.s

zc

Figure 6r 0rder Relation Problems end Their Resolution
xotice that the solution fr(A,zc) is constant throughout the

indicated regions of order reletion Problens'

ordcr rolltion
problan
.-fr
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As demonstrated by relation 2.67 and {igure 6, the proposed solution to

gre order relation problems yields a constant value for all cutoffs

uithin the region o{ the order relation problem. The value of this

constant must nou be determined.

Assume that the order relations are violated over a region comPrising

n cutoffs. The val id distribution function uhich minimizes the

deviations from the initial kriging solutions is some constant value "a"

throughout the region of the problem. It remains to determine the value

of this constant value e. Reformulating equation 2.64' the problem is

t'tin V = (tr (Ar zc i )-a) 2+(Cr (A, zc i+ r -a) 2'1'. . .+ (dr (Ar 2c 11n'l-a) 2

The solution to this optimization Problem is obtained by

derivative of Y uith respect to a to zero.

(2.58)

settirrg the

dv

- 
: 0 = -2.{t (Arzci)-.. .-2.{' (Arzci+n-t) + lonr3

da

a:
n

(I dt(Arzcj+ i))/n
j=l

Thus to fit a valid distribution function lhich nrinimizes the

squared deviations from an estimated distribution {unction

relation problems, simply average the initial estirnates

region of the order relation problems.

(2.69)

(2.70)

sum of the

ui th order

ui thin the
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2.8 QUANTITY OF I'ETAL ESTIT'IATION

In mining appl ications, knouledge o{ the percentage of material

uithin a given region above or belou a cutof{ grade is not su{ficient-

0{ equal or greater importance is knouledge ol the quantity of metal

(i.e. tons of copper or ounces of gold) recovered. The actual quantity

of metal above a given cutoff (for point suPport smus) uithin a region A

can be expressed as

Te f
Q(A,zc) = 

-. 
| 

( l-i (xrzc) )'z(x) dx
(A) J

xeA

ulrere Te is the total tonnage o{ region A.
T" is assumed equal to I in the {ollouing
discussion to simPl ifY notation.

(2.7r)

Fol louing the pattern used in developing an estimator for f(A,zc),

Q(A,zc) could be randomized, structural funstions determined and the

quantity of metal uithin region A could be obtained kriging data defined

as I l-i (xcr,zc) t.z(xq). There are, holever, three najor obstacles to

proceeding in this {ashion.

l. The covariance for the random variable (l-I(x,zc))oZ(x) uould be

extremely di{ficult to inferr esp€cially in erratic deposits as

the covariance or variogram for this variable uould be strongly
influenced bY large z(x) values.

2. 0btaining accurate estimates of (l-i (xcrzc))'z(xq') is difficul t
at high cuto{fs, as tlre majority of data are zero r'rhile the
remainder of the data are verv large.

3. The possibil ity o{ order relation problems is increased as the
quantity of metal and tonnage recovered are interrelated. 0rder
relation problems nust be recti{ied by solving a large quadratic
program lith a suitable objective function and constraints uhich
ensure that the order relations hold {or both Q*(A'zc) and

f*(A,zc).
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Due to the above difficul ties, the quantity of metal is obtained bv a

simpl e non-probabi I istic method urhiclr has performed uel I in case

stud i es.

The point support quantity of metal recovered uithin a given region A

is

(2.72)

( 2. 73)

(2.74'

Thus,

( 2.75)

(2.76)

rf
Q(A,zc) = 

-.1(l-i 
(xrzc))oz(x) dx

(A) J
xeA

Examine the quantitv (l-i (x,zc))'z(x)'

fz(x) if z(x))zc
(l-i(x,zc)).2(x) = I

L o il z(x)3zc

tn Stiel tjes integral notationr,

;il_i(xrzc))oz(x) = I u df(x,u)
J
zc

uhere C(x,u) is the cdl at Point x

q)

t f l
Q(A,zc) = 

-.1 
| udC(x,u)dx

(A)IJ
Azc
ct

I f f
= _.1 | udC(x,u)dx(A)J J

zcA

tThe Stiel tjes integral (Stiel tjes, l9l8) is an al ternative expresslon
for the usual Riemann integral as Juf(u)du = JudF(u) providing f(u) is
continuouslY di f ferentiabl e.
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udf(A,u) (2.77'

Evaluation of the above Stiel tjes integral requires values of #(A,zc) at

an infinite number of cutoffs and a'lso assumes that the true value of

C(A,zc) is completely knoun. since, in real ity' estimates of #(A'zc)

are available at a limited number of cutoffs, the above integral is

replaced by the fol louing discrete approximation.

tf
= -'l(A) J

zc

nc- I
Qr(A,zci) = fcj.(rr(Arzcj+r) - C*(A'zc5))

j=i
(2.7E)

central tendency for the grades founduhere cj is some measure of

betueen cutoffs j and i+l'

As the estimates C*(A,zc) can be computed at any cutoff of interest,

the only unknouns in the above expression for recovered quantitv of

metal are the c5 values. Ideally these measures of central tendency {or

the material betneen cutoffs zc; and zci+r uould be conditioned to the

particular local environment o{ the panel being estimated. If the

measure of central tendency, cjr us€d is the mean grade of material

betueen cutoffs zc5 and zcj+r, local conditioning of the c; values could

conceivabl y be performed by considering a random variabl e C5 (x)

(C5(x):Z(x) for zcj-i3Z(x)3zc; and 0 otheruise) and attempting to

estimate its real ization at each panel of interest. This procedure for

estimating local cj values is not uti I ized; houever, due to the

difficulty of inferring the spatial correlation of the variable C5 and

the paucity of non-tero realizations ol C5(x) available uithin any local

env i ronment .
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since the c5 values cannot, rel iably, be estimated local ly' a global

value is used. A readily available value {or c5, ulrich uas used in all

tlre {ollouing case studies, is the average (accounting for clusters) of

al I exploration data ui th values betueen cutoffs zc5+r and zc;. This

simple global approximation of the c5 values has proven to give reliable

resul ts in case studies.



Chapter I I I

ESTII1ATION OF SPATIAL DISTRIBUTIONS FOR A SII'IULATED

DEPOSIT

This chapter contains tlre first of tro case studies involving the

appl ication of the non-Paranetric estimators of point support, spatial

distributions developed in the previous chapter. These case studies

uill emphasize the Practical rather than thb theoretical aspects of the

techniques; thus, at each step in the application of the techniques the

procedures uhich must be folloued, the computer Programs required' as

r,rel I as the potential trouble spots lil I be discussed. A{ter this step

by step discussion, the estimates obtained by each estimator uill be

compared both uith estimates obtained by other estimators to determine,

if possible, the best non-parametric estimator and uith the true local

spatial distributions to obtain some idea of the qual i tvr o{ resul ts

urhich can be expected uhen applying these techniques'

The case study uhich ui I I be discussed here invol ves uti I izing both

the IK and PK estimators to estimate local, point supportt spatial

distributions {or a simulated deposit. A simulated dePosit uas chosen

because this uas the first appl ication of the PK estimator and lhen

testing a neu estimation technique, a simulation Proves invaluable' Not

only can the results given by the neu technique be compared pith the

results of oilrer more established technieuesr but they can also be

t The term qual i tv
effectiveness of an

distribution.

is used
estimator

here as a qual i tat i ve measure of the
in reproducing the true local spatial

-47-
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compared uith the actual or true value of the variable being estimated.

Comparing the estimates uith true values gives atr indication of the

quality of the neu estimator and allous one to make a sound judgement,

based on concrete evidence rather than on emotion or gut {eel ing'

concerning the performance o{ the estimator.

As statetl, this case study represents the first application of the PK

technique, hence the performance of the technique uill be examined over

a uide range of cuto{l values to determine botlr the strengtlts and

ueaknesses of this nell technique. This study is thus seen as en

investigation of the properties of the PK estimator rather than a test

of the abil ity of tlre estimator to estimate recoveries at a {ixed

economic cutoff. Therefore, in this studyr orly the spatial

distribution ui I I be estimated, at cutoffs spanning the range of

simulated values, uhile the economic variables associated uith the

spatial distribution (tonnage and quanti ty of metal recovered) ui I I be

discussed in the next case study uhich involves aPPlving non-paremetric

spatial distribution estimators to an actual deposit'

Before proceeding nith the estimation of spatial distributions for

this simulated deposit, its properties rill be discussed to gain some

i nsi 9ht i nto i ts nature.

3.I PROPERTIES OF THE SIT1ULATEO OEPOSIT

The simulated deposit uhich uill be considered is termed the Stanford

2g deposit. TSis conditional simulation contains 24,200 simulated

values located on a regular I {oot grid urithin a ll0 x 220 foot

north-south elongated rectangle defining the deposit l irnits' The
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taken as coPPer hopever this distinction is

not important) in the region surrounding the Stanford 28 deposit is

concentrated in east-utest elongated pods, one of uhich occUrs in the

central portion o{ Stanford 28. This pod shous clearly on a contour map

of 200 point grade values located otr a regular ll foot grid (fig' 7) as

tfte high grade zone of mineralization in tlre center of the deposit' The

continuityoftlregradesisstrongerintheeast-uestdirectionas

demonstrated by the relative elongation o{ the contours in that

direction. The extreme northern and southern sections of the deposit

are essential ly barren and ttould be of I ittle interest in any actual

study uhere the quantity o{ interest uas local recoveries. Houever' as

this study is designed to examine the effectiveness of spatial

distribution estimation techniques over a uide range o{ condi tions,

estimation of spatial distributions uill also be performed in these lot't

grade regions.
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3. l. I Basic Statistics

Tlre mean, m, of the 24,200 conditionally simulated values is.752 uith a

standard deviation, or of .6722. The coefficient of variation t c/ttrt

uhich gives a unitless measure of the variability of the deposit is.90.

Tlris is rather lou compared to the coef{icients ol variation observed in

deposits uith erratic nrineral ization such as the Jerritt Canvon deposit

uhich uill be discussed in the next case studv. The distribution of the

simulated values (fig. 8) shous that 222 of the values are equal to

zero. These val ues ui I I be referred to as the spike. The maximum

observed value, 3.45'1, is a factor of 4.6 times larger than the mean

value. This {actor is small in comparison uith those found in erratic

gold or uranium deposits, nhere values that are 20 times larger than the

mean commonly occur. In comparison to erratic deposits then' tlris

deposit does not have many of the outlier values uhich can cause an

estimator to give poor results. This lack of outliers coupled uith the

relatively lou coefficient of variation of the simulated values indicate

that this is not an extremely erratic deposit, so a sound estimation

technique shoul d perform uel I .
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t
3
Btrr
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Grcde

Figure 8: Histogram o{ the 24,200 Sirnulated Values

3.1.2 Variooram Analvsis

The variogram of the 24,200 simuleted values salculeted parallel rnd

perpendicular to the assumed direction of naximum continuity (east-uest)

shous a zonal anisotroPy for distances greater than 25 leet (fig' 9)'
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The east-uest variogram can be model Ied by a single spherical structure

uith a range of about 30 ft. and a total sill of ,28'/,2. The north-south

variogram rises very quickly to a maximum value of .7522 et 90 feet'

then decreases rapidly. For distances near 210 feet, the variogram

value is close to zero; tlrus, this variogram exhibits a hole etfect.

The large north-south variogram values corresPond to distances for uhich

one of the pair of data is located in a lou grade zone uhile the other

is located in a high grade zone. At a distance o{ approximately 210

feet, houever, both data are located in lou grade material (fig. 7,,

hence the variogram value is smal l. This observed hole effect in the

norilr-south direction is therefore predictable by an examination of the

contour map of the data.

Both the north-south and east-uest variograms indicate that this

deposit is not large enough for the variograms to exhibit a true sill'

The variogram in tlre east-uest direction definitely does not shon its

{inal si I I over the distance of observation. The observed si I I is

merel y an intermediate structure. The observed dispersion variance of

the data in gre deposit, .452y.2, is much greater then the observed sill

of the east-uest variogram. Since .452=D2(0/D)(02(0/o)=Y(co)=Var(Z(x)),

the east-uest var i ogram ui I I r i se at I arge di stances to some val ue

greater than .452?,2.

The north-south variogram

there is only one high grade

If the deposit continued in

grade pods uere found, the

these high grade Pods are not

shor.ts such a Prominent hole effect because

pod of mineral ization urithin the deposit'

the north-south direction, and more high

observed hole effect uould dampen out' as

regularly spaced.
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3.1.3 True Spatial Distributions

A major portion o{ this case study uill be devoted to

the estimated distributions obtairred by non-Parametric

the true or actual distributions. Hence a discussion

determining the actual distributions is uarranted'

To determine actual spatial distributions, the deposit is divided

into 200 square non-overlapping lt ft. x'll ft. panels (see figure 10).

Each panel contains l2l simulated values on a regular I foot grid uh'ich

are used to determine the true or actual distribution of points uithin

the panel. For instance, to determine C(A,zc) for a given cutoff zc and

panel A simpl y determine the proportion of the t2 | simul ated points

located uithin tlre panel uith values less than or equal to zc'

3.2 EXPLORATION DATA BASE

tn an estimation procedure, the results obtained are dependent on

both the quality and the quantity of tlre available data' fhe imPortance

o{ this statement varies from deposit to deposit and {rom estimator to

estimator. This statement is very important, houever, uhen testing a

neu estimator since testing a neu estimator is a delicate procedure in

uhich the quality o{ the results obtained by the estimator determine, if

the estimator is of acceptable qual ity' or if enhancements of the

estimator must be made, or if the estimator is of such lou quality that

it should be discarded. It is, there{ore, of the utmost importance that

the data base does not introduce anv errors that night bias anv

conclusions draun concerning tlre performance of tIe estimator' As this

case study represents the first application of the PK technique it uas

a comparison of

estinators ui tlr

of the method of
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considered as a test o{ the performance of the technique, thus to

eliminate any false impressions a fairly denser i€lfular data set uill be

consi dered .

The chosen data set uhich uill be utilized by both the lK and PK

techniques consists of 200 values located at the centers of each of the

200 previously defined panels (1i9. 10), These data are, tltus, located

on a perfectly regular I | {oot grid. This set of 200 data 1.1i I I be

termed the exploration data base as it mimics the set of data uhich

nould be obtained by exploratory drilling of this orebodv under ideal

conditions.
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3.3 STEPS IN 0BTAINING A N0N-PARA|IETRIC ESTItlATE gI A SPATIAL

DISTRIEUTION

The non-parametric estimation

ma jor steps urhi ch are simi I ar

estimating mean block grade.

spatial distributions involves three

the steps uhi ch are fol I oued uhen

of

to

Step | : Data anal Ysi s
Step 2: Variogram computation and modelling
Step 3: Kriging

The importance of each of these steps as uell as their relative cost, in

terms of human and computer time' are discussed belou.

The data analysis step is very important as it gives one a general

understanding of the nature o{ the data. Although important and time

consuming this step involves I ittle computer cost. This step nornal ly

includes an examination of the geologv to determine if statistical lv

different geologic populations can be identified' checking for any

proportional effect betueen the local mean and standard deviation'

examining the data base closely to make sure no data entry errors are

presentr dnd various other procedures uhich come under the heading o{

exploratory data analYsis. This step is normal ly time consuming;

houever, in this studv the scoPe of the data analysis steP is greatly

reduced as the data are chosen from a single population conditional

simuIationuhichbydefinitionimpliesthatthedataareaccuraternd

come from one geologic population. tn this case, there{ore, the data

analysis step uill be reduced to computing univariate statistics of the

data.
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The major step in a non-parametric estimation study' both in terms of

time and expense, ?hd in terms of obtaining an accurate estimate' is the

variograp|y steP. Variogram estimation and model I ing is time consuming

because there are such a large number o{ variograms. l{ an estimate of

t[e complete local distribution is required, estimates of f(A'zc) must

be obtained at a sufficientlv large number of cutoffs (aPProximatelv l0)

to adequately discretize the range of cutoff values' As an indicator

variogram is required at each cuto{f of interest uhen apPlying the IK

estimator and both indicator and cross variograms plus e variogram of

the uniform transform data are required at each cutoff nhen epplying the

pK estimatorr i large number of variognams are required to estimate the

entire spatiat distribution. Each of these variograms must be model led

as accurately as possible because, in addition to the available data'

the variogram model is the only piece of information' utilized bv these

estimators. Thus, the quality of the estimates uill depend to a large

degree on the quality o{ the variogram models.

The primary cost in the variography step of the studv is the

model I ing and not the computation of the variograms. If variograms are

required at several cutoffs, these variograms, both direct and cFossr

can be determined in one run of a multivariate variogran program (see

sec 7.1 for such a routine), thus the cost in terms of computer time is

not significantly greater than the cost of determininE the variogram for

one variable. The time required and therefore the cost of nodell'ing the

various variograms can be reduced considerably by uti I izing an

interactive computer terminal to examine and enhance the fit of e model'
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Both kriging and obtaining the final estimates are performed entirely

by the comPuter and therefore requ'ire no human time. The kriging

computation time ui I l be decreased significantly if kriging is performed

for all cutoffs at the same time. This eliminates the high cost of

searching the data base for each cutoff. Since searching the data base

to find the data in the kriging neighborhood is one of, if not tlre most

expensive step in kriging, simul taneously solving the kriging svstems at

several cutoffs is not significantly more time consuming than solving a

kriging system for one variable, esPecial ly if the system solving

routine is set up to handle more than one variable (see subroutine ksol,

see sec 7.2).

3.3.1 Data Analvsis - Stanford $ Deposit

The Stanford 28 deposit has been sampled by 200 sirnulated drill holes

on ll ft. centers. Sampling the simulation on a regular grid removes

the possibility of encountering troublesome clustered data. A subset of

data is termed clustered nhen the interdistance betueen the data in the

subset is less tlran the average interdistance betueen data throughout

the deposit. Clustered data are a problem because the data uithin the

cluster have a higher degree of redundancy than the remaining data in

the deposit; thus, clustered data should receive less importance than

non-clustered data urhen computing statistics of the data. tf clustered

data had been encounterecl, the influence of the clusters uould have been

doun ueighted to obtain an accurate estimate of the global histogram.

One method for removing tlre influence of clusters is the cel I

decl ustering techniclue (Journel , 1982) Performing unconstrained



61

indicator kriging or any form of probabil ity kriging uithout first

declustering the data ui I I certainly introduce errors into the

estimation as both of these rnethods require'a prior reliable estimate of

the global histogram.

Given that the 200 available data are located on a regular grid, no

declustering is required. In addition, there is no geology essociated

uith this simulation, so no attempt ui | | be made to separate the

simulation into di{ferent geological populations as is often done'in

actual studies. The only data analysis required for this simulation is

cal cul ating histograms and examining contour maps'

The histogram of the 200 data (fig ll) shous many of the same

features as the histogram of the 24200 simulated values (fig 8)' Some

of the features of these histograms can be compared through a simple

table (see table l).

TABLE I

Comparison of Comprehensive and Exploration 0ata Sets

0ata Set

mean
var i ance
coefficient of

200 Data
.728
.430

24200 Simulated Values
.750
. 452

. 896
22.18
3. 45

variation (ozm) .901
Z of values = 0 20.0
maximum val ue 3.09

Al though the

comprelrensive

mean and vari ance of

values, the comParison

the 200 data

betueen these

are I ess

tuo sets of

than

val ues

the

is
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generel I y

sanple of

the set

funct i on

compr i se

good and indicates that the 200 data provide a representative

the deposit. A better indication of the representativity of

of 200 data is given by conparing the cumulative distribution

(cdf) of the 200 data uith the cdf of the 24,200 data uhich

the simul ation.

Figure ll: Histograrn of the 200 Exploration Data
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The cutoffs at uhich these tuo cdfs rill be compared are identical to

those at uhich the I ocal cdfs ui I I be estimated. These cutoffs lere

chosen so tlrat they span the entire range of grades. The louest cutoff,

O'A, is determined naturally by the spike of zero grades. Tuenty tuo

percent of the 24200 data are zero's so the non-zero cutoffs uere

determined by dividing the remaining 78?. of the values into l0

approximately equal frequency classes. The ten cutoffs end the

percentage of the data belon these cutoffs are given in table 2.

TABLE 2

Comparison of CDF's at Selected Cutoffs

CUTO F F

0.
. 175
.325
. 5,|0
.740
.905

1.03
t.t4
t.28
I .73

z 0F DATA I CUToFF
20.
27.
36.
44. 5

51.
60.
68. 5

75.5
84.
91.7

a 0F sIl'|. VALUES
22.2
28. 6
34. 5

42.5
53.4
61.0
67. 8
72.9
78. s
90. 7

s cuToFF

The values in table 2 indicate that the cdf o{ the 200 data provides

values at alla good representation of the cdf of the 24,200 simulated

cutof f s except l.2S'/,. At the 1,28Z cutof f there is a I arge difference

200 data arebetueen the tuo cdfs. This impl ies that the

unrepresentative of the 24,200 simulated values at this cutoff. As the
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non-parametric techniques uhich uill be used are strongly based on the

available data, the unrepresentativity o{ the data at this cutoff uil I

most probably translate into a bias in both the PK and IK estimates, for

this particular cutoff value.

Before proceeding uitlr the next step' variography' some simple

transforms of the data on uhich the variograms till be calculated must

be computed. These transforms are the uniform transform (sec 2.6) and

the indicator transform (sec 2.3.1). The indicator transform can be

performed on any set of data regardless of the data or cutoff grades

considered; thus, in this sense it is a completely general transforn.

To perform the indicator transform for the Stanford 28 data set simply

compare each o{ the l0 cutoffs (table 2) to each of the 200 data. l'lhen

the cutoff is larger than the data value, the indicator datum for that

cutoff is I otheruise it is zero. For this deposit then the single

grade datum at each location is transformed into l0 indicator data or

equivalently the grade z(x) is replaced by a discretized version of the

point spatial distribution f(x,zc). In contrast to the indicator

transform, the uniform transform is not completely general as it

contains a constraint that the transform be one to one. That is' each

and every z(x) value must nap into one and only one uniform transform

value u(x). 0ftenr BS is the case {or the Stanford 28 dePosit' there is

duplication of a certain z value. In such instances the transform from

the z data to the u data is not one to one as more than one z value maPs

into one u value.

guplication of certain z values is easily dealt uith uhen only tlo or

three of the z data slrare the same value. One randomly adds a very
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snal I but different increment to each of the dupl icated values uhich

yields neN z values r.ritlr no dupl icated values. This simple procedure is

acceptable uhen the number of duplicated values is small; houever' Hhen

a significant proportion of the data share a single value a random

method o{ removing these multiple dupl ications may destroy the spatial

correl ation of the transformed val ues. Hence a procedure rhich removes

multiple duplications of a given z value but preserves, to sonle extent,

the spatial correlation of the data must be utilized.

l,lultiple duplication of a given z value is often referred to as a

spike. ln this data set 202 of the data are Z€For hence the histogram

is said to have a spike at zero. The spike at zero uill be removed

uti I izing a deterministic procedure lhich "despikes" the data (Verlv'

tg84). The spike removing procedure is based on the notion that if tuo

data values are equal, the value surrounded by larger data values should

be considered larger {or the purPoses of the transform. This procedure'

thus, utilizes information concerning the spatial continuitv of the data

in dissolving the sPike.

The spike removing algorithm uhich las used finds

given radius (16 lt. las used in this case study)

datum and takes the average of all data found. For

therefore this algorithm calculates a local averaEe'

nou ranked by their local average and transformed.

tlris procedure is given in table 3.

The uniform transform uhiclr uas performed on the Stan{ord

shoun in simpl ified {orm in figure 12. Fol louing this

data follor,r a uniform distribution bounded by zero and

EIU(x) l=.5 and VarIu(xt l=.0833.

al I data uithin a

of each zero grade

each spike value,

The spike data are

A small examPle of

28 data set is

trans{orm the

ol13 r so that
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IABLE 3

An Example of tlre "Despike" Procedure

Cons i de r

Grade a(I)

a spike at zero

Local Averace

.'t5

.03

.0,|

.09

.ll

consisting of 5 data

Rank of Local U(x)
Averaqe
5 5/N
2 2/N
I l/N
3 3/N
4 4/n

data.

0.
0.
0.
0.
0.

Nhere N is the total number of
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F(z(xll

Schernat i c CDF of the 200

F(z(r))

z(xl

Erploretion Deta Shouing the Spike at Zero

u(xr )

2

o
z(xt I

The /Despiked' CDF of the 200

z(r)
Exp I orrt i on Date

F(4x))

.t

o

The CDF of thc Uniform Trensforncd Yelues u(x)

Figure l2: Sraphical RePrcsentetion of the Uniform Transforn
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3.3.2 Varioaraphv

The variography step of an indicator or probabi I ity kr iging study is

rel y on any

the bivariate

the var i ous

of primary importance. As tlrese techniques 'do not

distributional model, al I of the information concerning

properties of the data must be obtained bv model I ing

indicator and cross variograms (see section 2.6. l).

To obtain an indicator kriging estimate of C(A,zc) at a given cutoff

zcr an indicator variogram model is required. Hence for eech cutoff of

interest, l0 in this caser 8n indicator variogram nust be conputed and

rnodelled. The indicator variograms for the l0 cutoffs of interest all

shor.r anisotropies at large distances similar to that shoun bv the

indicator variogram at the median cutof{, .74, (fig l3). Notice that

the anisotropY is not accentueted for distances less than 33ft;

therefore, if no variogram values are required for distances greater

than 30ft, an isotropic variogram model uill be sufficient. In order to

nake variogram model I ing as simPle as possible, a smal I kriging

neighborhood ui | | be considered so that isotropic variogram model s ni I I

be sufficient. The l0 omnidirectional experimental variograms and the

corresponding isotropic models are given in figures l4 through 17. The

models for all 10 cutoffs are summarized in table 4.

The indicator variograms shou a large nugget effect at all cutoffs.

The relative nugget effect is much larger at cutoffs less than the

fiftieth percentile of the 200 data, Ihere at 30 feet the nugget effect

explains at least 75?, of the variability (see table 4). As the cutoff

increases the nugget effect accounts for less of the total variebility,

hence t6e rnaterial at high cutoffs appears to be more structured and
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?(h)

Figure t3r Expcrinental Diractionel lndicator Yeriogrrms for the
.?42 Cutolf

I nd i cator

TABLE 4

Yar i ogram l'lode I s

Cuto{ f
0.

. 175

.325

.51
,74
.905

1.03
l.t4
t.2E
t.73

llode I
yi(h) 3 .100
yi(h) = .120
yi (h) = .126
7q(h) = .130
zi(h) = .130
ti(h) = .120
yi(h) = .120
yi(h) = .100
ri(h) = .070
yi(h) =.040

+ .00025rh
+ .000556eh
+ .00098.h
+ .00120oh
+.00144rh
+.00190.h
+.00160rh
+ .00167oh
+.00156rh
+.00lEErh

nuqoet/v r (gq)
.93
.EE
.Et
.7E
.75
.68
.71
.66
.60
.41
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lrrdlcttor Vorlqrom 1.03!io Cuoff

Hoon . .6E5
Vorlone . 216

200 Da.

Itrdtcttor Yorlqrcm ,.lAo Ctnoll

llun ' .755
Vorloncc ' .lt5

200 Dao

ltdtcttor Yortqrom l28c Qnoll

Uocn' .U
Vorlorcc ' .131

200 Deo

oroto

t6: lndioator Variograns
Cutof fs

!o ao

for the 1.032, l.t42

ll

end t.zEzFi gure



73

tndlcaor Vtrlqnm ,.79. Cutolf

Mnn ' ,917
Vorloncc . ,076

200 Dat

Figure l?: tndicator Variogram for the l'73'/' Cutoff

less random than the naterial at lot cutof{s. Simpte linear variogram

nodels yere used 8s I linear nodel fits the experinental Points verv

luel l and f itting a l inear nodel is extremely simple.

To obtain a probability kriging estimate of l(A,zc) at a given cutoff

zc three variogran rnodels are required. These three variograms include

the previously discussed indicator variogran plus the variogram of the

uniform transform and the uniforn-indicator cross veriogram' llodelling

this coregional ization betueen the uniform and indicator data is

slightly nore demanding than rnodelling the sinple regionalization o{ the

indicator variable as the conditions necessery to ensure positive defi-

niteness of e coreEionalization put 3one constreints on the forrn o{ the

rnode I .
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The posi tive def ini te condi tions uhich ensure

variances ui | | be positive; namely'

Var(Y) l 0

n
uhere V = If ioI(xi

i=l
and Var(Y) = III

ij

rZc)

itrjCi(x;-x5)

that al I cal cul ated

(3.2)

(3.3)

are verified if a positive definite covariance model is chosen (see

Journel and Huijbregtsr, t9?E, P9. 161-l7l for some of these covariance

models). Notice that not all conceivable covariance models are Positive

definite. Simi larly not al I conceivable sets of covariance nodels for a

coregional ization are positive definite. Thusr even if the indicator'

uniform, and cross covariances are model led by positive definite

covariance functions this is no guarantee that the corresponding

coregional ization model is positive definite. The condition uhich

guarantees a positive definite coregional ization nodel is that the

matrix of covariances be positive definite for any data configuration.

A posi tive def ini te coregional ization model can be obteined by

considering a I inear model of coregional ization (JH, P9 l7t ). Under

this model, both the cross and direct variograms ere assumed to contain

the same number and type of basic covariances. That is

n
C15(h) = I brii'Xi(h)

i=l

uhere Cki is the covariance betueen variables
k and j for distance h.

lFor convenience the reference
referred to as JH.

Journel and Hui jbregts, l97E rill be
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The coregional ization model

the entire b15 i matrix as

minors are positive for al I

The practical imPl ication

is that any covariance or

covariance model must also

i s the number of nested posi ti ve def i ni te
covar i ances.

brj i is the coefficient for structure i
for the covariance betueen variables k and j

Ki(h) is tlre ith basic covariance.

is positive de{inite uhen the determinant of

r.rel I as tlre determinants o{ its diagonal

i=1,n.

Therefore, in this case studY, the

must be linear models of the form

I inear model of coregional ization

models uhich aPPear in the cross

i n the d i rect covar i ance mode I s.

cross and uniform variogram models

?(h)=Ce+$o6

to utilize a linear model of coregionalization. Furthermore' to ensure

positive definiteness, the fol lor.ling inequal ities nust hold {or the

coefficients Cs and C of the cross and uniform variogram models at each

cutof f.

Ci.Cu ) Ciu2, ci ) 0, Cu ) 0

uhere C; is Co or C for the indicator
variogram model

Cu is Ce or C for the uniform variogram
node l

Cui is Cq or C for the cross variogram
mode I

of this

variogram

aPPe ar
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The l0 cross and I uniform variograms in

that the above rel ations hol d.

this study uere nodelled so

The cross and uni form variograms are model I ed as isotropic since no

significant anisotropy is observed {or distances less tlran the diameter

of the envisioned kriging neighborhood (31 ft. ). These variograms and

their models are given in figures l8 through 21. Note that the cross

variogram is negative at all distances h. This is due to the negative

correlation betueen the indicator and uniform data. The nodels used for

these variograms are summarized in table 5.

TABLE 5

Cross and Uniform Variogram llodels

Cross Var i ocrram l'lode I s

Cuto f f
0.
. t75
.325
.51
.74
.905

1.03
l.l4
l.2E
1.73

-7ui(h)
-yui (h)
-yui (h)
-yui(h)
-Y.,i (h)
-yui (h)
-yui (h)
-Y.,i (h)
-yui (h)
-yui (h)

llode I

.030 + .0004.h

.038 + .0005oh

.040 + .0008oh

.044 + .0009oh

.041 + .00105.h

.041 + .00105.h

.038 + .00.|00oh

.031 + .000825.h

.018 +.000864oh

.010 +.000469oh

nuqqet/v,' i (30)
.93
.EE
.8t
.7E
.75
.75
.71
.66
.60
.41

Uni f orm Varioqram l'lodel

y,r(h) = .027 + .0007rh
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Unlform Vtrlqnm
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o

Figure 2l: Cross
of the

Variogran lor the t.732
Uniforn fransform

Cuto{f and the Variogram

3.3.3 Xrioino Estimates gl t'(A,rc)

The spatial distribution of points uithin

rill be estinated using both the indicator end

nators. Ihe obtained estimates of fr(Arzc)

en ll ft bY ll ft. Panel

probabi I i ty kriging esti-

rill be compared to the
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actual C(A,zc) deternined from the 121 grade values uithin each 1l {t.

by t I ft. panel . The estimators thich ui I I be considered are the

unconstrained indicator kriging estimator (sec 2.3.2.1) and

probabil ity kriging estimator uith tpo constraints (sec 2.6. l).

the

(3.4)

3.3.3. r Properties and Advantages of the Chosen Estimators

The unconstrained indicator kriging estimator is chosen because it

has a louer estimation variance than tlre constrained form o{ the

estimator. The louer estimation variance stems from the fact that the

mean grade of the indicator data at the cutoff of interest, F(zc)' is

assumed knoun and used in the estimate of f(A,ZC). Recall the form of

the unconstrained estimator.

n
tr(A,zc) = flqtzc).i (x,zc)

a=l

n
( t-IIa (zc ) ) rFr (zc )

c=l

nhere n is the number o{ data uithin the kriging neighborhood.

This estimator, by utilizing the cdf of all 200 available data, F*(zc),

impl icitly includes al I of the dati in determining an estimate of

f(A,zc). That is, since Fr(zc) is the summation of i (xqrzc) over al I

200 sampled locations cr each indicator datum outside the kriging

neighborhood is ueighted by ( l-tls(zc) )/N (uhere N is the total number

of data)r Nhile the data uithin the kriging neighborhood are ueighted bv

la(zc)+('l-Itrc(zc))zN. The final reight received by each datuil cBh,

thus, be seen as the superpositjon of tuo ueighting schemes. The first

gives equal ueight to al I indicator data inside and outside of the

kriging neighborhood. The second gives zero ueight to all data outside
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the kriging neighborhood and some eddi tional ueight, Nhose magni tude

depends on the solution of the krig'in9 system, to each datum inside the

kriging neighborhood. Tlre effect on the estimate'of C(A,zc) is that the

basic underlying estimated distribution for each panel is identical to

the shape of the global histogram. This underlying estimated

distribution does not, horever, have the magnitude of the global

distribution as the maximum value is (l-Ils(zc)) rather than l'

Superimposed on this basic shape are the jumPs associated uith the

neights given to the indicator data

The most highty constrained form of the probability kriging estimator

uas chosen in spite of the {act that it has higher estimation variance

than the less constrained forms because the less constrained forms can

give undesirable ueighting schemes (see sec 4.7) uhich cause these

estimators to be unstable. Thus estination variance is sacrificed to

obtain a stable estimator.

3.3.3.2 Kriging Pl an

tn modelling the various variograms, it uas stated that an isotropic

model is sufficient provided the variogram is not evaluated at distances

greater than 33 {eet. Because o{ this restriction, the kriging

neiglrborhood uill be restricted to a maximum of 9 data' For a panel in

the center of the deposit, the kriging neighborhood is:
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,
d.dum

l.lllt+
glrl

a

Using this pattern the naxinum distance {or. nhich the variogram rnust be

estinrated is (1.414).22=31.t leet. As significant enisotropies uere not

observed in eny of the experimental variograms at this distance,

isotropic yariogram models are acceptable for this kriging plan.

3.3.3.3 Correction of 0rder Rel ation Probl ems

The possibility of obtaining an estirnated distribution rhich is not a

val id distribution {unction, because it violates the order reletions

nhieh all distribution functions must obey (/r(A,zcr))0, tr(A,zcirr)

)tr(A,zc;), tr(A,2c.1131) is present in many instances lhen the kriging

ueights applied to the indicator data are not identical for all cutoffs.

Identical ueights can be obtained by using exactly the sane shape

variogran model at al I cutoffs. This aPproach, knoln as median

indicator or probabi I ity kriging ensures no order relation Problems

because the indicator data are non-decreasing functions of cutoff (see

Journel, l9E2).
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Unfortunately, for this simulated deposit, the indicator variogram

shapes are different for each cutof{ (see table 4) so median indicator

kriging or probabi I itv kriging should not be used. Since the ueights

received by the indicator data, in this case, BF€ a function of cutoff,

order relation problenls may occur and must be rectified uhen they do.

Tto methods for resolving the order relation problems uere discussed

previously (sec 2.7). Briefly, the first and more complicated nethod

invol ved sol ving for the kriging ueights at al I cutoffs in one I arge

system through quadratic programming. The second I ess comp I i cated

method involved solving for Cr(A,zc) at each cutoff independently. If

order relation problems occurred in these initial solutions, a val id

distribution function uhich minimized the squared deviation from the

initial estimates is obtained.

In the course of appl ying indicator and probabi I i ty kriging to the

simulated deposit, order relation problems did occur. In one panel,

uhich had the largest observed order relation problems both rnethods for

removing order relation problems uere tested. The results are given in

table 5. Notice tlrat although these rere the uorst order relation

problems observed in any panel, the problems are restricted to the third

significant figure. Hence {or this deposit any reasonable technique for

correcting the order rel ation probl ems ui I I give good resul ts.

Interestingly both methods for resolving the order relation problems

give identical results in this case. Although there is no guarantee

that both methods ui I I give identical resul ts {or al I panel s' the

results from this panel indicate that; first the order relation problens

encountered are not serious and; second either of these rnethods can be



85

Solutiott

TABLE 6

of 0rder Relation Problems

9utoff
0.

. t75

.325

.510

.740

.905
1.03
t.14
l.2E
1.73

IK Estimate
.3905
.4733
. 5799
.6680
.9275
.9947
.9907
.9945
.9967
.9908

Strict Q!
.3905
.4733
.5799
. 6680
.9275
.9927
.9927
.9940
.9940
.9940

Fit Valid CDF

.3905

.4733

.5799

.6680

.9275

.9927

.9927

.9940

.9940

.9940

l.lhere Strict QP refers to the solution obtained by minimizing
the sum of the estimation variances.

Fit Valid CDr refers to fitting a valid CDF to the IK or
PK sol uti on

used successful I y. For these reasons onl y the method based on

correcting the initial kriging estimates til I be used in al I future

studies, as this method is far less expensive than the strict quadratic

programming method.

3.4 RESULTS

As stated at the outset, this case study is designed merely to po'int

out the strengths and weaknesses of the probabi I i ty and indicator

kriging techniques. To accompl ish this task, both global and local

resul ts {or both estimators Ii I I be given {or al I ten eutof{s of
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interest uithout regard to uhat an economic cutoff might be. Futhermore

as the quantities of economi.c interest, tlte tonnage and quantity of

metal recovered, oFe determined directly from the estirnate of the

spatial distribution, tr(A,zc)r it uill be sufficient, for the purposes

of this case study, to analyze only the estimates of the spatial

distribution.

3.4. I Gl obal Resul ts

For each of the 200 panels defined uithin the simulation and each of

the l0 cutoffs both PK and IK estimates of the local spatial

distribution are available; tlrus, there are obviously a large number of

estimates and corresponding true values. One lay to analyze this mass

o{ information is to compress the information into meaningful measures.

Tuo such neasures, uhich are computed uithout regard to Particular panel

location, are the global error and smoothing of tlre tuo estimators'

3.4. l. I Gl obal Error

tn any estimation procedure it is expected that there lill be little

or no global error or bias in the estimates and the estination of local

spatial distributions is no different in this respect. It has been

demonstrated that Etl(A,zc) t=F(zc) (see sec 2.2) so it is expected that

the global cdfs obtained by regrouping the local IK or PK estimates of

f(A,zc) should be close to the actual cdf F(zc) as lK and PK are

unbiased estimators. In other lords, since

E [* i rr (A, zc ) I =E Ilp1r (A, zc) | :E [*(A, zc) I =F (zc)

it is expected that the estimates

(3.5)
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F ikr(zc) :
200

tI Cirt(Ai,zc))/200
i=l

(3.6)

(3.7)

of Fi1*(zc), Fpkr(zc),

given in table 7.

200
Fp1*(zc) = (t #p1r(Ai,zc))/2oo

i:t

should be nearlY

F(zc)r dnd Fr(zc)

equal to F(zc).

determined from

The comparison

the 200 data is

Compar i son

TABLE 7

of Global cDF Est i mates

Cutof f

zc
0.

. 175

.325

.51

.74

.905
t.03
l.14
1.28
r.73

Est i mates

I(zc)
.222
.286
.345
.425
. 534
. 610
.67E
.729
.785
.907

F i rr (gg)
. 197
.264
. 355
.445
.513
.598
.684
.754
.839
. 919

!-n-C(ze)
.202
.267
. 361
.446
.509
. 596
.685
. 754
.838
.918

C,(E-e)
.20
.27
.36
.445
.51
.60
.68s
.755
. E40
. 9,|7

In examining table 7 tlo features should be noticed. First,

but the 1.287. cutoff, the global cdf values determined lrom the

PK estimators are 1,1ithin ! .03 of the true global cdf value.

at al I

IK and

This
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result inclicates that the IK and PK estimates do not on the lhole

exhibit any serious global bias. The second feature of the table is

that the IK and PK global estimates are almost iderrtical to the cdf

determined from tlre 200 regul arl y spaced data, Fr(zc). This extremel y

close correspondence betueen the global cdf of the data and the IK and

pK global cdf estimates occurs in this ca3e study because the 200 data

are located on a perfectly regular grid and the variogram models are

isotropic. Such close correspondence uill not, in general, be observed

for deposits tith irregular sampl ing configurations and/or anisotroPic

variogram nodels.

These 9l obal resul ts indicate the importance of obtaining a

representative data set. Notice in table 7 that at all cuto{fs for

uhich the cdf of the 200 data is similar to the true cdf the IK and PK

estimates have almost no global error. At the 1.28% cutoffr houever'

the cdf obtained {rom the 200 data is unrepresentative of the true cdf.

This unrepresentativ'ity translates into a global error or bias in the IK

and PK estimators. As the data are sampled on a regular grid, the cdf

obtained from the data should be rePresentative at all cutoffs' hence

the poor global results at the 1.zEI cutoff nust be attributed to bad

luck in sampl ing and not to any shortcomings in the estimation

techn i ques.

3.4.t.2 Smoo th i ng

The famity of kriging

(of uhich the IK and PK

estimators (JH, pg 450);

type, minimumestimation variancer €stimators

estimators are members) are knoun to be smooth

that is, the variance of the tK or PK estimates
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uill be less than the variance of the corresponding true values at a

given cutoff. This smoothing is an acceptable shortcoming of this type

of estimator as the primary purpose is to 6stimate a mean rather tlran a

variance. Ideal ly, houeverr on estimator should not be too smoothr 8s

smoothing generally imp'lies that the estimated local cdfs do not caPture

the spatial variabil ity o{ the actual values, hence the local estimates

may be inaccurate. Thereforer everything else being equal ' an estimator

uith a lesser degree of smoothing is preferred to a highly smoothed

est i mator .

The smoothing of the IK and PK estimators can be compared by

examining a plot of the variances oI the IK estimates y';1r(Arzc)r the PK

estimates Cplr(A,zc), and true values f(A,zc) versus cuto{f (fig 22)'

uhere these three variances are computed uti I izing relations simi I ar to

the fol louing uhich is used to calculate the variance of the true

spatial distributions.

200
Var(C(A,zc)) = f tC(A;,zc) - F(zc))2t200

i=l
(3.8)

The results indicate that the variance of the PK estimates is closer

to the variance of the true values than is the variance of the IK

estimates at all cutof{s. Hence the PK estimates ere less smoothed and

therefore better capture the spatial variabil ity of the true spatial

distribution values.

This observation that the PK estimates are less smoothed than the

estimates can be demonstrated theoretically (see section 3.6). Thus

is no accident that the PK estimates are less smooth than the

estimates for this deposit.

IK

it
IK
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3.4.2 Local Resul ts

The IK and PK estimators are billed as local estimators of sPatial

distributions, therefore it is important to exanine the locel

performance of these estinetors. Ihe particular quantity of interest is

the error made {or each individual panel and cuto{1, }'(Atrzc)-f(Ai,zc)'

At a given cutoff, there are 200 such errors corresPonding to the 200

panels comprising the deposit. The sheer number o{ errors, thus' make

any neaningful analysis difficult. As an aid in interpretation the

errors nade at each particular cutoff rill be presented in graphical

lorn; that is, lor each cutolf, a scattergran of true versus estirnated

spatial distribution uill be utilized. Each of these scattergrrns (fi9

23-32) contains 200 points rhose coordinates correspond to the cstinated

and true spatial distribution values for each of the 200 panels' ln all
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of these scattergrams, a sol id 450 I ine bisects the figure. Th'is I ine

corresponds to true equals estimated value so any point uhich Plots on

this line corresponds to a zero estimation error {or a particuler panel.

Ideally all of the points in the scattergram uould plot on this line as

such an estimator uould be perfect in that no error is present in any

panel . Al I points corresponding to imperfectly estimated panel s ui I I

I ie either above or belou the 450 I ine. Tlrose Points lying above the

line correspond to panels uhich uere underestimated as the true value is

I arger than the estimate. Conversely points lying belou the I ine

correspond to overestimated panels as the estimated value fr(A;'zc)

exceeds tlre true value C(Ai,zc). The magnitude o{ the error made in any

panel is given by the length of the vertical or horizontal I ine

connecting the point representing the panel and the 450 line. Thus' an

estimator uith less local error than another estimator nill produce a

scattergram of true versus estimate uhich is more tightly grouped around

the 450 line.

various types of bias also appear in a scattergram. If the center of

mass of the scattergram does not fall on the true equals estimated line'

there is a global bias in tlre estimates. This condition is normal lv

recognizable uhen the bias is large since tlre rnajoritv of the cloud of

points and I arge errors are found on one side of the true equal s

estimate line. In addition to overall biasr oh €stimator can also have

conditional biases. That is

E[](A,zc) l]t(A,zc)=Pl * P
(3.9)
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In a scattergram this condition can be recognized by determining the

center of mass of points ui thin a band of estimated values. If this

center of mass does not fal I on the true equal s est imate I i ne, a

conditional bjas is present. Notice that an estimator can be global lv

unbiased but be conditiolrally biased as conditional biases of opposing

sign can conpensate for each other.

For each cutoff, tuo scattergrams corresponding to the PK and lK

estimators ui I I be compared. As this comparison ui I I be betueen tuo

est imators r.rh i ch are used to est imate exact I y the same quant i ty, the

best comparison uill be achieved by examining the scattergrams for both

estimators simul taneouslv (fig 23-32).

3.4.2.1 Local Estimates, Lotl Cutoffs

The estimates given by the PK and IK estimators for the cutoffs 0'

. 175, .325 (approximatel y 20th to 36th percenti I es) shou the sane

behavior so they are discussed together. The Primary feature of these

scattergrams is the conditional bias of the indicator kriging estimator

(fig 23-25). This condi tional bias is such that the I arge #(A'zc)

values are underestimated urhile the small values are overestimated. The

impl ication of this conditional bias is that in high or lout grade

regions of the deposit the IK estimates of C(A,zc) urill be biased and

therefore poor. In practical applications such as the estimation of

local recoveries the consequences of uti I izing a conditional ly biased

estimator uould be a dramatic difference in the predicted and recovered

tonnages for given local regions of the deposit. The PK estimator also

shor.rs some conditional bias at these cuto{{s houever the nagnitude of



the conditional bias is much less than tlre conditional bias of the

estimator. For this reason the PK estimator is considered superior

the IK estimator at these lon cuto{f grades.

3.4.2.2 Local Resul ts, itiddle Cutof f s

The four middle cutoffs, .51, .74, .905, and 1.032 (40th to 70th

percentiles), yield similar results for both the PK and IK estimators

(fig. Z6-2il. The conditional bias presented by the IK estimator at lotl

cutoffs is not present to a significant degree at these middle cutoffs.

For these middle cutoffs the resul ts given by both estimators are

remarkabl y simi I ar ui thout ei ther estimator shouring condi tional or

gl obal biases.

super i or .

Hence {or these cutolfs neither estimator is clearly

3.4.2.3 Local Resul ts, High Cutof{s

The local results at the high cutoffs 1.14, l.2E and 1.737, (72nd to

90th percentiles) s[ou the difficulty of estimating local spatial

distributions at hiSh cutoffs (fig 30-32). The local spatial

distributions are fai rl y uel I estimated at the 1.14'/. cutoff, houever the

results shou that both estimators are slightly conditionally biased and

have a tendency to make large errors.

At the 1.28?, cutoff, the tendency touard conditional bias observed at

the 1.14./. cutoff has increased as both estimators ere severely

conditional ly biased at this cutof{. In analyzing the resul ts at this

cutoff it must be remembered that the data are unrePresentative (see

table 7) so that both estimators have significant global biases. This

93
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bias is seen in the scattergrams of both estimators as tlre majority of

the po.ints plot belor.r the true equals estimated I ine (overestimation).

The results at the 1.73'/, cutoff do not shou the bias or conditional

bias observed at the 1.28'i cuto{{, houever the scattergrams shon that

both estimators lrave significant errors for almost al I panels. The

resul ts at this cuto{f indicate that estimation of spatial distributions

at extremely high quantiles should be approached uith great care and the

results should be examined uith an amount of skepticism.
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3.5 SUI'IHARY OF RESULTS

In this case study both the IK and PK estimators achieved similar

results, for the nost part, in both global and local estimation' The

major differences being that the IK estimator is a smoother estimator

than the pK estimator and has a higher propensity to be conditional ly

biased as evidej1ced by the Iocal results at lotl cutoffs. These local

and gl obal resul ts have shoun that ei ther of these estimators can be

used to rel iably estimate local spatial distributions, houever the PK

estimator is the preferred choice.

3.6 APPENDIX - SI10oTHING gE lK AND gK

In the course of applying the IK and PK techniques on the Stanford 28

simul ated deposi t i t has been observed that the IK estimates ere

smoother than the PK estimates at all cutoffs (sec 3.4.1.2)' This

observation is a ref I ection of the fact that the IK estinator is

theoreticallyasmootherestimatorthanthePKestimatorascanbe

demonstrated as fol lous (Note: The deposit D is divided in K equal

regions A1).

The true variance of f(Rrlc) !lithin the deposit D is

S2(zc) = lzk E (#(Arrzc) - 7(R,zc))z
k

C(A,zc) = l/k E rt(Ar,2c) = d(D,zc)
k

S2(zc) = 1/k

ElS2(zc)l =

Elf2(A,zc)l

E +2(AkrZG) - f2(D,zc)
k

1/k E EtC2 (Ar, zc) I - ElQz (D'zc) t

k

= ltvz JJ et I (x, zc) oI (x' ,zc) I dx dx'
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= i(l,A,zc) + F(zc)a

Etf2(0,2c)l = Ci(D,Drzc) * F(zc)2

EIS2 (zc) ] = ii (A,A,zc) - Ei (0, D,?c)

To determine the variance of the IK estimates uithin

consider the unconstrained IK estimator

*r(A,zc) = E tra(zc)r(i(xa,zc) - Fr(zc)) + Fr(zc)
c

The associated kriging sYstem is

the deposi t

E tra(zc)C;(xs-xs,zc) :
q,

The estimation variance

Ci(A,xo,zc) forB=lton

of this IK estimator is defined as

oik2 = C;(A,Arzc) - E Ie(zc)ii(Arxa,zc)
c

The variance of the IK estimates is defined as

Si2(zc) = 1/k E(Cr(ArrZC) - tr(D,zc))2
k

= ltk E(C*(Arrzc) - Fr(zc))2
k

ElSr2(zc) I = lzk EEEtre(zc)trp(zc) C;(xq,-xs,zc)
kaB

= 1/k EEtrc(zc)ii (ntrxq,zc)
ka

= 1/k E(6i (Ar,Ak,zc) - oik2(Ak,zc))
k

= i(R,lrzc) - ii r2 (n,zc)

as D + o gIs2(zc)l = Etn,A,2c)

Hence the smoothing of the IK estimator is simply:

ElS2(zc) - Sr2(zc)l = oik(A,zc)



107

By simi lar logic the smoothing of the PK estimator tith zero non-bias

constraints is

ElS2(zc) - Sr2(zc)l = ook2(A,:c)

Since the estimation variance of the PK estimator is less than the

estimation variance of the IK estimator (sec 2.6.2), tlre PK estimator is

less smooth than the IK estimator.
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ChaPter lV

ESTITlATION OF POINT SPATIAL DISTRIBUTIONS AT THE BELL I'IINE

In the previous chapter, the performance of the probabi I ity and

indicator kriging estimators uas examined in an appl ication to a

simul ated deposi t. As another exampl e of the performance of the

estimators and to introduce concepts such as the Practice of quantity of

metal estimation uhich have not yet been discussed' the estimators are

applied to an actual gold dePosit.

The gold deposit urhich uill be considered is e section of the Enfield

Bell mine located nithin the Jerritt Canyon district, north central Elko

County, Nevada approxirnately 50 miles north of the toun of Elko ({igure

33). The Bell mine is found in the center of the Jerritt Canyon

District uithin a uindou of the Roberts t'lountains thrust fault. The

mine is ouned by a 70130 joint venture betueen Freeport Gold Companv and

FHC Gold Incorporated.

The Bel I i,line, uhich began production in 1981, has current reserves

of 13.7 million tons at an average grade of .205 troy ounces of gold Per

ton. These reserves are spread over four orebodies knoun (in decreasing

order of reserves) as the ilarlboro Canyon, North Generator Hill' Nest

Generator Hill' and Alchem deposits.

t'lining is perf ormed using hydraul ic

l5 foot lifts and load it into E5 ton

dump (see figure 34). Bl asting, on 12

shovels uhich remove material in

trucks for haulage to the mill or

foot centers, is light due to tlte

- 109 -
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Figure 33: llap of Nevada Shouing the Location of the Bell lline

sheared state o{ the

uaste due to blasting

ner blast holes and

rectangul ar Prism.

rock;hence,thereislittlernixingoforeand

. The selective rnining unit, defined by four cor-

the bench height, is e{{ectively a l2xl2xl5 foot

t'ljning takes pl ace f our days e ueek on 2 ten hour

shi{tsr 8fid ore is processed by the mill seven days a ueek at a rate o{

3200 tons Per day



Figure 34: Loading of Naste in the tiarlboro Canvon OePosit

lll

4. I GEOLOGY

The geology o{ this deposit is similar to a class of deposits knoun as

,,Carlin', type deposits naned after the Carlin mine lhich ras the lirst

major nine opened in the area. A major feature of these deposits is

that gold occurs as very fine grained particles rithin the host rock.

Ihe gold particles are generallv less than 2 microns in diameter and

cannot be observed uithout the aid of an electron microscope.

carlin type deposits sre classified by Boyle (1979) es disseminated

deposits in chemical ly {avorable beds. Three prerequisites {or the

genesis of these types of dePosits are stressed by Roberts et al.

(t97r).
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A source for gold bearing solutions.

Fractured or perneable ground to permit access of solutions.

Precipitants such as carbonate andzor organic carbon.

There is sone debate concerning the exact chemical composition of the

host rock nhich is nost favorable to precipitation of the gold frorn the

acidic hydrothermal solutions. Radtke and Scheiner (1970) believe thnt

carbonaceous naterial is of prinary importarrce. l.lells (1971), on the

other hand, found no parti cul ar associ at ion betreen gol d .nd

carbonaceous naterial. From this debate it appeers that the

hydrothermal sol utions react di lferentl y ui th sini I ar host rocks in

different situations. ln other rords, it is expected thet ore and rasite

uill be found rithin the same lithologic unitsi thet is, ore and uaste

uill be interspersed in Carlin type deposits.

4. t.1 Reoional Geoloqv

The geology of the Jerritt Canyon district (Birak end Haukins, t9Si4)

is dominated by Paleozoic sedimentary and volcanic rocks of the uPper

and louer pletes of the Roberts ilountains thrust fault. The upper pllte

is composed of 0rdovician eugeosyncl inal sedimentary and volcanic rociks

uhich are not found in the nine area. The loler Pletc contairns
i

niogeosynclinal sedimentary rocks nhich uere thrust eastuard over tlhe

upper pl ate rocks al ong the Roberts llountains thrust f aul t during the

late Devonian Antler 0rogeny (l'lerriam and Anderson, 1942). Lou, angle

nornal and reverse faults lhich are contenporeneous uith thc Robcnts

liountains thrust occur frequentlv throughout the district rnd provilde

excel lent pathuays {or hydrotherrnal lluids.

t.

2.

3.
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4.1.'l.l Stratigraphy

The oldest unit of the louer plate rocks is the middle 0rdovician

Eureka Quartzite uhiclr occurs exclusively in the southern portion of the

district. This uni t is 500 to 650 {eet thick and has a gradational

upper contact uith the important Hanson Creek Formation.

The Hanson Creek Formation is late Ordovician to early Silurian 'i n

age. This formation is of major importance since it is the major host

to gold m.ineral ization at the Bel I tline. The f ormation has been divided

into 5 units: S0hc I (vounEest) to S0hc V (oldest) (8irak 1979)' The

louer three units are composed of alternating bands of micritic

I imestone and laminated, dolomitic I imestone. The basal unit (S0hc V)

is l5 to t00 feet thick and is overlain by the thicker (.|00 to 135 feet)

Sohc IV unit uhich contains abundant black chert nodules. Neither of

these units are major hosts to gold mineralization. The overlying, 300

foot thick S0hc III unit is, houever, the najor gold host uithin the

lormation. Gol d is deposi ted, pre{erential I y' in the more Permeabl e

larninated I imestone bands. Chert is common in this unit utitlt beds

reaching thicknesses of four inches. The overlying S0hc II unit

represents a slight change in lithology as the linestones in this and

the S0hc t uni t contain various textures of I imestones and dol omi tes

interbedded uith black chert. The SOhc II unit is 100 feet thick uhile

ilre S0hc I unit is from 10 to 130 feet thick. The contact uith the

overlying Roberts llountains Formation is disconformable

The Roberts tlountains Formation is of l'liddle Si lurian to EarlY

feet are a major

is a laminated,

Devonian age and is 1000 feet thick. The louer 100

host to gold mineral ization. Tlre major rock tyPe

fissile, calcareous to dolomitic siltstone.
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The upper pl ate rocks ui thin tlre Jerri tt Canyon district are

0rdovician age and are termed, in ascend'ing order of age, the Snout

Canyon Formation, the llcAfee Quartzite, and the Jacks Peak Formation'

As these formations do not occur in the mine ar€dr they uill not be

discussed further.

4.1.2 Bell lline Geoloqv

The Bell tline is found in the northern portion of the Jerritt Canvon

tindou. The horizontal extent of the mine area is 2 miles in the

east-uest di rection and .75 mi I es in the north-south di rection. t'li thin

this area there are four knoun ore deposits. The mineralization is both

structural ly and I ithological lv control led uithin the uPper banded

limestones of the Sohc III unit and the louer siltstones of the Roberts

Mountains Formation. Lesser amounts of mineral ization are found in

sil icified portions of these units.

Faulting is common throughout the mine area and is related to

mineral ization. Three major sets of faul ts are present: the Roberts

tlountains thrust faul t and symPathetic I out angl e normal and reverse

faul ts; high angl e east-uest trending faul ts; end high angl e northuest

and northeast trending faults' 1'lithin the orebody' the major pathuavs

for gold-bearing hydrothermal fluids are the east-uest trending faults.

Included among these east-uest trending faults are the Bell fault rrithin

the North Generator Hill orebody and the llarlboro Canvon fault (see

f igure 35) urithin the l'larlboro Canyon orebody. Each of these f aul ts is

the major mineralizing fault for its respective orebodv

is believed to be Pre-ore.

Al I faul ting



Three major

silicification,

0f these three

prominent.

il5

types of al teration occur ui thin the Bel I tline: ( I )

(2) oxidation and argillization, and (3) carbonization.

types of al teration, si I ici fication is the most

#-a!:g:
{

Silicification is responsible for the alteration of linestones to

jasperoids. This alteration is betieved to be pre-ore. Jasperoids ere

common in the mine area comprising 35 to 407. ol the rocks. They are,

houever, ueakly mineralized so that less than l0Z of thc ore is found in

the jasperoids. Silicification occurs in the rocks of both the Hanson

FiEure 35: llarlboro Canyon Fault Separating Carbonized and
Silicified Limestones of the Hanson Creek Formation
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Creek end Roberts l.lountains Formationsi houeverr sil ioif ication ig no$t

intense in the linestoncs of the Hanson Creek Fornation. I

0xidation and ergi | | ization are discussed together l3 thcy lne

spatially end temporally associated in that they af{ect thc rane ro4k

types. This type of alteration is econonically important bcceuse tfie

highest gold values occur in oxidized zones and this gold is easily

recovered by standard cyanidation techniques. 0x i dat i on occuti's

preferentially in the pcrneable SOhc III unit uhile rrgillization occura

preferentially slong structures and produces locel cley rich zones.

Cerbonization is structural ly controt led. Zones a{fected fv

carbonization are easily identified since this type of alteratifn

produces black sooty rock rhich stands out from the surrounding light

broun oxidized rock. Gold grades in carbonized zonea lre high near the

controlling structures, but otherrise they are less than the grrdis
I

found in oxide naterial; in addition, cerbonized rock is norl difficuft

to treat et the nitl than the oxides rcsulting in a highcr cutof{ for

carbonized rock.

4.2 NATURE 0f rHE PR0BLEII

A|thoughthcunder|vinggeologyettheBe|||.|ineisfeir|yrellknoln

and can be accuretely mapped after nining, the high density of faults

and lesser etructures occurring at various orientations, as rell es t[e

high degree of al teration nake deterrnination ol structural md

lithological control nearly inpossible from exploration date only, Gvtn

uhen the data are on 100 foot centers. This compler ltructurrl end

litholoEical pattern combined uith the propertv that the orc rnd nagte
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are interspersed make it impossible to precisely block out ore and uaste

2ones given only exploration data' unfortunately' only exPloration data

are avai lable uhen recoverable reserve 6stimates required for m'ine

planning, production schedul ing, and economic evaluation must be

cal cul ated.

Before geostatistical solutions uere developed for this problem,

correction factors t.lere used to correct Polygonal or other deterministic

estimators uhich commonly overestimate both tonnage and ounces

recovered. These correction factors are commonl y referred to es

dilution or mining loss factors. Determinetion of these {actors

requires experience at the deposit in question, hence they cannot

reliably be used at the development stage of a ne4 prospect since no

mining has taken pl ace. 0ften these factors determined at one

particular deposit are app'lied to deposits of similar genesis nhich have

not been develoPed. This practice is risky' arbitraryr end has no

theoretical justification; in contrast, geostatistical solutionsuse

only the exploration data avai lable at the deposit of interest to

estimate the recoverable reserves.

4.2. I Approach o{ the Geostatistical Solutions

The geostatistical approach to the problem of estimating recoverable

reserves is discussed in section l. l, houever a brief revieu is

presented here to reinforce the concepts behind this approach.

The geostatistical approach to the problem of accurately estimating

recoverabl e reserves in erratic deposi ts is based on estimating the

distribution of sel ective min'ing uni ts (smus) | uti thin a region terned a
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panel. In other uordsr rather than estimate the grade of each selective

mining unit directly, the local spatial distribution o{ selective mining

units is determined (fig 36). In contrast to tlre usual geostatistical

study 1,rhere mean block grade is estimated, the variables uhich must be

estimated, in this type of studv, are the tonnage and quantity of metal

recovered in each panel. The recovery information obtained through this

approach is sufficient at the development stage of a study' as it is not

necessary, at this early stage, to knou the grade of each individual

selective mining unit.

ilhen first examining this problem, one nay think that it is possible

to obtain the recoverable reserves uithin a panel by kriging the megn

grade of each sel ective mining uni t in the panel . This approach uill

fail, hotever due to the smootlring of the kriging estimator. Selective

mining units near the center of tlre panel (or anv other particular

location) urill all receive nearly the same grade; thus' these estimates

do not accurately represent the actual variability of selective mining

units nithin the panel and uill therefore yield a Poor local estimate of

the recoverable reserves.

tA sel ective mining uni t
sent to tlre dumP or mi I I
of mining.

is de{ined as the volume of material uhich is
based on an analvsis of its value at the time



Ir9

E XPLORATTOIT STAGE

trrE L tl

lOr

trlt lroLE t

roo

IilFORMATION AVAILABLE

TELgCIIYE
Ililr3 UXll ri

AT THE IIISTA}IT OF SELECTIO}I
(opanertoNl

lll
lll

llll

l|[i-o'
rll

tL tr xoLES

]

Figure 36: Estination of Local Spatiel Distributlonr (After
Journel (19E0))

I

?AlIE L

.,tt,tot,
C
5

fa
tE rEctrvE

lO Zc
rtxttc uxtt 3tlDE



't20

4.2.2 Approach at the Be I I 11i ne

In this study, the distribution of hypothetical point supPortl

selective mining units uil I be estimated using both indicator and

probab.ilitv kri9in9. The study uill be performed on five benches of the

Louer North Generator Hill orebody thich have been mined out. Since

mining has been completed on these five benclres, a substantial amount of

blast hole information is available. In fact, over t0,000 blast hole

assays uere graciously provided by the managenent of the Bell l'line'

Samplings2 from these 10,000 values are takenr at various sPacinEs, to

simul ate exploration data. Using these exploration data' the recovered

tonnage and quantity of metal is estimated for a number of Pre-defined

panels. These estimated recoveries are then compared uith the actual

recoveries determined from all the blastholes located lithin the panel

to check the qualitv of the estimators used.

4. 3 DATA BASE

The data provided are blast hole gold assays {rom five fi{teen foot

benches of the Louer North Generator Hill orebody. Ihe louest bench is

the 7600 foot Ievel and the uppermost bench is the 7660 level ' All

assays are fire assays except for 484 samples from the 7600 bench for

uhich only

for these

sampl es for

roasted atomic absorption assays Nere available. Fire assays

samples uere estimated by a linear regression based on 364

r.rhiclr both fire and atomic absorption essays Nere available.

The correlation coef{icient for this regression is.989.

lIn actuality the snu support size is much larger than
important topic of non point suPport selective mining uni
in chapter 5.
2These samplings contain from apProximately 200 to 600 bl

a point. Ihe
ts is discussed

asthol es.
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To define panels for uhich the local recoveries uill be estimated, a

square 100 {oot grid uas laid over each of the five benches. The

squares def ined by tlre grid, uhich contained a cornplete and uni f orm

coverage of blast holes lere termed panels (see figure 37). A total of

ll9 panels (see {igures 38 through 42) uere defined in this nanner. A

total ot'7,979 data are located lithin these panels yielding an average

of 67 data per panel. A histogram of these 7,979 data is given in

figure 43. This histogram shor.rs that the mean grade of the assays {ound

uithin panels is .105 ozzton lith a variance of .038! (ozzton)2. The

coef{icient of variation t e/ttrt is 1.86 uhich is fairly high indicating

that the mineral ization is highly variable. A second measure of the

high variability of this deposit is that lZ of the values are a factor

of l0 times larger than the mean and the higlrest values are a fEctor of

30 times larger than the mean. The shape of this distribution is close

to but not lognormal as shotn by a lognormal probabilitv plot (fig. 44).

Examining the parameters of the grade distributions on a bench bv

bench basis shorls that there is some vertical variabi I ity in the grades.

The mean value and coefficient o{ variation for the data on each of the

benches are summarized belou.

Hean(ozzton) Coef f icient
of Variation

Bench

7660
764 5
7630
761 5

760 0

Number of
Data
l l74
| 694
1249
r E33
2029

.1198

. I t67

.1400

.l0l5

.0687

1.80
1.E9
1 .59
1.74
2.14

coe{ficients of

the highest mean

is related to the

The top tuo benches have very similar mean grades and

variations. The middle bench, the 7630 level r shotls

grade. The reason for tlre higher grade on this bench
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rock type {ound on this bench and is discussed in the next section'

7615 bench is again similar to the upper benchesr slthough the

grade and coe{ficient of variation are louer. The 7600 bench has a

louer mean grade than any of the other four benches. This louer

grade thus introduces a slight vertical drift into the data' This

is not significant enouglr, houever, to consider a nonstationary

nodel.

The

nean

nuch

mean

dri{t

gr ade

Blaet Holc
ionst

EXPLAXATION:

. SAMPLE
A SAMPLE
I SAMPLE

CATPAIGN I

CAMPAIGN 2
CAUPAIGN I

Figure 37r TyPical Data Coverage llithin a Panel

i*
*at*l ****

**i*1*
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Figure 3E: Panel Locations 7560 Bench
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Figure 39: Panel Looations 7645 Bench
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Figure 40: Panel Locations 7630 Bench
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Figure 4lr Panel Locations 7615 Bench
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FiEure 42: Panel Locations 7600 Bench
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4.3.'l Influence of geoloov g11 the Grade 0istribution

The {ive benches of the Louer North Generator Hill orebody uhich uill

be studied contain rocks from the Roberts l'lountains Formation and

members l, 2, and 3 of the Hanson Creek Formation. This portion of the

deposit is transversed by tuo major east-test trending faults: the Bell

faul t and the Louer North Generator faul t. These tuo faul ts are, in

turn, cut by several northuest and northeast trending faults (fig 45).

The blastholes located uithin each of the various rock types have

been determined and basie statistics, uhich are summarized in table E'

uere cal cul ated.

This table indicates that the major host to gold mineral ization

throughout this portion of tlre deposit is the oxidized and unaltered

rocks of the third mernber of the Hanson Creek Formation. This fact

explains the relatively higlr grade of the data from the 7630 bench since

this bench contains a much higher proportion of this rock type than the

other benches. The highly sil icified portions o{ the orebody comPosed

primari ly of jasperoids carry significarrtly less gold than the

unsil icified portions. A sl ight contradiction to this observation is

that the partly silicilied rocks r.rhich are {ound on the 7600 and 76'15

benches contain relatively hiSh gold grades. The high grades in these

rocks are most likely due to structural rather than lithological control

as the zones of partly silicified limestone are found edjecent to the

Bel I faul t uhich is the main mineral ization conduit for this orebodv.

The Roberts I'tountains Formation occurs on both the 7645 and 7660 benches

and carries signi{icant amounts of 9old.
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tlean Grsde of

?600

TABLE E

Blastholes in Various Rock TYPes

BENCH

?6t5 7610 7645ROCK TYPE

SOhc I Ll'lli I ox. LllS

Robertr tlor,nrteins
SOhcl+2Jtspcroldt
SOhc I Jesperolds
30hc 3 pertly rlllcic

. r 23( 4874)

,082(819t
.078( l4l4)
.0305(681 )

.eilil71|

.069( 20e9 ) .toail8l3! .l40(1249t .ll7(169q) .120(lt74l . | 05( 7979 )

exPlemtlonr .l l t 00 !

.l lr thc rcrn lrldr of thr 100 blutholcr
fornd xlthtn r pertlculr rock lvpo m
r prtlculrr blnch

The conclusion that can be dregn frorn this rnelysis of tht blest hole

assays by rock type is that there certainly 8re seParete statistical

populations present in this deposit rhich are controlled by geologyr and

should be deal t uith seParately if sulficient exploration data is

available to allou such a sePeretion. Un{ortunately the amount of data

present at the exploration stage of a study is significantly less thrn

the amount of data used in this analysis; hencer ohly I lirnited nunber

ol exploration data Iill fall lithin each of the various geologic rock

types. Thus in an actual ePPlicetionr s€paration of this deposit into

distinct geologic PoPulations 1ould be Yery uncertain and therefore nav

not be atternpted. tt is assurned that the elploration data lhich are

used for this dePosit do not elloN 8n accurate seParation of the

geo|ogic Populations; there|ore, lor the Purposes of this study the

deposit till be considered as a single homogeneous geologic PoPulrtion.

.059rr315) .ll2(13651 .152(10251 .r65(8601 .a$(lll t
.077(28r I .085(55C1

.080(1971 .066(lcll

.0r6t t56 I .066( t6a I
.074t4551 .07212761

.0t5( r34) .0t9( l46l

.208( | 25 I .2a0( q6 I

.il2( r431

.0361 85 I
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4.3.2 Proportional Effect

The final procedure in analyzing tlre 7r979 data nhiclr comPrise the

base knoul edge of this deposi t ui I I be examining the rel etion betueen

panel nean and the variance of data uithin a panel. The mean and

standard deviation of data falling uithin each of the ll9 Panels uas

computed and Plotted as a point on a scattergram of panel standard

deviation versus panel mean (fig 46). The relation betueen the standard

deviation and the mean is nearly I ih€orr hence the variance of the

points in a panel is nearly proPortional to the panel nean squared'

This is the uel I knoun proportional e{fect uhich is olten observed in

many types of deposits exhibiting a lognormal-type distribution of data.

In the past three sections it has been shottn that the type of

stationarity model required to perforn PK

tor the Bel I l'line; since the data shou

or IK nay not be accePtable

t. A vertical trend

2. Different mean grades uithin di{ferent geologic PoPulations

3. Proportional effect

In developing the PK and lK estimators a key hypothesis llas that the

bivariate distribution of grades las stationary over the dePosit'

Apparentlv this hypothesis is not acceptable for the Bell lline and most

likely is not acceptable for any other actual dePosit. Since in most

practical appl ications it is very difficult to identifv and treat

various causes of non-stationarity, it is important to examine the

sensitivity o{ the IK and PK estimators to departures from the

stationarity assumption. Therefore in this case studV no ettempt li | |
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4.4 ESTTNATION OF RECOVERABLE RESERVES

To test the efficiencv and accuracy of the indicator and probabi I ity

kriging techniquesr simples uill be taken {rom the data base to simulate

dri I I ing campaigns. Three dri l I ing campaigns ui I I be considered to test

the influence of increasing the number of exploration data on the

resul ts. The {irst campaign is comprised of 193 data on an

approximately regular 100 foot grid. The second campaign is comprised

of 313 data on an apProximately regular 7l foot grid and lastly the

third campaign is comprised of 623 data on an epProximately regular 50

foot grid. Campaign I is comprised of the closest blasthole to each of

the four corners of each Panel. Campaign 2 includes the information

used in campaign t plus the blasthole nearest the center of the panel is

also taken to produce a 5 sPot pattern. Campaign 3 includes the data

from campaign 2 and adds the blastholes closest to the centers of the

edges of the panel (fig 37). Using these data the recoverable reserves

based on point support smus urill be estimated and conpared to the actual

recoveries determined from the values uithin the Panel.

The estimation of recoverable reserves uill be performed bench by

bench; that is, the estimates obtaineC lor any panel are based solely on

data located on the same bench as the panel. The reasons for performing

a tuo dimensional estimation rather than a three dimensional estimation

are not related to any theoretical or practical deficiencies of the

estimators as these techniques can easi I y be appl ied on three

dimensional data sets. The study uill be performed utilizing tuo

dimensional data sets primarily because the data base is not a true

three dimensional data set. Ihe data set used is not a set of
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exploration dri I I holes uhiclr penetrate al | {ive benches under

consideration, rather the blasthole data uhich is available are located

on each bench independently of the locations of blastholes on other

benches. Thus the data do not line up vertioally from bench to bench so

it is difficult to compute a meaningful vertical variogram.

T6e steps uhiclr ui I I be fol I oued in obtaining the estimate of

recoverable reserves are identical to tlre steps fol loued in estimating

spatial distributions (sec 3.3). 0ne trivial difference is that' in

recoverabl e reserve estimation, one is interested in tonnage above

cutoff so t-t'(A,zc) is the quantity of interest rather than C(A'ZC). In

proceeding through the various steps of the estimation procedure, all

dri I I ing campaigns uli I I be treated ui thin each step to easi I y compare

results from the various campaigns.

4.4. I Data Anal vsis

One o{ the primary tools in data analysis is the histogram of the

data (fig 47). The histograms from all three campaigns Present the same

general features. All shou a spike due to values less than '003 ozlton'

uhich is considered to be the detection I imit of the fire assav

technique, containing betueen l6 and l82 of the avai I abl e data' The

shape of the distribution in all campaigns is lognormal in appearance

and similar to that of all 7,979 values (fig 43). The psrameters of

these distributions are summarized in table 9'

Notice tlrat al I three sampl ing camPaigns are representative of the

complete.data base o{ 7,g7g values as far as mean and coeff icient of

variation are concerned. Suprisingly the least representative sampl ing
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Parameters of

TABLE 9

the Exhaustive and Exploration Histograms

Campaign ll
Carnpaign *2
Campaign 13
Exhaust i ve

Number of
Data

t93
313
623

7979

ne.an

. r05

. 107

.100

.105

Var i ance

.044

.042

.036

.03E

Coef{icient ol
Variation

2.00
l.9l
1.90
I .86

campaign is campaign nunber 3 uhich, although containing the most data,

underestimates the global mean grade o{ tlre deposit. This unfortunate

result can only be attributed to bad luck in semPling'

Yariograms of grade in eac[ of the three sarnpl ing camPaigns shot't

sirnilar spherical type structures uith ranges betueen 100 and 150 feet.

No anisotropies are observed so only the omnidirectional variograns are

plotted ({ig 48). Nithout information at short distancesr aGCUFOt€

modelling of these variograms is impossible as there is no rdY, even

uith the campaign 3 data, to predict the nu99et effect. Information at

short distance is provided by tuinning 20 of the blast hole assavs (four

on each bench) to provide an estimate of the variogram value at 12 {eet'

Tuin holes uere used rather than a single {ence of 20 data for tuo

reasons. First, grades obtained from a fence located uithin a single

region of the deposit uill be influerrced by the strong Proportional

effect present in the deposit so the information obtained could be

misleading. Second, a fence of data is generally useless for estimating

indicator variograms as the indicator data in the fence are usually ell
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above or belou any cutoff of interest so that the variogram value is

usual ly zero. Ttin holes provide more inlormation concerning the

belravior of the indicator variograms at short distances because the

tuins can be located throughout the deposit, hence the entire

distribution of grades tends to be sampled and the influence of the

proportional effect is nrinimized. Tlre tuin hole in{ormation is used

only to estimate the various variograms required. lt is not used in

either the histograms of the various sampling campaigns nor uill it be

used in the kriging.

Using the tuin hole information, rnodels uere fit to the variograms o{

the grade data {rom each camPaign.

Campa i qn

I
2

3

Varioqram l'lodel
?(h) = .007 + .013 Sphe,s (h) + .0224 Sphl q e (h)
y(h) =.006 +.019 Sphes(h) +.0155 Sphrrs(h)
y(h) =.007 +.012 Spheo(h) +.019 Sphto(h)

These variogram models as uell as the variogram of all 7979 data are

plotted in figure 48. Notice that the variogram of the 7979 data has a

significantly larger nugget effect than the variogram models derived

from the data from the three campaigns. tn effect the true nugget

effect has not been modelled correctly. Iherefore variances or gamma

bar values calculated using the variogram models deternined from the

data of the three sampling campaigns uill be different from the true

values. This error in modelling uill be most important lhen calculating

gamma bar values for small block sizes.

The final step in the data analvsis steP is deterrnining the cutoffs

at ulrich estimates uri | | be computed so that the transf orrned grades

i (x,zc) and u(x) can be determined. ln actual appl ications the chosen
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blast hole assays. Tlre chosen cutoffs plus the percentage o{ data belou

each cutof f {or the tlrree sampl ing campaigns are shoun in table '10 uhich

shours that the percentages of data belou each of the 9 cuto{fs is

simi I ar for al I three sampl ing campaigns and for the exhaustive data

base. Thus the data of all three sampling carnpaigns are representative

of the exhaustive data base uhich is not surPrising since al I three

sampling campaigns are comprised of data on e nearly regular grid.

TABLE I O

Cutof fs Chosen

Sl-9.!l(9-azton) Percentaqe of Distribution Belol
Campaign lt Campaign 12 CarnPaign 13

.003

.005

.010

. 017

.027

.046

.079

. 144

. 313

r5
19. 7
33. 7
45. 6
53.9
63.2
71.
79. 3
90.7

14. I
r9.5
32. 3
42 .8
52. 7
63.3
70. 3
80.2
89. 5

13. 5

19.
30. 5
4t.8
52.7
63.3
72.5
82. r

90.

Cutof f
Al | 7979 Oata

l4
20.
30.
40.
50.
60.
70.
80.
90.

To proceed uith either the IK or the PK estimators, indicator

transforms of the data nust be computed for each of the 9 cutof{s' As

seen in sections 2.3..| and 3.3.1 this transform is quick and simple to

perform. In addi tion to the indicator transform of the data, the

uniform transform (sec 2.6.1 and 3.3.1) of the data is also required to

per{orm probability kriging. As in the previous case study, there is a
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large spike in the data. Hence, before the uniform transformation of the

data this spike must be removed through the despiking procedure (see sec

3.3. l). For al I three campaigns, a circular despiking neighborhood uith

a radius of 150 ft. uas used.

Once the transforms are completed, the nextr veFV 'imPortantr step of

variography is performed.

4,4.2 Vari oqraphv

Computing and model I ing indicatorr cFoss and uniform transform

variograms is a tirne consuming and tedious step in distribution free

estimation of recoverable reservesr 8s both indicator and cross

variogram models are required at each cutoff. Atthough time consuming

and tedious, this is arguably also the nost important step in the study,

as poor variogram model I ing can adversely af{ect the qual ity of the

results. For this reason, the modelling of these variograms should be

performedcarefulIyandpatientIv;resistingtheurgetopassquickIv

through this step and move on to the kriging step.

4 .4 .2.1 Indicator VariograPhY

The indicator variograms, for al I three campaigns, are model led by

nested spherical structures. Anisotropies uere not observed at any

cutoff in any of the three sampling campaigns. The omnidirectional

models uhich uere fit for the three campaigns are given in table ll.

The criteria used in fitting the models (shoun in table ll) to the

experirnental points varies for the dif{erent campaigns. For exemple,

uhen modelling the indicator variograms for campaign I the shePe of the
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TABLE 1 I

Indicator Variogram llodels

l'lodel t yi(h) = Co + CtSph;1(h) + CzSphs'2(h)

Campa'ign *l Campai gn f,2 Campai gn t3
Cutoff Co Cr rr Co Cr rr Cz rz 90 Cr rr Cz r'
.003.0?.05zso .03.08200 .07.04180
.005 .05 . 1 I 350 .06 .09 240 .08 .06 220

.010 .05 . t7 300 .06 .07 100 . l0 340 .08 .03 40 . 10 260

.0r7 .09 .16 300 .06 .06 40 . l3 280 .08 .04 40 . 12 280

.027 .lo .15 200 .08 .06 40 ..|2 280 .10 .03 40 .12 250

.046 .09 .t4 180 .09 .04 40 .lt 290 .08 .06 40 .10 250

.079 .06 . l5 170 .06 .06 40 . 10 260 .0E .04 40 .09 200

.144 .04 .13 140 .06.03 40 .07 .|70 .04.02 40 .09 140

.3r3 .04.05 130 .05.05 100 -04.06 90

tuhere Sphrr is a spherical model uith
fan$€ r1.

model at short distances is strongly dependent on the value of Y(12)

obtained {rom the tr.renty tlinned blast hole assays. This dependence on

t(lD decreases in campaigns 2 and 3, since more data at short

distances, Y(71) and 7(50) respectively' become available' For

campaigns Z and 3 the behavior at short distances can be extrapolated

from the experinrental variogram values. Nhen this extrapolated value of

y(12, is r.ridely different from y(12) calculated from tuin hole data a

compromise is made uith more ueight given to the extrapolated value. At

some cuto{fs, .027 oz/ton in particular ({ig 50), the 7(t2) value

obtained {rom the tuinned data is obviously a poor estimate of the

actual ?il2). In these cases, the short scale behavior o{ the indicator

variogram is obtained by a combination of extrapolation and examining



144

the short scal e behavior at simi I ar cuto{fs. The experimental

omnidirectional indicator variograms and the fitted models for three

representative cutoffs are given in figures 49-51 uith an example of the

directional variograms given in figure 52. Table 12 summarizes the

number of data used in computing each experimental variogram value.

Pairs of Data Used

TABLE I2

to Calculate Experimental Indicator Variograms

Campaign l3
Distance I of Pairs

50. 650
71. 770

I 00. 880
r4l. 729
200. | 403
300. I E93
401. l8E2

Campaign ll
Distance I of Pairs

Carnpaign *2
Distance I of Pairs

71. 280
102. 478
t4r. 398
I 96. E90
293. 1243
393. 1462

| 00.
r 99.
299.
406.
50 5.

307
586
613
380
3r0

There are several trends uhich are evident in the models ol the

indicator variograms. First the nugget effect and the total sill of the

models tend to be largest at the nedian cuto{f, .027 oz/lon, and

smallest at the extreme cutoffs. This is not surPrising since the sill

of indicator variogram model is related to the variance of the indicator

data. Recal I

Var (I(x,zc)) = F(zc) (l - F(zc))

= F(zc)2 - F(zc)

This quantity is maximum uhen
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d(F(zc)2 - F(zc))zdF(zc) = Q

or

2 F(zc) = I

F(zc) =

So one expects to find the maximum sill near the median cutoff. Since

the magni tude of the absol ute nugget effect i s usual I y rel ated to the

magnitude of the silt it is understandable uhy the nugget e{fect is elso

maximum near the nedian cutoff.

Another trend uhich is noticeable in all three campa'igns is that the

range of the indicator variograms decrease as cutoff increases' This

trend provides information concerning the spatial continuity of the high

and lor.r grade material in this deposit. The lou grade material' as

evidenced by the long range on the indicator variograms at lou cutof{s,

is distributed over a uide portion o{ the dePosit, uhile the high grade

naterial, as evidenced by the short range of these variogramsr occurs irl

small pods or lenses.

The conclusions reached concerning the decreasing range of the

indicator variograms urith increasing cutof{ grade are supported by uhat

is knoun about the mineralization in this deposit. The ore and uaste in

this deposit are interspersed, hence uaste material can occur uithin any

portion of the deposit so an indicator variogram uith a long range is

expected. High grade material, on the other hand, has definite local

structural controls uhich local ize the ore; hencer

variogram uith a short range is expected.

an indicator



146

IITDICAIOR v RIOGR X 0.005 ozlton etl1r}tT
IDIN .0.19?

v inXCD - 0.160
r93 DA?A

&x

100 200 300 400
b

tttDlctToR vARloGR^y 0.OO5 oz,/toD gumlT'
IEII{ - 0'195

VIRIANCE - 0.13?
, 3t3 DATA

&x

100 200 300 400
b

OIDICATOR VARIOCRAI 0.0O5 ozlton eUmfF
xE l{. 0.190

Y^RIANCI - 0,1${
, t23 DATI

Q

o 100 200 300 400
b

500

.005 ozztonFigure 49: tndicator Vrriogrens for the Cuto f I



147

nDICA?OR VAnl(lGRAX O.O27 oz/to CUTOIT

E

0 100 200 300 400
b

MDICA?oR VInOCR I O.@7 oz/toa CttTOll

ax

r00 200 300
'100

b

lltDlCATOR YAnncRAU 0.021 oz/Ion CUmfT.

4x

0.0
100 e00 300

b

Figure 50r lndicator Variogrerns for the .027 ozlton Cutoff



t48

!$DICATOR vlRtOCR^I O.l4 oz/toa CItlOt?
llElll r 0'?93

vrRhNCE ' 0 l&l
t03 DrTA

Ex

0 loo ?(Ju suu tvv
b

NDtcrmR VIBIOORAI O'lttl oz/rot gtlTorf
IEI}{ ' Otoe

YTnIANCE r 0.1i9
, trl DrTl

sx

0 100 zo0 ituu luv
b

tlfDrcrTOR VIRIOCRIII O.ltt1 oz/roa CUmFl'
IDlll . 0l?1

YInIANCI r 0.lf?
M3 D^TT

3
t\

100 200 300 400

FiEure5t:IndicatorYariogrernsforthe'l44ozztonCutoff



149

NDICAToR VAEIoCR^I ggn szllon cumlT

x

Figure 52:

b

Directional lndicetor
Cuto{f

Yeriograms for the .027 ozlton

4.4.2.2 Cross VariograPhY

Cross variograns betueen the indicator data and the unilorm transform

of grade are required at each cutoff of interest to Perform probabilitv

kriging. As rith the indicator variograns no lnisotroPies rere observed

at any cutoff in eny of the three sampl ing campaiEns. The

omnidirectional nodels nhich rere fit for the three campaigns are given

in table 13. The same criteria used in nodel I in9 the indicator

variograns uere also used to obtain the cross variogram models.

Again the same trends nhich eppear in the indicator variogram models

also appear in the cross veriogram nodels. Again the absolute sill of

these variograms is naxinum neer the nedian cutoff and decreeses touards

the extrerne cutoffs. This trend can be predicted since the aill of the

cross variogran is related to Cui(0,2c) rhich is maxinum et the rredian

cutof f .



TABLE I 3

Cross Variogram llodels

tlodel I -Yiu(h) = Co + CrSphrr (h) + CzSPhrz (h)

ill Campai gn l2
C6 C1 11 Cz rz

Campai 9n f3
Cs Ct F1 Cz ?2Cutoff

.02 .05 420

.02 .07 430

.02 .02 40 .08

.02 .02 40 .08

.02 .02 40 .09

.02 .02 40 .09

.02 .02 40 .0E

.0t .02 40 .05

.0t .01 40 .03

400
300
270
360
300
360
140

.02 .04 210

.02 .05 200

.03 .07 190

.02 .02 40 .08

.02 .03 40 .08

.02 .03 40 .07

.02 .02 40 .0?

.01 .02 40 .05

.0t .04 150

250
240
240
250
230

luhere Sph"r is a spherical model uith
range f r .

.003

.005

.010

.017

.027

.046

.079

. 144

.313

Campai gn

Co c1
.02 .05
.02 .07
.04 .08
.04 .08
.05 .08
.02 .09
.02 .09
.01 .08
.01 .03

420
430
400
300
240
190
190
180
t50

t50

Cui(0rzc) = zc) I - EIU(x) l'EI I (x,zc) I

- .5oF(zc)

/2 - Fkc)/Z

(4.2)

d(F(zc)z/2 - FQdt2)zdF(zc) = F(zc) - .5 = 0

F(zc) = .5

The critical point again occurs at the median cutoff, so the ebsolute

sill should be maximum at the median cutoff'

The ornnidirectional experimental

fitted models are given in figures 53

cross variogram values and the

through 55. An examPle of the

directional variograms is given {or the

56).

EIU(x)rI(x,

F(zc)
f
t

= ludu
J
0

=F(zc)z

median cutoff o{ .0?7oztlon (fig
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4.4.2.3 Variography of the Uniforn Translorm Oata

A..single Uniform variogram for each drilling campaign is required to

obtain a probabi I ity kriging estimate of recoverable reserves'

l,lodel t ing of the short scale (less than the data sPacing) structure of

this variogram is not imPortant since only the correlations betneen the

uniform data locations and not the correlation betueen the data location

and the panel are required. tn other lords, the uniform variogram or

covariance appears only on the left hand side of the probability krising

6ystem of equations (eqn 2.55, 2.56). The modelling of this variogrem

is thus simplified since the only concern is that the model pass netr

the experiorental variogram points'

The uni forn variograms for the 3 campaigns

anisotropies, so isotropic models have been used'

(fig 57) shou no

The models lre



Notice that the range of the variograms computed on the uni{orm

transform of the grade z(x) have far longer ranges than the variograms

computed on the untransformed values (see figure 48). This increase in

range indicates that the uniform data are more highly correlated than

the untransformed data. Thus, an estimator uti I izing the uni form

transform data should produce a better estimate of #(A,zc) than 8n

estimator uti I izing the untransformed grades z(x), 8s estimation

variance decreases ss correl ation increases. Ihe increase in linear

correlation after transform is possible because the uni{orm transform is

a non-l inear transform.

A second advantage of making a uniform transform of the data is that

the experimental variogram values determined fron the transformed grades

are much less erratic than the experimental variogran values determined

from the untransformed grades; thus, fitting the transformed grade u(x)

variogram model is easier than fitting the untrensformed grade z(x)

variogram nodel. The reduction in the erratic nature of the

experimental variogram

transform.

is a resul t of the robust neture of the

4.4.2.4 Positive Definiteness

Campaign fl
Campai 9n 12
Campaign *3

As discussed in section 3.3.2,

of obtaining a negative estimation

must be positive definite. The

155

yr(h) = .04 + .049 SPhrzo(h)
?u(h) =.02 +.02 Sphro(h) +.049 Sphr2o(h)
zu(h) = .027 + .057 SPhz55(h)

in order to precl ude the possibi I i tv

variance, the matrix of covariances

matrix ol coveriances used for the

I be positive definite since theindicator kriging estimator ri I
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spherical model, r.rhich is guaranteed to yield a positive de{inite

matrix, uas used at al I cutoffs. In the case of probabiIitv kriging,

houever, the variogram models used for this case study do not by

themselves guarantee a positive definite matrix of covariances since the

I inear model of coregional ization (sec 3.3.2) has not been used' A

cfieck of the positive definiteness of the PK covariance matrix uas

performed, houever, and the PK covariance matriees are indeed positive

definite. The check uhich uas performed invol ved comPuting tlre

determinant and all nrinor determinants of a covariance matrix from each

sampt ing campaign. That is, the necessary and sufficient condition for

a real matrix A to be positive definite is

x'Ax ) 0 for all non-zero vectors x.

An equivalent necessary and suf{icient condition is;

of the matrix A, Ak have positive deterninantsAl I submatrices,

ulrere:

Ar = 31t

Az=
et t

3zt
",. 

.l

"r rl

Ac =

8'tr drz

azt aa2

8gr a3z

ot g

az3

8sc

is the element
of matrix A.

qlJ in the ith rou and jth colunn
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Thus the determinati on of uhether any covariance rnatrix under

consideration is positive definite can be made by examining the

determi nants of the submatrices A1. 0nly one covariance matrix from

each campaign las checked because the data are located on a regular

grid; hence, the covariance matrix is identical for al I panels. The

result of this check uas tlrat all of tlre determinants uere positive;

therefore, the variogram models uhich uere utiIized are acceptable given

the particular regular sampling pattern encountered in the case study.

In future case studies it is recommended that the linear nodel of

coregional ization be used to avoid any possibil itv of non-positive

definite matrices. The linear model uas not used in this case because

it restricts the form of the variogram models to some degree and, since

the data are located on a regular grid the check for positive

definiteness uas not difficul t.

4.4.3 Kriqino

In contrast to the previous variographv step, the kriging step is not

human labor intensive. It is, houever computer intensive so great care

must be taken uhen performing the kriging to mininize computer costs'

The major stePs uhich can be used to minimize the cost of kriging are

1. Use an ef{icient method for determining the data in the kriging
neighborhood of the panel of interest (i.e. use the suPerblock
concePt).

Z. Limit the number of data in the kriSing neighborhood uithout
affecting the resolution of the results'

3. Solve as fel kriging systems as possible (i.e. if possible I imit
the number of cutof{s of interest and use data on a regular
grid).
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Point 3, although intuitive, can result in significant cost reductions'

Recall the form of the indicator and probability kriging estimators.

nn
IK /*(A,zc) = fla(zc)ri(xq,zc)

s=l
n

pK fr(A,zc) = Itra(zc).i (xa,zc)
c=l

The ueights, trq(zc) and uq(zc), 8F€r in this general expression' a

function of cuto{f, thus a kriging system must be solved at each cutoff.

If the number of kriging systems uhich nust be solved can be reduced,

tlre computer cost 1l1i I I be reduced correspondingly. Since variograms

having the same shape uill yield the same kriging neights' it is

necessary to sol ve onl y one kriging system f or al I of the cutof f s t'ti th

identical ly shaped variograms. At the I imit, al I variograms may have

the same shape, in uhich cas€r only one kriging system must be solved

and the cost of performing PK or IK uill be similar to that of kriging

mean grade (i.e. ordinary kriging).

In some cases, particularlv uhen using Probabil ity kriging, it is

difficult to determine if variograms from different cutoffs have shapes

uhich are similar enough to justify using the same lleights. It is best,

in these cases, to print out the ueights given by the estinator at each

cutof f . These r.reights give the user numerical values to compare in

deciding r.lhether reights at different cutoffs are close enough to be

considered equal. The criterion used in determining if ueights at

different cutoffs are similar enough to be considered equal must be

determined by the user based on cost constraints and the nature of the

prob I em.

+ (l-flg(zc))rFr(zc)
c=l

n
+fus(zc).u(xq,)
c=l

(4.3)

(4.4)
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4.4.3. 1 Kri ging Pl ans

To further reduce the cost of krigittg, one should consider the

configuration of kriging data (also knoun as the kriging plan) that

contains the smallest number of data uhich does not adversely effect the

quality of the estimates. This is easily done by examining the leights

given to data {or various search radii. Those data locations receiving

minimal ueights should be eliminated from the kriging plan thus reducing

the cost of kriging. The kriging plans used for the three campaigns are

given in figure 58.
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4.4.4 0uanti tv g{ l'1etal Estirnation

The discussion, to this point, has centered on estinating the spatial

distribution, l(A'zc), or equivalently the tonnage recovered based on s

point support selective mining unit (l-f(A,zc)). 0f cqual or greater

inportance than the recov:red tonnage is the recovcrcd quantitv of
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metal, Q(zc). Recal I that Q(zc) is

2.8). Rather the quantitY of metal

of tonnage recovered. Recall the

metal (eqn 2.76) .

Q(zc)

uhere T5 is the
In the fol

This expression can

Q(zc )

uith:

thus: Q(zc) = m"

In practice f(A,zc) is availabl

these integral exPressions ftustr

by discrete sums.

bv direct kriging (sec

based on the estimates

recovered quantitY of

not estimated

estimate is

definition of

= r.'T=o+(A,z)
I
zc

(4.5)

total tonnage
louing Ts is

of region A.
assumed equal to I

also be tritten as

oZC
ff

= lzdC(A,z) - lzd*(n,z)JJ
00

Tro*tn,=l = 'or
J
0

(4.6)

(4.7)

= the mean grade of region A (4.8)

(4.9)

e for a discrete number o{ cutoft,s' so

in practical appl ications, be replaced

ms

zc

I- lzdi(A,z)
J
0

nc- I
Q*(zcxl = ftfr(A,zcc+i, - i* (A,zca) l'cq,*r

c=k

(4. t0)
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(4.'ll)

Nhere: nc =
zck
ttl* a
Cq,

number of cutoffs
i s tlre cutof I o{ i nterest
is an estimate of mean Panel grade
is a measure of central tendency for
material betueen ctltoffs zcc+1 and

the
zcs,

pane I s.note: C(A,2c,.,.) is assumed equal to t f or al I

i.e. zcnc is at least as large as the I

observed.
argest val ue

The expression in equation 4.10 uill be referred to as the direct

quantity of metal estimate since the estimate of Qr(zc) is based solelv

and di recfl y on the tonnage estimates. The expression in equation 4. I l,

on the other hand, is strongly based on the estimated mean panel grade

uhich introduces an additional order relation uhich must be obeyed lhen

using this expression:

k-t
Qr(zcr) = mat - It**(Arzcq,rr )-f*(A,zcq,) l'cc.r-fr(A'ZC1)'c1

c=l

nc- |
mat = f t**f arzcilqr )-l*(A,zcq,) ltco*r + f*(A,zc1)rc1

q:l

Q(zc) is, therefore, i€felred to as the

(4.'t2)

This method of estimating

indirect method.

4.4.4.'l The Direct llethod

The only unknoun values in the expression for

central val ues cq,. As stated these val ues

central tendency {or the material betueen

Ideal I y, thi s cq, val ue Lloul d be condi tioned

entail ing that cq, llould be diflerent for each

the direct method are the

must be some measure of

cutoffs ZCc and 2cq-r.

to the local environment

panel A. Houever (sec
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2.8) such I ocal

considerations.

Since the cs value cannot

value must be used. A readi

al I data r.ri th grades betueen

co,'s has the ProPertY that

conditioning is not feasible due to practical

rel iablv be estimated local ly' a global

Iy available value for cq is the average of

cutoffs zcs.+r and zca. This choice for the

nc- I
md* = fIft(zcq.r)-Fr(zcq)l.cq, * c1.F*(zc1)

g:l
(4.13)

uhere mdr is the mean of the exploration data
F*(zcq) is the value of the global cdf

determined from the exPloration
data for cuto{f zcs.

If the data are located on a regular grid, the mean of the data is

unbiased estimate of the global mean. Thus uhen the data are located

a regul ar grid this choice of cq uri I I yield an unbiased estimator

global mean grade.

In cases there data are not located on e regular grid, the cc values

must be obtained by a ueighted average of the data betueen cutoffs zcq,+r

and zca. The ueightsl used are those obtained from declustering the

data. If the declustering ueights yield unbiased estimates of F(zc) and

the deposi t mean, then the cq,'s chosen by this process t'ti I I al so yiel d

an unbiased estimator of global mean grade'

an

on

of

r one method for obtaining the declustering ueights is to lav a

rectangular meslr equal in size to tlre average cluster over the deposit'

The number o{ data in each cell, defined by the mesh' are counted' Each

datum is given a ueight equal to l/(NooN) uhere ND is the number of data

in the cell and N is the number of cells in the deposit' This method is

described in more detail by Journel (19E3)'
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4.4.4.2 The lndirect Hethod

The direct method of estimating recovered quantity of metal is

straightforuardandsimpletoaPply,houevertherearetuoreasonsuhy

the indirect method is preferred in some cases.

Bi ases in estimated quanti ty of metal recovered at high cutoffs
are carried over to louer cutoffs phen using the direct method.

Not al I available information is used in the direct method.

point t refers to the fact that the summation used to determine the

quantity of netal recovered using the direct rnethod at any cuto{f

includes the final term It6r(A,zc6s)-rt(A,2c66-1)l'c6". This term is

typically much larger than the remaining terms in the seriesl, so any

error made in this term can not be easily compensated for by errors of

opposite sign made at louer cutoffs. There{ore any error made at the

largest cuto{f uil'l usually be transmitted to all loler cutoffs. This

problem is especially prominent uhen the deposit is sParsely samPled as

the estimates of C(A,2c,.,") lill tend to be poor. This transmission o{

errors does not occur uhen using the indirect methodr ds the summation

(eqn 4.ll) is performed from lotest to highest cutoffr so €Fl"ors at high

cutoffs affect onlv the estimates et high cutoffs.

point 2 re{ers to the fact that the direct method ignores a valuable

piece of information: the quantity of rnetal recovered at 0 cutoff or

equivalently the mean panel grade.

The indirect method of quantity of metal estimation is uritten as

2.

tthis is especially true at
.313 ozzton cutoff accounts
global ounces of gold.

the Bel I mine, as the naterial above the
for t02 of the global tonnage but 602 of the
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nc- I
Q* (zco ) = ma* = f IC* (Ar zccr+ 1 )-tr (A, zca) l'ca, +

q.= I
Thus, another order relation is introduced and

obtained must veri {y this order rel ation. These

obtained through quadratic Programming similar to

(sec 2.7) .

k-l
Qi(zck) = mai-f[tr(A,ZCq+r) - *r(Arzca)l.ca - C*(A'zc1)'c1

s=l
(4. t4)

To avoid any inconsistencies in the quanti ty of metal estimates, the

fol I ouing propertv must hol d for each panel .

nc
min ft#r

i=l
subject

(Arzci)-t**(Arzc;))2

to: frr(A,ac1) ) 0

trr(Arzc66) ! 1

tir(Arzci+1) ) rrr(A,zc;)

cr.y'r(A,zcr ) (4. l5)

the tonnage estimates

tonnage estimates are

that used previouslY

(4. t6)

(4. l7)
nc- I

me* = Itrtt(Arzci+r) - tr*(A,zci) l'cq,
c=l

These neu tonnage estimates, y'r*(ArZC), are thus as close as Possible to

the optimal estimates, it(A,zc), but thev uphold all order relation

constraints. Practice has shoun that r'rhen the ordinary kriging estimate

o{ mean panel 9rade, ila*, is superior to the nonlinear estimate Qr(zco)'

the tonnage estimates and quantity of metal estimates provided bv the

indirect method are superior to those provided bv the direct method' 0n

the other hand, the results obtained bv the direct method are superior

uhen Qr(zcs) is a better estimate of panel grade tlran the ordinary

kriging estimate ftat. Unfortunately there is no exact criterion to

indicate uhen each of these nethods should be used



As an aside it

to obtain tonnage

trend or drift in

estimate m*s used

through uni versal
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shouldbenotedthattheindirectmethodcanbeused

and quantity of metal estimates uhen the data shou a

a given direction and hence ere nonstationary' The

in such a case is simply the mean Panel grade obtained

kriging.

4. 5 RESULTS

In the previous sections three methods for obtsining distribution

free estimates of conditional distributions nere discussed' These

methods: indicator kriging, probabilitv kriging and probability kriging

utilizing tlre mean panel grader ll€f€ used to estimate tonnage and

quantity of metal recovered, essuming a point support selective mining

unit, for each of 119 panels, 9 cutoff grades, and 3 drilling campaigns'

Given the large number o{ cuto{fs, campaigns and methods, i large amount

of results have been generatedr so it uill be imPossible to discuss all

of the results in complete detail. Through the use ol figures' houever'

the results, both global and local, can be summarized for presentation'

The global resul ts portion of this section ui | | consist of an

examinat'ion of the global bias, mean squared error, and smoothing of

each estimator. Local results consist primarily of scattergrams of true

versus estimated recoveries over all tl9 panels for each cutoff and

estimator. These scattergrams and associated statistics uil I give an

indication of the local sccuracy of each estimator'

The local and global results presented here give an indication of the

overall capabilities of these estimators {or varying anounts of data andI

angive indication of the qual ity of resul ts one can expect uhen
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applying these techniques to deposits ttith similar characteristics.

Also as none o{ these estimators is perfect, this section uill point out

some of the strong and ueak point of each estimator.

4.5.1 Global Re-strlts

Gl obal resul ts refer to total recoverable reserves.

important of these global results is hou accurately each

predicts tlre global recovery. For completeness, houever

properties such as the mean square error and smoothing of the

uill also be examined.

The nost

techn i que

, other

est i mator

These global results are summarized in figures 59 through 70' In

each of these figures tlre fol louing nomenclature is used.

o A sol id I ine represents the true values obtained f rorn tlre 7979

blasthole assays r.rhich comprise the complete data base.

. The square symbol corresponds to the Probability kriging (PK)

estinrator (sec 2. 5) .

o The diamond symbol corresponds to
est imator (sec 2. 6) .

the indicator kriging (IK)

o The x uith a hole in the center corresponds to tlre probability
kriging estimator uhich uti I izes a prior ordinary kriging estimate
of mean paneI grade (PK-OK sec 4'4'4'2)'

For each global Property (e'g' tonnage recovery' tonnage mean square

error...) examined, there are three figures corresPonding to the three

dri I I ing campaigns. Therefore the inprovement due to an increase in

information can be readily seen by examining the three figures'

4.5. l. t Global Tonnage Recovery Factor

The global tonnage recovery factor, T(zc)'

o{ the ll9 panels uhich uould be recovered

defined as the Percentage

a given cutoff if mining

is

at



rere performed on point support selective nining units.

this factor bv the total tonnage of the l l9 panel s

potential ly recoverable tonnage for the cutoff of interest.

The estimated tonnage recovery factor is determined by

119
T*(zcl = I(t-**(Airzc))/ll9

i=l

l.thi I e the true tonnage recovery f actor is determined

l t9
T(zc) = ftl-C(Ai,zcl)/119 = I - F(zc)

i=l

by
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l'tultiplying

yields the

(4.18)

( 4. l9)

The plots of tonnage recovery factor versus cutoff (fig 59-60) slrou

that al I three estimators are fairly good estimators of recovered

tonnage. Certainly at lou cutoffs there ere no problems rith bias in

the estimates, houever at high cuto{fs (.144 ozzton and above) all three

estimators tend to overestimate the recovered tonnage (the symbols plot

above the sol id I ine corresponding to true recovery). This

overestimation is most severe for the probabi I ity kriging estimator

uti I izing the ordinary kriged mean especial I v at the highest cutolf '

.313 ozzton. The overestirnation of this estimator at this cutoff can be

traced back to the definition of the estimator' Recal | (sec 4.4.4.2,

that the pK-oK estimator has no nonbias constraints except that the mean

panel grade is an unbiased estimator of the true Panel grade. Recall

also that the estimated mean panel grade is identified to the ordinary

kriging estimate o{ the panel grade through a quadratic programming

algorithm uhich changes the estimated tonnages to e{fect this identitv.

Oue to the set up of the algorithm (eqn 4.24) and the fact that, {or
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this deposit, the 102 of the total tonnage above .313 ozzton carries 602

of the total ounces of gold, the solut'ion to the quadratic program

causes tlre largest change in the estimated tonnage above the .313 ozzton

cutof{. Tlrerefore, the estimates of tonnage above the .313 ozZton

cutoff are not rel iable and biases ere to be expected. 0n the other

hand, since the tonnages above the.3l3 ozzton cutoff absorb most of the

change, the estimated tonnages at louer cutoffs are not greatly changed

and hence remain globally unbiased.

Aside from the PK-OK estimator's poor performance at the highest

cutoff, all three estimators are reasonably unbiased at all cutoffs uith

none of the estimators shor,ring clear suPeriority.

As the number of data increase from campaign ll to camPaign 13, the

accuracy of al I three estimators increase. Uti l izing the data from

campaign f3, in fact, the symbols for all three estimators (fig 60) plot

nearly on the line corresponding to the true value'

4.5. 1.2 Quanti ty of lletal Recoverv Factor

The quantity o{ metal recovery {actor is a unitless value uhich uhen

mul t.ipl ied by the total tonnage of the deposi t y'iel ds the total number

of potential ly recoverable ounces of gold uithin the deposit' Hence

quantity of metal recovery factor has units of ozuton or grade' ln

particular, the nean grade of the deposit is the quantitv of metal

recovery factor uhen no cuto{f is appl ied'

Quantityofnetalrecoveryfactorisdetprmined{or

estimators through the {ol I ouing rel ationship:

ll9
QF(zc) = I Qi(zc)/ll9

i=l

the three

(4.20)
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The true quantity of metal recovery factor is simply the mean grade of

those blast hole assays from the ?979 aveilable nhich are lerger than

the cutoff of interest zc.

The lK and pK estimators give similar results for all three canpaigns

and 9 cutoffs (figs 6l-62). This is not surprising since PK and lK give

similar estinates of global tonnage recovery and global quantitv of

netal recovery is a simple function of global tonnage recovery (eqn

4. l0) uhich is identical for both estinators. Both the PK and lK

estinrates are very ctose to the true values for the great nejority o{

cutoffs in campaigns ll end t2 (fig 6t). tn canpeign 13 (fig 62)'



houever' both PK

highest cuto{f.
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and IK underestimate the true recoveries at all but the

Recal I (sec 4.4. | ) that the mean grade o{ the 623

sannpl es comprising the campaign il3 data base is . l|00 ozlton uhi le the

mean grade o{ the 7979 blastholes comPrising the exhaustive data base is

.106 ozlton. Since tlre quantity of metal recovery factor at zero cutof f

is equal to the mean grade of the data and the c5 values (neasures of

class centers) are chosen to reflect the mean of the 623 data (sec

4.4.4. l) this result is not surprising. Thus the poor results observed

in campaign s3 are not due to any deficiency in the method' rather they

are due to bad luck r.lhich is not control lable by theory.

The results given by the PK-OK estimator are inferior to those given

by the IK and PK estimators in campaigns sl and *2 and are essentiallv

equal in camPaign *3. The results given bv the PK-0K estimator in

canpaign *I are not as good as tlrose given by the PK or IK estimators'

but, ignoring the results at high cutoffs, they are still not too bad'

The poor results at high cutoffs are expected, a3 the PK-oK estimator is

not reliable at high cutof{s since no non-bias constraints are utilized'

The PK-oK resul ts for campaign *2 (fig 6t ) 8t"er houeverr poor at al I

cutoffs. As mentioned the local quantity of metal recovery lactor at

zero cuto{f is the mean panel grade. As uill be shoun (sec 4.5.2)' the

ordinary kriging estimates of mean panel grade, lhich the PK-OK

estimates are based on, are poor for campaign t2 as they are globallV

biased. Thus it is not surPrising that the PK-OK estimates of global

quantity of metal recovered are poor for campaign t2'
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4.5. t.3 Tonnage llean Squared Error

The tonnage nean squared error is de{ined as the sun

the tonnage factor error nade et eech panel divided

other rords this vslue is the average

of the squares of

by the nunber of

squared error of

the tonnage recovery per Panel. This velue gives en

the local eccuracy of each technique es the estirnator uith

nean squared crror is, in average, the nost accurate local

tonnage. Plots ol tonnaEe nean aquered crror Yersus cutoff

figures 63 and 64.

panels. In

estination of

indication of

the snal lest

estinator of

are given in
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The estimator uith tlre louest mean square error, at the greet

majority of cutoffs, for camPaign ll, is the probabil ity kriging

estimator uhich uti I izes the kriged estimate of mean Panel grade. For

campaign 12, houever this estimator has higher mean squared error than

either o{ the other tuo estimators uhile in campaign 13 all three

estimators are essential ly equivalent. The efficiency of the PK-0K

estimator, thus appears to be strongly dependent on the rel iabil ity of

the ordinary kriging estimate ol panel grade as comPared to the estimate

obtaineddirectIythroughindicatororProbabilitykriging(i.e.the

estimate of quantity of metal recovered at zero cutoff). As uill be

shoun (sec 4.5.2) the ordinary kriging est'imator of panel mean grade is

superior to the other estimators given the data available in campaign ll

it is inferior houever in campaign *2, due to the large bias of the

ordinary kliging estimatorr and roughly equal given the data of campaign

13. The tonnage estimates obtained from the PK-0K estimator are

conditioned to the 0K estimated nean grade so it is not surPrising that

an overall measure of local accuracy such as the mean square error

should also reflect the relative accuracy of tlre mean grade estinate.

In all three campaigns, the mean squared error of the tK estimator is

less than that for the PK estimator. Since the mean squared error is

essential lv a real ization of the estimation variance at a given cutof{

and theoretical ly the estimation variance of the PK estinator is less

than the estimation variance o{ the IK estimator, this resul t is

someuhat surPrising.

The i nf I uence o{ the

the rnagni tude of tonnage

increase in data manifests itself strongly

mean squared errorr 8s it steadily decreases

in

as



the number of data increases.

squared error uhen a single datum

the campaign *l to the camPaign il2.

per panel is justi{ied regardless of

campaign 13 houever an average of 3

high cutoffs' such as .144 ozlton,

I ittle improvement in the statistic.

improvement, houever the cost of the addi

be justified by the observed improvement.

il9
l1SEq = I (ai(zc) - Qit(zc)r2/ll9

i:l
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There is a signiticant decrease in mean

is added to each Panel in going from

0n this basis the additional hole

cutoff. 0oing {rom camPaign *2 to

data uere added to each Panel. At

these additional holes caused very

At I ouer cutoffs, there is

tional data tould ProbablY not

(4.21)

4. Quanti ty of iletal llean Squared Error

The quantity of metal mean squared error is a measure of the local

accuracy of an estimator in determining quantity of metal recovered.

This measure'is defined as

uhere: Qi(zc) is the true quantitv of metal
recovered for panel i and cuto{f zc.

Qi*(zc) is the estimated quantitv o{ metal
{or panel i and cutof{ zc.

the PK-0K estimator in campaign ll at lotlThe resul ts obtained bY

cutoffs are very good compared to those obtained by the other tuo

estimators (fig 65). Since the estimates of quantity of metal at lotl

cutoffs are essential ly equal to the nean panel grade (only minute

amounts of gold are found belou the louest cutoffs), the mean squared

error measures the local accuracy of the estimated nean panel 9rade.

The ordinary kriging estimate of mean panel grade is obviously much
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better than the estimate given by tK or PK Eiven the

(see section 4.5.2). Given the campaign 12 data

reversed, as the PK-OK estimator yields a nuch larger

value than the standard PK or IK estirnators ({ig 65).

there is no great difference betleen the three estinators

lor cutoffs, indicating that both the ordinary kriging and

estimates of nean panel grade ere sinilar.
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canpaiEn fl data

the situation is

nean squared error

In carnpaign l3

(fig 66), tt

the IK and PK

For campaigns 12 and f3, the PK estimator has louer mean squared

error than the tK estimator. Since the lK and PK estimateg of quantity

of netal are both stronglv based on the tonnage estimates end the IK

g
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Figure 54:
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Tonnage l'lean Squered Error for CemPaign t3
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estimator consistentl y had I ouer tonnage mean squared errors, this

resul t is unexpected. This unexpected resul t does, houever point to the

fact hat the mean squared error does not completely measure the local

accuracy of tlre tonnage estimates.

The improvement in quantity of metal mean squared error uhen moving

from campaign *l to campaign t2, through the addition of I datum per

panel, is substantial. For the IK and PK estimators the improvement

amounts to a reduction in the mean squared error of nearly 502 at all

cutoffs. The improvement obtained in moving from campaign 12 to

campaign il3 is not substantial, indicating that obtaining the additional

data is probablv not cost effective.

4.5. 1.5 Variance of Tonnage

The variance of the tonnage

I l9
Varr(zc1 = ftC*(A;,zc) -

i=l

Es t i mates

recovery estimate is de{ined as

il9
(Ifr (A i, zc) )/l I 9) 12 / 119
i=l

(4.22)

This value is comPared

tl9

to the true variance of the tonnage recovered

( 4. 23)Var(zc) = IIC(Ai,zc) - F(zc) leu t tg
i=l

The discrePancy betueen tfte variance of the true recovered tonnage

and the variance of the estimated recovered tonnage gives a neasure of

the smoothing of the estimator.

A smoothed estirnator is not ideal since the smoothing very o{ten is

an indication of an estimator uhich underestimates the recoveries from

rich blocks and overestimates the recoveries from poor blocks. That is

smoothing is often an indicator of a conditionally biased estimator'
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of Quantity of iletel Estinates for

ln all three canpaigns (figs 67 and 68), the three estinators shou

the same pattern. rhe PK-oK estirnator is the least snooth (often it

shous inverse smoothing), end the lX estimator is the nost snooth' Thus

it is expected that the tK estinrator ri|| shou nore conditional bils

than than either the PK or PK-0K estimators'

The degree of smoothing is largely indePendent of the nunber of date'

Granted, there is some decrease in snoothing as the nurnber of deta

increase,houeverthisdecreaseisnotsubstantiaIorparticuIlrIv

important.
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4.5.t.6 Variance of the Quantitv of Metal Estinates

The variance of the quantity of netal estimates and the true variance

of the quantity of metal recovered are defined enalogously to the

variance of the tonnage recoveries. Again smoothing tends to indicatc a

conditional ly biased estimator.

The results for this criterion (figs 69 and 70), for all three

canpaigns indicate that the lK estimator is smoother than either of the

other tuo estimators. The ef{ects of this snoothing nill bc Pointed out

in nore detail in the local results section.
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4.5.2 Panel ltean Estination

In the previous section concerning global results, there uere various

references to the quality of the panel nean estimates in exPlaining the

quality of the observed results. ln this section tuo estimates ol panel

nean ti1 be examined lor each canpaign. The first estinator is the PK

estinrate of quantity of metal recovered at zero cutoff, Qr(0,x) (eqn

4.20). The second estimator is the ordinary kriging (0K) estinate of

nean panel gradel nqlr(x). The IK estirnator of quantity of netal

recovered at zero cutof{ could also be used to estinate nean panel
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grade, hoNever as this estimator is s'iini lar to Q*(0'x) determined by PK

only the PK estimates are discussed.

The estimator Q*(0,x) is a non-l inear estimate of panel fi€ahr

therefore the estimatior'r variance associated uith Q*(0) is theoretical lv

less the hokr. Houever, the linear estimator mokr has proven to be a

robust estimator, therefore it may outperform Qr(0,x) in certain

i nstances.

Both the m61.(x) and Qr(0,x) estimators uere used to estimate the

mean grade of each of the l19 panels for each of the 3 drilling

campaigns. The resul ts from campaign *l are sumrnarized by uti I izing

scattergrams of true versus estirnated Panel means in figure 71. These

results shou that the ordinary kriging estimate o{ panel mean metr(x) is

far superior to the PK estimate Qi(0,x) given the campaign ll data set.

The pK estimate shor.ts a clear conditional bias uhich causes severe

underestimation of high grade panels. In contrast the ordinary kriging

estimates are uell centered about the 450 line representing true equals

estimate. Furthernore the ordinary krig'ing estinates have greater

correlation uith the true mean grades and lrave less mean squared error

than the pK estimates of mean grade. These results help explain the

good global results obtained by the PK-0K estimator for campaign *1.

The quality of the results given by these tuo estimators for campaign

il2 (fig 72) are quite different from those observed in campaign tl. An

important observation concerning these results is that the 0K estimates

are definitely biased as the deposit mean is overestimated by .0ll

ozlton or l0Z. This resul t is re{lected in the PK-OK estimates o{

global quantitv o{ metal recovered (tig 6l) as these estimates are
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consistentl y I arger than the true val ues. In addi tion to having I ess

bias than the ordinary kriging estimator the PK estimates Qr(0,x) shou

greater correlation uith the true values, less scatter, and louer nean

squared error. Due to the superiority of the PK estimates Qr(0,x) for

this sampl ing campaign, 'it is expected that the PK estimates of local

recovered tonnage and quantity of metal recovered uill be superior to

the PK-0K estimates.

Tlre results for campaign l3 (fig 73) do not shor'r that either

estimator is clearly superior. The PK estimates Qi(0,x) shou less

scatter than the 0K estimates; houever, the PK estimates are globally

biased. The 0K estimates do not have a large global bias, houever, the

scatter about the true equal estimate I ine is relatively large' Thus

each estimator has certain advantages so it is difficult to choose the

best estimator for this dri | | ing campaign.



rE9

9.5

c.0

o35

o30

o,5

o:0

o.t5

clo

q05

o00
o o.05 0.r or5 q2 0:5 0.3 c35 0.4 0.43

Pt( eu Nllly r ttr^! rrtorr culfF .l lqo031)

Earn tl'rllt|tca

:rr llllrlct
Ir?. c.log 0.0031

ftut c.loa 0.010!

EAtttl lllt rC.0lll
ru ISAIE t|Il . 0.00at

lOrrrrnc Oolt. . C.tat

c.0

o!!

l"'.
E Ce5

- o.20
ft et5

gt0

o0! o.r or5 0:

Figurc 7t: Truc
It

CT' t?I'lt?ICT

-rt ulrlcl
rril. l.tct l.0rt0
rE 3.tca a.0l0t

Ertrl;3 j11t . a.Ctt

-|' FrE D. C.Cora

CillllrilC Gf. . C.t?t

verau3 0K rnd PK Estineted Prnel

cDtrrrr lllaln lfnlrl! t trE lrx

l'lolnr CenPeign



t90

:t
I
3

=?
3
H
E

o.45

G40

G35

0.30

025

0:0

ot5

Gr0

q05

0.00
o o.os ol Gts 0.2 0:5 0'3 G35 0''

a< cuiinlrv tF rtrAL (/1.h CWTFF tt 19.0031)

3tlal it tTr?lt?lcs

Elx YLtllxc,

rB?. 0.10? 0.008E

tru! 0.106 0.0105

lllrttvt ltA! ' 0.00!3

EN tggaltD |Rnon r 0.0021

Collu.rttor g!l'. ' 0.195

t
t
E

G.5

0..0

gs

q30

0-25

e20

an5

0.t0

G05

q00
0 005 0.t or5

F i gure 72 : True
t2

rDort flr?tl?lc3

lrtl lnllxlct
t3?. 0.ll? 0.0lll
trltt 0.10a 0.0105

EAttvt ltlt ' 0.0965

rrr foErrGD Bror ' 0'00t!

OOrrBt?rOl C0tt. ' 0'ft{

versus 0K and PK Estirnated Panel tleanr Campaign

Etmrl rllotrc t3lttAtt c trn! Erx



l9l

a
I
t
z
6
r{
E

o.rt5

0..0

q33

0.30

0r5

q20

or0

oo5

o00

3ltarAtl StAttSl!c3

EAN YAIII|.CI

lr?. 0.100 0.00?t

tru! 0.106 0.0105

r$r?tvl tlr3 .-0.0600

fAx !(irArrD mot . 0.0019

OorrllAtro|l @lt. . 0.t0?

I
I
E

Figure 73: True
t3

lofitrl lEMlfltc3

Ell| vllllllcl
l!t. 0.10, 0.010t

llln 0.106 0.0103

E&rttrt ltat . 0.0116

[rx $grrrD lltot ' 0.0029

C0al!&trtfOl O*t. r 0.1!l

versus 0K and PK Estinated Panel tieanr

Px oUANlllY tF lCt^t l/ro)l CUT9FF ,l @.0031)

0.:6

o20

qt5

o.r0

oot

@rrrtt lrtotro tttllrtl c tan& Erx

CanPai gn



192

4.5.3 Local &esul ts

The estimators uhich have been introduced are designed as local

estimators of recovery. Although tlre global features of the estimator,

particularlyglobalrecoveryrSr€important'thestrengthofthese

estimators is that they can be used to obtain accurate local estimates

uhich can be used in mine pl anning, designr afld schedul in9'

tmportanly, these accurate local estimates cannot be obtained by linear

estimators uhich can be used to obtain, sometimes tolerable, estimates

of global recoverY.

In examining the local results, the feature of prime interest is the

error made at each Panel. Since there are 119 panels, there are l19

such errors for each cutoff ol interest. To summarize these €FioFSr 8

scattergram of true versus estimated recovery is plotted for each

cutoff. Each scattergram contains 119 points corresponding to the 119

panels. The location of each of the 119 points uithin the scattergram

is determ'ined by the true and estimated recoveries for the panel' The

central feature uithin each scattergram is a 450 line corresponding to

true equals estimated recovery. The horizontal or vertical distance

betueen any point and this line is exactly equal to the error made in

estimating the recovery for that particular panel '

The scattergram' therefore, not only displays the error made at each

panel, but by examining the gross features of the cloud of points the

global {eatures of the estimator can be deterrnined. In any scattergram

urhere the majority of points fal I belou the 450 | ine, a global bias

(overestimat'ion) is present' Additional ly' for any range of estirnated



grades, if the cloud of points moves aray from the 450 line

conditional bias is present. Thus, a conditional ly biased estimator

biased lti thin a particul ar range of recoveries'

In this studv there are 3 dri I I ing campaigns' 3 estimators' 9

cutolfs, and 2 variables of interest. Therefore, there are a great

number of scattergrams. The total number of scattergrams is so large'

162, that not all of them can be discussed in detail' Hence only the

scattergrams tor selected cutoffs ui I I be discussed. The remaining

scattergrams are included in section 4.8. The cutoffs uhich have been

chosen for detailed analysis are .027 ozlton (median cuto{f) and the

1.44 ozlton (80th Percentile cutoff). These tuo cutoffs uere chosen

because they span the range of possible economic cutoffs.

4.5.3.1 Tonnage Recovery Campaign tl .027 oz/lon Cutoff

The data configuration used in kriging in campaign tt (sec 4.4) is

such that only four data are uithin the range of the indicator variogram

tor high cutoffs. Therefore onl y four indicator data ui I I receive

significant ue.ight in the estimation of local recoveries for each panel.

The data configuration of this campaign uill, thus provide e difficult

test of the three techniques.

The tonnage estimates given by the three techniques (figs 74-76) at

the median cutoff of .027 ozzton are a bit disappointing. The results

given by the IK estimator shou a primary ueakness of the estimator'

Since only four data in the kriging neiglrborhood receive significant

ueight, the data are located on a regular grid, and the indicator

variogram model is isotropic, there are only five Possible estimates of
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tonnage recovery for

tuo values, 0 or l;

to:

Al I four of
0.

Each indicator

the five possibl

datum can take on onlY

e estimates correspond

each panel.

therefore,

2, Three of tlre indicator data in the neighborhood equal

3. Tro of the data equal 0.

4. One of the data equals 0.

5. Atl {our of the data equal 1.

If the constrained form of the indicator kriSing estimator ll€f€ us€d,

the four ueights given to the data uould be forced to sum to t. Due to

the symmetry of the data locations and the isotropic variogram model,

the five estimates uould be; 0,.25,.5,.75, and t.0. Recall, houever

that the unconstrained form of the estimator is used, so the ueights are

not forced to sum to one. Therefore although there are still only five

possible estimates at each cutoff for the unconstrained estimator, the

values of these five estimates vary from cutoff to cutoff depending on

the amount of ureight given to the overall mean Fr(zc).

The tonnage recovery scattergram for the IK estimator (f ig 74)

reflects the fact that only five lK estimates are possible given the

configuration of data in campaign ll. The estimates are al I found

uithin five narrou vertical bandsl uhile the true values are found over

a uride range of values. Thus for those true values uthich do not happen

the indicator data in the neighborhood are equal to

because the data are located on an

4.4) hence al I indicator data do not
t The bands shor.r some thi ckness
approximatel Y regul ar gri d (sec

receive exactlY the sane lleight'
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to have a value equal to one of the five possible estimates' the IK

estimator must make an error. This I imitation of the IK estimator is

undesirable in local estimation.

gne interesting point uhich should be noted concerns uhether one

slrould use the unconstrained or constrained version of the lK estimator.

As previously stated, both estimators Nill yield the vertical bands

found in figure 74. The difference lies in the location of the bands.

If the constrained {orm of the estimator uere used, the bands uould be

shifted along the x axis of the scattergram so that thev uould be

centered on 0, .25, .5, .75, 1.0. Note houever that the shape and number of

points in each band xould be unaffected. This shifting uould cause

conditional bias in the estim.ates especial ly for the extreme estimates-

Given the location of the bands determined by the unconstrained

estimator, there is no noticeable conditional bias. That is:

(Ir(A,zc) lt*(A,zc)=p)/n = P.
i=l

(4.24)

uhere: n is the number of points falling uithin a band

If houever the band presently centered on y'r(A,zc)=.t8 uere shifted to

Cr(A,zc):1.0, a definite conditional bias uould be present. Thus the

constrained estimator uould be e poorer local estimator than the

unconstrained estimator uhich uas used. For this reason the

unconstrained estimator uas chosen over the constrained estimator.

A final note concerning the bands given by the IK estimator concerns

the conditional distribution of the estimates. Since there are a number

of data uithin each band a representative estimate of the conditional

distribution
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f (16(A, zc) l/r (A, zc )=p) (4.25)

can be examined. If this distribution uere normal ' it t'tould be verv

advantageous, since nornal ity uould al lou easy access to confidence

I imits on the estimate di(A,zc). Such confidence I imits uould be very

helpful when performing mine schedul ing and in drauing up short term

mine plans. Unfortunately the values r.ritlrin the bands shou little

indication of f ol lor,ring a normal or any other recognizable distribution.

There simply are not enough data points congregated around the 450 line

to indicate the peakedness present in the normal distribution. The

condi tional distributions observed indicater 1.ath€rr a smal ler

percentage of small errors and a larger percentage of medium to large

sized errors than a normal distribution uith the same veriance.

In spite of the rather poor local characteristics of this estimator

the global statistics are fairly good. The estimator is nearly unbiased

and there is a reasonable correlation betueen the true and estimated

values as measured by the correlation coefficient of '8' This

scattergram, thus, definitely points out the difference betueen a local

and a global estimator. The IK estimator is a good globa-l estimator, bv

al I indications, but a poor local estimator. This difference in the

quality of the estimator for different purPoses should be kept in mind

uhen choosing an estinator.

The PK estimator las designed to improve on some of the shortcomings

of the IK estimator. Particularly' the PK estinrator is not restricted

to any parti cul ar I imi ted set of estimated val ues because of the

inclusion o{ a source of continuous data. Tlre scattergram corresponding

to tlre PK estimate of recovered tonnage ( { i g 75) shotts remnants of the
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bands present in the IK estimator but the estimates are obviouslv no

longer restricted to narrou bands as in the IK case. Since the PK

estimates are not restricted to a small number of possible values, this

estimator should provide a better local estinator than lK. HoHever a

comparison of the scattergrams does not shour that PK is signiticantlv

better. In fact, the majority of the estimates are better than those of

tK, houever a feu poor estimates ((l0Z of the total) make the quality of

the scattergram appear much uorse than it actual ly is. Additional lv,

tlre poor estimates have introduced an overall bias into the estimation.

Thus it can be seen that uhen there are not a great number of data in

the kriging neighborhood a great deal of importance is given to the

additional information included in the PK estimator. In the majoritv of

cases the addi tional in{ormation is helpful and the estimator is

improved. Nhen the addi tional information is spurious, houever the

quality of the estimator is damaged and large errors are introduced.

It can be seen that uhen there are feu data in the kriging

neiglrborhood, great care must be taken to ensure that the uniform

transform of the data is performed correctly so that no errors are

introduced. Houever even i{ this transform is per{ect, large errors can

occur uith the PK estimator uhen the transformed data are simply not

representative of the true values found uithin the panel. This type of

occurrence is simply "bad luck" and cannot be compensated for uhen data

are sparse. Nhen these bad luck estimates are eliminated from the

scattergram, the PK estimator is a much better local estimator than the

IK estimator. Houever an absolute judgement as to nhich estimator is

better is difficult since the bad luck values have introduced a bias
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into the pK estimator. The final decision as to lhich estimator is

better must be left to the person aPplying the technique. This decision

must be based on the particular variable being estimated and the effects

of certain types of errors-

The th.i rd estimator to be considered at this cutoff is the PK

estimator conditioned so that the quantitV of metal recovered uhen no

cutoff is applied equals the mean panel grade determined by ordinarv

kriging. This conditioning is primarily used to irnprove the local

quantity of metal estimates at lou cutof{s, houever 3sr indicated by

figure 76, this conditioning also'improves the tonnage estimates. The

PK-OK scattergram is similar in many respects to the PK scattergram'

This is not surprising since the PK-oK estimator is strongl y based on

the pK estimates. The major difference betueen the tno scattergrams is

that the PK-QK estimator has less large errors and less global bias'

Hence the condi tioning to the mean panel grade brought about a

signi{icant improvement in the qual ity of the estimator for this

particul ar cutoff. tn Particul ar the addi tional information proYided bv

the estimated mean panel grade conpensated, in part, for the

unrepresentative information surrounding some panels and reduced the

number of large errors.

The improved qual itv of the PK-0K estimator is reflected in the

statistics associated uith the plots' The PK-0K estimator is nearlY

unbiased and the scattergram has a correlation coefficient of 'E4' This

is significantly higher than the .80 values attained bv the IK and PK

estimators. It must be concluded that the additional complexity and

cost involved tith obtaining the PK-OK estimates are iustified for this

particul ar cuto{f.
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4.5.3.2 Tonnage Recovery Campaign tl, .144 oztton Cutoff

As opposed to the .27 oztl,on cutoff, uhich is the median cutoff, the

. 144 oz/ton cutof f corresponds to the 80th percent i I e of the 7g7g

available blasthole assays. Tlrus, this is a ratlrer extreme quantile and

thus provides a di fferent test of the estinators.

The IK estimator (fig 77) does not perform uell at this cutoff. In

addition to having a large global bias, +20X' the estimates are

conditionally biased. That is the mean grade of the values in each of

the bands does not fall on the true equals estimate line. Thus the IK

estimator at this cutoff is neither a good local estimator nor a Eood

gl obal estimator.

The pK estimator (fig 78) improves sl ightly on both the local and

global results obtained by the IK estimator. As at the .027 oztlon

cutoff the PK estimates are not restricted to fall uithin eny bands.

Also, the additional information utilized bv the PK estimator has' in

this caser rorked to slightly reduce the overall bias. This reduction

in overal I bias produces e PK estimator uhichr oh visual inspection of

the pK and IK scattergramsr app€dFs to be a better local estimator of

I ocal tonnage.

Far and auay tlre best local and global estimator of recovered tonnage

at this cutoff is the PK-oK estimator (fig. 79). The additional

information provided by the krigedr p3h€l mean grade has uorked to

reduce not only the global bias of the PK estimator, but also has

reduced the number of large errors present in the scattergram. Removing

these I arge errors resul ts in a scattergram uhich is nuch better

centered about the true equals estimate line and thus yields e better

estimator of local recovered tonnage'
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4.5.3.3 Quanti tv of t'letal Recovered Campaign *l

Quanti ty of metal recovery estimation tor the di rect IK and PK

estimators is estimated by a simple I inear combination of the estimated

recovered tonnages (sec 4.4.4. I ). Therefore i f the estimated tonnages

are poor, the estimated quantities of metal can also be expected to be

poor. This is in fact uhat is observed. In contrast to the IK and PK

estimators the PK-OK estimator is dependent on both the PK tonnnage

estimates and the ordinary kriging estimate of nean pane! grade. R'ecall

from the discussion on global recoveries that 802 of the total ounces

are recovered at tlre .144 ozlton cutof f , therefore all lesser cutoffs

uill have quantity of metal estimates uhich are essentially equal to the

panel mean estimate (see eqn 4. l0). For this reason, uhen the kriged

mean estimate is good so are the quantity of metal estimates et lou

cutofJs.

The real impact of the conditioning to the 0K estimated mean Panel

grade is demonstrated by the tuo sets o{ scattergrams corresponding to

the results of tlre three quantity of metal estimators at tlre .027 oz/lon

and .144 oz/Lon cutoffs (figs 80-85). At both of these cutoffs' the lK

and PK estimators are strongly conditio:rally biased and exhibit a

propensity to make large errors. The conditional bias of these tuo

estimators is such that uhen recovering the rich panels more ounces

uould be recovered than predicted and uhen recovering the poorer panels

less ounces uould be recovered than predicted. This tyPe of inaccuticvr

uhich, by tlre uay, does not appear in the global statisticsr c8h cause

serious problems for a mine planner attempting to eccurately Predict

short term recoveries.



Thus, the PK-0K

the best avai I abl e

sparse campaign *l

Consi der i ng both

three estimators'

est imator. Tltus

estinator should be
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estimator uhich shotts no conditional bias is easily

estimator of recovered quanti ty of metal 9i ven the

data set.

the tonnage and quantity of metal results of all

the best estimator o{ local recoveries is the PK-0K

in cases uhere tlre data set is sparse' the PK-OK

strong'l y consi dered.

4. 5. 3. 4 Tonnage Recovery Campai gn *2

The most striking feature of the scattergrams of recovered tonnage

fiiSs 86-gl) is the improvement over the results obtained in campaign

tl. In general the campaign 12 scattergrams shott feuer large errors

than the corresponding scattergrans for campaign il1. This visual

observation is backed up by the statistics associated uith the

scattergrams. The camPaign *2 mean squared error values are less and

the correlation coefficients are more than the corresponding values for

campaign $'1.

For each of the tto selected cutoffs, the best results, in terms of

visual inspection of tlre scatter and the plots'associated statistics,

are given by the indicator kriging estimator. For both cutoffs

considered the IK estimator yields a global ly unbiased estimator uith

small Iocal errors. The only shortcoming of the lK estimates is that

they are sl ightly conditional ly biased. This bias is introduced in part

by the fact that the unconstrained IK estimator cannot estimate 0Z or

100% recovered because the overal I mean aluays receives some ueight.

Thus in the cases uhere all indicator data are zero or one (the cases
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infornation provided in campaign t3

additional in fil I ing performed in

tlre purposes o{ estimating I ocal

recoverabl e reserves.

For the tuo chosen cutoffs all three estimators perform essentially

the same so that it is difficult to choose a superior estimator' At the

.144 oztton cutoff houever the PK estimator is sl ightlv better than

either of the other tuo estimators.

In shortr ill three estimators perform very rell given the data

present in campaign $3. Hence campaign 13 is not a truly difficult or

enlightening test of the strengths and ueaknesses of the estimators as

simply too much data is Present.

4.5.3.7 Quantitv of iletal Estimation Campaign l3

Again given the abundance of data available in campaign f3' all three

estimators Perform uel I and it is d'ifficul t to choose betueen them

({igs. 104-109). The pK estimator does houever have the best statistics

and the PK scattergrams have the best overall apPearance' The IK

scattergram, again, has a slight conditional bias and shot'ls slightlV

greater scatter than the PK estimator. The PK-QK estimator, on the

other hand, shous a {eu more large errors than the PK estinator' For

these reasons tlre PK estimator is the preferred choice, by a sl im

margin, for estimating recoverable reseves given the campaign l3 data

configuration.
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4.6 SUN|IARY 0F RESUtTS

In the last tuo sections, a large amount of both global and local

results have been presented. From these results it is Possible to

choose uhich estimators should be used in uhat situation and the qualitv

of resul ts uhich can be expected. tn choosing betueen the three

estimators more ueight is given to the local results than the global

results as these estimators uere designed precisely for the purpose of

estimating local recoveries.

The IK estimator exhibited the best overall nonbias Properties. The

other tuo estimators uere not too far off, particularly for lou cutoffs.

Given the observed global bias of the IK estimator one can say llith some

certainty that both global tonnage and quantity of rnetal recovered can

be confidently estimated uithin !l0Z given the campaign ll data

con{iguration, t8Z given the campaign t2 con{iguration, and:52 given

the campaign *3 configuration.

As a local estimator, houever IK lags behind the other techniques'

especially pK. Hhen the data are sparse, the nature of the indicator

kriging estimator makes accurete estimation of local recoveries

extremely difficult as shoun by the results o{ cempeign ll' As nore

data becomes available, the local characteristics of the IK estimator

improve, houever the estimator still shols conditional biases to varying

degrees. As mentioned previouslyr conditional biases in a local

estinator are not acceptable even if a cancellation ef{ect is present
i

uhich removes any global bias. tn local estimation, the Plecise

recovery uithin each panel must be determined and a conditional bias

entails that a great number o{ panels may be poorly estimated.



The PK-oK estimator performs very uel I in campaigns ll and 13. It

does not per{orm uell, houever, in campaign *2. The Problem encountered

in campaign t2 is that the ordinary kriging estimates of mean panel

grade, uhi ch i s essent i al to the PK-OK estirnator r 1l€rg Poor. Thus i n

any case uhere the ordinary kriging estimates are suspect the PK-oK

estimator should not be used. ln the case of campaign f2, the global

mean of the kriged panels Nas l. 17 ozlton uhile the mean o{ the 313

regul arl y spaced data uas 1.07 ozlton. From this di screpancy i t i s

obvious that the ordinary kriging results for this campaign are poor so

the PK-0K estimator should not be used.

The local results for campaign *l shou hot.t useful the PK-OK estimator

can be in difficult situations. The PK-oK estimator of tonnage and

particularly quantity of netal recovered ere clearly suPerior to those

obtained by the other tuo techniques. Based on these results the PK-0K

estimator is recommended uhenever feu data receive significant ueight in

the IK or PK kriging systems. As more data becones availabler houever

this method is not recommended for tuo reasons' Fi rst the PK-OK

estimator contains no non-bias conditions on either the tonnage or

quantitV o{ metal recovered except for an impl icit condition uhich

forces the global mean panel grade to equal the kriged mean panel grade'

Thus, as shoun in the global resultsr the PK-0K estimator is not a good

estinator of global recoveries. The second drauback of this method is

as the number of available data ihcr€3seSr the PK or IK estimates of

mean panel grade can be better estirnates of panel mean than the 0K

estimates. Although 0K Provides the best linear estinate of panel mean'

IK and PK are non linear estimators of panel t1sxrlr ltence they can
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provide superior estimates. tn cases uhere the IK or PK estimators of

panel mean are superior, there is no logical reason to condition the

tonnage estimates to the inferior ordinary kriging estimates.

Unfortunately, it is impossible to predict {or lhich panel sizes' data

configurations and spatial correlation combinations the 0K panel mean

estimates ui I I be superior to the lK or PK panel mean estimates.

Therefore the use of this technique should be restricted to instances

uhere it is obvious that there is not enough data to accurately estimate

recovered tonnage (i.e. situations similar to those encountered in

campaign il ).

The pK estimator is the best estimator in most cases. ln all of the

examined data conf igurations it has proven to be a better overall

estimator of tonnage and quantity of metal recovered than IK. llhen feut

data are present, the estimates of quantity of metal can shou strong

conditional biases. tn such cas€sr as previously nentioned, the PK-OK

estinator is preferred.

From this analysis the follouing recommendations are made

t. Hhen feu data receive significant ueight in the IK kriging system

use the PK-0K estimator.

2. In all other ceses use the PK estimator.

Given the nature of most estimation problems, (i.e. leu data available)

the PK-!K estimator uill be used in the najority of cases if these

recommendati ons are fol I oued.
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4.7 APPENDIX - VARIATIONS gE THE PK ESTIMATOR

In developing the probability kriging estimator, three variations of

the basic estimator Nere discussed. The dif{erence betueen these

estimators is only in the number and form of the non-bias constraints

imposed on the estimators. The three variations and the requi red

non-bias constraints are described in detail in section 2.5'1. Brieflv,

houever, the three variations can be described as PK estimators uhich

utilize 0, l, or 2 non-bias constraints.

As mentioned in section 2.6.2, the number of non-bias constraints is

positively correlated uith the magnitude of the estimation variance.

Hence the estimation variance of the three variations of the PK

estimator is higlrest for the estimator uith tuo non-bias conditions and

louest for the estimator uith no non-bias conditions. In spite of this

fact, the variation of the PK estimator uith tuo non-bias conditions is

uti I ized in al I case studies. The reason for thi s aPParent

contradiction is that the tuo non-bias condition estinator is simplv a

better local estimator than either o{ the other tuo variations. To shout

this in one instance, a smal I case study is considered. Al I three

variations are utilized to estirnate the point support tonnage recovery

at one cutof f uti I izing the CamPaign tl set of data f rom the Bel I l'line

casestudy.Thecutoffchosenisthemediancutofl.02Tozlton.

The local results at the .027 oztl,on cutoff (fig ll0) shot't

the number of non'bi

est imator i ncreases.

as condi tions decreases the smoothing

This simootlting is readily apparent

that as

of the

for the

is also

the one

estimator uith no non-bias conditions as this estimator

conditional lv biased to a significant degree. The smoothing of
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non-bias condition variation is much less, houever it is apparent from

the scattergrams that this estimator is smoother than the 2 non-bias

condition variation. The variances of the estimators and the variance

of tlre true values are summarized in table 14.

Var i ances

TABLE I4

of the Three Variations

Estimator
PKO

PKl
PK2

TRUE

of the PK Estimator

Var i ance
.0235
.0572
.07t6

.0890

Thus on the basis o{ a smoothinE criterion and overall aPpearence of

the scattergrams (fi9. lt0) the PK estimator uith tno unbiased

conditions is considered the best local estimator of recovered tonnage.

This resul t points to the fact that the est'imation variance is an

incomplete measure of tlre overall quality of an estimator; therefore' in

choosing a local estimatorr cohsideration must be given to criteria

other than the estimation variance.
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Chapter V

ESTIF1ATION OT ELOCK SUPPORT SPATIAL DISTRIBUTIONS

The previous chapter demonstrated that adequate to good results can

be obtained using distribution free methods to estimate the distribution

of point support selective mining units uithin E panel ' Unfortunatelv'

the impact of these results on the mining community is limited since the

volume of a selective mining unit is typically much larger than a point

(on the order o{ a feu hundred tons for carlin tyPe gold deposits)' To

prove that spatial distribution estimators based on indicator data can

be useful to the mining industry' the local spatial distribution of

block support selective mining units uitlrin a panel nust be estimated

and, as a check on the accuracy of the methodr cohpared urith the local

spatial distribution of true block suPport grades'

5. I LEFINITI0N 0F L0CAL BLoCK SUPPoRT SPATIAL DISTRIBUTIoNS

The local distribution of block support smus uithin a panel can be

defined analogously to the local distribution of Point support smus'

Thus :

Cv(A,zc) = l/(A)'J i"(xrzc) dv
A

uhere: i v(x,zc)

(5.2)

(5.3)

of size v centered

It if zv(x)
=1\0 if zv(x)

the grade of
on I ocati on x.

Szc

)zc

en smu2.,(x) is

-249-
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Notice that this definition o{ the block support spatial distribution is

similar to the definition of point support spatial distributions; thus'

it may appear that an estimator of f,r(A,zc) can be derived in the same

luay that point support distribution estimators uere developed.

Unfortunately the block indicator data iy(x,zc) ere not evailable as

block support samples are not normal ly taken. Furthermore' it is not

possible to develop a block support estimator from the available point

support data (as is done, for example, uhen estimating mean block grade

from point grade data) because density and distribution functions are

non-additive variables. That is, uhile it is true (for large n) that

Zv(xo) Z(x;)/n
I

(5.4)
n

=f

uhere:

it is not true that

is the average grade of a block
v centered on point xo
is the number of points discretizing
the block v
is the point grade at Point x;
I ocated ri thi n v

n

! otx i 'zc)/ni=l

n

I ttz(xi))zn.
i=l

Zv(xo )

n

z(xi)

#u(v,zc) =
(5.5)

(5.6)

oFr to simpl ify notation

f (zv(xo)) *
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smus can, hoNever, be derived inThe local distribution of block suPport

the fol I ouing manner.

Let Zv(xo) = i)zn (5.7)

l'lake a one to one transf ormati on

n

I ztx
i=l

Zv(xo) = Yr =

ln
-.I Z(x;), Ye = Z(x2),.
n i=l

,Yn = Z(x;r) (5.E)

Thus f(Yr'Yzt...rVn) =

n

f(n.v-I z(xi),2(x2)r
'i =2

rz(x6)) (5.9)

and f(zy(xs)) = f(Yr) (5.l0)

6on
: J...f ttn.y-Iz(xi),2(x2),

-.o i =2

,z(x6)) dz(xe)...d2(x6) (5.t1)

Thus determination of block support smu distributions requires knouledge

of the n variate distribution of the point grades' This mul tivariate

distribution cannot be inferred from the available data' so the only uav

to obtain block grade distributions utilizing the above {ormalism is to

make some assumption concerning the mul tivariate distribution of the

point gradesl. Since a non-parametric solution is soughtr ho

assumptions concerning the multivariate distribut'ion of the data can or

uill be made here.

rsee verly ilgg4) for the solution to this problem under the assumption

of mul tivariate normal itY.

o
=f. ..J t(yt,Yz'...'Yn) dYa...dYn
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The cost of remaining non-Parametric in this case is that a

theoretical ly consistent solution to this problem cannot be obtained.

The non-parametric solutions uhich uill be developed are based on

reasonable assumptionsl uhich are consistent r.rith observations made on

simul ated deposi ts. Al tlrough the non-parametric sol utions must uti I ize

certain assumptions, this does not imply that parametric techniques are

guaranteed to be superior to non-parametric techniques. Parametric

techniques are only tlreoretical ly consistent given an underlying nodel '

houever the model hypothesis nay be incorrect in uhich case theoreticel

consistency is of no practical importance. Thus in the case of block

support recovery estimation, both Parametric and non-parametric

estimators make assumptions concerning the nature of the data uhich nay

not be verified for any given deposit. The clroice of the set of

assumptions thich uill be accepted is dependent on both the user and the

problem at hand. Houeverr an important piece of information uhich must

be considered before choosing betueen parametric and non-Parametric

estimators is that non-paranetric solutions are far easier to understand

and apply and {ar less expensive to obtain than parametric solutions.

The follouing tuo sections discuss the tyPe of assumptions uhiclr can

be made and the type of non-parametric estimators uhich can be derived

given these assumPtions.

tsome of these assumptions concern the univariate distribution of the
data, hence the solutions are not truly non-parametric. Houeverr the
term non-parametric estimator ui I I be used to distinguish betueen the
estimators uhich uill be devetoped and completely parametric estimators
uhich assume the data fol lou a particular distribution.
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5.2 BL0CK RECoVERIES gASED 0N PSEUDo LLoCK DATA

The most straiglrtforward method of obtaining block support recoveries

is to define block indicator data; since, if block indicator data uere

avai I abl e, the procedure for obtaining bl ock supPort recoveries noul d be

i n every uay anal ogous to the procedure fo I I oued to obtai n po i nt

recoveries {rom point support indicator data. Unfortunately bulk

sampl es equal in vol ume and shape to the sel ective mining uni t are

extremel y rare; therefore, actual bl ock indicator data ni I I never be

available in su{ficient quantity to be useful. It is possible' houever

to obtain estimated or pseudo block indicator data from the available

point data.

At each sarnp I ed Po i nt i n sPace

variable can be defined.

a point support indicator random

I(x,zc) =
(5. r2)

uith EII(x,zc)l = F(zc)

A block support indicator

defined at the Point xr.

datum, for any given support v, can also be

(5.13)

{t 
if Z(x) ! zc

t0 if Z(x) ) zc

fl i{ Zv(x) 3 zc
I

=1t0 if Zv(x) ) zc
Iv(x,zc)

uith E[ (Iv(x,zc) I = Fv(zc)

In general

Fu(zc) * F(zc)

tThe point x is taken as the center of gravity of
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houever there aluays exists a cutofl zct ' such tlrat

Fv(zc) = F(zc')

irregardless of the form of the distributions Fy(zc) and F(zc). Because

of the equality betueen Fy(zc) and F(zc'), zc'ttiII be referred to as an

equivalent cutoff. Notice that if the exact form of Fy(zc) is knoun the

equivalent cutof f s r,rould be knor.rn f or al I cutof f s of interest zc. Given

an equivalent cutofl zct a globally unbiased estimator of block support

recovered tonnager 8t cutoff zc, could be obtained by performing point

support irrdicator or probability kriging at cuto{t zc'. The validitv of

this assertion is shoun bv the fol lotling.

Assume cutoffs zc' and zc are knoun such that

F(zc') = Fy(zc)

E[*i(A,zc') I : F(zc') for an unbiased estimator

hence Fv(zc) = E[{r(A,zc') ]

so C;1r(A,zct) or Cplr(A,zc') are global ly unbiased
estimators of #y(A'zc)

uhere cv(A,zc) is the local spatial distribution of blocks
ol size v Bithin Panel A.

Unfortunately the {orm of Fv(zc) is unknotln and as has been

demonstrated cannot be deterrnined uithout complete knouledge of the

multivariate distribution of the data; thus,. the equivalent cutoffs zc'

for any particular cutoff zc are unknoun. Although the complete form of

Fy(zc) is not knoun, the mean and variance o{ the block support grades

can be determined. The mean of the block grades is knoun, as it is
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identical to the mean of the point data. The global variance of smus

lithin the deposit can be inferred from the variogram model and Krige's

relationship. Krige's relationship concerning the additivitv of

var i ances states

02 (0zO) = 02 (v/D) + Dz (0/v)

That is, the variance of points uithin the deposit is the sum of the

variance of smus uithin the deposit and the variance of points lithin an

smu. Since the variance o{ points rithin the deposit can be estimated

from the available data and the variance of points uithin an smu can be

determined from the variogram model (D2(0/v)=y(v,v)) it is a simple

matter to determine an estimate of D2(v/D).

Given the mean and variance only the shape of the distribution is

required to completely define the global distribution of smu grades.

Again there is no non-parametric method to theoretical ly obtain the

shape of this distribution so a hypothesis must be invoked. Several

permanence of shape hypotheses are avai lable (JH, pl, 468) uhich

extrapolate tlre shape of the block support distribution from the shape

of the point supPort distribution. A permanence of shape hypothesis

uhich is tell suited to the problem at hand is the affine correctionr.

The affine correction2 assumes that:

lOther permanence of shape hypotheses could be used, houever determining
the equivalent cutoff ttould be more difficult. Since there is no

theoretical justification for any permanence of shape hyPothesis' the

simple a{{ine trans{orm uil I be used as it has Proven to provide
reasonable results for minimal expenditure of time.
2For a discussion of the properties of the affine correction see section
5. 4.
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zc t-m zc-lll y

Oy

rhere: zc' is
zc is

o is

oy is
m is

Thus the equivalent cutoff r 2c't

cutoff of interest zc.

zct =

g

-. (zc-m) + m

Oy

r/02 (vzo )
the mean of the deposit

can easily be determined given any

(5. r5)

cutoff zc, one simplY

lity kriging at cutoff

(5.14)

the equivalent
the cutoff of

JDt(o,,D)

cutof f
interest

Therefore ' to

performs point

zct .

That is, at

defined

determine block recoveries at

support indicator or probabi

each data location a pseudo block indicator daturn is

iv'(xrzc) =

if z(x)(zc'

if z(x))zc'
(5.l6)

uhere iy'(x,zc) is the pseudo block indicator datum
for cuto{f zc and block v centered on
location x.

per{orming indicator or probability kriging utilizing these pseudo

bl ock indicator data ui I I yield global lV unbiased estimates of

{,

fy(A,zc).

fhis method, uhi I e global ly unbiesed,

of shape hypothesis and correct inputs'

sssumes that the pseudo block indicator

given a correct permanence

is rather simPlistic ls it

data ui | | behave simi I arl Y
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to the actual block indicator data iv(x,zc). tn fact the spatial

correlation of the actual block suPport indicator data is likely to

be di f{erent from that of the pseudo block indicator data. Thus'

an estimator based on these Pseudo block indicator data is I ikely

to be a poor local estimator.

To obtain pseudo block indicator data uh'ich more closely mimic

the behavior of the actuat block indicator data, the pseudo block

indicator data can be defined on estimates of block grades at each

sampled location. That is, pseudo block indicator data can be

defined as

fl if zvr(x)Szc'
iy'(x,zc) = { (5'17)

t0 if z,,rr(x))zc'

uhere iy'(x,zc) is the pseudo block indicator datum

z"r(x) is the estimate of a block support smu grade

centered on sampled location x. Normally an

ordinary kriging estimate is used as this
provides the best estimate.
is an equivalent cutoff.

The equivalent cutoff zct is utilized since the variance of the

estimated block grades is generally not equal to the variance of

the true block grades. Hence a Permanence o{ shaPe hypothesis must

be utilized. Again the affine correction lill be used; thus' it is

assumed that

Z G-ltl y zc'-mvr

zc'

Oy

uhere:

ovt

zc is the cutoff of interest
zc' is the equivalent cutoff
mv is the mean grade of the data
Invr is the mean grade of the estimated

bl ock grades

c., = {Dz (v/D)
orr is the standard deviation of the
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estjmated block grades zvi(x)

Thus the equivalent cutoff can be defined as

o rrr
Zct = 

-.(zc-mv) 
1 Invr

Oy

Given these equivalent cutoffs, 2c't the block recoveries at eaclr

cuto{f of interest are determined by performing indicator or

probability kriging on the pseudo block indicator data iy'(x,zc).

The advantages of defining Pseudo smu indicator data from kriged

smu grades rather than point grades are:

t. The pseudo block indicator data defined from the kriged smu

grades should better reproduce the spatial variation of true
block grades than uould pseudo block indicator data defined
from point grades.

2. The correction of variance in going from kriged block grades
to true block grades is generally less than uhen goin9 from
point grades to block grades. As the magnitude o{ the
variance correction decreases so does the importance of the
permanence of shaPe hYPothesis.

5.3 OBTAINING BLOCK RECOVERIES FROIl POINT RECOVERY ESTII'IATES

ln the practice of geostatistics it is common place to obtain the

global distribution of block grades by applying some Permanence of shape

hypothesis to the global distribution of Point grades' lf such a

correction nere performed local ly, the local block recoveries Llould

easily be obtainable from local point recoveries.

The quantities uhich are usuat ly required to Perform a change of

support f rom tlre distribution of Points ui th'in a panel to the

distribution of block support smus uithin a panel are the Iocal variance

of points urithin the panel, s2(0/P;); the local variance of smus uithin

the panel, s2(vZPi); and the mean panel grader il. Additionally the

(5.18)
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shape of the distribution of smus rnust be inferred througlt a Permanence

o f shape hypo tlres i s .

The variance of points urithin a panel s2(0/Pi) is a realization of a

random variable S2(0/Pi) uhich has expectation 02(0/P). Similarlv

s2(vzpi) is a real ization of the random variable S2(vzPi) having

expectation D2 (vtP). Since these local variances are random variables'

they coul d, in theory, be estimated uti I izing a kriging type estimator

based on a spatial correlation function of order four. Since the

deposits on uhich this estimator uill be used are erratic, it is often

difficul t to estimate a spatial correlation function of order 2.

Therefore the difficul ties r.rhich uould be encountered in attemPting to

model a spatial correl ation function of order 4 in any practical

situation are nearly insurmountable. Thus, the local variances for each

panel till not be estimated directly and an approPriate approximation

must be sought.

One approximation is suggested by the formulation of this problem in

the frameuork of tlre affine correctionl permanence of shape hypothesis.

Z v-tll 2-m

Oy

uhe re

o

O.r2 = S2(VZP;)
02 = s2(0/P;)
zv is the cutoff of
z is a cutoff aPPl

distribution

interest on blocks
ied to the point

(s.19)

Under this hypothesis of permancnce of shape

2=
o

-o(2y-m) 
+ m.

Oy

rsee section 5.4 {or a discussion of the affine correction.

(5.20)
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The only unknoun in this formulation is the ratio o/oy. If this ratio

is assumed constantt and equal to the expectations of the numerator and

denominator, the affine correction and lrence the local block supPort

distributions utould be completelv defined.

5.4 THE AFFINE CORRECTION

In both methods uhich have been proposed to obtain block support

recoveries a permanence of shape hypothesis is made. In particular the

affine correction of variance is util ized. The assumption of the af{ine

correction is that in correcting the variance of a variable Z to obtein

a variable Y is

gy
y = -.(Z-mz) 

+ my (5.21)
O3

uherer Z is the initial variable
Y is the corrected variable
oy is the standard deviation of Y

o. is the standard deviation of Z

m2 is the mean of Z

m, is the mean of Y

Thus knouing the distribution of Z, the distribution of Y is easi I v

obtai ned

Fy(v) = Pr(Y(y) = Pr(z(zl = Fz(z)

uhe re :

O2
Z = -o(y-j1 ,) + ma

Oy

(5.22)

rThe val iditv of this assumption is discussed in section 5.6. l. l.
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important feature of this Particular permanence of shape hvpothesis

tlrat all the physical features (i.e. modesr s€cot'ldary modes' and

spikes) present in the histogram of Z uill also be present in the

histogram of Y. Thus the histograms of z and Y r|ill have similar

shapes. This feature can be a drauback uhen obtaining a block histogram

from a point histogram. Since block grades can be seen as an average of

point grades and therefore in{luenced by the central limit theorem' it

is unl ikely that block grade distributions til I exhibit large spikes as

frequently observed in point grade distributions. Hence the

distribution produced by the affine correction is general ly not rel iable

for cutoffs near the spike. A second potentially troublesome feature of

the affine correction is that rhen the ratio sy/oz is greater than I

there is a chance that negative Y values uill occur'

5.5 SI'1U GRADE DATA BASE

As at most other operat'ing mines, true smu grade data is not

available at the Bell l'line. Theretore true block grades must be

determined through the averagin9 of point grades. As nrentioned

previously, there are an average of 67 blast holes or Point assays per

100 {oot panel. t^lhile this number of data is large enough to determine

a true distribution of points uithin a 100 foot panel, it is much too

small to determine a distribution of true block grades. To see this'

consider attempting to define the distribution of 25 ft. smus uithin a

100 foot panel. Each of the sixteen 25 ft. smu grades uould be defined

by the average of aPproximately 4 point grades and the distribution of

smus uould be determined from these l6 smu estimates' There are several
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difficulties uith such a determination of the true smu distributions.

First, the average of four irregularly spaced data does not yield an

estimate of smu grade uhich can be assumed to be per{ect. Second the

distribution of l6 est'imated 25 ft. snu grades uithin a panel is not a

convincing estimate of the true distribution of smus llithin a penel.

Third, the actual smu used at the Bel I l'line ranges f rom l2 to l5 f eet.

The distribution of 25 ft smu grades nithin a panel cannot be taken as

equal to the distribution of 12 to l5 foot smu grades. There{ore if the

study is to address the actual problem met st the mine, 25 ft smu grades

are not acceptable. To reproduce the actual situation at the Eell l'1ine,

one could attempt to determine the grades of smus of smaller volume

using the available data, houever the true grade of each 12.5 foot smu

cannot accurately be defined {rom the approximately 67 data per panel as

there is an average of sl ightlV greater than one datum Per smu.

gbviously the true smu grade cannot be deternrined from a single datum.

Therefore to determine the true distributions o{ smu grades for smu

sizes uhich are similar to those used in practice' more data nust be

obtained. Since actual blast hole data are available only on a 12 foot

grid, more point data must be generated i{ the distribution o{ t2 to 15

ft smu grades uithin a panel is to be determined. This additional data

ui | | be generated through the technique of condi tional simul ation.

Averaging of the simulated data located uithin an smu uill be utilized

to determine the smu grade. The simulated snu grades determined in this

manner are not intended to be equal to the true smu grades' rather the

simulated smu grades are assumed to closely rnimic the local behavior of

tlre true smu grades for the purposes of testing bl ock recovery

estimators.
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5.5.1 Conditional Simttlation

The additional point grade data thich uill be generated to define smu

grades must be located on a sufficiently dense grid to allotl the accu-

rate determination of smu grades. For this study' the snu size uhich is

chosen is 12.5 {t. by 12.5 ft. as tlris size is close to the actual size

smu utilized at the Bell iline and an even number of this size smu fit

uithin a .|00 ft by 100 ft. Panel. It is felt that the average of nine

point data uill give an accurate determination of an smu grade; hence'

the envisioned condi tional simul ation ui | | consist of point data on a

regular 4.167 f t. grid (see f igure 'lll).

9 Drts
Locltcd on

per SMU
! 4.1667 tt. Grid

100 tt.
Prncl

Figure llt: Representation of the Conditional Simulation

The technique of conditional simulation is uel I described by Journel

and Huijbregts (1978) and Luster (1984) so the details of the technique

ui I I not be discussed here; ratherr ohly the steps fol loued and the

final results obtained uil I be 9iven.
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The steps of a conditional simulation are as follous:

I . Gaussi an transformat i on o{ the data.

2. Variography on tlre transforned data.

3. Simulate gaussian values uith a correlation structure equal to
the mode I I ed var i ogram.

4. Condition the simulation to the transformed data.

5. Back transform the simulated values.

Each step ui I I be discussed individual lv.

5.5..|.1 Gaussian Trans{orm of the Data

This conditional simulation uil I be performed bench by bench. Thet

is a separate simulation is performed for each of the five benches. A

three dimensional simulation of the deposit uas not performed because

al I block recovery estimation as al I point recovery estimation ui I I be

tuo dimensional. Examine, for example, the 7645 bench. This bench

contains 1,694 bl astlrol e assays. To begin the simul ation procedure,

these 1,694 data are transformed through a simpl e normal scores

transform so that the data uill follou a normal distribution uith mean 0

and variance l. This normal scores transform must be a one to one

transform, hence before transformation any group of data uith exactly

equal values must be treated so that no tuo values are exactly equal.

The treatment procedure, discussed in sec 3.3.1, adds a small amount to

each of the data uith equal values so that no tuo values are exactly

equal .

Given this set of N(0,.|) data, tlre next step is variography.
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The variographY Performed

var i ography of grade :
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the transformed data is the standard

I
yy(h) = -.EI (Y(x+h)-Y(x) )2 I

2

( 5. 23)

uhere Y(x) is the normal score trensform of Z(x)
Y(x) + N(0,1)

This variogram can be modelled by any positive definite variogram model'

houever a circular variogram model is util ized as this covariance model

is, as r.ri | | be shounr convenient f or the purPose of simul ation. The

variogram of y(x) for the 7645 bench and its model are sholn in figure

112.

5.5.'1.3 Nonconditional Simulation of Values

Simulation of values uith a given covariance or variogram model can

be accomplished in a large number of lrays (Luster,'1984). Ihe simplest

methodr cohc€Ptually, is to move a geometric filter over a grid of

random numbers. The filter is moved over the grid such that each of the

randon values is, in turn, located at its center of mass. As the filter

is moved the point located at the center of mass is replaced by the

average of all data found uithin tlre boundary o{ the filter.

Several common types of correl ation structures can be obtained

through this rnethod using simple geometric shaPes as fi I ters' For

instance, if a line of length L is passed over a column of random

numbers, tlre resulting values uill {ollon a linear transition variogram

model.

y(h)=o2.(h/L) forh3L
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Y(h) = s2

uhere o2

L

I{ a circular {ilter is moved

numbers, the variogram of tlte

circular model.

for h ) L

is a constant proportional to the
variance of the data
is the length o{ the {ilter

over a tto dimensional field of random

resulting simulated values uill follou a

T(r) = [2Cz(na)21[rr/a2-ra + a2Arcsin(rZa)l for r 3 a

Y(r) = C for r ) a

uhere: a is the diameter of the circular filter
C is the variance of the random data

Finally if a spherical filter is moved over a three dimensional field of

random numbers, the variogram o{ the resul ting val ues li | | fol I ou a

spherical model.

y(h) = c.((1.5r(h/a)-.5.(hza)3) for h ! a

7(h) = c forh)a

uhere a is the diameter of tlre sphere

Since this method of reproducing a given variogram nodel is easily

programmed, it uas used on each of the {ive benches. Ihat is, a

circular filter of diameter equal to the required range las noved over

each node of the grid of points to be simulated. For the 7645 bench' a

circle of 120 ft. uas moved over a grid of 21,875 points located on a

regular 4.167 ft. 9rid. The resulting nonconditional simulation {ol lous

a normal distribution (due to the central I imit theorem) uhich is

standardized to mean 0 and variance l.

The simulation of tlre nugget effect is accompl ished bV drauing a

random normal number for each node on the grid. These uncorrelated
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random numbers are also standardized to mean 0 and variance l' The

nugget effect structure is then combined uith the structure having a 120

{t. range to yield the nonconditional simulated values.

The variogran of

is figure ll2.

input variogram

too I ar9e.

Y6s(x1 = /fr.Ynus(*1 *,ffi'Yr(x)
uhere the values.70 and.l8 are the coefficients o{

tuo structures Y1 and Ynus found in the model

o{ tlre variogram of the transformed grades {or
?645 bench (see figure 112).

these 21,E75 nonconditional ly simulated values is given

The variogram of the simulated values is less than the

rnodel at all distances, houever the discrepancy is not

(5.24)

the

the

(5.2s)

(5.26)

5.5.1.4 Conditioning of the Simulation

Conditioning of the simulation imparts the local characteristics of

the data set, such as regions of high and lou grades, to the simulation'

The major Property of a conditioned simulation is that at each data

I ocat i on

ysc(xcr) = y (xs)

lhere y(x) is the actual data value at Point x

ysc(X) is the conditional ly simulated value
at point x

Condi tioning is eccompl ished uti I izing tuo sets of kriging estimators

n
ykdr(xo) = I la.Y(xa)

c=l

n
yksi(xo) = I ),qoYr(xs)

q=l

ulrere y(xe) is the datum at xq
ys(xa) is the nonconditional ly simulated
value at the same locatiotl X4
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The conditional lv simulated value is then defined as:

ycst(x) = ykdr(x) + [yu(x)-yxs*(x)l (5.

uhenever a grid location x is exactly equal to a data location

ykd*(xa) = y(xq)
yks*(xa) = y=(xq)

so

y."*(xq) = y(xs)

Thus the condit'ional simulation passes through the data values.

tn the case of the Bel I l'line sinulationr corditioning ras per{ormed

only for those points on the non-conditionally simulated grid uhich lere

located uithin one of the 119 previously defined panels. Thus es

portions of the nonconditional ly simulated grid are not found uithin

defined panels there are less conditional ly simulated values than

nonconditionally simulated values. The variogram o{ the conditionally

simulated values is given in figure l12. Notice that the variogram of

the condi tional simul ation is cl oser to the variogram model of the

conditioning data than the variogram of the nonconditional lv simulated

val ues for short d i stances. Thus the conditioning to the data has

improved the correspondence betueen the variogram of the transforned

data and the variogram of the simulated values.

5.5. 1.5 Back Trensform

27'

Xq,

For the conditional simulation to be useful, it must

histogram as the original blast hole assays. There{ore'

distributed conditional ly sinrulated values ycs(x) nust be

conditional ly simulated values zcs(x); uhere zs5(X) is

the original data z(xc).

have the same

the normal I Y

trans{ormed to

conditioned to
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Input Motlcl
7Y(h). .18 + .70 Circl2o(h)

A OATA
Mern ' 0

Vrrirnce r .992
1694 Data

a

t Nonconditional Simulrtion
Mean r 0

Vrrirncc ' .88
21.875 Data

a Conditionll Simulltion
Mean . .02

Vtriance . 1.01
16,250 Drta

o

Figure 1l2r Variograms of the Conditional
Simulated Values for the 7645

and Non-Conditional
Eench

This back transformation is accompl ished by a simple I inear

interpolation. Three sets of values are used to Perform the

interpolation; namelY

l. z(x), the original untransforned data

2. y(x), the gaussian trans{orn o{ z(x)

3. ys5(x), the conditional ly simulated values

The three sets of data, z(x), y(x), and y""(x)r 8F€ sorted in ascending

order. The z(x) and y(x) values are termed bounds. For each ycs(xa)

value, the tuo y bounds uhich straddle yca(xa) are found' The

percentage distance betueen y..(xq) and the louer bound is calculated

i.e.

ycr(xa) - Ybr
D= (5.28)

Ybz - Ybr

uhere ybe is the uPPer bound
ybt is the louer bound
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D

The conditionallY simulated z

2".(xq) = zbt

uhere zbr
to

is the percentage distance

value, z6s(xq), is then defined as:

+ 0.(zb2-zbl )

and zb2 are tlre bounds corresPonding
ybl and Yb2

5.5.1.6 Properties of the Simulation

performing the back trans{orm on all {ive benches, resulted in a

conditional simulation containing a total of 75,000 point grade values.

The histogram of these values and the histogram of the 7979 original

conditioning data are shorn in figure l13. As a further check of the

accuracy of the simulation, the variograms of the simulation and the

original data are given for each o{ the five benches rhich comprise the

Bell tline case studv (figures 114 and 115).

To simul ate smu grades f or 12.5 f t sttlusr the 9 condi tional I y

simulated values falling uithin each snu are averaged. Ihe histogram of

these ?,680 simulated 12.5 ft smu grades are given in figure tl6'

Given these smu grades, the distribution of smus uithin a Panel can

be determined. These local distributions obtained from the simulation

are assumed to be the true distributions of smus utithin each panel '

Using the previously discussed nethods, these local distributions uill

be estimated.
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Figure ll3: Histograms of the Simulated and Actual Yalues
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Z Variogram 7600 Bcnch
a Inirirl Dlir

Mcan . .0687
Variance r .022

2,029 Dltt
O Conditionll Simulation

Mean . .072
Vgrirnce . .025

18.750 Data

a Inirisl D!t!
Mcan r .102

Vrrirnce r .031
1,833 D!t!
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o
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'1.249 D!t!
a Conclitionll Simutrtion

Mecn r .144
Varirncc r .050

It,875 Dltr

Figure 114: Variograms of the Sinulation {or the 7600, 7615, and 7630
Benches

Z Vrriogrcm 7630 Bcnch
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Figure ll5: Variograms ol the Simulation for the 7645 and 7660 Benches

Z Vcriogrrm 7645 Bench
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Figure ll6: Histogram ol the Simulated 12.5 ft

Au(ovton)

SllU Grades

Mcan r .107
Variance . .026

7,680 Vclucs

5.6 ESTITIATI0N 0F BLoCK SUPPoRT RECoVERIES AI THE BELL IIINE

Block support smu recoveries uill be estimated for the previously

defined ll9 panels of the Bel I tline. The estirnated recoveries uil I be

cor,rpared to the t'true" recoveries obtained f rom the condi tional

simulatiorr of the ll9 panels. As in the point estimation case study'

the estimators uill be applied at 9 cutoffs. These cutoffs correspond

to the deciles of the simulated true 12.5 {t smu grade distribution.

tn tlre sections concerning point recoveries, various amounts of data

uere used to estimate the point recoveries. From these resultsr sone



useful informat'ion concerning the amount

obtain accurate estimates uas obtained.
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of information required to

As the techniques used to

estimate bl ock recoveries are simi I ar to or based on the point

estimation techniquesr inV conclusions draun on the number of data

required to accurately estimate point recoveries should also be val id

for estimating block recoveries. Therefore only one set of data uill be

used to estimate block recoveries. The data set chosen is that of

campaign S2 since it represents the midrange, in terms of data density,

of the data conf igurations examined.

Ideal ly this study r.rould consider several dif f erent smu sizes to

obtain an idea of hor,r the tuo block recovery estimation techniques

perform over a range of dif{erent smu sizes. Houever since 100 ft.

panels are considered and there are certain requirements for both the

number of point grades uithin an smu and the number of smus uithin a

panel, the number of feasible smu sizes is limited. For instance, if an

smu of 25 tt x 25 ft Here considered, there uould be more than enouglr

simulated values uithin an smu to accurately determine the smu grade

hopever the distribution of smus ui thin the panel toul d not be

accurately determined from these srnu grades as there are only sixteen

such 25 ft smus uithin each 100 ft panel. The converse problem is

encountered if very small smus are chosen, as the grades of such small

smus urould be poorly def ined.

Given the available simulation the only satisfactory size smu is 12.5

ft x 12.5 ft. This size smu contains nine simulated data uhich are used

to determine the mean grade of each smu and there are 64 such smus

uithin each panel to define the distribution o{ smus }rithin a 100 foot
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panel . The average smu si re actual I y used at the Bel I l'li ne i s very

close to 12.5 {t in horizontal extent. Therefore a tuo dimensional

estirnation using the campaign *2 data set to estimate 12.5 ft. smu

recoveries should be similar to the real life problem encountered at the

Bell lline; that is, estimation of smu recoveries for smus betueen l2 and

l5 ft in horizontal extent using three dimensional data on a 100 foot

grid.

5.6.1 Estimation of Sl'iU Recoveries Utilizinct Point Recoveries

Perhaps the simplest metlrod of obtaining block smu recoveries is, as

previously discussed, to correct each estimated distribution of points

uithin a panel for the change in support to obtain the distribution of

smus. As discussed, this support correction should be customized for

each panel, houever this is not possible so the values uhich ttould be

used in a global change of support are applied locally.

5.6. l. 1 Steps Requi red

An important step in determining block recoveries by this method is

the determination of the point recoveries. The subject of point

recoveries for the Bell l'line uas discussed at length in chapter 4.

Since point recovery estimation has already been performed on this

deposit, no additional uork is required for this step. The point

recovery estimates uhich nill be used are those obtained by the PK

estinator utilizing the campaign S2 data.

Once the point recovery estimates are avai I abl e, the parameters

required to perform the change of support must be determined. Ttto



var i ances; name I y, the

panel and tlre dispersion

uithin a 100 ft panel are

determined {rom the model

dispersion variance

var i ance o{ I 2. 5

requ i red. Both of

of the variogram o{
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of points tithin a 100 ft

ft sel ective mining uni ts

these variances are easily

grade.

D2(0/100) = v(100,100)

D2(12.5/100) = v(100,100) - 1(12.5, r2.5)

4.4.t) for the variogramFor the campaign

of grade is:

f2 data set the model (see sec

?(h) =.006 + .019 Sphes(h) + .0155 Sphrrs(h)

hence the estimated dispersion variances are

D*2(0/100) = .02794
D*2fi2.5/100) =.01904

These values can be comPared

75,000 simulated values

ui th the true values obtained using al I

D2(0/100) = .0294
D2(,|2.5/100) : .01607

Notice that 7(12.5,12.5) determined f rom the campaign 12 variogram

model, .0089, is much smaller than the true value, .013. This implies

that the model led nugget effect is louer than the true value. The

effects of this inaccuracy in the modelling of the variogram nill be

examined by performing the local change of support tuice. The first

attempt ui | | uti I ize the dispersion variances determined bv the

experimental variogram model uhi I e the second attempt ui I I uti I ize the
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true dispersion variances. In tlris uay, soltle idea o{ the sensitivity of

the method to incorrect variogram modelling uill be obtained.

Once the global dispersion variances are determined, the next step is

to perform the local change of support for each panel. This change of

supportr dcco11pl ished uti I izing the afl ine transform shape hyPothesis,

can be seen as determining the cutoff uhich uhen applied to the looal

point distribution yields the local tonnage recovery for block supPort

smus. According to the affine transform assumption

tu-t 
= 

Z-m

ovq

or for any particular cutoff of interest zy

( 5. 29)

cutoff of interest
appl ied to the po'int

the block recovery

38

o
Z=-o(Zv-m)+m

Ov

uhere zv is the block recovery
z is the cutoff uhich is

distribution to yield

o, = y'D*e(.l2.5/lOO) = .l

s ={gr2(0/100) =.167
5/cu = l.2ll compared to the true value of 1.35
m panel mean deternrined by ordinary kriging

Thus for any cutoff, zv, for thich block recoveries are required, a

cuto{f z can be determined. Applying the cutoff, zt to the local point

distribution ui | | yield an estimate of the local block support snu

recovery at cutoff zr.

In determining this cutof{ z it is assumed that the ratio o/oy is

constant for al I panels. Since the deposit has been conditional ly

simulated, the validity of this assumption can be examined. A histogram

of the ratio of the tuo local standard deviations s(0/100) and
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s(12.5/100) is given in figure ll7 (recall Els2(02100)l=Dzl0/100)).

Notice the symmetric shape of the distribution and the lou coefficient

of variation, . t7. This lou coe{{icient.of verietion indicates that

this ratio is not highly variable for this deposit so thet taking this

ratio as constant is an acceptable assumption. Note houever that it is

not acceptable to assume that either o{ the tuo local variances,

s2(0/.l00) and s2 (12.5r100), is constant throughout the dePosit as both

of these variables are highly variable r.rith coefficients of variation o{

approxirnately 1.5 (figure llE). Ihus uhile it is not acceptable to

assume that either of the dispersion variances are constant over the

deposit it is reasonable to assume that the ratio of these tuo variances

i s constant.

Assuming a constant ratio of variances throughout the deposit' the

cutoff z nhich uill be applied to the estimated distribution of Point

grades can easily be determined {or a cutoff of interest zy. Since the

point distribution is calculated for only a finite number of cutoffs

zci, it is unlikely that the cuto{f z {or uhich the tonnage recovery

must be obtained is exactly equal to any cutoff zc;. Hence some type of

interpolation must be per{ormed to determine the tonnage recovered at

cutoff z. For this deposit, a I inear interpolation las used to

determine the recovered tonnage of 12.5 ft- smu grades.

Tb = (z-zc;)o(Ti-Ti+ 1)/(zci+r-zc;) + T; (5.30)

uhere I z is the cutoff given by tlre affine transform
zc; and zci+r are cutoffs nearest to z

for uhich tonnage estinates exist.
Ti+r and Ti are the Point tonnage

recoveries for cuto{fs zcirr and zci
Tu is the block support tonnage recovered for

cuto{f zv
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Figure ll7: Ratio of the Local Standard Deviations s(0/100) and
s(12.5/100)

Using the affine transform and the above relation, tonnage recoveries

can be calculated fairly oasily for any size Bnu once the point

estimates are available. The only remaining step is the deternination

of the quantity of netal recovered.

The quantity of netal recovered or block support uill be deternined

using the same approach as used in deternining the quantity of netal {or

point support recoveries. Recall, (sec 2.E) that the quantity of nretal

can be determined from the estimated tonnages through the folloring

rel ationship.



281

Go
5
5t
g
tt

o

E
Et
g
tt

c

Figure llt:

,l

H i stograms

.z j2lrztp)

of Local DisPersion Vlriences

Mcen r .0161
Vrrlrncc r .00076

C.V. r 1.72
I 19 Vrlucs



282

k=i

rhere ct is some measure of central tendency
for the material betueen cutoffs zc1 and ZCk+r
T1 is the tonnage recovered at cutoff k.

A similar relationslrip is available {or block recoveries

nc
Q(zi) = E (Tk-Tk.r).ck

nc
Qu(zi) = I (Tur-Tbk+i).ck

k:i

(s.31)

(5.32)

The difficulty uith evaluating this equation is that there are no block

data, so the ct values cannot be calculated directly fron a nean of the

available data. To correct this situation or in other lords to obtain

some block data {rom uhich a class mean can be obtained' the available

point data uill be transformed to create pseudo block data from uhich a

class mean can be obta'ined. Again the affine transform is used.

sb
zb=-o(Z-m)+n

g

uhere o5 = /iEffiol
o = /[@lJ
m = mean grade of the deposit
2 = point grade
zb = pseudo block grade

Given these zg grades, the average of the zu grades betueen cutof{s of

interest is found to determine the value ck. Nith knouledge of these ct

values the block quantity of metal can be determined.

A summary of the steps required to determine recoverable reserves on

bl ock support uti I izing the recoverabl e reserves on point support

tol I ous.
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Estimate the Local

Point Spatial Distribution

Determine the 0ispersion

Vari ances Dz (0/P), Dz (v/P)

Using the Affine Transform

Find the Equival ent Cuto{f

Use Linear Interpolation

to Find Block Tonnage

Rec ov e rY

Transform Point Data

and Find Cl ass l'leans, ck

Cal cul ate Quanti tY o{

Iletal Recovered

Steps Required to 0btain
Estimated

Estimated Block Recoveries From

Point Recoveries
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5.6.2 Estimatino Block Recoveries Usinct

The premise behind this apProach to

i nd i cator data uere avai I ab I e the b I ock

a straightforuard manner. Therefore the

appropriate assumptions, block indicator

Pseudo Block Indieator Data

the problem is that if block

recoveries could be obtained in

problem is to determine, using

data.

5.6.2. I 0btaining Pseudo Block Indicator Data

The basic step of this approach is to obtain a kriged snu grade

centered on each datum location. These kriged data, after correction

for smoothing, uill be transformed into pseudo block indicator data

using the equivalent cutof{ methodology. Given the pseudo block

indicator data, recoveries are cal cul ated as in the case of point

support smus.

The first step in this approach is to perform ordinary kriging of an

smu size block centered at each datum location. This kriging r;as

performed on the 313 data locations of campaign 12 using the initial

grade variogram nodel (sec 4.4.1) to yield 313 kriged 12.5 lt x 12.5 ft

smu grades (fig ll9). The mean of these values is .107 oztlon and the

variance is .0277 (ozzton)2.

The variance of these kriged smu grades is generally less than the

true variance of 12.5 ft snru grades since kriging is generally a smooth

estimator. Hence the kriged smu grades cannot be used to deline smu

support indicator data uithout correction for this smoothing.

Fortunately an estimate of the true global variance of smu grades is

available from Krige's variance relation (sec 5.2). For the campaign 12

data set of data the best estinate of D2(12.5/D) is



D2(12.5/D) = D2(0/0) - 7(12.5,12.5)
= .0416 - .00E9
= .0327

lhis compares Nith the actual variance of 12.5 ft smu grades lithin the

deposit, .026. l.lith this estimate of the variance of smus uithin the

deposit, equivalent cutoffs based on the affine transforn pernanence o{

shape hypothesis can be defined.
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-

rJDr2*(v/D)
zct = :o(zc-n) +n

{oz (vzD)

uhere zct is the equivalent cutoff

I
Dg

Figure t l9: llistogram
on Initial

of Estimated 12.5 ft.
Point Data Locations

t.o
Ar(o?ron)

St'lU Grades Centered

Msrn r .107
Vlrilncc t .0277

313 Vrlucs

(5.33)
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zc is the cutof{ of interest
m is the deposit mean = .107
D112(vzD) is the variance of kriged smu values =.0277
D2(v/D) is the variance of smu grades =.0327

obtained from Krige's relationshiP.

Using this relationship yields the equivalent cutoffs shoun in table 15.

TABLE I 5

Equivalent Cutoffs Used to Define Pseudo Block Indicator Data

Cutoff of
Interest (ozlton)

.004

.008

.0t5

.025

.041

.066

. t05

. t74

.31I

Equivalent
Cutolfs (ozzton)

. 012

.0r6

.922

.032

.046

.069

. t05

. 169

.295

pseudo block indicator data are determined for each data location by

applying the equivalent cutoffs to the kriged grades. Indicator and

cross variograns are then calculated on the pseudo block indicator data.

These variograms shorl longer ranges than the point indicator variogram

models uhich indicates that the block indicator data are more highly

correlated than the point indicator data. The block indicator and cross

variograms are not shoun, houever, 85r besideS the longer r8nge, the

block indicator variograms are similar to the point indicator

var i ograms.
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Given these indicator and cross variograms, probabi I ity kriging is

performed on the 100 ft panels uti I izing the pseudo indicator data for

each equivalent cutoff to yield tlre tonnage recovery estimates. The

estimates obtained are then attributed to tlre cutoffs of interest.

Quantity of metal estinration is accomplished in the same menner as

presented in section 5.5.1.1. The class mean values, ck, are obtained

{rom an average of the corrected kriged smu data falling betueen cutoffs

of interest zr and zkrr. These values are then utilized to determine

the recovered quantitY of metal.

A summary of the steps involved in determining block recoveries by

thi s method fol I ous.
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Krige Each Data Location

Determine Equival ent
Cutoffs

l,lodel Direct and
Cross Variograms

Perform PK at each
Equival ent Cutoff

Determine c1 and
Cal cul ate Quanti ty of

Hetal Recovered

Steps Required to Determine Block Recoveries from Pseudo
Elock Indicator Data

5.7 RESULTS

Estimation of the tonnage and quantity of metal recovered, based on a

selective mining unit size of 12.5 x 12.5 ft, uas performed using both

tlre pseudo block indicator data method and the correction of support of
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local point recovery estimates method. As a check of the accuracv of

these tuo methocis the resul ts are compared r.rith the true recoveries of

12.5 ft smus obtained from tlre conditional simulation of the Bell lline'

As in the point case both the global and local accuracy of each

method uill be examined. Boilr tonnage and quantity of metal recovery

Nere estimated for each of the 9 cutoffs of interest' The global

results are presented in tabular form antl consist of an examination of

the global recovery, global bias and mean square error of the

estimators. As uith the point results, the local results r'ril I be

presented in the form of scattergrams of true versus estimated recovery

{or sel ected cutoffs. These resul ts uri I I give an indication of the

overall accuracy of each of the proposed methods and uill provide a

basis for determining uhich, if either, of these nrethods should be

adopted for {uture use.

5.7. 1 9l obal Resul ts

AspreviousIydiscussed,thegIobaIreservesrefertototal

recoverable reserves over all of the ll9 Panels'

Three separate estimates of tonnage and quanti tv of metal are

examined. Iuro of these estimates are, houever the same rnethod utilizing

different inputs. The three estimators and are:

l. The pseudo block indicator data method (sec 5.2, 5.6.2).

2. Correction of the point recovery estimates using variances

determined from the experimental variogram model (sec 5' 3'

5.6.1).

3. Correction of the point recovery estimates using the true

variances (sec 5.3, 5'6'l)'



290

5.7. 1. 1 Global Tonnage RecoverY Factor

The global tonnage recovery factor is defined in much the same uay as

the global tonnage recovery factor defined in section 4.5. The only

difference is that in this case the global recovery factor is the

fraction of the entire deposit recovered otr 12.5 ft smus rather than

point support smus. The estimated tonnage recovery factor for each of

tlre estimators is defined as the estimated number of smus above a given

cutoff divided by the total number of smus. The true tonnage recovery

factor is defined as the number of smus uhose ectual grade is above a

given cutoff divided by the total number of smus.

The results given by the three estimators are presented in table 16.

Notice that the tuo estimators based on tlre point estinates yield

essential ly identical resul ts. Both of these estimators give sl ightlv

better estimates of the global tonnage recovered than the rnethod based

on pseudo bl ock indicator data. Notice houever that al I three

estimators produce results lhich are very close to the true values at

the majority of cutoffs. Tlre one exception is at the louest cutof{,

.004 ozzton, uhere true recovery is underestimated. This result is to

be expected as the affine correction permanence of shape hypothesis

preserves the spike of data observed in the point distribution at .003

oz/ton in the block distribution. Since block distributions rarely have

spikes of this magnitude, the poor results obtained at this lou cutoff

are expected. Luckily the actual economic cutoff grades are nuch larger

than .004 ozzton so the poor results at this lott cutoff are of no

practical importance. tf houever accurate results are required at this

cutoff a different permanence of shape hypothesis nust be used. Aside
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at the I ouest

gl obal tonnage

cutoff, all

recovered at

291

three estimators perform uel I

the Bell lline.

5.7.1.2 Global Tonnage Relative Bias

The global tonnage relative bias contains the same information as the

global tonnage recovery houever the information is presented in a {orm

uhich is easier to interpret. The global relative bias gives the global

bias of the estimator as a percentage of the true recovery. Global

relative bias for a given cutoff is defined as:

(Estimated Recovery - True Recovery)/(True Recovery)

If an estimator is perfect, the estimated recovery uould exactly equal

the true recovery and the global bias uould be zero. There{ore in

examining the relative bias of the estimators (table l6), those

estimators uhich have cl ose to zero rel ative bias are considered

superior (under this criterion) to estimators r.rith large relative

b'i ases .

As shoun in table 16, the turo estimators based on the Point estimates

have very I ittle global relative bias at al I but the highest cutoff.

For all other cutoffs the relative bias is less than 52 and for most

cutoffs the relative bias is uell belou 52" The interesting feature of

these results is that the relative biases observed uhen estimating point

recoveries (see table l7) are larger than the values observed in this

case of estimating bl ock support smu recoveries. This resul t is

unexpected since no knoul edge of the smu bl ock grades is avai I abl e

local ly or global ly. The global block smu recovery estimates are

strongly a function of the support hypothesis (in this case the affine
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transform) used to perform the local change of support. Because of the

change of support hypothesis it is expected that the block smu global

recovery estimates urould be less accurate than the Point recovery

estimates. lt must be assumed that, for this deposit, the local affine

correction used in the estimators based on the Point estimates uas

adequate. It cannot be assumed, houever that global, block smu' results

uhich are as accurate as those observed here uill be obtained for all

depos i ts .

Another interesting feature of the resul ts based on the Point

estimates is that the estimator utilizing variances inferred from the

experimental variogran performs sl ightl y better than the estimator

uti I izing the true variances. The di fference betteen these estimators

is small but it does suggest that the affine transform is not strictlv

correct for this deposit as if it ulere the results given by the

estimator uti I izing the true variances uoul d be superior to the

estimator utilizing the experimental veriances. Hence even though the

affine transform does not hold for this deposit and even uhen the

variances used are not equal to the true variances the global tonnage

estimates obtained by an estimator based on point estimates are very

good.

The global relative bias of the estimator based on the Pseudo block

indicator data is larger than that obtained by the other tuo estimators.

The relative bias of this estinator is less than l0Z {or all cutoffs but

it is almost alNays greater than 5%. The magnitude of this bias is

similar to that observed in the point cese. Again these results

indicate that the affine correction change of support hypothesis is not
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it is certainlY an accePtablestrictly correct

approx i nat i on .

5.7.1.3

The

ac cu rac y

quanti ty

Tonnage llean Square Error

tonnage mean square error gives

of the estimator averaged over

is defined as i

an indication of the local

the enti re dePosi t. Thi s

NP

t'lSE(zci)=f tr5(zc;)-TT5(zc;))2/NP (5'34)
j=l

rhere: zc; is a cutoff grade
T5 is the estimated recovery for Panel j
TTi is the true recovery for Panel j
NP is the number of panels (119 in this case)

At all cutoffs both of the estimators based on the local point recoverv

estimates have identical mean square error values (see table l6)' The

estimator based on pseudo block indicator data houever has higher mean

square error at al I cutoffs. This indicates that this estimator has

I esser I ocal accuracy over the deposi t than ei ther of the other

est i mators.

5.7. 1.4 Quanti ty of Hetal Gl obal Recovery Factor

The quantity of metal recovery factor is a unitless value' l'lhen this

value is nultiplied by the total tonnage of the dePosit, the ounces of

potential Iy recoverable gold, assuming selection of 12.5 ft smu grades'

is determined.

The quantity of metal recovery factor is determined througlt tlre

fol louing relationshiP :
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TABLE I 6

Global Tonnage Recovery Results

Tonnage Recovery
l'le thodr

Cutof f
.004
.008
.0t5
.025
. 041
.066
.105
. 174
.31|

A

.855

.793

.7 44

.631

.s27

.432

.304

.221

.l12

B

. 871

. 807

.698

. 595

.498

.3E3

.305

.202

. t2l

c
.873
.805
. 691
. 589
.487
.376
.29s
. 194
. r20

T rue
.902
.807
.699
.599
.497
. 397
.299
.201
.l0l

Tonnage Re I at i ve Bi as
t'le t ho dr

Cutof f
.004
.008
.0r5
.025
. 041
.066
.105
. t74
.31I

A

-. 051
-.018

.064

.053

.060

.086

.015

. t03

. 104

B

-.034
.00t

-.00t
-.007

.001
-.036

. 019

.005

. 190

c
-.032
-. 003
-.011
-.016
-.02t
-.054
-.013
-.032

. l8l

Tonnage llean Squared Error
lle thods'

Cutof f
.004
.008
.015
.025
. 041
.066
. t05
. 174
.311

A

.037

.049

.053

.038

.043

.040

.022

.0r6

.008

B

.025

.029

.032

.030

.02E

.026

.022

. 012

.008

c
.025
.029
.031
.030
.028
. 026
.02t
. 012
.008

il'lethods A - Recoveries uti
B - Recoveries uti
C - Recoveries uti

izing pseudo block indicator data
izing point estimates (Actual Variance)
izing point estimates (True Yariances)



Compar i son of Re I at i ve

IABLE 17

Biases for Point
Estimators

and Block Tonnage RecoverY

of Tonnage Estimates
Bl ock Est imator

.001
-.001
-.007

.001
-.036

. 0't9

.005

. 190

Percentile of
Distribution

20
30
40
50
60
70
80
90

Relative Bias
Point Estimator

.080

.040

.035

.061

.002

.095

.092

.210

The point estimates are the PK estimates for campaign *2'
The block estimates are the recoveries obtained from the PK point
estimates uti I izing the actual variances.
The percentiles refer to the distribution of point grades or the
distribution of block grades depending on the estimator under
considerat'i on.

NP

QF,r(zc1 = f Quj
j=l

uhere:

(zc)/NP (5.35)

zc is the cutoff of interest
NP is the number of panels (119 in this case)
Qvj is the estimated guantitv of metal

recovered in Panel j at cutoff zc
QF., is the quantitv of metal recovery factor

of metal recovery {actors for the three estimators are

the true quantity of metal recovery factor obtained by

estimated quantity of metal by the true quantity of metal
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unbi ased at I ott

some discrePancY

The quanti ty

compared ti th

repl acing the

recovered i n

Al I three

cutoffs (tabl

the above equation.

of the estimators considered are nearly

e l8). Houever at high cutoffs there is
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betueen the estimated and true recoveries. This discrepancy is less for

the method utilizing the pseudo block indicator data than for either of

the methods based on the point support estimates. This is in contrast

to the 9l obal tonnage recovery resul ts for uhi ch the resul ts of the

estimators based on the point estimates uere superior. Notice that both

estimators based on the point estimates again give nearl y identical

results, so at least for global recoveries of both tonnage and quantitv

of metal the difference betueen the experimental and true variances has

not adversely affected the results.

5.7.1.5 Quantity of l'letal Relative Bias

As discussed previously, tlre relative bias is used to express the

discrepancy betpeen true and estirnated recovery as a relative error.

The quantity of metal relative bias is defined as the estimated global

recovered quantity of metal less the true global recovered quantity of

metal divided by the true gl obal quanti ty of netal recovered. The

quantity of metal relative bias for the three estimators considered is

shoun in table t8. The estimator based on pseudo block indicator data

has, at al I cutoffs, less than 102 relative bias. ln addition, {or

cutoffs other than the largest cutoff the bias is far less than l0Z, as

it is less than 1% lor the majority of cutoffs. The estimators based on

the point estimates are slightly less accurate although the bias is less

than 52 for cutoffs less than the seventieth percentile. For larger

cutoffs tlre bias is above l0Z and it is above 302 at the highest cutoff.

There appears to be some systematic bias in the quantity of netal

estimates obtained by tlre estimators based on the point estimatesr 8s
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the magnitude of the bias increases as the cuto{{ increases. The most

I ikely cause of such a systematic bias is that the class mean value

chosen {or the material above the largest cutoff is too large and/or as

is definitely true in this case tlrere is an overestimation (see see

tabl e '16) of the tonnage above the highest cutoff (recal I that the

global quantity of metal recovered above the highest cutoff is simplv

ilre gl obal tonnage recovery mul tipl ied by the cl ass mean). This

overestimation of quantitv o{ metal recovered above the highest cuto{f

is carried along to all of the other cutoffs due to the nature of the

algorithm used (see sec 4.4.4.2r, Some correction of this bias does

occur at louer cutoffs, houever as about 502 of the ounces of gold are

found above the highest cutoff it is difficult to completelv comPensate

for the large bias urhich is introduced by the material above the largest

cutoff. Thus this bias is found to some degree at all cutoffs.

From this examination of the global bias properties of these

estimators it appears that if an estimator based on the point estimate

is util ized one can confidently estimate the global tonnage recovered

easily !rithin 52 at all but the largest cutoffs and the global quantitv

o{ metal recovered ui thi n | 0z agai n at al I but the I argest cutoffs.

This type of global accuracy should be more than sufficient for most

practical appl ications.

5.7.1.6 Quan t i ty of Hetal llean Squared Error

metal mean squared error can beThe quantitY of

the 'l ocal accuracY of an estimator. It is defined

seen as a measure of

as

NP

HSE: I tqrS(zc) -
j=l
uhere: QT j

Q5(zc))2/NP

(zc) is the true quantitY of

(5.36)

metal above
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cutoff zc for panel j.
Q5(zc) is the estimated quantitv of metal above

cutoff zc for Panel j.
NP is the number of panels (ll9 in this case).

The quantity of metal mean squared errors for the various estimators are

given in table 18. Notice that al I three estimators give nearly

identical results. Thus, although the estimators based on the point

recovery estimates have larger global quantitv of metal biases than the

estimator based on pseudo block indicator data, the overal I local

properties of both types of estimators as measured by the mean squared

error are nearly equal.
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TABLE 18

Gl obal Quanti ty of t'1etal Recovery Resul ts

Quanti ty of t4etal Recovery Factor
t'lethodr

Cutoff
.004
.008
.015
.025
.041
.066
.105
. l7.l
.31I

A

.107

.106

. 106

. 103

.100

.09s

.086

.077

.056

Quant i ty of

B

. 109

. 109

. 108

. 107

. 104

. 100

.094

.084

.068

c
. 109
. 109
. t08
. 106
. ,|04

.099

.094

.083

.068

T rue
.108
. 107
.106
. 104
. t0l
.096
.087
.074
.051

t'1etal Relative Bias
Ile thodi

Cutof f
.004
.008
.0'15
.025
.041
.066
. t05
.174
.31I

Quanti ty of

Cutoff
.004
.008
.015
.025
. 041
.066
.10s
. 174
.31I

A

-.009
-.009
-.004
-.009
-.011
-.005
-.020

.036

.097

BC
.0r5 .010
.0t8 .012
. 021 . 015
.026 .020
.035 .028
.043 .037
.082 .073
.132 .120
.348 .332

lletal l'lean Squared Error
l'le thodi
A

.0024

.0024

.0024

.0024

.002s

.0026

.0024

.0024

.0023

B

.0023

.0023

.0023

.0023

.0024

.0024

.0025

.0025

.0028

c
.0022
.0023
.0023
.0023
.0024
.0024
.0025
.0025
.0027

rllethods: A - Recoveries based
B - Recoveries based
C - Recoveries based

of pseudo block indicator data
on point estimates (Actual Variance)
on point estimates (True Variances)
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5.7.2 Local Recoveries

Although the global properties of these estimators, particularly the

bias propertiesr oF€ important these estimators are designed as local

estimators of recoverable reserves. Hence it is necessary to examine

the error made at each panel. As in discussing the local performance of

the point recovery estimators, scattergrams betueen true and estimated

recovery ui I I be uti I ized so that the true and estimated I ocal

recoveries for all l19 panels can be examined simultaneously. As in the

case of the point recovery estimates, the scattergrams for only tuo

cutoffs uill be exanined in detail. The tr.ro cutoffs lhich are chosen

for examination span an interesting portion of the range of cutoffs as

most economic cutoffs uill fall betreen these tuo chosen cutoffs. The

chosen cutoffs, .041 ozlton and .174 ozzton, are the median and E0th

percentiles of the distribution of simulated smu grades.

5.7.2.1 Tonnage Recovery at the.04l ozzton Cutoff

The scattergrams of tonnage recovered at the median, .041 ozzton,

cutoff slrou that the estimators based on the point recovery estinates

are superior to the estimator based on pseudo block indicator data

( f i gs. I 20- 122, . The scattergram for the est imator based on b I ock

indicator data shous a number of large €iFoFSr in particular these

errors are most common uhen the true tonnage recovered is near 502. The

cause of this poor estimation {or these particular panels is unknoun'

houever the effects of the poor estimation are easily seen as it results

in a conditional bias. The conditional bias is such that panels uith
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estimated lou recoveries are, oh aVeFa!fer underestimated (that is ulren

the panel is removed rnore tonnage will be recovered than predicted) and

panels Nith high estimated recoveries are on average underestimated.

This type of conditional bias is certainly undesirable in an estimator.

The estimators based on the point recovery estimates do not shou any

type of condit.ional bias. The cloud of points is nel I centered about

the line correspopding to true equals estimated recovery and there are

{eu very large errors. The small number of large errors results in

smal I mean square errors for both of these estimators. Addi tional I y

these tlo estimators have very small relative biases and re'lativelv high

correlation betueen true and estimated recovery as measured by the

correlation coeff icient. Tlre similarity betueen the estimator utilizing

the actual exPerimental variances and the estinator utilizing the true

variances is great. In the scattergrams for both of these estimators,

the same groups of points can be observed in nearly the same locations.

This simi I ari ty betr.reen the resul ts of these tuo estimators impl ies that

some errors can be made in variogram nodel I ing uithout adversely

affecting the block recovery results. This is a strong feature of tltis

method as it is often difficult to accurately model the variograrn of

grade and therefore it is difficult to accurately determine the

variances required to make a change of support'

5.7.2.2 Tonnage Recovery at the .174 oztton Cutoff

The .1?4 oztton cutoff represents the E0th percentile o{ the l2'5 ft'

smu grade distribution. It is, therefore a high quanti le of the

distribution and estimation of recoveries {or this cutoff shoul d be an
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interesting and difficult test of the methods. The scattergrams for

this cutoff (figs 123-125) slrou that al I three estimators perform lel I

at this cutoff. The conditional bias presented by the estimator based

on pseudo bl ock indicator data at the .041 o:/ton cutofl has been

removed at this higlrer cutoff. The only difficultv this estimator has

at this cutoff is in estimating the global recovery as it overestimates

by l0Z. 0thernise this estimator performs as uell as either of the

estimators based on estimated point recoveries.

The tuo estimators based on the point recovery estimates are again

very similar. Both estimators have small global biases, small scatter

about the true equals estimate line, and high correlation betueen true

and estimated recovery. tn short, the estimator based on point

recoveries has shor.rn that it can be used to accurately estimate the

tonnage recovered then selection is based on block sUPPort.

Interestingly the quality ol the local block smu recovery estimate is as

good as the quality of the local point smu recovery estimate (fig 90).

Thus the assumptions urhich have been made to accomplish the change of

support from point smus to block smus has not diminished the accuracy of

the tonnage estimates.

5.7.2.3 Quantity of tletal Recoverv at the.04l ozzton Cuto{f

The quantity of metal estimates at the.04l ozlton cutoff (figs

126-128) are similar for all three estimators. None of the estimators

shous a conditional bias or a great number of large errors. All'three

estimators do shor.r, houever smal I gl obal biases and high correl ations

betueen true and estimated quantity of metal recovered. ln sunmary all



three estimators Provi de

recovered at this cutoff.
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metal

5. 7. 2 . 4 Quant i ty o{ t'letal Recoverv at the ,174 oztlon Cutof f

Again at the .174 ozlton cutoff, the estimated quantitV of metal

recovered determined by al I three estimators are accurate

representatiorrs o{ the true quantity of metal recovered. ln fact' all

three scattergrams are very simi lar (f igs 129-131). The only apparent

difference betueen the estimators is that the estimators based on the

point reccvery estimates have larger global bias.

5.7.3 Local Recoverv at lhe .008 ozlton Cutoff

As seen in the discussion of the global results, the proposed block

recovery estimation techniques do not accurately estirnate the global

tonnage recovery at the louest cutoffs. As mentioned the poor global

resul ts at this cutoff can be attributed to the aff ine transform

permanence of shape hypothesis uhich uas uti I ized. As discussed' this

permanence of shape hypothesis is not realistic at lou cutoffs so poor

resul ts are expected {or these cutoffs. Not surprisingly, therefore,

the local results at the.008 ozzton cutoff are also poor (see fig t32)'

The results at ilris cutoff emphasize the necessity of utilizing a change

of support hypothesis uhich is adequate for the problem at hand' In

most cases recoveries are required at cutoffs phich are near or larger

than the median grade and as has been demonstrated by the local results

at the .041 and .174 oztlon cutotfs, the affine transform hypothesis is

adequate for these uses. If, holtever, recoveries at e1tremely lou

go od I ocal estimates of quanti ty of
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cutoffs are required, a different change of supp'ort hypothesis,

preferably one based on some assumption of normality of the data' should

be used since the affine transform is not adequate in such cases.
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5.7.4 Error llaPs

The scattergrams provided in the previous section present the true

versus estirnated results for each panel'i n an easily examined form. Any

global or conditional biases are easily seen and the general qualitv of

the estimator can be examined. Scattergrams do, houever, have a

ueakness in that the location of each panel is ignored. Thus, although

a scattergram may shor.r that an estimator is both condi tional ly and

global ly unbiassed, it cannot shou hor.r this unbiasedness is achieved.

As an exampl e, consider tuo estimators uti I ized at a producing mine

uhich present equivalent scattergrams. Estimator A over-estimates

mon6ly recoveries for each month in a six month period. This estimator

is unbiased over a period of a year, holever, as it under-estimates

monthly recoveries in each of the next six months by an equivalent

amount. Estimator B, on the other hand, is unbiased for each month over

the same tuelve month Period. Although both estimators are unbiased

over the course of a yearr estimator B is certainly the preferred

est i mato r Thusr in exanining the local accuracy of an estimator it is

important to check the spatial location of the errors'

To examine the spatial location of the errors, tonnage errors nade by

the pK estimator based on the initial point estimates at the.l74 ozzton

cutoff for each panel are plotted in a series of figures (fig 133-137).

The error plotted is estimated tonnage less true tonnager so positive

errors corresPond to overestimation. single quantitY of metal error

map (fig 138) is also presented for the same estimator and cutoff' The

quantity of metal error maps shou much the same leatures as the tonnage

error maps so only this single map is presented.
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Tlre error maps slror.r that the absol ute tonnage errors can be as I arge

as 152, houever tlre great nrajority of panels have errors less than c102.

G i ven the I imi ted number o{ panel s on each of the benches, i t i s

difticult to see if tlre errors shou anv trend. Houleverr it can be said

that lese maps do not shou any obvious trends so it is expected that if

ilris deposit uere recovered there xould not be anv long periods of

overestimation fol loued bv equal ly long periods of underestination.
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Figurc 133: Tonnage Errors for the 7660 Eench
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Figure l34r fonnage Errors for the 7645 Bench
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Figure t35: Tonnrge Errorl for the 7630 lench
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Figure 136: Tonnage Errors for the 7615 Bench
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Figure t3?: Tonnrge Errors for the 7600 Bench
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Figura l3E: Quantitv of l'letel Errors for the 7630 Bench
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5.8 STII1NARY OF RESULTS

This clrapter deal t uith the intrinsical ly difficul t problem of

estimating the distribution of block support smus !lithin a panel. The

proposed solutions to this problem are simple derivatives of the basic

indicator and probabilitv kriging estimators of point spatial

distributions. Thus tlre solutions to this difficult problem remain easy

to comprehend and aPPlY.

Tlo varieties of solutions tere proposed. The first determines the

distribution of block support smus directly from the distribution of

point support srnus. The second determines block suPPort data uhich are

used to determine the local distribution of block suPport smus just as

point support data are used to estimate the distribution of point

support smus. Gl obal I y both of these estimators perform uel | .

Surprisingly, in fact, these estimators perform as uell as or better

than estimators of point support recoveries at equivalent quantiles.

Local ly, houever, the method based on the estimated local point

distributions outperformed the estimator based on block data'

Furthermore, the rnethod based on estimated point recoveries is robust

nith respect to deviations of the inputs from the actual values. This

uas demonstrated by the near equivalence of the local resul ts for

estimators based on the true and actual variances used to correct the

point distribution. 0n the basis of these results the estimator based

on point recoveries is the pre{erred estinator. Houever it must be

noted grat the hypotheses uhich form the basis of this estinator uere

verified to a large degree for this case study. There is no guarantee

that the results observed here uill also be observed in other case

stud i es .
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SUNMARY ANO CONCLUSION

The primary {ocus of tlris uork has been the development and

appl ication of non-parametric estimators of spatial distributions' The

tuo primary estimators uhich rere introduced are termed the indicator

and probabil ity kriging estimators. These estimators are optimal in the

sense that the estimates obtained minimize the estimation variance.

These estimators are therefore very simi I ar in {orm to the ordinary

kriging (minimum estimation variance) estimator of mean grade.

These tuo estimators rere applied to a simulated deposit to examine

the capabilities of each of the estimators. The results of this case

study indicated that the PK estimator is a better estimator of point

support spatial distributions than the lK estimator'

To {urther examine the capabi I i ties of these tuo estimators, the

local recoverable reserves assuming point support selective mining units

Nere estimated f or tlre Bel I Hine. In examining the exPression o{

recovered quantity of metal, it ras observed that a spatial distribution

estimator uti I izing the panel mean could be developed. Such en

estimator requires the solution of a quadratic progran to preserve the

order rel ations.

The difficult Problem

non-point support smus uas

estimators of non-Point

of estimating the local recoveries for

also considered. As striotly non-Parametric

support recoveries can not be derived'
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hypotheses are made uhich allor.r the development of tuo estimators. The

first estimator is based on tlre correction of the estimated point

support recoveries for a change of support. The second estirnator is

based on the determ'inat'ion of bl ock support data. In order to obtain a

block support data base to compare to tlre estimates, a conditional

simulation of the Bell lline las performed.

6.1 FINDINGS 9I INTEREST

1. The order relation problems ultich occasionally occur uhen

applying indicator or probabil ity kriging are smal I and easily
rectified.

The indicator kriging estimator is smoother than the probabi I itv
kriging estimator, hence the local PK estimates are superior.
This is especiat ly true uhen estimating recovered quantitV of
metal.

The estimators introduced requi re an assumption bf bivariate
stationarity. The estimators are, houeverr robust uith regard to
deviations from bivariate stationaritv.

Nhen feu data are available, a PK or lK type estimator uhich
utilizes the mean panel grade can be superior to either the PK or
IK estimators.

5. Tlre quality of the estimates increases uith the number of data;
houever, there is a definite Point of diminishing increase in
qual i tv.

The global recovery of block support tonnage and quantity of
metal can be estimated uithin !52.

The local block support tonnage and quantity of netal can be

estimated nearlv as uel I as the corresponding point suPport
quantities.

2.

3.

6.

7.



6.2 FURTHER I,IORK

Further uork on non-parametric estimators of

can be conducted in the follouing areas.

l. Development of estimators uhich are based on

other than minimum estimation variance'

2. 0eveloprnent of a direct estimator o{ quanti

329

spatial distributions

optimal ity criteria

ty of metal tthich

3.

4.

5.

6.

obeys al I order rel ations.

Examine otlrer model s of coregional ization (besides the I inear

model ) uhich yield positive definite covariance matrices.

Determine for uhich cases the I inear ordinary kriging estimates

of mean grade are superior to the non-linear estimates given bV

IK Or PK.

Exami ne other

distribution

grades.

Der i ve other

permatrence of shape hypotheses {or determining the

of bl ock grades from the distribution of point

estimators of block smu recoveries

6.3 C0NCLUSI0N

The resul ts presented here sfiou that high qual i ty estimators of

spatial distributions can be determined uhich are easy to apply and

comprehend. The results, althouglr'promising, may not be accepted bv the

community of mining engineers, horever, as the estimators of block smu

recoveries uere compared to true results obtained from a simulated

deposi t. To remove any doubt concerning the capabi I ities of these

estimators a comprehensive study utilizing actual production information

should be perforned.
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APPENDIX . COITPUTER PROGRAT1S

This eppendix contalns the naJor subroutines necessary to per{orn r probability or

indicator kriging study. Tlre use ol each subroutlne ls demonstrated by e simple case

study so that the inputs and the forn ol the results Elven can be exarnined.

7. I yARToGRAPII

The subroutine for de{ernining the indicator rnd cross verlogrerns necegsary to perform

probability kriging (subroutine GAllVS) is denonstrrted on thc canpaisn ll data frorn the

Betl rnine case study located on the 7600 bench. only one cross and one direct varloErem

ere calculated in tr.ro dlrections ln this demorrstration! hoxever, tt ls possible to use

this routine to calculete .s niny cross or dlrect varlogrrns .s requlred. It ls

recomnended that ilris subroutine be used in corrjunctlon xith r routine rhich xill plot the

experirnental veriogram vElues on I plotter or graphics iernlnel rs this xill ellox for

much {asten nodellinS o{ the varioErrns. Such r plottlns routine ls not included here

since such routines .re very nachine and devicc dependent'
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Thc results given by the GA}1V3 routine for the 44 carnpaisn Sl date located on the 7600

bench are:

SE}II . VARIOGRAII

DIRECT VARIOGRA}I
VARIOGRATI BET}IEEN VARIABLE I AND VARIABLE

I|EAN = 0.29545E O0 VARIANCE = 0.20816E 00 t oF DATA = 'tq/
TEST = -t.000

LAG
t
2
3
4
5

LAG
I
2
3
4
5

AZIlluItl = 0.0
PLTJNGE = 90. O

AZItl. TOL.= 15.0
PLUN. TOL.: O. I

LAG = 100.0
LAG TOL. g 5O.O

NP DIST I/? VARIO AV/IAG
0 0.00 0.00008 00 0.000

t8 99.93 0.1389E 00 0.306
t8 t98.88 0.t3898 00 0.250
t0 298.99 0.t000E 00 0.200
ll 407.39 0.136'rE 00 0.136

AZIt{t TH : 45.0
PLWGE : 90. O

Azrrl. T0L.: 15.0
PLUN. TOL.: O.I

LAG = 70.7
tAG TOt. : 35.0

NP DIST I/A VARIO AVILAG
0 0.00 0.00008 00 0.000
0 0.00 0.0000E 00 0.000

t6 t4l.5r 0.1250E 00 0.250
0 0.00 0.0000E 00 0.000

t4 e84.03 0..|786E 00 0.e50

AZI}IUTH = q5.0
PLTJNGE = 90. O

AZril. ToL.: 15.0
PLIJN. TOL.: O..|

IAG = 70.7
LAG ToL. = 35.0

NP DIST t/2 VARIO AV/LAG
0 0.00 0.00008 00 0.000
0 0.00 0.0000E 00 0.000

t6 r4t.5l -0.4793E-01 0.462
0 0.00 0.00008 00 0.000

t4 284.03 -0.5185E-0t 0.506

SETII . VARIOGRAT1

CROSS VARIOGRA}I

VARIOGRAI,I BET}IEEN VANIABLE I AIID VARIAELE

hEAN : 0.34032E-Ol VARIAHCE : 0.34805E-02 I OF DATA = q4/
TEST = -t.000

AZIIIUTH : O. O
PLI'NGE : 90. O

AZIll. ToL.= t5.0
PLUN. TOL.: O.T

IAG = 100.0
LAG TOL. : 5O.O

NP DIST I/2 VARIO
0 0.00 0.0000E 00

t8 99.93 -0.5167E-01
t8 198.88 -0.5023E-0t
r0 293.99 -0.6e17E-01
I t 407.39 -0.7984E-0t

AV/LAGI
0.000 |
0.q901
0.4741
0.4751
0.s06|
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The lnput data used arer (Note tl'r:t these values rre non-llnear transforns of the actual

gold grades):

TRANSFORHEO DATA FRO}'I THE 760O EENCH

NORTHING
4243r 0.0
42q396.0
q24703. 0
q24507. 0
42q505.0
4?4299.O
424403. 0
4e4302.0
424q04.0
424594.0
424396.0
424a97. 0
424494.0
4e4602.0
424302.0
.r2470 t . 0
424500.0
424203.0
42450q.0
424?98.0
424?0?.O
424399. 0

EASTING
387591 .0
38760s.0
387406.0
38740 | . 0
387301 .0
38679r .0
367501 .0
387502.0
386802.0
386808.0
t86694.0
386697.0
387594. 0
387095.0
386 9e8 . 0
387201.0
387498.0
3871 94.0
386706.0
386903.0
387402.0
386895.0

GRAOE
0.0259
0.0363
0.0777
0.0849
0.0933
0.il40
0.il92
0.t295
0. r t47
0.,t45t
0. | 606
0. t 865
0.t9t7
0.202 |
0.2 r 24
0.2?28
0.2435
0.?(187
0.2746
0.2951
0.3057
0.3420

NORTHING EASTING GRADE

42q504.0 387t 04.0 0.3575
424208.0 387494.0 0.4041
42rr599.0 386903.0 0.4093
424404.0 387095.0 0.q249
424495.0 386904.0 0.4508
424305.0 387096.0 0.4560
424503.0 387q00.0 0.5026
424498.0 187005.0 0.5130
424393.0 387a04.0 0.5389
424403.0 38740?.0 0.5595
424600.0 !86999.0 0.5803
424200.0 387300.0 0.5959
424606.0 387397.0 0.6062
424504.0 386806.0 0.6839
42qq00.0 387291.0 0.689t
424495.0 387100.0 0.7098
q2.r400.0 386995.0 0.7202
424300.0 3871 93.0 0.7565
42460t.0 387306.0 0.8t35
424603.0 l87l 97.0 0.8808
424700.0 387299.0 0.901 6
4e4504.0 387204.0 0.9585



c
c
c

c
c
c
c

c
c
c

c
c
c

c
c
c
c
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The folloxing is the ectual varlogran

SNATFMItIE:t 000
gASSICN 8 TO FITE DATAI INPUT
SASSIGN 9 TO FILE RES OUTPUT

srrbroutine rlth e sl;ple drlver prosren.

oIHENSION AZtl( 3 ) r PLG( 3 t'AT0L( 3 )' PToL{ 3 I,TEST( ? | rX( 65 }'Y ( 65 ) r
tZ( 65 )'VR( I 30 )' IV( 2 ) rJV( 2 ) rNP( 800 )'GAH( 800 ) rDG( 800 ) rUG( 800 ) r
zND( e ),UD( 2 ) rVD( | 9 )'XLAG( 5 ) rDTOL( 5 )'CUT( I ) rVV( 65 )

DEFINE INPUT PARAIIETERS

CUT(l) 3.2
IOUT:9
NV=I
NT:44
NVA:2
Is= I
Ll'tAX=5
llDI =2

DEFINE THE DIRECTIONS ALONG }I}IICH THE VARIOGRAI'I }IILL
BE CALCULATED

DO 2 t=l r2
AZtl( I )=( I-l )r45.
FtG( I )=90.
PTOL(r)=.05
ATOL( I l:15.

2 CONTIMJE
DO 3 I=l r2
TEST( I ):-I .

I CONTIM,E

DEFTNE THE LAG LENGTH AND TOLERANCE FOf, EACH DIRECTION

XLAG( t ):100.
XLAG( 2 ):70.7
DToL( | )=50.
DTOL( a )=35.

READ IN THE DATA

READ( 8' I OO0 ) ( X( I f 'Y( I ) rZ( I ) rVV( I ) I I='l rNT )

1000 FORHAT{ 3F10. I r l0XrFl0.4}

LOAO DATA VALUE ARRAY VR. THE

THE SECOI.IO NT DATA ARE I'NIFORI'I

DO 70 I=l '2D0 75 J=t rNT
K=(I-t IINT + J
VRtKI=W(J)
tF (r.EQ.zt GO TO 75
vR( K )=l .
rF(w( J ).GT.CUT( r ) I vR(K )=0.
CONTITITJE
CONTIhIIJE

DEFINE THE TYPE OF VARIOGRAT1S }IHICH }IILL BE CALCULATED

IN THIS CASE I DIRECT AND I CROSS VARIOGRAH

lv( t ):l
Iv( 2 |:l
JV( | )=l
JV( 2 )=2

CALL GA}lV]( TOUT r LT'IAX r XLAG r DTOL r}OI r AZh r PLG I ATOL r PTOL r TEST T NT T IV I
I JV, NVA t I rX, Y t Z I VR I ND' uD' VD r NP I DG I 6Ai1 I UG I IS )

STOP

SUBROUTINE GA}IV3 ( IOUT, LIIAX, XLAG IDTOL I NDT I AZT'I I PLG' ATOI T PTOL I
ITESTTNT r IVTJVTNVA,NVTXTY rZrVR tND rUD rVI) rNPrDGrGAtlrUGr IS )

FIRST NT VALUES ARE II.IDICATORS
DATA

75
70

c
c
c
c
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c

c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c

THIS ROUTINE CALCUTATES THE DIRECT VARIOGRAI1 FOR VARIABTES

IIIIICH ARE IRREGULARLY OR REGULARLY SATTPLED IN ONET TNO' OR

THREE OINENSIONS. IN ADDITION THE CRO55 VARIOGRATI BET}IEEN

ANY T}IO VARIAELES CAN BE CALCULATEO.

OUTPUT INCLUDES THE OVERALL IIEAN, VARIANCET ANO NUNEER OF DATA

FOR EACH VARIAELE' AS NELL AS T}IE VALUE OF TIIE EXPERIHENTAL

VARIOGRAH IN ANY DIRECTION OR FOR ANY LAG SIZE CHOSEN BY THE

USER.

PARATlETERS
*Ira*Ir*x*x

INPUT:

IOUT
LIlAX
XLAG( NDI )

OTOL( NDI I

hIDI

AZ!I( NDI )

PLG( }IDI }

E*ATOL( NDI )

AXPTOL( NDI )

TEST( hN I

NT

IV( NVA ) T JV( NVA )

PRINTER U}{IT MJTIBER

}IAXIi{UI'I I.|L|IIBER OF LAGS

LENGTH OF THE UNIT LAG

LAG DISTANCE TOLERANCE

IF DTOL. LE.O. rTHEN DTOL=XLAG/E.
NUT{BER OF DIRECTIONS FOR }IHICH THE

VARIOGRAI,I }IILL BE CAI.CULATEO
ANGLE DEFINING THE HORIZONTAL DIRECTION
O DENOTES I.IEST.EASTT 90 DENOTES NORTH.SOUTH

PLUNGE ANGLE (ANGLE }IITH THE VERTICAL}
O:VERTICAL I 90=HORIZONTAL
TOLERANCE ANGTE FOR THE AZI}ITJTH
IF ATOL(NDI I. LE.O.O'THEN
ATOL( NOI )=45. O DEGREES

TOLERANCE ANGLE FOR THE PTUNGE

IF PTOI(IO).LE.O THEN PTOL(ID):45. DEGREES

INDICATOR VALUE FOR i,IISSING DATA
IF THE 6RADE VALUE IS < TEST, THEN
THIS DATA VALUE IS CONSIDEREO
}IISSING ANO IS IGNORED
III'}1BER OF DATA POINTS PER VARIABLE
I}ICI.UDING HISSING DATA VALUES
VARIABLE INDICATOR ARRAYS. IF IV=JV=I
A DIRECT VARIOGRA}I FOR VARIABLE I IS
C0i|PUTEo. IF IV=l AhlD JV=z
A CROSS VARIOGRAI1 BETT.TEEN VARIABLES I
AbID 2 IS CO}IPUTED.
EXAT1PLE:
CALCULATE DIRECT ANO CROSS VARIOGRAIIS
FOR THREE VARIABLES.

ELEMENTS OF ARRAYS
x frl(xtr *rrlt*itl*r*

TOTAL }UI|BER OF VARIOGRA}I T'IODELS

NVA:6 IN THE PREVIOUS EXAT1PLE

NUTTBER OF DIRECT VARIOGRATIS
NV=3 IN THE PREVIOUS EXAIIPLE
COORDINATES OF DATA POINTS

DATA VALUE ARRAY. VALUES ARE STORED

COLI'TII{T.IISE. THAT IS' THE FIRST NT VALUES

IN VR ARE FOR VARIAELE I FOLTONED BY TTIE

NT VALUES FOR VARIABLE 2 AND SO ON.

JV
*T

t
2
3
t
I
2

IV
T*

t
2
3
2
3
3

NVA

NV

X{NTI
Y(NT)
zil.rT )

VR( NTINV }

OUTPUT:
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

I.IORKING ARRAYS !

CXTCYTCZTSZTCTTCS

OPTIONS
*rl.*xI*

rs. Ea. I

}ftN|BER OF DATA PER VARIABLE
AVERAGE OF DATA PER VARIABLE
VARIANCE OF DATA PER VARIABLE
].UilBER OF PAIRS USEO
IIEAII OISTANCE OF DATA PAIRS
SE}II-VARIOGRA}I VALUES
AVERAGE OF OATA USED TO CALCULATE
THE SEIII-VARIOGRA}I
UG CATI BE USED TO INDICATE THE PRESENCE

OF A PROPORTIONAL EFFECT.

SINE ANO COSI}IE OF DIRECTION AhID

TOLERAI{CE ANGLES

PRINT RESULTS ( T PAGE/VARIABLE }

}|AXIHI,TI : 4 DIRECTIONS/PAGE/VARIABLE

ND( NV }
tD(ltv)
vD( l'lv )

NP( LHAXT}.IDIXW )

DG( LI'IAXTTOIINV)
GAlt( LllAXxllDI*NV )

UG( LIIAXINDIINV I

c
c
c

c
c
c
c

40
c
c
c

DIHENSION AZll( t I rPLG( | ) rATOL( t )'PTOL( | ) rTEST( | f 'X( 
| ) rY( | ) rZ( I )

t rVR( | )'XLAG( t I'DTOL( | )rIV( t )tJV( | )

DITIENSION t'O(l I'ttt(l )rVD( t f 
'NP( 

t )rOG(l )'GAll( | )'UG(l )

DINENSTON CX( t5 ) rCY( t 5 ) rCZ( l5 ) rSZ( l5 ) rCT( l5) rCS( l5 )
CHARACTER AD(6}'AC(6)

DATA IAl' '/
DATA AD /'D' rtlt rtRt r'E' r tCt r tTtl
DATA AC /rCr t 'Rt r tO'r tSt r tStr t '/

TOLERENCES ARE DEFIIIED FOR EACH OIRECTION

PI=3. | 4l 59265
D0 t KO:l rNDI
IF(DTOL(KD).LE.O) DTOL(KO )=XLAG(KD)/E.
IF ( ATOL( KD ) . [8. O.OR.ATOL( KD ).GT. 90 ) ATOL( XD )=45.
IF( PTOT( KD ). LE. O.OR. PTOL( KD ).GT. 90 ) PTOL( KD )=45.
A=PIxAZrl( K0 )/t 80.
B=PITPLG( KD )./ | 80 .
T=PI*AT0L( K0 )/t 80.
S=PIrPToL( KD )/l 80.
cx( K0 ) =cos( A )
CY ( KD ):SIN( A )

CZ( KD )=CoS( B )

CT( KD ):COS( T )
sz( KD )=srN( B )
cs( K0 )=cos( s I
IF(CT(KD).[8..001 I
rF(cs(KD!.LE..001 )

CONTINUE

INITIALIZATION
VATUES

LI'!I,I=NVAT L}IAXIND I
D0 40 IL:l r Ltlll
NP( I L ):0
DG(IL)=O.O
GAH( IL ):O. O

UG( IL f=0.0

DETERI.IINING THE VARIOGRA}I

INITIALIZATION OF VARIABLE STATISTICS ARRAYS

DO 50 KV:l rNVA
uD(KV)=0.
V0( KV ):0.
ND(KV)=0.
lv'l =M KV )

JVt =JV( KV )

CT( KD ):0.
cs( KD ):0.

OF ARRAYS USED IN
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5t

rF(IVI.NE.JVI ) GO TO 5I
IT=NTXIVI
VRIT=VR ( IT )

IF(VRIT.LE.TEST(KV)) GO TO 50
|D( KV )=l
UD(KV)=VRIT
VD( KV )=VRIT'(VRIT
GO TO 50
VRI=VR ( IVI TNT )

vRJ =VR 
( JV I XNT )

IF(VRI.LE.TEST( IVI ).OR.VRJ.L€.TEST(JVI ) ) GO TO 50
fDlKv)=ND(KV)+l
VVV=VRIn\tRJ
tD(KV)=UO(KV)+VW
vD( KV )=vD( Kv )rvvvxvvv
CONTIMJE

BEGIN CALCULATION OF VARIOGRAT1

NTI =NT- I
D0 300 I=l 'NTl

CHOOSE A SEED POINT A}ID UPOATE THE STATISTICS ON EACH VARIABLE

D0 elo KV=l,NVA
IVT =IV( KV )

JVI:JV( Kv )
IF( IVI .NE.JVI ) GO TO 2I I
IP:I+NTI( IVI-l )

VRIP=VR( IP )

IF(VRIP.LE.TEST(KV)) GO TO 2IO
ND(KV):lO(KVl+l
tfit ( KV ]=uD ( KV ) +VRIP
VD( KV )=VT}( KV )+VRIPTVNIP
G0 TO 210
M:(M-t )rNT .
JW=(JVl-t l{NT +

VRI=VR( IVV )

WJ=VRI JVV )

IF(VRI.LT.TEST(IVI }.OR.VRJ.LT.TEST(JVI ) ) GO TO EIO

|O( KV )3M( KV )+l
VVV:VRITVRJ
tJT}( KV )=LD( KV )+WV
VD ( KV ):VD ( KV ) +VVV*VW
CONTINUE

It:I+l
Do a00 J=Il rNT

CHOOSE A NEtl E|'IDPOINT FOR THE SEED POINT

ISGN= I
DX=X(Jl-X(I)
IF(DX.LT.OI ISGN=-I
DY=Y(J).Y(II
lF( DX. EQ. 0.AND.DY. LT. 0 ) ISGI{=-1
DZ=Z(J)-Z(I)
HsSQRT ( DX*DXf DY*DY+DZ*DZ )

LOOP THROLIGII ALL DIRECTIONS AI{D DETER}IINE IF THE CURRENT

PAIR SHOULD BE USED IN THE VARIOGRAI"I CALCULATION

D0 t20 ID=l'NoI
IF(H.LT.O.OOITDTOL(ID)} GO TO I99
L=INT( H/XLAG( ID )+0.5 ) + |
IF ( L. GT. LTIAX. OR. ABS( H-( L- t )IXLAG( IO I } .GT.DTOL( ID ) }

GO TO t20
XY:SQRT( DX*DX+DYTDY )

rF(xY.EQ.0) GO T0 122
CD:(DXICX( ID )+DYiiCY( I0 ) )/XY
rF(ABS(CD).LT.CT(I0|l G0 To le0
CE=( ISGNIXY*SZ( ID l+DZ*CZ( ID ) )/H

c
c
c

c
c
c
c

2tl I
I

2t0

c
c
c

c
c
c
c

r22
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ICE=CE{l 000+. I
ICS=CS( ID )I | 000r . I
IF(IABS(ICE).LT.ICS} GO TO I20

c
C CALCULATION OF SE}II-VARIOGRAII VALUE

c
IL0:L+LtlAXr( ID-l )

00 ll0 KV=lrNVA
IP=I+NTI(MKV)-t )

IPI=JrNTx(MKV)-l )

Jp:I+llT*(JV(KV)-t )
JPI:JfNT*(JV(KVt-t )

IL:I L0+llDI*LHAXT ( XV- t l
IF( VR( IP }. tE. TEST( KV }.OR.VR( IPI I. LE.TEST( KV ) )

I G0 TO tto
NP( IL):NP( IL)IT
DG(IL):DG(IL)IH
GAtl( IL !=GAl'l( I L t rO. 5r( VR( IP ) -VR( IPI ) )r( VR ( JP ) -VR( JPI

| )l
UG( IL ):UG( IL )I(VR( IP)TVR( JPI ) }

I IO CONTINUE
120 coNTrlluE

GO TO 200
c
C DUPLICATEO DATA T1ESSAGE

c
t99 IRITE(IOUT'2000)IrX(I)rY(f)rJtX(J)'Y(J)
c
AOO CONTIMJE
30O CO}ITINUE
c
C RESULTS ARE CO}IPUTED

c
DO 400 KV:l 

'NVArF 0.lD(Kv).EQ.0) GO T0 400
c
C OVERALL STATISTICS ARE CALCULATED FOR EACH VARIABLE

c
\D ( KV )= ( V0( KV )-t D ( KV )rUD ( KV )/ND ( KV ) )/ND ( KV )

t D( KV l=uD( Kv )/l'o( Kv )

c
C VARIOGRAII VALUES ARE CALCULATED FOR EACH LAGI DIRECTION AI'ID

C VARIABLE
c

IL0=t$I*LllAXI( KV- | ) + |
ILI =ILO+LHAXINDI-I

DO 3IO IL=ILOIILI
NPP=I'IAX0( t 

'NP( 
lL ) )

DG(IL)=DG( IL)/}IPP
GATI( IL I=GA}I( IL )/NPP

310 t,G(IL):UG(IL)/NPP/z.
4OO CONTINUE
c
C PRINT RESULTS?
c

rF(rs.EQ.0, Go ro 3000
c
C DETER}IINE THE }IU}IBER OF OUTPUT PAGES REQUIRED FOR EACH VARIABTE

c
I|tp=(NDr-l l/4+l
IDlt:F LOAT( |OI )/F LoAT( I|lP ){ 0. 9999

c
C PRINT RESULTS
c

DO 600 KV=I INVA
DO 500 lfl=l 'IilPIF( JV( KV ). EQ. M KV ) ) NRITE( IOUT' 2OOl I lfl' ( AD( JH ) lJH:l 16 ) rIV( KV ) r

tJv( Kv )
IF( M KV t.NE. JV( KV ) ) I|RITE( IoUr reoo'l ) Ill' ( Ac( JH ) rJH:l 16 ) I IV( KV ) r

rJv(Kv)
}RITE ( IOUT' 2002 ) t O ( KV ) r VD( KV ) I ND( KV ) r NT rTEST( KV )

IDt=l+IDn*(Il't-l )
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c
c
c

ID2=t1lllo( NDI rlDflxIll I

llRITEtIOUTr2003l (fA'AZil(I0 )rID=I0l rI0? !
l,lRITE( IOUT'2004) ( IA,PLG( ID)'IO=IDl'IDz )

}tRITE( IOUT'2005) ( IA'ATOL( IOITID=IDI rID2 )

NRITE( IOUTr2006 I ( IA,PTOL( I0 )'ID:IDl'ID2 )

}IRITE{ IOUT r 2OO7 } ( IA'XLAG( ID )' IO=IO I' ID2 )

l.lRITE ( IOUT' 2008 ) ( IA' OTOL( ID )' lD=I0 I' I02 )

NRITE( IOUT'?OO9) (IA'IO=IDI'IDE }

IL0=NoI*Lt{AXr( KV-t )+Lt{AXx( IDI -t }

I L]1:ILO+ LI'IAX)'( IDE-IO T }

PRINT EXPERIMENTAL VARIOGRATI VATUES

DO 410 L=l 'LtlAXILI =L+ILO
I LE: L+ I LII
NRITE( IOUT' 2O I O ) L' ( NP( IL )'DG( IL I'GAt1( IL ) rUG( IL ) r

* f L=ILt ,ILA 
' 

LI1AX I

CONTINUE
CONTI}IT'lE
CONTINUE
NRITE(IOUT'20II }

FOR}IAT STATEIIENTS

FORI|AT( tHI 
"DUPLICATED 

DATA*TTGAH-V3**I DATA' r14r
*, X: ,rF9.4r ' Y= I rF9.4
Ir, DATA , r14r, X= , rF9.4r I Y: I rF9.4)

FORIIAT( tHl r45Xr' SEiII - VARIOGRAN rrl0Xr trrrPAGEt'rI2r
x/// r26{t6[l r' VARTOGRAII' t/ r

ISOX"VARIOGRAII BETI'IEEN VARIABLE' r15r' AflD VARIABLE' rf5l
FORHAT( //'6X,'I4EAN =' lEl 2.5r3Xr'VARIANCE :' rEl 2'5r3Xr'l OF DATA

I t!4 t' /' rI4r4Xr'TEST =' rF8.3rl)
ionlurt tH rqXr 'l ' 14( At r5Xr'AZrllurH =' rF6.l '6X" l ' l )
FORnAT(lH r4Xr'l r'4(AlrsXr', PLUI{GE :rrF6.lr8X"l'))
FORIIAT( lH r4Xr'1', r4(Al r5Xr'AZIll. TOL.=' rF6.l'8X" l' )f
FORHAT( tH r4Xr',l 

"rr( 
Al ,5Xr'PLUN. TOL.=r rF6. l rSXr'l ' l )

FORilAT(lH r(Xr'1"4(AtrTXr'LAG :"F6.lr8Xr'l'l)
FOR}IAT(lH r4Xr'l'r{(Alr6Xr'LAG TOL. ='rF6.lr8Xr'l' ))
FORIIAT( tH r'LAG | ' t

14(Al r' NP' rSXr'DISTT tSXr'l/2 VARIO' t2Xr'AV/LAGI ' ) )

FORIIAT( lH r13r tXr'I ' r4l!4t?7,2r2XrEl l .4rF7.3" I ' l )
FOR}IAT( 'l ' )

RETURN
END

4t0
500
600

c
c
c
e000

200 I

2002

2005
2004
?005
2006
2007
2008
2009

201 0
20r I
3000
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7.2 PROBABILITY AND T}DICATOR XRIGING ROUTINES

The probabili{y and indicator kriglns proEr.rns.re demonstrated on e sinple case study

Hhich utilizes four data frorn the campaisn lt data set o{ the BelI }'line cagr rtudy to

estirnale the tonnage and quantity of rnetal recovered for one panel. The lnputr to the PK

routine (PK3D) and the IK routlne (IK30) ere similar so once the rorkings of onc routine

ere understood it is a sinple netter to understand the other. Each ol these routlnes

calls tlrree other subroutines! COVA nlriclr catculeles covariances betr.reen pairs of polntsi

KSgL xhich solves linear systerns of equatlons; and ORDER xhlclr resolves order reletion

problerns.

The results of probabillty krlgtns for one panel are given belox. Thts cornprelrensive

output xas obtained by specifying the debus option in the call of PK3D.

r*TI PROBABILITY KRIGING FOR 2 CUTOFFS I*T

VARIOGRAT1 PARAIIETERS USED

}OTEI THE FIRST 2 }IODELS ARE I}IDICATOR VARIOGRAI1S

THE SECOI.ID 2 }IODELS ARE CROSS VARIOGRA}IS
THE IAST VARIOGRA}I 

'IOOEL 
IS FOR THE U VARIOGRAI1

FOR T1ODEL I t THERE ARE I NESTED STRUCTT'RES

hn GGEI= 0.0350
STRUCTME T I IS A TYPE I TMOEL

c = 0.1290' RAftGE= | 40.00
x ANrs. FACToR 1.0000
Y ANIS. FACTOR I.()OOO
z ANrs. FACTOR 1.0000

FOR I4ODEL i 2 THERE ARE I NESTED STRUCTIJRES

mJGGET= 0.0q50
STRUCTT'RE I I IS A TYPE I T1ODEL

C : 0.0450
RANGE: t30.OO
x ANrs. FACToR 1.0000
Y ANrS. FACToR .|.0000

z ANrs. FACTOR 1.0000

FOR TIOOEL I 3 THERE ARE T NESTEO STRUCTLNES
NUGGET=-0.00q5

STRrcTWE I t IS A TYPE I TTODEL

C = -0.0776
RANGE= 180.00
x ANrs. FACToR 1.0000
Y ANIS. FACTOR I.OOOO
z ANrs. FACTOR t.0000

FOR }IODEL * 4 TI.IERE ARE I NESTED STRUCTURES

lluccET=-0.0045
STRUCTWE I I IS A TYPE I }IODEL

c : -0.0293
RANGE= 150.00
x ANIS. FACToR 1.0000
Y ANIS. FACTOR I.OOOO
z ANrs. FACTOR 1.0000
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FOR TIODEL $ 5 THERE ARE I NESTED STRUCTURES
NUGGET= 0.0400

STRUCTURE I I IS A TYPE I I1ODEL

C = 0.0490
RANGE= d20.00
X ANIS. FACTOR I.OOOO
Y ANIS. FACTOR I.OOOO
Z ANIS. FACTOR I.OOOO

NOTE
A TYPE O }IODEL
A TYPE I HODEL
A TYPE 2 I,IODEL

PANEL TO BE KRIGEO'

CENTER OF PANEL' X : 387350.
BLoCK DII|ENSIoNS: X-DIR. r

DISCRETIZATION POINTS' X.OIR. I

IS EXFONENTIAL
IS SPIiER'ICAL
IS LINEAR

Y=424650. z= 7600.
t00.00 Y-DIR. I 100.00 Z-DIR. s t.00

6 Y-DIR.! 6 Z-DIR.! |

NU}IBER OF SA}.|PLES GIVENI

x-cooRD. Y-CooRD.
387406. 4?4703.
387397. 4elr606.
387306. 424601.
387a99. 42q700.

CUTOFF GRAOES USED
0.8000 0.9000

z-c00RD.
7600.
7600.
7600.
7600.

GRADE LOCATION T
0.078 t
0.606 2
0.8t 3 3
0.902 {

INOICATOR OATA
LOCATION il T 2

CUTOFF I
tl

CUTOFF 2

rX* COVARIANCE }IATRICES FOR ALL CUTOFFS T*I

CoVARIANCES FoR CUToFF = 0.8000
LEFT HAND SIDE

0.033 0.164
0.043 0.016 0.16q
0.04e 0.000 0.021 0. t6(
0.037 0.010 0.000 0.0t5 0.164

-0. 029-0.082-0.021 -0.005-0.01 7 0.089
-0.035-0.02.| -0. 08?-0.024-0.006 0.032 0.089
-0.035-0.005-0.024-0.08a-0.020 0.0a5 0.033 0.089
-0.032-0.0r7-o.o06-0.0a0-0.082 0.031 0.026 0.01? 0.089
t.0oo 1.000 1.000 1.000 1.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 1.000 1.000 t.000 1.000 0.000 0.000

CoVARIAIICES FoR CUTOFF : 0.9000
LEFT HAND SIDE

0.0r0 0.090
0.0r4 0.004 0.090
0.0r3 0.000 0.005 0.090
0.0t2 0.002 0.000 0.003 0.090

-0.00s-0.034-0.005-0. 000-0. 001 0.089

34
00
l0
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-0.0r t-0. 005-0.034-0. 006-0. 000 0.03? 0.089
-o.0tr-0.000-0.006-0.034-0.00q 0.025 0.033 0.0s9
-o.oo9-0.003-0.000-0.004-0.03( 0.011 0.0e6 0.032 0.0s9
r.000 l.0oo '1.000 1.000 t.000 0.000 0.000 0.000 0.000 0.000
o.ooo o.o0o o.o0o 0.000 0.000 t.000 t.000 t.000 t.000 0.000 0.000

NEIGHTS FOR ALL CUTOFFS
CUTOFF I.IEIGHTS
0.8000 o. 223 o. 269 0.257 0.250 0.0t t -0.003-0. 005-0.003-0.01 0'0.001
0.9000 0.234 0.261 0.256 0.249 0.009-0.006-0.003-0.00t-0.012 0.00t

}IESSA6E FROT1 SUBROUTINE ORDER

INPUT
TOilllAGES

0.5151
0.2553

OUTPUT
TONNA6ES
0.5t 5l
0.2553

x=

RECOVERIES FOR PANEL I2I

387350.0 Y : 424650.0 Z : 7600.0

CUTOFF TO}IhIAGE I,IETAL GRAOE

0.80 0.515 0.el7 0..rtl
0.90 0.255 0.164 0.6(l
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Similarly ihe results of apptyine lndicator kriglng to tlre sane panel aret

**XXI' INDICATOR KRIGING FOR 2 CUTOFFS ***T

VARIOGRA}I PARATIETERS USED

FOR CUTOFF $ I THERE ARE t NESTED STRUCTIJRES

NUGGET= O. O35O
STRUCTURE * I IS A TYPE I }1ODEL

c : 0.te90
RANGE= 140.00
x ANrs. FACTOR 1.0000
Y Atlrs. FACTOR 1.0000
z ANrs. FACToR 1.0000

FOR CUTOFF I 2 THERE ARE t NESTED STRTJCTIJRES

MJGGET= 0.02150
STRTrcTURE I I IS A TYPE I T"IODEL

c : 0.0450
RANGE: I30.OO
x ANIS. FACTOR 1.0000
Y ANIS. FACTOR I.OOOO
z ANrs. FACToR 1.0000

NOTE
A TYPE O }IODEL IS EXPONENTIAL
A TYPE I }IODE! IS SPHERICAL
A TYPE 2 ?,IOOEL IS LINEAR

PANEL TO BE KRIGEOT

GENTEROFPANEL: x: 387350.0 Y= 424650.0 z= 7600'0
BLOCK DIIIENSIO'.IS! X-DIR. I tOO.0o Y-DIR. r 100-00 Z-DIR' t l '00
orscnerrzlrloN POINTS: X-DIR.r 6 Y-DIR.r 6 Z-DIR'! t

bN,HBER OF SA}IPLES GIVEN:

x-cooR0.
387406.0
387397. 0
387306.0
387e99. 0

CUTOFF GRADES USED

0.8000 0.9000

INDICATOR DATA

LOCATION *

CUTOFF I

CUTOFF 2

I

I

I

Y-COoRD.
444703.0
424606.0
424601.0
4?4700.0

2

t

t

z-c00R0.
7600.00
7600.00
7600.00
7600.00

GRADE
0.078
0 .606
0.8t 3
0.902

LOCATION *
I
2
3
4

l4
00
t0

*TI COVARJANCE }IAIRICES FOR ALL CUTOFFS III



COVARIANCES FOR CUTOFF = O.8OOO
I,EFT HAND SIOERHS

0.0329
0.0435
0.0422
0.0375

RH5
0.0099
0.0r36
0.0r 3l
0.0,|t5

0. | 6q0
0.0r61 0.16q0
0.0000 0.0:08 0. t 640
0.0099 0.0002 0.0 | 48 0. t 640

COVARIANCES FOR CUTOFF = O.9OOO
LEFT HAIID SIDE

TTEIGHTS FOR AtL CUTOFFS
CUTOFF
0 .8000
0.9000

0. | 666
0.t0t7

0.0900
0.0039 0.09c0
0.0000 0.0054
0.0020 0.0000

0.0900
0.0035

OUTPUT
TONNAGES

0 .4505
0.r7rl

NEIGHTS
0.2?17 0.at | |
0. | 386 0. | 330

0.0900

0. | 992
0. | 205

TlESSA6E FROT'I STJBROUTTNE ORDER

INFUT
TONNAGES

0 . q505
0. l7l t

RECOVERIES FOR PANEL I2I

X = 387350.0 Y : 424650.0 Z : 7600.0

CUTOFF TONNAGE }IETAL GRADE

0.80 0.451 0..|67 0.371
0.90 0.171 0.110 0.641
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The routines pK3D, COVAr KSOLr end ORDER es lrell as the driver prosran used lo obtain the

previous results are:

$T.IATFIV TINEEI OOO
gASSIG}{ 8 TO FILE I'DAT INPUT
gASSIGN 9 TO FITE RES OUTPUT
$ASSIGN IO TO FILE LOC INPUT
c
c

DIi{ENSION X( qoo ) rY( 400 ) rZ( 400 )'vR( 4q00 ),T}{( | 0 )'TNV( | 0 ) rQ( t 0 )

DfhEl{SION GRA(qOO }'Ivz( 200 )'TRUE( e00 )'EST( 200}'VAR( 200 )
DThENSTON rsP(40Ol,XX(400 )'YY(400),ZZ(400),vRt(500)'cuT( 2)

ITIPPP(1301
DrtlElrsroN AvE(2)rXL( ,l20),YL( t20)rZL( 120)'TTt l0)'cuTl( I )

DOUBLE PRECISION NAII( I O )

COHIION INP r I0UT rTEST rNV tNAll
cotlHoN /STRUC/ NST(5),CO(5)rAA( | r5)rC( | r5l'IT( I 15)rAX( | r5)

I rAY( | r5 I rAZ( | r5) TC0SALTSINAL
0ATA CUT/.80t.90/
DATA ITI5XI/
DATA COl.035I . 045r-. 0045r-. 0045I' 04/
OATA AA/t40. r130. r180. r150. '420./
DATA C/. | 29r . 045r-. 0776'-. 0293r' 049/
DATA AVE/.205t.641/
DATA NST/sTIl
DATA AX/s*I./
DATA AY/5*I./
OATA AZI5TT./
N\r=5
TEST=-9. 99
INP=8
IouT=9

c
C ENTER KRIGING PANAilETERS

c

853

CoSAL= | .
SINAL=0.
DBx= | 00 .
DBY= | 00 .
DBZ= t
NX=6
NY=6
Nz:l
t'll(nAX=9
RADIUS=ltoxlt0
IS= |
Nc=2

READ IN DATA

NP:30
READ( INp,853 )( Y( I )'X( I ) rZ( I ) rGRA( f ),I:t 

"r4 
I

FORIiAT( lXtlFl 0. I I | 0XrFl 0.4 )

READ IN PANEL LOCATIONS

READ( t 0 r953 ) ( IPPP( I ) rXL( I ),YL( I )'ZL( I ) rI=l rNP)
FoRilAT( r3, F7.0 r F7.0 r F5.0 )

DO I I=l rNP

SINCE KRIGING I.tILL BE PERFORI'IED ON ONLY ONE PANEL THE

FOLLOI,IING TEST IS INCLUTIED

IF(IPPP(I).NE.IAI I GO TO 8
XOB=XL( I }

YOB=YL( I )

ZoB=ZL( I )
llRlTE( 6, I 99 I XOBTYOB,ZOB
FOR||AT{' NOt'l NORKING ON PANEL'r3Ft0.l }

c
c
c

c
c
c
c

c
c
c

t99



c
c
c

c
c
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FIND DATA IN KRIGING NEIGHBORHOOO

K=0
D0 15 J=l '44rF(z(J).NE.203) G0 TO t5
R2: ( X( J ) -XoB )).x?+ ( Y( J )-YOB )II2
IF(R2.GT.RADIUS) 60 TO T5
K=K+ t
xxlK)=X(J)
YY(K)=Y(J)
ZZ(K):Z{J)
VR(K)=GRA(J),|5 CONTINUE

c
C CALL PKSD TO KRIGE THIS PANEL

c
CALL FK3D ( XX I YY I ZZ T VR T K T XOB, YOB I ZOB I DBX I DBY, DBZ' NX I NY T NZ T NC T CUT I

IAVE TTNTQTTE rT|lr I r2 I I t0 )

PRINT OUT NESULTS FOR THIS PANEL

}NITE(IOUT'2OOO) IPPP(I )'XL(I)rYL( I }'ZL(I )

D0 40 LL:l rNC
Xll= 0
IF(TN(LL).EQ.O) GO TO qI
Xtl=Q( [L )/TN( LL )
I.IRITE( IOUT'2OOI ) CUT( LL) rTN( LL) IQ( LL) rXT|
COIITINUE
FORIIAT(//'ZOX"RECOVERIES FOR PAt'lEL' tl4r//,llXr'X :'rF9.l r' Y =r r

I F9. t,' Z =' rF7. I r // tlTXt'CUT0FF' rSXr'TOIINAGE' r3Xr'flETAL' rZXr
2'GRADE'}

200 | FOR}IAT('l 8X r F4. 2 r 5X r F5. f r 4X r F5. 3 r 2X I F5. 3 )

8 CONTI}IUE
STOP
EIID
SUBROUTINE PKSD { X r Y r Z r VR r ND r XB r YB, ZB'DBX'DBY rDBZ r NBX r NBY r NBZ r NC r

I CUT' AVE r TN r Q r TE I Tl| I IOBUG I INC t IOR I IHED )

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

4l
40

2000

I*III PK3D ITTTX

THIS ROUTINE PERFOR}IS FROBABILITY KRIGING TO ESTINATE THE

LOCAL SPATIAL DISTRIBUTION }IITHIN A PANEL OR AT A POINT.

IHPORTANT!

THIS ROUTINE PERFORT1S PROBABILITY KRIGING ON ONLY A SINGLE PANEI.
THE DATA ARRAYS I,IT.'5T CONTAIN ONLY THE DATA I.IHICH ]'IILL BE USED

TO ESTITTATE THE PANEL. ALL SEARCHING FOR DATA IN THE NEIGHBORHOOD

OF THE PANEL },IUST BE DONE FRIOR TO CATLING THE SUBROUTINE ANO

THE SI'BROUTINE T1t'5T BE CALLED ONCE FOR IACH PANEL I.IHICH }IILL
BE ESTITTATED.

THE DATA AND CUTOFF VALUES SUPPLIED TO TIIIS ROUTINE T'UST BE THE

UNIFOR}I TRAN5FORTI U(X) OF THE GRADE RATHER THAN THE GRADE VALUE

ITSELF. THE TRANSFORIIATION FROH THE GRADE U(XI TO THE I}IDICATOR

DATA IS DONE I.IITHIN THE St'BROUTINE.

THIS ROUTINE RETURNS THE TOI{NAGE AND QUANTITY OF }IETAL ESTIT'IATES

FOR EACH OF THE CUTOFFS OF INTEREST AS }IELL AS THE ESTIHATED

T,IEAN AND }IEDIAN OF THE PANEL.

T.IIIERE APPLICABLE' LOAO ALL ARRAYS IN ASCE}IOIIIG CUTOFF ORDER.

THAT IS, THE FIRST ENTRY IN THE ARRAY AFPLIE5 TO THE LONEST CUTOFF

THE SECOND ENTRY APPTIES TO THE SECOI{D IOT.IEST CUTOFF AND SO O}I.

THE TO}II'IAGE ESTIT'IATES RETIJRI{ED BY TIIIS ROUTINE }lAY HAVE

ORDER RELATION PROBIENS. USE STJBROUTINE OROER IN CONJUI{CTION

}IITH TIIIS PROSRAh TO FIX ANY ORDER RELATION PROBLETIS

clrlrrr*I**ITtTIIITITIIII**rlIIt It*IItIIIIItII*ItI*ttl**I*tII**IILI*IIIIIII*
c
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c

c
c

c

c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c

c0f|t'l0N
INP
IOUT
OUH

NV
NAtl( NV )

VARIOGRAIl STRUCTURAL PARAT1ETERS !

c0r{r10N /STRUC/

INPUT
*xta)tv,

x Y z (N0)
VR (NDI

ND

XB YB ZB

DBX DBY DBZ
I.IBX NBY NBZ

NC

CUT( NC }

AVE( NC )

OUTPUT
*****r

TN( NC )

Q(NC)

PARAT1ETERS TO SUPPLY

IIIFUT UI'IIT
OUTFUT UNIT
NOT USEO
NUIIBER OF VARIOGRATI T1COELS (S OF CUTOFFS*2+I )
NA}IE OF EACH VARIABLE (A8) (NOT USED)

NST rC0 rA rC r ITTAXTAY TAZTCOSALTSINAL
(SEE SUBROUTINE COVA)
THE TOTAL NUI1BER OF VARIOGRAHS REQUIREO IS
(t 0F cuToFFs)*z + t
LOAD INDICATOR VARIOGRAT1 }IODELS FIRST FOLLO!'IED

BY CROSS INDICATOR VARIOGRAII }IODELS. THE U(X}
VARIOGRAT,I }IODEt IS LAST.
N.B. DIT,IENSIONS OF COI1}1ON ARRAYS IN CALLING PGT{.

AND SI'BROUTINES HTJST I'IATCH UP

COORDINATES OF DATA TOCATIONS
TJNIFOR}I TRANSFORT'I OF THE DATA THAT }IILL BE

USED TO ESTI}IATE THE PANEL
NU]IBER OF DATA PASSED IN ARRAY VR

COORDINATES OF THE CENTER OF THE PANEL BEING

ESTIIlATED
BLOCK DI}IENSIONS IN THE X Y AND Z DIRECTIONS
NUIIBER OF DISCRETIZATION POINTS / BLOCK ATONG

XIY AND Z (}lAX. OF 64 POINTS/BLOCK AS5UTIED)

}II,IIBER OF CUTOFFS FOR I{HICH ESTI}IATES ARE

OBTAINED
CUTOFF VALUES FOR NHICH TONNAGES }IILL BE

ESTIHATED. CUT( I ) IS THE LOI.IEST CUTOFF VALUE

AND CUT(}IC) IS THE HIGHEST. (CUT IS EXPRESSED

IN TERI1S OF THE UNIFORII TRANSFORI1 OF GRADE)

USED TO CALCULATE THE QUANTITY OF HETAL
RECOVERED. AVE IS SOI1E TIEASURE OF CENTRAL

TETIOENCY OF THE I1ATERIAL BETI.IEEN CUTOFFS

I-I AND I. FOR INSTANCE AVE(NC-I } COULD BE

T]IE AVERAGE OF ALt. DATA NITH VALUES BETI'IEEN

CUTOFFS NC-I AND NC.

ESTIT1ATED TONNAGE FECOVERED AT EACH OF THE NC

CUTOF F S .
ESTI}IATED QUANTITY OF }IETAL RECOVERED.

IF SUBROUTII'IE ORDER IS NOT CALLEDT fHE VALUES

RETURNED IN Q(l'lc)rTEr l'lAY BE IIEANINGLESS

ESTIT{ATED },IEAN GRADE

ESTI},IATED TIEDIAN GRAOE

IF THE ESTIIIATED HEDIAN GRADE IS LARGER

THAN THE LARGEST CUTOFF THE TIEDIAN GRADE IS
TJI.IDEFINED AND A VALUE OF -9. IS RETWNED IN T}1

IF IDBUG:I THE FOLLOI.IING INFOR}IATION lIItL BE

PRINTEO.
DATA LOCATIOTIS ANO GRADES

THE CORRESPONDING INDICATOR VALUES

ALL COVARIA}ICE I.IATRICES
ALL I.IEIGIITS

II{C IS THE I OF NON BIAS CONDITIONS UTILIZEO
SET INC=2 FOR STANDARD PK

IF IOR=t SUBROUTINE ORDER IS CALL TO RE}IOVE

TE
Til

OPTIONS
**L***x

IDBUG

INC

IOR
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c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

ANY ORDER REIATION PROBLETIS

ITIED IF ITIED=I }IEOIAN PK IS PERFOR}IEO. THAT IST THE

I}{OICATOR ANO CROSS VARIOGRAIT I1ODELS AR

IDENTICAL FCR ALL CUTOFFS SO ORDER RELATIONS
ARE ENSURED. HENCE IF IHED=I SET IOR=O

ALSO IF ITlEO=t ONLY ONE INDICATOR AND CROSS

VARIOGRAII ITODEL NEED BE SUPPLIED REGARDLESS OF

THE NU}1BER OF CUTOFFS OF INTEREST NC.

SUBROUTINES
covA
KSOL
ORDER

INTERNAL VARIABLES

NEQ
ARRRIER

XS( NCTNEQ )

COVARIANCE CALCUTATION
SOLUTION OF KRIGING SYSTETIS

REHOVES ORDER RELATIOIT PROBLENS

III,IIBER OF EQUATIONS (NEQ=}DIE+INC )

KRIGING I,IATRIX VARIABLES (SEE KSOL)

SOLUTION ARRAY

c***rrtai(*r*r*rrr**rxrtr***r*xir *xl{*rrttr*l*rl(lIl(*xLx*I**rl(*r*r*rrlrtlt***rrr

CBTCBI ICOV(NC) AVERAGE COVARIAI{CES

DNX DNY DNZ SPACING BETNEEN DISCRETIZATIOI.I POINTS ALONG XIYIZ
XDB,YDBrZDB( hlBXrHBYrttBZ t COORDINATES OF DISCRETIZATION PoINTS

M(t{C*}lD)
RELATIVE TO CENTER OF BLOCK

IIOICATOR DATA

DI}IENSION X(l )'Y(l )'Z(l )'VR(l I'TN(l )rTNV(l )'Q(t )rCUT(l )r
rAvE( | )
DIITENSION R(275)'RR( 275)'XS(275)'A(3575)'CB(?l )rCBl t2l lr

t COV(21 )rXDB(64)rYDB(6()rZDB(64)r
e M(130)rCBB(21 )

c
DOUBLE PRECTSION NATI( IO)
COtltlON INP' IOUT rf EST t NV rNAt'l
c0HlloN/sTRUc/NST(5lrC0(5)rAA( t r5lrc( | r5) rIT( | r5)rAX( l'5f '

IAY( I '5) 'AZ( 
| r5 ) 

'COSAL'SINAL
NCI =NC- t
NCC=t.lc
IF(I}IED.EQ.t I Nc=l

c
C*T**XPRIIIT VARIOGRAT'I AND PANEL LOCATIOI{ INFORTIATION

c
IF (IO8UG.NE.I I GO TO 2

NRITEIIOUT'IOOO) NCC

IF( IflED.EQ. | | UIRITE( fOUTtl00l )

ffiITE(IOUT'100e) NCrNC
DO I lv:l rNv
t{RrTE( IOUT' t 003 } lv'NsT( IV' rCo( rV )

NS=NST(M
}IRITE( IOUT r I O04 I { IK t IT( IK I IV ) IC( IK r IV } r AA( IK I TV ) rAX( IK I IV ) T

IAY( IK'M rAZ( IKTIVI rIK=l rNS )
I CONTII.IUE

}IRITE( IOUT' I O05 )
I{RITE ( IOUT r t 006 ) XB I YB rZB'DBX rDBY rDBZ rNBX rNBY rNBZ

c
C PRINT DATA VALUES
c

}tRITE(IOUTTIOOT} ND

ItRIT€( IOUTTIOOBI (X( LtlrY( LLIrZ( LLItVR( LL)rLLrLL=l rND)
2 COI{Trr-luE

c
C DEFINE INDICATOR DATA
c

L=0
D0 3 J=l rNCC
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DO 3 K=l rND
L=L+I
M( L)=0
IF(vR(K).LT.CUT{ J) ) M( L}=l

3 CONTINUE
c
C PRINT OUT INDICATOR DATA AM) CUTOFF GRADES IF NECESSARY

c
IF (IDBUG.NE.I ) GO TO 4
NRITE( IOUT' I OO9 )( CUT( IU ) r IU=I rNCC )

}NITE( IOUTr IOIO ) ( IUrIU:I rNo )

DO 5 I=l rNcc
Ll=(I-1 )IND + t
Le=Irl'lt)
$RITE( IOUTrl0l I ) I r( IVR( L) rL=Ll rL2 )

5 CONTINUE
4 CONTINUE

c
cxx**r(DISCRETIZATI0N POINTS
c

t'lDB=i{BxxNBY*NBZ
N=0

c
DNX=DBX/FTOAT( NBX )

DNY =DBY./F LOAT ( NBY )

DNZ=DBZIFLOAT{ }AZ )
c

X0:0.5{( DNX-DBX )

Y0=0.5r(ONY-DBY I

Z0=0.5*( D!{Z-DBZ )

c
D0 l0 K=l rNBZ
zN=20+(K-t )IDNZ
DO l0 J=l'NBX
XN=Xo+(J-l )I.DNX
DO I() I=ITNBY
N=N+ |
ZDB( N )=ZN
xoB( N )=xN
YDB(N)=YO+( I-I )XDNY

IO CONTINUE
c
C**II*X BECIN KRIGING
c

NEQ=tlD*2+INC
NN=(NEQ+l !*NEQ/a

SET UP KRIGING T{ATRICES

IN=O
D0 80 J=l rND
Nl =( J+ND-l )x( J+1.1D )/a
DO 75 I=l rJ
rN=IN+ I
N2=(I+ND-l )*(I+ND)/2
INI =NI +I
fN2=N2rJ
IN3=INI +I.ID

COVARIANCE BETI.IEEN SAHPLES

CALL CO\'A( X( r I rY( r ),2( I ) rX( J ) rY( J ) rZ( J I rCoV l
Do 70 lv=l 

'NCKl=IN{NNx( IV-l )

Kz=INt +l{Nx( IV- l )
K3:IN2+t$.lx( Iv-l )

K4=IN3{NNx( IV-l }
IVe=IvrNC
IV3=NV

LOAO LEFT HAND SIDE I'IATRIX

c
cxx*xr
c

c
c*xl(*x
c

c
c
c
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70
75
c
c**I*I
c

A(Kt )=COV( M
A( K2 )=COV( IVz )

A( K3 )=CoV( IVa )

A( K4 l=CoV( M )

CONTINUE
CONTINJE

COVARIANCE BETI.IEEN

DO 76 IV=t 
'NvcB(M=0.

CONTINUE

XX=X( J !-XB
YY=Y ( J ).YB
ZZ=z( J )-zB
D0 77 Jl=lINDB

SAIIPIES ANO BLOCK

CALL COVA( XX r YY TZZTXDB( JI )'YOB( JI ) IZDB( JI ) rCOV }

DO 77 IV=t 
'NCCB(lv):CB(Ivl r CoV(M

Iv2=Nc+Iv
CB( IVe )=CB( IVe )rCOV( M )

CONIINUE

I.OAD RIGHT HA].ID SIOE T'IATRIX

DO 80 IV=l r|.lC
CB( IV )=CB( IV )/FLOAT( hDB )

Iv2=IV+NC
K=J + NEQr(IV-l )
CB( M )=CBt M )/FLoAT( ld,B )

R(K)=CB(M
RR(K):R(K)
KK:K+ND
R( KK ):CB( IVz )
RR(KK)=R(KK)
CONTII.IIJE

LOAD ROIIS IN LHS ]IATRIX CORRESPONDING TO NON BIAS
COI.IDITIONS

76
c

77
c
c
c

80
c
c
c
c

IF(INC.EQ.O) GO TO

NUC=NDIINCIz + INC
ITE:NUC.INC
ITI =IT2-ND
IN=IN3

80t
+rNc- |

79

00 79 L:l,NJC
IN=IN+ I
DO 79 IV:l rNC
K=IN+( IV-l )r(NN
A( K )=0
IF(L.LE.tlD) A(K):1.
IF( I.GT.ITI .AND. L. LE.IT2 I A(K)=I .
CONTITIT,E

DO 6l IV=l rtlC
KB=NEQ*IV
RR(KB)=t.
R(KB}:T.
IF(INC.EQ.I I GO TO 8I
R(KB-l )=t
RR(KB-t f=l
R(KB)=0
RR(KB)=O
CONTINUE
CONTINUE

PRINT Ot'T I,IATRICES IF REQUIRED

IF (IDBUG.NE.i) GO TO 83
Ll =0

8l
801

c
c
c
c
c
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IEN=O
!nrrE(rouT'l0t2l
Do 89 IV=t 

'Nc}tRITE( IOUT' t OII ) CUT( IV)
c

DO 82 JGsI 
'NEQLl:Ll+t

IST=IEN+I
IEN= IST+JG- I
ItRITE( IOUTr t 0|4 ) R( Ll )' ( A( KX ) rKX:ISTr IEN )

8? CONTI}{UE
89 CONTINUE
83 CONTINUE

c
cxx**r. soLvE THE SYSTE}I

c
CALL KSOL(NCrNEQrl tl rl rArRrXS'IERI
IFTIER .NE. 0) IRITE(IOUTtl0l5) XBTYBTZB

c
C PRINT OUT NEIGHTS IF REAUIRED
c

IF (IDBUG.NE.I I GO TO 90
}NITE( IOUT, T OI6 )
D0 85 J:l 

'NCLl=NEqI(J-l )+l
L2=NEQ*J
IIRITE( IOUT, | 0l 7 )CUT( J ) r ( XS( L) r L=Ll r L2 )

85 CONTIMJE
90 CONTII{UE

c
ci{r*xx SoLUTIoN
c

DO 100 IV=l,NCC
l.lTS:0
TNN:0.
DO 95 I=l rND
IK=I+NEQ*(IV-l )

IF(IIIEO.EQ.T ) IK=I
IKK=NDIIK
IKD=Ir|OI( IV-l )

rTs=l.lTsrXS( IK )
IF( INC.EQ.E )TNN=TMI T XS( IK)II\N( IKD }+VR( I }TXS(IKK)
IF ( INC. EQ. I )TNN=TNN{XS( IK }*IVR( IKD )+ ( VR( I )

| (cur(rv)-.5))rXS(rKK)
IF( INC.EQ.O } TNN=TI.INIXS(IK)II\R( IKD }I( .s'VRI I ) )IXS( IKK )

95 CONTIIruE
IF ( INC. EQ. O ) TNN=NTSICUT( IV )TTNN

TN(IV)=t.TNN
| 00 coNTrl'luE

IF(IOR.EQ. I ) CALI OROER(TN'NCCITDBUG I

c
C FII'ID QUANTITY 0F )'lETALr ]IEAN AtlD I1EDIAN ESTIITATES

c
IF(NCC.EQ.l ) G0 TO 134
Q( NcC )=TN( NCC )iAVE( NCC )

TE=q( NCC )
TYl.l=TN( NCC )
IF(TYT,I.LT..5) GO TO I?O
rtl = -9.

t20 Do 130 LJ=z'Ncc
LLJ=NCC- LJ+ I
TE=( AVE( LLJ } )T( TN( LLJ )-TN( LLJI I ) }+TE

Q( LLJ )=TE
IF(TN( LJt.LT..5.AND.TN(LJ.I ).GE..5) GO TO IqO
GO T0 .|30

I 4O DIF: ( TN( LJ )..5 I/( TN( LJ )-TN( LJ-I ) )

Ttt:cuT( LJ )-DIF*( CUT( LJ )-CUT( LJ-l I )
| 30 col{rINUE
I34 CONTINUE

FORTIAT STATE}IENTS
c
c
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c
l0O0 FORIIAT('l'r4(Xr'rrr* PROBABILITY KRIGING FoR 'rI2" CUToFFS rrr |)
IOOI FORITAT(/I55XI'}IEDIAN PK OPTION' )

f OO2 FORIIATl ////t IOX"VARIoGRA}I PARAHETERS USEo' r/rl5Xr
l'NOTE! THE FIRST'r13r' I'IODELS ARE INOICATOR VARIOGRAI1S'r/r
2l 5Xr ' rHE SECOND"13,' T1ODE!S ARE CROSS VARIOGRA}IS'I/I
3I5X,' THE LAST VARIOGRAI1 TTODEL IS FOR THE U VARIOGRAT'I'//}

t0O3 FORHATI/tlOXr' FOR }IODEL *' rISr' THERE ARE'rI3r
t I NESTEO STRUCTUPES' ,/ t26Xr 'hIUGGET=' rF7.4)

l0O4 FORI1AT(35Xr'STRUCTURE t',12r' IS A TYPE'r12,' IICDEL' t/t40X;
| ,C = , rFZ.4rlr40Xr'RANGE=' rF7.?,/ t4OXr'X AllIS. FACToR'rF7.4r
?/ t40Xr'Y ANIS. FACTOR' rF7.4rlr40Xt'Z ANIS. FACTOR' tF7.4)

tOO5 FOR}IAT(/T26XI 'NOTE' T/I26XI 'A TYPE O }{ODEL IS EXPONENTIALIT/T
l26Xr'A TYPE I H0DEI- IS SPHERICAL't/t26Xt
2'A TYPE A HODEL IS LINEAR'I

f 006 FORIIATl///10X, rPAI{EL T0 BE KRIGEDT './/
I IOX,,CENTEROFPANELI X=,rF7.0r r Y= rr
4 F7.0,4X, ,2 

= 
, 

r F7.0 r/ l 0X r

E,BLOCK DIHENSIONS: X-DIR.r rrF7.2r' Y-DIR.r'rF7.2r' Z-DIR.t'
6 fi7.2t/ l0Xr'DISCRETIZATION P0INrSt X-OIR': r;I7r
7 ' Y-DIR. r 'rITr' Z-DIR. r'tlTt//l

f ooT FoRltATa//loxr 'l.llJtlBER OF SAIIPLES GrVEN: ',tlEt///
t l7X,'X-COORD. t rgNl rY-COORD.' r5Xr'Z-CO0RD.' r6Xr'6RADE' r3X
?''LOCATfON S' )

| 008 FORiIAT( | 0X r 5X r F8. 0 r5X t F8. 0 I 5X r F8' 0 r5X I F8' 3 r 3X r 16 )

lO09 FORIIAT(// tl0Xt'CUTOFF GRADES USEDi r/rl0Xrl4F8'4)
| 0l 0 FORIIAT I /// tlOX'' IITDICATOR DATA' t/ taXt' LoCATIoN lt r?515 t/ / |
I ol t FoRil.{T( 3Xr'CUToFF' rrJr/r | 2X'25r5 I
lof2 FoRHATI///r20xt tIIr. covARTANCE }IATRICES FoR ALL CUToFFS IIrt )

t Ot 3 FORIfAT | / t25X,' COVARIANCES FoR CUTOFF =' tF7'4 t / rSXr' RHS' r 24Xr
I 'LEFT HANO SIDE' )

t0t4 FoRHAT( 2x,21 F6.3)
loas FORIIAT(lxrrlrx*trr***t*rllltt FOR BLoCK! XB = 'rF8.tr'YB = rr

lF8.t r' ZB="F8.f)
IOI6 FORIIAT(/r' I.IEIGHTS FOR ALL CUTOFFS' T/T2XT 'CUTOFF'T2OXT'I{EIGHTS')
t 0t 7 FoRilAT( lX,F7.4'20F6.3 )

RETtnN
E}ID

STJBROUTINE KSOI( in IGHT r NEQ r KSDIT{ I KADI}l I NSB r A rR I S r ISING )

SOLUTION OF A SYSTEII OF IINEAR EQUATIONS

-UPPER TRIAI{GULAR LEFT HAhID SIDE I'IATRIX
-PIVOTS ARE ON THE DIAGONAL

-DOES NOT SEARCH FOR ]lAX. EIET1ENT FOR PIVOT
.SEVERAL RIGHT HAhO SIDE T1ATRICES

-FOR OK AI.ID SK ONLYI!
NOT TO BE USED IF DOING UK

I*TINPUT*I*

T.IRIGHTINSB -hII'I{BER OF COLI.'}INS IN RIGHT HA}ID SIOE
},IATRIX
FOR CHAINT NRIGHT=I
FOR OKBSDI NRIGHT:NUT,IBER OF VARIABLES
FOR CHAIN' NSB=NIflt\ER OF SITBBLOCKS

PER SUPERBTOCK

FOR OKB2DT NSB:I

NEA -M'T,IBER OF EQUATIONS
SAIIE FOR CHAIN AND OKB?D

FOR SKr NEQ=ilAXIl'lUll NUHBER OF DATA
RETAINED IN A SEARCH (}IAXNAI

FOR OK' NEq:ilAXt{Art

DIT1ENSIONS CALCULATED 8Y SIJtsR. SETUP IN CHAIN

c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c
c
c
c
c
c
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c
c
c
c
c
c
c
C! ! 3 !:INPUT ARRAYS TO DI}IENSION
c
C A( KADII1 )

c
C R( KSDI}I I

c
c
c
cc rrr0uTFUT*rr
c
C::: t:OUTPUT ARRAY T0 DIiIENSIoI{
c
c s( KsDrll )

c
C ISII{G
C=0
C =-l
C=K
c
c
C?? ?? ?DI}TENSIONING I'IACHINE.DEPENOENT

DIIIENSIoN A( | )'R( | )rS( I )
c
CT**TTMJHBER OF EQUATIONS . LE. I ?

rF(NEq .tE. l) e0 T0 150
c
cxx***INITIALIZATIoNS
c

TOL=0.0
ISING=O
tltl=NEQx( NEQ+l )/2
NT,I:NSBXNEQ
tlt :NEQ- |
KK=O

c
C*i***START TRIANGULATION

DO 70 K=t rllt
KK=KK+K
AK=A( KK )
IF(AK-TOL)20r10r20

l0 ISI}.|G=K
RETURN

c

-DITIEiISION OF RIGHT HAND SIDE TIATRIX:
(HAXNATI )INRTGHTXNSB

-DITIENSIOI{ OF UPFER TRIANGULAR LEFT HAI.ID

SIDE IIATRIXt (llAXNArl )*(}1AXNA+2 !/2

IN CALLING PROGRATl

.UPPER TRIANSULAR LEFT HAI.IT} SIOE T{ATRIX
( STOREO COLUTINI{ISE )

-RIGHT HA}ID SIDE HATRIX
( STORED COLU}INI.IISE I

FOR CHAIN' ONE COLUIIN PER SUBBLOCK
FOR OKBCO' OIIE COLU}IN PER VARIABLE

IN CATLING PROGRA}I

-SOLUTION ARRAY' SAI1E DIT1ENSION AS R ABOVE.

-SIIIGULARITY IIIDICATOR
-NO SINGULARITY PROBLEI1
.NEA . LE. I
.A NULI PIVOT APPEARED AT THE KTH ITERATION

KSD I11

KAorr,l

20 Ktll =K- |
DO 60 IV=I,NRIGHT
ftll :Ntt*( IV- | )

II:KK+NN*( IV-l )

PIV= I . /A( II )
LP:0

D0 50 l=Krfll
LL=TI
II=Ir+I
AP=A( II )*PIV
LP: LP+ t
IJ=f I-Ktll

D0 l0 J=frHl
IJ:IJ+J
LL: LL+J
A( IJ )=A( IJ ).APIA( LL )
CONTINUE

DO 40 LLB=K'Nll'NEQ
rN: LLB+ LPTNHI
LLI =LLB+lilll

30
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R( IN I=R( IN )-APTR( LLI )

40 col{Trf'lt E

50 CONTINUE
60 cot{rrfluE
70 CONTINUE

c
IJI"'=IJ-hIN*( NRIGHT- I )

IF ( A( rJll ) -T0L ) 90 r 80 ,90
80 ISIl{G=NEQ

RETURN
c
C*i(}I*END OF TRIANGULATION
c
C**III(START SOLVING BACK
c
90 D0 '140 IV=t 

'NRIGHTMtt =t{tl*( IV- t )

U=Uf4+NNi( IV-l l
PIv=t ./A( IJ )

DO t00 LLB=NEQ'iltl'NEQ
LLt =LLBTNHI
s( LLI l=R( LLI )*PIv

T OO CONTIM'|E
c

I=NEQ
KK=rJ

DO 130 II=l rtll
KK:KK-I
PIv=l ./A( KK )

il0
t?0
t30
t40

t50

PARAIIETERS
Xt rYl rZl
X2r\2tZ?
cov( NV I

coirHoN /STRUC,/
NST( NV )
c0( Nv I
A(NSTTNV)

Ct NST INV )

c
c

I=I- I
0O 120 LLB=I 'iltl'NEQLLI =LLB+NHI

IN=LLI
AP=R( IN )
IJ=KK

0O t l0 J=l rllt
IJ=IJ+J
lN=INr I
AP:AP-A( IJ )TS( IN )

CONTIhIUE
S( LLI )=APIPIV
CONTINUE

CONTINUE
CONTIMJE
RETt'RN

ISING=.7
RETTJRN

END
st BROUTINE COVA(Xl rYt rZt,X2'Y2rZ2rCOV)

COVARIAI.ICE FI'NCTION BET}IEEN TI'IO POINTS. NV VARIABLES

REAL COORDINATES OF THE FIRST POINT
REAL COORDINATES OF THE SECOND POINT

COVARIANCE VALUE/VARIABLE

I OF NESTED STRUCTURES (.tE. 3)/VARIABLE
MJGGET EFFECT
RANGES OF THE NESTED STRUCTURES
(I/3 OF PRACTICAT RANGE IF EXPONENTIAL STRUCI
(DLfiilY RANGE IF VARIO6RAT1 IS LINEAR)
I1ULTIPLICATIVE FACTORS OF THE NESTED

STRUCTLNES.
(SILL.CO) FOR EXPONENTIAL AI'ID SPHERICAL STRtrc.
(DU}iTIY SILI - CO} FOR LTNEAR STRTJCTWE

IT(NSTI}N):0 NESTED STRUCTURE Is EXPoNENTIAL' PARAT|ETER A

I.E. PRACTICAL RANGE IS 3A

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
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c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
C

c

=I NESTEO STRUCTT'RE IS SPHERICALI RANGE A

=2 TINEAR VARIOGRAH' DUTITIY RANGE A
NOTE ! DUTIITY RANGE A IS THE I,IAXI},IIJT,I DISTANCE

FOR I.IHICH VARIOGRAT1 IS USED;
DUIIHY SILL (I.E. C()+C) IS SET.II.VARIO-
GRAI,I VALUE AT THE DUII}IY RANGE DISTA}ICE

I.IARNING! t IF A LI}IEAR VARIOGRAI1 IS USED' THEN THERE
}IAY BE NO OTHER NESTED STRUCTURESI ! I

AXTAY,AZ(NSTTNV) AFFINITY CORRECTION PARA}IETERS/STRUCTTRE/

COSAL 
' 
SIIIAL

VARIABLE (GEO}IETRIC ANISOTROPY )

DIRECTION COSII'IE AIID SINE DEFINING THE

ANGLE OF ROTATION OF T}IE COORDINATE
SYSTEII. IDENTICAL FOR ALL STRIrcTURES AhO

AIL VARIABLES. IF NO ROTATION IS NEEDEO
(I.E. ROTATION ANGLE IS ZERO}I THEN
COSAL=I. ANO SINAL=o.

DIT1ENSION CoV( t )

DOUBLE PRECISION NATI(5)
COIIT1ON INP r IOUT TTESTK INV r NAT'I

COi1i1ON/STRUC/NST( 5 ) rC0( 5 ) rA( | r5 ) rC( | r5 ) rIT( t r5 ) rAX( | r5 I I
t AY( l'5 ) r AZ( t r5 ) TCOSAL'SINAL

t00
Do 100 IV=trNV
CoV( M=0.

ROTATE AXES
DX=( X2-Xl )iCoSAL+ ( Ya-Yl )TiSINAL
DY=( Xl -XZ )TSINAL+( Y2-Yl )ICoSAL
DZ=Z?-Zl
H=DXxDX+DYTDY +DZxDZ

DO 30 IV=t 
'NVIF (IT(I,IV) .EQ. 2) GO TO 15

rF(H.GT.0.001 )Go ro t0
NS=NST( Iv )

CoV{M=C0{M
DO I IS=l 'NScov( IV ):cov( Iv )+c( rs 

' 
IV )

G0 T0 30
NS=NST( IV )

DO T2 IS:TINS
DXI =DXTAX( IS' IV )

OYI:DY*AY( IS 
' 
IV )

DZt =DZ*AZ( IS 
' 
IV )

H;SQRT(DXIIOXI +DYIIDYT +DZITDZI )/A( IS'IV )

IF(IT(ISTIV).Eq.O)60 TO I5
IF(H.GE.I.)GO TO I2
CoV( M=COV( M.C( ISr IV )*( t . -Hr( | .5-0.s*lUH ) )

GO TO ta
Cov( M=COV( Mrc( IS,MrEXP( -H )

t0

t3
l2

t5

20

CONTINUE
GO T0 30

SILL=C0( IV| | C( | rIV)
rF(H .GT. 0.00t )G0 TO

CoV( M=SILL
G0 TO 30

H:SQRT( H )

IF(H .GT. A(I'IV)) GO

CoV(M=C(l'IV)*(l -
G0 TO 30

20

TO 25
H/At |,M )

c

30

c
c
c
c

25 CoV( M=0.0
COI{TINUE
RETTNN
E}ID
STJBROUTTNE OROER( T TNC T IDBUG }

ST,BROUTINE ORDER RESOLVES ANY ORDER

BY TAKING THE AVERAGE OF ALL POINTS
THE PROBLETI. THE SOLUTION GIVEN BY

RETATION PROBLEI1S
IN THE REGION OF
THIS ROUTINE IS NEARLY
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C IOENTICAT TO THAT GIVEN 8Y QUADRATIC PROGRAT'ITIING.

c
C INPUT
c rxr*L
c
C T(NC) IK OR PK RECOVERED TONNAGE ESTI}IATES
C NC }It,}lBER OF CUTOFFS
cIDBUGIFIoBUG:TTHEINPUTAND0UTPUTToMTAGESAREPRINTED
c
C OUTPUT
c *rL***
c
C T(NC) TONI'IAGE ESTI}IATES }IHICH OBEY THE ORDER REIATIONS

c
C CO}1I1ON INP r IOUT IGARB rNV rNA}I
C IOUT=OUTPUT FIIE
C ALL OTHER EIE}TENTS ARE NOT USEO

c
c

DIIIENSION T( t ) 
'TT( 

20 | rTO( 20 )

COIIHON INP r IOUT I GARB rNV r NAll
c
C INITIALIZE ARRAYS
c

DO 5 I=l 
'NcTO(I)=T(I)

IF(T(I).LT.0) T(l)=0.
IF(T(I).GT.lf T(I)=1.
T(I)=l-T(I)

5 CONTINUE
TT(l)=T(l)
IF ( T( t l. LT.0 ) TT( | l:0
lF(T( t ).GT.t ) TT{ | f=1.

c
C INITIALIZE OR RE-INITIALIZE COI'NTERS

c
23 lS:0

J=l
LE=O

DO l0 I=ZrlG
IF(T(I).IE.0) fT(I)=0
IF( T( I ).GT. | ) TT( I )=l .

IF(LE+I.GT.I) GO TO IO
c
C ORDER RELATION PROBLE}IS?
c

IF( T( I ). LT.TT( I.t } ) GO TO t I
TT(I):T(I)
GO TO t0

c
C FIX ORDER RELATION PPOBLEIIS

c
| | AV=TT{ I-l )

IS= |
12 K:I+J

Av=AV+T(K-l )
J=J+ I
AVE=AVIJ

IF(AVE.GT.I ) AVE=I.
IF(K.GT.NCI GO TO I8
IF(AVE.GT.T(KIt GO TO I2

I8 CONTINUE
LS=I-l
LE = Ls+J- t
J=t

DO .|6 L=LS,LE
TT( L ):AVE
T( L )=AVE

16 CO}ITINUE
IO CONTINUE

IF(IS.EQ.OI GO TO 24
DO 25 IJ:I 

'NC
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c

c
c

c
c
c

T( IJ )=TT( IJ )
25 CONTINUE

RETTNN TO T}IE START AND CHECK FOR OTHER ORDER RETATION
PROBLETIS

GO T0 23
24 D0 30 I=l 

'NCT(I)=I-TT(I)
30 CONTINUE

IF(ID8UG.}IE.I ) GO TO ?O

NRITE( IOUT' I OOO )

l.lRITE(IoUT' l00l )(T0( f !'T( f )'I=l'NC)
2O CONTINUE

OUTPUT FORT1AT

t OOO FOR}IAT ( / / T I 6X I' HESSAGE FROT1 SLtsROUTINE ORDER' I / / T 2OX t' INPUT' T

I t tXr'OUTFUI' t/ tlgxt'TOIINAGES' rSXr'TONNAGES' )

t00t F0RllAT( t9XrF7.4r9X'F7.4)
RETTJRN

EI.ID

SDATA
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The routine IK3D es xell es the driver routine used to obtaln thc prevlotrs IK results rrei

SNATFIV TI}IE=I OOO

SASSIGN 8 TO FILE UOAT INPUT
SASSIGN 9 TO FILE RES OUTPUT
gASSICN IO TO FILE LOC INFUT
c
c

Dr|IENSrON X(400) rY(400)rZ(400)rVR(4400 )rTN( l0)rQ( l0 )
DrllENSrOt{ GRA(400 )'rvz( 200 )'TRUE(e00 )'EST( 200)'VAR( 200 )

DltlEllsloN ISP(400 )'XX(400 )'YY(400 ),ZZ(400 )'VRl (500 )rcUT( 2 )

I'IPPP(130)tCDF(2)
DII'IENSION AVE(2 )rXL( 120!,YL( 120)rZL( 120)rTT( l0)'CUTI( t I
DOTJBLE FRECISION NATI( IO }

C0tl!101'l INP r IOUT r TEST 
' 

NV 
' 
NAtl

COilttON /STRVC/ NST(2)rC0(2)rAA( t r2!rC( l'2)rIT( t r2)rAX( | r2)
t rAY( | r2 ) rAZ( | r2 I TC0SALTSfNAL
DATA CUT/.80t.90/
DATA CDFI.80r.90/
DATA ITl2*I/
DATA COl.035r.Q45/
DATA AAl140. rt30./
DATA C/.129r.045/
DATA AVE/.205'.641/
DATA NST/?IIl
DATA AXI2II./
OATA AY/?TT./
DATA AZ/2r1./
NV=2
TEST=-9. 99
INP:8
IoUT:9

c
C ENTER KRIGING PARATIETERS

c
CoSAL:1.
SINAL=0.
DBX: | 00.
DBY= | 00 .
DBZ=I
NX=6
NY=6
NZ= |
NKiIAX:9
RADIUS=ll0rll0
IS= |
NC:2

c
C READ IN DATA
c
c

NP=30
READ( INP'853 ) ( Y( I I'X( I I rZ( I I rGRA( I )' I=l'44 )

853 FORI{AT(lXr3Fl0.lrl0XrFl0.4l
c
C READ IN PANEL LOCATIONS
c

READ( I 0r953 ) ( TPPP( I I'XL( I I'YL( I } IZL( I ) rI=I rNP)
953 FORIIAT( 13,F7.0'F7.0rF5.0 )

DO I I=t rNP
c
C SINCE KRIGING }IILL BE PERFOR}IED ON ONLY ONE PANEL THE

C FOLLOI.III{G TEST IS INCLTJDED

c
rF(rPPP(r).NE.l2l I 60 T0 I
xoB=xL( r )

YOB=YL( I )

ZoB=ZL( I )
NRrTE( 6r t 99 I XOB'YoB'Z0B

t 99 f oRilAT( ' NOll HoRKTNG 0N PAt'lELr r3Ft 0. t )

c
C FI}.ID DATA IN KRIGING NEIGIIBORHOOD
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K=0
OO t5 J=l '44rF(z(J).NE.ZOB) G0 TO l5
R2=( X( J )-XOB )xI2+( Y( J )-Y0B )rl2
IF(R2.GT.RADIUS) GO TO I5
K:K{ I
xx(K)=x(J)
YY(K)=Y(J)
ZZ(K)=Z(J)
VR(K)=GRA(J)

I5 CONTINUE

CALL PK3D TO KRIGE THIS PANEL

CALL IKSD ( XX T YY I ZZ T VR TK' XOB I YOB T ZOB TDBX TDBY IDBZ I NX INY TNZ TNC T CUT T

tCOF'AVE'TNtQ'TE rTflt t I 0 r | )

c
c
c

c
c
c

4l
4o

a000

PRINT OUT RESULTS FOR THIS PANEL

}IRITE( IOUT'2OOO) IPPP(I )rXL( I }IYL(I)'ZL(I)
DO 40 LL:l '2xl,r:0
rF(TN(Lt).Ea.0) Go TO 4l
)O{:Q( LL )/TN( LL }
NRITE( IOUT'2OOI ) CUT( LL)'TN( LL)IQ( LL)IXI'I
COI{TINUE
FORI|AT( //r20X,'RECOVERIES FOR PANEL' tl4t//tl3X"X :'rF9'lr' Y :'

I F9. l,' Z =t tF7.1 t// tt 7Xr'CUTOFF' r!Xr'ToNNAGE' r3Xr'ilETAL' r2Xr
2'GRADE')

200t FORHAT( t 8XrF4. ? r5XrF5.3r4Xrf5. lr2XrF5' 3)
8 CONTINUE

STOP
Elo
SUBROUTINE TKIO ( X T Y I Z I VR T ND T XB T YB I ZB I DBX' OBY T DBZ T NBX IN6Y T N8Z I

I NC' CUT I CDF I AVE r TN r Q r TE' Tl1 I IDBUG I IIiED' IOR )

c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

*rlr* IK3D rrx**

IhIDICATOR KRIGING OF A THREE.DI}TENSIONAL PANEL OR POINT

II,IPORTANTT

THIS ROUTINE PERFORIIS INDICATOR KRIGING ON ONLY A SINGTE PANEL.

THE DATA ARRAYS HUST CONTAIN ONLY THE OATA NHICH I'IILL BE USED

TO ESTI}IATE THE PANEL. ALL SEARCHING FOR DATA IN THE NEIGHBORHOOD

OF THE PANEL }IUST 8E DOi{E PRIOR TO CALLING THE STJBROUTI}IE AND

THESUBRoUTINE}IUSTEECALLEDoNcEToREAGHPANEL}lHIcH|.|ILL
BE ESTIHATEO.

THIS ALGoRITH!{ usEs SI}|PLE KRIGING so THE Loc^L I,|EAN tltjsT BE

PROVIDED.

THE TRANSFOR}IATION FROI'I THE GRADE Z(X} TO THE INDICATOR DATA

IS DONE }IITHIN THE SUBROUTINE. THE USER I'IL'ST SUPPLY THE GRADE

AT EACH LOCATION ALONG NITH THE CUTOFFS OF INTEREST TO THE

ST'EROUTINE.

THIS ROUTINE RETT'RNS THE TONNAGE AND QUANTITY OF }IETAL ESTIT'IATES

FOR EACH OF THE CUTOFFS OF INTEREST AS }IELL AS THE ESTII{ATEO

HEAN AND HEDIAN.
c
ct**IrII****I*II**I***IIII*I*ta*II*I*{**l{*xl(t****III*lt*II **I*ttIItIII*l*II***

c

c
c
c
c
c
c

PARA}IETERS TO SUPPLY

INPUT TJNIT
OUTPUT TJNIT
NOT USEO
NUI!3ER OF VARIOGRA}I HODELS

INP
IOUT
DUTI
NV

c011i10N
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C NV EQUALS TIIE IIIJ}IBER OF CUTOFFS OF INTEREST
C IJT{LESS I1EDIAN IK IS PERFORHED IN THIS CASE I.IV=I

C NAil(}.tV} NAIIE OF EACH VARIABLE (NOT USED)

c
C VARIOGRATI STRUCTURAL PARATIETERS:
c
C COtltlON/STRUC/ NSTTC0TATCTITtAXTAYTAZTCOSALTSINAL
C (SEE SUBROUTINE COVAI

C N.B. DINEIISIONS OF CO}IIIOI'I ARRAYS IN CALLING PGT1.

C AIID SUEROUTINES }IUST }IATCH UP

c
C INFUT
c lrxrr
c
C X Y Z( ND ) COORDINATES OF SA}IPLES

C VR (ND) GRADES OF THE DATA USED TO ESTIIIATE THE

C PANEL
C ].tD MJIIBER OF DATA LOCATIOI'IS
C XB YB ZB COORDINATES OF THE CENTER OF THE PANEL BEING
C ESTITTATED

C DBX DBY DBZ PAI'IEL OIT1ENSIONS IN THE X Y AND Z OIRECTIONS
C I.EX I.IBY }IBZ NUIIBER OF DISCRETIZATION POINTS IN THE

C XIY AND Z DIRECTIONS (I{AX' OF 64 POINTSI
C CUT(IIC) CUTOFF VALUES FOR }ITIICII TONNAGES I.IILL BE

C ESTITIATED. CUT(I} IS THE TONEST CUTOFF VALUE

C AhID CUT(NC) I5 THE HIGHEST.
C CDF(}IC) LOCAL CDF VALUE OBTAIN:D FROT1 THE LOCAL

C DECLUSTERIZEO HISTOGRATI.
C AVE(NC) USED TO CALCULATE THE QUANTITY OF }IETAL
C RECOVERED. AVE IS SOTIE I1EASURE OF CENTRAL

C TEh|DENCY FOR THE T'IATERIAL BETI.IEEN CUTOFFS

C I AND I1I. FOR INSTANCE AVE(NC.I) COUTO 8E

C THE AVERAGE OF ALL DATA }IITH VALUES BETNEEN

C CUTOFFS NC.I AND NC.
c
c
C OUTPUT
c li(**x*
c
C TN(NC) ESTI}IATEO TOITNAGE RECOVERED AT EACH OF THE NC

c cuToFFs.
C Q(}IC} ESTITIATEO qUANTITY OF }IETAL RECOVEREO.

C TE ESTI}IATED }IEAN GRAOE

C TI,I ESTI}IATED ].IEDIAN GRADE OF THE PANEL

c
C OPTIONS
c rt*r*r(l
c
C IDBU6 IF IDEUG=! THE FOTLOI.IING INFORTIATION }IILL BE

C PRINTED.
C DATA LOCATIONS AIO GRADES

C THE CORRESPONDING INDICATOR VALUES

C ALt COVARIANCE }'IATRICES

C ALL IIEIGHTS
C ItlED IF ITI:I ONLY I1EDIAN I}.IT'ICATOR KRIGING I{ILT BE

C PERFORIIED.
C IF IH=I SET NV=I ANO INPUT ONLY THE }IEDIAN
C INDICATOF VARIOGRAIT }IOOEI IN THE STRUC COIITION

C IOR IF IOR=I SUBROUTINE ORDER IS CALLED TO

C RESOLVE ANY ORDER RELATION PROBLETIS. IF ITIED=T

C SET IOR:o.
c
c
c
c
C SUBROUTINES
C COVA COVARIANCE CATCULATION
C KSOL SOLUTION OF KRIGING SYSTEII
C ORDER RESOLVES ORDER RELATION PROBLEIIS

c
c
clta**xI*x I *rtaI****x*ttrrrtr**rrtt*rr***rtr*rrrr**Ill*r*rlrrtlrr*t**II*lIItIIt
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c
c
c
c
c
c
c
c
c
c
c
c
c
c

INTERNAL VARIABLES

ARRRIER

XS( NC*ND }

KRIGING }IATRIX VARIABLES (SEE KSOL)

SOLUTION ARRAY

cB,cBt,cov(Nc) AVERAGE COVARTAi{CES
DNX DNY D}IZ SPACING BET}IEEN DISCRETIZATION POINTS ALONG XTYIZ

XDB,YDB,ZDB(NBX*I.{3YXNBZ) COORDINATES OF DISCRETIZATION POINTS

IVR( NCXND )

RELATIVE TO CENTER OF BTOCK

INOICATOR DATA

DIIlENSION
tAvE( t )

DITlENSION

X( t )'Y( | ),2( t ),VR( t ) rTN( t ),TNV( I )'q( t ),CDF( | ) rCUT( | ) I

R(2751'RR(275)tXS(275)'A(3575)rCB( ll )rCBl( tl )r
cov( t | ) rXDB( 64 ),YDB( 64 )'ZDB(64 )'I

2
c

M(t00)rcBB(lt)

DOUBLE PRECISION NAH( I O )

COt{tlON INP' I0UT' TEST rNV r NAI'I

cot,tltoN/sTRUC/ilST( 2 ) rC0( 2 ) 
'AA( 

t r2 ! rc( | r2 ) rIT( t r2 ) rAX( | r? ) rAY( I r? ) I

lAz( t ,2 ),cosAL'srNAL
NCI =Nc-l
NCC=NC
IFllt1E0.EQ.t) NC=t

c
C*TX**PRINT VARIOGNAH AND PANEL LOCATION INFORIIATION
c

IF (IDBUG.NE.I } GO TO 2
}IRITE( IOUT' I OOO ) NCC

IF( IIIED.EQ. t ) I.IRITE( IOUT' I OOI )

}IR ITE ( IOUT r T OO2 }

D0 | IV=l rNV
lnrTE( rouTrl 003) IV'NST( IV)'C0( rV)
NS=NST( Iv )
NRITE ( IOUT I I O04 ) ( TK r IT ( IK r IV I r C( IK r IV ) IAA( IK T IV } TAX( IK I IV ) I

I AY( IK' M rAZt IKr IV )'IK=t rNS )

I CONTINUE
l.lRrTE( rourt | 005 )
NRITE ( IOUT r t 006 ) XB r YB I ZB' OBX r DBY r0BZ rNBX I NBY'NBZ

c
C PRINT DATA VALUES
c

}IRITE(IOUTTIOOT} ND

InITE( IOUT' t 008 ) ( X( LL ) rY( L[ ] rZ( LL ) rVR( LL ] r LLr LL=l rND )

2 CONTINUE
c
C OEFINE INDICATOR DATA

c
L:0
DO 3 J=l rNCC
Do 3 K:l 'N0L=Lrl
M( L)=0
IF(VR(K).LT.CUT(J ) ) IvR( L)=t

3 CONTINUE

C PRINT OUT INDICATOR DATA AND CUTOFF GRAOES IF NECESSARY

c
IF (IDBUG.NE.TI GO TO 4
IIRITE( IOUT' | 009 ) ( CUT( IU )' IU:l'llCC )

tIRITE( IOUTr | 0l 0 ) ( IUrIU:l rN0 )

0O 5 I=l rNCC
Lt=(r-l)rto + |
L2=Ixl.tt
I{RITE( IOUT't0l l ) Ir(M( L)'L:Ll rL2)

5 CONTINUE
4 CONTINUE

c
CITI'IIDISCRETIZATION POINTS
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c
}OB=NBX{}IBYINBZ
N=0

c
DNX=DBX/FLOAT( NBX )

DNY=DBY/F LOAT( I{BY )
DNZ=DBZIFIOAT( NBZ )

c
X0=0 .5r ( DI{X-DBX )
YO:0.5X ( DNY-DBY )

Z0=0 .5{( DNz-DBz )

c
D0 t0 K=l rl|BZ
tl^l=lQ+((-l )xlflf
0O l0 J=l'NBX
XN=Xor(J-l IIDNX
DO l0 I=lrNBY
N=N+ t
ZDB( N I:ZN
XtlB( N ):xN
YDB(N)=YO+(I.I ITONY

TO CONTINUE
c
CIT*X* BEGIN KRIGIN6
c

c
c*****
c

IN=O
DO 80 J=l 

'ND'0O 75 I=l rJ
IN=IN+ I

C*X*XI COVARIANCE BETNEEN SAI'IPLES
c

70
75
c
c*xrrr

NEQ--tID
NN=(NEQ+l fINEQ/z

SET UP KRIGING T,IATRICES

76
c

77
c

CALL COVA(X( r r,Y( r ),2( r ) rx( J I rY( J ) rZ( J ) rCOV )

DO 70 fV=l rl'lC
K=lN+NNx(IV-l )
A(K l=CoV( M
CONTI}ItJE
CONTIMJE

COVARIANCE BETNEEN SATIPLES AND BLOCK
DO 76 IV:l rNC
CB(M:0.
CONTIIIUE

Xx=X(J )-xB
YY=Y( J I.YB
ZZ=ZI Jr-ZB
DO 77 Jl=l'NDB
CALL COVA( XXrYY TZZIXDB( JI t'YDB( JT I'ZDB( JI I rCOV )

DO 77 IV=l rNC
CB(IV)=CB(lV) + COV(M
CONTIM'E

0O 80 IV=l rNC
CB( IV )=CB( IV )/FLOAT( NDB )

K:J + NEQ*(IV-I )
R( K ):CB( Iv )
RR(K)=R(K)
CONTINUE

PRINT OUT HATRICES IF REQUIRED

IF (IDBUG.NE.II GO TO 83
Ll =0
IEN:0
}IRITE( IOUT' I OI2 }

80
c
c
c
c
c
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D0 8l IV=t rNC
NRITE(IOUT' t OI3) CUT( IV)

c
D0 8? JG=t rND
Ll:Ll+l
rST=IEN+ I
IEN=IST+JG- I
I.tRITE( IOUTIIOt4) R( LI )'(A(KX) rKX=ISTTTENI

82
81
83

c
cr(xxx*
c

CONTINUE
CONTINUE

COIITIMJE

SOLVE THE SYSTE}l

CALL KSOL(NCrtlEQrt rl rt rA'RTXSTIER)
IF(IER .NE. O) }NITE(IOUTTIOI5) XBIYBTZB

c
C PRINT OUT }IEIGHTS IF REQUIRED

c
IF (IDBUG.NE.I) GO TO 90
}IRITE( IOUTI I OI6 )

DO 85 J=l rNC
Ll:l.lDI(J-t )+l
L2=hO*J
IIRITE( IoUTr | 0l 7 )cUT(J ) 

' 
(Xs( L) rL=Ll r L2 )

85 CONTINUE
90 CONTINUE

c
crr*rx soLuTIoN
c

DO 100 IV:lrNCC
TNN=0.
DO 95 I=l rNO
IK=IfND*( IV-l )

IKK=IK
lF (It{Eo.EQ.l ) IK=I
TNN:TNN + XS(IK)T( IVR(IKK).COF(IV} )

95 CONTINUE
TN(IV)=I-TNN.COF(IV}

IOO CONTINUE
IF( IOR.EQ. | | CALL ORDER(TN'NCC'IOBUGl

c
C FIND QUANTITY OF ?{ETALI }IEAN A}ID NEOIAN ESTI}IATES

c
rF (NCC.EQ.! I GO T0 t54
Q( NCC )=TN( NCC )*AVE( NCC )
TE=Q( Ncc )

TYH=TN( NCC )

rF(TYll.LT..5) G0 TO t20
Tl1= - 9.

t?0 DO 130 LJ:2!NCC
LLJ=NCC-LJ+ I
TE=(AVE( LLJ } II(TN( LLJ).TN( [LJ+I ) )+TE
Q( LLJ )=TE
rF(TN( LJ).LT..5.Al,lD.TN( LJ-l l.GE..5) 60 TO 140
G0 TO 130
DIF=(TN( LJ )..5)/(TN( LJ )-TN( LJ-T ) )
Til=CUT( LJ ).DIF*( CUT( tJ }.CUT( LJ.I } }

CONTINUE
CONTINUE

OUTPUT FORI1ATS

t 000 FoRtlAT( t I t r44Xr'r{tLl INDICATOR XRIGING FoR 'rl2r' CUTOFFS ***I | }
IOOt FORilAT(/r55Xr'}IEDIAN IK OPTION' I
100? FORI"IATl //// rt0Xr'VARIOGRAII PARATIETERS USED' r//)
1003 FORNAT(/rt0Xr'FOR CUTOFF l'rl3r' THERE AREtrf?r

|' NESTEO STRUCTURES' t/ t26Xt'NUGGET=r rF7'4)
lOO4 FOR}'IAT(35Xr'STRUCTTRE l' rt2r' IS A TYPE' 1f2r' tlOoEL' tl t40Xt

f 'C = t tF7.4t/IAOXt 'RANGE='rF7.2t/r40Xr'X ANIS' FACT0R'rF7'4r
2/t4OXr rY ANIS. FACTOR' tF7,4t/t40X"Z ANIS' FACTOR'rF7'4)

tOO5 FORI.IATI/,26X,INOTE' T/T26XT 'A TYPE O }IODEt IS EXPONENTIAL'T/T

t40

130
r34

c
c
c
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f26Xr'A TYPE I tlODEL IS SPHERICAL' t/t26Xr
2'A TYPE E }JODEL IS IINEAR'}

I006 FORI1ATl///IOX',PANEL TO BE KRIGEDt.//
3 !0X"CENTER0FPANELI X='rF9.tr I Y='r
4 F9.t'4X,'Z ='rF8.trl tOXr
5,BLOCK DIilENSIONST X-DIR. | ' rF7,2t ' Y-DIR. . '. tF7.2r I Z-DIR. t'
6 tF7.2,/ IOX"DISCRETIZATION POINTS: X-DIR.| 'r17r
7 ' Y-DIR.: 'rl7r' Z-DIR. t'tlTt//l

IOOT FORHATl//IOX, 'NUT|EER OF SAHPLES GIVEN: 'TI5T///
t l7X"X-COORD.' r5Xr'Y-COCRD.' r5X,'Z-C00R0.' r6Xr'GRAOE' r3X
2r'LOCAIION *' )

| 008 F0RtiAT( | 0X r5X'F9. I r5XrF9. t tSXr F8. 2'4X' F8. 3' 3X' I6 )

t009 FORIIAT(//,loK" CUToFF GRADES USEDT t/tt0X'lqF8.4)
t Ol O FoRllAT ( / / / t lOX,' INDICAToR 0ATA' t / t?X t' LoCATIoN *' r/ r t ?Xt25l5 t // |
l0l I F0RtlAT(3Xr'CUT0FF' rI3r/r l2X'25I5)
IOI2 FORT,IATl///,?OX, 'T}* COVARTANCE i1ATRICES FOR ALL CUTOFFS ITIt )

| 0f 3 FOR}IAT | /,25X,' COVARIANCES FOR CUT0FF =' tF7,4 t / t9X r' RHS I I 20Xr
I 'LEFT HAND SIDE' )

t 0t 4 roRilaT( ?x, t eFl 0.4 )
tols FORHAT( lxr.r****firrrfir+**rr FoR ELOCKT XB : 'rF8.l r'YB : r r

lF8.l'r ZB='rF8.3)
lOf 6 FORIIAT(/t' I'IEIGHTS FOR AIL CUTOFFS' t/t?Xt 'CUTOFF'r20Xr'NEIGHTS'I
| 0t 7 FOR}1AT( lXrF7.4r | 2Fl 0.4 )

RETTNN
END
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