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a b s t r a c t

We perform a stability and convergence analysis of sequential methods for coupled flow and geomechan-
ics, in which the mechanics sub-problem is solved first. We consider slow deformations, so that inertia is
negligible and the mechanical problem is governed by an elliptic equation. We use Biot’s self-consistent
theory to obtain the classical parabolic-type flow problem. We use a generalized midpoint rule (param-
eter a between 0 and 1) time discretization, and consider two classical sequential methods: the drained
and undrained splits.

The von Neumann method provides sharp stability estimates for the linear poroelasticity problem. The
drained split with backward Euler time discretization (a = 1) is conditionally stable, and its stability
depends only on the coupling strength, and it is independent of time step size. The drained split with
the midpoint rule (a = 0.5) is unconditionally unstable. The mixed time discretization, with a = 1.0 for
mechanics and a = 0.5 for flow, has the same stability properties as the backward Euler scheme. The
von Neumann method indicates that the undrained split is unconditionally stable when a P 0.5.

We extend the stability analysis to the nonlinear regime (poro-elastoplasticity) via the energy method.
It is well known that the drained split does not inherit the contractivity property of the continuum prob-
lem, thereby precluding unconditional stability. For the undrained split we show that it is B-stable (there-
fore unconditionally stable at the algorithmic level) when a P 0.5.

We also analyze convergence of the drained and undrained splits, and derive the a priori error estimates
from matrix algebra and spectral analysis. We show that the drained split with a fixed number of itera-
tions is not convergent even when it is stable. The undrained split with a fixed number of iterations is
convergent for a compressible system (i.e., finite Biot modulus). For a nearly-incompressible system
(i.e., very large Biot modulus), the undrained split loses first-order accuracy, and becomes non-conver-
gent in time.

We also study the rate of convergence of both splits when they are used in a fully-iterated sequential
scheme. When the medium permeability is high or the time step size is large, which corresponds to a high
diffusion of pressure, the error amplification of the drained split is lower and therefore converges faster
than the undrained split. The situation is reversed in the case of low permeability and small time step
size.

We provide numerical experiments supporting all the stability and convergence estimates of the
drained and undrained splits, in the linear and nonlinear regimes. We also show that our spatial discret-
ization (finite volumes for flow and finite elements for mechanics)removes the well-documented spuri-
ous instability in consolidation problems at early times..

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

The study of coupled fluid or heat flow and mechanics is impor-
tant in many fields of science and engineering. Heat can extend or

shrink bodies, and the thermal stress by heating can affect, in turn,
body deformation [1]. Coupling of flow and mechanics has far-
reaching consequences for soft tissues such as blood cells [2] and
the brain, whose mechanical response depends critically on hydra-
tion [3]. In geotechnical and geological settings, an increase in pore
pressure leads to a reduction of effective stress [4–6], which may
affect the stability of fractures and faults [7–11]. In petroleum engi-
neering, reservoir geomechanics plays a crucial role in production
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by compaction drive [12], surface subsidence [13], caprock integ-
rity, and well failure [14,15].

Two basic strategies exist to solve the coupled flow and geome-
chanics problem: a fully coupled approach, and a sequential solu-
tion approach [16–23]. In the fully coupled method, the governing
equations of flow and geomechanics are solved simultaneously at
every time step. A converged solution is obtained through itera-
tion, typically using the Newton–Raphson method [9,23–26]. This
approach is unconditionally stable, but requires the development
of a unified flow–geomechanics simulator and can be computa-
tionally expensive.

In the sequential approach, either the flow or mechanical prob-
lem is solved first, then the other problem is solved using the inter-
mediate solution information [16–18,20,21,23,27]. One may iterate
this sequential procedure at each time step until convergence – the
solution is then identical to that obtained using the fully coupled
approach – or perform a fixed number of iterations per time step
– it is common to employ a staggered solution strategy with only
one iteration per time step [26,28–33].

This partitioned approach offers several advantages. The most
important advantage is that a sequential approach makes use of
existing simulation codes for flow and mechanics, and only the
interface between those codes needs to be implemented [34,16].
One can then enjoy the efficiency and wide flexibility in terms of
software engineering. Despite these desirable features, the use of
sequential schemes may be limited by the lack of stability and con-
vergence of the overall operator split.

1.1. Previous work

Stability. Significant efforts to find stable and efficient sequential
methods for coupled poromechanics (or the analogous thermome-
chanics problem) have been pursued in the geotechnical and com-
putational mechanics communities [26,28–30,33,35,36]. Most of
these methods assume that the mechanical subproblem is solved
first. Two sequential schemes are relevant here. One is the drained
split method (the isothermal split in the thermomechanical prob-
lem [30]), and the other one is the undrained split method
[23,26,29] (the adiabatic split in the thermomechanical problem
[30]). The drained method freezes the pressure during the mechan-
ical step. It is well-known that, despite its simplicity, this scheme is
only conditionally stable [28–30]. The undrained method, on the
other hand, freezes the fluid mass content when solving the
mechanics problem. It has been shown that this split respects
the dissipative structure of the continuum problem [30]. The un-
drained method can be applied to linear coupled problems
[23,29,33,35] as well as nonlinear problems [26].

To show unconditional stability of a sequential method via the
energy method, the following three steps must be taken [30,37–40]:

1. Determine whether the continuum problem is contractive. The
appropriate norm to show contractivity (non-negative energy
dissipation) is defined at this step.

2. Show that the operator split corresponding to the sequential
method honors, at the continuum level, the contractivity prop-
erty relative to the norm defined in the previous step. If the
operator split is not contractive, it is not possible to obtain an
unconditionally stable method [41].

3. When the operator split is contractive at the continuum level,
one must then show contractivity at the discrete time level
(B-stability) for the individual subproblems with a specific time
discretization (e.g., backward Euler or midpoint rule). The algo-
rithmic stability of the subproblems for an uncoupled problem
is not applicable to the study of the stability of the coupled
problem because the natural norms of the subproblems are dif-
ferent from that of the coupled problem.

Contractivity of the problem (Step 1) and the undrained-split
operator (Step 2) has been rigorously shown for the thermome-
chanics problem by Armero and Simo [30]. Following this work,
Romero [40] introduced the midpoint rule as an unconditionally
stable time-stepping algorithm for thermoelasticity (Step 3). The
focus of these works is on thermomechanical problems with
fully-dynamic (inertial) mechanics, and leave open several
important questions regarding the stability and convergence of
sequential schemes for coupled flow and quasi-static mechanics.
Quasi-static mechanics produces differential algebraic equations
(DAEs) as a semi-discrete version of the partial differential equa-
tion (PDE), whereas fully-dynamic mechanics produces ordinary
differential equations (ODEs). Indeed, ODEs and DAEs generally ex-
hibit different numerical convergence behavior [42].

Armero and Simo [30] do separately investigate the stability of
the drained and undrained splits for quasi-static mechanics, but
only as an illustrative calculation based on two degrees of freedom
(one wave number), and later Armero [26] proves that the un-
drained split is thermodynamically consistent. However, a com-
plete analysis leading to sharp stability criteria and B-stability for
coupled flow and quasi-static mechanics is still missing.

Convergence. Stability, in general, does not guarantee conver-
gence. While the fully coupled method with a backward Euler time
stepping is typically first-order convergent with respect to time,
the convergence properties of sequential schemes depend strongly
on the details of the splitting strategy, the specific form and dis-
cretization schemes used for the various subproblems, and how
the subproblems communicate during a time step.

Consider a continuum operator A that can be additively split as:

_yðtÞ ¼ AyðtÞ ¼ ðA1 þA2ÞyðtÞ; ð1Þ

where A can be linear, or nonlinear, y is a solution vector, and _ð Þ is
the time derivative. We solve two subproblems in sequence as
follows:

_yðtÞ ¼ A1yðtÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
problem 1

and _yðtÞ ¼ A2yðtÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
problem 2

: ð2Þ

In this case, even when one iteration is performed (i.e., a staggered
method), the sequential method from Eq. (2) is convergent by Lie’s
formula [43,44]. When the operator splitting of Eq. (2) is applied to
the coupled heat flow and mechanical-dynamics, convergence with
first-order accuracy in time is obtained, as long as the discrete algo-
rithm is stable [30].

In general, however, sequential methods with a fixed number of
iterations do not guarantee convergence, even when they are
numerically stable [45]. Operator splitting of coupled flow and geo-
mechanics, where the mechanical problem is quasi-static, can be
written as:

0 ¼ A1yðtÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
mechanics

and 0 ¼ A2 yðtÞ; _yðtÞð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
flow

: ð3Þ

Lie’s formula cannot be applied to Eq. (3), and it is unclear whether
sequential methods are convergent for a fixed iteration number,
even when they are stable. It was mentioned by Armero [26] that
the undrained split may suffer from loss of accuracy for strongly
coupled problems, but a comprehensive analysis is missing. The
convergence of sequential methods with a fixed iteration number
is important, since a fixed iteration number is typically required
in order to save computational resources.

Vijalapura and Govindjee [46] propose a hybrid scheme of stag-
gered and fully coupled methods, in which the time step size is
controlled for accuracy based on the assumption that refining the
time step size improves the accuracy of the staggered method.
Vijalapura et al. [47] investigate the order of accuracy of index-1
differential algebraic equations of the type given in Eq. (3) where
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the mechanical problem can be viewed as an algebraic constraint
[42]. They find that sequential methods of the differential algebraic
equations have first-order accuracy when the first step in the alge-
braic equation is redundant. However, this is not applicable to the
coupled flow and quasi-static mechanics because the mechanical
problem is not redundant for the first time step: consolidation
problems are often driven by instant loading in the mechanical
problem during the first time step. In fact, the work of Vijalapura
et al. [47] supports the fact that typical sequential methods are
non-convergent in time when the first step in the algebraic equa-
tion is not redundant.

1.2. Summary of results

With the above issues in mind, in this paper we focus on the
stability and convergence analysis for the drained and undrained
splits. First, we perform a comprehensive stability analysis of the
drained and undrained splits for coupled flow and quasi-static geo-
mechanics with a generalized midpoint rule time discretization
(evaluation at time tn+a, with a 2 [0,1]). Following Armero and
Simo [30], we use the von Neumann method to analyze the linear
problem, and the energy method for the nonlinear problem.

Our von Neumann analysis leads to sharper stability estimates
than previously found [30] (the focus of [30] was on the fully-
dynamic case, and the stability estimate for the quasi-static case
was just a side calculation using two degrees of freedom). We
determine stringent bounds for stability of the drained split. For in-
stance, we find it is unconditionally unstable when the midpoint
rule is used (a = 0.5). Even when the backward Euler time-stepping
is used (a = 1), the stability of the drained split is delicate: it de-
pends only on the coupling strength between flow and mechanics,
and (rather surprisingly) it is independent of time step size. More-
over, when it is stable, it yields an oscillatory solution. In contrast,
the von Neumann analysis shows that the undrained split is
unconditionally stable for a P 0.5.

We provide a complete stability analysis of the undrained split
for the nonlinear problem, following the analysis of Armero and
Simo [30] and Armero [26] and extending it to the fully algorithmic
(time-discrete) problem. We show, following the analysis of Simo
[37] and Simo and Govindjee [48] for the uncoupled problem, that
the undrained split is unconditionally stable if a P 0.5.

We then investigate the convergence of the drained and un-
drained splits under the backward Euler time-stepping method.
We obtain a priori error estimates for the two sequential methods
using matrix algebra, which is similar to the method by Turska
et al. [45], and spectral analysis. We show that the drained split with
a fixed number of iterations is not convergent, and that the un-
drained split with a fixed iteration number is convergent for a com-
pressible system and non-convergent for an incompressible system.

From a spectral analysis, the error amplification factors be-
tween two sequential schemes and the fully coupled method allow
us to estimate the rate of convergence when the sequential
schemes are fully-iterated at each time step. Schrefler et al. [49]
use the spectral radii of error amplification matrix to investigate
the rate of convergence for the staggered Newton schemes based
on the drained split. They show in the numerical study of a 1-D
model with two degrees of freedom that the spectral radii of the
error amplification matrix decrease as the time step size increases,
which explains the fast convergence rate.

Here, we obtain analytical estimates for the error amplification
factors, which provide similar information to the spectral radii of
error amplification matrix: smaller values indicate faster rate of
convergence [49]. Thus, the analytic derivation of the error ampli-
fication factors provides a priori estimates of the rate of conver-
gence for the drained and undrained splits. In this paper we
show that the error amplification factor of the drained split

decreases when permeability is high and time step size is large
(i.e. high diffusivity of pressure). In contrast, convergence of the
undrained split is fast in the case of low permeability and small
time step size (i.e. low diffusivity of pressure).

We perform numerical simulations that support the results
from the stability and convergence analysis. We use a finite vol-
ume method for the flow equation and a finite element method
for the mechanics. This mixed space discretization method is lo-
cally mass conservative (see also [23]), and is effective at eliminat-
ing the instability at early time for consolidation problems with
compressible fluids [50–54].

2. Mathematical model

We adopt a classical continuum representation, where fluid and
solid are viewed as overlapping continua. The physical model is
based on the poroelasticity and poroelastoplasticity theories (see,
e.g., [5]). In this paper, we assume isothermal single-phase flow of
a slightly compressible fluid, small deformation (i.e., infinitesimal
transformations), isotropic material, and no stress-dependence of
flow properties like porosity or permeability. The governing equa-
tions for coupled flow and reservoir geomechanics come from the
mass balance and linear momentum balance. Under the quasi-static
assumption for solid displacements, the governing equation for
mechanical deformation of the solid–fluid system can be expressed
as:

Divrþ qbg ¼ 0; ð4Þ

where Div (�) is the divergence operator, r is the Cauchy total stress
tensor, g is the gravity vector, qb = /qf + (1 � /)qs is the bulk den-
sity, qf is fluid density, qs is the density of the solid phase, and /
is the true porosity. The true porosity is defined as the ratio of the
pore volume and the bulk volume in the deformed configuration.
A stress–strain relation must be specified for the mechanical behav-
ior of the porous medium. Changes in total stress and fluid pressure
are related to changes in strain and fluid content by Biot’s theory
[4,5,25,55,56]. In the form of Biot’s theory [5], the poroelasticity
equations take the following form:

r� r0 ¼ Cdr : e� bðp� p0Þ1; ð5Þ
1

qf ;0
ðm�m0Þ ¼ bev þ

1
M
ðp� p0Þ; ð6Þ

where the subscript 0 means reference state, Cdr is the rank-4
drained elasticity tensor, 1 is the rank-2 identity tensor, p is fluid
pressure, m is fluid mass per unit bulk volume, M is the Biot mod-
ulus, and b is the Biot coefficient. Note that we use the convention
that tensile stress is positive. Here, e is the linearized strain tensor
under the assumption of infinitesimal transformation:

e ¼ Gradsu ¼ 1
2

Grad uþ Gradt u
� �

: ð7Þ

Note that we also have [5]:

1
M
¼ /0cf þ

b� /0

Ks
; ð8Þ

b ¼ 1� Kdr

Ks
; ð9Þ

where cf is the fluid compressibility (1/Kf), Kf is the bulk modulus of
the fluid, Ks is the bulk modulus of the solid grain, and Kdr is the
drained bulk modulus. It is convenient to express the strain and
stress tensors in terms of their volumetric and deviatoric parts:

e ¼ 1
3
ev1þ e; ð10Þ

r ¼ rv1þ s; ð11Þ
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where ev = tre is the volumetric strain (the trace of the strain ten-
sor), e is the deviatoric part of the strain tensor, rv ¼ 1

3 trr is the vol-
umetric (mean) total stress, and s is the deviatoric total stress
tensor.

Under the assumption of small deformations, the fluid mass
conservation equation is
om
ot
þ Divw ¼ qf ;0f ; ð12Þ

where w is the fluid mass flux (fluid mass flow rate per unit area
and time), and f is a volumetric source term. Using Eq. (6), we write
Eq. (12) in terms of pressure and volumetric strain:

1
M

op
ot
þ b

oev

ot
þ Div

w
qf ;0
¼ f : ð13Þ

The relation between volumetric stress and strain reads:

rv � rv;0ð Þ þ b p� p0ð Þ ¼ Kdrev : ð14Þ

The fluid velocity v = w/qf,0 is given by Darcy’s law:

v ¼ � k
l

Grad p� qf g
� �

; ð15Þ

where k is the positive-definite absolute permeability tensor, and l
is the fluid viscosity.

To complete the description of the coupled flow and geome-
chanics mathematical problem, we need to specify initial and
boundary conditions. For the flow problem we consider the bound-
ary conditions p ¼ �p (prescribed pressure) on Cp, and v � n ¼ �v
(prescribed volumetric flux) on Cv, where n is the outward unit
normal to the boundary, oX. For well-posedness of the problem,
we assume that Cp \ Cv = ;, and Cp [ Cv = oX.

The boundary conditions for the mechanical problem are u ¼ �u
(prescribed displacement) on Cu and r � n ¼ �t (prescribed traction)
on Cr. Again, we assume Cu \ Cr = ;, and Cu [ Cr = oX.

The initial displacements and strains are, by definition, equal to
zero. The initial condition of the coupled problem is pjt=0 = p0 and
rjt=0 = r0. The initial stress field should satisfy mechanical equilib-
rium, and reflect the history of stress paths in the formation of the
reservoir. Initialization of the geomechanical model is a difficult
task in itself [15].

3. Discretization

Traditional reservoir simulation is based on the finite volume
method [57], whereas the computational mechanics community
has favored the use of finite element discretizations [9,24–
26,29,30,52]. Here, we use a mixed discretization that employs a
finite volume method for the flow problem and a nodal-based finite
element method for the mechanical problem. The pressure un-
known is located at the element center, and the displacement vec-
tor is located at element vertices [58]. This space discretization is
locally mass conservative at the element level, yields a continuous
displacement field and enjoys excellent stability properties [23,59].

Let the domain be partitioned into nonoverlapping elements,
X ¼ [nelem

j¼1 Xj, where nelem is the number of elements. Let

Q � L2ðXÞ and U � ðH1ðXÞÞd (where d = 2, 3 is the number of space
dimensions), be the functional spaces of the solution for pressure,
p, and displacements, u. Let Q0 and U0 be the corresponding func-
tion spaces for the test functions u and g, for flow and mechanics,
respectively. Let Qh; Qh;0; Uh and Uh;0 be the corresponding finite-
dimensional subspaces. Then, the discrete approximation of the
weak form of the governing Eqs. (4) and (12) becomes: find
ðuh; phÞ 2 Uh �Qh such that:Z

X
Gradsgh : rh dX ¼

Z
X
gh � qbg dXþ

Z
Cr

gh � �t dC 8gh 2 Uh;0;

ð16Þ

1
qf ;0

Z
X
uh

omh

ot
dXþ

Z
X
uhDivvh dX ¼

Z
X
uhf dX; 8uh 2 Qh;0:

ð17Þ

The pressure and displacement fields are approximated as follows:

ph ¼
Xnelem

j¼1

ujPj; ð18Þ

uh ¼
Xnnode

b¼1

gbUb; ð19Þ

where nnode is the number of nodes, Pj are the element pressures,
and Ub are the displacement vectors at the element nodes (vertices).
We restrict our analysis to pressure shape functions that are piece-
wise constant functions, so that uj takes a constant value of 1 over
element j and 0 at all other elements. Therefore, Eq. (17) can be
interpreted as a mass conservation statement element-by-element.
The second term can be integrated by parts to arrive at the sum of
integral fluxes, Vh,ij, between element i and its adjacent elements j:Z

X
uiDivvh dX¼�

Z
oXi

vh �ni dC¼�
Xnface

j¼1

Z
Cij

vh �ni dC¼�
Xnface

j¼1

Vh;ij:

ð20Þ

The inter-element flux can be evaluated using a two-point or a mul-
tipoint flux approximation [60].

The displacement interpolation functions are the usual C0–con-
tinuous isoparametric functions, such that gb takes a value of 1 at
node b, and 0 at all other nodes [58]. Inserting the interpolation
from Eqs. (18), (19), and testing Eqs. (16), (17) against each individ-
ual shape function, the semi-discrete finite-element/finite-volume
equations read:Z

X
BT

arh dX ¼
Z

X
gaqbg dXþ

Z
Cr

ga
�t dC 8a ¼ 1; . . . ;nnode; ð21Þ

Z
Xi

1
M

oPi

ot
dXþ

Z
Xi

b
oev

ot
dX�

Xnface

j¼1

Vh;ij ¼
Z

Xi

f dX; 8i¼ 1; . . . ;nelem:

ð22Þ

The matrix Ba is the linearized strain operator, which in 2D takes
the form:

Ba ¼
oxga 0

0 oyga

oyga oxga

264
375: ð23Þ

The stress and strain tensors are expressed in compact engineering
notation [58]. For example, in 2D:

rh ¼
rh;xx

rh;yy

rh;xy

264
375; eh ¼

eh;xx

eh;yy

2eh;xy

264
375: ð24Þ

The stress–strain relation for linear poroelasticity takes the form:

rh ¼ r0h � bph1; dr0h ¼ Ddeh; ð25Þ

where r0 is the effective stress tensor, and D is the elasticity matrix
which, for 2D plane strain conditions, reads [58]:

D ¼ Eð1� mÞ
ð1þ mÞð1� 2mÞ

1 m
1�m

m
1�m

m
1�m 1 m

1�m
m

1�m
m

1�m 1

264
375; ð26Þ

where E is Young’s modulus, and m is the drained Poisson ratio.
The coupled equations of quasi-static poromechanics form an

elliptic–parabolic system of equations. A fully discrete system of
equations can be obtained by further discretizing in time the mass
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accumulation term in Eqs. (21) and (22). In this paper, we use the
generalized midpoint rule (with a 2 [0,1]).

4. Operator splitting

The fully coupled method solves the equations of flow and
mechanics simultaneously, and obtains a converged solution
through iteration, typically using the Newton–Raphson method
[24,25]. Let us denote by A the operator of the original problem
(Eqs. (4) and (12)). The discrete approximation of this operator cor-
responding to the fully coupled method can be represented as [59]:

un

pn

� �
!
Afc unþ1

pnþ1

" #
; where Afc :

Divrþ qbg ¼ 0;
_mþ Divw� qf ;0f ¼ 0;

(
ð27Þ

where _ð Þ denotes time derivative and the superscript n denotes
time level tn.

4.1. Drained split

In this scheme, the solution is obtained sequentially by first
solving the mechanics problem, and then the flow problem. The
pressure field is frozen when the mechanical problem is solved.
The drained-split approximation of the operator A can be written
as:

un

pn

� �
!
Au

dr unþ1

pn

" #
!
Ap

dr unþ1

pnþ1

" #
;

where
Au

dr : Divrþ qbg ¼ 0; dp ¼ 0;
Ap

dr : _mþ Divw� qf ;0f ¼ 0; de ¼ 0:

(
ð28Þ

One solves the mechanical problem with no pressure change, then
the fluid flow problem is solved with a frozen displacement field.
In this scheme, the fluid is allowed to flow when the mechanical
problem is solved [26].

4.2. Undrained split

The undrained split uses a different pressure predictor for the
mechanical problem, which is computed by imposing that the fluid
mass in each grid block remain constant during the mechanical
step (dm = 0). The original operator A is split as follows:

un

pn

� �
!
Au

ud unþ1

p�

" #
!
Ap

ud unþ1

pnþ1

" #
;

where
Au

ud : Divrþ qbg ¼ 0; dm ¼ 0;
Ap

ud : _mþ Divw� qf ;0f ¼ 0; de ¼ 0:

(
ð29Þ

The undrained split allows the pressure to change locally when the
mechanical problem is solved. From Eq. (6), the undrained condi-
tion (dm = 0) yields:

0 ¼ bdev þ
1
M

dp; ð30Þ

and the pressure is updated locally in each element using:

p� ¼ pn � bM enþ1
v � en

v
� �

: ð31Þ

For the mechanical problem, Eq. (5) with the generalized midpoint
rule at tn+a is discretized as follows:

rnþa � r0 ¼ Cdr : enþa � b pnþa � p0ð Þ1; pnþa ¼ ap� þ 1� að Þpn;

ð32Þ

where a 2 [0,1]. After substituting Eq. (31) in Eq. (32), the mechan-
ical problem can be expressed in terms of displacements using the
undrained bulk modulus [26], Cud = Cdr + b2M1 � 1. The additional

computational cost is negligible because the calculation of p⁄ is
explicit.

5. Stability analysis for linear poroelasticity

We adopt the von Neumann method to analyze the stability of
the different sequential schemes. This is a standard technique
[61,62], which consists in examining the unbounded growth or de-
cay of the Fourier representation of the numerical error.

We discretize the governing equations in one dimension and
without source terms for space using second-order finite volume
method for flow, and C0 linear finite elements for mechanics. De-
spite the one dimensional analysis, the error estimation can be ex-
tended to multiple dimensions because the coupling between flow
and mechanics is based on the volumetric response, which is a sca-
lar quantity. We label the elements with index j. The nodes bound-
ing element j are labeled with a half-index: j� 1

2 and jþ 1
2. We

denote the pressure unknown at element j by Pn
j and the displace-

ment unknown at node jþ 1
2 by Un

jþ1
2
, where n is the time level. We

use a generalized midpoint rule, so the unknowns are evaluated at
time tn+a as Pn+a = aPn+1 + (1 � a)Pn and Un+a = aUn+1 + (1 � a)Un.
Let h be the element size, and Dt the time step size, both assumed
constant. The fully discrete equations in 1D are:

Kdr

h
Unþa

j�3
2
� 2Unþa

j�1
2
þ Unþa

jþ1
2

� �
þ b Pnþa

j�1 � Pnþa
j

� �
¼ 0; ð33Þ

h
M

Pnþ1
j � Pn

j

Dt
þ bh

Dt
�

Unþ1
j�1

2
� Unþ1

jþ1
2

h
þ

Un
j�1

2
� Un

jþ1
2

h

0@ 1A
� kp

lh
Pnþa

j�1 � 2Pnþa
j þ Pnþa

jþ1

� �
¼ 0; ð34Þ

where kp is the medium permeability.
It is known that the fully coupled method is unconditionally

stable for a P 0.5 [59,63]. In this section, we perform a von Neu-
mann stability analysis for the drained and undrained sequential
schemes.

5.1. Drained split

The drained split freezes the variation of the pressure during the
mechanical step. Therefore, Pn+a is replaced by Pn in Eq. (33). We
now introduce solutions of the form:

Un
a ¼ cn expðiahÞbU ; ð35Þ

Pn
j ¼ cn expðijhÞbP; ð36Þ

where c is the amplification factor (cn means c ‘‘to the power n’’), i is
the imaginary unit, and h 2 [�p,p]. Since a is the node index, it
takes values j� 1

2 ; j� 3
2, etc.

Substituting Eqs. (35), (36) into the discretized equations of the
drained split, we obtain:

Kdr
h ð1�aÞ þacð Þ2ð1� coshÞ b2i sin h

2

bðc�1Þ2i sin h
2

h
M ðc� 1Þ þ kpDt

lh ð1� aÞ þ acð Þ2ð1� coshÞ

264
375

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Gdr

�
bU
bP

24 35¼ 0

0

24 35: ð37Þ

Nontrivial solutions are obtained if detGdr = 0, which provides the
characteristic equation [62]. For the backward Euler scheme
(a = 1), the characteristic equation reduces to:
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Fa¼1
dr ðcÞ ¼

Kdr

M
þKdr

kpDt

lh2 2 1� coshð Þ
 !

c2 þ �Kdr

M
þ b2

	 

c� b2 ¼ 0:

ð38Þ
The method is spectrally-stable if (i) max (jcj) 6 1 for all values of h,
and (ii) c1 – c2 when max (jcj) = 1 [58]. From (38), the necessary
and sufficient condition to hold spectral stability is

s 	 b2M
Kdr
6 1; ð39Þ

where s is the coupling strength between the flow and mechanics
problems [30,59].

For the midpoint rule, a = 0.5, the characteristic equation re-
duces to:

Fa¼0:5
dr ðcÞ ¼ 1

2
Kdr

M
þ Kdr

2
kpDt

lh2 ð1� cos hÞ
 !

c2

þ Kdr
kpDt

lh2 ð1� cos hÞ þ b2

 !
c

� 1
2

Kdr

M
� Kdr

2
kpDt

lh2 ð1� cos hÞ þ b2

 !
¼ 0; ð40Þ

which yields max (jcj) > 1, and we conclude that the drained split
with the midpoint rule is unconditionally unstable.

Remark 1. For the backward Euler time discretization, a = 1, the
stability condition is independent of time step size. This means
that if the problem is such that s > 1, stability of the drained split
cannot be recovered by reducing the time step size. The von
Neumann analysis also shows that one of the amplification factors
is always negative, so the drained split will suffer from spurious
oscillations [62].

Remark 2. Armero and Simo [30] use the backward Euler method
for mechanics and the midpoint rule for flow, and the finite ele-
ment method is used for both problems. This mixed time discreti-
zation yields the amplification factors:

c ¼
1;

�b2ð1þcos hÞ
2Kdr
3M ð2þcos hÞþkpDt

lh2 2ð1�cos hÞ
;

8<: ð41Þ

from which the stability condition is s 6 1, the same as in the back-
ward Euler scheme with the mixed finite volume/finite element
method. The stability condition (41) is sharper than the one in
[30], obtained from a simple illustrative analysis with just two de-
grees of freedom:

2
kpDtM

lh2 P s� 4
3
: ð42Þ

The mixed time discretization with the mixed finite volume/
finite element method also yields the same stability criterion as
the backward Euler time discretization.

5.2. Undrained split

The undrained split freezes the variation of fluid mass during
the mechanical problem. From Eqs. (31) and (32), the pressure at
element j at time tn+a is

Pnþa
j ¼ Pn

j � abM enþ1
v � en

v
� �

; ð43Þ

where en
v ¼ Un

jþ1
2
� Un

j�1
2

� �
=h. Substituting Eq. (43) into Eq. (33), we

obtain the discrete equations for the undrained split. Introducing
a solution of the form Eqs. (35) and (36) into the discretized equa-
tions of the undrained split, we obtain the system of equations:

Kdr
h ð1� aÞ þ acð Þ

�
þa b2M

h ðc� 1Þ
�

2ð1� cos hÞ
b2i sin h

2

bðc� 1Þ2i sin h
2

h
M ðc� 1Þ

þ kpDt
lh ð1� aÞ þ acð Þ2ð1� cos hÞ

26666664

37777775
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Gud

�
bUbP

" #
¼ 0

0

� �
: ð44Þ

The characteristic equation detGud = 0 reads:

Fa
ud cð Þ ¼ Kdr

M
aþ ab2 þ Kdr þ b2M

� �
a2 kpDt

lh2 2 1� cos hð Þ
 !

c2

þ
	

Kdr

M
1� 2að Þ þ Kdr2 1� að Þ þ b2M 1� 2að Þ

� �
� a

kpDt

lh2 2 1� cos hð Þ þ 1� 2að Þb2


c

þ
	
�Kdr

M
1� að Þ � ab2M � 1� að ÞKdr

� �
� 1� að Þ kpDt

lh2 2 1� cos hð Þ � 1� að Þb2


¼ 0; ð45Þ

which yields max (jcj) 6 1 when 0.5 6 a 6 1. Therefore, the un-
drained split is unconditionally stable for 0.5 6 a 6 1. This result ex-
tends to the nonlinear problem, as we will show in the next section.

Remark 3. When the backward Euler scheme is adopted for
deformation and the midpoint rule is used for flow, the undrained
split is also unconditionally stable.

6. Contractivity of the nonlinear continuum problem

In this section, we study the contractivity of the coupled contin-
uum problem, and whether the dissipative structure of the coupled
problem is inherited by the drained and undrained splits. The re-
sults of this section are not new, and they simply re-state the find-
ings of Armero [26]. They are necessary, however, to set the stage
for the algorithmic stability analysis of the next section.

Consider the following extension of the Biot equations of poro-
elasticity (Eqs. (5) and (6)) to the elastoplastic regime under iso-
thermal conditions [5]:

r� r0 ¼ Cdr : e� ep
� �

� b p� p0ð Þ1; ð46Þ
1

qf ;0
m�m0ð Þ � /p ¼ b ev � ep;v

� �
þ 1

M
p� p0ð Þ; ð47Þ

where ep is the linearized plastic strain tensor, ep,v = trep, and /p is
the plastic porosity. The elastic strain ee is defined as e � ep, and
ee,v = tree. The plastic porosity and plastic strain can be related to
each other by assuming that _/p ¼ b _ep;v . Here, we further assume
that b = b [26], which yields:

d/p ¼ bdep;v : ð48Þ
When the solid grains are incompressible, b = b = 1.

The natural norm to show the dissipative character of the cou-
pled problem is

kfk2
T ¼

1
2

Z
X

r0 : C�1
dr r0 þ j �H�1jþ 1

M
p2

	 

dX; ð49Þ

T :¼ f 	 ðr0;j; pÞ 2 S� Rnint � R : r0ij 2 L2ðXÞ;ji 2 L2ðXÞ; p 2 L2ðXÞ
n o

;

ð50Þ
where r0ij and ji are the components of r0 and j, respectively, and j
is a vector of the stress-like plastic internal variables (‘‘hardening
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force’’). ndim is the dimension of the domain X, and nint is the
dimension of j. S ¼ Rðndimþ1Þndim=2 is the vector space of symmetric
rank-two tensors [64]. Note that the pressure can be discontinuous,
and we only require the regularity p 2 L2(X). H is a positive-definite
hardening modulus matrix, which relates changes in the internal
stress variables j with changes in the variables n:

j� j0 ¼ �H � n: ð51Þ

The vector n is a vector of the strain-like plastic internal variables
[5]. The norm in Eq. (49) is motivated by the uncoupled mechanical
and flow problems. The first and second terms correspond to the
complementary Helmholtz free energy norm for the mechanical
problem (albeit using the effective stress r0 instead of the total
stress r), and the third term is the weighted L2-norm in the flow
problem [37].

We assume the material response follows an associated flow
rule, or maximal plastic work (see Fig. 1). Such condition guaran-
tees the following inequality [5]:Z

X
p0 � r0ð Þ : _ep þ g� jð Þ � _n

� �
dX 6 0; 8 p0; gð Þ 2 E; ð52Þ

where p0 and g are admissible (but otherwise arbitrary) effective
stress and hardening force. The generalized elastic domain E is de-
fined as:

E :¼ R 	 r0;jð Þ 2 S� Rnint : fY r0;jð Þ 6 0f g; ð53Þ
where R is a generalized effective stress. An admissible generalized
effective stress is one that lies inside the elastic domain E or on its
boundary oE. We assume that the generalized elastic domain con-
tains the origin (0,0), and that the yield surface fY is a convex
function.

Let R 	 (r0,j) and P 	 (p0,g) be generalized effective stresses.
We define the bilinear form hh�, �ii:

hhR;Pii :¼
Z

X
r0 : C�1

dr p0 þ j � H�1g
� �

dX; ð54Þ

and its associated norm k � kE:

kRk2
E :¼ 1

2
hhR;Rii: ð55Þ

To show contractivity of the coupled problem, let (u0,p0,n0) and
ð~u0; ~p0; ~n0Þ be two arbitrary initial conditions, and denote by
(u,p,n) and ð~u; ~p; ~nÞ the corresponding solutions, which yield the
remaining variables (r0,m,j,ep) and ð~r0; ~m; ~j; ~epÞ, respectively. By
subtracting the two solutions, we obtain a solution to the problem
with no source terms and with homogeneous boundary conditions,
governed by the operator:

dun

dpn

� �
!
A0

fc dunþ1

dpnþ1

" #
; where A0

fc :
Divdr ¼ 0;

_ðdmÞ þ Divdw ¼ 0;

(
ð56Þ

where dð�Þ ¼ ð�Þ � ~ð�Þ denotes the solution to the homogeneous
problem. From Eqs. (46)–(48) and (51), we have:

dr ¼ Cdr : ðde� depÞ � bdp1; ð57Þ
dm
qf ;0
¼ bdev þ

1
M

dp; ð58Þ

dj ¼ �Hdn: ð59Þ

From Eq. (52), we obtainZ
X

~r0 � r0ð Þ : _ep þ ~j� jð Þ � _n
� �

dX 6 0; choosing p0;gð Þ ¼ ~r0; ~jð Þ;

ð60ÞZ
X

r0 � ~r0ð Þ : _~ep þ j� ~jð Þ � _~n
� �

dX 6 0; choosing p0;gð Þ ¼ r0;jð Þ:

ð61Þ

Adding Eqs. (60) and (61), we arrive at the non-negativity of the rate
of plastic dissipation:

Dd
p :¼

Z
X

dr0 : d _ep þ dj � _d _n
� �

dX P 0: ð62Þ

Then we obtain, from Eq. (49):

kdfk2
T ¼

1
2

Z
X

dr0 : C�1
dr dr0 þ dj � H�1djþ 1

M
dp2

	 

dX;

¼ 1
2

Z
X

dee : Cdrdee þ dn � HdnþM
dme

qf ;0
� bdee;v

 !2
0@ 1AdX;

¼ kdvk2
N ; ð63Þ

where we define the norm:

kvk2
N ¼

1
2

Z
X

ee : Cdree þ n � HnþM
me

qf ;0
� bee;v

 !2
0@ 1AdX; ð64Þ

N :¼ v 	 ðee; n;meÞ 2 S� Rnint � R : ee;ij 2 L2ðXÞ; ni 2 L2ðXÞ;me 2 L2ðXÞ
n o

;

ð65Þ

where ee,ij and ni are the components of ee and n, respectively. The
definition of the natural norm in Eq. (64) originates from the Helm-
holtz free energy of the system [5].

Let us denote kdvk2
N by Wd, for convenience. Then, the coupled

problem enjoys the following contractivity property,

dWd

dt
¼ oWd

odee
: _d _�eþ

oWd

od _v
� _dnþ oWd

odme

_dme

¼
Z

X
dr0 : _d _�e�M

dme

qf ;0
�bdee;v

 !
b _dee;v �dj � _dnþ dme

qf ;0
�bdee;v

 !
_dme

 !
dX

¼
Z

X
dr : _deþ dp

qf ;0

_dm

 !
dX�

Z
X

dr0 : _d _�pþdj � _dn
� �

dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dd

p

¼
Z

X
dr : _d _��dpDivðdvÞ
� �

dX�Dd
p ðfrom Eq: ð56Þ2Þ

¼�
Z

X
dpDivðdvÞð ÞdX�Dd

p ðsince
Z

X
dr : _dedX¼0 from Eq: ð56Þ1Þ

¼�
Z

X
dv �lk�1dv dX�Dd

p ðfrom Eq: ð15Þ; with v 2Hðdiv;XÞÞ

60 ðfrom Eq: ð62ÞÞ: ð66Þ

Eq. (66) implies:

kvðtÞ � ~vðtÞkN 6 kv0 � ~v0kN ; ð67Þ

Fig. 1. Sketch of the generalized elastic domain E. The thick gray line represents the
yield surface fY = 0 on R 	 (r0 ,j) generalized stress space. We assume an associated
flow rule, so that the evolution of the generalized plastic–strain vector dN 	 (dep,dn)
is colinear with rRfY at any point of the boundary oE.
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from which it follows that the coupled problem is contractive with
respect to the norm k � kN . Thus, the norms in Eqs. (49) and (64) are
the appropriate norms to show contractivity, which is equivalent to
thermodynamic stability and uniqueness of the solution [5]. To be
precise, stability of the displacement field requires a bounded plas-
tic strain, which in turn requires the strict inequality kHk > 0. There-
fore, perfect plasticity (kHk = 0) does not guarantee stability of the
displacement field Simo [37].

We now analyze whether the drained and undrained splits are
contractive.

6.1. Drained split

Introducing two arbitrary initial conditions and taking similar
steps to the fully coupled method, the drained split for the problem
with no source terms and homogeneous boundary conditions
reads:

dun

dpn

� �
!
A0;u

dr dunþ1

dpn

" #
!
A0;p

dr dunþ1

dpnþ1

" #
;

where
A0;u

dr : Divdr¼ 0; ddp¼ 0;

A0;p
dr : d _mþDivdw¼ 0; dde¼ 0; ddep ¼ 0; ddn¼ 0:

(
ð68Þ

For the flow step:

dWd

dt

�����
A0;p

dr

¼
Z

X
dr : d _�þ dp

qf ;0

_dm

 !
dX�

Z
X

dr0 : d _ep þ dj � _dn
� �

dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dd

p

¼ �
Z

X
dpDivðdvÞdX ðsince dde ¼ 0; ddep ¼ 0; ddn ¼ 0Þ

¼ �
Z

X
dv � lk�1dv dX 6 0: ð69Þ

For the mechanics step:

dWd

dt

�����
A0;u

dr

¼
Z

X
dr : d _eþ dp

qf ;0

_dm

 !
dX�

Z
X

dr0 : d _ep þ dj � _dn
� �

dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dd

p

¼
Z

X
dr : d _eþ dp

qf ;0
bd _ev

 !
dX� Dd

p ðsince ddp ¼ 0Þ

¼
Z

X

dp
qf ;0

bd _�v dX� Dd
p ðsince Divr ¼ 0Þi 0: ð70Þ

From the expression above, one cannot guarantee that the natural
norm of the solution decreases during the mechanics step. There-
fore, the drained split method does not inherit the contractive char-
acter of the continuum coupled problem. This has been pointed out
by Armero [26].

6.2. Undrained split

Following the same procedure as above, that is, introducing two
arbitrary initial conditions and subtracting the corresponding solu-
tions, the undrained split for the difference is given by

dun

dpn

� �
!
A0;u

ud dunþ1

dp�

" #
!
A0;p

ud dunþ1

dpnþ1

" #
;

where
A0;u

ud : Divdr¼ 0; ddm¼ 0;

A0;p
ud : d _mþDivdw¼ 0; dde¼ 0; ddep ¼ 0; ddn¼ 0:

(
ð71Þ

The contractivity properties of the flow step are the same as for the
drained split. In contrast, for the mechanics step we have:

dWd

dt

�����
A0;u

ud

¼
Z

X
dr : d _eþ dp

qf ;0
d _m

 !
dX�

Z
X

dr0 : _d _ep þ dj � _dn
� �

dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dd

p

¼
Z

X
dr : d _edX� Dd

p ðsince ddm ¼ 0Þ

¼ �Dd
p ðsince Divr ¼ 0Þ 6 0: ð72Þ

Therefore, the undrained split satisfies the contractivity property of
the continuum problem, which is equivalent to its dissipative char-
acter [26].

7. Algorithmic stability of the nonlinear problem

The analysis of the previous section confirms that the undrained
split inherits the contractivity property (that is, the dissipative
character [26]) of the continuum problem. In this section we study
what time-integration schemes are B-stable [65]. By B-stability we
mean the algorithmic counterpart of contractivity [37,48,66], i.e.,

kdvnþ1k2
N 6 kdvnk2

N 8n; ð73Þ

where dv is the difference between two solutions with different ini-
tial conditions, and n and n + 1 refer to two consecutive time steps.

Since the drained split does not honor the dissipative character,
it clearly cannot provide an unconditionally stable algorithm. Thus,
we focus exclusively on the undrained split. Our analysis follows
that of Simo [37], and Simo and Govindjee [48] for elastoplasticity,
and that of Simo [37] for the nonlinear heat equation. We extend
their results to the coupled problem.

7.1. The mechanics step

We solve the mechanical problem first by means of the return
mapping algorithm [67,68], for which we adopt the generalized
midpoint rule [37,48]. The algorithmic counterpart of Eq. (52) is

hhRtr;nþa � Rnþa;P� Rnþaii 6 0 8P 2 E; ð74Þ

where R = (r0,j) is a generalized effective stress which is con-
strained to lie within the elastic domain E; P ¼ ðp0; gÞ is another
generalized effective stress, and Rtr,n+a from the elastic trial step
is defined as (r

0n + aCdr Den,jn). In what follows, we denote by
D(�)n 	 (�)n+1 � (�)n. Fig. 2 shows the geometric interpretation of
Eq. (74).

Fig. 2. Geometric interpretation of the return mapping algorithm in effective stress
space (modified from [66]).
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Let (un,pn,nn) and ð~un; ~pn; ~nnÞ be two arbitrary solutions at
time tn, with the associated variables ðr0n;mn;jn; en

pÞ and
ð~r0n; ~mn; ~jn; ~en

pÞ, respectively. Then, discretization of Eq. (71)1 with
the generalized midpoint rule yields:

Divdrnþa ¼ 0; Ddm ¼ 0; ð75Þ

where drnþa ¼ rnþa � ~rnþa. From Eq. (74),

hhRtr;nþa � Rnþa; ~Rnþa � Rnþaii 6 0 choosing P ¼ ~Rnþa� �
; ð76Þ

hh~Rtr;nþa � ~Rnþa;Rnþa � ~Rnþaii 6 0 choosing P ¼ Rnþað Þ: ð77Þ

Adding Eqs. (76) and (77):

hhdRn � dRnþa;�dRnþaii þ hhðaCdrDden;0Þ; ð�dr0nþa;�djnþaÞii 6 0:

ð78Þ

The first term of Eq. (78) can be written as:

hhdRn � dRnþa;�dRnþaii ¼ �hhaðdRn � dRnþ1Þ;dRnþ1=2

þ a� 1
2

	 

ðdRnþ1 � dRnÞii

¼ a kdRnþ1k2
E � kdRnk2

E

� �
þ að2a� 1ÞkdRnþ1 � dRnk2

E ; ð79Þ

where Rn+1/2 = 1/2(Rn + Rn+1). The second term of Eq. (78) can be
written as:

hhðaCdrDden;0Þ; ð�dr0nþa;�djnþaÞii

¼ �
Z

X
aDden : dr0nþa dX

¼ �a
Z

X
Dden : ðdrnþa þ bdpnþa1ÞdX

¼ �a
Z

X
Dden : bdpnþa1dX ðfrom Eq: ð75ÞÞ

¼ a
Z

X

1
M
ðdpnþ1 � dpnÞdpnþa dX ðfrom Eq: ð6Þ and Ddm ¼ 0Þ

¼ a
1

2M
kdpnþ1k2

L2 � kdpnk2
L2

� �
þ að2a� 1Þ 1

2M
kdpnþ1 � dpnk2

L2 :

ð80Þ

Substituting Eqs. (79) and (80) into Eq. (78):

a kdRnþ1k2
E � kdRnk2

E þ
1

2M
kdpnþ1k2

L2 � kdpnk2
L2

� �	 

þ að2a� 1Þ kdRnþ1 � dRnk2

E þ
1

2M
kdpnþ1 � dpnk2

L2

	 

6 0: ð81Þ

Then, the evolution of the norm at the discrete time level during the
solution of the mechanics step is

kdvnþ1k2
N � kdvnk2

N

¼ kdfnþ1k2
T � kdfnk2

T

¼ kdRnþ1k2
E þ

1
2M
kdpnþ1k2

L2 �kdRnk2
E �

1
2M
kdpnk2

L2

ðfrom Eqs: ð49Þ; ð54Þ and ð55ÞÞ

6�ð2a� 1Þ kdRnþ1 � dRnk2
E þ

1
2M
kdpnþ1 � dpnk2

L2

	 

ðfrom ð81ÞÞ:

ð82Þ

The B-stability condition (73) is satisfied during the mechanical
step if 0.5 6 a 6 1.

Remark 4. This result generalizes the analysis of Simo [37] to
coupled poroelastoplasticity. In the uncoupled problem, Eq. (80) is
identically zero, and the natural norm does not include a contri-
bution from the pore fluid pressure.

7.2. The flow step

The second step in the sequential scheme is to solve the flow
problem. Since all the mechanical variables (deformation and
stress) are frozen during the flow step, the problem reduces to
the heat conduction equation, and the nonlinear stability analysis
is standard [69,37]. We summarize it here for completeness.

After time discretization with the generalized midpoint rule, Eq.
(71)2 leads to:

1
M

dpnþ1 � dpn

Dt
þ Divdvnþa ¼ 0; with Dde ¼ 0;

Ddep ¼ 0; Ddn ¼ 0: ð83Þ

Multiplying by dpn+a, integrating over the domain X, and using the
divergence theorem, we obtain:Z

X
dpnþa 1

M
dpnþ1 � dpn

Dt
dX ¼

Z
X

Grad dpnþa � dvnþa dX

¼ �
Z

X
dvnþa � lk�1dvnþa dX

ðfrom Darcy’s lawÞ: ð84Þ

From Eq. (83):

kdRnþ1k2
E ¼ kdRnk2

E : ð85Þ

Using Eq. (85) and the following identity:Z
X

dpnþa 1
M

dpnþ1 � dpn
� �

dX

¼ 1
2M

kdpnþ1k2
L2 � kdpnk2

L2

� �
þ ð2a� 1Þ 1

2M
kdpnþ1 � dpnk2

L2 ; ð86Þ

the evolution of the norm during the flow step is

kdvnþ1k2
N � kdvnk2

N ¼ kdfnþ1k2
T � kdfnk2

T

¼ 1
2M

kdpnþ1k2
L2 � kdpnk2

L2

� �
¼ �ð2a� 1Þ 1

2M
kdpnþ1 � dpnk2

L2

� Dt
Z

X
dvnþa � lk�1dvnþa dX: ð87Þ

The B-stability condition (73) is satisfied during the flow step if
0.5 6 a 6 1. The stability condition during the flow step is identical
to the uncoupled problem, where the proper norm to show stabil-
ity is a weighted L2 norm of the pressure [69,37]. From Eqs. (82)
and (87), the condition for B-stability of the undrained split is
0.5 6 a 6 1. Moreover, since this condition is obtained indepen-
dently for the mechanics and flow steps, we infer that the un-
drained split is B-stable for mixed time discretizations based on a
generalized midpoint rule for each subproblem, with amech – aflow,
as long as 0.5 6 amech 6 1 and 0.5 6 aflow 6 1.

8. Error estimation

We now investigate convergence of the drained and undrained
splits. For simplicity, we consider the linear problem only. We em-
ploy the matrix algebra and spectral methods to analyze the
behavior of the error as a function of the number of iterations.
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8.1. Error estimation of the drained split by matrix algebra

For a sequential solution strategy, we can write:

enþ1;niter
ts

��� ��� 6 xnþ1
t � xnþ1

f

��� ���þ xnþ1
f � xnþ1;niter

s

��� ���
¼ OðDtÞ þ xnþ1

f � xnþ1;niter
s

��� ���; ð88Þ

where ets is the error between the true solution and the numerical
solutions from the sequential method, and k�k is an appropriate
norm (e.g., L2 norm), enþ1

fs ¼ xnþ1
f � xnþ1;niter

s is the error between
the fully coupled and sequential methods, n is the time step, niter

is the iteration number within a time step, and xt = [ut, pt] denotes
the displacement–pressure solution to the coupled problem. The
subscripts f and s (i.e., (�)f and (�)s) denote the fully coupled and
sequential methods, respectively, and the subscript t (i.e., (�)t) de-
notes the true solution. If kefsk = O(Dtm), where m > 0, the numerical
scheme is convergent [62], whereas if kefsk = O(1), the numerical
scheme is not convergent. Turska and Schrefler [70] show that
kxnþ1

t � xnþ1
f k ¼ OðDtÞ when the backward Euler time discretization

is employed.
For the fully coupled method, the algebraic form of the coupled

problem is

K �Lt

L F

" #
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

A

u
p

� �nþ1

�
0 0
L Q

� �
|fflfflfflfflffl{zfflfflfflfflffl}

B

u
p

� �n

¼
fu

fp

� �
|fflffl{zfflffl}

nþ1

f

; ð89Þ

where K is the stiffness matrix from the drained moduli, and
F = Q + DtT [25]. Q and T are the fluid compressibility matrix, which
includes the Biot modulus, and the transmissibility matrix of the flow
problem, respectively. L is associated with the coupling coefficient,
the Biot coefficient. The drained split decomposes matrix A into:

K 0
L F

� �
u
p

� �nþ1;kþ1

� 0 Lt

0 0

" #
u
p

� �nþ1;k

�
0 0
L Q

� �
u
p

� �n

¼
fu

fp

� �nþ1

;

ð90Þ

where k is the iteration index. From Eqs. (89) and (90), the errors of
pressure and displacement between the fully coupled method and
drained split are:

efs;u

efs;p

� �nþ1;kþ1

¼
K 0
L F

� ��1 0 Lt

0 0

" #
efs;u

efs;p

� �nþ1;k

þ
0 0
L Q

� �
efs;u

efs;p

� �n
 !

¼ K�1 0
�F�1LK�1 F�1

" #

� 0 Lt

0 0

" #
efs;u

efs;p

� �nþ1;k

þ
0 0
L Q

� �
efs;u

efs;p

� �n
 !

¼ 0 K�1Lt

0 �F�1LK�1Lt

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

D

efs;u

efs;p

� �nþ1;k

þ
0 0

F�1L F�1Q

� �
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

H

efs;u

efs;p

� �n

; ð91Þ

where efs ¼
efs;u

efs;p

� �
, and en

fs ¼ en;niter
fs . Then:

enþ1;niter
fs ¼ Dniter enþ1;0 þ

Xniter

l¼1

Dl�1Hen;niter
fs

¼ Dniter xnþ1
f � xn

f

� �
þ Dniter þ

Xniter

l¼1
Dl�1H

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

S

en;niter
fs ; ð92Þ

where en+1,0 is written as ðxnþ1
f � xn

f Þ þ ðxn
f � xn;niter

s Þ. By recursion,
enþ1;niter is expressed in terms of the initial error e0;0

fs ; Dniter , and S as:

enþ1;niter
fs ¼

Xn

l¼0

Dniter Sl xnþ1�l
f � xn�l

f

� �
þ Snþ1e0;0

fs : ð93Þ

Stability requires that kSk 6 1 and kDniterk 6 1 [45]. For conver-
gence analysis, we assume no initial error, such that
ke0;0

fs k ¼ kx0
f � x0;0

s k ¼ 0. By the triangular inequality:

enþ1;niter
fs

��� ��� 6 Dniter
�� ��Xn

l¼0

xnþ1�l
f � xn�l

f

��� ��� 6 Dniter
�� ��Xn

l¼0

M1Dt

¼ Dniter
�� ��M1tnþ1

ðsince xnþ1
f ¼ xn

f þ OðDtÞ from the Taylor expansionÞ;
ð94Þ

where M1 is a positive constant independent of time step size, and
tn is the simulation time up to the nth time step. Thus,
kenþ1;niter

fs k ¼ Oð1Þ when kDk = O(1). As the time step size goes to
zero:

lim
Dt!0

kDk–0;

which yields kDk = O(1) in Eq. (91), Non-convergence of the drained
split for a fixed number of iterations was originally anticipated by
Turska et al. [45]. They pointed out that kDk = O(1) implies non-con-
vergence whereas kDk = O(Dt) shows convergence.

The fact that kDk = O(1) can also be derived from the error
amplification factor as shown in the next section. Thus, the drained
split with a fixed iteration number is not convergent. In particular,
the drained split can show severe non-convergence problems as
kDk approaches one, which is the stability limit of the drained split.

Remark 5. Turska et al. [45] and Turska and Schrefler [70] indicate
that kDk 6 1 for convergence of sequential methods during itera-
tions and kSk 6 1 for stability of sequential methods. Here, we
define convergence as global convergence of a numerical solution,
and stability as the condition for bounding the numerical errors.
Hence, we require that kDk 6 1 and kSk 6 1 for stability, and
limDt?0 kDk = 0 for convergence.

8.2. Error estimation of the undrained split by matrix algebra

In the undrained split, matrix A in Eq. (89) is decomposed into:

Kþ LtQ�1L 0
L F

" #
u
p

� �nþ1;kþ1

� LtQ�1L Lt

0 0

" #
u
p

� �nþ1;k

�
0 0
L Q

� �
u
p

� �n

¼
fu

fp

� �nþ1

: ð95Þ

Let Kud = K + LtQ�1L. Then the errors can be expressed as:

efs;u

efs;p

� �nþ1;kþ1

¼
Kud 0
L F

� ��1

� LtQ�1L Lt

0 0

" #
efs;u

efs;p

� �nþ1;k

þ
0 0
L Q

� �
efs;u

efs;p

� �n
 !

¼
K�1

ud 0

�F�1LK�1
ud F�1

" #

� LtQ�1L Lt

0 0

" #
efs;u

efs;p

� �nþ1;k

þ
0 0
L Q

� �
efs;u

efs;p

� �n
 !

¼
K�1

ud LtQ�1L K�1
ud Lt

�F�1LK�1
ud LtQ�1L �F�1LK�1

ud Lt

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Dud

efs;u

efs;p

� �nþ1;k

þ
0 0

F�1L F�1Q

� �
efs;u

efs;p

� �n

: ð96Þ
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From the first row of Eq. (96), we have:

enþ1;kþ1
fs;u ¼ K�1

ud LtQ�1Lenþ1;k
fs;u þ K�1

ud Ltenþ1;k
fs;p

¼ K�1
ud Lt Q�1Lenþ1;k

fs;u þ enþ1;k
fs;p

� �
: ð97Þ

F�1L times the first row of Eq. (96) plus the second row of Eq. (96)
yields:

F�1Lenþ1;kþ1
fs;u þ enþ1;kþ1

fs;p ¼ F�1Len
fs;u þ F�1Qen

fs;p: ð98Þ

Note that F ? Q as Dt ? 0 since limDt?0 {DtT} = 0 in Eq. (89). Using
Eqs. (97) and (98), the pressure error, efs,p, becomes:

lim
Dt!0

enþ1;kþ1
fs;p ¼ lim

Dt!0
�F�1Lenþ1;kþ1

fs;u þ F�1Len
fs;u þ F�1Qen

fs;p

� �
from ð98Þð Þ

¼ �Q�1L K�1
ud Lt Q�1Len

fs;u þ Q�1Qen
fs;p

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

from ð97Þ

þQ�1Len
fs;u

þ Q�1Qen
fs;p ¼ I� Q�1LK�1

ud Lt
� �

Q�1Len
fs;u þ en

fs;p

� �
:

ð99Þ

As the time step size is refined to zero, Eq. (98) yields:

lim
Dt!0

F�1Lenþ1;kþ1
fs;u þ enþ1;kþ1

fs;p

� �
¼ Q�1Len

fs;u þ en
fs;p: ð100Þ

From Eq. (100), the displacement error, efs,u, in Eq. (97), using
limDt?0 F = Q, becomes:

lim
Dt!0

enþ1;kþ1
fs;u ¼ lim

Dt!0
K�1

ud Lt Q�1Lenþ1;k
fs;u þ enþ1;k

fs;p

� �
¼ K�1

ud Lt Q�1Len
fs;u þ en

fs;p

� �
: ð101Þ

Then, from Eqs. (99) and (101), the displacement and pressure er-
rors become:

efs;u

efs;p

� �nþ1;kþ1

!Dt!0 K�1
ud LtQ�1L K�1

ud Lt

I� Q�1LK�1
ud Lt

� �
Q�1L I� Q�1LK�1

ud Lt

24 35
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Eud

efs;u

efs;p

� �n

:

ð102Þ

By recursion and the assumption e0;0
fs ¼ 0; enþ1;niter

fs , we can write:

lim
Dt!0

enþ1;niter
fs

��� ��� ¼ Euden;niter
fs

��� ��� 6 kEudknke0
fsk ¼ 0: ð103Þ

Eq. (103) implies that the undrained split yields convergence as the
time step size is refined. Therefore, the undrained split is conver-
gent with a fixed iteration number. We can also show convergence
of the undrained split if kDudk = O(Dt), since kDudk corresponds to
kDk in Eq. (94). In the next section we investigate the behavior of
kDudk by spectral analysis. These results are easy to explain since,
as the time step size goes to zero, the physical system approaches
the undrained condition, and the undrained split converges to the
fully coupled method regardless of how many iterations are taken.

Remark 6. Convergence of the undrained split is restricted to a
(slightly) compressible system (i.e. compressible fluid or solid
grains). When both the fluid and solid grains are incompressible,
Q = 0. As a result, K�1

ud does not exist, and Eq. (103) is not valid for
incompressible systems.

9. Spectral analysis

The matrix algebra method is a rather general approach to ana-
lyze whether a method is convergent, but it does not provide sharp
information for the order of accuracy. In the previous sections, we

saw that kDk and kDudk are the key parameters for convergence. In
this section, we investigate kDk and kDudk further by performing an
analysis of the error amplification of a 1D problem based on the fi-
nite volume and finite element methods adopted for flow and
mechanics, respectively. The procedure is similar to the von Neu-
mann method.

9.1. Error amplification of the drained split

The drained split treats the pressure term Pn+1 in Eq. (33) explic-
itly as Pn+1,k, which is obtained from the previous iteration (kth)
step. The other variables in Eqs. (33) and (34) are treated implicitly
as Un+1,k+1 and Pn+1,k+1, which are unknown at the present (k + 1)th

step. Let ek
U ¼ Unþ1 � Unþ1;k and ek

P ¼ Pnþ1 � Pnþ1;k, where Un+1 and
Pn+1 are the solutions from the fully coupled method, and Un+1,k

and Pn+1,k are those from the sequential methods at the kth itera-
tion step. Let en;niter

P and en;niter
U be the difference between the solu-

tions from the fully coupled and sequential methods at tn for
pressure and displacement, respectively. Then the error equations
are given as:

�Kdr

h
ekþ1

U
j�3

2

þ 2
Kdr

h
ekþ1

U
j�1

2

� Kdr

h
ekþ1

U
jþ1

2

� b ek
Pj�1
� ek

Pj

� �
¼ 0; ð104Þ

h
M

ekþ1
Pj

Dt
þ b

h
Dt

�
ekþ1

U
j�1

2

� ekþ1
U

jþ1
2

h

0@ 1A� kp

l
1
h

ekþ1
Pjþ1
� 2ekþ1

Pj
þ ekþ1

Pj�1

� �

� h
M

en;niter
Pj

Dt
� b

h
Dt

�
en;niter

U
j�1

2

� en;niter
U

jþ1
2

h

0@ 1A ¼ 0: ð105Þ

We set en;niter
P and en;niter

U to zero in order to investigate kDk in Eq.
(91) only. This implies that we drop the second term in Eq. (91).
Introducing errors of the form ek

Uj
¼ ck

eeiðjÞhceU and ek
Pj
¼ ck

eeiðjÞhceP ,
where ce is the amplification factor of error, we obtain from Eqs.
(104) and (105):

Kdr
h 2ce 1� cos hð Þ b2i sin h

2

bce2i sin h
2

1
M hþ kpDt

l
1
h 2ð1� cos hÞ

h i
ce

24 35
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Bdr

cek
Ucek
P

24 35 ¼ 0
0

� �
:

ð106Þ
Since the matrix Bdr is required to be singular (i.e., detBdr = 0), this
leads to:

ce ¼ 0; � b2

Kdr
1
M þ v2ð1� cos hÞ
� � ; v ¼ kpDt

lh2 : ð107Þ

The coefficient ce is equivalent to the eigenvalue of the error ampli-
fication matrix G defined by

ekþ1
Uj

ekþ1
Pj

24 35 ¼ G
ek

Uj

ek
Pj

" #
: ð108Þ

If the two ce’s in Eq. (107) are distinct, then G can be decomposed as
G = PK P�1 [71], where K = diag{ce,1, ce,2} and P is an invertible ma-
trix. When a fixed iteration number, k = niter, is used, the error esti-
mate of the drained split is

enþ1;niter
fs

��� ��� 6 max jcejð Þniter enþ1;0
fs

��� ���; ð109Þ

where enþ1;0
fs ¼ xnþ1

f � xn;niter
s . Thus, (maxjcej) is equivalent to kDk.

Remark 7. From Eq. (94), en;niter
fs does not disappear even though Dt

approaches zero, because ðmax jcejÞ
niter does not approach zero (i.e.,

O(1)). Thus, the drained split with a fixed number of iterations is
not convergent. Non-convergence of the drained split becomes
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severe when maxjcej approaches one, which is also the same as the
stability limit.

Remark 8. kDk is less than one if maxjcej 6 1 for all h, which yields
the stability condition of the drained split during iterations. In order
to have maxjcej 6 1 for all h in Eq. (107), the stability condition is
s = b2M/Kdr 6 1, where s is the coupling strength. This stability con-
dition coincides with that obtained by the von Neumann method.

9.2. Comparison with coupled flow and fully-dynamic geomechanics

The governing equations of coupled flow and fully-dynamic
geomechanics are [30]:

Divrþ qbg ¼ qb
€u; ð110Þ

_mþ Divw ¼ qf ;0f ; ð111Þ

where ð€Þ denotes the second order time derivative. Denote _u by vk,
which is the rate of the solid skeleton displacement. Then, applying
the fully coupled and drained split methods to Eqs. (110) and (111)
and following the same procedure of the previous section, we ob-
tain the following error equations:

ekþ1
U

j�1
2

¼ Dtekþ1
V

j�1
2

; ð112Þ

ekþ1
V

j�1
2

¼ DtKdr

qbh2 ekþ1
U

j�3
2

� 2ekþ1
U

j�1
2

þ ekþ1
U

jþ1
2

	 

þ Dtb

qbh
ek

Pj�1
� ek

Pj

� �
; ð113Þ

ekþ1
Pj
¼ DtMkp

lh2 ekþ1
Pj�1
� 2ekþ1

Pj
þ ekþ1

Pjþ1

� �
þ DtMb

h
ekþ1

V
j�1

2

� ekþ1
V

jþ1
2

	 

; ð114Þ

where V ¼ _U; ek
V ¼ Vnþ1 � Vnþ1;k, and we assume the difference be-

tween the solutions from the fully coupled and sequential methods
at tn to be zero, as in the previous section. Introducing errors of the
form ek

Uj
¼ ck

eeiðjÞhceU ; ek
Vj
¼ ck

eeiðjÞhceV , and ek
Pj
¼ ck

eeiðjÞhceP , we obtain:

ce �Dtce 0
DtKdr

qbh2 2ð1� cos hÞce ce
Dtb
qbh 2i sin h

2

0 DtMb
h 2i sin h

2 ce ce þ
DtMkp

lh2 2ð1� cos hÞce

2664
3775
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ceUceVceP
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0
0

264
375: ð115Þ

From detðB�drÞ ¼ 0, the error amplification factors of the coupled
flow and dynamics for the drained split are given by

ce ¼ 0; �
Dt2Mb2

qbh2 2ð1� cos hÞ

1þ Dt2Kdr

qbh2 2ð1� cos hÞ
� �

1þ DtMkp

lh2 2ð1� cos hÞ
� � : ð116Þ

Eq. (116) indicates that:

lim
Dt!0

max jcej ¼ 0: ð117Þ

Following a similar procedure to that used for the drained split
of quasi-static geomechanics (Eqs. (92)–(94)) and add vk to the un-
knowns, one can show that the drained split for coupled flow and
dynamics is convergent because limDt!0kenþ1

fs k ¼ 0. As explained by
Armero and Simo [30], when we use the staggered method (i.e.,
one iteration), convergence and first-order accuracy can be also di-
rectly estimated by Lie’s formula [43,44]. Thus, the drained split of
the coupled flow and dynamics is convergent, whereas the drained
split of the coupled flow and quasi-static mechanics is not conver-
gent, especially close to the stability limit.

Remark 9. A necessary condition for stability is maxjcej 6 1 for all
h in Eq. (116). To compare with the stability estimate of thermo-
elasticity in Armero and Simo [30], consider the undrained limit
corresponding to kp = 0. Then the stability condition becomes:

2as
Dt
h


 �2

ðs� 1Þ 6 1; ð118Þ

where a2
s ¼

Kdr
qb

, and as is the speed of sound [58]. Eq. (118) has a sim-
ilar form to that of Armero and Simo [30]. The slight difference be-
tween the two is due to the different space and time discretization.
In contrast to coupled flow and quasi-static mechanics, the stability
of the drained split for the fully-dynamic case depends on the time
step size. From Eq. (118), s 6 1 can only provide stability as the
mechanical problem approaches the elliptic limit (i.e., qb ? 0,
which yields as ?1), which is identical to the stability condition
of coupled flow and statics. Furthermore, since one of the error
amplification factors is negative, we may observe oscillations dur-
ing iterations for the drained split in coupled flow and dynamics.

Remark 10. Even when both the fluid and solid grains are incom-
pressible, limDt?0maxjcej = 0. Hence, in contrast to coupled flow
and statics, refining the time step size can recover stability and
first-order accuracy for an incompressible problem.

9.3. Error amplification of the undrained split

The undrained split solves the mechanical problem while freez-
ing fluid mass content for each grid block. Then the error equation
for mechanics is written as:
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where Kud = Kdr + b2M. The error equation for flow is the same as Eq.
(105). Introducing errors of the form ek

Uj
¼ ck

eeiðjÞhceU and
ek

Pj
¼ ck

eeiðjÞhceP , Eqs. (119) and (105) yield:
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: ð120Þ

From detBud = 0, the error amplification factors of the un-
drained split are obtained as:

ce ¼ 0;
b2vM2ð1� cos hÞ

ðKdr þ b2MÞ 1
M þ 2vð1� cos hÞ
� � : ð121Þ

From Eq. (121), when Dt is refined, maxjcej approaches zero. Since
kDudk ¼max jcej; en

fs goes to zero when the time step size is refined
even if a fixed number of iterations is used. Hence, the undrained
split with a fixed number of iterations exhibits first-order conver-
gence for a compressible system.

Remark 11. We obtain first-order accuracy for the undrained split
only for a compressible system. From Eq. (121), if the fluid and
solid grains become incompressible, we have M ?1 and
maxjcej? 1 regardless of time step size. Thus, we expect severe
reductions of accuracy if the system is nearly incompressible
(M ?1), and loss of convergence altogether for an incompressible
system.
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Remark 12. The undrained split is always stable during iterations,
since maxjcej 6 1 and ce’s are distinct. Global unconditional stabil-
ity is rigorously shown in the previous section on stability analysis.

10. Convergence rate of fully-iterated schemes

The solutions to the model equations of coupled flow and geo-
mechanics using sequential methods converge to those of the fully
coupled method when full iterations are performed if the schemes
are stable and convergent during the iterative process. In this sec-
tion, we address the question of which sequential method is more
efficient in terms of the rate of convergence when full iterations are
performed. The error amplification factors, shown in Eqs. (107) and
(121), are appropriate tools for estimating the rate of convergence:
smaller magnitudes indicate faster rates of convergence [49].

The left and right plots of Fig. 3 show the error amplification
factors from Eq. (107) (drained split) and (121) (undrained split),
for a coupling strength s = 0.05. The absolute value of the error
amplification factor of the drained split, jce,drj, decreases with re-
spect to v in Eq. (107), where v is pressure diffusivity. Hence, high
(pressure) diffusive conditions (e.g., high permeability and large
time step size) are favorable to the drained split in terms of the rate
of convergence. However, jce,udj of the undrained split increases
with respect to v, which implies that the undrained split exhibits
better rates of convergence under less (pressure) diffusive condi-
tions (e.g., low permeability and small time step size). Fig. 4 shows
the difference between the magnitude of the two amplification fac-
tors, jce,udj � jce,drj. When the difference is negative, the undrained
split shows a better rate of convergence compared with the
drained split. When the difference is positive, the drained split
shows better rates of convergence. From Fig. 4, it is apparent that
the drained split can be faster than the undrained split for high
v, but the undrained split can be faster than the drained split for
low v.

11. Representative numerical examples

11.1. Stability behavior of the staggered approach

In this section, we confirm the results of the theoretical analysis
by means of simple numerical examples. In Kim et al., [59] we
show numerical simulations for linear poroelasticity – using

staggered, non-iterative schemes – and nonlinear poroelastoplas-
ticity – using various sequential schemes and full iteration to
achieve convergence at each time step. In that work, a backward
Euler time discretization was employed. Here we report simula-
tions using the midpoint rule (a = 0.5 for both mechanics and flow)
and a mixed time discretization (amech = 1 and aflow = 0.5). For the
nonlinear problem, we concentrate exclusively on the non-itera-
tive drained and undrained splits.

We report the results of three test cases:

Case 1.1 Fluid injection and withdrawal in a 1D elastic medium.
Case 1.2 Same as Case 1.1, but in a elastoplastic medium with

isotropic hardening.
Case 1.3 Fluid withdrawal in a 2D elastoplastic medium, which

induces compaction.

We only show the evolution of fluid pressure field because the
displacement has the same stability characteristics as the pressure.
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Fig. 3. The distribution of the error amplification factors of the drained (left) and undrained (right) splits with respect to pressure diffusivity v and frequency. The coupling
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11.1.1. Injection and withdrawal from 1D elastic medium
The first simulation example is a one-dimensional problem in

which the deformation is driven by fluid injection and withdrawal.
The schematic of the problem is shown in Fig. 5. A porous medium
of thickness L = 150 m is subject to a constant overburden stress
�r ¼ 2:125 MPa. The medium is assumed to be elastic, with a
drained uniaxial modulus (constrained modulus) Kdr = 1 GPa. The

permeability is k = 50 md 
 5 � 10�14 m2, and the porosity is
/0 = 0.3. Other parameters of the rock–fluid system are the Biot
coefficient b = 1, the bulk density qb = 2400 kg m�3, the fluid den-
sity qf,0 = 1000 kg m�3, and the fluid dynamic viscosity
l = 1 cP = 10�3 Pa s. The fluid bulk modulus Kf – or, alternatively,
the Biot modulus M – is left unspecified to test the performance
of the drained and undrained splits for different values of the cou-
pling strength s (see Eq. (39)). We neglect gravity effects, and the
initial pressure Pi is assumed to be uniform and equal to the over-
burden stress, so that the initial effective stress r00 ¼ 0 everywhere.
The system is driven by injection and withdrawal of fluid from two
wells, located at the bottom and top elements, respectively. We fix
the injection and production mass fluxes, and take them as con-
stant, Minj = Mprod = 100 kg m�2 day�1 (in terms of volumetric flux,
this corresponds to Q 
 1.16 � 10�6 ms�1. We discretize the prob-
lem with 15 elements of equal size Dz = 10 m. We present results
of the simulation in terms of the pressure evolution at an observa-
tion point, located at the center of the fifth element from the top of
the domain.

Due to symmetry and linearity, the solution to the problem
does not display overall subsidence of the porous medium. This
does not mean that mechanical effects are unimportant: there is
dilation around the injection well and compaction around the pro-
duction well. Since the observation point is closer to the with-
drawal well, the pressure at that point decreases with time.

In Fig. 6 we show the evolution of the pressure at this observa-
tion point. We plot the nondimensional pressure, PD 	 P/Pi, as a
function of dimensionless time, tD 	 t/tc, where the characteristic
time is defined as tc = L/Q (therefore, tD is simply the number of
pore volumes injected). Results are for low coupling strength
(s = 0.083), and two different time discretizations: backward Euler
(a = 1, left), and the midpoint rule (a = 0.5, right). In agreement
with the von Neumann stability analysis, the undrained split is sta-
ble for both values of a, given that s < 1. In contrast, the drained
split is unstable if the midpoint rule is used, even for this very
low value of the coupling strength – also in agreement with our
analysis.

We now study the stability properties of the sequential
schemes when a mixed time discretization is employed: a general-
ized midpoint rule with a = 1 for the mechanics step and a = 0.5
for the flow step. The von Neumann stability analysis suggests
that this time discretization will be unconditionally stable if the

Fig. 5. Case 1.1: schematic of the problem of injection and production in a 1D
medium.

0 0.05 0.1 0.15 0.2
0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Dimensionless time (pore volume injected)

D
im

en
si

on
le

ss
 p

re
ss

ur
e

α=1.0 and τ=0.083

Drained
Undrained
Fully Coupled

0 0.05 0.1 0.15 0.2
0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Dimensionless time (pore volume injected)

D
im

en
si

on
le

ss
 p

re
ss

ur
e

α=0.5 and τ=0.083

Drained
Undrained
Fully Coupled

Fig. 6. Case 1.1: 1D poroelastic problem. Evolution of pressure at the observation point as a function of time. Results are for low coupling strength (s = 0.083), and two
different time discretizations. Left: backward Euler (a = 1); Right: midpoint rule (a = 0.5). The undrained split is stable for both values of a. The drained split is unstable if the
midpoint rule is used, even for this very low value of the coupling strength.
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undrained split is used, but only conditionally stable (s < 1) if the
drained split is employed. These results are confirmed by our
numerical simulations (Fig. 7), which show that the undrained split
is stable for any value of s, and that the drained split is unstable for
s > 1. The values we used for the coupling strength are only slightly
less and slightly greater than one (s = 0.83 and s = 1.11, respec-
tively), indicating that the criteria from the von Neumann stability
analysis are sharp.

11.1.2. Injection and withdrawal from 1D elastoplastic medium
This test case is identical to the previous one, except that the

medium is allowed to reach the plastic regime. We adopt an asso-
ciated plasticity formulation with isotropic hardening [66,5]. The
yield function fY is given by

fY ¼ r0j j � ðr0Y þ HnÞ ¼ 0; with _n ¼ _ep

�� ��; ð122Þ

where H > 0 is the hardening modulus. For the simulations, we take
the values r0Y ¼ 1:5 MPa, and H = 250 MPa and H = 25 MPa

(corresponding to s = 0.417 and s = 3.41, respectively). The funda-
mental aspect of plasticity is that it softens the material and
increases the coupling strength between flow and mechanics [26].
As a result, the coupling strength may increase in the course of a
simulation from a value below 1 during the elastic response to a va-
lue above 1 when the material yields.

In Fig. 8 we show simulation results using backward Euler for
two different cases: one in which the coupling strength remains
below 1 when the material yields (left figure), and one in which
it goes above 1 (right figure). In both cases, the medium enters
the plastic regime at tD 
 0.05. It is apparent that the undrained
split is stable – and follows the fully coupled solution almost ex-
actly – independently of the value of s. The drained split, in con-
trast, becomes unstable shortly after the material yields for the
case in which the coupling strength jumps to a value above 1
(Fig. 8, right). The instability cannot be avoided by reducing the
time step. These results are in full agreement with our nonlinear
stability analysis.
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Fig. 7. Case 1.1: 1D poroelastic problem. Evolution of pressure at the observation point as a function of time. Results are for a mixed time discretization that uses a
generalized midpoint rule with a = 1 for the mechanics step and a = 0.5 for the flow step. Left: coupling strength slightly less than one (s = 0.83); Right: coupling strength
slightly greater than one (s = 1.11). The undrained split is stable for any value of s. The drained split is unstable for s > 1.
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Fig. 8. Case 1.2: 1D poroelastoplastic problem. Evolution of pressure at the observation point as a function of time. Results are for a backward Euler time discretization (a = 1).
Left: coupling strength after plasticity less than one (s = 0.417); Right: coupling strength after plasticity greater than one (s = 3.41). The undrained split is stable for any value
of s, while the drained split becomes unstable after the material yields if s > 1. Stability of the drained split cannot be recovered by reducing the time step.
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11.1.3. Withdrawal from 2D elastoplastic medium
We model fluid withdrawal from the center of a 2D medium.

The permeability is k = 50 md 
 5 � 10�14 m2, and the porosity is
/0 = 0.3. The Young modulus in the elastic regime is E = 350 MPa
and the drained Poisson ratio is m = 0.3. Other parameters of the
rock–fluid system are the Biot coefficient b = 1, the bulk density
qb = 2400 kg m�3, the fluid density qf,0 = 1000 kg m�3, and the fluid
dynamic viscosity l = 1 cP = 10�3 Pa s. The medium is elastoplastic,
and modeled with a modified Cam-clay formulation [72]. The yield
function is given by

fY ¼
q02

M2
mcc

þ r0v r0v � pco

� �
¼ 0; ð123Þ

where q0 is the deviatoric effective stress, r0v is the volumetric effec-
tive stress, Mmcc is the slope of the critical state line, and pco is the
preconsolidation pressure. In our simulations, we use the following
parameter values: critical state slope Mmcc = 1.4, initial preconsoli-
dation pressure pco = �1 MPa, virgin compression index k = 0.37,

and swell index j = 0.054. For details on the mathematical formula-
tion and the implementation of the return-mapping algorithm for
this poroelastoplastic model, see Borja and Lee [72].

The overburden �rv and side burden stress �rh are assumed to be
equal, with a value of 2.125 MPa. The initial pressure is assumed to
have the same value, p0 = 2.125 MPa, so the initial effective stress is
zero everywhere. The dimensions of the domain are 50 � 50 m,
discretized with a simple 5 � 5 regular grid of rectangular ele-
ments (Fig. 9).

The numerical simulations of this third test case extend our pre-
vious findings to multidimensional problems. In Fig. 10 we show the
evolution of dimensionless pressure at the center of the domain as a
function of dimensionless time (left figure). We plot the solutions
for the fully-coupled method with the Newton-Raphson method
per time step, along with the solutions for the staggered method
with the drained and undrained splits. The undrained split is stable
throughout, and follows closely the fully-coupled solution. The
drained split becomes unstable at td 
 0.018. The reason for this
behavior is explored on the right figure, which shows the evolution
of the coupling strength s as a function of time. Initially, in the elas-
tic regime, the coupling strength is less than 1. The plastic regime is
reached at time td 
 0.018, and the coupling strength rises sharply
to a value significantly larger than 1, causing the instability of the
drained method.

11.2. Convergence behavior for a fixed number of iterations

We introduce two test cases to study the convergence behavior
of the fully coupled, drained, and undrained methods. Cases 2.1
and 2.2 are one and two dimensional consolidation problems.

Case 2.1 One-dimensional consolidation problem in a linear
poroelastic medium, the Terzaghi problem (the left pic-
ture in Fig. 11).

Case 2.2 Two-dimensional consolidation problem in a linear
poroelastic medium (the right picture in Fig. 11).

The true (reference) solutions are computed using the fully cou-
pled method with a very small time step size to minimize the tem-
poral error. The analytic solution is available for Case 2.1. The
reference solution matches the analytic solution within tight error
tolerances.

Fig. 9. Case 1.3: schematic of the problem of fluid production in a 2D medium.
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Fig. 10. Case 1.3: 2D poroelastoplastic problem. Results are for a backward Euler time discretization (a = 1). Left: evolution of pressure at the observation point (center
element) as a function of time. Shown are the solutions for the fully-coupled method with full iteration per time step, along with the solutions for the staggered method with
the drained and undrained splits. The drained split becomes unstable at td 
 0.018. Right: evolution of the coupling strength s as a function of time. Initially, in the elastic
regime, the coupling strength is less than 1. The plastic regime is reached at time td 
 0.018, and the coupling strength rises sharply to a value significantly larger than 1.
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11.2.1. Case 2.1 – The Terzaghi problem
We have drainage boundaries for flow at the top and bottom,

where the boundary fluid pressure is Pbc = 2.125 MPa. The overbur-
den is �r ¼ 4:250 MPa at the top, and a no-displacement boundary
condition is applied to the bottom. The initial fluid pressure is
Pi = 2.125 MPa. The domain is discretized with 20 grid blocks.
The length of the domain is Lz = 40 m with grid spacing Dz = 2 m.
The bulk density of the porous medium is qb = 2400 kg m�1. The
fluid density and viscosity are qf,0 = 1000 kg m�1 and l = 1.0 cp,
respectively. The medium permeability is kp = 50 md, the porosity
is /0 = 0.3, the constrained modulus is Kdr = 100 MPa, and the Biot
coefficient is b = 1.0. No production and injection of fluid is applied,
and gravity is neglected. The Biot modulus is M = 95 MPa, where
cf = 3.5 � 10�8 Pa�1 and the coupling strength is s = 0.95.

For Case 2.1, Fig. 12 illustrates the errors of the numerical solu-
tions from the drained, undrained, and fully coupled methods with
respect to time step size when a fixed number of iterations is

performed. The errors of dimensionless pressure and displacement
are measured by the L2 norm. The undrained and fully coupled
methods are convergent when a staggered method (i.e. one itera-
tion) is used. As the time step size is refined, the errors decrease as
O(Dt). This confirms that the undrained and fully coupled methods
have O(Dt) accuracy in time. The drained split, however, does not
converge. In particular, one iteration of the drained split yields
zeroth-order accuracy, which supports the a priori error estimate.
Figs. 13 and 14 show the spatial distributions of pressure and
displacement by the drained and undrained splits, respectively. As
the time step size is refined, the drained split with one iteration does
not converge to the true solution, but to a different solution, even
though the distributions of pressure and displacement look plausi-
ble. On the other hand, the undrained split with one iteration con-
verges to the true solution. When an even number of iterations is
used, the drained split exhibits better convergence in time than with
an odd number of iterations. This is likely due to a phenomenon of

Fig. 11. Case 2.1: the Terzaghi problem in one dimension (left). Case 2.2: the consolidation problem in two dimensions (right).
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Fig. 12. Convergence analysis of Case 2.1 on pressure (left) and displacement (right). The coupling strength s = b2M/Kdr, is 0.95. FC, Dr, and Und indicate the fully coupled,
drained split, and undrained split methods, respectively. Dtd = 4cv Dt/(Lz)2, where cv is the consolidation coefficient defined as cv ¼ kp
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.
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error cancellation that we have not investigated in detail. To illus-
trate this effect, Fig. 15 shows a comparison of the solutions ob-
tained taking one and two iterations per time step. The time step
size is doubled in the simulation with two iterations per time step,
so that both simulations have the same computational cost.

11.2.2. Non-convergence of the undrained split for incompressible
systems

From Eq. (121), we expect that the undrained split will exhibit
convergence problems for an incompressible, or nearly incom-
pressible, system. In Fig. 16, we observe zeroth-order accuracy
for pressure and displacement for the nearly incompressible fluid,
cf = 3.5 � 10�13 Pa�1. Fig. 16 shows clearly that undrained-split
solutions do not converge to the true solutions. Non-convergence
of the undrained split becomes severe when the fluid is incom-
pressible, cf ffi 0. Fig. 17 shows zeroth-order accuracy for pressure
and displacement as well. The right panel of Fig. 17 shows that
the undrained split predicts there is no pressure change. This is

because there is no change of volumetric strain ev after solving
the mechanical problem as a result of the undrained bulk modulus
being infinite due to the incompressible fluid. Thus, the undrained
split cannot solve the coupled problem in the incompressible limit
because it fails to establish proper communication between the
flow and mechanical problems.

11.2.3. Case 2.2 – Two dimensional consolidation problem
Case 2.2 is an example of two dimensional consolidation under

plane-strain conditions, where the coupling strength approaches
one (s [ 1 where cf = 2.30 � 10�9 Pa�1). The dimension of the
domain is 20 � 0.02 m and it is discretized with 10 � 4 grid blocks.
The domain is assumed to be homogeneous. We impose an over-
burden stress �r ¼ 6:375 MPa at the top, no horizontal displace-
ment on the left boundary, a side burden �rh ¼ 2:125 MPa on the
right boundary, and no vertical displacement boundary at the
bottom boundary. The initial fluid pressure is Pi = 2.125 MPa. The
bulk density of the porous medium is qb = 2400 kg m�1. The fluid
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Fig. 13. Non-convergence of the drained split with one iteration for Case 2.1: pressure (left) and displacement (right).
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density and viscosity are qf,0 = 1000 kg m�1 and l = 1.0 cp, respec-
tively. The medium permeability is kp = 5 md, and the porosity is
/0 = 0.3. The Young modulus is E = 2.9 GPa, and Poisson’s ratio is
m = 0.0. The Biot coefficient is b = 1.0. We have a drainage boundary
for flow on the right side where the boundary fluid pressure is
Pbc = 2.125 MPa. No-flow boundary conditions are applied at the
left side, top, and bottom, and the effect of gravity is neglected.

Since the layers are very thin, the fluid flows mainly along the
horizontal direction. Fig. 18 shows the convergence behaviors of
the drained and undrained splits for Case 2.2 when one single iter-
ation is performed. The drained split shows zeroth-order accuracy
in time, and the undrained split shows first-order accuracy. Non-
convergence of the drained split can be clearly identified in the
right panel of Fig. 18, which shows the distributions of pressure
along the top layer. The solutions by the drained split with one
iteration do not converge to the true solutions, even though the
distributions look plausible. Thus, refining the time step size can-
not improve the accuracy of the solutions by the drained split with

one iteration. In contrast, increasing the number of iterations for a
fixed time step size does improve the accuracy. The left of Fig. 19
compares a large time step size with more iterations
(Dtd = 2.06 � 10�3, 10 iterations) with a small time step size and
one iteration (Dtd = 2.06 � 10�4, one iteration). The two simula-
tions have the same computational cost. Dtd = 2.06 � 10�3 with
10 iterations provides higher accuracy matching the true solutions
than Dtd = 2.06 � 10�4 with one iteration. The right panel of Fig. 19
shows that the undrained-split solutions with one iteration con-
verge to the true solutions.

11.3. Rate of convergence of fully-iterated schemes

We employ Cases 2.1 and 2.2 to study the rate of convergence
of fully-iterated sequential schemes. For Case 2.1, Fig. 20 shows
the variation of the maximum absolute values of the residuals
with respect to the number of iteration under low (the left figure)
and high (the right figure) pressure–diffusion conditions. The cou-

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Dimensionless pressure Pd=(P−Pi)/Δpi

D
im

en
si

on
le

ss
 d

is
ta

nc
e 

(z
/L

z)
Drained (Iteration vs Refined Δ td)

Δ td=2.6×10−4 1 iteration

Δ td=5.2×10−4 2 iterations

True Solution

0 0.005 0.01 0.015 0.02 0.025
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Dimensionless displacement (ud=u/Lz)

D
im

en
si

on
le

ss
 d

is
ta

nc
e 

(z
/L

z)

Drained (Iteration vs Refined Δ td)

Δ td=2.6×10−4 1 iteration

Δ td=5.2×10−4 2 iterations

True solution

Fig. 15. Comparison between more iterations and refined time step size in the drained split for Case 2.1: pressure (left) and displacement (right).
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pling strength s = 0.95, where cf = 3.5 � 10�8 Pa�1. As shown in
Fig. 20, the drained split yields a faster convergence rate for a
large time step size Dt = 0.1 day and high permeability
kp = 5 � 104 md (the right figure). In contrast, the undrained split
shows better rate of convergence for a small time step size
Dt = 0.01 day and low permeability kp = 500 md (the left of
Fig. 20). These results support the a priori estimates from Eqs.
(107) and (121). Furthermore, the estimates and numerical results
for the drained split also support the observation by Schrefler
et al. [49] that a large time step size can reduce the spectral norm
of the error amplification matrix for the drained split type of the
staggered Newton scheme.

The 2-D results from Case 2.2 lead to the same conclusions as in
Case 2.1. The coupling strength s = 0.77 with cf = 3.0 � 10�9 Pa�1.
We perform two tests, corresponding to low and high diffusion
of pressure. For low diffusion of pressure (i.e., low v), the perme-
ability and time step size are kp = 5 md and Dt = 5 � 10�4 day,
respectively. Fig. 21 (the left figure) shows that the rate of conver-
gence for the undrained split is faster than the drained split in the
case of low pressure diffusion. In contrast, the right of Fig. 21
shows that the rate of convergence for the drained split is faster

than the undrained split because pressure is highly diffusive,
where the permeability and time step size are kp = 500 md and
Dt = 0.01 day, respectively.

12. Conclusion

We have analyzed the stability of the drained and undrained
splits, in combination with a generalized midpoint rule time dis-
cretization (0 6 a 6 1), for the sequential solution of coupled flow
and geomechanics. Following [26,30], we studied the stability
properties by means of the von Neumann analysis for the linear
case, and the energy method for the nonlinear case.

For the drained split, the backward Euler time discretization
(a = 1) is conditionally stable, and its stability is only a function
of the coupling strength, independently of time step size. The
method is unconditionally unstable when the midpoint rule time
discretization (a = 0.5) is used. A useful scheme in practice is a
mixed time discretization, where a = 1 for the mechanics step
and a = 0.5 for the flow step – the drained split with this time
discretization has the same stability properties as the backward
Euler scheme. The undrained split, in contrast, is unconditionally
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stable – for any values of the coupling strength and time step size –
as long as a P 0.5.

We have also analyzed the nonlinear stability (or B-stability) of
the undrained split via the energy method. The undrained split
inherits the contractivity property of the continuum problem,
which is a necessary (but not sufficient) requirement for algorith-
mic stability. We find that the generalized midpoint rule with
a P 0.5 is unconditionally B-stable, that is, contractive at discrete
time level with respect to the natural norm of the coupled
problem.

We also performed an analysis of the convergence properties of
the drained and undrained splits with the backward Euler method
using the matrix algebra method and spectral analysis. From the a
priori estimates of error propagation, the drained split with a fixed
number of iterations is not convergent in time even when it is sta-
ble. This lack of convergence is distinctive behavior of the coupled
problem of flow and quasi-static mechanics; the drained split for
fully-dynamic mechanics exhibits first-order accuracy with respect
to time step size. The undrained split with a fixed number of iter-
ations is convergent for a compressible system but becomes non-
convergent when the system is quasi-incompressible (M ?1).

We also compared the drained and undrained splits in terms of
the rate of convergence as a function of number of iterations, when
full iterations are performed. Under a high pressure–diffusion con-
dition (e.g., large time step size or high medium permeability), the
drained split is faster than the undrained split, whereas the conver-
gence of the undrained split is faster when the medium permeabil-
ity is low or the time step size is small (low pressure–diffusion
condition).

We have performed numerical experiments that support the a
priori estimates of stability and convergence. In a separate paper
[73], we investigate another type of sequential methods, in which
the flow step is solved first. There, we show that a sequential meth-
od based on a fixed-stress split is unconditionally stable and over-
comes the non-convergence and stiffness deficiencies of the
undrained split for incompressible and quasi-incompressible
systems.
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