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ABSTRACT 

This  r e p o r t  describes t h e  behavior of a n a t u r a l l y  

f r a c t u r e d  r e s e r v o i r  when a well is producing a t  cons tan t  ra te  

through an i n f i n i t e  conduct iv i ty  f r a c t u r e .  

The r e s e r v o i r  model is a double-porosity medium, 

as it was presented by Warren and Root (1963). The pseudo-steady 

s t a te  i n t e r p o r o s i t y  flow assumption is used. The problem is 

solved as Gringarten (1972) solved for a s ing le- poros i ty  

medium, by so lv ing  the uniform f l u x  f r a c t u r e  problem and measuring 

t h e  p re s su re  a t  an e c c e n t r i c  po in t  of the  f r a c t u r e .  

The l i n e  source  s o l u t i o n  is reviewed and t h e  l i n e  

Green func t ion  is introduced.  The r e s o l u t i o n  o f  t he  problem a l s o  

needs the element source  s o l u t i o n  and t h e  element Green func t ion  

(produced by an element of f r a c t u r e ) .  A l l  these func t ions  a r e  

obtained i n  Laplace space and inve r t ed  us ing  the  S t e h f e s t  (1970) 

numerical a lgori thm. 

The uniform f l u x  f r a c t u r e  is s tud i ed ,  and a 

s imula t ion  of t he  problem is t r i ed .  F i n a l l y ,  t h e  problem is solved 

d i r e c t l y  from the  uniform f l u x  problem. Type-curves are presented.  



J 

i v  

TABLE OF CONTENTS 

Aknowledgement ........................................ ii 

Abst rac t  .............................................. iii 

Table o f  con ten t s  ..................................... i v  

List o f  f i g u r e s  ....................................... v i  

1. In t roduc t ion  ....................................... 1 

2. A double-porosity medium ........................... 2 

3. The f r a c t u r e  problem ............................... 4 

3.1 Theorical  r e s o l u t i o n  using Green funct ions-  5 

3.2 Use of source solutions-------------------- 6 

3.3 P r e r e q u i s i t e  t o  so lve  t h e  problem---------- 7 

5. Element Green func t ion  and element source so lu t ion . .  24 

5.1 The element Green function----------------- 24 

25 5.2 The behavior of EG------------------------- 

6. I n f i n i t e  conduct iv i ty  f r a c t u r e  i n  a double- 
poros i t y  medium .................................... 35 

6.1 Simulation of t h e  f r a c t u r e  behavior-------- 35 

6.2 I n f i n i t e  conduct iv i ty  f r a c t u r e  assumption-- 36 

6.3 Numerical check of  t h e  results------------- 36 

6.5 Type-curve with r e f e r ence  t o  t h e  f issures- -  37 



V 

7. Nomenclature ........................................ 43 

8. References .......................................... 45 

9. Appendix A : FORTRAN PROGRAMS ....................... 46 

9.1 Line source solution program----------------- 46 

9.2 Line Green function program------------------ 48 

9.3 Element source solution program-------------- 50 

9.4 Element Green function program--------------- 51 

9.5 Modified Bessel function KO------------------ 52 

9.6 Fracture behavior in a double-porosity medium 53 

10. Appendix B : NUMERICAL VALUES ...................... 54 



vi  

LIST OF FIGURES 

3-1 : A v e r t i c a l  f r a c t u r e  ........................... 4 

3-2 : Frac tu re  elements ............................. 4 

4-1 : A t y p i c a l  l i n e  source s o l u t i o n  ................ 13 

4-2 : The func t ion  LS f o r  d i f f e r e n t  va lues  o f  X.r . 14 
D 

4-3 : The func t ion  LS f o r  d i f f e r e n t  va lues  of rD .... 15 

4-4 : The func t ion  LS f o r  d i f f e r e n t  va lues  of W ...... 16 

4-5 : The func t ion  LS. flow curves and t r a n s i t i o n  
enveloppes .................................... 17 

4-6 : A t y p i c a l  l i n e  Green func t ion  ................. 20 
I 

4-7 : PD ............................................ 21 

4-0 : The func t ion  LG f o r  d i f f e r e n t  va lues  o f  X.r . 22 
4-9 : The func t ion  LG f o r  d i f f e r e n t  va lues  o f  W ..... 23 

D 

5-1 . The func t ion  EG f o r  d i f f e r e n t  va lues  o f  NX .... 27 

5-2 . The func t ion  EG for d i f f e r e n t  va lues  o f  X ..... 28 

5-3 . The func t ion  EG f o r  d i f f e r e n t  va lues  o f  w ..... 29 

5-4 . The func t ion  ES f o r  d i f f e r e n t  va lues  o f  NX .... 32 

5-5 . A t y p i c a l  element source s o l u t i o n  ............. 33 

5-6 : The func t ion  ES. flow curves and t r a n s i t i o n  
enveloppes .................................... 34 

6-1 : Numerical check of t h e  r e s u l t s  ................ 39 

6-2 : I n f i n i t e  conduct iv i ty  f r a c t u r e  i n  a double- 
poros i t y  medium . re fe rence  t o  t h e  t o t a l  system 40 

6-3 : I n f i n i t e  conduct iv i ty  f r a c t u r e  i n  a double- 
poros i t y  medium . reference t o  t h e  f i s s u r e s  ... 41 

6-4 : I n f i n i t e  conduct iv i ty  f r a c t u r e  i n  a double- 
poros i t y  medium . compact type-curve .......... 42 



1 

1. INTRODUCTION 

Most s o l u t i o n s  of t r a n s i e n t  flow problems concern t h e  

behavior o f  homogeneous formations.  This  r e p o r t  is t h e  adap ta t ion  

of  one o f  t h e s e  s o l u t i o n s  t o  f i s s u r e d  systems. A study o f  t h e  

behavior o f  a homogeneous r e s e r v o i r  t o t a l l y  pene t ra t ed  by a t h i n  

v e r t i c a l  f r a c t u r e  of  i n f i n i t e  conduct iv i ty  was presented  by 

Gringarten e t  a l .  i n  1972. Gringarten e t  a l .  solved t h e  f r a c t u r e  

problem by c u t t i n g  the whole f r a c t u r e  i n  2M elements,  and assumed 

t h a t  t h e  flow from the medium t o  t h e  f r a c t u r e  is uniform i n  each 

element. The values  of  t h e  flows are computed by equa t ing  t h e  

p ressu re  of a l l  t h e  elements a t  any given time t. The conclusion 

of  t h i s  s tudy was t h a t  t h e  p ressu re  i n  an i n f i n i t e  conduct iv i ty  

f r a c t u r e  i s  t h e  same as t h e  p ressu re  i n  a uniform f l u x  f r a c t u r e  

computed a t  t h e  p o i n t  (0.732 XF,O.). The s o l u t i o n  used Green 

func t ions  and t h e  Line Source s o l u t i o n ,  which are a n a l y t i c a l l y  

known for a homogeneous medium. 

The problem is d i f f e r e n t  f o r  a f i s s u r e d  formation. The 

problem produces two d i f f e r e n t  p ressu res  a t  t h e  same po in t .  Both 

Line Source and Line Green problems y i e l d  a modified Bessel  equat ion  

i n  Laplace space.  Solving t h i s  equat ion  g i v e s  t h e  a n a l y t i c a l  value 

of  t h e  Laplace transform of  t h e  s o l u t i o n .  For t h e  time being,  it has  

been impossible t o  i n v e r t  t h e  r e s u l t  a n a l y t i c a l l y .  The consequence 

is t h a t  we r e q u i r e  a numerical inve r s ion  ( S t e h f e s t  a lgor i thm) .  

I n t e g r a t i n g  t h e  Line Source s o l u t i o n  i n  t h e  space y i e l d  

t h e  uniform f l u x  funct ion .  The value o f  t h i s  func t ion  a t  t h e  p o i n t  

0.732 X is t h e  p ressu re  f o r  an i n f i n i t e  conduct iv i ty  f r a c t u r e .  F 
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2. A DOUBLE-POROSITY MEDIUM 

We consider the double-porosity medium defined by 

Warren and Root (1963). A double-porosity reservoir, or naturally- 
fractured reservoir, consists of two distinct porous media of 

separate porosities and permeabilities: The matrix medium and the 

fissures. At each point of the reservoir, there are two pressures: 

the matrix pressure (p ) and the fissure pressure (p ).  m f 
Before production, the double-porosity reservoir is in 

equilibrium (p =p =p ). When a well is producing, the higher 

permeability of the fissures creates a difference of pressure 

between the two media (The well is mainly producing the fissure 

fluid). Then, fluid flows from the matrix to the fissures. If we 

neglect the permeability of the matrix, all the flow in the well 

is produced through the fissures. 

m f i  

The flow from the matrix to the fissures is related to 

the difference of pressures p There are different ways to 

define this flow. We will use the pseudo steady-state assumption 

of Warren and Root (1963). 

m-' f. 

The material balance for the fissures can be written: 

Taking 6x,6y,6z,&t+O, we obtain the differential equation: 

We assume that the fluid is slightly compressible: 
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Replacing P i n  Eq.2-2 and n e g l e c t i n g  terms l i k e  c ( % ) ~ ,  f we get: ax 

- v p f + q  = p f -  

kf 2 * l a  apf , p @ )  = v @(c+c  1- 
P f f  f a t  

C a l l i n g  c =c+c we get t h e  f i s s u r e  equation:  t f’ 

Applying t h e  same procedure t o  t h e  matrix medium, and 

rn’ neg lec t ing  k we o b t a i n  t h e  matrix equation:  

We have two equat ions  and three unknowns. We use t h e  

Warren and Root (1963) assumption of pseudo-steady flow from t h e  

matrix t o  t h e  f i s s u r e s :  
* k 

q = a- (Pm-Pf 1 m 
P 

Eliminat ing  q from Eq.2-4 and Eq.2-5, w e  ob ta in  t h e  
* 

d e f i n i t i v e  p ressu re  equations:  

k m a ,  
P (Pm-Pf) = - ( V @ c  t ) m - a t  

THE NOMENCLATURE I S  DEFINED I N  SECTION 7. 
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3. THE FRACTURE PROBLEM 

We model a thin (zero-thickness for the reservoir) 

vertical fracture of total length 2.X totally penetrating a 

horizontal double-porosity reservoir initially at constant pressure 

(see Fig.3-1). At time zero,  a single-phase, slightly-compressible 

fluid flows from the reservoir into the fracture at a constant 

total rate q .  The flowing pressure is continuous relative to the 

fissure pressure of the double-porosity medium. 

F’ 

Under these conditions, the flux per unit area in the 

fracture may not be uniform, and is determined by the limit 

conditions and the pressure equations for the matrix and the fissures. 

We assume that the fracture has an infinite conductivity. 

Therefore, the producing pressure remains uniform over the fracture. 
We divide the fracture in 2M segments of length XF/M, and 

assume that the flux per unit area is uniform on each element (see 

Fig. 3 - 2 ) .  

-. 

Figure 3-1: 

Vertical fracture 

Figure 3-2: 

Fracture elements 
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3.1 Theor ica l  r e s o l u t i o n  us ing  Green func t ions  

We ca l l  LG t h e  l i n e  Green func t ion  f o r  t h e  double- porosity 

medium. LG(x,y, t )  is t h e  v a r i a t i o n  o f  p ressure  a t  t h e  p o i n t  M(x,y) and 

a t  time t due t o  a u n i t  s t r e n g t h  source  produced a t  t h e  p o i n t  0 a t  

zero  time. We ca l l  q t h e  t o t a l  cons t an t  rate produced by the well. We 

c a l l  q (T) t h e  t o t a l  rate  o f  flow from t h e  medium t o  t h e  element of 

f r a c t u r e  number m OT (-m) measured a t  time T .  

m 

The v a r i a t i o n  of p re s su re  due t o  t h e  product ion,  measured 

a t  t h e  p o i n t  M(x,y) a t  time t is: 

The va lues  o f  q ( T )  are determined by t h e  equat ions:  m 

2 j + l  
Ap (- 

2 j-1 X ,O.,T) = Ap (- 2M F 2M X F , O . , ~ )  , for j=l,M-l 

M 

The i n t e g r a l s  wi th in  the bracke ts  i n  Eq.3-1 a r e  t h e  Green 

func t ions  a s soc i a t ed  with t h e  elements m and ( - m ) .  

We ca l l  EG t h e  element Green func t ion  f o r  a double-porosity 

medium. EG(x ,y , t )  is t h e  v a r i a t i o n  o f  p ressure  a t  t h e  po in t  M(x,y) and 

a t  time t due t o  a uniform source of  u n i t  s t r e n g t h  produced a t  time 

zero  by an element of f r a c t u r e  cen te red  i n  0. EG is i n  fact  t h e  average 

o f  t h e  l i n e  Green func t ions  on t h e  element. EG(x,y, t )  is given by: 

Equation 3-1 becomes: 
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3.2 Use o f  source  s o l u t i o n s  

The preceeding problem has  t o  be so lved  by numerical 

s imula t ion .  The rates qm are assumed cons tan t  f o r  a c e r t a i n  i n t e r v a l  

o f  time [ t , tn+ll , and t h e  va lues  o f  q are computed from equat ions  

3-2 and 3-3 a t  time tn+l. An easier way t o  compute Ap dur ing  t h i s  

per iod  is t h e  use o f  source s o l u t i o n s .  

n m 

We c a l l  LS the  l i n e  source s o l u t i o n  f o r  a double-porosity 

medium. LS(x ,y , t )  is t h e  v a r i a t i o n  o f  p ressure  a t  t h e  p o i n t  M(x,y) 

and a t  time t due t o  a continuous r a t e  o f  one u n i t  produced a t  t h e  

po in t  0 from time ze ro  t o  time t. We have: 

Thus : 
LG(x,y , t )  = aLS(x,Y,t)  a t  

We will use Eq.3-7 t o  compute t h e  l i n e  Green func t ion  

from t h e  a n a l y t i c a l  va lue  of t h e  Laplace transform o f  t h e  l i n e  source  

s o l u t i o n  i n  Sec t ion  4. 

We c a l l  ES the  element source  s o l u t i o n  f o r  a double- 

poros i t y  medium. E S ( x , y , t )  is t h e  v a r i a t i o n  o f  p r e s su re  a t  t he  po in t  

M(x,y) and a t  time t due t o  a continuous uniform ra te  of t o t a l  s t r e n g t h  

one u n i t  produced from time zero t o  time t by an element o f  f r a c t u r e  

cen te red  i n  0. ES is i n  f a c t  t h e  average of t h e  l i n e  source  s o l u t i o n s  

on t h e  element. 

ES is r e l a t e d  t o  LS by: 
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ES is related to EG by: 

ft ft 

If the element m produces at a unit rate from time t n 
to time t the part of the pressure change at the point M(x,y) 

at time t due to the production of the element during this period 

will be: 

n+l’ 

Ap(x,y,t,n,m) = ES(x-x ,y,t-tn) - ES(x-xm,y,t-tn+l) m 

Finally, Eq.3-1 becomes: 

(3-9 1 

(3-10) 

3.3 Prerequisite to solve the problem 

Equation 3-12 and the conditions Eqs.3-2 and 3-3 will be 

used t o  produce a simulator describing the behavior of a double- 

porosity medium in presence of an infinite conductivity fracture. To 

do this, we need to derive the value of the element source solution ES. 

The element Green function EG is also needed, as it may be numerically 

more accurate to compute the solution from small time steps. 

In the following sections, we will derive successively LS, 

LG,EG,ES. 

( 3-11 ) 

( 3-12 ) 



4. LINE SOURCE SOLUTION AND LINE GREEN FUNCTION 

The pressure equations 2-7 and 2-8 are written here in 

two systems of units, Darcy units and English engineering field units: 

In Darcy units: 

k m 
P t m at a- (pm-pf) = -(V@c ) - 

In engineering field units: 

k 0.000264 $ v2pf - - ( V @ C ~ ) ~  at apf + ( V @ C ~ ) ~  at 

(4-la) 

( 4-2a) 

(4-lb ) 

(4-2b ) 

We define the following dimensionless variables: 

In Darcy units In engineering field units 

kf 0.000264 kft 
t =  D 2 D 2 (4-3) t =  

[ (V@CtIf + (V@Ct)mlPxF [ (V@ct)f + (V@Ct)mlPXF 

r = -  r 

'F 

2rk-h 

r = -  r 

'F 
( 4-4 1 



We a l s o  de f ine  t h e  parameters:  

k 

kf ‘F 
m 2  X = u -  

X is t h e  i n t e r p o r o s i t y  flow parameter. Its value depends 

on t h e  r e f e r ence  l eng th  we choose. w is t h e  r a t i o  o f  s t o r a t i v i t i e s  

( r a t i o  o f  t h e  s t o r a t i v i t y  o f  t h e  f i s s u r e s  t o  t h e  s t o r a t i v i t y  of t h e  

t i t a l  system).  

I n  any system of  u n i t s ,  we get t h e  equat ions:  

2 a P f D  aPmD v PfD = w - 
a tD a tD 

+ ( 1 - w )  - 

a 
X(PmD-PfD) = -(l-w) - 

a tD 

’rnD 

( 4-9 

(4-10) 

4.1 The l i n e  source  s o l u t i o n  

The l i n e  source  limit condi t ions  are t h e  same as f o r  

a non-zero r a d i u s  problem, except  t h a t  t h e  i nne r  boundary condi t ion  

has t o  be taken a t  r =O. They can be wr i t t en :  D 

l i m  p ( r  t ) = 0 
r *= D 

f D  D’  D ’ 

a P f D  l i m  r - - - -1 
r *o  D 

D arD 

lim p 
r += D 

mD ( r D  ’tD) = 0 (4-12 ) 

(4-13) 

If we take t h e  Laplace t ransformation with r e s p e c t  t o  t 
us ing  Eq.4-11 t o  compute t h e  Laplace transform o f  t he  d e r i v a t i v e  of D ’  p 

and p Eq.4-9 and 4-10 become: f 
m ’  
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Substituting Eq.4-15 in 4-14, we get: 

V2- - Sf(S)PfD = 0 'fD 
- 

with : 

In cylindrical coordinates, Eq.4-16 becomes: 

a 2- 
'fD 1 apfD - + - - -  - 
2 r  Sf(dPfD = 0 

ar D ar D D 

Multiplying by r 2 , and taking z=r /sf ( s )  : D D 

(4-14) 

(4-15) 

(4-16) 

(4-18) 

a 2- a- 
2 'fD 'fD 2- z -  'I +z- - z PfD = 0 ( 4-19 ) 

a Z L  a, 

Equation 

solution is: general 

PfD = A 
- 

lim ;S 
z* 0 fD 

Using the limit condition Eq.4-12 : 

= 0 * A=O 

Using the limit condition Eq.4-13 : 
- 

( 4-20) 

When z+o , K1(z) = - 1 1 
z '  S 

SO B = -  . 
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The Laplace t ransform of t h e  l i n e  source s o l u t i o n  f o r  a 

double- porosity medium is given by: 

( 4-21 ) 

The func t ions  pf and p are obta ined  from equat ions  4-15 m 
and 4-21 by t h e  S t e h f e s t ( l 9 7 0 )  a lgor i thm f o r  numerical invers ion .  

4.2 The behavior  o f  LS 

A Fo r t r an  program which computes t h e  l i n e  source s o l u t i o n  

as a func t ion  of r D , t D , ~  and A is given i n  appendix. Using double 

p r e c i s i o n  was necessary t o  get  good r e s u l t s .  The S t e h f e s t  a lgori thm 

was used with N=16. 

A polynomial approximation of K ( r e l a t i v e  accuracy of 10 -7 ) 0 
was first used, but  it appeared t h a t  t h i s  accuracy was i n s u f f i c a n t  f o r  

use of t h e  S t e h f e s t  Algorithm, and introduced e r r o r s  i n  e a r l y  time 

data. Even w i t h  an accu ra t e  K f unc t ion ,  t h e r e  were s t i l l  abe ra t ions  

f o r  e a r l y  time d a t a ,  bu t  for va lues  of pf which are n e g l i g i b l e  i n  t h i s  

s tudy.  A s tudy of  t h e  inf luence  o f  var ious  parameters is made i n  t h e  

fol lowing.  

0 

A check was made with t h e  numerical va lues  o f  LS given by 

Bruno Deruyck i n  h i s  master r epor t .  The f i g u r e s  were exac t ly  t h e  same, 

as t h e  f u n c t i o n  LS was computed the  same way. 

A LS func t ion  r e s u l t  is shown i n  Fig.4-1. This f i g u r e  shows 

t h e  func t ion  LS vs l o g ( t  1 a t  a given po in t  and f o r  given va lues  of  X 

and w. A t  time tl, t h e  f i s s u r e d  system reaches  t h e  semi-log approximation. 

The curve  f i ts  a semi-log s t r a i g h t  l i n e  till t h e  inf luence  o f  t h e  

matr ix system appears  a t  time t From time t2 t o  time t3, we observe 2' 
a second t r a n s i t i o n  per iod  till t h e  whole system ( f i s s u r e  + matr ix)  

reaches  t h e  semi-log approximation ( a t  time t ).  

D 

3 
The familiar l i n e  source s o l u t i o n  f o r  a s i n g l e  po ros i ty  

medium is only a func t ion  of t /r '. We can in spec t  whether t h i s  is 

t r u e  f o r  a double- porosity medium. Figure 4-2 p resen t s  t h e  funct ion  LS 

vs l o g ( t  /r ) for var ious  va lues  of X.r (numerical va lues  given i n  

appendix B show t h a t  LS is only func t ion  of t h r e e  parameters: tD/rD 2 , w ,  

D D  

2 2 
D D  D 
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and A.r 2 ) .  We see t h a t  LS 

d i f f e r e n c e  arises from t h e  

n o t  p ropor t i ona l  t o  r 

D 

2 
D *  

I n  Fig.4-3, LS 

is no t  a func t ion  o f  t /r alone.  The 

time of  t h e  t r a n s i t i o n  per iod ,  which is 

2 
D D  

is presented v s  l o g ( t  ) f o r  d i f f e r e n t  va lues  D 
o f  r T h i s  f i g u r e  shows t h a t  t he  time of  t h e  t r a n s i t i o n  is almost t h e  

same f o r  t h e  d i f f e r e n t  va lues  of  r An explanat ion can be found i n  t h e  D‘ 
p a r t i a l  d i f f e r e n t i a l  equat ions we are using. The pseudo-steady flow 

assumption (Eq.2-6) y i e l d s  Eq.2-8 which is no t  a d i f f u s i o n  equat ion (no 

Laplacian term). Therefore ,  t h e r e  is no d i f f u s i o n  of  t h e  t r a n s i t i o n .  

D’ 

The inf luence  of X is shown i n  Fig.4-2 (we can take r D 
c o n s t a n t ) .  It  appears  t h a t  h determines t h e  time when t r a n s i t i o n  

between f i s s u r e  and matr ix  con t ro l  occurs.  The Larger A is, the  l a r g e r  

t h e  permeabi l i ty  between t h e  matr ix  and t h e  f i s s u r e s  is ,  and the  quicker  

t h e  matr ix  can react and con t ro l  t h e  flow. Therefore ,  t h e  t r a n s i t i o n  

occurs  e a r l i e r  f o r  l a r g e  va lues  of  X .  Experimentally,  t h e  time of  

t r a n s i t i o n  is propor t iona l  t o  1 / X .  A has  no in f luence  on the  flow curves.  

The inf luence  of  t h e  s t o r a t i v i t y  r a t i o  w is shown i n  Fig.4-4. 

I t  appears  t h a t  w ,  which is r e l a t e d  t o  t h e  s t o r a t i v i t y  of  t h e  f i s s u r e s  

i n  t he  medium, determines t h e  dura t ion  of  t he  t r a n s i t i o n  between t h e  two 

semi-log approximations. As w approaches un i ty ,  t he  medium approaches 

a s ing le- poros i ty  medium. For w=l, Eq.4-10 becomes ( p  ) and Eq.4-9 

becomes t h e  usual  d i f f u s i v i t y  equation. Thus, t h e  curve (w=l) is  t h e  

usual  l i n e  source so lu t ion .  For u=O, we have the  l i m i t i n g  case of a 

ze ro- s to ra t i v i t y  f i s s u r e  system. For a given value of  A ,  t h i s  curve is 

t h e  envelope o f  a l l  t h e  t r a n s i t i o n s .  

mD=’fD 

Fig.4-5 shows flow curves and t r a n s i t i o n  curves f o r  t h e  l i n e  

source so lu t ion .  The flow curves are t h e  l i n e  source so lu t ion  f o r  

d i f f e r e n t  values  o f  w and X=O ( t r a n s i t i o n  occurs f o r  an i n f i n i t e  time). 

The t r a n s i t i o n  curves a r e  t h e  l i n e  source s o l u t i o n  for d i f f e r e n t  values  

of  X and w=O. The flow curve f o r  a given value o f  w is t h e  homogeneous 

l i n e  source  s o l u t i o n  with a d i f f e r e n t  scale of time: 

FLOW (rD,tD,w) = LS ( r  t /a) hom D’  D ( 4-22 ) 



Figure 4-1: A typical line source solution 
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Figure  4-4 : The func t ion  LS v s  l o g ( t  /r 2 ) 
D D  

for  var ious  va lues  of iu 
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4.3 The line Green function 

of the fissure pressure p at time t is given by the equation: f 

pi - pf(r,t) = - LS(r t in Darcy units 
2nkfh D’ D 

141.2q)lB 
Pi - Pf(r,t) = LS(rD,tD) in field units 

kfh 

( 4-23a) 

(4-23b) 

the effect of this production at time t will be, using the principle 

of superposition (Darcy units): 

Thus : 
qPB aLS(rD,tD-TD) 

Apf(r,t) = - d T D  
2nkfh a ( tD-TD) 

( 4-24 ) 

LG(r t ) is the dimensionless Green function for a D’ D 
double-porosity medium. It is the dimensionless pressure drop at 

the point M (OM =r ) at time t due to a dimensionless source of 

unit strength produced at the point 0 at time tD=O. 
D D  D 

If we are given the function q(T from T =O to T =t the D D D D’ 
pressure drop will be: 

PB ft, 

LG is the derivative of LS with respect to tD: 

aLS(rD,tD) 
LG(r t ) = D’ D 

a tD 

Taking the Laplace transform of Eq.4-26: 

- 
LG(r ,SI = s.s(r ,s )  D D 

(4-25) 

(4-26) 

( 4-27 ) 
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The value of E is given by Eq.4-21. Thus: 

- - 
LG(rD,s) = K (r Jsf(s)) O D  ( 4-28 ) 

LG may be computed by the Stehfest inversion algorithm. 

4.4 The behavior of LG 

A Fortran program which computes the line Green function 
as a function of r D, tD, w and a is given in appendix A. A typical 

line Green function is shown in Fig.4-6, and compared to the line 

Green function for a homogeneous reservoir (w=l). At time tl, the 
fissured system reaches a linear log-log approximation. The curve 

diverges from this log-log straight line only during the transition 

from time t to time t The importance of Fig.4-6 is that the curve 

w=l assymptotically fits the double-porosity curve. The analytical 

form of the single-porosity Green zunction is given by 7. . 
2 3' 

( 4-29 ) 

Thus, the log-log straight line is the line ( y = - ). 1 

This fact permits calculation of LG for very long time, without 2tD 

risk of numerical overflow. It appears even more interesting to 

study P = t .LG than to study EG itself. If we consider LG as the D D  
derivative of LS, (4-26) yields: 

I aLS(rD,tD) aLS(rD,tD) 
P = t  D D  = t  

a tD at 
(4-30) 

( 4-31 ) 

I 

Figure 4-7 shows log(PD) vs log(tD/rD 2 ) for the same ' 

values of r , w  and X as in Fig.4-6. The linear log-log approximations 

are now characterized by a zero slope and P -% 
D I 

I 2 Figure 4-8 shows log(PD) vs log(t /r ) for different 
values of X.r '. Figure 4-9 shows the same function for different 

D D  
D 

values of w .  The influence of these parameters is qualitatively the 

same on LG as on LS. 



F i q u r e  4-6 : A t y p i c a l  l i n e  Green f u n c t i o n  
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F i q u r e  4-8 : Line  Green f u n c t i o n  f o r  
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F i q u r e  4-9 : L i n e  Green f u n c t i o n  f o r  
d i f f e r e n t  values of w 
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5. ELEMENT GREEN FUNCTION AND ELEMENT SOURCE SOLUTION 

5.1 The element Green funct ion 

We def ine  EG as the  dimensionless element Green func t ion :  

EG(xD,yD,tD) is t h e  dimensionless p ressure  drop a t  t h e  p o i n t  M(x 

a t  time t due t o  a uniform source o f  t o t a l  dimensionless s t r e n g t h  1 

produced by an element of  f r a c t u r e  centered i n  0. The l eng th  o f  t h i s  

element of  f r a c t u r e  is 2XF/NE, where NE is the number of elements i n  

t h e  f r a c t u r e .  

D ' Y D )  

D 

EG is t h e  average of t h e  l i n e  Green func t ions  on t h e  

element. I t  is given by: 

J- I  
NE 

The a n a l y t i c a l  value o f  LG is not  known; only i ts  Laplace 

transform i s  known, given by Eq.4-28. One way t o  compute EG is t o  use 

t h e  Laplace transform of Eq.5-1. We ob ta in :  
1 

If w e  knew an a n a l y t i c a l  form of t h e  p r i m i t i v e  of K w e  0' 
could perform t h e  i n t e g r a t i o n  i n  Eq.5-2 and u s e  S tehfes t  algori thm t o  

compute EG. No such form was found i n  t h e  per iod o f  t h e  study.  

The way EG was computed was expensive i n  computer time. We 

d iv ide  t h e  element i n  NX segments o f  equal l eng th  2/(NE.NX) and 

assume t h a t  t h e  e f f e c t  o f  t h e  d i s t r i b u t i o n  of f low along each segment 

is c l o s e  t o  t h e  e f f e c t  o f  a source o f  the  same s t r e n g t h  produced a t  

t h e  c e n t e r  of each segment. 

If we call x .  t h e  p o s i t i o n  of the  cen te r  o f  the  segment i 
1 

( i = l , N X ) ,  we g e t :  



So, computing one va lue  of EG r e q u i r e s  t h e  u s e  o f  the 

S t e h f e s t  numerical a lgori thm NX times. 

If we want t o  know t h e  rea l  value of  t h e  p re s su re  drop, 

we use: 

aB ( 5-4 ) 

5.2 The behavior o f  EG 

A t y p i c a l  element Green func t ion  is shown i n  Fig.5-1. 
1 

P = t .EC is p l o t t e d  versus  t and shows t h e  behavior of  EG with 

time a t  t h e  cen t e r  of an element f o r  given va lues  o f  w and A ,  and 

d i f f e r e n t  va lues  of  NX. NE is taken equal t o  one ( t h e  element has  t h e  

length  of  t h e  f r a c t u r e ) .  Therefore,  t h i s  func t ion  a p p l i e s  t o  t h e  

behavior of a uniform- flux f r a c t u r e .  The only no t i ceab le  in f luence  

of NX occurs  a t  e a r l y  times. The l i m i t i n g  form as NX- o f  t h e  e a r l y  

time behavior is a half- slope log- log s t r a i g h t  l i n e .  A t  e a r l y  times, 

we have: 

D D  D’ 

A EG = 
D 

( 5-5 1 

Computing EG f o r  a l a r g e  va lue  of NX is very expensive 

i n  computer time. If we need t o  compute EG f o r  a large s imula t ion  

program, we will have t o  t runca t e  t h e  funct ion.  We can u s e  a l a r g e  

value o f  NX f o r  e a r l y  t ime,  and a small value of  NX f o r  late  time. 

The inf luence  of  A is shown i n  Fig.5-2. The i n t e r p o r o s i t y  

flow parameter determines t h e  time o f  t h e  t r a n s i t i o n .  For large va lues  

o f  A ,  the t r a n s i t i o n  may occur during t h e  half- slope per iod ( f r a c t u r e  

l i n e a r  f low) .  The time o f  the  t r a n s i t i o n  is roughly propor t iona l  t o  1 / A .  

25 
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The inf luence  of w is shown i n  Fig.5-3. The s t o r a t i v i t y  

r a t i o  u has an in f luence  on both e a r l y  time behavior and t r a n s i t i o n .  

For e a r l y  time, t h e  l i n e a r  flow curves fol low t h e  equat ion:  

or EG = - A ( w )  

5 ( 5-7 ) 

The curve w = 1  is the  element Green func t ion  f o r  a 

homogeneous medium. The dimensionless pressure  drop f o r  a uniform 

f l u x  f r a c t u r e  for e a r l y  time was given by Gringarten e t  a l (1972)  : 

We will see i n  s e c t i o n  5-3 t h a t  E G = s .  pD being the  
element source s o l u t i o n  f o r  NE=1 ,  w e  have: a tD 

fi 
E G U , J t D )  = - 25 a t  e a r l y  time 

Thus : fi 
A ( 1 )  = 2 

( 5-9 

(5-10) 

( 5-11 ) 

Thus : fi 
A ( u )  = - 2 (5-12) 
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Figure 5-1 : Element 

Green func t ion  f o r  

d i f f e r e n t  va lues  of NX 
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Figure  5-2: Element 

Green func t ion  f o r  

d i f f e r e n t  values of  X 
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Figure 5-3: Element 

Green func t ion  f o r  

d i f f e r e n t  va lues  of  w 

NE = 1 (uniform f l u x )  
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5.3 The ... GlementL.aource solution 

We define the function ES as the dimensionless element 

source solution. ES(xD,yD,tD) is the dimensionless pressure drop at 

the point M(xD,yD) at time t due to a uniform constant production 

rate from time 0 to time tD by an element centered in 0 and of 

dimensionless length 2/NE. 

D 

ES is the average of the line source solutions on the 

element. It is given by: 

J -  NE 

The derivation of Eq.5-13 with respect to tD yields: 
r l  

J -  NE 

Using Eq.4-26 and Eq.5-1, we get: 

In the same way as EG was computed, the element source 

solution is given by: 

The real value of the pressure drop is given by: 

5.4 The behavior of ES 

A typical element source sc )lU tion is shown in Fig. 5-4 

(5-13) 

(5-14) 

(5-15) 

( 5-16) 

( 5-17) 

f o r  different choices of NX. The late time results are quite accurate, 

even for low values of NX. The results of early time data produce a 

log-log straight line. The bigger NX is, the closer a half slope is 

approached. 
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Figure 5-5 shows a t y p i c a l  element source s o l u t i o n  f o r  a 

value of  NX large enough t o  a s su re  numerically c o r r e c t  e a r l y  time 

r e s u l t s .  NE is taken equal  t o  one ( t h e  element has  t h e  l eng th  of t h e  

f r a c t u r e ) .  The r e s u l t  is compared t o  t h e  s o l u t i o n  f o r  a homogeneous 

r e s e r v o i r  (w=l), which is t h e  Gringarten e t  a l .  uniform f l u x  type 

curve. A t  e a r l y  times, t h e  flow is l i n e a r  normal t o  t h e  f r a c t u r e .  The 

r e s e r v o i r  reacts as a homogeneous medium of  po ros i t y  uQ. I t  fol lows 

a homogeneous uniform f l u x  type curve t r a n s l a t e d  i n  t h e  time. Af te r  

t h e  t r a n s i t i o n ,  t h e  r e s e r v o i r  r e a c t s  as a homogeneous medium of 

po ros i t y  @. The t r a n s i t i o n  may occur during t h e  l i n e a r  flow period.  

The inf luence  of  t h e  s t o r a t i v i t y  r a t i o  w and t h e  

i n t e r p o r o s i t y  flow parameter X a r e  q u a l i t a t i v e l y  the  same as f o r  

t h e  l i n e  source so lu t ion .  w determines t he  f i s s u r e  flow curve,  which 

is t h e  uniform f l u x  curve f o r  a homogeneous medium t r a n s l a t e d  of  

-log(w) log- log cyc l e s  on t h e  l e f t .  A determines t he  t r a n s i t i o n  curve 

from t h e  f issure  flow t o  t h e  t o t a l  flow. 

Figure 5-6 shows s e v e r a l  flow and t r a n s i t i o n  curves,  and 

an element source s o l u t i o n  f o r  given va lues  of  w and X .  
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Figure 5-4 : Element source 

solution for different values 

of NX. 
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Figure 5-5 : A typical element 

source solution. 
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Figure 5-6 : Flow curves and 

transition curves for the 

element source solution. 

NE = 1 (uniform flux fracture) 

rix = loo 

= 10 , 10 , 10 , 10 -4 -2 0 2 

= 1 

Thick curve: w=10 , x=10 -2 -2 



6. INFINITE CONDUCTIVITY FRACTURE I N  A DOUBLE-POROSITY MEDIUM 

The element source s o l u t i o n  and t h e  element Green func t ion  

were s t u d i e d  i n  s e c t i o n  5 with NE=1  ( t h e  element had t h e  length  o f  t h e  

f r a c t u r e ) .  Therefore ,  t he se  r e s u l t s  are v a l i d  f o r  t h e  uniform- flux 

f r a c t u r e  problem. 

E S ~ ~ = l  D D D ( x  ,y  , t  is  t h e  dimensionless pressure  drop a t  t h e  

p o i n t  M(x ) a t  time t due t o  t h e  production a t  cons tan t  ra te  from 

time 0 t o  time t of a uniform- flux f r a c t u r e .  
D * y ~  D 

D 

E G ~ ~ = l  D D D ( x  ,y ,t 1 is t h e  dimensionless p re s su re  drop a t  t h e  

p o i n t  M(x ) a t  time t due t o  a uniform source  o f  t o t a l  dimensionless 

s t r e n g t h  1 produced by a uniform-flux f r a c t u r e  a t  time 0. It is a l s o  t h e  

dimensionless pressure  d e r i v a t i v e  due t o  t h e  product ion a t  cons t an t  r a t e  

from time 0 t o  time t 

D 9 y ~  D 

D'  
We are i n t e r e s t e d  i n  t h e  i n f i n i t e  conduct iv i ty  case. 

6.1 Simulation o f  t h e  f r a c t u r e  behavior 

A s imula t ion  o f  t h e  problem was t r i e d ,  us ing  the  same p r i n c i p  

t h a t  Gringarten e t  a l .  used f o r  t h e  homogeneous case.  The f r a c t u r e  was 

c u t  i n  NE elements i n  which t h e  f l u x  wasassumed t o  be uniform. From time 

t t o  time t t h e  t o t a l  rate  of  f l u i d  i n  t h e  element m was c a l l e d  q 

and were computed by equat ing the  pressures  a t  time t 
n n+ l  ' n,m 

n + l  
Two problems occured which made t h i s  s imula t ion  impossible.  

The first problem was t h e  c o s t  of  t h e  program. The inf luence  o f  t h e  

production o f  q on t h e  element m '  is given by t h e  d i f f e r ence  of  two 

ES func t ions ,  and needs 2.NX S t e h f e s t  numerical invers ions .  We need NE 

of  t he se  opera t ions  t o  compute t h e  in f luence  of t h e  production of  t h e  

whole f r a c t u r e  from time tn t o  time t on t h e  element m '  a t  time tN, 

and NE times more t o  know t h e  in f luence  of  t h e  product ion of  t h e  whole 

f r a c t u r e  from time t t o  time t on a l l  t h e  elements a t  time t We 

a l ready  reach  t h e  number o f  2.NX.NE2. To know a l l  t h e  in f luences  o f  t h e  

previous product ions a t  time t w e  need N o f  t h e  previous ca l cu l a t i ons .  

After  c a l c u l a t i n g  a l l  t h e  pressures  a t  time tN, we have t o  c o r r e c t  a l l  

t h e  terms q t o  reach  t h e  same pressure  everywhere and run  an o the r  

i t e r a t i o n .  I n  t h e  b e s t  cases, w e  w i l l  need 4 i t e r a t i o n s  t o  get t o  a good 

r e s u l t .  Therefore,  we need 8.N.NX.NE numerical invers ions  t o  g e t  from 2 

n,m 

n+ 1 

n n + l  N'  

ri ' 

N-1 , m  
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time t t o  time t and thus  4.N.(N+l).NX.NE numerical i nve r s ions  

t o  get  from time zero  t o  time t We need 8 p o i n t s  pe r  l o g  cyc le  t o  

produce a r e l i a b l e  type curve,  and t h i s  curve is very long ( 10 l o g  

c y c l e s ) .  Therefore ,  we reach t h e  number o f  4.80.81.NX.NE . 
Assuming t h a t  NX=100 and NE=20, w e  need 10 S t e h f e s t  numerical 

i nve r s ions  t o  genera te  a curve f o r  only given va lues  of w and X .  

The second problem is t h e  r e l i a b i l i t y  of  t h e  r e s u l t s .  Even f o r  a 

large NX, t h e  e a r l y  time r e s u l t s  are no t  accu ra t e ,  and t h e r e  is no 

way t o  con t ro l  t h e  effect of t h i s  inaccuracy on t h e  r e s u l t s .  For 

a l l  t he se  reasons ,  t he  p r o j e c t  o f  a s imula t ion  was abandonned. 

2 
N- 1 N' 

N' 

2 

9 

6.2 I n f i n i t e  conduct iv i ty  f r a c t u r e  assumption 

Gringarten e t  al.  showed t h a t ,  f o r  a homogeneous medium, 

t h e  pressure  drop i n  an i n f i n i t e  conduct iv i ty  f r a c t u r e  was the  same 

as t h e  pressure  drop measured a t  t h e  po in t  (0.732 X ,O)  i n  t h e  uniform 

f l u x  f r a c t u r e .  This  approximation is still v a l i d  during t h e  f i s s u r e  

flow and af ter  t h e  t r a n s i t i o n  i n  a double po ros i t y  medium, as the  

medium reacts as an homogeneous medium during these  per iods.  The time 

of t h e  t r a n s i t i o n  is no t  a f f e c t e d  by the  model we take :  We saw i n  t he  

f i g u r e  4-3 t h a t  t h e  time of t h e  t r a n s i t i o n  is no t  inf luenced by t h e  

d i s t ance  from t h e  source.  Therefore ,  a d i f f e r ence  of r e p a r t i t i o n  o f  

t h e  r a t e s  w i l l  no t  change t h e  time o f  t r a n s i t i o n .  We can expect t h a t  

Gringarten e t  a l .  approximation f o r  a homogeneous medium is s t i l l  v a l i d  

f o r  a double- porosity medium. 

F 

6.3 Numerical check of t h e  resu l t s  

Table 6-1 shows t h e  numerical va lues  o f  t he  uniform 
D' 

f l u x  f r a c t u r e  i n  a homogeneous medium func t ion ,  t h e  i n f i n i t e  conduct iv i ty  

f r a c t u r e  i n  a homogeneous medium func t ion  (bo th  from Gr inga r t en ' s  

program), t h e  uniform f l u x  f r a c t u r e  i n  a double-porosity medium ( W = 1 )  

func t ion  and t h e  i n f i n i t e  conduct iv i ty  f r a c t u r e  i n  a double- porosity 

medium ( W = l )  func t ion .  We see  t h a t  t h e  r e s u l t s  for homogeneous and 

heterogeneous models f i t  wi th in  1 percent  f o r  t g r e a t e r  than 10. The fit 

gets c l o s e r  when we increase  NX. 
D 



6.4 Type-curve with r e f e r ence  t o  t h e  t o t a l  system 

A l l  t h e  previous s tudy was made t ak ing  t as def ined i n  D 
Eq.4-3. Thus, t h e  r e f e r ence  poros i ty  is t h e  t o t a l  poros i ty .  For 

d i f f e r e n t  va lues  o f  w ,  t h e  f i s s u r e  flow curves w i l l  be d i f f e r e n t ,  and 

t h e  t o t a l  flow curves w i l l  be t h e  same, corresponding t o  t h e  s o l u t i o n  

f o r  a homogeneous medium. 

Figure 6-2 is t h e  type-curve we get by choosing such a 

re fe rence .  The t h i c k  curves a r e  t h e  flow curves.  They are Gr ingar ten’s  

type-curve t r a n s l a t e d  i n  t h e  time (on a log- log p l o t ) .  They are given 

by : 

Flow(W,t ) = - mD 2 6 . [ e r f ( m ) + e r f ( - ) ]  0.134 - 0.067E. (-1-0.433E. 0.018 (-1 0 750 (6-1) 
D D qp 1 t D / W  1 t D / W  

The t o t a l  flow curve corresponds t o  w = 1 .  The t h i n  curves  

are t h e  t r a n s i t i o n  curves they are computed by t ak ing  W=O and t h e  t r u e  

value of X (1 has no inf luence  on the  flow cu rves ) .  For t e n  l o g  cyc les  

and e i g h t  po in t s  per  cyc l e ,  we need 80.NX numerical invers ions  t o  

genera te  one o f  them. 

The main drawback of  t h i s  type-curve is t h a t  i t  is unhandy. 

The f r a c t u r e  l i n e a r  flow starts on t h e  f i s s u r e  flow curves and sometimes 

end on t h e  t o t a l  flow curve. We see that  only t h e  t o t a l  flow curve shows 

a long half- slope s t ra igh t  l i n e .  Therefore,  a p r a c t i c a l  use of t he se  

curves  i s  impossible.  We need t o  f i n d  a way t o  have a l l  t h e  f i s s u r e  

flows on t h e  same curve. We do t h a t  by tak ing  w @  as t h e  r e f e r ence  poros i ty .  

6.5 Type-curve wi th  re fe rence  t o  t h e  f i s s u r e s  

If we take  w @  as t h e  re fe rence  po ros i t y ,  Eq.4-3 becomes: 

kf ti 

(V@ct)f”F 
t =  D 2 

0.000264 k f t  
t =  D (V@ct)pX, 2 

This change y i e l d s  new dimensionless d i f f u s i v i t y  equat ions 

which r ep l ace  Eq.4-9 and Eq.4-10 : 

V2 - aPfD ( 1 - w )  ap,D a 
tD w a t D  ’fD - - +- - 

( l - w )  aPmD 
A(PmD-PfD) = - 7 - 

a tD 



After Laplace t ransformation,  Eq.4-14 and Eq.4-15 become: 

'mD - 1-w ' fD 
- 

x +-  
0 

S 

F i n a l l y ,  we get Eq.4-16, but  f ( s )  is now defined by: 

f ( s )  = 
x + (14)s 
xw + (1-w)s 

A l l  t h e  previous s tudy can be  repeated with t h i s  new 

value of  f(s). The only d i f f e r ence  is t h a t ,  f o r  d i f f e r e n t  values  

o f  w ,  a l l  t h e  f i s s u r e  flow curves will be t h e  same and a l l  t h e  matr ix  

+ f i s s u r e  flow curves w i l l  be d i f f e r e n t .  The curve corresponding t o  

a homogeneous medium will be t h e  f i s s u r e  flow curve, and a l l  t he  

o the r  flow curves will be on t h e  r i gh t  of t h e  homogeneous curve, 

i n s t e a d  o f  being on t h e  l e f t .  

Figure 6-3 shows t h e  corresponding type-curve f o r  an 

i n f i n i t e  conduct iv i ty  f r a c t u r e .  The t h i c k  curves a r e  t h e  flow curves.  

The top  one is t h e  f i s s u r e  flow curve (Gr inga r t en ' s  homogeneous t y p e  

cu rve ) .  The o t h e r s  are t h e  t o t a l  flow curves,  depend on w and are given 

by : 

The t h i n  curves  are t h e  t r a n s i t i o n  curves and a r e  computed 

from t h e  double- porosity program. Each of t he se  curves needs 80.NX 

numerical invers ions .  The t r a n s i t i o n  curves only depend on the value 

of A. 

These curves are very long ( t e n  l o g  cyc l e s )  . The h a l f  s lope  

"uses" a l o t  o f  p l ace  and we can no t  assume which p a r t  o f  t h e  curves are 

p r a c t i c a l l y  u s e f u l l .  

Figure 6-4 shows t h e  same type-curve c u t  i n  two p a r t s .  Two o f  

these  taped toge ther  y i e l d  Figure 6-3. 
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Table 6-1 : Numerical check of t h e  r e s u l t s  

column 1 : 

column 2 : 

column 3 : 

column 4 : 

column 5 : 

column 6 : 

tD 

Uniform f l u x  f r a c t u r e  i n  a homogeneous medium, 
from Gringarten et. al.  

I n f i n i t e  conduct ivi ty  f r a c t u r e  i n  a homogeneous 
medium, from Gringarten e t  a l .  

Uniform f l u x  fracture i n  a double-porosity medium, 
with w=l. 
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Figure  6-2 : I n f i n i t e  

fracture i n  a double-porosity 

medium - r e f e r ence  t o  t h e  t o t a l  

s y s  tem. 
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Figure 6-3 : I n f i n i t e  conduct iv i ty  

fracture i n  a double- porosity 

medium - r e fe rence  t o  t h e  f i s s u r e d  

system. 
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7. NOMENCLATURE 

7.1 Subscripts 

f : Related to the fissures 

F : Related to the fracture 
m : Related to the matrix medium 

D : dimensionless 

7.2 Latin 

B : Reservoir volume factor .................... dimensionless 
c : fluid isothermal compressibility ........... M-'.L.T 2 
c : formation isothermal compressibility M .L.T -1 2 

c : total isothermal compressibility M .L.T -1 2 

EG : Element Green function ..................... dimensionless 

....... f 

t ........... 

ES : Element source solution .................... dimensionless 
f : Function in Laplace space .................. dimensionless 
h : Formation thickness ........................ L 
Io : Modified Bessel function ................... 
k : Permeability 2 ............................... L 

KO : Modified Bessel function ................... 
LG : Line Green function ........................ dimensionless 

LS : Line source solution ....................... dimensionless 

NE : Number of elements in the fracture ......... 
NX : Number of points in an element ............. 
0 : Center of the fracture ..................... 
p : Pressure ML T -1 -2 ................................... 
p, : Initial pressure in the reservoir ML T -1 -2 .......... 
L 

ps : Reference pressure ML T 

q : Volumetric flowrate L T- 3 1  

-1 -2 ......................... 
........................ 

q : Volumetric flow rate from the matrix to the 
* 

fissures per unit of bulk volume T -1 ........... 
r : Distance from 0 ............................ L 

s : Laplace variable ........................... dimensionless 

t : time ....................................... T 

u : Darcy velocity ............................. LT -1 

V : ratio of a medium volume to the total bulk 
volume ..................................... dimensionless 

XF : Fracture half length ....................... L 

x,y : Cartesian coordinates from the point 0 ..... L 



44 

7.3 Greek 

a : Interporosity flow shape factor ............ L -2 
A : Interporosity flow parameter ............... dimensionless 
w : Ratio of storativities ..................... dimensionless 

p : Fluid viscosity ............................ ML -1 T- 1 
Q : Total porosity ............................. dimensionless 

p : Fluid density .............................. ML -3 



45 

8. REFERENCES 

Carslaw, A.C. ,  and Jaeger,  J . C .  : Conduction of hea t  i n  s o l i d s ,  

New York, Oxford Universi ty P ress ,  2nd e d i t i o n  (1959) .  

Deruyck, B.G.,  Bourdet, D.P.,  DaPrat, G . ,  and Ramey, H.J.Jr : 

" I n t e r p r e t a t i o n  o f  In te r fe rence  Tests i n  Reservoirs  with 

Double-Porosity Behavior - Theory and F i e l d  Examples", 

Paper SPE N'11025, Proceedings, 57th Annual F a l l  Meeting, 

SPE of AIME,  New Orleans, LA,  Sept. 26-29, 1982. 

Gringarten,  A.C. ,  Ramey, H.J.Jr : "Unsteady-state Pressure  

Dis t r ibu t ions  c rea ted  by a well wi th  a s i n g l e  i n f i n i t e-  

conduct iv i ty  v e r t i c a l  Fracture" ,  SPE Jour.  (August, 1974). 

S t e h f e s t ,  H. : "Algorithm 368: Numerical invers ion of Laplace 

Transform", Communication o f  the  A.C.M. (1970),  1, N013. 

Warren, J.E., and Root, P . J . :  "The Behavior of  Natural ly 

Fractured Reservoirs" ,  SPE Jour.  (September 19631, 245-255. 



46 

9. APPENDIX A: FORTRAN PROGRAMS 

9.1 Line source solution program 

Subroutines needed : Modified Bessel function KO (p.52) 

c; 
L 
rj 

(0 
L 

c, 
C> 

C! 
E 
a 

' V V V V U V  

I 
c.4 

C -  

v u  u u  
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v v v v  



9.2 Line Green function program 

Subroutines needed : Modified Bessel function KO (p.52) 

r .  
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I 

u u  u u  
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9. 3 Element source solution program 

Subroutines needed : Line source solution program (p.46) 

Modified Bessel function KO (p.52) 
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9.4 Element Green func t ion  program 

Subrout ines  needed : Line Green func t ion  program (p.48) 

Modified Bessel func t ion  KO (p.52) 

0 nl, 
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9.5 Modified Bessel function K 

Subroutines needed : none 

U v v v  
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9.6 Fracture behavior in a double-porosity medium 

Subroutines needed : Element source solution program (p.50) 

Line source solution program (p .46) 

Modified Bessel function KO (p.52) 
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