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ABSTRACT 

A mathematical formulat ion of t h e  flow phenomena dur ing a s l u g  

test,  a d r i l l s t e m  tes t ,  or a closed-chamber test is der ived i n  t h e  

p resen t  study.  This  formulat ion cons ide rs  g r a v i t a t i o n a l ,  i n e r t i a l ,  and 

f r i c t i o n a l  e f f e c t s  on t h e  f l u i d  column changing i n  l eng th  i n s i d e  the  

wellbore.  This  formulat ion is  based on a t r a n s i e n t  momentum balance 

equat ion f o r  the  wellbore f l u i d  column coupled wi th  the  d i f f u s i v i t y  

equat ion f o r  t h e  r e s e r v o i r  through cond i t ions  inc lud ing  wel lbore  s t o r a g e  

and s k i n  e f f e c t .  

non- linear mathematical problems obta ined under s e v e r a l  sets of 

assumptions are presented t o  determine t h e  behavior of: (a) bottomhole 

p ressure ,  ( b )  wel lbore  l i q u i d  l e v e l ,  ( c )  rate of change i n  p ressure ,  

( d )  f low rate,  (e) rate of change of flow rate, and i(f) r e s e r v o i r  

pressures .  

Two s o l u t i o n  methods f o r  t h e  r e s u l t i n g  l i n e a r  and 

So lu t ions  c u r r e n t l y  a v a i l a b l e  f o r  these  types  of tests are 

discussed from the  proposed new r e s u l t s  as s p e c i a l  cases of the  p r e s e n t ,  

more genera l  formulation.  

t h e i r  proper a p p l i c a t i o n  are provided i n  t h i s  s tudy t:o perform d r i l l s t e m  

tes t  d a t a  a n a l y s i s  by type-curve matching techniques. 

New type curves and 1imit:ing c r i t e r i a  f o r  

The s o l u t i o n  method f o r  l i n e a r  problems is the  Laplace 

t ransformat ion and is app l ied  t o  eva lua te  the  e f f e c t  of f r i c t i o n  

cons ide r ing  laminar flow i n  t h e  wellbore.  

l i n e a r  problems c o n s i s t s  of a comprehensive f i n i t e- d i f f e r e n c e  scheme 

t h a t  a l lows e v a l u a t i o n  o f :  ( a )  t h e  e f f e c t  of f r i c t i o n  f o r  any flow 

regime i n  t h e  wel lbore ,  and, (b)  t h e  e f f e c t  of the s l u g  s i z e  o r  cushion 

s i z e  i n  t h e  pipe. This numerical method can a l s o  be used t o  s imulate  

p ressure  buildup dur ing a shut- in per iod of a d r i l l s t e m  test,  or of a 

closed-chamber test.  
performing i n t e g r a l  d r i l l s t e m  test d a t a  a n a l y s i s  cons ide r ing  one cycle 

of f lowing and shut- in per iods .  

The s o l u t i o n  method f o r  non- 

These s o l u t i o n s  open the  p o s s i b i l i t y  of 



Analysis  of r e s u l t s  presented i n  t h i s  s tudy pirovide u s e f u l  c r i ter ia  

f o r  e s t i m a t i n g  the  r e l a t i v e  importance of i n e r t i a l  and f r i c t i o n a l  

wel lbore  e f f e c t s  on t h e  t r a n s i e n t  r e l a t i o n s h i p  between bottomhole 

p ressure  and wel lbore  l i q u i d  l e v e l  f o r  p r a c t i c a l  cond i t ions  found i n  

s l u g ,  d r i l l s t e m ,  and closed-chamber t e s t i n g .  This knowledge improves 

understanding of t h e  flow phenomena involved,  and l e a d s  t o  a c o r r e c t  

a p p l i c a t i o n  of p ressure  buildup theory t o  d r i l l s t e m  test  and closed-  

chamber test d a t a  a n a l y s i s .  
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SECTION 1 

INTRODUCTION 

Trans ien t  w e l l  test da ta  ana lys i s  i s  f r equen t ly  used t o  determine 

phys ica l  p r o p e r t i e s  t h a t  are requi red  f o r  eva lua t ing  reserves  and 

f o r e c a s t i n g  t he  production behavior from o i l ,  gas ,  geothermal, and 

groundwater r e s e r v o i r s .  Bas i ca l l y ,  a t r a n s i e n t  w e l l  test c o n s i s t s  of 

d e l i b e r a t e l y  changing the  flow condi t ions i n  a wellbore and observing 

the  response from the  r e se rvo i r .  

matching the  response recorded during a test  with a so lu t ion  provided by 

a mathematical, numerical,  o r  phys ica l  model. 

Well test da ta  are analyzed by 

Well test da t a  ana lys i s  is  based on the  assumption t h a t  flow 

phenomena i n  t he  t e s t e d  r e s e r v o i r  are c lo se ly  represented by t h e  

s e l e c t e d  model. Reservoir  p r o p e r t i e s  are i n f e r r e d  from those 

p r o p e r t i e s  ass igned t o  t he  model t o  ob ta in  a behavior similar t o  t h a t  

exh ib i t ed  by the r e s e r v o i r  during the  test. 

The many ways i n  which wel lbore flow condi t ions  can be per turbed 

de f ine  a l a r g e  number of w e l l  test  types.  

app rop r i a t e  model s o l u t i o n s  determines i f  a p a r t i c u l a r  w e l l  test  can be 

analyzed t o  ob t a in  an es t imat ion  of r e s e r v o i r  p rope r t i e s .  

However, a v a i l a b i l i t y  of 

As  mentioned i n  the  l i t e r a t u r e  review on w e l l  test a n a l y s i s  

techniques presented i n  Sec t ion  2 ,  Matthews and Russe l l  (1967) and 

Earlougher (1977) have descr ibed t r a n s i e n t  w e l l  tests t h a t  had found 

p r a c t i c a l  app l i ca t i on  by 1967 and 1977, respec t ive ly .  A quick scan 

through the  t a b l e  of conten ts  of t he se  two re fe rences  i n d i c a t e s  t h a t  

many model s o l u t i o n s  were presented o r  improved but few a d d i t i o n a l  

p r a c t i c a l  w e l l  test  types evolved during t h a t  decade, a l though new 

a n a l y s i s  methods did arise. Earlougher (1977) inc ludes  a desc r ip t i on  

of new s o l u t i o n s  f o r  a n a l y s i s  of flow i n  a d r i l l s t e m  test  t h a t  were 

developed during t h a t  per iod of t i m e .  These new so lu t ions  consider  a 
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tes t  i n  which the  flow of a f l u i d  from a r e s e r v o i r  depends on the  

changing length  of a l i q u i d  column i n  t he  wellbore.  A mathematical 

d e s c r i p t t o n  32 the corresguni:"1ig f l o w  phenomena r equ i r e s  s p e c i f i c a t i o n  

of wel lbore condi t ions  d i f f e r e n t  from cons tan t  flow r a t e  o r  cons tan t  

bottomhole pressure ,  which are the  boundary condi t ions  most f r equen t ly  

considered i n  convent ional  w e l l  test ana lys i s  so lu t ions .  

I n  t he  presen t  s tudy,  a t t e n t i o n  is  mainly focussed on th ree  

t r a n s i e n t  we l l  tests t h a t  involve l i q u i d  l e v e l  changes i n  t he  

wellbore.  These a r e :  (1) s l u g  tests, ( 2 )  d r i l l s t e m  tests,  and ( 3 )  

closed-chamber tests.  I n  t he se  tests,  f l u i d  from the  r e s e r v o i r  flows 

i n t o  t he  wel lbore,  o r  v iceversa ,  i n  response t o  a pe r tu rba t ion  of the  

wel lbore f l u i d  column i n  i n i t i a l  h y d r o s t a t i c  equi l ib r ium with a uniform 

r e s e r v o i r  p ressure .  I n  p r a c t i c e ,  t h i s  pe r tu rba t ion  is caused by 

performing o r  s imula t ing  a sudden removal (or  add i t i on )  of a f i n i t e  

amount of l i q u i d  from (o r  t o )  t he  i n i t i a l  s t a t i c  l i q u i d  column i n  a 

wellbore.  The amount of removed l i q u i d  is c a l l e d  a "slug" , and t h e  

amount of l i q u i d  remaining i n  t he  wel lbore a t  t he  start of the  test  is  

ca 1 led  the  " cus h i  on " . 
P r a c t i c a l  experience i n  d r i l l s t e m  t e s t i n g  i n d i c a t e s  t h a t  t h e  l i q u i d  

column i n  a wel lbore can be subjec ted  t o  rap id  changes i n  length.  

Then, according t o  Newton's Laws of Motion, i n e r t i a  of the  f l u i d  column 

can be important i n  t he  flow phenomena f o r  some systems. F r i c t i o n  

energy l o s s e s  during t h e  movement of l i q u i d  along the  wel lbore p ipe  are 

a l s o  presen t  i n  a dynamical r e l a t i o n s h i p  between l i q u i d  column length  

and bottomhole pressure.  

Slug test  s o l u t i o n s  a v a i l a b l e  i n  1977 assume h y d r o s t a t i c  

equi l ib r ium i n  t he  wel lbore a t  a l l  t i m e s  dur ing the  test .  This  

assumption is  equiva len t  t o  neg lec t ing  i n e r t i a l  and f r i c t i o n a l  e f f e c t s  

i n  t he  wel lbore.  A s l u g  test s o l u t i o n  inc luding  i n e r t i a l  e f f e c t s  on 

t h e  l i q u i d  column i n  a wel lbore was published r ecen t ly  (Shinohara and 

Ramey, 1979.b). That s o l u t i o n  neg lec t s  f r i c t i o n  l o s se s .  Moreover, 

t h a t  test  s o l u t i o n  assumes a s l u g  s i z e  and a r e se rvo i r  th ickness  

n e g l i g i b l e  i n  comparison t o  the  length  of t he  wel lbore l i q u i d  column i n  

h y d r o s t a t i c  equi l ib r ium with the  i n i t i a l  r e se rvo i r  pressure.  
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A phys ica l  and mathematical de sc r ip t i on  of the flow phenomena 

during a s lug  tes t ,  d r i l l s t e m  tes t ,  o r  closed-chamber test  i s  formulated 

i n  Sect-it,.? 3 Df the  presen t  study. This formulat ion i s  based on a 

wel lbore equat ion which considers  more terms represen t ing  i n e r t i a l  and 

f r i c t i o n a l  e f f e c t s  than approximations presented previously.  

Two methods f o r  so lv ing  l i n e a r  and non- linear mathematical problems 

r e s u l t i n g  from various sets of assumptions are presented i n  

Sec t ion  4 .  These methods provide eva lua t ion  of the  behavior of 

bottomhole pressure ,  wel lbore l i q u i d  l e v e l ,  rate of ch.ange of bottomhole 

pressure ,  flow rate and rate of change of flow rate ,  a.nd pressure  

response i n  t he  r e se rvo i r .  

I n  Sect ion 5,  a v a i l a b l e  s o l u t i o n s  are un i f i ed  and extended by 

d i scus s ing  a d d i t i o n a l  r e s u l t s  obtained wi th  the  method proposed f o r  

d r i l l s t e m  tests descr ibed by l i n e a r  mathematical problems. This method 

is  a l s o  used t o  eva lua t e  o ther  l i n e a r  e f f e c t s  assumed n e g l i g i b l e  by 

previous authors .  New type curves and appropr ia te  c r i te r ia  f o r  

p r a c t i c a l  app l i ca t i on  are a l s o  proposed i n  t h a t  s ec t i on .  

A numerical method, implemented by a computer program, f o r  so lv ing  

d r i l l s t e m  test problems wi th  mathematically non- linear e f f e c t s  i n  t he  

wel lbore is  c a l i b r a t e d  i n  Sect ion 6 t o  reproduce many previous s o l u t i o n s  

f o r  l i n e a r  problems. This method is  then appl ied  t o  eva lua te  non- 

l i n e a r  wel lbore i n e r t i a l  e f f e c t s  caused by the  s l u g  s i z e ,  and non- linear 

f r i c t i o n a l  e f f e c t s  of t he  moving l i q u i d  column. This computer program 

al lows s p e c i f i c a t i o n  of l ength  of flow and shut- in per iods t o  s imula te  a 

complete d r i l l s t e m  test, o r  a closed-chamber test. 

P r a c t i c a l  cons idera t ions  on the  app l i ca t i on  of the  methods and 

s o l u t i o n s  presented i n  t h i s  s tudy t o  some f i e l d  cases repor ted  i n  the  

l i t e r a t u r e  is  discussed i n  Sec t ion  7. A summary of conclusions and 

recomendations obtained from t h e  presen t  s tudy i s  provided i n  Sect ion 8. 

A br i e f  review of l i t e r a t u r e  concerning the  subject: w e l l  tests is  

given i n  t he  fol lowing sec t ion .  
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SECTION 2 

LITERATURE REVIEW 

This l i t e r a t u r e  review concent ra tes  mainly on t h e o r e t i c a l  

improvements f o r  ana lyz ing  flow phenomena during a s lug  tes t ,  d r i l l s t e m  

t es t ,  or closed-chamber test. I n  order  t o  relate these  improvements t o  

t he  development of convent ional  t r a n s i e n t  w e l l  test  ana lys i s  techniques,  

some major t h e o r e t i c a l  con t r ibu t ions  i n  conventional ,analysis  are a l s o  

included i n  c ronologica l  order .  

A l i s t  of au thors  of t he  pub l i ca t i ons  presented i n  t h i s  l i t e r a t u r e  

review is given i n  Table 2.1. 

I n  1856, Darcy found experimental ly  t h a t  t he re  i s  a range of 

condi t ions  i n  which the  flow rate of water through a v e r t i c a l  p ipe  

f i l l e d  wi th  sand i s  d i r e c t l y  propor t iona l  t o  t he  pressure d i f f e r ence  

between the  pipe i n l e t  and o u t l e t .  The constant  of p ropor t i ona l i t y ,  

co r r ec t ed  f o r  g r av i ty ,  pipe c ross- sec t iona l  area, and f l u i d  v i s c o s i t y ,  

i s  c a l l e d  permeabi l i ty  and is a proper ty  of a porous medium, The 

r e l a t i o n s h i p  desc r ib ing  t h i s  observat ion is  c a l l e d  Darcy's Law of Flow 

through Porous Media and is analogous t o  o the r  phys ica l  laws l i k e  

F o u r i e r ' s  Law of Heat Conduction, Fick 's  Law of Mass Diffusion,  Newton's 

Law of Viscos i ty ,  and Ohm's Law f o r  Electr ical  Current.  Since then ,  

Darcy's Law has been genera l ized  and appl ied  t o  descr ibe  t h e  multiphase 

flow of o i l ,  gas ,  and water through r e s e r v o i r  rocks. 

The analogy between the  flow of a f l u i d  and the  conduction of heat 

r e s u l t s  i n  t h e  p o s s i b i l i t y  of applying s o l u t i o n s  found f o r  one f i e l d  t o  

t h e  o the r  f i e l d  of study. An important heat  conduction s o l u t i o n  i s  the  

ins tan taneous  po in t  source s o l u t i o n  discussed by Kelvin (1884). It i s  

poss ib l e  t o  superimpose ins tan taneous  point  source s o l u t i o n s  wi th  

r e spec t  t o  space t o  genera te  ins tan taneous  l i n e  and volume source 
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TABLE 2.1.- LITERATURE REVIEW SUIYMARY 

Darcy (1856) 
Kelvin (1884) 

Carslaw (1921) 
Theis (1935) 
Huskat (1937) 

Jaeger (1940, 1941) 
Carslaw and Jaeger (1946) 

van Everdingen and Burst (194!3) 
Miller, Dyes, and Butchinson (1!350) 

Rorner (1951) 
van Everdingen (1953) 

Burst (1953) 
Blackwell (1954) 

F e r r i s  and Knowles (1954) 
G l a d f e l t e r ,  Tracy, and Wilsey (1955) 

Eawkins (1956) 
Jaeger (1956) 

Carelaw and Jaeger  (1959) 
Brons and K i l l e r  (1961) 
Horan and Finklea(1962) 

Bredehoeft,  Cooper, Papadopulos, and Bennett (1965) 
Cooper, Bredehoeft,  Papadopulos, and Bennett(l965) 

Bredehoeft,  Cooper, and Papadopulos (1966) 
Bredehoeft (1967) 

Hatthews and Russel l  (1967) 
Papadopulos and Cooper (1967) 

Cooper, Bredehoeft,  and Papadopulos (1967) 
B r i l l ,  Bourgoyne, and Dixon (1969) 

ilamey (1970) 
Agarwal, All-Bussainy, and Ramey (1970) 

Uattenbarger and Ramey (1970) 
van Poollen and Weber (1970) 

McKinley (1971) 
Ramey and Agarwal (1972) 

Kohlheas (1972) 
Papadopulos, Bredehoeft,  and Cooper (1973) 

Earlougher and Kersch (1974) 
Peneke (1974) 

Ramey, Agarwal, mnd Martin (1975) 
van der Kamp (1976) 

Bower and Bice (1976) 
Sinha, Sigmon, and lbntgomery (1976) 

Alexander (1977) 
Earlougher (1977) 

Penske (1977) 
Cooley and Cunningham (1979) 
Uraiet and Raghavan (1979) 

Ehlig-Economides and Ramey (197'9) 
Barelli (1979) 

Shlnohara and Ramey (1979.a, 1979l.b) 
S t r i g h t  (1979) 

Raghavan (1979) 
Agarwal ( 1980) 
Soliman (1981) 

Raghavan, Reynolds, and Heng (19132) 
Lee (1982) 
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s o l u t i o n s ,  and with respec t  t o  t i m e  t o  generate  continuous and changing 

source so lu t ions .  

Carslaw (1921) published a book on the  mathematical theory of heat 

conduction i n  s o l i d s  w i th  s o l u t i o n s  obtained by us ing  source s o l u t i o n s  

and by applying ope ra t i ona l  ca l cu lus  t o  a l a r g e  number of p r a c t i c a l  

problems. 

Theis  (1935) presented an a n a l y s i s  method f o r  t r a n s i e n t  tests i n  

groundwater w e l l s  produced at a cons tan t  flow rate. This method i s  

based on a log- log type curve of a continuous l i n e  source so lu t ion .  

Theis (1935) a l s o  proposed a pressure  buildup graph which employs t h e  

logari thm of the  r a t i o  of flowing p lus  shut- in t i m e s  t o  shut- in t i m e .  

This graph i s  now c a l l e d  a Horner p l o t  i n  petroleum engineer ing.  

Muskat (1937) publ ished a comprehensive book on the  flow of a f l u i d  

through porous media and included many u s e f u l  s o l u t i o n s  and a n a l y s i s  

methods app l i cab l e  t o  groudwater, o i l ,  and gas r e se rvo i r  condi t ions.  

I n  two sepa ra t e  pub l i ca t i ons ,  Jaeger  (1940, 1941) u t i l i z e d  t h e  

Laplace t ransformation t o  so lve  r a d i a l  heat conduction problems i n  

c y l i n d r i c a l  s o l i d s  wi th  a gene ra l  i nne r  boundary condi t ion  a t  t he  

wel lbore.  

I n  1946, C a r s l a w  and Jaeger  combined t h e i r  so lu t i ons  i n  a book on 

conduction of heat  i n  s o l i d s .  

I n  1949, van Everdingen and Hurst used the  Laplace t ransformation 

t o  ob t a in  dimensionless pressure  s o l u t i o n s  f o r  r a d i a l  f l u i d  flow from an 

a q u i f e r  t o  an o i l  o r  gas r e s e r v o i r  or from a r e s e r v o i r  t o  a wel lbore 

under a v a r i e t y  of boundary condi t ions .  One boundary condi t ion  

considered inc ludes  t he  effect of wel lbore s torage .  

Miller, Dyes, and Hutchinson (1950) proposed a method f o r  p ressure  

bui ldup ana lys i s  cons i s t i ng  of drawing a s t r a i g h t  l i n e  through w e l l  test 

da t a  po in t s  of bottomhole pressure  vs the  logari thm of shut- in t i m e .  

This  method assumes a w e l l  producing a t  constant  flow rate i n  s teady o r  

pseudo-steady s tate  from a r e s e r v o i r  p r i o r  t o  being shut- in. 
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Horner (1951) proposed a pressure  buildup ana lys i s  technique 

cons i s t i ng  of drawing a s t r a i g h t  l i n e  through w e l l  test data of 

bottomhole pressure  vs logari thm of the  r a t i o  of flowing t i m e  p lus  shut-  

i n  t i m e  divided by shut- in t i m e .  This method i s  based on supe rpos i t i on  

i n  t i m e  of two continuous l i n e  sources  of the  same s t r e n g t h  but with 

d i f f e r e n t  s i g n  i n  a r e s e r v o i r  a c t i n g  as i n f i n i t e  i n  l a t e ra l  

extension.  Horner (1951) a l s o  considered the  e f f e c t s  of flow r a t e  

change and of a l i n e a r  flow b a r r i e r .  

I n  two sepa ra t e  pub l i ca t i ons ,  van Everdingen (19531) and Hurst 

(1953) introduced the  concept of sk in  e f f e c t  i n t o  the  desc r ip t i on  of 

r a d i a l  flow i n  order  t o  represen t  a zone around the  wellbore with 

damaged permeabi l i ty  r e s u l t i n g  from d r i l l i n g  and production practices. 

I n  1954, Blackwell appl ied  t he  Laplace t ransformation t o  ob t a in  

assymptot ic  s o l u t i o n s  f o r  determining thermal conduc t iv i t i e s  of s o l i d s  

by using a constant  heat  source i n  a borehole wi th  a f i n i t e  rad ius  and a 

sk in  r e s i s t ance .  

Also i n  1954, F e r r i s  and Knowles proposed a t e s t i n g  procedure,  

c a l l e d  a s l u g  tes t ,  and a corresponding da ta  a n a l y s i s  method based on an 

ins tan taneous  l i n e  source so lu t ion .  

G l a d f e l t e r ,  Tracy, and Wilsey (1955) introduced a method f o r  

c o r r e c t i n g  pressure  bui ldup da t a  dominated by wel lbore s torage  e f f e c t s .  

Hawkins (1956) presented an equat ion r e l a t i n g  the  sk in  e f f e c t  t o  

t h e  pe rmeab i l i t i e s  and r a d i i  of the  damaged and undamag:ed r e s e r v o i r  

zones around a wellbore.  

Jaeger  (1956) solved by Laplace t ransformation two hea t  conduction 

problems i n  an i n f i n i t e- a c t i n g  medium. The f i r s t  problem is analogous 

t o  a s l u g  test.  The second problem i s  similar  t o  the  one solved by 

Blackwell (1954) and is  analogous t o  a drawdown test at  cons tan t  

product ion rate ( a l s o  analogous t o  an i n j e c t i v i t y  test at  constant  

i n j e c t i o n  rate).  These s o l u t i o n s  inc lude  a constant  thermal r e s i s t a n c e  

analogous t o  a sk in  e f f e c t .  
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A rev ised  e d i t i o n  of t he  book by Carslaw and Jaeger  was published 

i n  1959. 

I n  1961, Brons and Miller i n t e r p r e t e d  a damaged w e l l  as an 

undamaged w e l l  wi th  smaller r ad ius  c a l l e d  e f f e c t i v e  wel lbore r ad ius ,  and 

introduced shape f a c t o r s  f o r  non- circular drainage r a d i i .  

Moran and F inklea  (1962) presented pressure  s o l u t i o n s  cons ider ing  

s p h e r i c a l  flow f o r  a p p l i c a t i o n  i n  da t a  ana lys i s  from wi re l i ne  formation 

tests. 

I n  1965, Bredehoeft ,  Cooper, Papadopulos, and Bennett repor ted  

o s c i l l a t i o n s  of up t o  16 f t  of the  l e v e l  i n  a groundwater w e l l  i n  

F lo r ida  i n  response t o  t he  Good Friday Earthquake i n  Alaska on March 27, 

1964. Also i n  1965, i n  another  pub l i ca t i on ,  Cooper, Bredehoeft ,  

Papadopulos, and Bennett presented a theory descr ib ing  a wel lbore l i q u i d  

l e v e l  response t o  seismic waves. This theory is based on a momentum 

balance equat ion which inc ludes  t he  e f f e c t  of i n e r t i a  on t h e  water 

column and assumes n e g l i g i b l e  f r i c t i o n  l o s s e s  and a s m a l l  l e v e l  

v a r i a t i o n .  According t o  t h i s  theory,  such response is analogous t o  t he  

classical mechanical system of a sp r ing  with a mass submerged i n  a 

v iscous  f l u i d .  The wel lbore f l u i d  column corresponding t o  t he  mass, 

and the  r e s e r v o i r  t o  t h e  spr ing .  Those au thors  superimposed l i n e  

source s o l u t i o n s  with r e spec t  t o  t i m e  t o  represen t  harmonic f l u c t u a t i o n s  

i n  pressure  and coupled those s o l u t i o n s  wi th  t he  wel lbore equat ion and 

obtained a d i f f e r e n t i a l  equat ion descr ib ing  the  motion of the  l i q u i d  

l e v e l .  

Approximately one year  l a t e r ,  Bredehoef t , Cooper, and Papadopulos 

(1966) presented a modified theory in t roduc ing  wel lbore s to rage  i n t o  the  

problem d e s c r i p t i o n ,  and found wel lbore f l u i d  l e v e l  so lu t ions  f o r  a 

s p e c i f i c  case by us ing  a res i s tance- capac i tance  e l e c t r i c  analog. 

Bredehoeft (1967) u t i l i z e d  t h e  previous wel lbore equat ion t o  

descr ibe  the  wel lbore l i q u i d  l e v e l  response t o  e a r t h  t i d e s .  

Also i n  1967, Matthews and Russe l l  published a monograph showing 

the  state of the  art  i n  a n a l y s i s  techniques i n  petroleum engineer ing f o r  
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pressure  buildup and flow tests i n  w e l l s .  

I n  t he  same year ,  Papadopulos and Cooper (1967) pxesented a 

p re s su re  so lu t ion  f o r  an undamaged w e l l  of l a rge  diamet.er produced a t  

cons tan t  flow rate. This s o l u t i o n  is  analogous t o  t he  one presented by 

Jaeger  (1956), but assumes a sk in  e f f e c t  of zero. 

Cooper, Bredehoeft ,  and Papadopulos (1967) presented a s o l u t i o n  f o r  

t h e  l i q u i d  l e v e l  response during a s l u g  test  consider ing wel lbore 

s to rage  and an undamaged w e l l .  

a n a l y s i s  of l i q u i d  l e v e l  v a r i a t i o n  during a s l u g  test. An analogous 

s o l u t i o n  inc luding  sk in  e f f e c t  w a s  obtained by Jaeger  I( 1956). 

Those au thors  proposed a type curve f o r  

In 1969, B r i l l ,  Bourgoyne, and Dixon published a f i n i t e - d i f  fe rence  

approximation f o r  d r i l l s t e m  test  da t a  i n t e r p r e t a t i o n  by h i s t o r y  

matching . 
In 1970, Ramey proposed the  use of log- log type curves t o  analyze 

short- t ime pressure  da t a  f o r  a w e l l  produced at cons tan t  flow rate 

inc lud ing  wel lbore s torage  and sk in  e f f e c t .  The t h e o r e t i c a l  ba s i s  f o r  

t he se  type curves were provided i n  t he  same year  by Agarwal, A l-  

Hussainy, and Ramey (1970) from a s o l u t i o n  analogous t o  the  one obtained 

by Jaeger  (1956). Wattenbarger and Ramey (1970) ca l cu l a t ed  by a 

f i n i t e- d i f f e r e n c e  approximation the  e f f e c t  of a l a r g e  damaged region 

around the  wel lbore,  and presented a type curve. 

Also i n  1970, van Pool len and Weber used the  s lug  test type curve 

presented by Cooper, e t  al .  (1967) t o  analyze d r i l l s t e m  test bottomhole 

flowing pressures .  

McKinley (1971) publ ished a type curve f o r  p ressure  buildup 

a n a l y s i s  cons ider ing  a f t e r f l o w  wellbore s to rage  e f f e c t s .  

In 1972, Ramey and Agarwal presented a comprehensive de r iva t ion  and 

d iscuss ion  of dimensionless bottomhole pressure  so1ut:Lons f o r  t r a n s i e n t  

w e l l  test ana lys i s  inc lud ing  wellbore s torage  and s k i n  e f f e c t .  In an 

appendix, those au thors  considered a d r i l l s t e m  flow problem and a r r i v e d  

t o  a problem analogous t o  one prev ious ly  solved by Jaeger  (1956). 
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The same year ,  Kohlhaas (1972) converted t he  s l u g  test  type curve 

proposed by Cooper, et  a l .  (1967) for d r i l l s t e m  test flowing pressure  

ana lys i s .  

Slug test  type curves a v a i l a b l e  i n  1972 d id  not inc lude  t h e  sk in  

effect.  This may have been one of the  reasons f o r  t he  pub l i ca t i on  by 

Papadopulos, Bredehoeft ,  and Cooper (1973) of extended type curves t o  

show apparen t ly  unexpected l a r g e  values  of wel lbore s to rage  cons tan t  

requi red  t o  match f i e l d  data .  

I n  1974, Earlougher and Kersch proposed use of t he  e f f e c t i v e  

wel lbore rad ius  concept developed by Brons and Miller (1961) t o  genera te  

cons tan t  production rate type curves f o r  dimensionless pressure  vs the  

r a t i o  of dimensionless time and dimensionless wel lbore s to rage  cons tan t ,  

us ing  dimensionless wel lbore s to rage  constant  mu l t i p l i ed  by the  

exponent ia l  of twice the  s k i n  f a c t o r  as a c o r r e l a t i o n  parameter. 

Fenske (1974) presented an ex tens ion  of the  s o l u t i o n  used by Theis 

(1935) cons ider ing  wel lbore s to rage  i n  the  a c t i v e  and i n  an observa t ion  

undamaged w e l l .  

Ramey, Agarwal, and Martin (1975) appl ied  t he  approach used by 

Earlougher and Kersch (1974) t o  genera te  two log- log and one semi-log 

type  curves f o r  t h e  s l u g  test s o l u t i o n s  prev ious ly  presented by Ramey 

and Agarwal (1972). These type curves suggest an explanat ion f o r  t h e  

appa ren t ly  l a r g e  va lues  of wel lbore s to rage  constant  observed i n  

p r a c t i c e  as being a s soc i a t ed  wi th  wel lbore damage. That is,  t h e r e  was 

o f t e n  a combined e f f e c t  of wel lbore s to rage  and a p o s i t i v e  sk in  

e f f e c t .  These s o l u t i o n s  do not  consider  cr i t ica l  flow, a condi t ion  

t h a t  Ramey et al. (1975) specula ted  t o  be one of t he  causes respons ib le  

f o r  t he  paradoxica l  r e l a t i o n s h i p  between an apparent cons tan t  flow rate 

and a bottomhole pressure  i nc reas ing  wi th  t i m e ,  a s i t u a t i o n  f r equen t ly  

observed i n  d r i l l s t e m  test  da ta .  

In  1976, van der  Kamp proposed an approximate method f o r  

determining r e s e r v o i r  t r a n s m i s s i v i t y  by means of s l u g  test d a t a  a n a l y s i s  

for systems e x h i b i t i n g  an o s c i l l a t o r y  l i q u i d  l e v e l  response. This 

theory is based on the  wel lbore equat ion previously presented by Cooper, 
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e t  al. (1965). This method is  app l i cab l e  t o  da t a  recorded a f t e r  the  

f i r s t  o s c i l l a t i o n  of t he  l i q u i d  l e v e l .  

Bouwer and Rice (1976) presented an expression f o r  eva lua t ion  of 

r e s e r v o i r  t r ansmis s iv i t y  from a s l u g  test  i n  a pa r t i a l l y- pene t r a t i ng  

w e l l .  This expression w a s  obtained assuming a logar i thmic  r e s e r v o i r  

p ressure  d i s t r i b u t i o n  from a changing pseudo-wellbore r ad ius  evaluated 

by a resistance- conductance e l e c t r i c  analog. 

Sinha, Sigmon, and Montgomery (1976) descr ibed app l i ca t i ons  of t he  

a v a i l a b l e  log- log and semi-log type curves t o  a number of d r i l l s t e m  test  

da t a  sets. Those au thors  concluded t h a t  use of the  app rop r i a t e  type 

curve i n  conjunct ion with t he  method proposed by Horner (1951) helps  t o  

e l imina t e  m i s i n t e r p r e t a t i o n  of da t a  and gives  a g r e a t e r  degree of 

confidence i n  t he  ana lys i s .  Also, those au thors  recommended t h a t  type 

curves f o r  the  flow period of a d r i l l s t e m  test should be used whenever 

app l i cab l e .  

I n  1977, Alexander proposed a theory f o r  closed-chamber tests 

ana lys i s .  This  theory is  the  r e s u l t  of s e v e r a l  s t u d i e s  published by 

t h a t  author  s ince  1973. 

Also i n  1977, Earlougher published a monograph on pressure  

t r a n s i e n t  a n a l y s i s  methods updating the  monograph presented by Matthews 

and Russe l l  a decade before.  

Fenske (1977) proposed type curves f o r  p ressure  buildup i n  r a d i a l  

f low systems wi th  wel lbore s to rage  i n  an a c t i v e  w e l l  and i n  an undamaged 

observa t ion  w e l l .  That author  concluded t h a t  as production t i m e  

becomes very s h o r t  r e l a t i v e  t o  shut- in t i m e ,  these  buildup type curves 

approach the  s l u g  test  type curves presented by Cooper, et al. (1967). 

Cooley and Cunningham (1979) developed a f i n i t e  element model t o  

so lve  a theory cons ider ing  t o t a l  energy lo s se s  f o r  t he  flow of a f l u i d  

i n  a r e s e r v o i r  and i n  t he  completion i n t e r v a l  of a wellbore.  

Uraiet and Raghavan (1979) and Eligh-Economides and Ramey (1979) 

analyzed pressure  buildup f o r  w e l l s  produced a t  a constant  bottomhole 
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pressure ,  These two pub l i ca t i ons  concluded t h a t  t he  l a s t  flow rate 

before  the  w e l l  i s  shut- in should be used f o r  p ressure  bui ldup 

ana lys i s .  The f i r s t  re fe rence  concluded t h a t  the  a c t u a l  production 

time should a l s o  be used i n  t he  ana lys i s .  However, t he  second 

r e f e r ence  demonstrated t h a t  t h e  t i m e  t o  be used should be obtained by 

d iv id ing  the  cummulative product ion by the  last  e s t ab l i shed  flow rate  

before  t he  shut- in,  as recommended by Horner (1951). 

Barelli (1979) obtained s l u g  test type curves f o r  l i n e a r  flow 

systems by using the  Laplace t ransformat ion  and numerical invers ion  of 

t he  transformed pressure  so lu t ion .  

Shinohara and Ramey (1979.a) considered the  condi t ion of c r i t i ca l  

flow during a d r i l l s t e m  tes t .  Modified s l u g  test  type curves were 

presented by those au thors  using dimensionless maximum wellbore flow 

rate  as a parameter. 

I n  another  pub l i ca t i on ,  Shinohara and Ramey (19'79.b) proposed a 

theory f o r  s l u g  tes t  da t a  a n a l y s i s  cons ider ing  wel lbore s to rage ,  s k i n  

e f f e c t ,  and i n e r t i a l  e f f e c t s  on t he  wel lbore l i q u i d  column. This 

theory is based on a wel lbore momentum balance equat ion similar t o  t h e  

one presented by Cooper, et al. (1965). Shinohara ,and Ramey (1979.b) 

obtained s o l u t i o n s  f o r  dimensionless bottomhole pressure  and f o r  

dimensionless l i q u i d  l e v e l .  Those au thors  found tha t  t he re  is  a range 

of p r a c t i c a l  condi t ions  i n  which these  s o l u t i o n s  are r e l a t e d  by d i r e c t  

h y d r o s t a t i c  c a l c u l a t i o n s ,  as assumed i n  a l l  t he  s lug  test  s o l u t i o n s  

mentioned previouly.  However, those au thors  a l s o  cloncluded t h a t  

erroneous i n t e r p r e t a t i o n s  are obtained f o r  some condi t ions ,  found i n  

p r a c t i c e  but ou t s ide  t h a t  range, i f  wel lbore i n e r t i a l  e f f e c t s  are not  

considered i n  t h e  ana lys i s .  

S t r i g h t  (1979) s tud i ed  t he  e f f e c t  of p ressure  dependent rock and 

f l u i d  p r o p e r t i e s  on d r i l l s t e m  test  a n a l y s i s  f o r  a na tu ra l l y- f rac tu red  

r e s e r v o i r  with n e g l i g i b l e  matr ix  poros i ty .  

by f i n i t e  d i f f e r ences  approximation wi th  the  r a t i o  of ne t  confining 

p re s su re  and apparent  f r a c t u r e  hea l ing  pressure  as an a d d i t i o n a l  

parameter. That author  reached the  conclusion t h a t  permeabi l i ty ,  

Type curves were obtained 
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p o r o s i t y ,  and compress ib i l i ty  of t he  f r a c t u r e s  can be est imated by using 

a combination of type curve matching, conventional semi-log bui ldup 

a n a l y s i s ,  and .:uiiesical s imula t ion  h i s t o r y  matching. 

I n  1980, Raghavan discussed t h e  a p p l i c a b i l i t y  of drawdown type  

curves f o r  p ressure  buildup da t a  a n a l y s i s  and presented buildup type 

curves f o r  f r a c t u r e d  and unf rac tured  wells wi th  producing t i m e  as a 

parameter. 

Agarwal (1980) presented a novel and simple approach t o  a l low the  

use of e x i s t i n g  log- log drawdown type curves f o r  analyzing p re s su re  

bui ldup da ta  by p l o t t i n g  t he  i nc rease  i n  pressure  vs the  r a t i o  of the  

product of product ion time and shut- in time divided by the  sum of t he se  

two times. 

Soliman (1981) proposed a technique f o r  s l u g  test or  v a r i a b l e  flow 

rate  a n a l y s i s  t h a t  i s  based on superpos i t ion  of i n f i n i t e s i m a l  s t e p s ,  but  

uses  numerical methods t o  eva lua t e  t he  r e s u l t i n g  i n t e g r a l .  That author  

recommends the  technique t o  analyze buildup tests preceeded by a 

changing rate. 

Raghavan, Reynolds, and Meng (1982) presented a type curve f o r  

e s t ima t ing  dimensionless flowing time f o r  v e r t i c a l l y- f r a c t u r e d  w e l l s .  

I n  1982, Lee published a text book giv ing  an exce l l en t  de sc r ip t i on  

of the  fundamental concepts f o r  cons tan t  flow rate and cons tan t  

bottomhole pressure  w e l l  test a n a l y s i s ,  and the  use of t he  superpos i t ion  

p r i n c i p l e .  However, a p a r a l l e l  de sc r ip t i on  of t he  flow phenomena 

during a d r i l l s t e m  test is not included i n  t h a t  important text  book. 

This b r i e f  l i t e r a t u r e  review r evea l s  t he  evolu t ion  of w e l l  t es t  

d a t a  ana lys i s  methods t h a t  have been accepted as convent ional  i n  t h e i r  

app l i ca t i on .  Also, t h i s  review shows t h a t  another  a n a l y s i s  method has 

been developing and has become a conventional method f o r  some tests t h a t  

are c u r r e n t l y  considered d i f f i c u l t  t o  analyze: s l u g  tests, d r i l l s t e m  

tests, and closed-chamber tests. 
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SECTION 3 

PROBLEM DESCRIPTION AND FORMULAT1C)N 

A phys ica l  and mathematical de sc r ip t i on  of the  flow phenomena 

during a s l u g  tes t ,  d r i l l s t e m  test ,  or  closed-chamber test i s  presented 

i n  t h i s  sec t ion .  An equat ion desc r ib ing  the  dynamical r e l a t i o n s h i p  

between wel lbore l i q u i d  l e v e l  and bottomhole pressure  i s  der ived f o r  a 

common wellbore geometry. This  wel lbore equat ion i ,s  obtained by 

performing a momentum balance on the  l i q u i d  i n  a wel lbore and inc ludes  

g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  e f f e c t s  not considered i n  

previous so lu t ions .  This equa t ion  p lus  app rop r i a t e  i n i t i a l  condi t ions  

c o n s t i t u t e  a mathematical wel lbore problem. Flow i n  t h e  r e s e r v o i r  i s  

assumed t o  be descr ibed by the  d i f f u s i v i t y  equat ion .plus app rop r i a t e  

i n i t i a l  and e x t e r n a l  boundary condi t ions  t o  formulate  a mathematical 

r e s e r v o i r  problem. 

A desc r ip t i on  of t he  flow phenomena i n  t he se  ty:pes of tests is  

obtained by coupling the  wel lbore and r e s e r v o i r  problems through 

a p p l i c a t i o n  of con t inu i ty  condi t ions  inc lud ing  wel lbore s to rage  and s k i n  

e f f e c t  . 

3.1 Phvs ica l  DescriDtion 

The flow period of a d r i l l s t e m  test and a s l u g  test involves  

similar flow phenomena (Ramey, Agarwal, and Martin,  1975). The flow 

per iod  of a closed-chamber test  is  a l s o  r e l a t e d  t o  t lhe  previous two 

tests (Shinohara and Ramey, 1979.b). I n  a s l u g  test,  a f i n i t e  amount 

of l i q u i d  is  ins tan taneous ly  removed from (or added t o )  t he  s t a t i c  

l i q u i d  column i n  a wel lbore open t o  t he  atmosphere. 
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I n  t h i s  s tudy,  a s t a t i c  l i q u i d  column i n  a well'bore i s  def ined as 

t h a t  column i n  h y d r o s t a t i c  equi l ib r ium with a bottom'hole pressure  equal  

t o  a uniform pressure  i n  a r e s e r v o i r  a t  t he  start of the  flow test ,  i. 

e., a s ta t ic  l i q u i d  column corresponds t o  condi t ions  of no-flow i n  t he  

wel lbore and i n  t h e  r e se rvo i r .  

The f i n i t e  amount of l i q u i d  removed from (or  added t o )  a s t a t i c  

wel lbore l i q u i d  column is  c a l l e d  a s lug .  I n  order  to d i s t i n g u i s h  a 

test  f o r  a removed s l u g  from a test  f o r  an added s lug ,  these  two tests 

are r e f e r r e d  t o  as: ( a )  production s lug  tes t ,  and (b )  i n j e c t i o n  s l u g  

t e s t ,  respec t ive ly .  

An i n j e c t i o n  s l u g  test proposed by Ferris and Knowles (1954) can be 

performed by quick ly  dumping the  water content  of a barrel i n t o  a 

groundwater w e l l .  A production s l u g  tes t ,  presented by van der  Kamp 

(1976), i s  s imulated by p u l l i n g  up a f l o a t  p a r t i a l l y  submerged i n  t he  

s ta t i c  water column. Another technique t o  s imula te  a production s l u g  

test c o n s i s t s  of i n j e c t i n g  gas i n t o  a w e l l  i n  order  to  lower the  l i q u i d  

l e v e l  below the  s ta t i c  l i q u i d  column l e v e l  and start  t he  test by 

suddenly r e l e a s i n g  the  gas pressure  a f t e r  wai t ing  f o r  i n i t i a l  s t a t i c  

equi l ib r ium between gas p re s su re ,  l i q u i d  column, and r e s e r v o i r  p ressure  

(Bredehoeft ,  1981). A r e l a t e d  technique has been appl ied  t o  put i n t o  

product ion hot-water geothermal w e l l s  when wellbore condi t ions  allow a 

thermal shock (Or t i z ,  1981). 

A schematic diagram of t he  i n i t i a l  condi t ion  i n  a production s l u g  

test i s  presented i n  Fig.  3.1. L is the  length  of ,a s ta t i c  l i q u i d  

column and i s  measured from t h e  l e v e l  of t he  top of t he  formation. A 

s t a t i c  l i q u i d  column i n  a wel lbore has been def ined i n  h y d r o s t a t i c  

equi l ib r ium with the  i n i t i a l  r e s e r v o i r  p ressure ,  then: 

h 
[ L + -  2 I P g = P i - P a  0 . (3.1) 
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FIG. 3.1. PRODUCTION SLUG TEST AT INITIAL OONDITIONS 
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where : 

g = g r a v i t y  acce l e r a t i on  vec to r ,  [LT'2] 

h ;= r e se rvo i r  th ickness ,  [L] 

L = l ength  of t he  s t a t i c  l i q u i d  column i n  a wel lbore,  measured 

from the  top  of the  formation,  [L] 
-1 2 pa = atmospheric pressure ,  [ML T- 1 

pi = i n i t i a l  r e s e r v o i r  p ressure  a t  t he  mid- level of the  formation,  

[ ML- T-2 ] 

P = average dens i ty  of t he  f l u i d  i n  t h e  wel lbore,  [ M L - ~ ]  

Throughout t h i s  s tudy,  independent va r i ab l e s  and func t ion  arguments 

are shown i n s i d e  pa ren thes i s  (). Square bracke ts  [ I  and braces  11 are 

used t o  a s s o c i a t e  terms and f a c t o r s .  

According t o  t he  information usua l ly  a v a i l a b l e  f o r  f i e l d  da t a  

a n a l y s i s ,  a known pressure  pi de f ines  length  L, o r  v iceversa ,  by 

a p p l i c a t i o n  of Eq. 3.1. 

A t  t he  beginning of a production s lug  test,  f l u i d  from t h e  

r e s e r v o i r  flows i n t o  t he  wel lbore t o  r e s t o r e  t he  s t a t i c  l i q u i d  

column. I f  no f l u i d  is  obtained at t he  su r f ace ,  t he  volume of l i q u i d  

produced from the  r e s e r v o i r  at  the  end of t he  test w i l l  be equal  t o  t he  

volume of t he  s l u g  ins tan taneous ly  removed from the  s t a t i c  l i q u i d  column 

t o  s t a r t  the  tes t .  A t y p i c a l  l i q u i d  l e v e l  response i n  a groundwater 

w e l l  dur ing a production s l u g  test is  shown i n  Fig. 3.2. Reservoir  

p r o p e r t i e s  and wel lbore geometry con t ro l  t h i s  response. For t h i s  case, 

t h e  water l e v e l  o s c i l l a t e s  about i t s  s t a t i c  pos i t ion .  Such system i s  

s a i d  t o  be underdamped. 

I n i t i a l  condi t ions  f o r  an i n j e c t i o n  s lug  test  are shown i n  

Fig.  3.3. A t  the  beginning of an i n j e c t i o n  s l u g  test ,  f l u i d  from t h e  

wel lbore flows i n t o  the r e s e r v o i r  t o  r e s t o r e  the  s t a t i c  l i q u i d  

column. A t  the  end of t h i s  tes t ,  the volume of l i q u i d  i n j e c t e d  i n t o  

t h e  r e s e r v o i r  will be equa l  t o  t he  volume of t he  s l u g  ins tan taneous ly  

added i n t o  the  s t a t i c  l i q u i d  column t o  s tar t  the  test.  
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A d r i l l s t e m  test is a temporary w e l l  completion and c o n s i s t s  of one 

or  s e v e r a l  a l t e r n a t e d  flow and shut- in per iods  (Earlougher,  1977). A 

schematic diagram of t h e  i n i t i a l  condi t ions  i n  a flow period of a 

d r i l l s t e m  test i s  presented i n  Fig. 3 . 4 .  The w e l l  i s  open t o  the  

atmosphere. Bottomhole packers have been set t o  i s o l a t e  the  formation 

from t h e  d r i l l i n g  mud column. Wellbore p ipe  is empty except f o r  a 

l i q u i d  cushion. The d r i l l s t e m  tester valve has j u s t  been opened t o  

al low flow from the  r e s e r v o i r .  

In the  case shown i n  Fig. 3 . 4 ,  the  l eng th  of the  s t a t i c  l i q u i d  

column, L, is l a r g e r  than the  l eng th  of the  cushion. This impl ies  t h a t  

i n i t i a l  r e s e r v o i r  p ressure ,  pi, i s  higher than h y d r o s t a t i c  cushion 

p ressure ,  pc, p lus  atmospheric p ressure ,  Pa*  For t h i s  case, f l u i d  from 

t h e  r e s e r v o i r  w i l l  flow i n t o  t h e  wellbore i n  a fashion similar t o  an 

equ iva len t  production s l u g  test. On the  o the r  hand, i f  the  cushion 

l eng th  is l a r g e r  than the  s t a t i c  l i q u i d  column length ,  f l u i d  from the  

cushion w i l l  flow i n t o  the  r e s e r v o i r  i n  a fash ion  similar t o  an 

equ iva len t  i n j e c t i o n  s l u g  test. Sometimes a d r i l l s t e m  test is  operated 

wi th  a cushion p ressure ,  pc, n e a r l y  equal  t o  formation pressure ,  pi. 

This is  c a l l e d  a balanced column test. A t y p i c a l  bottomhole p ressure  

trace recorded dur ing a d r i l l s t e m  test wi th  two flow and shut- in 

pe r iods ,  and wi th  no flow a t  t h e  s u r f a c e  i s  i l l u s t r a t e d  i n  Fig. 3.5. 

I f  the  i n i t i a l  l i q u i d  l e v e l  i s  i n s i d e  the  d r i l l c o l l a r s ,  an abrupt change 

i n  s lope  of bottomhole flowing p ressure  w i l l  be not iced.  Those cases 

are not  considered i n  this study.  Another s i t u a t i o n  out of t h e  scope 

of the  present  s tudy is t h a t  of a d r i l l s t e m  test with a bottomhole choke 

o r  o t h e r  flow r e s t r i c t i o n  t h a t  may cause c r i t i ca l  flow and impede 

p ressure  t ransmiss ion through t h a t  choke. 

A s i t u a t i o n  i n  which the  i n i t i a l  r e s e r v o i r  p ressure  is higher than 

t h e  h y d r o s t a t i c  p ressure  of a l i q u i d  column with l eng th  equal  t o  the  

r e s e r v o i r  depth is  presented i n  Fig. 3 . 6 .  This i s  the  case of f lowing 

o i l  w e l l s  and most a r t e s i a n  water w e l l s .  During a d r i l l s t e m  test  i n  a 

w e l l  of t h i s  type,  the  l i q u i d  l e v e l  i n  the  wellbore may reach t h e  

s u r f a c e  at  some t i m e  a f t e r  the  start of the  test. A t  t h a t  moment, the  

flow phenomena is  abrup t ly  changed because f l u i d  suddenly s t o p s  

accumulating i n  t h e  wellbore pipe. Such a w e l l  w i l l  continue producing 
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f l u i d s  at  t h e  su r f ace  as long as the  bottomhole pressure  remains high 

enough t o  support  a l i q u i d  column up t o  t h e  sur face .  

Another case of Figs .  3.3 o r  3 .4  is worth mentioning. When t h e  

s t a t i c  l i q u i d  l e v e l ,  L, is near  t h e  su r f ace ,  removal of a s l u g  can l ead  

t o  e j e c t i o n  of l i q u i d  at  t h e  su r f ace  due t o  i n e r t i a l  e f f e c t s  on t he  

l i q u i d  column i n  t he  wellbore.  

A closed-chamber tes t  is similar t o  a d r i l l s t e m  test  except f o r  a 

valve a t  t he  wellhead t h a t  i s  shut- in a t  t he  s tar t  OE the  test .  This  

va lve  and the  changing l i q u i d  l e v e l  form a chamber i n s i d e  t h e  wel lbore 

p ipe ,  as shown i n  Fig. 3.7 .  Flow phenomena i n  a closed-chamber test i s  

a f f e c t e d  by the  changing gas pressure  i n  the  chamber i n  add i t i on  t o  the  

phys ica l  f a c t o r s  governing the  flow behavior i n  a d r i l l s t e m  tes t .  

Therefore ,  i f  t h e  chamber is  not opened during the  t e s t ,  t he  l i q u i d  

l e v e l  i n  t he  wel lbore w i l l  no t  reach the  s t a t i c  l e v e l  a t  L because t he  

gas pressure  i n  t h e  chamber w i l l  be h igher  than atmospheric. I n s t ead ,  

the  l i q u i d  l e v e l  w i l l  s t a b i l i z e  at  a lower pos i t i on  at  long t e s t i n g  

times. This lower l e v e l  w i l l  correspond t o  h y d r o s t a t i c  equi l ib r ium 

condi t ions  between r e s e r v o i r  p ressure ,  l i q u i d  column length ,  and f i n a l  

closed-chamber gas pressure.  A t y p i c a l  bottomhole pressure  t r a c e  

recorded during a closed-chamber test  wi th  two flow per iods  i s  

i l l u s t r a t e d  i n  Fig. 3.8.  

3 .2  Wellbore Problem 

A schematic r ep re sen t a t i on  of the  wel lbore- reservoir  system under 

cons ide ra t i on  is shown i n  Fig. 3.9 at i n i t i a l  condi t ions  f o r  t he  case of 

a product ion s l u g  test.  According t o  t he  d e f i n i t i o n  given t o  L, Eq. 

3.1 ,  i n i t i a l  r e s e r v o i r  p ressure  a t  the  mid- level of t he  formation can 

support  a s t a t i c  l i q u i d  column with length  L above the  top  of the  

formation. Then, f l u i d  from the  r e s e r v o i r  w i l l  f low i n t o  the  wel lbore 

and the  l i q u i d  l e v e l  w i l l  r ise i n s i d e  t he  pipe i n  response t o  these  

i n i t i a l  condi t ions .  
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The behavior of t he  changing he ight  of l i q u i d  i n  t he  wel lbore is  

convenient ly  descr ibed by us ing  the  z- coordinate a l s o  shown i n  

Fig.  3.9. This z- coordinate i s  measured p o s i t i v e  upward from a 

d i s t ance  L above the  top  of t he  formation. Therefore ,  the  length  of 

t h e  wel lbore l i q u i d  column, measured from the  top  of the  formation,  a t  

any time t is given by L+z(t) .  For example, the  length  of the  l i q u i d  

cushion i n  Fig. 3.9 i s  L+zo, where zo i s  negat ive and equal  t o  t h e  value 

of z a t  t he  s tar t  of t he  t e s t ,  t = O .  A s  a second example, the  l eng th  of 

t he  l i q u i d  column a f t e r  an i n f i n i t e  t e s t i n g  t i m e  w i l l  be equal  t o  L. 

This i s  because the  l i q u i d  l e v e l  w i l l  reach the  s t a t i c  l i q u i d  l e v e l  

even tua l ly ,  and z is  equa l  t o  zero a t  the  s t a t i c  l i q u i d  l e v e l .  This 

s ta tement  a p p l i e s  s t r i c t l y  t o  an i n f i n i t e  r e se rvo i r .  However, it  i s  an 

e x c e l l e n t  approximation because t h e  volume of f l u i d  i n  a wel lbore is  

n e g l i g i b l e  i n  comparison wi th  the  volume of f l u i d  i n  a r e s e r v o i r  of 

economical i n t e r e s t .  

3.2.1 Wellbore Equations 

I n  order  t o  de r ive  a mathematical r e l a t i o n s h i p  between the  changing 

wel lbore l i q u i d  l e v e l  and the  changing bottomhole pressure  under 

t r a n s i e n t  flow condi t ions ,  t he  wel lbore is  represented by two s t a t i o n a r y  

con t ro l  volumes. An upper c o n t r o l  volume c o n s i s t s  of the  wel lbore 

s e c t i o n  from the  t op  of t he  r e s e r v o i r  t o  t h e  sur face .  A lower con t ro l  

volume c o n s i s t s  of t he  wel lbore s e c t i o n  i n  f r o n t  of the  formation. The 

e n t i r e  wel lbore i s  composed by coupling these  two con t ro l  volumes 

through con t inu i ty  condi t ions .  

Newton's Law of I n e r t i a  states t h a t  i n  t he  absence of e x t e r n a l  

i n f luences ,  matter tends t o  remain at  rest i f  it is a l ready  at rest, or  

tends  t o  remain moving i n  a s t r a i g h t  l i n e  with uniform v e l o c i t y  i f  it is  

a l ready  moving a t  t h a t  ve loc i ty .  The e x t e r n a l  in f luences  t h a t  can set  

matter i n t o  motion o r  change d i r e c t i o n  and/or v e l o c i t y  of moving matter 

are c a l l e d  fo rces .  

- 2 8 -  



Newton’s Second Law of Motion s tates  t h a t  when a mass m is moved 

from rest t o  a given v e l o c i t y ,  o r  when the  d i r e c t i o n  and/or t h e  

magnitude of i t s  v e l o c i t y  v are changed, t h e  fo rce  F requi red  t o  perform 

t h a t  change is  equal  t o  the  rate of change of momentum mv. That is :  

d 
x [ m v ] = F  . . . (3.2) 

where : 

F = force  vec to r ,  [MLT’2] 

m = mass, [MI 

t = t i m e ,  [TI 
v = v e l o c i t y  vec tor ,  ILT-11 

Newton’s Second Law of Motion appl ied  t o  a con t ro l  volume with 

volume V and e x t e r n a l  su r f ace  area S, y i e l d s  (Eskinazi ,  1962): 

a - I p v dV + I p v IvI dS = F 
at v S 

0 0 . ( 3 . 3 )  

where : 

lvl = magnitude of the  component of v i n  the  vector  d i r e c t i o n  

normal t o  S, [LT-l] 

The f i r s t  term on t h e  left- hand s i d e  of Eq. 3.3 r ep re sen t s  t he  r a t e  

of change of momentum of t he  f l u i d  i n  t he  con t ro l  volume due t o  l o c a l  

v a r i a t i o n s  of t h e  f l u i d  v e l o c i t y  and/or dens i ty  with t i m e .  The second 

term on the  left- hand s i d e  r ep re sen t s  t he  ne t  momentum rate cross ing  the  

e x t e r n a l  su r f ace  of the  con t ro l  volume due t o  f l u i d  flow. On the  

right-hand s i d e ,  F is  the  r e s u l t a n t  of a l l  e x t e r n a l  fo rces  on the  f l u i d  

i n s i d e  t he  con t ro l  volume t h a t  causes t he  ins tan taneous  rate of change 

of momentum given by the  left- hand s ide .  

equa l  r eac t ion  fo rce  maintaining the  con t ro l  volume i n  t h e  pos i t i on  i n  

which it is ins tan taneous ly  analyzed (Eskinazi ,  1962). 

This f o r c e  F is  opposed by an 
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Equation 3.3 is appl ied  i n  Appendix A t o  formulate the  fol lowing 

non-homogeneous, non- linear,  second-order ordinary differential equat ion  

f o r  a wel lbore:  

Ew pw 
A z " + B  z ' + C  z + D  = 

W W W W 
0 0 . (3.4) 

where : 

r 
= L + Z + ~ ~  [ $ I 2  

W 
AW 8 

c = g  
W 

D = [ L + y ] g +  h 2 
W P 

1 
Ew = - P 

with: 

(3.4.a) 

. . (3.4.b) 

0 0 (3.4.c) 

. . (3.4.d) 

. . (3.4.e) 

= gas pressure  on the  l i q u i d  l e v e l ,  [ML-lT-*] 

= bottomhole pressure  a t  the  mid- level of t he  formation,  
pg 

P W 
-1 -2 [m T I 
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z(t) = l i q u i d  l e v e l  i n  t he  wel lbore,  measured p o s i t i v e  upward 

from a length  L above the  top  of t he  formation, [L] 
z ' ( t )  = v e l o c i t y  of the  wel lbore f l u i d  column, [LT'l] 

z " ( t )  = a c c e l e r a t i o n  of t he  wel lbore f l u i d  column, [LTm2] 

Equation 3.4 considers  t he  fol lowing e f f e c t s  on t h e  flow phenomena 

i n s i d e  a wellbore: 

(1) i n e r t i a l  e f f e c t  of a l i q u i d  column with length  changing wi th  

t i m e ,  

(2) f r i c t i o n a l  e f f e c t  of a l i q u i d  column moving i n s i d e  a p ipe ,  

( 3 )  g r a v i t a t i o n a l  e f f e c t  on a l i q u i d  column changing i n  l eng th  

and inc luding  the  l i q u i d  i n  t h e  wel lbore s e c t i o n  i n  f r o n t  of 

the  r e s e r v o i r  th ickness ,  and 

( 4 )  e f f e c t  of pipe r ad ius  d i f f e r e n t  than wel lbore radius .  

Equation 3.4 o r  any of i t s  s p e c i a l  forms f o r  p a r t i c u l a r  

a p p l i c a t i o n s  are ref  e r r e d  t o  as wel lbore equat ions throughout t h i s  

s tudy.  

t o  p a r t i c u l a r  wel lbore equa t ions  w i l l  be provided i n  t he  appropr ia te  

place.  

De f in i t i on  of c o e f f i c i e n t s  A,, Bw, C,, Dw, and E, corresponding 

Assumptions i m p l i c i t  i n  wel lbore Eq. 3.4 are t h e  following: 

(1) f l u i d  v e l o c i t y  vec tor  is  v e r t i c a l  and uniform across  any p ipe  

c ross- sec t ion ,  

(2) average dens i ty  of the  f l u i d  i n  t h e  wel lbore is  cons tan t ,  

( 3 )  pipe f r i c t i o n a l  r e s i s t a n c e  i n  unsteady flowr i s  equal  t o  t he  

f r i c t i o n a l  r e s i s t a n c e  i n  s teady  flow at t he  same ve loc i ty ,  

and the  

( 4 )  f l u i d  column is  acce l e r a t ed  by flow from the  r e s e r v o i r  

uniformly along the  wel lbore s e c t i o n  i n  f r o n t  of t he  formation. 
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The previous assumptions are l i s t e d  i n  t he  same order  as were 

requi red  i n  t he  d e r i v a t i o n  of t he  wel lbore equat ion presented i n  

Appendix A. I n  t h i s  d e r i v a t i o n ,  the  adopt ion of each of the  previous 

fou r  assumptions w a s  delayed i n  an e f f o r t  t o  avoid them. 

The approach u t i l i z e d  i n  t he  presen t  study t o  der ive  t h e  wel lbore 

Eq. 3.4 i s  p a r a l l e l  t o  the  one proposed by Cooper, et: a l .  (1965). 

However, those  au thors  adopted a d d i t i o n a l  assumptions throughout t h e i r  

de r iva t ion ,  and obtained a s i m p l i f i e d  equat ion t h a t  i s  a p a r t i c u l a r  case  

of wel lbore Eq. 3.4. A s  mentioned i n  Sect ion 2 ,  t he  wel lbore equat ion 

proposed by Cooper, e t  a l .  (1965) was used l a t e r  and s imp l i f i ed  f u r t h e r  

by o the r  authors .  Therefore ,  wel lbore Eq. 3.4 can lw u t i l i z e d  t o  

analyze t he  e f f e c t  of some of t h e  s impl i fy ing  assumptions adopted i n  

s o l u t i o n s  c u r r e n t l y  a v a i l a b l e  i n  t h e  l i t e r a t u r e .  

Slug T e s t  Wellbore Equation - During a s lug  t e s t ,  t he  w e l l  i s  open 

t o  the  atmosphere, and gas pressure  ( t ) ,  on t he  wel lbore l i q u i d  l e v e l  

can be assumed contant  and equa l  t o  atmospheric pressure ,  pa. Then, 

s u b s t i t u t i n g  t he  d e f i n i t i o n  of L, given by Eq. 3.1, , in to  Eq. 3.4, and 

s impl i fy ing :  

' pg 

A z " + B  z ' + C  z + D  = E  [ p i - p w l  
W W W W W 

where : 

r 

r 
A w = L + z + - h  3 [ 2 l 2  

W 
8 

c = g  
W 
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Dw = 0 . . . (3.5.d) 

. . . (3.5.e) 

Drillstem Test Wellbore Equation - During the  flow period of a 

d r i l l s t e m  tes t ,  t he  w e l l  i s  a l s o  open t o  t he  atmosphere and, s i n c e  

pg(t)=pa,  wel lbore Eq. 3.5 i s  app l i cab l e  u n t i l  the  moment, ts, a t  which 

the  w e l l  i s  shut- in a t  t he  bottom by c lo s ing  the  d r i l l s t e m  test  

valve. Af t e r  t h e  w e l l  i s  shut- in t h e  space below the  test  valve i s  

f i l l e d  with l i q u i d  and no wel lbore equat ion is  requi red  i f  momentum 

changes and s to rage  by compression are assumed n e g l i g i b l e .  I f  a 

flowing w e l l  i s  not  shut- in during a d r i l l s t e m  test ,  Eq. 3.5 desc r ibes  

t he  flow phenomena only u n t i l  t he  moment a t  which l i q u i d  is  produced a t  

t he  sur face .  

Closed-Chamber T e s t  Wellbore Equation - For a closed-chamber t e s t ,  

p g ( t )  can not  be s i m p l i f i e d  as i n  a s l u g  test or  d r i l l s t e m  tes t ,  but can 

be descr ibed by applying the  equat ion of s ta te  f o r  a real gas ,  as used 

by Shinohara and Ramey (1979.b): 

. . . (3.6) 

where : 

ng = number of moles of gas i n  t h e  closed-chamber, [mole] 

pg = gas p re s su re ,  [ML T ] 

R 

Tg = average abso lu t e  temperature i n  the  chamber, [degree]  

Vg = gas chamber ins tan taneous  volume, [L3] 

Zg = gas dev ia t i on  f a c t o r  a t  t he  average temperature i n  the  

-1 -2 

= un ive r sa l  gas cons tan t ,  [ML2T-2mole-1degree-1] 

wel lbore (Standing,  1952) 
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Assuming i so thermal  condi t ions  and a l s o  t h a t  no gas is  l i b e r a t e d  
from t h e  produced l i q u i d ,  and s i n c e  V ( t ) = n r  2 {Lp-[L+z(t)]), where Lp i s  

g P 
the  l eng th  of t he  pipe from the  wellhead t o  t he  top of t he  formation, as 

shown i n  Fig. 3.7, t he  fol lowing express ion  can be obtained by applying 

Eq. 3.6 a t  two condi t ions :  

L - L + z ( 0 )  z 

L - L + z(t) z ( 0 )  
P g W  = - pg(0) 

P g 

. 0 0 (3.7) 

where : 

pg(0) = i n i t i a l  gas p re s su re  i n  t h e  closed-chamber, 

Zg(0) = gas dev ia t ion  f a c t o r  a t  p ( 0 )  

[ ML- T- ] 

g 

S u b s t i t u t i n g  t h i s  equat ion  and the  d e f i n i t i o n  of L, given by Eq.  

3.1, i n t o  wellbore Eq. 3.4: 

A z " + B  z ' + C  z + D  = E  [ p i - p w ]  
W W W W W 

(3.8) 

where : 

2 
r 

A = L + z + g h  3 [ $ I  
W 

W 

. (3.8.a) 

. . (3.8.b) 

c = g  
W 
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1 = - -  
Ew P 

. . (3.8.d) 

. . . (3.8.e) 

3.2.2 Wellbore I n i t i a l  Conditions 

Wellbore Eqs. 3.5 and 3.8 are second-order, o rd inary  d i f f e r e n t i a l  

equa t ions  f o r  l i q u i d  l e v e l  z ( t ) .  I n  order  t o  formulate  an i n i t i a l  

value mathematical problem, z ( t )  and i t s  f i r s t  d e r i v a t i v e ,  l i q u i d  column 

v e l o c i t y ,  z ' ( t > ,  must be s p e c i f i e d  a t  t h e  start of t h e  t e s t ,  t = O .  

These i n i t i a l  va lues  can be def ined cons tan t  as follows: 

0 
z ( 0 )  = z 

and : 

z ' ( 0 )  = vo 

. 0 (3.9) 

. . 0 (3.10) 

Equations 3.9  and 3.10 do not spec i fy  i n i t i a l  condi t ions  because 

they involve unknown cons tan t  i n i t i a l  va lues  f o r  l i q u i d  l e v e l  and l i q u i d  

column v e l o c i t y ,  r e spec t ive ly .  

For a s l u g  tes t ,  d r i l l s t e m  tes t ,  o r  closed-chamber test ,  the  f l u i d  

column i n  a wel lbore can be considered s t a t i c  a t  i n i t i a l  condi t ions  
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(Shinohara and Ramey, 1979. b).  Then, an adequate l i q u i d  column 

v e l o c i t y  i n i t i a l  condi t ion  is: 

v - 0  
0 0 . 0 (3.11) 

From observa t ion  of Fig. 3.9, t he  i n i t i a l  condi t ion  f o r  t he  l i q u i d  

l e v e l  z0 i n  a product ion tes t  can be any nega t ive  value i n  t he  range of 

-L<zo<O. 

i n i t i a l  condi t ion  can be any p o s i t i v e  value,  zo>O, with  an upper bound 

only r e s t r i c t e d  by the  length  of pipe above the  s t a t i c  l i q u i d  l e v e l  and 

by the  i n i t i a l  r e s e r v o i r  p ressure .  

On t h e  o the r  hand, i n  an i n j e c t i o n  t e s t ,  the  l i q u i d  l e v e l  

I n  order  t o  avoid s p e c i f i c a t i o n  of p a r t i c u l a r  values  of zo and 

ob ta in  a s o l u t i o n  f o r  each z o ,  t h e  problem is  normalized by zo i n  

Sec t ion  3.6 .  This approach w a s  a l s o  used by Shinohara and Ramey 

(1979.b). Mathematically,  t h i s  is  equiva len t  t o  spec i fy ing  any 

poss ib l e  i n i t i a l  l e v e l  zo. 

approach are sca l ed  by zo ,  q u a l i t a t i v e  a n a l y s i s  i s  poss ib le .  

t h e  a c t u a l  i n i t i a l  wel lbore l i q u i d  l e v e l  must be known, or determined, 

i n  order  t o  ob t a in  q u a n t i t a t i v e  information.  In  o the r  words, t h e  

s p e c i f i c a t i o n  of the  l i q u i d  l e v e l  i n i t i a l  condi t ion is  delayed u n t i l  t he  

a p p l i c a t i o n  of t he  dimensionless s o l u t i o n s  presented i n  t h i s  s tudy.  

Therefore ,  these  s o l u t i o n s  are app l i cab l e  t o  production s l u g  tests ,  

i n j e c t i o n  s l u g  tests,  d r i l l s t e m  tests, and closed-closed-chamber tests,  

under t h e  corresponding c o n s t r a i n t s .  

Since t he  s o l u t i o n s  obtained using t h i s  
However, 

From Fig. 3.10, the  length  of t he  cushion, measured from the  l e v e l  

of t he  top  of t h e  formation, Lc, i s  given by: 

L = L + z  
C 0 

. . (3.12) 
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FIG, 3a10. SLUG TEST AT INITIAL CONDITIONS SHOWING DEFINITION OF SLUG LENGTH 

AND CUSHION LENGTH 
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Also from Fig. 3.10,  t he  length  of the  s lug ,  Ls, is given by: 

0 
L = - z  
S 

. . . ( 3 . 1 3 )  

Note t h a t  L, i s  nega t ive  f o r  an i n j e c t i o n  s l u g  test.  

When Lc, h ,  p,  and pi are known, zo can be eva lua ted  from t h e  

fol lowing r e l a t i o n s h i p  obtained by s u b s t i t u t i n g  Eq. 3.1 i n t o  Eq. 3.12: 

- 
pi 'a h - + -  

2 
z = Lc 

0 Pg 
. . ( 3 . 1 4 )  

I f  t he  pos i t i on  of the  s t a t i c  l i q u i d  l e v e l  i n  a wel lbore is  known 

and the  length  of t he  s lug ,  L,, i s  con t ro l l ed ,  zo  can be d i r e c t l y  

eva lua ted  from Eq. 3.13. Other app rop r i a t e  express ions  f o r  c a l c u l a t i n g  

z0 from s l u g  test ,  d r i l l s t e m  tes t ,  o r  closed-chamber test  d a t a  w i l l  be 

given la te r  i n  t h i s  study. 

3 .3  Reservoir  Problem 

I n  many underground r e s e r v o i r s ,  the  r e l a t i v e l y  l a rge  d i s t ance  

between w e l l s  wi th  r e spec t  t o  formation th ickness ,  s t r u c t u r a l  

con f igu ra t i on ,  and wel lbore r a d i i  determines a geometry f o r  flow of 

f l u i d s  through t h e  porous medium t h a t  c lo se ly  resembles r a d i a l  flow i n  

t h e  v i c i n i t y  of t he  w e l l s .  Since most of t he  pressure  drop occurs i n  

t he  v i c i n i t y  of a flowing wel lbore,  t h e  flow through the  r e s e r v o i r  

during a d r i l l s t e m  test  is  assumed t o  be descr ibed by t h e  r a d i a l  

d i f f u s i v i t y  equat ion.  This  equat ion,  p lus  i n i t i a l  and boundary 

condi t ions  appropr ia te  f o r  t h i s  type of test def ine  a r e se rvo i r  problem. 
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3.3.1 Reservoir Equation 

The diffusivity equation for radial flow can be written as: 

. . . (3.15) 

where : 
-1 23 ct = total compressibility of the system, [M L,T 

k = reservoir permeability, [L2] 
p = reservoir pressure, [ML’lTe2] 

r = radial coordinate, [L]  

4 = reservoir porosity 
p = fluid viscosity at reservoir conditions, [ML’lT-l] 

This equation results from the application of the Law of 
Conservation of Mass to a porous elementary control volume, Darcy’s Law 
for Flow through Porous Media, and an Equation of State for a Slightly 
Compressible Fluid (Matthews and Russell, 1967). 

Reservoir Eq. 3.15 implies the following assumptions: 

(1) radial horizontal flow, 

(2) homogeneous porous medium, 

(3) isotropic porous medium, 

(4) constant reservoir porosity, 

(5) constant reservoir permeability, 

( 6 )  flow of a single fluid, 

(7) constant fluid viscosity, and 

( 8 )  small pressure gradients in the reservoir. 
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Although t h i s  l i s t  of assumptions may appear excess ive ly  

r e s t r i c t i v e ,  the  r a d i a l  d i f f u s i v i t y  equat ion has been found app l i cab l e  

t o  many p r a c t i c a l  condi t ions  and c o n s t i t u t e s  a milestone f o r  modern 

t r a n s i e n t  w e l l  test a n a l y s i s  techniques (Ramey, 1982). 

3 .3 .2  Reservoir I n i t i a l  Condition 

Pressure  d i s t r i b u t i o n  i n  t he  r e s e r v o i r  i s  assumed uniform a t  t he  

i n i t i a l  condi t ions  of a d r i l l s t e m  test.  Then: 

. . (3.16) 

This is an i n i t i a l  r e s e r v o i r  condi t ion  normally achieved by 

al lowing a per iod of t i m e  i n  which the  r e s e r v o i r  i s  not  per turbed before  

t h e  s tart  of t he  flow test. Since a d r i l l s t e m  test: is commonly 

performed during the  d r i l l i n g  process  of a w e l l ,  t h i s  i n i t i a l  condi t ion  

is  a l s o  app l i cab l e  t o  a flow period of a d r i l l s t e m  test conducted under 

t he  fol lowing precaut ions:  

(1) packers are proper ly  set on casing or  cap rock. This prevents  

mud i n  t he  annular  space from f i l t e r i n g  through a permeable 

zone, by-passing the  packers ,  and t r ansmi t t i ng  pressure from 

the  mud column i n t o  the  t e s t e d  zone. 

(2 )  Mud f l u i d  l o s s e s  a r e  kept  small. This can be achieved by 

c o n t r o l l i n g  d r i l l i n g  mud dens i ty  t o  ob t a in  a s m a l l  p o s i t i v e  

pressure  d i f f e r ence  between bottomhole mud column pressure and 

f l u i d  pressure  i n  t he  t e s t e d  zone. 

(3)  Over-pressurizat ion (supercharge)  due t o  mid f i l t r a t e  invas ion  

is r e l ea sed  and r e s e r v o i r  p ressure  is al low t o  s t a b i l i z e .  

This  can be achieved by performing a sho r t  flow period and a 

convenient ly  long subsequent shut- in per iod before  the  flow 

period used f o r  p ressure  ana lys i s .  
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3 . 3 . 3  Reservoir Outer Boundary Condition 

The r e s e r v o i r  ou t e r  boundary i s  assumed t o  be loca ted  f a r  from t h e  

wel lbore ,  a t  a d i s t ance  a t  which the  flow phenomena observed during a 

d r i l l s t e m  test i s  not  apprec iab ly  a f f e c t e d  by t h e  condi t ions  t he re .  

Under t h i s  assumption, the  flow phenomena i n  an a c t u a l  f i n i t e  r e s e r v o i r  

during the  range of times of i n t e r e s t  are similar to1 those of a 

s u f f i c i e n t l y  l a rge  r e se rvo i r .  This can be w r i t t e n  mathematically i n  

t he  fol lowing form: 

, t ,O 
pi 

l i m  p ( r , t )  = 
r + m  

. . (3.17) 

This  r e s e r v o i r  boundary condi t ion  i s  not a r e s u l t  of t he  r e l a t i v e l y  

small volume of f l u i d s  flowing i n t o  t he  wel lbore i n  comparison with t h e  

volume of f l u i d s  wi th in  t he  r e se rvo i r .  However, thLis c h a r a c t e r i s t i c  

causes a p r a c t i c a l  recovery of t he  l i q u i d  l e v e l  t o  t h e  s t a t i c  l i q u i d  

l e v e l  f o r  long t e s t i n g  times i n  a w e l l  t h a t  does not flow at  the  

sur f  ace. 

3 . 4  Coupling Conditions 

Wellbore Eqs. 3 . 5  and 3.8 relate wel lbore l i q u i d  l e v e l  z ( t )  with 

bottomhole pressure  h ( t ) .  

sandface i n t o  t he  r e se rvo i r .  Coupling condi t ions  hetween wellbore and 

r e s e r v o i r  are descr ibed i n  t h i s  s e c t i o n  t o  complete a formulat ion of a 

d r i l l s t e m  test.  Wellbore s to rage  and sk in  e f f e c t  can be used as 
coupling condi t ions  as proposed by Ramey and Agarwal. (1972). 

Reservoir  Eq. 3.15 a p p l i e s  from t h e  
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3.4.1 Wellbore Storage 

The wel lbore s torage  concept was introduced by van Everdingen and 

Hurst i n  1949. For a d r i l l s t e m  tes t ,  the  l i q u i d  l e v e l  ra te  of change 

i n  t he  wel lbore,  z ' ( t ) ,  r e f l e c t s  t he  flow rate from the r e se rvo i r .  

According t o  Darcy's Law, t h i s  flow rate depends on the p re s su re  

g rad i en t  a t  t h e  sandface. Then, applying Darcy's 'Law a t  t he  

c y l i n d r i c a l  sandface,  r=rw: 

2akh aP q ( t >  = a r  2zl =- [ r - 1 ar r=r 
W 

P IJ 
. . . (3.18) 

where : 

q ( t )  = ins tan taneous  flow rate ,  (+) f o r  flow from the  r e s e r v o i r  

i n t o  t h e  wel lbore,  (-) f o r  flow from the  wel lbore i n t o  t h e  

r e s e r v o i r ,  [L3T'l 1 

Ramey, Agarwal and Martin (1975) def ined a wel lbore s torage  

cons tan t  due t o  l i q u i d  l e v e l  change as follows: 

2 
P c =- 

pg 

ar . . . (3.19) 

where : 
-1 4 2 C = wellbore s torage  cons tan t  f o r  l i q u i d  l e v e l  change, [M L T ] 

The wel lbore s to rage  coupling condi t ion  may be obtained by 

s u b s t i t u t i n g  Eq. 3.19 i n t o  Eq. 3.18: 

. . 0 (3.20) 
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3.4.2 Skin Effect Condition 

The well drilling process and well stimulation techniques may cause 

an alteration to the reservoir effective permeability in a region near 

the wellbore. Hurst (1953) and van Everdingen (1953) proposed a 

mathematical concept to describe that wellbore damage. This concept is 
called the infinitesimal skin effect. Those authors considered a 
homogeneous reservoir and assumed that the additional pressure drop due 

to a damaged zone occurs exactly at the sandface. Also, since 

transient flow conditions around the bottom of a wellbore closely 

resemble a succession of steady-state conditions, those authors 

introduced the following steady-state pressure drop at the sandface, 

proportional to the instantaneous flow rate: 

. 0 . (3.21) 

where the group of parameters inside the brackets is a proportionality 

factor, and s is referred to as the skin effect or skin. 

Equation 3.21 relates bottomhole pressure and sandface pressure. 
The skin effect coupling condition is obtained by substituting Eq. 3.18 

into Eq. 3.21: 

. . . (3.22) 
W 
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3.5 Problem Statement 

Simultaneous so lu t ion  of t he  equat ions and condi t ions  prev ious ly  

der ived i n  Sec t ion  3.4 c o n s t i t u t e  the  fol lowing math'ematical i n i t i a l  

value problem desc r ib ing  the  flow phenomena during a s l u g  test  or  

d r i l l s t e m  test  inc luding  g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  e f f e c t s  

on t he  wel lbore f l u i d  column: 

Wellbore Equation 

z + D  = E  [ P i - p w 1  , t > O  . . . (3.5) A 2'' + B z + cw 
W W W W 

where : 

r 
*W = L + Z + ~ ~  8 [ 9 ] 2  r 

W 

c = g  
W 

. . . (3.5.a) 

. . . (3.5.b) 

. . . (3.5.c) 

D = O  
W 
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1 
P 

= - -  . . . (3.5.e) 

For t he  flow period of a closed-chamber test ,  the  previous wel lbore 

equa t ion  is app l i cab l e  wi th  t he  fol lowing modif icat ion:  

( 3 . 8 . d )  

Reservoir  Equation 

Wellbore Storage Condition 

Skin E f f e c t  Condition 

(3.15) 

. . . (3.20) 
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Reservoir  Outer Boundarv Condition 

I n i t i a l  Wellbore Liquid Level Condition 

0 
z(0) = z 

I n i t i a l  Wellbore Liauid Column Veloci tv  Conditilon 

z ' ( 0 )  = 0 

I n i t i a l  Reservoir  Condition 

. . . (3.17) 

. 0 0 (3.9) 

. 0 . (3.11) 

. . . (3.16) 

3.6 Dimensionless Problem Statement 

I n  order  t o  avoid spec i fy ing  a p a r t i c u l a r  i n i t i a l  l i q u i d  l e v e l  zo 

i n  t he  problem statement  presented i n  Sec t ion  3.5, dependent v a r i a b l e s  

z ( t ) ,  b ( t ) ,  and p ( r , t )  are normalized by zo as fol lows (Shinohara and 

Ramey, 1979.b): 
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Dimensionless Liquid Level 

Dimensionless Bottomhole Pressure  

- - 
pi pw - pi 'w - - - 

'wD - P P 0  Pi - [ P, + Pa 1 

. . ( 3 . 2 3 )  

. . . ( 3 . 2 4 )  

A u s e f u l  r e l a t i o n s h i p  obtained from t h i s  d e f i n i t i o n  is  t h e  

fol lowing:  

Pw - [ P, + Pa 1 
- - - 'wD pi - [ pc -t Pa 1 . ( 3 . 2 5 )  

Dimensionless Reservoir  Pressure  

P, - P P, - P . . . ( 3 . 2 6 )  

The f a r- r igh t  equiva len t  d e f i n i t i o n s  i n  t he  previous t h r e e  

equa t ions  are obtained by observing from Fig. 3.10 t h a t  t he  cushion 

h y d r o s t a t i c  p ressure  a t  t he  mid- level of t h e  formation, pc, i s  given by: 

. . . ( 3 . 2 7 )  h 
p, = Pg [ L + z o  + T I  
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and substituting Eq. 3.1 into Eq. 3.27,  as follows: 

-Pgz = Pi - t Pc + Pa 1 0 
. . . ( 3 . 2 8 )  

Independent variable r is normalized as usual by dividing by 

wellbore radius, rw: 

Dimensionless Radius 

. . . (3 .29)  

Independent variable t is normalized by the inverse of the 
2 diffusivity constant and the square cif the wellbore radius, k/ [ +pctrw 1 : 

Dimensionless Time 

. . . (3 .30)  

Characteristic lengths of the system, L, h, r and rw, are P' 
normalized by zo ,  as follows: 

Dimensionless Static Liquid Column Length 

L LD = - 
0 -2 
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Dimensionless Reservoir  Thickness 

Dimensionless Pipe Radius with respec t  t o  Slug S ize  

r 
r - -2 

0 
~ D z  -Z 

. ( 3 . 3 2 )  

. . ( 3 . 3 3 )  

Dimensionless Wellbore Radius with respec t  t o  Slug S ize  

r 
W = -  r 
0 

WDZ -2 
. . 0 ( 3 . 3 4 )  

Flow rate and the  rate of change of flow rate are important 

func t ions  t h a t  can be obtained from the  fol lowing dimensionless groups, 

der ived from the  d e f i n i t i o n  of zD and tD, Eqs. 3 .23  and 3 . 3 0 ,  

r e spec t ive ly :  

Dimensionless Liquid Column Veloc i ty  

-49- 

. . . ( 3 . 3 5 )  



Dimensionless Liquid Column Accelera t ion 

2 

l 2  2'' 1 +pctrw 
[ k  

2" = - 
0 D -Z 

( 3 . 3 6 )  

Flow rate  behavior,  q ( t ) ,  during a d r i l l s t e m  test  can be evaluated 

from s o l u t i o n s  f o r  zD1 and the  fo l lowing equat ion obta ined from Eq. 

3.35: 

. . . ( 3 . 3 7 )  

S i m i l a r l y ,  rate of change of flow rate,  dq /d t ,  during a d r i l l s t e m  

test  can be obtained from s o l u t i o n s  f o r  zD" using Eq. 3.36 i n  t h e  

fo l lowing form: 

. . . ( 3 . 3 8 )  

Appl ica t ion of these  d e f i n i t i o n s  t o  the  problem statement presented 

i n  Sect ion 3.5 r e s u l t s  i n  the  fo l lowing dimensionless formulation of the  

f low phenomena during a s l u g  test  or  a d r i l l s t e m  test  including 

g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  e f f e c t s  on t 'he wel lbore  f l u i d  

column : 

Wellbore Equation 

A z" + B z A + Cw zD + D = E, pwD , O < t  <t 
w D  w W D D s  

. . 0 (3.39) 
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where : 

~ ~ = a  2 ( i + - + - - [ P ]  'D 3 %  r D z 2  1 
LD LD 'WDZ 

. . . (3.39.a) 

Z r 
B = a 2 { [ i + J ] f 1 -  z ' ( + - -  [ *z l4 z,!, 1 . . (3.39.b) 

b rwDz r b PDz 
W 

c = 1  
W 

0 . (3.39.c) 

D = O  
W 

. . (3.39.d) 

E = - 1  
W 

. . . (3.39.e) 

This wellbore equation is also applicable to the flow period of a 

closed-chamber test, except for the following modification: 

- L  - 1  Z 
PgD(') - PaD - PD 

LD - L + z z (0) Dw - 
PD D f4 

. . . (3.39.d') 
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Reservoir  Eauation 

apD ] = -  apD , r >1, t D > O  [ r  - rD arD D ar, 

a 
D 

1 -- . (3.40) 

Wellbore Storage Condition 

I ,  

. . (3.41) 

Skin E f f e c t  Condition 

r - 1  D- 
P,D = I PD - s  . . . (3.42) 

Reservoir  Outer Boundary Condition 

. 0 . (3.43) 

I n i t i a l  Wellbore Liquid Level Condition 

ZJO) = - 1 . . . (3.44) 
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Initial Wellbore Liauid Column Velocity Condition 

Zi(0) = 0 . . . ( 3 . 4 5 )  

Initial Reservoir Condition 

. . ( 3 . 4 6 )  

In Eq. 3.41, CD is the dimensionless wellbore storage constant 

defined by Ramey (1970) and is equal to the 
and Hurst (1949): 

defined by van Everdingen 

C - 
‘D - 2r $ct hrw 2 . . . ( 3 . 4 7 )  

where C is given by Eq. 3.19. 

The following dimensionless parameters have also been defined and 

introduced in the problem statement for closed-chamber tests: 

Dimensionless Pipe Length 

L 

pD -2 
L = p 

0 
( 3 . 4 8 )  
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Dimensionless Closed-Chamber Gas Pressure 

Dimensionless Atmospheric Pressure 

--= 'a 'a 
paD - -PgZo Pi - [ Pc + Pa 1 

. 0 ( 3 . 4 9 )  

(3.50) 

In addition, the following dimensionless group of reservoir, 

wellbore, and fluid properties appears in this problem statement: 

Dimensionless Initial Deacceleratine Factor 

This parameter is slightly different than the group defined as a by 

Shinohara and Ramey ( 1979. b) because of a different definition of L. 

Dimensionless initial deaccelerating factor, initial deaccelerating 
factor, or just deaccelerating factor are descriptive names proposed and 
used throughout this study for the group of parameters given in Eq. 
3.51. This proposal is based on an analysis of the effect of a on the 
solutions for dimensionless liquid column velocity, zDt and 
acceleration, zD", presented later in this study. 
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The e f f e c t  of t h e  i n i t i a l  deacce le ra t ing  f a c t o r  can be v i s u a l i z e d  

a t  t h i s  s t a g e  by cons ider ing  t h e  wellbore equat ion  used by Shinohara and 

Ramey (1979.b), which can be w r i t t e n  as: 

+ D  - - Ew 'wD w D w ; ) + C w Z D  w 
A 2'' + B z . . . (3.52) 

with:  

2 Aw = a . . . (3.52.a) 

B = o  
W 

. . . (3.52.b) 

c = 1  
W 

D = O  
W 

E = - I  
W 

. ( 3 . 5 2 . ~ )  

. . . (3.52.d) 

. . . (3.52.e) 

Although t h i s  is  a s impl i f i ed  s p e c i a l  case of wellbore Eq. 3.39 

der ived  i n  t h e  p re sen t  s tudy ,  Eq. 3.52 can be used t'o ga in  some i n s i g h t  

i n t o  t h e  e f f e c t  of t he  deacce le ra t ing  f a c t o r .  
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Consider a d r i l l s t e m  test  a t  i n i t i a l  condi t ions  or  a t  an 

i n f i n i t e s i m a l  per iod of t i m e  a f t e r  the  start of the  test. S u b s t i t u t i n g  

i n i t i a l  cond i t ions  given by Eqs .  3.44  - 3.46 i n t o  Eq. 3 . 5 2 :  

2 
a z" = 1 , t D = O + E ,  E + 0 0 . 0 ( 3 . 5 3 )  D 

The a r i t h m e t i c  opera t ion  performed by a i n  a wellbore equat ion 

d e f i n e s  it as a f a c t o r .  Eq. 3 .53  shows t h a t  the  i n i t i a l  value of the  

dimensionless l i q u i d  l e v e l  a c c e l e r a t i o n  ZD" is i n v e r s e l y  p ropor t iona l  t o  

a2 .  This equat ion a l s o  i n d i c a t e s  t h a t  the  value of a a f f e c t s  t h e  

i n i t i a l  value  of zD". 

name proposed t o  a ,  dimensionless i n i t i a l  deacce le ra t ing  f a c t o r .  

Each of these  e f f e c t s  is r e f l e c t e d  i n  the  f u l l  

According t o  the  d e f i n i t i o n  of a and zD', Eqs. 3.51 and 3 . 2 6 ,  

r e s p e c t i v e l y ,  Eq. 3 .53  s p e c i f i e s  t h e  following i n i t i a l  l i q u i d  column 

a c c e l e r a t i o n ,  as r e l a t e d  t o  g r a v i t y  acce le ra t ion :  

- - g  - , t=O+E, E+o 
z " 

0 -2 L 0 0 ( 3 . 5 4 )  

Solu t ion  methods f o r  the  problem s t a t e d  i n  t h i s  s e c t i o n  are 

presented i n  the  fo l lowing sec t ion .  
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SECTION 4 

SOLUTION METHODS 

Two s o l u t i o n  methods f o r  s l u g  tests, d r i l l s t e m  'tests, or closed-  

chamber tests are presented i n  t h i s  s ec t i on .  These methods give t he  

fo l lowing  dimensionless so lu t ions :  ( a )  bottomhole pressure ,  pwD(tD), 

(b )  rate of change of bottomhole pressure ,  pwD'( tD) ,  ( c )  wel lbore l i q u i d  

l e v e l ,  zD(tD),  (d)  l i q u i d  column v e l o c i t y ,  zD ' ( tD) ,  (e) l i q u i d  column 

a c c e l e r a t i o n ,  zD"( tD) ,  and ( f )  r e s e r v o i r  p ressures ,  .pD(rD,tD).  

The f i r s t  so lu t i on  method w a s  obtained by applying the  Laplace 

t ransformat ion  t o  a genera l ized ,  l i n e a r  mathematical problem. The 

complexity of t he  r e s u l t i n g  transformed s o l u t i o n s  prlevented a n a l y t i c a l  

i nve r s ion  from Lapace space. A numerical a lgori thm proposed by 

S t e h f e s t  (1970) was used t o  perform invers ion  i n t o  rleal space. 

The second s o l u t i o n  method is  an approximation by f i n i t e- d i f f e r e n c e  

of a genera l ized  l i n e a r  o r  non- linear mathematical problem r e s u l t i n g  i n  

systems of simultaneous a l g e b r a i c  equat ions solved with the  Thomas 

Algorithm (Aziz and S e t t a r i ,  1979). 

4.1 Laplace Transformation f o r  Linear  Problems 

I n  t h e  mathematical de sc r ip t i on  of a s l u g  tes t ,  d r i l l s t e m  tes t ,  or  

closed-chamber test ,  Eq. 3.39 - 3.46, a l l  but one of t he  equat ions are 

mathematically linear. According t o  t he  d e f i n i t i o n  of c o e f f i c i e n t s  k, 
Bw, and Dw, Eqs. 3.39.a, 3.39,b, and 3.39.d', r e spec t ive ly ,  wellbore Eq. 

3.39 der ived i n  t he  presen t  s tudy is  non- linear.  

The non- l inear i ty  introduced by the  wel lbore equat ion i n t o  the  

problem desc r ip t i on  has been overcome by previous i n v e s t i g a t o r s  by 
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adopting assumptions leading to simplified linear wellbore equations. 

In this part of the study, previous solutions are unified and 

extended by using a semi-analytical method. This method, described in 

Appendix B, considers a generalized linear wellbore equation resulting 

from simplifying assumptions discussed and eliminated later in this 

study. 

This solution method considers any definition for wellbore equation 

coefficients A,, Bw, C,, D,, and E,, as long as the definition results 
in a wellbore equation that is mathematically linear. 

In Appendix B, a generalized linear problem is transformed into 
Laplace space (Churchill, 1972). The resulting transformed problem is 

solved analytically and expressions are obtained for Laplace-transformed 
dimensionless bottomhole pressure and its rate of change and wellbore 

liquid level and its first and second time derivatives. These 
transformed solutions can be expressed conveniently as follows: 

Transformed Dimensionless Liquid Level 

&K (&) [A u+B +D /u-E C S]-E~C,K,(&) 

&Kl(&) [ A  u+B +C /U-E~C~S]-E~C~K,(JG) 
I . . . ( 4 . 1 )  1 w w w  w D  z,(u) = - - l i  

- 
U 

w w w  

Transformed Dimensionless Bottomhole Pressure 

- c [ u Z(u) + 1 I 
D D [ KO(&) + s 6 K  (&) ] ( 4 . 2 )  

PWD(U> = G K1(L) 1 

Transformed Dimensionless Rate of Change of Bottomhole Pressure 

. . 0 ( 4 . 3 )  
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Transformed Dimensionless Liquid Column Velocity 

For Aw and/or Bw f 0: 

For and Bw = 0: 

- 
z'(u) = u Z ( u )  + 1 D D 

Transformed Dimensionless Liquid Column Acceleration 

For A # 0: 
W 

. . . ( 4 . 4 )  

. . . (4 .5 )  

- B Z'(U) - C %(u) - D / u + E T(U) . . . ( 4 . 6 )  w D  W W w WD - 
A z;;(u) = 
W 

- 
z"(u)  = u F ( U )  D D . . . ( 4 . 7 )  

Transformed Dimensionless Reservoir Pressures 

. . ( 4 . 8 )  
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where : 

KO = modified Bessel func t ion  of t he  second kinid of order  zero  

K1 = modified Bessel func t ion  of t he  second kind of order  un i ty  

u = Laplace t ransformation v a r i a b l e  

Throughout t h i s  s tudy,  a super bar on a dependemt v a r i a b l e  

i n d i c a t e s  t he  corresponding transformed v a r i a b l e  i n  Laplace space. 

The prev ious ly  transformed s o l u t i o n s  are expressed i n  terms 

of Z which i s  given by Eq. 4.1, 
D’ 

A b r i e f  d i scuss ion  of r e s u l t s  obtained by applying the  S t eh fe s t  

numerical a lgor i thm t o  two simple o s c i l l a t o r y  func t ions  is  presented i n  

Appendix C. 

The S t eh fe s t  a lgori thm involves  c a l c u l a t i n g  an even number, N,  of 

c o e f f i c i e n t s  vi, as follows: 

kN/2 [ 2k] ! 
min(i,N/2) 

c . (4.9) 
[ N/ 2+i ] v, =[-13 

I 
k = -  i + l  [N/2-k]![k]![k-l]![i-k]!l2k-i]! 

2 

The c o e f f i c i e n t s ,  Vi, are used i n  t h e  following; summation: 

. . . (4.10) 

where : 
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With t h i s  a lgori thm, an approximate Value, ga, (Df t he  unknown 

func t ion  g i s  ca l cu l a t ed  f o r  a s t i p u l a t e d  value T of the  independent 

v a r i a b l e  t ,  i f  t he  transformed func t ion  g ( u )  is a known mathematical 

express ion  t h a t  can be evaluated f o r  the  requi red  arguments, U i  

Appl icat ion of S t eh fe s t  invers ion  a lgor i thm t o  the transformed 

genera l ized  l i n e a r  problem s o l u t i o n s  given by Eqs. 4.1 - 4.8 a l s o  

r e q u i r e s  known va lues  of c o e f f i c i e n t s  \, G, %, Dw, and Q, and of 

parameters CD and S. 

a lgor i thm provides an approximate value f o r  pwD(T), pwD'(T), zD(T), 

zD'(T) ,  zD"(T), and pD(rD,T). 
previous c a l c u l a t i o n s  f o r  o ther  va lues  of tD. 

When tD is  set equal  t o  a des i red  value T, t h i s  

These r e s u l t s  are inldependent of 

Graphs and t a b l e s  of pwD, pwD1, zD, zD', zD", aind pD vs tD can be 

generated by applying t h i s  invers ion  a lgor i thm f o r  des i r ed  values  of 

t D '  A computer program w a s  w r i t t e n  t o  perform thelse ca l cu l a t i ons .  

This  program is  presented i n  Appendix E. 

4.2 F i n i t e  Di f fe rences  f o r  Non-Linear Problems 

The problem statement  given by Eqs. 3.39 - 3.46 descr ibes  flow 

phenomena during a s l u g  test ,  a d r i l l s t e m  tes t ,  o r  a closed-chamber 

test .  This problem i s  mathematically non- linear because of the  

d e f i n i t i o n s  of wel lbore equat ion c o e f f i c i e n t s  h, B,, and D,, Eqs- 

3.39.a, 3.39.b, and 3.39.d', r e spec t ive ly .  So lu t ions  f o r  t h i s  problem 

and f o r  s p e c i a l  s imp l i f i ed  cases can be obtained by ,using the  f i n i t e -  

d i f f e r e n c e  approximation der ived i n  Appendix D. 

I n  t h i s  approximation, t h e  problem statement  i s  posed as an 

i m p l i c i t  scheme with r e spec t  t o  t i m e .  A convenient change of v a r i a b l e  

i s  appl ied  t o  the  d i f f u s i v i t y  equat ion.  Then, t he  second-order p a r t i a l  

d e r i v a t i v e  of pD wi th  respec t  t o  rD is  approximated by a three- point  

c e n t r a l  d i f f e r e n c e  form. 

r e spec t  t o  t D  is approximated by a two-point backwar'd d i f f e r ence  

form. 

The f i r s t - o r d e r  p a r t i a l  dlerivative of pD wi th  

The g rad i en t  of PD wi th  r e spec t  t o  r D  a t  t he  sandface,  rf1, i s  
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approximated by a three- point backward d i f f e r ence  form. Also, a l l  

o rd inary  d e r i v a t i v e s  with respect t o  t D  are approximated by three-point  

backward d i f f e r ence  forms. 

An equat ion t o  determine the  s i z e  of a r e s e r v o i r  s u f f i c i e n t l y  l a r g e  

t o  be considered as i n f i n i t e- a c t i n g  f o r  any value of CD is der ived i n  

Appendix D. This method r e s u l t s  i n  a t r i d i a g o n a l  system of a lgeb ra i c  

equa t ions  t h a t  must be generated and solved at each t i m e  s t e p  f o r  l i n e a r  

problems. However, f o r  non- ,linear problems, c o e f f i c i e n t s  AWk+l,  B, k+ 1 , 
and DWk+' must be est imated and s o l u t i o n s  obtained b'y i t e r a t i v e  

success ive  approximations of these  c o e f f i c i e n t s  f o r  ca l cu l a t ed  values  of 

ZD and ZD'k+l* k+ 1 

A computer program w a s  w r i t t e n  t o  perform the  ca l cu l a t i ons  requi red  

by t h i s  f i n i t e  d i f f e r ence  approximation. 

Appendix F. Severa l  op t ions  f o r  t h i s  program allow app l i ca t i on  t o  

problems wi th  d i f f e r e n t  wel lbore equat ions.  This computer program 

provides  r e s u l t s  f o r  t he  behavior of pwD, zD, hD', zD', zD", and pD a t  

r a d i i  l oga r i t hmica l ly  d i s t r i b u t e d  i n  t he  r e se rvo i r .  Knowledge of t h e  

r e s e r v o i r  p ressure  d i s t r i b u t i o n  a t  t h e  end of each time s t e p  a l s o  al lows 

an op t ion  t o  s imula te  a shut- in per iod a f t e r  a flow period during a 

d r i l l s t e m  test or  during a closed-chamber test. 

This  program i s  presented i n  

Resu l t s  from t h i s  computer program are presented i n  Sec t ion  6 .  

F i r s t ,  the  program is va l ida t ed  by reproducing previous s o l u t i o n s  f o r  

l i n e a r  problems, inc lud ing  t h e  semi- analyt ical  s o l u t i o n s  presented i n  

Sec t ion  5. Then, t he  non- linear e f f e c t s  of cushion s i z e  and of pipe 

f r i c t i o n  are eva lua ted  t o  reach u s e f u l  c r i te r ia  f o r  e s t ima t ing  

condi t ions  under which these  e f f e c t s  are e i t h e r  n e g l i g i b l e  or  dominant 

on t h e  flow phenomena. New type curves f o r  integra .1  a n a l y s i s  of flow 

and shut- in d r i l l s t e m  test da t a  are presented f o r  p r a c t i c a l  

app l i ca t i ons .  So lu t ions  f o r  closed-chamber tests a x e  a l s o  given i n  

Sec t ion  6 .  

Solu t ions  f o r  s l ug  tests and d r i l l s t e m  tests descr ibed by l i n e a r  

mathematical problems are presented i n  t he  fol lowing sec t ion .  
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SECTION 5 

EVALUATION AND DISCUSSION OF LINEAR PROBLEMS SOLUTIONS 

I n  t h i s  s e c t i o n ,  t he  semi- analyt ical  s o l u t i o n  method f o r  s l u g  test 

and d r i l l s t e m  test l i n e a r  problems presented i n  Sec t ion  4.1 i s  appl ied  

t o  eva lua t e  e f f e c t s  assumed n e g l i g i b l e  by previous authors .  So lu t ions  

f o r  pwD and zD c u r r e n t l y  a v a i l a b l e  i n  the  l i t e r a t u r e  are analyzed us ing  

a sys temat ic  approach i n  Sec t ion  5.1. These s o l u t i o n s  are also 

extended by eva lua t ing  the  corresponding pwD1, zD' ,  and zD". I n  

Sec t ion  5.2, a s l u g  test  or  d r i l l s t e m  l i n e a r  problem, obtained by 

cons ider ing  laminar flow f r i c t i o n  i n  t he  wel lbore,  i s  formulated and 

so lved  t o  s tudy t h e  e f f e c t  of t h i s  p a r t i c u l a r  case of f r i c t i o n  i n  

conjunct ion with i n e r t i a l  wel lbore e f f e c t s .  So lu t ions  inc lud ing  

i n e r t i a l  l i n e a r  e f f e c t s  of t he  r e s e r v o i r  t h i c k n e s s / s t a t i c  column length  

r a t i o  [h/L] and of t he  pipe/wel lbore r a d i i  r a t i o  [ r  / r  ] are presented 

i n  Sec t ion  5.3. 
P W  

5.1 Discussion of Previous Solu t ions  

Avai lable  s o l u t i o n s  f o r  s lug- tes t  l i n e a r  problems are discussed i n  

t h i s  s ec t i on .  

and ZD", i n  add i t i on  t o  pwD and zD, obtained i n  the presen t  study. 

These a d d i t i o n a l  r e s u l t s  provide i n s i g h t  i n t o  flow phenomena, and a l low 

a n a l y s i s  of t he  assumptions adopted previously.  

These s o l u t i o n s  are analyzed from r e s u l t s  f o r  p w ~ ' ,  Z D ' ,  

5.1.1 Negl ig ib le  Gravi ty ,  I n e r t i a ,  and F r i c t i o n  

Reservoir  response t o  an i n i t i a l  pe r tu rba t ion  i n  wel lbore pressure  

o r  l i q u i d  l e v e l ,  without cons ider ing  an e f f e c t  of t he  wel lbore f l u i d  

column, is descr ibed by using an analogy of t he  ins tan taneous  l i n e  
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source  presented by Kelvin (1884). I n  t h i s  s o l u t i o n ,  t he  r e s e r v o i r  

response is  assumed t o  be independent of hyd ros t a t i c  p ressure ,  i n e r t i a ,  

and f r i c t i o n  of t he  changing wel lbore l i q u i d  column. 

The ins tan taneous  l i n e  source s o l u t i o n  can be expressed i n  terms of 

dimensionless  groups def ined i n  t h i s  s tudy as fol lows:  

2 

1 - ‘D e 4tD 

D r - -  
P D k D , t D )  = -  

t D  
. . 0 (5.1) 

Then, assuming h y d r o s t a t i c  equi l ib r ium i n s i d e  t he  wel lbore a t  a l l  

times, and measuring the  response a t  rD = 1: 

0 . (5.2) 

Instantaneous l i n e  source s o l u t i o n s  evaluated from Eq. 5.2 f o r  

d i f f e r e n t  va lues  of CD are shown as s o l i d  l i n e s  i n  Car tes ian  graphs i n  

Figs .  5.1.a - 5.l.c, i n  a semi-log graph i n  Fig. 5.1.d, and i n  log- log 

graphs i n  Fig.  5.1.e. The small circles i n  these  f i g u r e s  correspond t o  

an approximation proposed by F e r r i s  and Knowles (1954) and discussed 

l a t e r  i n  t h i s  s ec t i on .  

a n a l y s i s  of the  s o l u t i o n s ,  t h e  format used i n  t he se  graphs i s  followed 

c o n s i s t e n t l y  throughout t h i s  study. Since o s c i l l a t i n g  s o l u t i o n s  are 

expected t o  occur f o r  some of t he  condi t ions  discussed i n  t h i s  s tudy ,  a 

s p e c i a l  p r e sen t a t i on  of two ad jacent  log- log graphs w a s  designed t o  he lp  

i n  v i s u a l i z i n g  t h e  na tu re  of those  so lu t ions .  I n  those  graphs,  t he  

upper log- log p l o t  shows t h e  p o s i t i v e  va lues  of t he  s o l u t i o n ,  and the  

lower log- log p l o t  shows the  negat ive values  of the  corresponding 

so lu t ion .  The value of zero ,  about which some s o l u t i o n s  o s c i l l a t e ,  can 

not  be included i n  a log- log graph, but can be imagined as between t h e  

upper and lower log- log graphs presented i n  t h i s  study. 

I n  order  t o  have a re fe rence  f o r  q u a l i t a t i v e  
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Solu t ions  f o r  dimensionless l e v e l  ve loc i ty ,  z D 1 ,  and dimensionless 

l e v e l  a c c e l e r a t i o n ,  zD", can be obtained f o r  t he  ins ' tantaneous l i n e  

source  so lu t ion  by successive d e r i v a t i v e s  of Eq. 5.2. with respec t  t o  tD, 

r e s u l t i n g  i n :  

1 

and : 

1 - -  
1 

l +  2 1  [ 1 - -  = -  cD 4tD 

2 tD  32tD 3 e  - 2;; = pwD 

t D  

. 0 . (5.4) 

Solu t ions  f o r  zD1 and zD" eva lua ted  from these  equat ions f o r  

t y p i c a l  values  of CD are presented as log- log graphs i n  Figs. 5.1.f and 

5. l e g ,  r e spec t ive ly .  

The ins tan taneous  l i n e  source s o l u t i o n  r e s u l t s  shown i n  Fig. 5.1.d 

i n d i c a t e  t h a t  pwD is  i n i t i a l l y  zero and inc reases  a t  e a r l y  times, 

reaches a maximum and then decreases  wi th  t i m e .  The maximum value of 

b D  f o r  a given CD and the  corresponding t D  can be obtained by equa t ing  

Eq. 5.3 t o  zero,  so lv ing  f o r  t D ,  and s u b s t i t u t i n g  t D  i n t o  Eq. 5.2. 

This  r e s u l t s  i n  a maximum h D = 2 ~ D / e  at  tD=1/4* Under t he  assumption of 

h y d r o s t a t i c  equi l ib r ium i n  t he  wel lbore,  ZD is  symmetric t o  p w ~ ,  and has 

a minimum value ZD=-2CD/e a t  t ~ = 1 / 4 .  

Ins tan taneous  l i n e  source s o l u t i o n  r e s u l t s  i n  Fig. 5.1 .f show t h a t  

zD' decreases  at  e a r l y  times, reaches a minimum and inc reases  

abrupt ly .  

wi th  time. 

obtained by equa t ing  Eq. 5.4 t o  zero ,  r e s u l t i n g  4 t D = l f n / 2 .  

minimum and maximum va lues  of zDt  f o r  a given CD can be obtained by 

s u b s t i t u t i n g  these  two values  of t D  i n t o  Eq. 5.3, r e s u l t i n g  zD'" 0.633CD 

and zD" -7.408CD, r e spec t ive ly .  

Then, zDt reaches a maximum and starts decreasing l i n e a r l y  

The value of tD at  which zDt  is minimum and maximum are 

The 
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Ins tan taneous  l i n e  source s o l u t i o n  r e s u l t s  i n  Fig. 5.1 .g i n d i c a t e  

t h a t  zD" starts  from zero,  reaches a nega t ive  maximum and becomes 

p o s i t i v e  i n  t he  range 1 - 0 / 2 < 4 t  < 1 + 0 / 2 .  

reaches a nega t ive  maximum and tends t o  zero l i n e a r l y  as t i m e  increases .  

Af t e r  t h i s  o s c i l l a t i o n ,  zD" 
D 

An approach suggested by F e r r i s  and Knowles (1954) t o  analyze s l u g  

tes t  da ta  c o n s i s t s  of consider ing t h a t  f o r  a given value of k/($pctrw2),  

t he  exponent of e i n  Eq. 5.2 approaches zero as t becomes la rge .  Then, 

a f t e r  a s u f f i c i e n t l y  l a r g e  value of tD: 

n . . . (5.5) 

-1 
D According t o  Eq. 5.5, a Car tes ian  graph of pwD o r  -z vs t D 

should give a s t r a i g h t  l i n e  wi th  s lope  equal  t o  CD/2 and passing through 

t h e  o r i g i n .  

t o  propose an a n a l y s i s  method t o  determine r e s e r v o i r  p r o p e r t i e s  kh/p 

from the  s lope  of a s t r a i g h t  l i n e  j o i n i n g  s lug  tes t  da ta  and passing 

through the  o r i g i n  of a Car tes ian  p l o t  of z vs t'l. 

5.5 shows t h a t  a graph of [pi-pw] vs t-l can a l s o  be used f o r  s l u g  test  

a n a l y s i s  fol lowing an approach p a r a l l e l  t o  the  one proposed by F e r r i s  

and Knowles (1954). 

This approximation was  used by Ferris and Knowles (1954) 

Analogously, Eq. 

The b a s i s  f o r  t h i s  s l u g  test  da ta  ana lys i s  method is shown i n  the  

fol lowing expression obtained by s u b s t i t u t i n g  the d e f i n i t i o n  of zD, t D 9  

and %, Eq. 3.23, 3.30, and 3.47, r e spec t ive ly ,  i n t o  Eq. 5.5: 

I n t e r p r e t a t i o n  of Eq. 5.5 shows t h a t  a graph of [pi-pw] vs t-l can 

be used f o r  t he  same purpose because s u b s t i t u t i n g  thie d e f i n i t i o n  of &D, 
t ~ ,  and CD, Eqs. 3.24, 3.30, and 3.47, r e spec t ive ly ,  i n t o  Eq. 5.5: 
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. . . (5.7) 

Knowledge of t h e  volume of t he  s l u g  added, -n r  [-zo], or  removed, P 
nrp2[-z0],  t o  s tart  t he  test is requi red  i n  both cases i n  order  t o  

eva lua t e  kh/p using Eqs. 5.6 or 5.7. 

Approximate expressions f o r  ZD' and ZD", corresponding t o  Eqs. 5.3 

and 5.4, can be obtained by success ive  de r iva t ion  of Eq. 5.5 wi th  

r e spec t  t o  t D :  

. (5.8) 

and : 

'D 
D 'wD 3 

tD 

- 2'' = = -  . 0 0 (5.9) 

Resul t s  of PwD, zD,  pwD', zD',  pWD", and zD" f o r  p r a c t i c a l  values  

of CD obtained by us ing  approximations given by Eqs. 5.5, 5.8, and 5.9, 

r e s p e c t i v e l y ,  are a l s o  shown i n  Figs.  5.1.a - 5.1.g as small circles f o r  

comparison wi th  t he  ins tan taneous  l i n e  source s o l u t i o n  and i t s  

d e r i v a t i v e s ,  Eqs. 5.2 - 5.4. 

s o l u t i o n s  are equiva len t  may be obtained from inspec t ion  of those 

f i g u r e s ,  and is  approximately equal  t o  tD=10. 

The value of t D  af ter  which these  

Car tes ian  graphs and a semi-log graph of ZD and ~ W D  vs t D / c D  

obtained from the  ins tan taneous  l i n e  source so lu t ion ,  Eq. 5.2, and the  

approximation proposed by F e r r i s  and Knowles (1954), Eq. 5.5, a r e  

presented i n  Figs.  5.2.a - 5.2.d. No apparent d i f f e r ence  between these  

two s o l u t i o n s  i s  observed i n  t he  range of p r a c t i c a l  t e s t i n g  t i m e ,  

10-2<tD/cD<10-3, f o r  expected va lues  of pwD and ZD* 

- 7 4 -  



w 
V 
p: 
3 
0 
VI 

w z 
H 

b 
cn z 
H 

X 
0 
p: 
PI 
PC 
4 
cn 
w 
I4 
3 
0 
2 
M 
4 

cn 
H 
& 
p: 
w 
!A 

hl 
0 
d 

08 
U 

I 

0 

II 

U 

d 

Cl 

0 

! . . ; . ! =  
0 

I 
LD. 
? 

9 
w-4 
I 

-75- 



z 
W M  

I O .  

0 
4 

Y 

-76- 



I I ...rJ,lrlT- 

x 
0 
pcl 
PI 
PI c 

W 
w m  
E W  
D l J  
0 3  
m o  z 
W M  z 
w a  
IJ 

m 
* H  

H p c l  
m p c l  z w  
H F  

I o  

I 

T 
0 

0 

I 
Lc! 
0 

I 

0 
d 
I 

- 7 7 -  



& + P4 

I 
PI 

1 4 
rcI 

m 
m w  

C 

% 
V 

P 
V 
II 

d 

I 0 
4 

n 
V 
II 

4 

C 
-.I . .  

0 C 
4 d 

- hl 
hl 0 
C d 
d 

0 m 
C 0 
d d 

11 
V 

V 0 
0 d 
d 

0 m 
C 0 
d d 

11 
V 

V 0 
0 d 
d 

-78- 



m 
0 2  
N 
I 

I 
0 
3 

" D o  
c.l 

m 
I z 

m 
I 

s! 
0 
s! 

NO RESULTS IN THIS 

RANGE OF VALUES 

0 
N 
II 
0 > 

CL 
I 

INST. LINE SOURCE - 
0 FERRIS & KNOWLES APPROX. i 

'f) 
0 

00 

FIG. 5.2.e. LOG-LOG TYPE CURVE FOR SLUG TEST ANALYSIS OF pwD OR zD VS $/CD 
. NEGLECTING GRAVITATIONAL, INERTIAL, AND FRICTIONAL WELLBORE EFFECTS 

FOR PRACTICAL VALUES OF % 

-79- 



L 

O 

0 
N 
m 

0 
II 

O 
3 

Q 
0 

I 

b 

m 

0 

(D 

b 
m 
b m 

0 

INST. LINE SOURCE 
2 - 0 FERRIS & KNOWLES APPROX 0- 
& 

_I I I I I I I 

0 c3 
2 0 

0 
4 

cp 
0 
& ' t D / C D  

FIG. 5.2.f. LOG-LOG TYPE CURVE FOR SLUG TEST ANALYSIS OF pWD' OR z,,' VS %/CD 

~GLECTING GRAVITATIONAL, INERTIAL, AND FRICTIONAL WELLBORE EFFECTS 
FOR PRACTICAL VALUES OF % 

-80- 



N 
cum 
0 

0 

II 

O 
3 

Q 

0 

I 

L 

I 
N 

0 

N 
mn 
0 

n 

P 

3 
Q 
n 
0 

0 
cu 

I 

m 
I 

El 

LO' 

4 - 
0- FERRIS 

& KN0WLE:S 
A P P R O X .  

FIG. 5.2.g. m-LOG TYPE CURVE FOR SLUG TEST ANALYSIS OF pWD" OR %" VS t D / C D  

NEGLECTING GRAVITATIONAL, INERTIAL, AND FRICTIONAL WELLBORE EFFEms  

FOR PRACTICAL VALUES OF CD 

-81- 



Inspec t ion  of approximations given by Eqs. 5.5,, 5.8, and 5.9 shows 

t h a t  these  s o l u t i o n s  f o r e c a s t  l i n e a r  behaviors i n  app rop r i a t e  graphs. 

I n  order  t o  cover t he  range of times of p r a c t i c a l  i n t e r e s t  and t o  

analyze early- time behavior,  log- log graphs are a u s e f u l  p r e sen t a t i on  of 

s o l u t i o n s  and f i e l d  data .  

So lu t ions  neglec t ing  g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  

wel lbore e f f e c t s  can be c o r r e l a t e d  i n  log- log graphs; with absc i s sae  axes 

obtained i n  t h e  fol lowing form: 

Taking decimal logari thms on both s i d e s  of Eq. 5.5 and rear ranging  

terms : 

t.. . . . (5.10) 

Then a log-log graph of -zD o r  p w ~  vs  t D / C D  obtained from Eq. 5.5 

r e s u l t s  i n  a unique s t r a i g h t  l i n e  wi th  s lope  equal  t o  minus un i ty  and 

o r d i n a t e  a t  tD/CD’1 of -log(2).  

wi th  the  ins tan taneous  l i n e  source s o l u t i o n  i n  Fig. 5.2.e. In  t he  

range of p r a c t i c a l  t e s t i n g  times, 10-2<tD/CD<103, t he  ins tan taneous  l i n e  

source s o l u t i o n  r e s u l t s  dev i a t e  from the  c o r r e l a t i o n  f o r  values  of 

This graph is  presented and compared 

c~<lO’ a t  e a r l y  times. This is  t o  be expected, because f o r  those 

va lues  of cD, 1O-’cD is  smaller than the  value of tT)=10 prev ious ly  

determined i n  Figs.  5.1.a - 5.1.g. 

Mult iplying both s i d e s  of Eq. 5.8 by CD, and tak ing  decimal 

logari thms:  
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Then, a log- log graph of CDzD' o r  %pwDf vs t / C  obtained from Eq. D D  
5.8 r e s u l t s  i n  a unique s t r a i g h t  l i n e  wi th  s lope  -2 and o rd ina t e  a t  

t D / C D = l  of -log(2).  This graph is presented and compared with t he  

ins tan taneous  l i n e  source s o l u t i o n  i n  Fig. 5.2.f. 

Mult iplying Eq. 5.9 by CD2 and tak ing  decimal logarithms: 

t 
2 2 D 

l og (  - c z" ) = log(  c p " ) = - 3 log ( - ) (5.12) 
cD 

D D  D wD 

2 2 A log- log graph of -CD zD" or  CD pwD" vs t D / C D  obtained from Eq. 

5.9 r e s u l t s  i n  a unique s t r a i g h t  l i n e  wi th  s lope  of -3. This graph i s  

presented and compared wi th  t he  ins tan taneous  l i n e  source s o l u t i o n  i n  

Fig. 5.2.g. 

Cor re l a t i ons  shown i n  Figs .  5.2.f and 5.2.g a l s o  e x h i b i t  dev ia t ions  

i n  the  p r a c t i c a l  range lo -2 ' tD/CD<lo  , because 3 3 a t  e a r l y  times f o r  CD<10 

10--2%<10. 

According t o  t he  d e f i n i t i o n  of CD, %', and zD", given by Eqs. 

3.47, 3.35, and 3.36, r e spec t ive ly ,  flow rate q ( t )  and i t s  rate of 

change, q ' ( t ) ,  dur ing a s l u g  test ,  d r i l l s t e m  tes t ,  o r  closed-chamber 

t e s t  can be obtained from the  fol lowing r e l a t i o n s h i p s :  

(5.13) 

and : 

2 n r  2 
q '  D D  2npg kh -2 

c z" = [ 1 1  32 P 
0 

. . . (5.14) 

-83-  



Solu t ions  consider ing t h e  weight of the  wel lbore f l u i d  column are 

discussed i n  t he  fol lowing sec t ion .  

5.1.2 Negl igible  I n e r t i a  and F r i c t i o n  

t h e  

Per  

I n  t h i s  type of s o l u t i o n ,  t he  e f f e c t  of t he  hyd ros t a t i c  weight of 

wel lbore l i q u i d  column on the  r e s e r v o i r  response! t o  an i n i t i a l  

u rba t ion  i n  l i q u i d  l e v e l  o r  p ressure  is  considered. This e f f e c t  .s 

c a l l e d  t he  g r a v i t a t i o n a l  e f f e c t  of the  wel lbore l i q u i d  column throughout 

t h e  presen t  study. 

I n  1966, Bredehoeft ,  Cooper, and Papadopulos obtained s lug  test 

s o l u t i o n s  inc lud ing  wel lbore l i q u i d  column grav i ta t i .ona1  e f f e c t s  by 

us ing  a res i s tance- capac i tance  e lec t r ic  analog. I n  a la te r  

pub l i ca t i on ,  Cooper, Bredehoeft ,  and Papadopulos (1967) presented an 

a n a l y t i c a l  s l u g  test  s o l u t i o n  inc luding  wel lbore lialuid l e v e l  

g r a v i t a t i o n a l  e f f e c t s  f o r  an undamaged w e l l  (s=O). As mentioned by 

Cooper e t  a l .  (1967), t h i s  s o l u t i o n  is  analogous t o  a hea t  conduction 

s o l u t i o n  presented by Carslaw and Jaeger  (1959). Iforeover, Cooper e t  

a l .  (1967) c o r r e l a t e d  t h e i r  r e s u l t s  i n  t h e  form of ii semi-log type curve 

t h a t  can be decribed i n  terms of t he  v a r i a b l e s  used i n  t he  presen t  s tudy 

as a semi-log graph of -ZD vs t D / C D  f o r  d i f f e r e n t  values  of CD. 

I n  1970, van Pool len and Weber appl ied  t h i s  type curve t o  d r i l l s t e m  

test flowing pressure  a n a l y s i s  by assuming a hydros t a t i c  r e l a t i o n s h i p  

between the  l i q u i d  l e v e l  c o l u w  length  and bottomholle pressure.  

Kohlhaas (1972) s t a t e d  t he  s l u g  tes t  problem i n  term of pressures ,  and 

obtained a type curve of pwD vs t D / C D  f o r  d i f f e r e n t  values  of CD 

analogous t o  t h e  semi-log type curve presented by Cooper, Bredehoef t , 
and Papadopulos (1967). 
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In 1972, Ramey and Agarwal formulated a slug test problem in terms 

of pressures taking into consideration a skin effect, and reaching the 

following Laplace transformed solution for pwD: 

- 
PWD(U> = 

CD [ KO(&) + s & K1(&) 1 . . . (5.15) 
6 K (6) + CD u [ KO(&) + s 6 K1(6) ] 

1 

This is a special case of the transformed solutions obtained in the 

present study for pwD, given by Eq. 4.2, and corresponds to the 

following wellbore equation: 

= -  
D 'wD . . . (5.16) 

According to the definition of zD and pwD, Eqs. 3.23 and 3.24, 
respectively, and using the definition of L given implicitly in Eq. 3.1, 

it can be shown that Eq. 5.16 is equivalent to: 

h 
P,(t> = pa + Pg [ L + z(t) + T  1 . . (5.17) 

From Eq. 5.17, it can be concluded that bottomhole pressure at a 

given time is considered equal to atmospheric pressure plus the 

hydrostatic pressure of the liquid column in a wellbore. 
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Equation 5.16 can be obtained by s impl i fy ing  the  wel lbore Eq. 3.39 

derived in t he  presen t  s tudy ,  as fol lows:  

A z" + B z + D = EW PwD w D w ; + ' w Z D  w 

with: 

A = o  
W 

B = O  
W 

c = 1  
W 

D = O  
W 

E = - I  
W 

. . (5.18) 

. . . (5.18.a) 

. . . (5.18.b) 

. . . ( 5 . 1 8 . ~ )  

. . (5.18.d) 

. . . (5.18.e) 

Therefore ,  the  value of zero f o r  c o e f f i c i e n t  45 i n d i c a t e s  t ha t  t he  

a c c e l e r a t i o n  term, GzD", i n  t he  wel lbore equat ion i s  assumed n e g l i g i b l e  

i n  t h i s  type of so lu t ion .  

t h a t  the  v e l o c i t y  term BwzD' is  a l s o  assumed n e g l i g i b l e  i n  comparison t o  

zD and pwD. 

Moreover, t he  value of zero f o r  Bw shows 

These i m p l i c i t  assumptions may be descr ibed by s t a t i n g  
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t h a t  t h i s  type of so lu t ion  neg lec t s  i n e r t i a l  and f r i c t i o n a l  e f f e c t s  on 

t he  wel lbore f l u i d  column. 

A s  mentioned by Ramey and Agarwal (1972), an analogous heat 

conduction problem was solved by Jaeger  (1956), ob ta in ing  the  fol lowing 

inve r s ion  i n t e g r a l  f o r  t he  transformed s o l u t i o n  given by Eq. 5.15: 

2 
-a t D OD 

da -- 4 c D  j e - 'D = PwD - 
r2 0 u [ J 2 ( o )  + Y2(a) 1 

. . . (5.19) 

where : 

2 
J ( a )  = a CD J o ( a )  - [ 1 - CD s 0 ] J,(O) 

2 
Y(U) = u c Y (a)  - [ 1 - CD s u ] Y1(O) D O  

. . . (5.20) 

. . . (5.21) 

J,(U) and J l (a )  are Bessel func t ions  of the  f i r s t  kind and zero and 

Yo(b) and Yl(a) are Bessel  func t ions  of the un i ty  o rde r ,  r e spec t ive ly .  

second kind and zero and un i ty  order ,  r e spec t ive ly .  

Ana ly t i ca l  s o l u t i o n s  f o r  pwD1, zD1, pwD", and zD" can be obtained 

from t h e  i nve r s ion  i n t e g r a l  given by Eq. 5.19, because t h a t  i n t e g r a l  i s  

continuous and uniformly convergent. Then, t he  d e r i v a t i v e  of t h a t  

i n t e g r a l  e x i s t s ,  and the  order  of d i f f e r e n t i a t i o n  with r e spec t  t o  t D  and 

i n t e g r a t i o n  with respec t  t o  u can be interchanged (Churchi l l ,  1972). 

Therefore: 

2 
D -a t 

OD 

da 
z ' = -  I = -  4 c D  j a e  

D 'wD r2 0 [ J2(0) + Y2(0) 1 
. 0 . (5.22) 
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and : 

2 
D -0 t 3 QD 

do 4 c D  J o e  - z" - =- 
D - 'wD 11 0 [ J2((r) + Y2(o) 1 

(5.23) 

The s o l u t i o n  method f o r  l i n e a r  problems presented i n  Sect ion 4.1 

can be used t o  reproduce t h i s  type of so lu t ion .  T h i s  may be done by 

a s s ign ing  the  values  given by E q s .  5.18.a - 5.18.e t o  c o e f f i c i e n t s  - 
E, i n  wel lbore Eq. 5.18. One of the  op t ions  of the computer program 

presented i n  Appendix E permits one t o  reproduce and extend these  

s o l u t i o n s ,  i n  which g r a v i t a t i o n a l  e f f e c t s  are considered,  but i n e r t i a l  

and f r i c t i o n a l  wel lbore e f f e c t s  are assumed neg l ig ib l e .  

Resu l t s  f o r  p r a c t i c a l  values  of tD and % f o r  s=O are presented i n  

Figs .  5.3.a - 5.3.g. 

bottomhole pressure  recovery from [pc+pa] t o  pie 

from minus un i ty  t o  zero corresponds t o  t he  recovery of l i q u i d  l e v e l  

from i t s  i n i t i a l  p o s i t i o n  at  [L+zo] t o  t he  s t a t i c  l i q u i d  l e v e l  a t  L ,  

where z = 0. Figs .  5.3.a - 5.3.c are Car tes ian  graphs and Fig. 5.3.d 

i s  a semi-log graph of pWD and ZD vs t D / C D e  The Car tes ian  graphs show 

a behavior of p ressure  recovery and l i q u i d  l e v e l  recovery near ly  l i n e a r  

a t  e a r l y  times, depending on t h e  value of CD. 

l a r g e r  the  range of t D / C D  showing an almost l i n e a r  behavior. From Fig. 

5.3.a, i n  t h e  range O < t D / C D < l ,  t he  behavior of %D and ZD is  e s s e n t i a l l y  

l i n e a r  f o r  C D > l o  . 
t h e  l i n e a r  behavior of pwD and zD is not apparent folr 10 1 <CD<10 6 . 
i n d i c a t e s  t h a t  the  dura t ion  of da ta  recording can r e s u l t  i n  apparent  

l i n e a r  recovery responses f o r  systems wi th  a r e l a t i v e l y  l a rge  value of 

CD. 

The behavior of pwD from un i ty  t o  zero r ep re sen t s  

The behavior of zD 

The l a r g e r  t he  CD, t he  

3 Bu t ,  from Fig. 5.3.b, i n  the  range of O<tD/CD<10, 

This  

Fig.  5.3.e p re sen t s  t h e  same r e s u l t s  i n  a log- log graph. 

Figure 5.3.f shows the  corresponding log- log graphs f o r  %pwD' and 

CDzD1 vs tD /CD.  

slowly and almost l i n e a r l y  from maximum values  t h a t  vary between 0.2 and 

2. 

A t  e a r l y  p r a c t i c a l  times, these  sollutions dec l ine  

The l a r g e r  the  value of CD, the  smaller the  corresponding i n i t i a l  
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maximum value.  A t  l a t e  times, these  s o l u t i o n s  c ross  the  ins tan taneous  

l i n e  source s o l u t i o n  and approach it a f t e r  an abrupt  drop. For a 

system wi th  l a rge  CD, these  s o l u t i o n s  dec l ine  slower at  e a r l y  t i m e s  and 

t h e  abrupt  dec l ine  occurs  la te r .  Since,  according t o  Eq. 5.13, q ( t )  i s  

p ropor t i ona l  t o  %zD', a system with a l a r g e r  CD w i l l  s u s t a i n  a smaller 

but nea r ly  cons tan t  flow rate,  longer.  

So lu t ions  f o r  CD2pwD** and CD 2 zD" vs t D / C D  are shown i n  t h e  log- log 

graph of Fig. 5.3.g. These s o l u t i o n s  show a dec l ine  a t  e a r l y  p r a c t i c a l  

t i m e s .  A f t e r  c ross ing  t h e  l i n e  source s o l u t i o n ,  these  s o l u t i o n s  a l s o  

approach the  l i n e  source s o l u t i o n  a t  la ter  times f o r  l a r g e  values  of CDe 

Papadopulos, Bredehoef t and Cooper (1973) extended the  type curve 

presen ted  by Cooper, Bredehoeft ,  and Papadopulos (1967) t o  inc lude  

s o l u t i o n s  requi red  t o  match s l u g  test da t a  showing unexpected l a r g e  

va lues  of CD. 

I n  1975, Ramey, Agarwal, and Martin appl ied  t o  d r i l l s t e m  test flow 

a n a l y s i s  an approach p a r a l l e l  t o  t he  one suggested lby Earlougher and 

Kersch (1974) f o r  convent ional  w e l l  test ana lys i s .  Ramey, Agarwal, and 

Martin (1975) prepared t h r e e  type curves f o r  s l u g  test or  d r i l l s t e m  test 

a n a l y s i s  obtained from t h e  s o l u t i o n  prev ious ly  presented by Ramey and 

Agarwal (1972). 

t D / C D  w i th  %e2s as a parameter. 

c o r r e l a t i o n  is  e x c e l l e n t  f o r  values  of CDe2s>102e 

of dev i a t i ons  are observed depending on the  p a r t i c u l a r  

combination of % and S. 

t h e  smaller t h e  devia t ion  from the  co r r e l a t i on .  

These type curves are based on a c o r r e l a t i o n  of pwD vs 

As  mentioned by those au thors ,  t h i s  

For smaller values  

For CDe2s<102, the  smaller the  value of s ,  

This  c o r r e l a t i o n  is based on t h e  assumption t h a t  t he  flow behavior 

i n  a damaged system with a s teady- sta te  pressure  drop caused by a s k i n  

e f f e c t  a t  t he  sandface is  similar t o  the  behavior i n  an equiva len t  

undamaged system with an app rop r i a t e  wel lbore r ad ius  (Brons and Miller, 

1961). 
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This assumption r e s u l t s  i n  an e f f e c t i v e  wel lbore r ad ius ,  rwe, 

dependent on s and on the  a c t u a l  wel lbore r ad ius  rw, given by: 

-S 
r = r  e we W 

. . (5.24) 

Using t h i s  e f f e c t i v e  wel lbore r ad ius  i n s t ead  of rw i n  t he  problem 

formulat ion r e s u l t s  i n  an analogous problem so lu t ion .  The only 

d i f f e r e n c e  i s  t h a t  s i s  equal  t o  zero i n  Eq. 5.19, because it i s  

i m p l i c i t l y  considered i n  rwe. 

CD, rwe cance ls  i n  t he  r a t i o  tD/CD.  

i n  a dimensionless group, a s o l u t i o n  i n  terms of rw requ i r e s  e x p l i c i t  

e x p e c i f i c a t i o n  of S. 

CDe2' i n  terms of rW. 

Since rwe would appear i n  both t D  and 

However, when rwe does not cancel  

By example, CD i n  terms of rk,e i s  equiva len t  t o  

Resu l t s  f o r  pwD, ZD, %pwDt, %ZD' ,  cD2PwD**, a . d  CD2ZD*' VS t D / C D  

provided by the  semi- analyt ical  s o l u t i o n  method f o r  l i n e a r  problems 

presented i n  t h i s  s tudy are shown i n  Figs.  5.4.a - 5.4.h. So lu t ions  

f o r  pwD and zD are given i n  Figs .  5.4.a - 5.4.c as c a r t e s i a n  graphs,  i n  

Fig.  5.4.d as a semi-log type curve, and i n  Figs .  5.4.e and 5.4.f as 

log- log type curves f o r  d i f f e r e n t  values  of CDe Type curves f o r  p w ~  

more d e t a i l e d  than Figs.  5.4.d - 5.4.f were presented by Ramey, Agarwal, 

and Martin (1975). 

2 s  . 

Car t e s i an  graphs f o r  d i f f e r e n t  ranges of tD/CD,  given i n  Figs.  

5.4.a - 5.4.b, show apparent  l i n e a r  behavior f o r  l a r g e  values  of CD. 
From Fig. 5.4.a, systems with CDe2s)10 3 e x h i b i t  near ly  l i n e a r  behavior 

i n  the  range O < t D / C D ( l .  From Fig. 5.4.b, systems with CDe2s>10 9 show 

l i n e a r  behavior f o r  O < t D / C D c l O .  

behavior sus t a ined  i n  the  range of O<tD/CD'100 

Fig. 5.4.c i n d i c a t e  no apparent l i n e a r  

Figs .  5.4.g and 5.4.h are new type curves providing the  

corresponding s o l u t i o n s  f o r  zD'=-P,D' and ZD"=-PWD", r e spec t ive ly .  

Under t h e  assumptions i n t r i n s i c  i n  t h i s  kind of so lu t ion ,  type curves 

f o r  zD' i n  Fig.  5.4.g descr ibe  the  flow rate behavim during a s l u g  tes t  
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o r  a d r i l l s t e m  test.  Type curves shown i n  Fig. 5.4.h correspond t o  the 

behavior of the  rate of change of t he  flow rate during these  tests. 

So lu t ions  inc lud ing  g r a v i t a t i o n a l  and i n e r t i a l  wellbore e f f e c t s  are 

d iscussed  i n  t he  fol lowing sec t ion .  

5.1.3 Negl igible  F r i c t i o n  - Effec t  of a 

A s imp l i f i ed  wel lbore equat ion w a s  der ived by Cooper, Bredehoeft ,  

Papadopulos, and Bennett (1965) t o  descr ibe  t he  response of a water 

l e v e l  i n  a groundwater w e l l  t o  se i smic  waves. That equat ion considered 

i n e r t i a l  e f f e c t s  on the  movement of the  wel lbore l i q u i d  column. 

F r i c t i o n a l  e f f e c t s  i n  the  wel lbore were assumed neg l ig ib l e .  Also, t he  

range of v a r i a t i o n  of t he  l i q u i d  l e v e l  about t h e  s t a t i c  l i q u i d  l e v e l  w a s  

supposed t o  be small i n  comparison t o  t he  l eng th  of the  column of water 

i n  s t a t i c  equi l ib r ium wi th  t he  a q u i f e r  p ressure .  

In 1966, Bredehoeft ,  Cooper, and Papadopulos calnsidered the  

wel lbore equat ion presented by Cooper e t  al. (1965) i n  a r e s i s t ance-  

conductance electr ic  analog t o  s tudy e f f e c t s  of i n e r t i a ,  i n  both t h e  

a q u i f e r  and wel lbore,  f o r  problems involving r ap id  acce l e r a t i on  of the  

l i qu id .  

Ten years  la ter ,  van der  Kamp (1976) a l s o  used the  wel lbore 

equa t ion  proposed by Cooper e t  a l .  (1965) and obtained an approximate 

s o l u t i o n  method t o  analyze s l u g  test  da t a  showing ari underdamped 

response. 

s t u d i e s  which neglec t  i n e r t i a  as "fully-damped'' . 
The term "underdamped" w a s  used t o  d i f f e r e n t i a t e  previous 

Recently,  Shinohara and Ramey (1979.b) der ived s o l u t i o n s  f o r  p w ~  

and zD inc lud ing  the  e f f e c t  of i n e r t i a  of t he  wellbore f l u i d  column on 

flow phenomena during a s l u g  test ,  d r i l l s t e m  test,  or  closed-chamber 

test. The fol lowing wel lbore equat ion used by Shinohara and Ramey 

(1979.b) is a l s o  similar t o  t he  one presented by Cooper, et  a l .  (1965): 
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L 

PWD a z " + z  = -  D D  . . (5.25) 

This is a special case of wellbore Eq. 3.39 derived in the present 

study, simplified as follows: 

6 + Cw z + D = Ew pwD D w  A z" + B z w D  w 

with: 

2 A = a  
W 

B = O  
W 

c = 1  
W 

D = O  
W 

E = -1 
W 
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. . (5.26) 

. . (5.26.a) 

. . (5.26.b) 

. . . (5.26.~) 

. . . (5.26.d) 

. . . (5.26.e) 



where, according t o  t he  d e f i n i t i o n  of a,  given by Eq. 3.51: 

Comparison of Eq. 5.26 and wel lbore Eq. 3.39 r evea l s  the  fol lowing 

assumptions,  as declared by Shinohara and Ramey (1979. b)  : 

(1) s l u g  s i z e  n e g l i g i b l e  with r e spec t  t o  s t a t i c  l i q u i d  column 

l eng th ,  -z << L,  
0 

(2 )  n e g l i g i b l e  wel lbore f r i c t i o n a l  l o s s e s ,  f = 0, 

(3 )  r e s e r v o i r  th ickness  n e g l i g i b l e  wi th  respec t  t o  l i q u i d  column 

l eng th ,  h << L, and 

( 4 )  n e g l i g i b l e  i n e r t i a l  and f r i c t i o n a l  wellbore e f f e c t s  of pipe 

r ad ius  d i f f e r e n t  than wel lbore rad ius .  

Shinohara and Ramey (1979.b) obtained the  follalwing Laplace 

transformed so lu t ions :  

- C [ s G K  ( 6 ) + K  (&)I  [-z (0)+a2uz'(O)] 
D -  . . . (5.29) D 1 0 D PWD(U) = 

2 c K ( r  & ) [ - z  (O)+a UZ;(O)] 

[a2u2+C su+l ]&Kl (6)+CDuKo(&) 

D O  D D - 
PD(rD,U) = 

D 

. . . (5.30) 
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For a test  s t a r t i n g  from s t a t i c  condi t ions ,  zD(0)=-1 and ZD'(O)=O, 

t he se  transformed s o l u t i o n s  are equiva len t  t o  t he  s o l u t i o n s  obtained i n  

t h e  presen t  s tudy,  given by Eqs. 4.1, 4.2,  and 4.8, f o r  t he  s imp l i f i ed  

wel lbore equat ion given by Eq. 5.26. 

From ana lys i s  of t h e i r  r e s u l t s ,  Shinohara and Ramey (1979.b) 

concluded t h a t  i n e r t i a  of t he  wel lbore l i q u i d  column can cause a lack  of 

symmetry between pwD and zD. Then, the  assumption t h a t  pwD and zD are 

r e l a t e d  through simple h y d r o s t a t i c  head c a l c u l a t i o n s  can give erroneous 

e s t ima t ions  of the  p rope r t i e s  f o r  some systems. 

Resu l t s  presented by Shinohara and Ramey can be complemented wi th  

t h e  transformed s o l u t i o n s  f o r  pwD', zD' ,  and zD" derived i n  t he  presen t  

s tudy ,  and given by Eqs. 4.3 - 4.7. 

Comparison of r e s u l t s  obtained i n  t h i s  s tudy f o r  a system with s=O, 

CD=10 3 , and values  of 10 4 2  (a (lo8 with the  r e s u l t s  presented by Shinohara 

(1980) show d i f f e r ences  f o r  Values of t D  near  2. 

obtained i n c o n s i s t e n t  s o l u t i o n s  f o r  p w ~  and ZD f o r  values  of t D  near 

2. Since t h e  s o l u t i o n s  i n  Laplace space were the  same, these  

d i f f e r e n c e s  may be a t t r i b u t e d  t o  less accu ra t e  Bessel func t ion  

approximations used by Shinohara (1980), and not t o  a problem i n  t he  

a p p l i c a t i o n  of t he  S t e h f e s t  a lgori thm. I n  t h i s  s tudy,  Bessel func t ions  

were eva lua ted  by using double- precision subrout ines  ava i l ab l e  from the 

Center f o r  Information Technology a t  Stanford Universi ty .  On the  o the r  

hand, Shinohara (1980) used approximations published by Abramowitz and 

Stegun (1972). 

Shinohara (1980) 

4 2  8 The values  of 10 (a (10 were s e l e c t e d  t o  i l l u s t r a t e  damped, 

cr i t ical ly- damped,  and underdamped condi t ions ,  corresponding t o  t he  

t h r e e  kinds of behavior pos s ib l e  during a test  f o r  a given system with 

s p e c i f i c  s and CD. 

Resu l t s  are presented i n  Figs  5.5.a - 5.5.i. For s=O and CD=103, 
2 5  systems wi th  a (10 show n e g l i g i b l e  wel lbore i n e r t i a l  e f f e c t s ,  f o r  a l l  

p r a c t i c a l  purposes,  and such tests can be analyzed from so lu t ions  with 

a2=0, which corresponds t o  t h e  type curves presented by Ramey, Agarwal, 

and Martin (1975). For a2=106, t he  behavior of the  so lu t ions  f o r  pwD 
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and zD neg lec t ing  and inc luding  wel lbore i n e r t i a l  e f f e c t s  agree only i n  

t he  second ha l f  of the  range of i n t e r e s t  of tD. Systems wi th  a2>107 

e x h i b i t  p ressure  and l i q u i d  l e v e l  o s c i l l a t i o n s ,  and completely d i f f e r  

from the  s o l u t i o n  f o r  n e g l i g i b l e  wel lbore i n e r t i a l  e f f e c t s ,  a =O. 2 

Figure 5.5.g shows the  rate of change of pwD, phD', and i t s  
2 7  o s c i l l a t o r y  behavior f o r  systems wi th  a >10 . Figure 5.5.h i l l u s t r a t e s  

t h e  behavior of t he  corresponding flow rate during a. s lug  test  or 

d r i l l s t e m  test. This  f i g u r e  shows t h a t  flow rate inc reases  l i n e a r l y  a t  

e a r l y  times, reaches a maximum value and then e i t h e r  fol lows the  

s o l u t i o n  f o r  n e g l i g i b l e  wel lbore i n e r t i a l  e f f e c t s  or o s c i l l a t e s  about 

i t .  Comparison of Figs.  5.5.g and 5.5.h leads  t o  t he  conclusion t h a t  

the  rate of change i n  presure  and the  flow rate are not  similar a t  e a r l y  

times but ,  at  later times, systems with values  of a2,<106 fol low the  

s o l u t i o n  f o r  a*=O. 

Figure 5.5.i p r e sen t s  t he  behavior of z " and shows t h a t  t h e  value D 
of a2 con t ro l s  both magnitude and dura t ion  of a cons tan t  i n i t i a l  

a c c e l e r a t i o n .  The l a r g e r  t he  value of a,  t he  smaller t he  i n i t i a l  value 

of zD". These e f f e c t s  of a are r e f l e c t e d  i n  the  name proposed f o r  t h i s  

parameter,  dimensionless i n i t i a l  deacce l e r a t i ng  f a c t o r .  

Observation of t he  s o l u t i o n s  inc lud ing  i n e r t i a  but neg lec t ing  

f r i c t i o n ,  shown i n  Figs.  5.5.a - 5.5.i, i n d i c a t e  four  d i s t i c t  f e a t u r e s  

i n  t h e  behavior of pwD: ( 1 )  an e a r l y  pressure  drop from i n i t i a l  

r e s e r v o i r  p ressure  (pwD=O) towards h y d r o s t a t i c  cushion pressure  p lus  

atmospheric pressure  ( h ~ = l ) ,  ( 2 )  an overshoot i n  pressure  drop ( h ~ > 1 )  , 
( 3 )  a later pressure  recovery from h y d r o s t a t i c  cushion pressure  ( p w ~ = l )  

towards i n i t i a l  r e s e r v o i r  p ressure  (pw~=O), and ( 4 )  c:onvergent 

o s c i l l a t i o n s  of &,,D wi th  a l t e r n a t i n g  s i g n  about t he  i n i t i a l  r e s e r v o i r  

p r e s su re  ( ~ D = O ) .  

2 For s m a l l  values  of a , t he se  s o l u t i o n s  show a :Large overshoot i n  

pressure  drop at e a r l y  times, fol low the  s o l u t i o n  f o r  no i n e r t i a  (a2=O) 

during t h e  pressure  recovery, and do not exh ib i t  o s c l l l a t i o n s  a t  l a te  
2 times. On the  o the r  hand, f o r  l a r g e  values  of a , 110 overshoot i s  

observed, o s c i l l a t i o n s  may occur,  and these  s o l u t i o n s  fol low the case 
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with  no i n e r t i a  (a2=0) only a t  l a t e  times. 

The values  of a2 f o r  which these  f e a t u r e s  are apparent depend on CD 

and t o  a lesser degree on s, a s  detemined by Shinohara (1980). Resu l t s  

presented by Shinohara (1980) f o r  the  condi t ions  under which wel lbore 

i n e r t i a l  e f f e c t s  are n e g l i g i b l e  are shown as s o l i d  l i n e s  i n  Fig. 

5.6.a. I n  t h i s  f i g u r e ,  aI is the  value of a below which the  behavior 

of pwD is e s s e n t i a l l y  t he  same as the  behavior of ~ ~ ~ ( 0 . 9  f o r  a system 

with no i n e r t i a  (a2=O). 

s tudy and t h e  fol lowing approximation w a s  found t o  r e f l e c t  t he  s t rong  

dependency of aI on CD and the  weak e f f e c t  of s on aI, by s t a t i n g  t h a t  

wel lbore i n e r t i a l  e f f e c t s  are n e g l i g i b l e  f o r :  

Those r e s u l t s  were analyzed i n  the  presen t  

2 4s 
2 ‘D e 60 

- 
a < a12 = - 

10 . (5.31) 

This  approximation f o r  aI r e s u l t s  i n  p a r a l l e l  s t r a i g h t  l i n e s  with 

s lope  of 2 and i n t e r c e p t  a t  cD’1 of O.O29[s]-1, as shown wi th  s p e c i a l  

symbols i n  Fig. 5.6.a f o r  d i f f e r e n t  values  of CD w i t h 1  s as parameter. 

Considering the  d i f f i c u l t y  of determining the  values  of a1 by v i s u a l  

i n spec t ion  of s o l u t i o n s  obtained f o r  d i f f e r e n t  values of a f o r  given 

combinations of s and CD, t he  previous approximation is  acceptab le  f o r  

a l l  values  of CD when s>5 and a l s o  f o r  values  of CD>10 3 when s)o. 

Simi l a r ly ,  from a n a l y s i s  of r e s u l t s  presented by Shinohara (1980),  

shown i n  Fig. 5.6.b as s o l i d s  l i n e s ,  the  fol lowing approximation is 

proposed t o  estimate condi t ions  under which a system w i l l  e x h i b i t  

o s c i l l a t i o n s  of pwD o r  zD: 

4s 
2 2 2 6 0  a > a. = 20 CD e 
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FIG. 5.6.a. LOG-UX; GRAPH OF 012, VALUE OF a2 BELOW WKICH INERTIAL WELLBORE 

EFFECTS ARE NEGLIGIBLE ON SLUG TeST SOLUTIONS, VS % FOR 
DIFFERENT VALUES OF 6 
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where a. is  the  value of a above which the behavior of pwD and zD w i l l  

e x h i b i t  o s c i l l a t i o n s  about the  eventual  f i n a l  value of zero. The 

previous approximation r e s u l t s  i n  p a r a l l e l  s t r a i g h t  l i n e s  with s lope  of 

2 and i n t e r c e p t  a t  CDxl  of 0.029[s]+1.3, as shown wi th  s p e c i a l  symbols 

i n  Fig.  5.6.b f o r  d i f f e r e n t  va lues  of CD w i th  s as parameter. 

Resu l t s  presented by Shinohara and Ramey (1979.b) i n d i c a t e  t h a t  f o r  

a given value of a, the  l a r g e r  t he  value of %, t he  ear l ier  the  pressure  

drop, the  g r e a t e r  t he  pressure  drop overshoot,  and the  later  the  

p re s su re  recovery. Also, the l a r g e r  t he  value of s, the  earlier the  

pressure  drop and the  l a t e r  t he  pressure  recovery, but the  lower t he  

p re s su re  drop overshoot.  That i s ,  except f o r  t he  d i f f e r ence  i n  the  

p re s su re  overshoot ,  CD and s a f f e c t  t he  test response i n  t he  same 

d i r e c t i o n .  

i n  comparison t o  t he  e f f e c t  of CD. As  shown i n  Fig. 5.6.a and Fig.  

5.6.b, t he  e f f e c t  of s on a1 and ag can be considered n e g l i g i b l e  i n  t h e  

range of va lues  of 

However, t h e  e f f e c t  of s on a1 and ag i s  r e l a t i v e l y  small 

3 
OCsC5 f o r  CD>10 . 

From these  approximations,  and according t o  t he  d e f i n i t i o n  of a and 

CD, given by Eqs. 3.47 and 3.50, i n e r t i a l  wel lbore e f f e c t s  can be 

considered n e g l i g i b l e  

2 2 LD a < a ,  =-  l o  

from Eq. 5.31, fo r :  

3 , f o r  OCsC5, CD>10 . . . (5.33) 

o r  : 

. . . (5.34) 
3 , f o r  OCsC5,  CD>10 

r y r % -  1 

IJ 2 f i  
P 

and, from Eq. 5.32, i n e r t i a l  wel lbore e f f e c t s  can cause o s c i l l a t i o n s  

f o r :  
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o r  : 

. 

. 0 (5.35) 

. (5.36) 

Shinohara (1980) presented approximate type curves f o r  pwD and zD 

vs t D / C D  wi th  a2e4’ as a c o r r e l a t i o n  parameter f o r  d i f f e r e n t  values  of 

CDe2s. 

curve f o r  a p r a c t i c a l  a p p l i c a t i o n  is  d i f f i c u l t  and not  unique because of 

t h e  similar shapes of t he  type curves f o r  d i f f e r e n t  values  of CDe2s. 

The fol lowing a l t e r n a t e  approach based on Eqs. 5.30.a and 5.31.a i s  

proposed t o  ob t a in  a s i n g l e  type curve f o r  s l ug  test ana lys i s  

cons ider ing  g r a v i t a t i o n a l  and i n e r t i a l  e f f e c t s .  

A s  pointed out by t h a t  au thor ,  s e l e c t i n g  a p a r t i c u l a r  type 

F igures  5.7.a - 5.7.c are Car tes ian  graphs of P , ,~  vs t D / C D  fo r  

p r a c t i c a l  va lues  of CD and corresponding va lues  of 
2 2 2  2 2 2  2 
a =0, a = % / l o ,  a = CD , a = 20 % . These f i g u r e s  show tha t  

bottomhole pressure  drop from i n i t i a l  r e s e r v o i r  p ressure  t o  cushion 

pressure ,  which corresponds t o  t he  early- time behavior of pwD from 0 t o  

1, can not  be considered t o  happen ins tan taneous ly  f o r  r e l a t i v e l y  l a r g e  

va lues  of dimensionless deacce l e r a t i ng  f a c t o r ,  a. These values  of a 

depend on the  range of t i m e  of ana lys i s .  From Fig. 5.7.a, values  of 

CD2/10<a2<CD2 w i l l  e x h i b i t  a measurable delay f o r  t h e  pressure  drop t o  

occur i n  the  range O(tD/CD<l.  

i n t e r e s t  i n  d r i l l s t e m  test a n a l y s i s  are shown i n  Figs .  5.7.b and 

5.7.c. These f i g u r e s  i n d i c a t e  t h a t  only systems wi th  

a >20cD2 w i l l  show an apprec iab le  delay. 

More p r a c t i c a l  ranges f o r  times of 

2 
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Figure 5.7.d is  a semi-log type curve f o r  pwD. Figs.  5.7.e and 

5.7.f are log- log type curves of pwD and [l-pwD] vs t D / C D ,  

r e spec t ive ly .  

5.7.1 are the  corresponding type curves f o r  zD. 

Fig. 5.7.g shows the  behavior of CDpwD'. Figs.  5.7.h - 
Arid Figs.  5.7.j and 

5.7.k correspond t o  t h e  s o l u t i o n s  f o r  CDzD' and CD 2 z : ~ "  vs t D / C D ,  

r e spec t ive ly .  

Although these  type curves were generated f o r  s=5, they can be used 

f o r  o the r  values  of O<s<5, because they correspond t:o the  average 

behavior shown i n  Figs.  5.6.a and 5.6.b. 

This concludes t he  review of previous so lu t ions .  New s o l u t i o n s  

w i l l  be presented and d iscussed  i n  t he  fol lowing sec:tions of t h i s  study. 

5.2 Solu t ions  f o r  Laminar F r i c t i o n  - 

A s p e c i a l  case of wel lbore Eq. 3.39, i n  which f r i c t i o n a l  e f f e c t s  

are taken i n t o  account ,  i s  obtained i n  t h i s  s e c t i o n  by assuming f r i c t i o n  

l o s s e s  f o r  laminar flow. The r e s u l t i n g  problem i s  l i n e a r  and can be 

solved with t he  semi- analyt ical  method using Laplace t ransformat ion  

presen ted  i n  Sect ion 4.1. These s o l u t i o n s  depend cn a group of 

parameters c a l l e d  dimensionless laminar f r i c t i o n  fac:tor and denoted by B 
i n  t h i s  study. The e f f e c t  of B on the  flow phenomena during a s l u g  

test  or  d r i l l s t e m  test is analyzed i n  t h i s  s ec t i on .  

5.2.1 Spec ia l  Wellbore Equation 

Consider the  fol lowing s i m p l i f i c a t i o n  of wellbasre Eq. 3.39 der ived 

i n  t he  presen t  study: 

A z" + B z + Cw zD + D = Ew pwD 
w D  w W 
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with: 

2 
Aw = a 

2 f  1 
2' D I B = a  - 

W 

c = l  
W 

D = O  
W 

1 E = -  
W 

(5.37.a) 

. . . (5.37.b) 

. . . (5.37.c) 

. . . (5.37.d) 

. . . (5.37.e) 

Comparison of t he  d e f i n i t i o n  of t he  c o e f f i c i e n t s  i n  t h i s  equat ion 

and those of wel lbore Eq. 3.39 i n d i c a t e s  t h a t  t he  fol lowing assumptions 

have been adopted t o  ob t a in  Eq. 5.37: 

(1 )  n e g l i g i b l e  s l u g  s i z e  i n  comparison t o  s t a t i c  l i q u i d  column 

l eng th ,  and 

( 2 )  n e g l i g i b l e  r e s e r v o i r  th ickness  wi th  respec t  t o  s t a t i c  column 

length.  
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Although the  wel lbore l i q u i d  column ve loc i ty  t e r m ,  B w ~ D ' ,  i n  Eq. 

5.37 is  apparen t ly  non- linear,  i t  can be s imp l i f i ed  by not ing  t h a t  f o r  

t h e  laminar flow regime i n  t he  wel lbore pipe (Moody, 1944): 

64 
f =-  

Re  . . (5.38) 

where R e  i s  Reynold's number, which can be expressed f o r  the  problem 

under cons idera t ion  as follows: 

2 r  P 
R e  = 0 . 0 (5.39) 

where : 

l~ = average f l u i d  v i s c o s i t y  i n  t h e  wel lbore pipe,  [ML'lT'l] 

S u b s t i t u t i n g  t h e  d e f i n i t i o n  of r 

P 

and zD', given by Eqs. 3.33 and PDZ 
3.35, r e spec t ive ly ,  i n t o  Eq. 5.39: 

2 P  k . (5.40) 

S u b s t i t u t i n g  Eqs. 5.38 and 5.40 i n t o  Eq. 5.37: 
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Simplifying: 

with: 

2 
A = a  
W 

2 
B w = u  

c = 1  
W 

D = O  
W 

E = - 1  
W 

. . (5.42) 

. . . (5.42.a) 

. . (5.42.b) 

. . . (5.42.12) 

. (5.42.6) 

. . . (5.42.e) 

where the following dimensionless group of parameters characterizes the 

effect of laminar kinematic viscous friction as a lilquid column moves 

inside a wellbore pipe: 
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Dimensionless Wellbore F r i c t i o n  Factor  

8 
P k 2 B =  

- [  2 rp 
PP +wtrw 

5.2.2 Ef fec t  of B f o r  Laminar Flow Regime 

. 0 (5.43) 

Wellbore Eq. 5.42 cons ider ing  laminar f r i c t i o n  l o s s e s  i s  

mathematically l i n e a r .  

based on t h i s  equat ion can be solved by us ing  the  Laplace t ransformat ion  

method proposed i n  Sec t ion  4.1. 

A s lug  test  or  d r i l l s t e m  test flow problem 

An opt ion i n  t h e  computer program presented i n  Appendix E allows 

eva lua t ion  of s o l u t i o n s  f o r  pwD, zD, pwD1, zD', zD", and pD(rD) vs t D  

wi th  s,  CD, a ,  and B as input  parameters. 

F igures  5.8.a - 5.8.f, 5.9.a - 5.9.f, and 5.10.<a - 5.10.f are 

graphs of t he  r e s u l t s  f o r  system with s=O, %=lo3 f0.r d i f f e r e n t  values  

of B f o r  a damped case, &lo4, a c r i t i c a l l y  damped case,  a2=106, and an 

underdamped case, a2=108, r e spec t ive ly .  

Figures  5.8.a, 5.9.a, and 5.10.a show t h a t  dimeinsionless bottomhole 

pressure  pWD decreases  as laminar f r i c t i o n  f a c t o r  B i nc reases  above a 

c h a r a c t e r i s t i c  value.  The l a r g e r  the  value of 8, tlhe lower and f l a t t e r  

t h e  behavior of P,D. 

p ressures ,  su s t a ined  longer during the  tes t ,  as can 'be seen i n  t h e  

s o l u t i o n s  f o r  %pWD1 presented i n  Figs.  5.8.d, 5.9.d, and 5.10.d. 

t he  o the r  hand, Figs .  5.8.c, 5.9.c, and 5.10.c i l l u s t r a t e  t he  e f f e c t  of 

B on the  s o l u t i o n s  f o r  dimensionless l i q u i d  l e v e l  zD. 

value of B, t he  la ter  t he  response of wel lbore l i q u i d  l e v e l .  

This  behavior corresponds t o  higher  bottomhole 

On 

The l a r g e r  the 
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NO R E S U L T S  I N  T H I S  

R A N G E  OF V A L U E S  

F I G .  5.8.b. LOG-LOG GRAPH OF SLUG TEST SOLUTIONS FOR vs t D / C D  
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Observation of the  s o l u t i o n s  f o r  CDzDt, shown i n  Figs.  5.8.e, 

5.9.e, and 5.100e, i n d i c a t e s  t h a t  f o r  a given value of deacce l e r a t i ng  

f a c t o r  a, t he  l a r g e r  the  value of wel lbore f r i c t i o n  f a c t o r  B, t he  

smaller and f l a t t e r  t he  behavior of CDzD', which corresponds t o  lower 

f low rates sus t a ined  during longer  per iods of t i m e .  A q u a n t i t a t i v e  

i n d i c a t i o n  of t he  f l a t n e s s  of t h e  s o l u t i o n s  f o r  CDzD' is ind i ca t ed  by 

t h e  low values  of the  s o l u t i o n s  f o r  CD2zD" presented i n  Figs.  5.8.f, 

5.9.f, and 5.10.f. A l l  t he se  f i g u r e s  show t h a t  f o r  t h i s  system case 
wi th  s=O and CD=10 3 t h e  s o l u t i o n s  f o r  zD, zD',  and zD" inc lud ing  laminar 

f r i c t i o n  agree with those neg lec t ing  f r i c t i o n  (B=O) for  values  of 

a2B<102. This observat ion and s o l u t i o n s  prev ious ly  reviewed i n  Sect ion 

5.1 can be used t o  deduce cr i te r ia  f o r  e s t ima t ing  condi t ions  under which 

laminar f r i c t i o n a l  wel lbore e f f e c t s  a r e  neg l ig ib l e .  

Figure 5.4.f shows s o l u t i o n s  with no i n e r t i a  (a2=O) f o r  CDzD' f o r  

1<CDe2sG1027. A t  e a r l y  times, these  s o l u t i o n s  vary between 10 0 
2s  and 10-1 f o r  most p r a c t i c a l  condi t ions .  

t h e  smaller and more s t a b l e  t he  value of CDZD'. 

5.5.h, a t  e a r l y  times, s o l u t i o n s  inc lud ing  wel lbore i n e r t i a l  e f f e c t s  

s l i g h t l y  overshoot s o l u t i o n s  f o r  %zD' with no i n e r t i a .  

Shinohara and Ramey (1979.b) determined t h a t  t he  l a r g e r  the  value of s,  

t h e  earlier the  pressure  response and the  smaller and f l a t t e r  t he  

pressure  overshoot.  Therefore ,  it  can be expected t h a t  t y p i c a l  f i e l d  

condi t ions  w i l l  e x h i b i t  an approximate maximum flow rate i m p l i c i t  i n  t he  

value of c z '  Z10- l .  

The l a r g e r  the  value of CDe , 
Also, as shown i n  Fig. 

Moreover, 

D Dmax 

This  approximation can be combined wi th  t he  observat ion t h a t  
2 3 laminar f r i c t i o n  e f f e c t s  are n e g l i g i b l e  f o r  a B<102 ,when CD=10 

t o  c a l c u l a t e  the  approximate maximum value of t he  lisquid column v e l o c i t y  

term i n  Eq. 5.42 requi red  f o r  laminar f r i c t i o n  e f f e c t s  t o  be n e g l i g i b l e :  

and s=O 

-2 - lo 10 0 0 . (5.44) - - - - =  lo2  - 2 < 10 Z k a x  
2 

cD %max 10 CD 
= a  Bw %max 
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This equat ion approximates t he  maximum value t h a t  t he  l i q u i d  column 

v e l o c i t y  term i n  wel lbore Eq. 5.42 can a t t a i n .  

between 0 and 1 ,  it is  reasonable  t o  expect n e g l i g i b l e  f r i c t i o n a l  

e f f e c t s  i f  the  maximum value of t he  l i q u i d  column v e l o c i t y  term is  

1%. This r e s u l t  l eads  to  hypothesize t h a t  wellbore laminar f r i c t i o n  

e f f e c t s  are n e g l i g i b l e  f o r  a system with: 

Since zD and pwD vary 

. 0 ( 5 . 4 5 )  

o r ,  according t o  t he  d e f i n i t i o n  of a, 8 ,  and %, given by Eqs. 3.51, 

5.43, and 3.47: 

. ( 5 . 4 6 )  

Resul t s  for o the r  p r a c t i c a l  values  of s, CD, and a show t h a t  t h i s  

c r i t e r i o n  f o r  e s t ima t ing  condi t ions  under which laminar f r i c t i o n  e f f e c t s  

are n e g l i g i b l e  is  app rop r i a t e  f o r  p r a c t i c a l  wel lbore- reservoir  systems. 

Inspec t ion  of the  cha r t  f o r  f vs R e  presented by Moody ( 1 9 4 4 )  

i n d i c a t e s  t h a t  at  high v e l o c i t i e s ,  t he  laminar f r i c t i o n  assumption leads  

t o  va lues  of f smaller than those f o r  o ther  flow regimes. A higher  

va lue  of f implies  a higher  value of the  l i q u i d  column v e l o c i t y  term, as 

ind i ca t ed  by Eq. 3.39.b.  This  impl ies  t h a t  t he  c r i t e r i o n  developed i n  

t h i s  s e c t i o n  gives  low f r i c t i o n  l o s se s  f o r  systems i n  which the  flow is  

tu rbu len t  f o r  some in te rmedia te  per iod of t i m e .  However, the  r e l a t i v e  

s i m p l i c i t y  and l i n e a r i t y  of the  problem is u s e f u l  f o r  understanding the  

wel lbore f r i c t i o n a l  e f f e c t s  on t h e  flow phenomena during a s l u g  test  o r  

a d r i l l s t e m  test.  Also, t h i s  s o l u t i o n  is u t i l i z e d  i n  Sec t ion  6.1 t o  

v a l i d a t e  a numerical s o l u t i o n  method inc luding  wel lbore f r i c t i o n a l  

e f f e c t s  corresponding t o  changing flow regimes. 
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5.3 Solu t ions  consider ing o the r  Linear I n e r t i a l  E f f e c t s  

According t o  t he  d e f i n i t i o n  of c o e f f i c i e n t  h, Eq. 3.39.a, i n  

wel lbore Eq. 3.39 der ived i n  t he  presen t  s tudy,  r e s e r v o i r  

t h i c k n e s s / s t a t i c  wel lbore column length  r a t i o  and pipe/wel lbore r a d i i  

r a t i o  are combined i n  a l i n e a r  t e r m  t h a t  a f f e c t s  dimensionless l i q u i d  

column a c c e l e r a t i o n ,  zD". The e f f e c t  of these  r a t i o s  is  analyzed i n  

t h i s  s ec t i on .  

5.3.1 Spec ia l  Wellbore Equation 

The fol lowing s imp l i f i ed  l i n e a r  equat ion is  obtained by neglec t ing  

only the  non- linear terms i n  wel lbore Eq. 3.39, and assuming laminar 

f r i c t i o n  as descr ibed i n  Sec t ion  5.2: 

A w z" D + B w z ; + ' w Z D  + D w = Ew PwD . . . (5.47) 

where : 

B~ = a2 B 

. . . (5.47.a) 

. . . (5.47.b) 

c = 1  
W 
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D = O  
W 

E = - 1  
W 

. . . (5.47.d) 

. . . (5.47.e) 

Wellbore Eq. 5.47 i s  mathematically l i n e a r  and can be solved with 

t h e  semi- analyt ical  method using Laplace t ransformation descr ibed i n  

Sec t ion  4.1. An opt ion i n  t he  computer program presented i n  Appendix E 

performs the  c a l c u l a t i o n s  requi red  by t h i s  method t o  eva lua t e  pwD, zD, 

pwD, zD',  z ", and p (r ) vs  tD f o r  suppl ied  values  of parameters 6, CD, D D D  
$ 9  hD, $9 rpDz9 and rwDz* 

5.3.2 Ef fec t  of h/L 

Def in i t i on  of c o e f f i c i e n t  & given by Eq. 5.47.a i n d i c a t e s  t h a t  

dimensionless r e s e r v o i r  th ickness ,  hD, and dimensionless s t a t i c  wel lbore 

l i q u i d  column length ,  LD, appear as a r a t i o .  

d e f i n i t i o n  of hD and L,,, E q s .  3.32 and 3.31, r e spec t ive ly ,  t h e i r  r a t i o  

can be s imp l i f i ed  t o  hD/LD=h/L. 

be analyzed s imultaneously,  because these  parameters appear only once i n  

t h e  problem statement  considered i n  t h i s  s e c t i o n ,  cons t i t u t ed  by Eqs .  

5.47 and 3.40 - 3.46. 

According t o  the  

Moreover, t he  e f f e c t  of % and LD can 

Figure 5.11 i l l u s t r a t e s  the  s o l u t i o n s  obtained f o r  a system w i t h  

s=O, CD=103, a=lO 6 , B=O, and r 

h/L. These s o l u t i o n s  show t h a t  f o r  values  of h/LC1/10, t he  e f f e c t  of 

t h i s  r a t i o  is n e g l i g i b l e  on t h e  flow phenomena. Therefore ,  it  can be 

concluded t h a t  t he  e f f e c t s  of h/L is  n e g l i g i b l e  f o r  most p r a c t i c a l  

a p p l i c a t i o n s  found i n  o i l  w e l l s  because usua l ly  h<L/10. However, a 

small e f f e c t  of h/L can be expected f o r  shallow water wells completed i n  

t h i c k  aqu i f e r s .  

f u r t h e r  a f t e r  analyzing the  s epa ra t e  e f f e c t  of rp/rw. 

/rWDZ=l, f o r  d i f f e r e n t  values  of 
PDZ 

The combined e f f e c t  of h/L and rp/rw is  discussed 
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5.3.3 Ef fec t  of r /r 
P W  

The c o e f f i c i e n t  Aw given by Eq. 5.47.a conta ins  the  r a t i o  of 

dimensionless pipe r ad ius  wi th  r e spec t  t o  s lug  s i z e ,  and dimensionless 

wel lbore r ad ius  wi th  r e spec t  t o  s l u g  s i z e .  According t o  Eqs. 3.33 and 

3.34, t h i s  r a t i o  can be s imp l i f i ed  as r 

e f f e c t  on s lug  test  flow phenomena. 

/rwDZ=r /r t o  s tudy t h e  PDZ P W  

Figure 5.12 p re sen t s  s o l u t i o n s  obtained by applying the  method f o r  
6 l i n e a r  problems t o  a system wi th  s=O, CD=103, a2=10 , B=O, and 

hD/LD=l/lO, f o r  d i f f e r e n t  values  of r /r 

n e g l i g i b l e  e f f e c t s  f o r  r /r (1, which is the  most common case. 

f o r  systems wi th  a pipe r ad ius  l a r g e r  than twice the  wel lbore r ad ius ,  i. 

e., r /r >2,  some dev ia t i ons  are observed from the  unaffected so lu t ion .  

These s o l u t i o n s  show 
P W e  

Only P W  

P W  

5.3.4 Combined Linear  E f f e c t s  

A s  descr ibed i n  s e c t i o n s  5.3.2 and 5.3.3, t he  i n e r t i a l  l i n e a r  

e f f e c t s  of hD/LD and rpDz/rwDz are small i n  comparison t o  o ther  terms i n  

wel lbore Eq. 3.39. 

Observation of s o l u t i o n s  f o r  CD2zD** shown i n  Fig. 5.5.1 i n d i c a t e s  

t h a t  dimensionless l i q u i d  column a c c e l e r a t i o n  is  maximum and cons tan t  a t  

e a r l y  times of a s l u g  test.  

maximum value i s  zDmax **=a-2 f o r  a given system. 

t i m e s ,  the  l i q u i d  column acce l e r a t i on  term i n  wellbore Eq. 5.47 i s  

maximum and equal  to :  

Moreover, Fig. 5.7.k shows t h a t  t h i s  

Therefore,  a t  e a r l y  

3 h  r 2 

h 'WDZ 

= 1 + - >  [ pDz] 
Aw 5max  . . (5.48) 

From t h i s  express ion ,  it  can be s a i d  t h a t  t he  l i n e a r  e f f e c t s  of hD, 

b, rpDz, and rwDz are n e g l i g i b l e  f o r  small values  of t he  term which 
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con ta in s  those parameters,  as compared t o  uni ty .  Taking t h i s  s m a l l  

value as 5%: 

5 ’b ‘pDz 2 -- [ -  1 < -  
8 LD r WDZ 100 

. 0 . ( 5 . 4 9 )  

o r ,  according t o  t he  d e f i n i t i o n  of those parameters,  t he  combined l i n e a r  

effect  of h ,  L, r and rw is  n e g l i g i b l e  for: P’ 

2 
h r  2 . . . (5.50) 

Figures  5.13. 5.14, and 5.15 show r e s u l t s  f o r  some example 

systems. These r e s u l t s  are analyzed q u a l i t a t i v e l y  i n  Table 5.1. 

These examples were designed t o  ob t a in  d i s t i ngu i shab le  e f f e c t s  t o  check 

the  cr i teria developed i n  t h i s  s ec t i on .  No e f f o r t  w a s  made t o  use sets 

of dimensionless parameters for p r a c t i c a l  s i t u a t i o n s .  

So lu t ions  obtained f o r  s l u g  tes t ,  d r i l l s t e m  tests, and closed- 

chamber tests descr ibed by non- linear mathematical problems are 

presented i n  t he  fol lowing sec t ion .  
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SECTION 6 

EVALUATION AND DISCUSSION OF NON-LINEAR PROBLEM SOLUTIONS 

I n  t h i s  s e c t i o n ,  t he  numerical method descr ibed i n  Sect ion 4 . 2 ,  and 

implemented by the  computer program presented i n  Appendix F, i s  used t o  

eva lua t e  s o l u t i o n s  inc lud ing  non- linear wel lbore e f f e c t s  not p rev ious ly  

considered i n  t he  l i t e r a t u r e .  F i r s t ,  the  computer program was 

va l ida t ed  by reproducing a v a i l a b l e  s o l u t i o n s  f o r  l i n e a r  problems. The 

non- linear e f f e c t  of t he  cushion s i z e ,  which is  d i r e c t l y  r e l a t e d  t o  t he  

s l u g  s i z e ,  was  evaluated and analyzed i n  Sect ion 6 .2 .  The complete 

wel lbore equat ion,  Eq. 3.39, w a s  used t o  eva lua t e  the non- linear e f f e c t  

of l i q u i d  f r i c t i o n  caused by a changing flow rate during a d r i l l s t e m  

test ,  o r  during a closed-chamber test. Flow phenomena i n  a r e s e r v o i r  

a f t e r  t h e  w e l l  i s  shut- in can a l s o  be evaluated by t h i s  numerical method 

t o  ob t a in  pressure  bui ldup s o l u t i o n s  t h a t  permit the  p o s s i b i l i t y  of 

performing i n t e g r a l  a n a l y s i s  of both t he  flowing and the  shut- in per iods  

of a d r i l l s t e m  tes t ,  o r  of a closed-chamber test.  

6.1 ComDuter Program Validat ion 

A numerical s o l u t i o n  should be va l ida t ed  before app l i ca t i on .  

Val ida t ion  should be performed t o  a s su re  a co r r ec t  formulat ion and a 

minimal e f f e c t  of t r unca t ion  and round-of f e r r o r s .  The computer 

program presented i n  Appendix F was t e s t e d  aga ins t  a number of l i n e a r  

problems f o r  which a s o l u t i o n  was known from the  app l i ca t i on  of the 

semi- analyt ical  method presented i n  Sec t ion  4.1 .  

Figures  6.1  - 6 .3  show comparisons of r e s u l t s  from numerical and 
3 semi- analyt ical  s o l u t i o n s  f o r  systems with s=O, and f o r  d i f f e r e n t  

va lues  of B,  and f o r  va lues  of ar2=10 , 10 , and lo8,  respec t ive ly .  4 6  
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The numerical s o l u t i o n s  shown i n  Figs .  6.1 - 6.3 were obtained by using 

an a lgor i thm t h a t  i nc reases  t he  time s t e p  s i z e  by mul t ip ly ing  by a 

cons tan t  f a c t o r  of ft=1.05. The s o l u t i o n  r equ i r e s  approximately 40 time 

s t e p s  per logar i thmic  cyc le  of t i m e ,  except  f o r  t he  i n i t i a l  cyc le ,  f o r  

which the  a lgor i thm requ i r e s  approximately 10 t i m e  s t eps .  Thus, a l l  

s imula t ions  were s t a r t e d  at  least one logar i thmic  cyc le  before  t h e  

ear l ies t  t i m e  shown i n  t he  r e s u l t s  presented i n  t h i s  study. 

The number of nodes used t o  d i s c r e t i z e  a r e s e r v o i r  and ob ta in  t h e  

r e s u l t s  shown i n  t h i s  s tudy w a s  J=51. The r ad ius  of the  ou t e r  boundary 

of a r e s e r v o i r  w a s  eva lua ted  by an expression der ived i n  Appendix D,  

r =2-. The v a l i d i t y  of the  approximation was t e s t e d  by 
D e  

p r i n t i n g  the  dimensionless r e s e r v o i r  p ressure  a t  t he  ou t e r  boundary, 

during a l l  and it was observed t h a t  pwD w a s  smaller than 
pwDJ J 
s imulated tests. 

used t o  generate  a l l  of t h e  s o l u t i o n s  presented i n  t h i s  s tudy.  

The values  of ft=1.05, J=51, and r =2- were 
D e  

6.2 E f f ec t  of Cushion S ize  

A momentum balance wel lbore equat ion inc luding  i n e r t i a l  e f f e c t s  w a s  

proposed by Cooper, Bredehoeft ,  Papadopulos, and Bennett (1965) t o  

exp la in  observa t ions  of l i q u i d  l e v e l  o s c i l l a t i o n s  i n  response t o  seismic 

waves. Those au thors  assumed t h a t  l i q u i d  l e v e l  v a r i a t i o n s  z ( t >  were 

small when compared t o  t he  s t a t i c  l i q u i d  l e v e l  l ength ,  L. A s  a 

consequence, those au thors  reached the  conclusion t h a t  t he  aqui fe r-  

wellbore response was analogous t o  t he  response of t he  classical 

mechanical system of a sp r ing  support ing a m a s s  submerged i n  a viscous 

f l u i d .  

As descr ibed i n  t he  l i t e r a t u r e  review, o ther  au thors  have used a 

similar wel lbore equat ion,  o r  s p e c i a l  cases of i t ,  t o  inc lude  the  e f f e c t  

of i n e r t i a  on the  a n a l y s i s  of s l ug  test  data.  Therefore ,  the  

assumption t h a t  t he  s l u g  l eng th ,  Ls=-zo, is  n e g l i g i b l e  i n  comparison t o  

L is a l s o  i m p l i c i t  i n  t he  s lug  test s o l u t i o n s  consider ing wel lbore 

i n e r t i a  c u r r e n t l y  a v a i l a b l e  i n  t he  l i t e r a t u r e .  
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A s  mentioned i n  Sec t ion  3,  a flow period of a d r i l l s t e m  test  

conta ins  a l l  t he  elements of a s l u g  test .  However, a d r i l l s t e m  test i s  

u s u a l l y  conducted early i n  t h e  development of a r e s e r v o i r ,  when an 

accu ra t e  es t imat ion  of t he  i n i t i a l  r e s e r v o i r  p ressure  is n o t  

a v a i l a b l e .  A common p r a c t i c e  is  t o  s tart  t he  flow period of a 

d r i l l s t e m  test  with a l i q u i d  cushion, normally water, above the  

d r i l l s t e m  test valve with the  purpose of avoiding an extreme drop i n  

pressure  and shock on the  formation. The length  of the  cushion i s  

decided mainly by experience and o f t e n  is  only of the  order  of a few 

hundred f e e t .  Since i n i t i a l  r e s e r v o i r  p ressure  is  r e l a t e d  t o  

h y d r o s t a t i c  geo-pressure g rad i en t ,  the  cushion length ,  Lc=L+zo, is  

gene ra l l y  small compared t o  L f o r  most d r i l l s t e m  condi t ions  found i n  

p r a c t i c e .  

o rder  of L. Moreover, t h i s  i n i t i a l  condi t ion  can a l s o  r e s u l t  i n  l a r g e  

v a r i a t i o n s  of z ( t ) .  

This  s i t u a t i o n  corresponds t o  a l a rge  s l u g  s i z e ,  -zo, of the  

6.2.1 Spec i a l  Wellbore Equation 

The e f f e c t  of the  cushion s i z e ,  o r  i t s  complement, t he  s l u g  s i z e ,  

can be analyzed by cons ider ing  the  fol lowing s i m p l i f i c a t i o n  of wel lbore 

Eq. 3.39 derived i n  t he  presen t  study: 

A z" + B z + cw ZD + Dw - - Ew PwD 
w D  w (6.1)  

with: 

z 
D l  

LD 

2 A = a  [ 1 + -  
W 

. . (6.1.a) 
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B = O  
W 

. . . (6.1.b) 

c = 1  
W 

. . . (6. l .c)  

D = O  
W 

. . (6.1.d) 

1 E = -  
W 

. . . (6.1.e) 

According t o  t h e  d e f i n i t i o n  of c o e f f i c i e n t  Q, Eq. 6.l .a,  t h i s  

wel lbore  equat ion  is  non- linear.  

6.l.b, i n d i c a t e s  t h a t  f r i c t i o n a l  e f f e c t s  are considered n e g l i g i b l e  t o  

i s o l a t e  t h e  i n e r t i a l  e f f e c t  of t he  cushion s i z e .  

The d e f i n i t i o n  of c o e f f i c i e n t  Bw, Eq. 

The numerical method f o r  non- linear problems described i n  Sect ion 

4.2 can be used t o  so lve  t h e  problem s t a t e d  by Eqs. 6.1 and 3.40 - 
3.46. An opt ion  i n  t h e  computer program presented i n  Appendix F al lows 

eva lua t ion  of t he  behavior of pwD, zD, CDpwD1, CDzD1, CD2zD*', and pD(rD) 

wi th  s, CD, a2, and LD as input  data .  

6.2.2 E f f e c t  of LD 

Wellbore Eq. 6.1 inc ludes  one more term than the  wellbore equat ion 

considered by Shinohara and Ramey (1979.b), Eq. 5.25. This  a d d i t i o n a l  

term is  [a z /L 12" 

importance of t h i s  a d d i t i o n a l  t e r m  wi th  respec t  t o  t h e  t e r m  a z"  is  

def ined  by t h e  magnitude of LD=L/-z0. 

Since zD v a r i e s  from -1 t o  0, t h e  r e l a t i v e  2 

2 D D Do 
D 
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Figure 6.4 shows the  values  of LD considered i n  t h i s  s tudy f o r  a 

product ion s l u g  test.  

t h e  r e l a t i v e  magnitude of the  s l u g  s i z e  or  cushion s i z e  with  r e spec t  t o  

t he  s t a t i c  l i q u i d  column length ,  L. 

LD, the  smaller t h e  s l u g  s i z e  and the  l a r g e r  t he  cus'hion s i z e .  

Figure 6.5 i s  u s e f u l  t o  re late  values  of LD with 

The l a r g e r  t he  abso lu te  value of 

F igures  6.6 - 6.8 presen t  r e s u l t s  f o r  pwD and zD f o r  systems wi th  
s=O, CD=10 3 , f o r  values  of LD shown i n  Fig. 6.4, and f o r  values  of 

a2=10 4 , lo6, and 10 8 , r e spec t ive ly .  

s h i f t e d  t o  t he  l e f t  one logar i thmic  cycle  t o  show the  e f f e c t s  of the 

cushion s i z e .  

cushion s i z e s )  t h e  i n i t i a l  p ressure  drops are sh i f t e ld  t o  ear l ie r  times 

as approaches 1. This corresponds t o  a condi t ion  wi th  no cushion, 

which implies  an i n i t i a l  i n f i n i t e  a c c e l e r a t i o n  because zD=-l, pwD=O, and 

Aw=O a t  i n i t i a l  condi t ions .  

t o  AwzD"=l. 

n e g l i g i b l e  s l u g  s i z e  i s  c lo se ly  m e t  f o r  condi t ions  given by: 

The time axis i n  Fig. 6.6 has been 

These f i g u r e s  i n d i c a t e  t h a t  f o r  l a r g e  s l u g  s i z e s  ( smal l  

I n  t h i s  case, wel lbore Eq. 6.1 s i m p l i f i e s  

Also, these  f i g u r e s  show t h a t  t he  approximation of 

L > 20 (6.2) D 

o r ,  i n  terms of real  va r i ab l e s :  

L < -  - zo 20 0 (6 .3 )  

Figures  6.6 and 6.7, which correspond t o  systems with p r a c t i c a l l y  
n e g l i g i b l e  i n e r t i a l  e f f e c t s  because a 2 <a12=CD 2 /10=10 5 , i n d i c a t e  t h a t  the  

e a r l y  pressure  drop s h i f t s  towards earl ier  t i m e s  f o r  smal le r  cushion 

s i z e s ,  reducing the  i n e r t i a l  e f f e c t s .  However, Fig.  6.8 f o r  a2=10 8 

shows l a rge  o s c i l l a t i o n s  of bD and zD, with l a r g e r  o s c i l l a t i o n s  f o r  zD 

than f o r  pwD, as the  cushion s i z e  decreases .  This i n d i c a t e s  t h a t  f o r  
a 2 >aO2=20CD2=2 [ 10 7 1, a small cushion s i z e  i nc reases  the  i n e r t i a l  

e f f e c t s .  These two d i f f e r e n t  e f f e c t s  of the  cushion s i z e  lead  one t o  
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conclude t h a t  t he  mass of l i q u i d  i n  t he  wel lbore can not be considered 

cons tan t  f o r  the  case of a s m a l l  cushion, e s p e c i a l l y  f o r  underdamped 

systems. 

t h e  analogy between the  response of a reservoir- wellbore system and t h e  

response of t he  c l a s s i c a l  mechanical system of a sp r ing  wi th  a mass 

submerged i n  a viscous f l u i d  is  v a l i d  only i f  t he  mass is considered a 

func t ion  of the  displacement.  

Hence, f o r  a small cushion length ,  L+z0, with respect  to L, 

For t he  case of an i n j e c t i o n  s l u g  tes t ,  zo i s  p o s i t i v e  and $ is 

For t h i s  type of tes t ,  the  so lu t ions  f o r  p 

negat ive.  The computer program i n  Appendix F can a l s o  be used t o  so lve  

t h i s  problem. 

e a r l y  times s h i f t  towards la te r  times as LD inc reases  i n  the  range 

0>LD2-20, i nc reas ing  the  i n e r t i a l  e f f e c t .  However, t h i s  range of values 

of LD i s  not  of much importance i n  s lug  test or d r i l l s t e m  test  practice. 

and zD a t  wD 

6.3 Solu t ions  inc lud ing  F r i c t i o n  

The e f f e c t  of f r i c t i o n  as the  f l u i d  moves along the  v e r t i c a l  

wel lbore pipe w a s  s t ud i ed  i n  Sec t ion  5.2 f o r  t he  p a r t i c u l a r  case of 

laminar flow f r i c t i o n .  When o ther  flow regimes are considered,  

wel lbore Eq. 3.39 is  non- linear but can be solved by using the  numerical 

method descr ibed i n  Sec t ion  4.2. 

6.3.1 Spec i a l  Wellbore Equation 

I n  order  t o  i s o l a t e  t he  non- linear e f f e c t  of f r i c t i o n  f o r  pipe flow 

changing i n  regime, t h e  fol lowing s imp l i f i ed  wel lbore equat ion i s  

considered i n  t h i s  s ec t i on :  

A 2'' + B z '  + C z + D = Ew pwD 
w D  w D  w D  w 

(6.4) 
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with:  

2 
Aw = a 

~ ~ = a  2 f  
z;,I 

PDZ 

c = 1  
W 

D = O  
W 

E w = - l  

. . . (6.4.a) 

(6.4.b) 

. . (6.4.c) 

. . . (6.4.d) 

. . . (6.4.e) 

I n  t h i s  wel lbore equat ion,  s l u g  s i z e  and r e s e r v o i r  th ickness  are 

assumed n e g l i g i b l e  i n  comparison t o  t he  s t a t i c  l i q u i d  column length  t o  

i s o l a t e  t he  e f f e c t  of f r i c t i o n .  

For flow of a l i q u i d  i n  a smooth pipe,  t he  Moody f r i c t i o n  f a c t o r ,  

f ,  depends on Reynold's number, Re ,  and flow regime f o r  laminar and 

c r i t i c a l  flow, but also depends on r e l a t i v e  roughness, eD, f o r  

t r a n s i t i o n  and tu rbu len t  flow, as fol lows:  
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For Re < 2000, Laminar Flow Regime: 

64 f =-  Re 

For 2000 <Re < 4000, Critical Flow Regime: 

0.5 f =- 
0.3 Re 

2000 1.16 
For 4000 < Re < [ - ] , Transition Flow Regime: 

D e 

f = 1 1.14 - 2 log [ e +- 9 * 3 4  I 
Re 

2000 1.16 
For Re > [ 7 ] , Turbulent Flow Regime: 

D 

f = [ 1.14 - 2 log(eD) 

(6 .5 )  

(6 .6 )  

. . . (6 .7)  

(6 .8)  

These equations for evaluating f have been implemented by a 

subroutine of the computer program presented in Appendix F. For the 

transition flow regime, Eq. 6.7 requires iterative calculation of f. 

The definition of Reynold's number for the system under 

consideration is given by Eqs. 5.39 and 5.40. Equation 5.40 can be 
expressed as : 

Re = B  16 1-2' 1 I r D 
PD= 

. . (6 .9)  
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where 8 w a s  def ined i n  Eq. 5.43, as follows: 

8 
P k 2 8 -  

- [  2 rp 
Pp OPctrw 

(5.46) 

So lu t ions  f o r  t h i s  problem are presented i n  t h e  fol lowing sec t ion .  

6.3.2 E f f ec t  of B, eD, and r f o r  changing Flow Regimes PDz 

An opt ion i n  t he  computer program presented i n  Appendix F allows 

one t o  eva lua t e  a numerical s o l u t i o n  f o r  t he  problem statement  given by 

Eqs. 6.4 and 3.40 - 3.46. This opt ion r equ i r e s  input  values  of s, and 

CD t o  eva lua t e  the  sk in  f a c t o r  and wel lbore s to rage  e f f e c t s ,  a value of 

a2 t o  inc lude  i n e r t i a l  e f f e c t s ,  and a value of 8 and rpDz t o  c a l c u l a t e  

t he  Reynold's number and determine the  flow regime t o  compute t h e  

c o r r e c t  Moody f r i c t i o n  f a c t o r .  

i s  requi red  t o  perform c a l c u l a t i o n s  f o r  e i t h e r  the  t r a n s i t i o n  o r  

t u rbu len t  flow regimes. 

Also, a value of r e l a t i v e  roughness e,, 

Figures  6.9 - 6.11 are semi-log graphs of t he  r e s u l t s  of t h i s  

program f o r  pwD and zD inc lud ing  g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  

e f fec ts  f o r  systems wi th  S=O, CD=103, f o r  d i f f e r e n t  combinations of 
va lues  of 8,  rpDi, and eD, and f o r  values  of a2=10 4 , lo6, and lo8, 
r e spec t ive ly .  The d i f f e r e n t  flow regimes f o r  each case are a l s o  

i nd i ca t ed  i n  t he se  f i g u r e s .  The value of t he  parameters used t o  

genera te  t he se  f i g u r e s  was chosen t o  have a no t i ceab le  e f f e c t .  Since 

t h e r e  are s e v e r a l  r e s e r v o i r  p r o p e r t i e s ,  f l u i d  c h a r a c t e r i s t i c s ,  and 

wel lbore dimensions t h a t  appear i n  mre than one of the  dimensionless 

parameters involved i n  the  d e s c r i p t i o n  of t h i s  problem, t he  so lu t ions  

obtained may not correspond t o  a real system. More d i scuss ion  of the  

pos s ib l e  values  of a dimensionless parameter i n  a given combination set 

of da ta  is  given i n  Sec t ion  7 ,  where some p r a c t i c a l  cons idera t ions  are 

presented.  
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Inspec t ion  of Figs.  6.9 - 6.11 i n d i c a t e s  t h a t ,  f o r  small values  of 

dimensionless pipe r ad ius ,  rpDz, s o l u t i o n s  inc lud ing  wel lbore f r i c t i o n a l  

e f f e c t s  f o r  changing flow regimes may show l a r g e r  e f f e c t s  than f o r  t h e  

case with laminar f r i c t i o n .  Moreover, r e l a t i v e  roughness, eD, has only 

a small e f f e c t  on the  f r i c t i o n a l  e f f e c t s  f o r  t he  cases shown in t he se  

f i g u r e s ,  because t r a n s i t i o n  and tu rbu len t  flow regimes occur only dur ing  

a small per iod of t i m e  f o r  t he se  tests.  

6.4 D r i l l s t e m  Test Flow Period Solu t ions  

Under t he  assumptions descr ibed i n  previous s ec t i ons  t o  formulate 

and so lve  a s l u g  test  problem, t he  s i m i l a r i t y  between the  flow period of 

a d r i l l s t e m  test  and a s l u g  test  al lows app l i ca t i on  of t he  s o l u t i o n s  

prev ious ly  presented i n  t h i s  study t o  both problems. I n  t h i s  s e c t i o n ,  

a more genera l  problem i s  solved. 

6.4.1 Wellbore Equation 

This problem considers  the  complete wel lbore equat ion,  Eq. 3.39, 

der ived i n  t h i s  s tudy t o  represen t  a w e l l  open t o  t he  atmosphere dur ing  

t h i s  type of test:  

A Z" + B Z'  + C zD + D, - - E, pWD . . . (3.39) 
w D  w D  w 

where : 

hD 'pDz ] 2  
[ -  

~ ~ = a  2 { i + A + - -  

wDz LD 8 LD r 
. . . (3.39.a) 

'pDz 4 z f  1 

%I PDZ % ' rwDz 
2' I + - -  ] 2; } (3.39.b) B = a 2 { [ 1 + - ] j l y  D 

W 
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c = 1  
W 

. . . (3.39.c) 

D = O  
W 

1 E = -  
W 

6.4.2 Combined Ef fec t  of Gravi ty ,  I n e r t i a ,  and F r i c t i o n  

. . . (3.39.d) 

(3.39.e) 

The numerical method der ived i n  Appendix D can be used t o  so lve  t h e  

previous wel lbore equat ion coupled with Eqs. 3.40 - 3.46. An opt ion i n  

the  computer program presented i n  Appendix F al low c a l c u l a t i o n  of PWD, 
ZD, %D?, Z D ' ,  and ZD" from input  da ta  f o r  S, CD, a , 8 ,  e D ,  r p D z ,  rwDzs 

LD, and hD. 

r e q u i r e  i t e r a t i o n  on zD, and zD1. 

2 

According t o  Eqs. 3.39.a and 3.39.b, t he se  c a l c u l a t i o n s  

F igures  6.12.a - 6.14.b show r e s u l t s  f o r  p and zD vs  t D / C D  wD 
inc luding  g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  e f f e c t s ,  and cushion 
s i z e ,  rp/rW, and h/L wel lbore e f f e c t s  f o r  systems with s=O, (+,=lo 3 , f o r  

d i f f e r e n t  combinations of B, eD, rpDz, rwDz, hD, and LD, f o r  values  of 

a2 = 10 , lo6, and lo8, respec t ive ly .  Again, these  combinations were 

s e l e c t e d  f o r  convenience i n  observing d i s t i n c t  e f f e c t s  f o r  each set of 

da t a ,  and they may not represen t  p r a c t i c a l  condi t ions.  

4 

2 4  For a =10 , Fig. 6.12.a shows a very small e f f e c t  when changes 

from 20 t o  20/19, i. e., from a s m a l l  s l u g  t o  a l a r g e  one. However, 

t he  same change i n  a s o l u t i o n  f o r  a2=10 , shown i n  Fig. 6.13.a., g ives  

p re s su re  behaviors t h a t  agree only a t  l a t e  t i m e s .  The e f f e c t  of the  

same change is even l a r g e r  f o r  a l a r g e r  value of a, as shown i n  6.14.a 

f o r  a*=108. 

6 
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For a small cushion s i z e ,  a r e l a t i v e l y  l a r g e  r e se rvo i r  th ickness  

a l s o  r e s u l t s  i n  a n e g l i g i b l e  e f f e c t  f o r  a2=104, as shown i n  Fig.  6.12.b, 

a moderate e f f e c t  f o r  an in te rmedia te  value of a, as shown i n  Fig. 

6.13.b f o r  a =10 , and a l a r g e  e f f e c t  f o r  a =10 , as shown i n  Fig.  2 6  2 8  

6.14.b. 

These observa t ions  r e f l e c t  t he  condi t ions  def ined by the  

dimensionless i n i t i a l  deacce l e r a t i ng  f a c t o r ,  a, and discussed i n  Sec t ion  

5.1.3. 

a >20cD , and cr i t ical ly- damped condi t ions  f o r  t he  in te rmedia te  range of 

2 2  Damped condi t ions  f o r  a <CD / l o ,  underdamped condi t ions  f o r  
2 2 

CD 2 /1o<a 2 <20cD2. 

6.5 D r i l l s t e m  Test Shut-In Period Solu t ions  

The i n i t i a l  value problem statement  given by Eqs. 3.39 - 3.46 

desc r ibes  t he  flow phenomena during a s l u g  test  o r  d r i l l s t e m  test u n t i l  

t h e  moment a t  which the  w e l l  i s  shut- in a t  t he  bottom or  u n t i l  t h e  

moment a t  which f l u i d  i s  produced a t  t h e  sur face .  

In t h i s  s e c t i o n ,  t he  computer program presented i n  Appendix F i s  

used t o  eva lua t e  the  behavior of pwD, zD, pwD', zD',  and zD" during a 

d r i l l s t e m  test cons i s t i ng  of a flowing per iod followed by a shut- in 

per iod.  This  op t ion  i n  t he  program is  s p e c i f i e d  by a pressure  or  a 

t i m e  a t  which the  w e l l  i s  shut- in a f t e r  a d r i l l s t e m  test flow period. 

A s  descr ibed i n  Appendix D, t h i s  is simulated by ins tan taneous ly  

s u b s t i t u t i n g  t h e  wel lbore equat ion i n  t he  problem statement  by a no-flow 

inne r  r e s e r v o i r  condi t ion.  This s o l u t i o n  implies  the  assumption of 

n e g l i g i b l e  wel lbore s to rage  below the  d r i l l s t e m  test  valve a f t e r  t he  

valve is closed. I f  the  volume of l i q u i d  i n  t h a t  s e c t i o n  of t h e  

wel lbore is  l a r g e ,  a small but f i n i t e  wel lbore s to rage  e f f e c t  can be 

expected due t o  t he  compres s ib i l i t y  of t he  l i q u i d .  The presence of gas 

a t  t he  bottom of t he  wel lbore o r  i n  the  r e s e r v o i r  i n  a region c lo se  t o  

t h e  wel lbore may cause a l a r g e r  wel lbore s torage .  However, t y p i c a l  

d r i l l s t e m  test  da ta  o f t en  does not e x h i b i t  l a rge  wel lbore s torage  

e f f e c t s  during a shut- in per iod.  

- 199-  



Figure 6.15 shows resul ts  from the  app l i ca t i on  of t he  computer 

program presented i n  Appendix F t o  t h e  set of da ta  used t o  genera te  Fig. 

6.13.b, but cons ider ing  a shut- in t i m e  a t  t /C -5. This f i g u r e  shows 

the  corresponding pressure  buildup and s t a b i l i z a t i o n  of t he  l i q u i d  

l e v e l .  

D D- 

6.5.1 Type Curves 

The combined r e s u l t s  f o r  a f-aw period and a subsequent shut- in 

per iod can be u t i l i z e d  t o  perform i n t e g r a l  a n a l y s i s  of d r i l l s t e m  test 

d a t a  by use of new type curves presented i n  t h i s  sec t ion .  

F igures  6.16.a, 6.17.a, and 6.18.a are Car tes ian  graphs d i sp l ay ing  

r e s u l t s  evaluated by t h e  computer program presented i n  Appendix F f o r  

cases i n  which the  w e l l  i s  shut- in a t  flowing bottomhole pressure  

r ecove r i e s  of 25%, 50%, and 75% of the  r e s e r v o i r  p ressure ,  

r e spec t ive ly .  These dimensionless pressure  s o l u t i o n s  c lo se ly  resemble 

t y p i c a l  p ressure  traces observed i n  d r i l l s t e m  test  f i e l d  da ta ,  showing 

an almost l i n e a r  pressure  recovery during the  flowing per iod,  and an 

abrupt  p ressure  bui ldup at t h e  start of t he  shut- in period. Figures  

6.16.b, 6.17.b, and 6.18.b show the  same r e s u l t s  i n  t he  form of new 

semi- log type curves f o r  i n t e g r a l  d r i l l s t e m  test pressure  ana lys i s  

cons ider ing  a l l  of t he  flowing and shut- in data .  Those f i g u r e s  are 

semi-log graphs of pWD vs  tD/CD wi th  CDe2s as a c o r r e l a t i o n  parameter,  

obtained by applying the  e f f e c t i v e  wel lbore r ad ius  concept (Brons and 

Miller, 1961). The corresponding log- log type curves are presented i n  

Figs .  6.16.c, 6.17.c, and 6.18.c. These log- log type curves give a 

d e t a i l e d  d e s c r i p t i o n  of t he  pressure  buildup during t h e  shut- in 

per iod.  On the  o the r  hand, t h e  type curves shown i n  Figs.  6.16.d, 

6.17.d, and 6.18.d f o r  l-pwD vs  t D / C D  with CDe2s as a parameter,  show a 

b e t t e r  d e f i n i t i o n  of t he  pressure  recovery during the  flow period.  

S imi l a r  type curves f o r  o ther  flowing pressure  recover ies  can be 

generated by us ing  the  computer program presented i n  Appendix F. 
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These type curves were obtained by consider ing wellbore Eq. 5.16: 

z = -  
D 'wD 

. . . (5.16) 

Therefore ,  t he  s o l u t i o n s  f o r  t he  flow period are similar t o  t he  

ones presented by Ramey, Agarwal, and Martin (1975).  These s o l u t i o n s  

inc lude  g r a v i t a t i o n a l  e f f e c t s  and assume n e g l i g i b l e  i n e r t i a l  and 

f r i c t i o n a l  wel lbore e f f e c t s .  Under these  assumptions, the  behavior of 

the  dimensionless l i q u i d  l e v e l ,  zD, is symmetrical t o  t h e  behavior of 

dimensionless bottomhole p re s su re ,  pwD, during the  flow period,  i. e., 

zD=-pWD. 
of t he  shut- in period. 

However, the  l i q u i d  l e v e l  zD remains constant  a f t e r  the  s tart  

These new type curves open the  p o s s i b i l i t y  of performing i n t e g r a l  

a n a l y s i s  of da t a  u sua l ly  a v a i l a b l e  from a pressure  trace recorded during 

a d r i l l s t e m  test .  This is  a s i g n i f i c a n t  improvement i n  i n t e r p r e t a t i o n  

of d r i l l s t e m  tests because t he  cu r r en t  p r a c t i c e  i s  t o  analyze only t h e  

bui ldup pressure  da t a  recorded during t h e  shut- in period. I n  most 

cases, pressure  recovery da t a  recorded during the  flow period i s  used 

exc lus ive ly  f o r  monitoring the  proper opera t ion  of t he  d r i l l s t e m  test  

t o o l  and e s t ima t ing  flow rate. 
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The following is a description of one of several techniques in 

which the proposed type curves can be utilized for estimating reservoir 

properties: 

1. Normalize the drillstem test pressure data, pw, recorded during 

a cycle of flowing and shut-in periods, by using the 

definition of pwD, as follows: 

. . . ( 3 . 2 4 )  

where initial reservoir pressure, pi, can be obtained by 

extrapolating the pressure buildup data as usual (Matthews and 

Russell, 1967). Hydrostatic cushion pressure, p,, and 
atmospheric pressure, pa, can be calculated from data normally 

available, as described in Section 3. 

2. Plot all normalized drillstem test pressure data vs time on 

transparent paper using the same scales as in the appropriate 

type curves. Dimensionless pressure data should vary between 1 

and 0 and exhibit a discontinuity corresponding to the moment at 
which the well was shut-in. 

3.  Compute the following dimensionless maximum flowing bottomhole 

pressure : 

pws - pc 
[ 1 - PwsD 1 = Pi - [ Pc - Pa 1 . . . (6.10) 

where pws is the bottomhole pressure at the moment at which the 

well was shut-in. 
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4 .  S l i d e  t h e  t r anspa ren t  paper h o r i z o n t a l l y  on the  corresponding 

type curves given i n  t h i s  s tudy ,  o r  on similar type curves 

conta in ing  s o l u t i o n s  f o r  t h e  ca l cu l a t ed  value of [l-pwsD]. 

5. Find the  bes t  match between the  normalized flowing and shut- in 

p re s su re  d a t a  and a l i n e  on t h e  type curve. 

po in t  i n  t he  da t a ,  t,, and i n  t h e  type curve, [tD/CDIm- 

po in t  may be t h e  po in t  a t  t h e  shut- in d i s con t inu i ty .  

Read a match 

Such a 

6. Record t he  value of CDe2s of t he  l i n e  matched i n  t he  type 
2s 

curve,  [CDe 1,. 

7. Use the  match point  information i n  t he  fol lowing equat ion,  

obtained from the  d e f i n i t i o n  of tD and CD, t o  c a l c u l a t e  

r e s e r v o i r  t r ansmis s iv i t y :  

. . (6.11) 

8. Obtain r e s e r v o i r  s t o r a t i v i t y  or sk in  f a c t o r ,  according t o  t he  

a v a i l a b l e  information,  as follows: 

(a)  when s is known: 

r 2s 
] , and ‘2s m 

h 
2 

2 Pg rw CDe 
+ Ct 

(b )  when r e s e r v o i r  s t o r a t i v i t y  is  known: 

2 2 s  s = I n  ( 9 +c h r  [CDe Im 1. t w  
t 
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9 .  Estimate  t he  product ion p o t e n t i a l  of the  well .  There are 

s e v e r a l  ways of r epo r t i ng  flow p o t e n t i a l  t h a t  are i n  used i n  t he  

o i l  i ndus t ry  cu r r en t ly .  A l l  of them can be obtained from t h i s  

a n a l y s i s  technique. I n  f ac t ,  t he  a c t u a l  flow rate a t  any t i m e  

dur ing a d r i l l s t e m  test  can be ca l cu l a t ed  from the  information 

obtained i n  t h i s  ana lys i s  and the  type curve shown i n  Fig.  

5.4.8, according t o  Eq. 3.37 expressed as follows: 

Pi - [ Pc + P a  1 k 
q ( t )  = n r [ 1 z;, . (6.14) 2 

P g  4 U C t  rw P 

6.6 Closed-Chamber T e s t  So lu t ions  

The numerical s o l u t i o n  presented i n  t h i s  s tudy was extended t o  

inc lude  the  non- linear e f f e c t s  of a changing gas pressure  on the  l i q u i d  

l e v e l  during a closed-chamber test. 

6.6.1 Wellbore Equation 

A s  der ived i n  Sec t ion  3 ,  t he  fol lowing form of 

can be used t o  descr ibe  t he  flow phenomena during a 

A w z" D + B w z i + ' w Z D  + D w = E, PwD 

z 
3 h D  

r 

LD LD wDz 
~ ~ = a  2 { I + - + - - [ + ]  D Dz 2 1 

wellbore Eq. 3.39 

closed-chamber test :  

. . . (3.39) 

. . . (3.39.a) 
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2 f 1 3 1  r 
2' I + - -  [ l 4  z '  1 . . (3.39.b) 2 D 

~ ~ = a  C [ I + - J , ( ~  D 4 LD r D WDZ LD PDz 

c = 1  
W 

L D - L D - l  z 
- - - P (0) - PaD Dw LD - Lp + z Z ( 0 )  gD PD D g 

E = - 1  
W 

0 0 0 (3.39.c) 

. . . (3.39.d') 

. (3.39.e) 

The e f f e c t  of the  i nc reas ing  gas pressure  i n  a closed-chamber as 

l i q u i d  e n t e r s  t he  wel lbore is  non- linear ,  as s t a t e d  i n  the  d e f i n i t i o n  of 

wel lbore  c o e f f i c i e n t  Dw, given by Eq. 3.39.d'. 

closed-chamber test ,  zD is  equa l  t o  -1, and t h i s  equat ion reduces t o  

Dw=p (0)-paD. 

gas pressure  is atmospheric,  Dw=O a t  i n i t i a l  condi t ions .  

chamber test  i s  conducted f o r  a long enough per iod of t i m e ,  flow of 

f l u i d s  may even tua l ly  s t o p  due t o  s t a t i c  equi l ib r ium between gas  

pressure  p lus  l i q u i d  column and r e s e r v o i r  pressure.  

A t  the  start  of a 

Therefore ,  fo r  t he  s p e c i a l  case i n  which the  i n i t i a l  
gD 

I f  a closed-  

According t o  t he  app l i ca t i on  of t he  real gas l a w  t o  ob t a in  t he  

express ion  f o r  gas pressure ,  p , given i n  Eq. 3.7 and according t o  the 

d e f i n i t i o n  of dimensionless closed-chamber gas p r e s s u r e ,  given i n  

Eq. 3.49: 

g 

L - L  - 1  z 

PgD LD pD D g 
- P (0) 

- D pD - - L + z Z ( 0 )  gD 
. . . (6.15) 
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Therefore ,  t he  wel lbore c o e f f i c i e n t  D i s  r e l a t e d  t o  t he  behavior 
W 

of the  dimensionless gas pressure  i n  the  closed-chamber. The behavior 

of pgD is a l s o  ca l cu l a t ed  by the  computer program presented i n  

Appendix F. 

The e f f e c t  of LpD, pgD(0), and paD are considered i n  t h i s  s e c t i o n  

under t he  assumption of i d e a l  gas behavior,  under which 2 =1. g 

Figure 6.19.a shows r e s u l t s  f o r  pwD obtained f o r  a closed-chamber 
test i n  a system wi th  s=O, CD=103, a2=10 6 , f k ~ o - ~ ,  eD=lO- 4 , ~ ~ ' 2 ,  

hD=l/lO, rpDz=5[10 -5 1, rwDz=lO-  4 , L '2, p (0)=1/10, and paD=l/loo. 
PD- gD 

Also, Fig. 6.19.a shows the  corresponding d r i l l s t e m  test r e s u l t s  under 

d i f f e r e n t  assumptions f o r  r e f e r ence  purposes. The e f f e c t  of t he  

i nc reas ing  gas pressure  is r e f l e c t e d  by a higher  bottomhole pressure  

(lower pwD) and the  s t a b i l i z a t i o n  of the  wel lbore l i q u i d  l e v e l  a t  a 

l e v e l  (zD=-0.31) lower than t h a t  corresponding t o  a d r i l l s t e m  test 

(zD=O). 
chamber gas pressure ,  pgD, f o r  t he  same test . 

Fig. 6.19.b i l l u s t r a t e s  the  behavior of dimensionless closed-  

The e f f e c t  of a l a r g e r  i n i t i a l  closed-chamber at  the  same 

condi t ions  is  shown i n  Figs.  6.20.a and 6.20.b. Bottomhole pressure  is  

lower (higher  pwD) throughout the  test  and the  l i q u i d  l e v e l  s t a b i l i z e s  

a t  a higher  l e v e l ,  zD=-0.16. 

( 0 ) ,  on a closed-  ' 'gD The e f f e c t  of a h igher  i n i t i a l  gas pressure  

chamber test similar t o  t he  one shown i n  Fig. 6.19.a is presented i n  

Figs .  6.21.a and 6.21.b. Bottomhole pressure  is  higher  (lower pwD) 

throughout t he  test and l i q u i d  l e v e l  s t a b i l i z e s  a t  a lower l e v e l ,  

~D=-0.70. 
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6.7 Closed-Chamber Shut-In Period Solu t ions  

Sometimes, a d r i l l s t e m  test  is performed with a valve closed at t he  

sur face .  This test is equiva len t  t o  a closed-chamber tes t  suddenly 

i n t e r r u p t e d  by c lo s ing  t h e  d r i l l s t e m  test  valve at  t he  bottom of the  

wel lbore.  The computer program presented i n  Appendix F can be used t o  

o b t a i n  s o l u t i o n s  f o r  t h i s  case by spec i fy ing  a t i m e  o r  bottomhole 

p re s su re  a t  which the  w e l l  is shut- in. 

Figs .  6.22.a and 6.22.b show an example of a closed-chamber test  

i n t e r r u p t e d  by a shut- in a t  tD/CD=10 f o r  t h e  same set of da t a  as the  one 

used i n  Fig. 6.19.a. I n  t h i s  case, the  l i q u i d  l e v e l  s t ops  moving at 

zD=-0.50 a t  t he  moment a t  which the  d r i l l s t e m  test valve is  shut- in. 

The r e l a t i o n s h i p  between the  va lues  of the  dimensionless parameters 

involved i n  t he  d e s c r i p t i o n  of the  flow phenomena during a s lug  test ,  

d r i l l s t e m  test,  and closed-chamber test  f o r  condi t ions  found i n  p r a c t i c e  

is  discussed i n  t he  fol lowing sec t ion .  
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SECTION 7 

PRACTICAL CONSIDERATIONS 

I n  order  t o  i l l u s t r a t e  examples of t he  r e l a t i a  h ip  between t h e  

va lues  of dimensionless parameters desc r ib ing  wel lbore- reservoir  sys tem 

condi t ions  found i n  p r a c t i c e ,  s l ug  test  and d r i l l s t e m  test  f i e l d  da t a  

repor ted  i n  the  l i t e r a t u r e  are reviewed i n  Sect ion 7.1. Broader l i m i t s  

f o r  t he  range of values  of dimensionless parameters t h a t  can be expected 

i n  p r a c t i c a l  app l i ca t i ons  are generated by de f in ing  information f o r  a 

s y n t h e t i c  re fe rence  system, and conducting sys temat ic  a l t e r a t i o n s  of 

t h a t  information i n  Sec t ion  7.2. 

7.1 Published F i e ld  Data 

One of t h e  purposes of formulat ing the  mathematical problem 

desc r ib ing  the  flow phenomena during a s l u g  test ,  d r i l l s t e m  test ,  o r  

closed-chamber test i n  terms of dimensionless q u a n t i t i e s  was  t o  reduce 

t he  number of parameters requi red  t o  de f ine  the  corresponding 

s o l u t i o n s .  Since a dimensionless parameter is  a group of r e s e r v o i r ,  

f l u i d ,  and wel lbore c h a r a c t e r i s t i c s ,  t he  e f f e c t  of a given dimensionless 

parameter on t h e  s o l u t i o n s  obtained i n  t h i s  s tudy represen ts  the  

combined e f f e c t  of t h e  system p r o p e r t i e s  included i n  the  d e f i n i t i o n  of 

t h a t  dimensionless parameter. 

However, according t o  t he  d e f i n i t i o n s  of the  dimensionless 

parameters and v a r i a b l e s  used i n  t he  presen t  s tudy ,  t he re  are some 

system p r o p e r t i e s  t h a t  appear i n  two o r  more of those parameters and 

va r i ab l e s .  

Therefore ,  t h e  values  of the  dimensionless parameters containing one or  

more system p r o p e r t i e s  i n  common must be i n t e r r e l a t e d  t o  correspond t o  a 

For example, k appears i n  a, B, and tD, but not  i n  CD. 
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system t h a t  could be found i n  p rac t i ce .  Since a c t u a l  systems can be 

expected t o  e x h i b i t  va lues  of r e s e r v o i r ,  f l u i d ,  and wel lbore 

c h a r a c t e r i s t i c s  t h a t  vary enormously f o r  d i f f e r e n t  systems, a l i t e r a t u r e  

survey was conducted t o  de f ine  ranges of v a r i a t i o n  f o r  t he  p r o p e r t i e s  of 

t y p i c a l  systems found i n  p r a c t i c a l  app l i ca t i ons  of s l ug  tests ,  d r i l l s t e m  

tests, and closed-chamber tests.  

Table 7.1 shows information obtained i n  t h i s  l i t e r a t u r e  survey, and 

inc ludes  some parameters not given e x p l i c i t l y  i n  the da ta  but t h a t  were 

es t imated  from the  a v a i l a b l e  desc r ip t i on  of the  corresponding test.  A s  

shown i n  t h i s  t a b l e ,  wel lbore and pipe r a d i i  vary approximately from 

0.14 t o  0.40 f t ,  wi th  a weighted average of 0.20 f t ,  2.4 in .  Omitting 

t he  d a t a  publ ished by Blankennagel (1968) f o r  i n j e c t i o n  s l u g  tests 

conducted t o  determine rock formations adequate f o r  mining opera t ions  

below the  water t a b l e ,  po ros i t y  v a r i e s  from 0.04 t o  0.30, with  an 

average of 0.15, and permeabi l i ty  v a r i e s  from a few mi l ida rc i e s  t o  t ens  

of da rc i e s .  The l a r g e s t  va lues  of permeabi l i ty  correspond t o  

groundwater a q u i f e r s ,  and va lues  of permeabi l i ty  lower than one hundred 

m i l l i d a r c i e s  are usua l  f o r  commercial o i l  r e s e r v o i r s .  Rock formation 

th i cknes s  v a r i e s  from t e n  t o  a few hundred f e e t ,  wi th  an approximate 

average of 50 f t .  Although t o t a l  system compres s ib i l i t y  can be as low 

as 2-4(10-6) psi-' o r  as high as 2.4(10-4) psi-', an average value i s  

2(10-5) f o r  o i l  r e s e r v o i r s .  

c e n t i p o i s e  i n  water and i n  some o i l  w e l l s .  Hot f l u i d s  from deep wells 

show smaller v i s c o s i t i e s ,  but o i l  produced from shallow formations 

u sua l ly  e x h i b i t s  v i s c o s i t y  repor ted  i n  mu l t i p l e s  of po ises .  Liquid 

dens i ty  i s  c l o s e  t o  t h a t  of water, o r  only as much as 20 % smaller. 

Reservoir  p r e s su re s  vary from 30 t o  4,500 ps i .  Only a few es t imat ions  

of s k i n  e f f e c t  were a v a i l a b l e  i n  the  da ta  reviewed. Also, i t  was 

observed t h a t  t h e  f i r s t  f low period of many d r i l l s t e m  tests reported i n  

the  l i t e ra ture  was performed with no cushion. However, the  l i q u i d  

produced during t h e  f i r s t  f low period i s  the  cushion f o r  t he  second flow 

per iod ,  which is  normally t he  longes t .  

Liquid v i s c o s i t y  is  c lo se  t o  one 

Table 7.2 shows the  va lues  of dimensionless parameters %, a, and 6 
ca l cu l a t ed  from the  repor ted  d a t a  shown i n  Table 7.1. Values of 
dimensionless wel lbore s to rage ,  CD, vary between 3(102) t o  6(10 2 ) f o r  
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5 groundwater w e l l s ,  and between 5(103) t o  10 

dimensionless i n i t i a l  deacce l e r a t i ng  f a c t o r ,  a, vary only s l i g h t l y  

between 10 and 10 f o r  both water and o i l  w e l l s .  Values of 

dimensionless wel lbore f r i c t i o n  f a c t o r ,  6, are i n  the order  of f o r  

groundwater w e l l s  and i n  t he  order  of f o r  most of t he  o i l  w e l l s  

wi th  d r i l l s t e m  test da t a  repor ted  i n  the  l i t e r a t u r e  surveyed. The 

previous values  of these  dimensionless parameters were used t o  eva lua t e  

the  rest of the  columns i n  Table 7.2 and t o  apply the  d i s c r imina t ing  

c r i t e r i a  proposed i n  Sec t ions  5 and 6 of t he  presen t  study. 

f o r  o i l  w e l l s .  Values of 

2 3 

The column f o r  a / C D  i n d i c a t e s  t h a t  the  value of a is  c lo se  t o  t h e  

va lue  of CD f o r  groundwater w e l l s  but a is  two or t h r ee  orders  of 

magnitude smaller than CD f o r  o i l  w e l l s .  

developed i n  Sect ion 5, i n e r t i a l  e f f e c t s  are n e g l i g i b l e  f o r :  

According t o  the  c r i t e r i a  

, f o r O < s < 5  2 bD 
I l o  

=-  a2 < a 

which is  equal  t o :  

- <- -  a 1  

‘D E 
- 0.3162... , f o r  0 < s C 5 

. . . (7.1) 

. . . (7.2) 

Since a sk in  f a c t o r  l a r g e r  than 5 causes an earlier bottomhole 

pressure  response, i n e r t i a l  e f f e c t s  are n e g l i g i b l e  f o r  the  o i l  wells  

w i th  d r i l l s t e m  test da ta  shown i n  Table 7.1. The response of these  

w e l l s  can be expected t o  l i e  t o  the  l e f t  of t he  l i n e s  f o r  a2=CD /10 i n  

t h e  type curves presented i n  Figs.  5.7.a - 5.7.k. 

2 
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Criteria developed i n  Sect ion 5 f o r  values  of CD > 10 3 i n d i c a t e s  

t h a t  o s c i l l a t i o n s  can be expected f o r :  

, o < s < 5  
2 

= 20 CD a2 > a 2 
0 . . . (7.3) 

which is  equal  to :  

a - = 6 = 4.472... , 0 < s < 5 
cD 

. . . (7.4) 

A production s lug  test  repor ted  by van der  Kamp (1976), and shown 

as the  l a s t  set of da t a  f o r  groundwater wells i n  Tables 7.1 and 7.2,  

exh ib i t ed  o s c i l l a t i o n s  although a/CD=1.2. 

c r i t e r i o n  given by Eq. 7.4 because CD=3.6(10 ), which is  smaller than 
3 10 . 

This does not con t r ad i c t  the  
2 

On the  o the r  hand, crit ically- damped systems correspond t o  values  

of a i n  the  range: 

a < a < a  . . . (7.5) I 0 

Solu t ions  f o r  crit ically- damped systems only fol low the  l a t e  p a r t  

of t he  s o l u t i o n s  neg lec t ing  i n e r t i a  t h a t  were obtained by Ramey and 

Agarwal (1972) and c o r r e l a t e d  i n  t he  form of th ree  type curves by Ramey, 

Agarwal, and Martin (1975). A few l i n e s  from those type curves a r e  

shown i n  Figs.  5.4.d - 5.4.f. Shinohara and Ramey (1979.b) included 

the  effect of i n e r t i a  i n  the  wellbore.  Those s o l u t i o n s  were 

reproduced, extended, and co r r e l a t ed  i n  t h e  presen t  s tudy i n  the  form of 

t he  type curves shown i n  Figs .  5.7.a - 5.7.L An example of t h e  

behavior of cr i t ical ly- damped s o l u t i o n s  can be observed from the  s e t  of 

l i n e s  f o r  a2 = cD2 shown i n  those type curves. 
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The semi-log type curve i n  Fig. 5.7.d i n d i c a t e s  t h a t  f o r  a 

cr i t ical ly- damped system wi th  a = CD, t he  early- time dimensionless 

bottomhole pressure  da ta  po in t s  f a l l  above the  so lu t ion  neglec t ing  

wel lbore i n e r t i a l  e f f e c t s .  Also, such da t a  po in t s  w i l l  form a s t e e p e r  

l i n e  above the  s o l u t i o n  neg lec t ing  i n e r t i a .  An important observat ion 

from Fig. 5.7.d is t h a t  t he  s o l u t i o n s  f o r  a=CD inc lud ing  i n e r t i a ,  and 

t h e  s o l u t i o n s  neg lec t ing  i n e r t i a  merge a f t e r  pwD is  smaller than 0.6, 

which corresponds t o  bottomhole pressure  recover ies  of 40 % i n  the  range 

between cushion p re s su re ,  pc, and r e s e r v o i r  p ressure ,  pi. Since t he  

flow period of many d r i l l s t e m  tests usua l ly  shows pressure  r ecove r i e s  

smaller than 40 % before t he  w e l l  i s  shut- in,  type-curve ana lys i s  of the  

flowing bottomhole pressure  could be matched with l i n e s  f o r  CDe2s much 

l a r g e r  than the  a c t u a l  unknown value. This can be an explana t ion  f o r  

t he  l a r g e  values  of CDe2s requi red  t o  match flowing pressure  da t a  from 

some d r i l l s t e m s  tests and l i q u i d  l e v e l  da ta  from some s l u g  tests, f o r  

which o the r  sources  of information i n d i c a t e  smaller values  of CD and 

s. Therefore ,  it  is  important t o  estimate the  magnitude of the  

wel lbore i n e r t i a l  e f f e c t s  t o  use the  app rop r i a t e  type curves i n  t h e  

ana lys i s .  Also, it is  recommended t h a t  t he  value of t he  dimensionless 

deacce l e r a t i ng  f a c t o r ,  a, be ca l cu l a t ed  a f t e r  performing an a n a l y s i s  t o  

check the  parameters es t imat ion ,  and repea t  t h e  type-curve matching 

procedure i f  necessary.  

Another source of e r r o r  i n  the  app l i ca t i on  of type-curves is the 

While the  i n i t i a l  r e s e r v o i r  e s t ima t ion  of the cushion pressure ,  pc. 

p r e s su re ,  pi, can o f t en  be obtained from the  ex t r apo la t i on  of t he  

pressure  buildup curves from the  i n i t i a l  o r  f i n a l  shut- in per iods ,  

h y d r o s t a t i c  cushion pressure ,  pc, i s  usua l ly  taken as the  lowest 

p ressure  recorded immediately a f t e r  opening the  d r i l l s t e m  test  valve. 

Although t h i s  can be a v a l i d  p r a c t i c e  f o r  some systems, wellbore 

i n e r t i a l  e f f e c t s  can cause an overshoot or  an undershoot i n  bettomhole 

pressure .  For small va lues  of a, t he  s o l u t i o n s  obtained by Shinohara 

and Ramey (1979.b) i n d i c a t e  t h a t  pwD can become higher  than uni ty ,  as 

shown i n  Figs.  5.5.a - 5.5.e. These condi t ions  cause an overshoot i n  

pwD 
u n i t y  r e s u l t  from bottomhole pressures  lower than the  hyd ros t a t i c  

and correspond t o  overdamped systems. Values of pwD l a r g e r  than 
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cushion pressure ,  which can be explained by wel lbore i n e r t i a l  

e f f e c t s .  So lu t ions  f o r  overdamped systems f a l l  t o  the  l e f t  of t he  set  

of l i n e s  f o r  a2 = %/lo  shown i n  t he  type curves presented in Figs.  

5.7.a - 5.7.k. Taking the  lowest bottomhole pressure  recorded during a 

flow period as the  cushion pressure  f o r  an overdamped system r e s u l t s  i n  

s l i g h t l y  s t e e p e r  traces of pwD, which can be matched wi th  type curves 

f o r  values  of CDe2s l a r g e r  than t h e  a c t u a l  values.  

On the  o the r  hand, r e s u l t s  obtained by Shinohara and Ramey (1979.b) 

I n  such a l s o  show t h a t  some systems w i l l  e x h i b i t  an undershoot i n  pwD. 

systems, pwD does not reach the  value of un i ty .  

bottomhole p re s su re  recorded during the  flow period of a d r i l l s t e m  t e s t  

i s  h igher  than the  h y d r o s t a t i c  cushion pressure.  As shown i n  t he  semi- 

log  type curve presented i n  Fig. 5.7.d, systems showing an undershoot i n  

p w ~  have a value of a > CD, and b a s i c a l l y  correspond t o  the  so c a l l e d  

underdamped systems. Taking the  lowest bottomhole pressure  recorded 

during a flow period as the  cushion pressure  f o r  an underdamped system 

r e s u l t s  i n  s l i g h t l y  f l a t t e r  traces of pwD, which can be matched with 

type curves f o r  va lues  of CDe2s smaller than the  a c t u a l  values.  

That is,  the  lowest 

With r e spec t  t o  f r i c t i o n a l  wel lbore e f f e c t s ,  Table 7.2 shows 

columns wi th  va lues  of a2f3 and of C D / l O ,  which are use fu l  f o r  applying 

t h e  fol lowing c r i t e r i o n  der ived i n  Sect ion 5 t o  es t imate  condi t ions  

under which laminar f r i c t i o n a l  wel lbore e f f e c t s  are neg l ig ib l e :  

. . (7.6) 

2 A comparison of corresponding values of a f3 and C D / l o  f o r  each of 
2 t he  tests shown i n  Table 7.2 i n d i c a t e s  t h a t ,  i n  gene ra l ,  a B i s  from two 

t o  four  orders  of magnitude smaller than CD/10. 

c r i t e r i o n  given by Eq. 7.6 a l s o  a p p l i e s  f o r  common pipe r a d i i  and 

roughnesses,  as shown i n  Sect ion 6, f r i c t i o n  l o s se s  were neg l ig ib l e  

during those tests. 

Therefore ,  s i nce  the  
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Table 7.2 a l s o  con ta ins  a column showing values  of h /L[r  /r 12. 
P W  

Wellbore i n e r t i a l  e f f e c t s  caused by t h i s  group of parameters is  r e l a t e d  

t o  the  value of a f o r  the  corresponding system. 

A s  der ived i n  Sect ion 5, the  i n e r t i a l  e f f e c t s  of t h i s  group are 

n e g l i g i b l e  fo r :  

C 
2 2 D  0.133... , f o r  a > a =-  I lo 

h r  2 . . . (7.7) 

A s  shown i n  Table 7.2, h/L[ rp / rWl2  i s  l a r g e r  than 0.133 only f o r  

some groundwater w e l l s ,  and i s  from two t o  four  orders  of magnitude 

smaller f o r  o i l  w e l l s .  These values  i n d i c a t e  t h a t  t h e  i n e r t i a l  e f f e c t  

of h /L[ r  /r l 2  is  n e g l i g i b l e  f o r  the  o i l  w e l l s  and groundwater w e l l s  

shown i n  Table 7.2. However, a s m a l l  e f f e c t  can be expected f o r  

systems with values  of a l a r g e r  than the c r i t e r i o n  s t a t e d  i n  Eq. 7.7. 

P W  

A s  der ived i n  Sect ion 6, i n e r t i a l  and f r i c t i o n a l  wellbore e f f e c t s  

of the  cushion s i z e  f o r  production s l u g  tests are n e g l i g i b l e  f o r :  

> 20 L 
LD -z 

- -  - 
0 

. . . (7.8) 

Smaller values of cause a s h i f t  of the  bottomhole p ressure  
2 2 

However, f o r  systems with values  of a >ao =20cD , 
response t o  earl ier  times f o r  values of a <a12=CD / l o ,  reducing the  

2 2  2 e f f e c t  of i n e r t i a .  

cond i t ions  wi th  LD<20 r e s u l t  i n  l a r g e  o s c i l l a t i o n s  due t o  the  cushion 

s i z e  e f f e c t .  

the  l i q u i d  cushion used i n  the  tests reviewed i n  Tables 7.1, from the  

corresponding values of a given i n  Table 7.2, and the  d e s c r i p t i o n  of the  

d r i l l s t e m  tests, it i s  es t imated t h a t  the  e f f e c t  of the  cushion s i z e  i s  

t o  reduce the  i n e r t i a l  e f f e c t  i n  most o i l  w e l l s .  On t h e  o the r  hand, 

f o r  i n j e c t i o n  tests  with l a r g e  s lugs  i n  groundwater w e l l s ,  l i k e  the  ones 

repor ted  by Ferris and Knowles (1954), and Blankennagel (1968), the  

effect  of the  cushion s i z e  inc reases  t h e  i n e r t i a l  e f f e c t s  by s h i f t i n g  

Although not much information is  a v a i l a b l e  on the  s i z e  of 
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t h e  pressure  response t o  la ter  times. However, those i n v e s t i g a t o r s  

measured l i q u i d  l e v e l s ,  which are less a f f e c t e d  by i n e r t i a ,  as shown i n  

t h e  type curves presented i n  Fig. 5.7.d. 

It i s  important t o  emphasize here  t h a t  s l u g  test  and d r i l l s t e m  tes t  

f i e l d  d a t a  repor ted  i n  t he  l i terature mainly represen t  succes s fu l  

a p p l i c a t i o n s  of t he  a n a l y s i s  techniques presented or  discussed i n  t h e  

corresponding re fe rences .  This is  r e f l e c t e d  by t h e  r e l a t i v e l y  narrow 

ranges of v a r i a t i o n  of phys i ca l  p r o p e r t i e s  wi th  r e spec t  t o  the  expected 

ranges d i c t a t e d  by p r a c t i c a l  experience.  

t h e  case of permeabi l i ty ,  k ,  r e s e r v o i r  th ickness ,  h ,  and s t a t i c  l i q u i d  

column length ,  L. 

fo l lowing  reasons: 

This  is s p e c i a l l y  clear i n  

This tendency can be due t o  one or  s eve ra l  of t h e  

(1) d r i l l s t e m  t e s t i n g  i n  p r o l i f i c  and deep r e s e r v o i r s  may have not 

been r equ i r ed  because hydrocarbon mani fes ta t ions ,  o r  mud 

c i r c u l a t i o n  l o s s e s  gene ra l l y  i n d i c a t e s  t he  presence of such 

r e se rvo i r s .  

( 2 )  Reported f i e l d  d a t a  tend t o  r ep re sen t  tests f o r  which the  flow 

phenomena can be explained by the  theory a v a i l a b l e  at  t he  t i m e  

of pub l i ca t i on .  

( 3 )  Unexplained f i e l d  da t a  is  discarded and the  test  is  considered 

a f a i l u r e .  

( 4 )  D r i l l s t e m  t e s t i n g  t o o l s  and s e r v i c e s  have been improving 

gradua l ly ,  o f f e r i n g  more t e s t i n g  op t ions ,  r e l i a b l e  da t a ,  

and sa fe ty .  

(5)  Only t h e  p re s su re  bui ldup d a t a  obtained during t h e  shut- in 

per iod  of a d r i l l s t e m  test has been t r a d i t i o n a l l y  considered 

f o r  a n a l y s i s  and e s t ima t ion  of r e se rvo i r  p rope r t i e s .  

These and o the r  reasons suggest  t h a t  modern t o o l s  and a more 

genera l  theory should r e s u l t  i n  a wider range of phys ica l  condi t ions  f o r  

d r i l l s t e m  t e s t i n g  and ana lys i s .  The theory and r e s u l t s  presented i n  

t h i s  s tudy can be u s e f u l  i n  understanding flow phenomena during 
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drillstem tests in prolific and deep wells like the ones reported by 

Cinco-Ley, Samaniego, Parra, Dominguez, and Rivera (1983). 

The limits of variation of the values of dimensionless parameters 

that can be expected in practical applications are investigated in the 

following section. 

7.2 Practical Range of Variation for Dimensionless Parameters 

The practical range of values for dimensionless parameters is 

dicussed in this section by defining a reference system and performing 

separate changes on the properties of the system. This reference 

system is described by the characteristics shown in Table 7.3. The 

reference system could represent a system containing heavy oil of low 

viscosity. Also, the reference system could correspond to a 

groundwater system with an unusually deep well. Since different 
variations of the characteristics of the reference system are considered 
in the following discussion, more practical conditions for oil or for 

groundwater systems will result as special cases. 

According to Eq. 3.1 and the information given in Table 7.3, the 

length of the static liquid column, L, for the reference system is equal 

to 10,230 ft. That is, the initial reservoir pressure, pi, can support 

a liquid column with that length above the top of the formation. 

For the practical set of units, used in Tables 7.1 and 7.3, the 

corresponding units conversion factors required to evaluate 

dimensionless parameters are given in Table 7.4. The values of the 

dimensionless parameters describing the reference system, shown in 
column 2 of Table 7.5, were obtained by using the information given in 

Table 7.3. 
dimensionless parameters is presented in Fig. 7.1. This figure shows 

that pressure recoveries from cushion pressure, pc, to initial reservoir 
pressure, pi, corresponding to 1-pwD=25, 50, and 75% occur at tD/CD=l. 1, 

3.1, and 7.4, respectively. Cushion pressure can be calculated by 

A semi-log graph of pwD and zD vs tD/CD for those values Of 
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TABLE 7.3. REFERENCE SYSTEM CHARACTERISTICS 

Reservoir Properties 

Porosity, 4 %  0.20 
Permeability, k = 100 md 

Thickness, h = 150 ft 

Compressibility, Ct = O.OOOO~ psi-1 

Initial Reservoir Pressure, pi = 4,480 psia 

Density, 
viscosity , 

p 8 62.4 lbm/ft3 

u =  1 CP 

Wellbore Geometry 

r =  0.167 ft P Pipe Radius, 

Pipe Relative Roughness, ‘D 0.0001 

0.25 ft Wellbore Radius, =W 

Test Design 

Cushion Length, Lc = 2,000 ft 

Genera 1 

Atmospheric Pressure, pa = 14.7 psia 
Gravity Acceleration, g .I 32.2 f t I S *  
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TABLE 7.4. DIMENSIONLESS PARAMETERS I N  TERMS OF FIELD UNITS 

h 
pi - 'a - - 

P 2 L = 144 

0.000264 k t 

Q IJ et rW 
2 tD  

2 
72 r 

=- 
9 et h rw2 P cD 

I *  k 
a2 = 1.66(10-16) L [ 2 9 IJ et rw 

7 3 , 4 2 0  
k 2 
-2 rp 
IJp Q IJ Ct rw 

- 
pi pw = 

pwD pi - 1 P c + P a  I 

L %=-z 
0 

r 

pDz -2 0 
r 

r 
W 

.c- r 
0 WDZ -2 

P, - P 
I 

PD = - I P c + P a  I- Pi 

L 
= P 

LpD -z0 

r r - -  
=w 
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s u b s t i t u t i n g  information given i n  Table 7.3 i n t o  Eq. 3.27, r e s u l t i n g  

pc=899 ps ia .  

bottomhole pressure ,  pw, i s  895 p s i a  a f t e r  0.5 min, 1791 p s i a  a f t e r  

1.5 min, and 2,686 a f t e r  3.6 min. 

Then, s i n c e  t [hr]/tD=4.74( lo+) from Table 7.5, 

The magnitude of t he  wellbore i n e r t i a l  e f f e c t s  can be inves t i ga t ed  

by eva lua t ing  aI from Eq.  5.30.a and a. from Eq.  5.31.a. 

Comparison of t he se  two va lues  with the  value of a2=1.09(10 ), shown i n  

Table 7.5, i n d i c a t e s  t h a t  t h e  re fe rence  system is  crit ically- damped. 

Moreover, s i n c e  a ECD2 f o r  the  re fence  system, t he  corresponding 

behavior of pwD can be approximated from one of the  type curves shown i n  

Figs .  5.7.a.-5.7.d. 

approximately 1 a f t e r  tD/CD=0.3 from the  s tar t  of the  test.  

behavior corresponds t o  p, dropping from pi=4,480 p s i a  t o  approximately 

pc=899 p s i a  i n  approximately 9 seconds. 

recorded as an almost v e r t i c a l  l i n e  i n  a regular  d r i l l s t e m  test  pressure  

char t .  

These 
c a l c u l a t i o n s  r e s u l t  i n  a12=CD 2 /10=2.96( 10 5 ) and aO2=20CD2=5.92( 10 7 ). 

6 

2 

These f i g u r e s  show t h a t  pwD inc reases  from 0 t o  

This 

This pressure  drop would be 

Figure 5.7.a shows t h a t  t h e  behavior of pwD i s  almost l i n e a r  f o r  

Fig. 5.7.b shows a s l i g h t  t D / C D < 1 ,  which corresponds t o  30 seconds. 

curva ture  f o r  t he  behavior of pwD i n  t h e  range O<tD/CD<10, corresponding 

t o  times between 0 and 5 minutes. Fig.  5.7.c shows an almost complete 

p re s su re  recovery f o r  tD/CD'50, t h a t  i s ,  f o r  t=24.5 minutes. 

Using values  of dimensionless parameters f o r  t he  re fe rence  system 
2 given i n  Table 7.5, a 8=57.4. 

f r i c t i o n a l  wel lbore e f f e c t s  are n e g l i g i b l e  i n  t h i s  case according t o  Eq.  

5.48. 

smaller than 0.133, t h e  i n e r t i a l  e f f e c t s  of these  lengths  are a l s o  

n e g l i g i b l e  f o r  t he  re fe rence  system. 

Since t h i s  value i s  smaller than CD/10, 

Also, according t o  Eq. 5.53, s i nce  h/L(rp/rw)2=0.00245 which is  

The magnitude of t he  e f f e c t  of t he  cushion s i z e ,  Lc=2,000 f t ,  can 

be est imated from Fig. 6.7 because f o r  t he  re fe rence  system 

LD=10,230/8,230=1.24E5/4. This  f i g u r e  shows t h a t  t h i s  cushion s i z e  

reduces t he  e f f e c t  of wel lbore i n e r t i a l  e f f e c t s  because t h e  pressure  

response s h i f t s  t o  e a r l y  times. Therefore ,  p ressure  recovery da t a  f o r  
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tD/CD>10-' f o r  t h i s  re fe rence  system could be analyzed by using the  type 

curves presented by Ramey, Agarwal, and Martin (1975), Figs .  5.4.d-5.4.f 

i n  t h i s  study. 

Now, i n  order  t o  eva lua t e  t he  e f f e c t  of v a r i a t i o n s  i n  r e s e r v o i r  or 

f l u i d  p r o p e r t i e s  on the  values  of dimensionless parameters,  a s i n g l e  

r e s e r v o i r  or  f l u i d  proper ty  of t he  re fe rence  system i s  a l t e r e d  a t  a 

t i m e ,  as i nd i ca t ed  i n  each column i n  Table 7.5. So lu t ions  f o r  t h e  

r e s u l t i n g  modified systems are shown i n  Fig. 7.2. 

The e f f e c t  of decreas ing  pi by a f a c t o r  of 0.4 is  shown i n  column 3 

Since a2 is  p ropor t i ona l  t o  L, and L is  nea r ly  of Fig. 7.5. 

p ropor t i ona l  t o  pi, a lower p i  r e s u l t s  i n  a lower L and a lower a . 
However, CD and t D  are not  a f f e c t e d  by a change i n  pi under the  i m p l i c i t  

assumption t h a t  r e s e r v o i r  and f l u i d  p r o p e r t i e s  are independent of 

p ressure .  Therefore ,  i n e r t i a l  wel lbore e f f e c t s  decrease as p i  or L 

decrease.  

2 

Column 4 i n  Fig. 7.5 shows r e s u l t s  f o r  a change of l i q u i d  

dens i ty ,  P,  from water t o  l i g h t  o i l .  

l a r g e r ,  i n d i c a t i n g  t h a t  dens i t y  has only a small e f f e c t  on t he  magnitude 

of t h e  i n e r t i a l  and f r i c t i o n a l  wel lbore e f f e c t s  during a d r i l l s t e m  test .  

L, t D / C D ,  a2, and B are s l i g h t l y  

On t h e  o the r  hand, t he  e f f e c t  of l i q u i d  v i s c o s i t y ,  p, on t h e  flow 

phenomena i s  i l l u s t r a t e d  by the  va lues  i n  column 5 of Table 7.5. A 

ten- fold i nc rease  i n  p r e s u l t s  i n  values  of a and B one hundred times 

smaller than i n  t h e  r e f e r ence  system. 

smaller. 

p r e s su re  response because t [h r ]CD/ tD  i s  l a rge r .  

2 

However, tD is  only t e n  times 

Since CD remains unchanged, an i nc rease  i n  p causes a delayed 

A reduc t ion  i n  r e s e r v o i r  permeabi l i ty ,  k, by one order  of magnitude 

r e s u l t s  i n  t he  va lues  shown i n  column 6 of Table 7.5. L and CD remain 

unchanged, 6 and t D  decrease by one order  of magnitude. 

decreases  by two o rde r s  of magnitude. 

causes  wel lbore i n e r t i a l  e f f e c t s  t o  become less important.  Also, t h i s  

reduc t ion  i n  k s h i f t s  t he  response of p w ~  towards la te r  t i m e s  i n  t he  

same manner as the  i nc rease  of p ,  previous ly  discussed.  

However, a' 

This l a rge  reduc t ion  of a2 
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A s  shown i n  column 7 of Table 7.5, a 50% reduct ion i n  poros i ty ,  4, 
causes a reduct ion of 50% i n  8,  an i n c r e a s e  of 100% i n  t D  and CD, and an 

i n c r e a s e  of 400% i n  a . 
Therefore ,  the  p ressure  response should be observed i n  the  same per iod 

of a c t u a l  t i m e  as f o r  t h e  re fe rence  system. 

2 However, L and t D / C D  remain unchanged. 

Column 8 i n  Table 7.5 shows the  r e s u l t s  f o r  a system with t h e  

p r o p e r t i e s  of the  re fe rence  system, given i n  Table 7.3, but 

simultaneously incorpora t ing  a l l  the  a l t e r a t i o n s  given i n  columns 3-7 i n  

Table 7.5. As can be observed i n  Fig. 7.2, wellbore i n e r t i a l  and 

f r i c t i o n a l  e f f e c t s  f o r  t h i s  modified system are n e g l i g i b l e .  The 

p ressure  response occurs at much la te r  a c t u a l  t i m e s  than f o r  t h e  

re fe rence  system. 

This b r i e f  d i scuss ion  of a l t e r a t i o n s  of the  p r o p e r t i e s  of a 

s y n t h e t i c  r e fe rence  system i l l u s t r a t e s  the  range of v a r i a t i o n  t h a t  can 

be expected f o r  dimensionless parameters CD, a, and 8 i n  p r a c t i c e ,  and 

t h e  r e l a t i o n s h i p  between those parameters r equ i red  t o  represen t  a real 

system. 

The main conclusions reached throughout t h i s  study are presented i n  

t h e  fo l lowing sec t ion .  
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SECTION 8 

CONCLUSIONS AND RECOMMENDATIONS 

Analysis of results presented in this study lead to the following 
conclusions and recommendations: 

( 1 )  A mathematical formulation is proposed to describe the flow 

phenomena occurring during a slug test, a drillstem test, or a closed- 

chamber test. This formulation is based on a wellbore momentum balance 

equation including gravitational, inertial, and frictional effects 

considered negligible by previous investigators. This wellbore 

equation is derived by performing momentum balances on two control 

volumes representing the wellbore. 

( 2 )  The wellbore momentum balance equation is coupled with the 

diffusivity equation by using conditions including skin effect and 

wellbore storage. Appropriate initial and boundary conditions complete 

the statement of a general initial value mathematical problem for these 
types of tests. This problem statement is expressed in terms of 
dimensionless parameters by defining groups of physical properties that 

affect the response of a wellbore-reservoir system. 

( 3 )  A semi-analytical method based on the Laplace transformation 

and the Stehfest numerical inversion algorithm is presented to solve 

slug tests and drillstem tests described by linear mathematical 

problems. 

( 4 )  A numerical method using a finite-difference approximation 

solved by the Thomas algorithm is derived to reproduce the semi- 

analytical solutions and to evaluate solutions for slug tests, drillstem 

tests, and closed-chamber tests described by non-linear mathematical 

problems. 
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(5 )  Both s o l u t i o n  methods provide r e s u l t s  f o r  t he  behavior of 

bottomhole pressure ,  rate of change of bottomhole pressure ,  wel lbore 

l i q u i d  l e v e l ,  l i q u i d  column v e l o c i t y  (flow ra te ) ,  l i q u i d  column 

a c c e l e r a t i o n ,  and r e s e r v o i r  p ressure  d i s t r i b u t i o n .  

( 6 )  Approximate type curves for s l u g  tests i n  systems with O<s<5, 

inc lud ing  wel lbore i n e r t i a l  e f f e c t s  f o r  a small s l u g  s i z e  and neg lec t ing  

f r i c t i o n a  e f f e c t s ,  are presented i n  t h i s  study. These type curves 

i n d i c a t e  t h a t  i n e r t i a l  e f f e c t s  are n e g l i g i b l e  i n  overdamped sys tems,  

f o r  which : 

D 
10 

L 2 a < a12 = - 

o r ,  i n  f i e l d  u n i t s :  

& < 1.79(109) 

. (8.1) 

. . ( 8 . 2 )  
L r u 

P 

Also,  these  type curves i n d i c a t e  t h a t  i n e r t i a l  wellbore e f f e c t s  can 

cause p re s su re  and l i q u i d  l e v e l  o s c i l l a t i o n s  f o r  underdamped systems, 

f o r  which : 

2 2 2 a > a. = 20 CD . ( 8 . 3 )  

o r ,  i n  f i e l d  u n i t s :  

& > 2.5O(1O1O) 
r 2  u 

P 

. . . ( 8 . 4 )  
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Critically-damped systems correspond to intermediate conditions, 

for a value of a in the following range: 

a < a < a  . . . (8.5) I 0 

where aI and a. are given in Eqs.  8.1 and 8.3, respectively. 
Therefore, in field units, critically-damped are defined by the 

following conditions: 

(8.6) 

(7) A literature survey reveals that published drillstem test 

field data mainly correspond to overdamped systems with negligible 

friction losses. However, the definition of dimensionless 

deaccelerating factor, a, and practical wellbore-reservoir 

characteristics suggest that critically-damped systems also occur 

frequently. Moreover, the shape of the type curves for solutions 

including inertia indicates that analysis of early-time drillstem test 

pressure data from critically-damped systems can be erroneously matched 
with solutions neglecting inertial effects, resulting values of 

larger than the values corresponding to the correct CD and s. 

be an explanation of the large values of skin effect, s, obtained from 

analysis of bottomhole flowing pressure data, as compared to the values 
of s determined from pressure buildup analysis, for some systems. 

This can 

(8) The non-linear inertial effects of the cushion size were 

evaluated using the numerical solution method. 

the solutions presented by Shinohara and Ramey (1979.b) for systems 

with: 

These results reproduce 

LD > 20 
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o r ,  i n  f i e l d  u n i t s :  

That i s ,  r e s u l t s  f o r  cushion s i z e s  corresponding t o  s l u g  lengths  

smal le r  than one twent ie th  of t he  s t a t i c  l i q u i d  column length  a r e  

similar.  These r e s u l t s  a l s o  show t h a t  t he  s o l u t i o n s  s h i f t  t o  e a r l i e r  

t i m e  as the  cushion s i z e  decreases .  This  causes a smal le r  i n e r t i a l  

e f f e c t  f o r  overdamped systems, but a l a r g e r  i n e r t i a l  e f f e c t  f o r  

underdamped systems. Moreover, t he se  r e s u l t s  a l s o  show t h a t  t he  e f f e c t  

of the  cushion s i z e  i s  s m a l l  f o r  cushion s i z e s  as s m a l l  as one twent ie th  

of t h e  s t a t i c  l i q u i d  column length.  Therefore ,  the  use of a small 

cushion f o r  overdamped systems improves t he  a p p l i c a b i l i t y  of t he  type 

curves neg lec t ing  i n e r t i a l  and f r i c t i o n a l  e f f e c t s  proposed by Ramey, 

Agarwal, and Martin (1975). On t h e  o the r  hand, t he  use of a small s l u g  

( l a r g e  cushion) i n  underdamped systems is  recommended t o  ob t a in  a 

response t h a t  can be analyzed by the  approximate s o l u t i o n  proposed by 

van der  Kamp (1976), o r  by t he  s o l u t i o n s  presented by Shinohara and 

Ramey (1979.b). Control  of t he  cushion s i z e  a l s o  can be exerc i sed  t o  

convert  a crit ically- damped system i n t o  an overdamped or  i n t o  an 

underdamped system by decreasing or  i nc reas ing  the  cushion s i z e ,  

r e spec t ive ly .  

(9 )  Laminar f r i c t i o n  wel lbore e f f e c t s  are evaluated us ing  the  

semi- analyt ical  s o l u t i o n  method, and it i s  found t h a t  t he se  e f f e c t s  a r e  

n e g l i g i b l e  f o r :  

2 % a B < G  . (8.9) 
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o r ,  i n  f i e l d  u n i t s :  

IJ kh 
L-- < 5.89(1011) 

r 4 1 J  
P 

. (8.10) 

(10) Resul t s  from a p p l i c a t i o n  of t he  numerical s o l u t i o n  method t o  

systems wi th  common d r i l l  p ipe s i z e s  i n d i c a t e  t h a t  t he  c r i t e r i o n  

expressed by Eqs. 8.9 and 8.10 i s  a l s o  app l i cab l e  f o r  e s t ima t ing  the  

condi t ions  under which f r i c t i o n a l  e f f e c t s  f o r  changing flow regimes are 

n e g l i g i b l e  f o r  t y p i c a l  t e s t i n g  condi t ions .  

These r e s u l t s  do no t  assume a s p e c i f i c  flow regime throughout a 

tes t .  Calcu la t ion  of Moody f r i c t i o n  f a c t o r  i s  performed a t  each t i m e  

s t e p  by applying s tandard  express ions  f o r  laminar,  c r i t i ca l ,  t r a n s i t i o n ,  

o r  t u rbu len t  flow regimes, according t o  t he  value of t he  Reynolds number 

f o r  t he  average v e l o c i t y  during the  corresponding time s t ep .  

(11)  New type curves cons ider ing  n e g l i g i b l e  i n e r t i a l  and f r i c t i o n a l  

e f f e c t s  are presented i n  t h i s  s tudy t o  perform i n t e g r a l  bottomhole 

pressure  ana lys i s  of t he  flowing and shut- in per iods  of a d r i l l s t e m  

t es t ,  simultaneously.  These type curves are obtained by assuming t h a t  

wel lbore s torage  becomes n e g l i g i b l e  immediately a f t e r  t h e  d r i l l s t e m  test  

va lve  is shut- in. Therefore ,  t he se  type curves are app l i cab l e  t o  

systems with a small volume of l i q u i d  i n s i d e  the  wellbore below the  

d r i l l s t e m  test valve. V a l i d i t y  of t h i s  assumption i s  supported by t h e  

s i m i l i t u d e  between Car tes ian  r ep re sen t a t i ons  of these  type curves and 

t y p i c a l  d r i l l s t e m  test p re s su re  t r a c e s .  These type curves show a 

l i n e a r ,  o r  apparen t ly  l i n e a r ,  p ressure  recovery during t h e  flow per iod ,  

and a d i s c o n t i n u i t y  and subsequent p ressure  buildup during the  shut- in 

per iod.  

The apparen t ly  l i n e a r  pressure  recovery corresponds t o  the  so lu t ion  

presented by Ramey and Agarwal (1972), but i s  not  obvious i n  the  

corresponding semi-log and log- log type curves proposed by Ramey, 

Agarwal, and Martin (1975). Since,  i n e r t i a  and f r i c t i o n  during t h e  
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flow period are assumed n e g l i g i b l e  i n  t he se  s o l u t i o n s  , the  symmetry 

between t h e  p re s su re  and l i q u i d  l e v e l  s o l u t i o n s  descr ibes  an approximate 

l i n e a r  bottomhole pressure  recovery due t o  a nearly- constant flow rate  

a t  early- times. This is a paradoxical  s i t u a t i o n ,  but is  commonly 

observed i n  t y p i c a l  d r i l l s t e m  test  da t a  wi th  s h o r t  flow periods.  

Therefore ,  t he se  s o l u t i o n s  suggest  t h a t  an explana t ion  f o r  t h i s  

observa t ion  i s  i n t r i n s i c  i n  t h e  na tu re  of t he  flow phenomena occur r ing  

a t  e a r l y  time during these  types of tests. 

The proposed type curves a l s o  show a sharper  d i s c o n t i n u i t y  and a 

l a r g e r  i n i t i a l  p ressure  bui ldup f o r  a l a r g e r  value of CDeZs, as can be 

expected f o r  systems wi th  t he  same wellbore s torage  during the  flow 

period,  no wel lbore s to rage  during the  shut- in per iod,  but d i f f e r e n t  

va lues  of sk in  e f f e c t  . 
(12)  F i n a l l y ,  the  i nc reas ing  importance of d r i l l s t e m  t e s t i n g  a s  an 

e a r l y  r e s e r v o i r  eva lua t ion  and d i agnos t i c  t o o l  j u s t i f i e s  f u r t h e r  

research  work t o  improve the  understanding of some p r a c t i c a l  and 

t h e o r e t i c a l  a spec t s  of s l u g  test ,  d r i l l s t e m  test ,  and closed-chamber 

test  a n a l y s i s  t h a t  have been assumed n e g l i g i b l e  i n  previous and presen t  

s t ud i e s .  The fol lowing is a p a r t i a l  l i s t  of e f f e c t s  t h a t  r e q u i r e  

a d d i t i o n a l  research:  

( a )  compres s ib i l i t y  of t he  f l u i d s  i n  t he  wel lbore,  

( b )  l i b e r a t i o n  of dissolved- gas, 

(c)  two-phase v e r t i c a l  flow i n  the  wellbore , 
(d )  wel lbore s to rage  during the  shut- in per iod ,  

( e )  s t imula ted  o r  f r ac tu red  w e l l  (nega t ive  sk in  e f f e c t ) ,  and 

( f )  i n e r t i a l  and f r i c t i o n a l  e f f e c t s  f o r  d r i l l s t e m  test  da ta  

a n a l y s i s  i n  na tu ra l l y- f rac tu red  r e se rvo i r s .  
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NOMENCLATURE 

= c o e f f i c i e n t s  below the  main diagonal. i n  a t r i d i a g o n a l  ai 

A, 

system of equat ions 

= c o e f f i c i e n t s  f o r  t he  l i q u i d  column a c c e l e r a t i o n  t e r m  

i n  a wel lbore equat ion 

b i  = c o e f f i c i e n t s  on the  main diagonal  i n  a t r i d i a g o n a l  

system of equat ions 

= c o e f f i c i e n t s  f o r  t he  l i q u i d  column v e l o c i t y  term i n  a B, 
wellbore equat ion 

ci = c o e f f i c i e n t s  above the  main diagonalt i n  a t r i d i a g o n a l  

system of equa t ions  

= t o t a l  system compress ib i l i ty ,  [M- 1 2  LIr ] Ct 

cD 

cw 

di 

DW 

e = 2.71828s.. 

e D  

E W  

C = wellbore s to rage  cons tan t ,  Eq. 3.19, [M -1 L 4 T 2 ] 

= dimensionless wel lbore s to rage  cons tan t ,  Eq. 3.47 

[CDe2s]m = value of CDe2s f o r  type-curve matching 

= c o e f f i c i e n t s  f o r  t he  l i q u i d  l e v e l  t e r m  i n  a wel lbore 

equa t ion  

= independent terms i n  a t r i d i a g o n a l  system of equat ions 

= c o e f f i c i e n t s  f o r  a s p e c i a l  t e r m  i n  i3 wellbore equa t ion  

= r e l a t i v e  roughness 

= c o e f f i c i e n t s  f o r  t h e  bottomhole pressure term i n  a 

wel lbore equat ion 

f = Moody f r i c t i o n  f a c t o r  (Moody, 1944) 

F = fo rce  vec to r ,  [MLT-2] 

g = g r a v i t y  acce l e r a t i on  vec tor ,  [LT’2] 
h = r e s e r v o i r  th ickness ,  [L]  

hD = dimensionless r e s e r v o i r  th ickness ,  Eq. 3.32 

J = number of nodes used t o  represen t  t’he r e s e r v o i r ,  

Eq. D.13 
2 k = r e s e r v o i r  permeabi l i ty ,  [L ] 
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L = static wellbore liquid column length, measured from 

the level of the top of the formation, Eq. 3.1, [L] 
= liquid cushion length, measured from the top of the LC 

LD 

LP 

LPD 
LS 

formation, Fig. 3.7, [L] 
= dimensionless length L, Eq. 3.31 
= pipe length from the wellhead to the top of the 

formation, Fig. 3.7, [L] 
= dimensionless pipe length, Eq. 3.48 
= slug length, measured from the static wellbore liquid 

level, Fig. 3.10, [L] 
m = mass, [MI 
n 

N 
= number of moles of gas in a closed-chamber, [moles] 

= number of coefficients Vi in Stehfest algorithm, 
g 

Eq. 4.9 
-1 -2 p(r,t) = reservoir pressure at r and t, [PIL T ] 

= atmospheric pressure, [ML T ] Pa 
= dimensionless atmospheric pressure, Eq. 3.50 PaD 

PC 

-1 -2 

= hydrostatic liquid cushion pressure, Eq. 3.27,  [M -1 T -2 ] 

D' pD(rD,tD) = dimensionless reservoir pressure at rD and t 

Eq. 3.26 
= gas pressure on the wellbore liquid level, [ML-'T-2] 

= dimensionless gas pressure in the chamber, Eq. 3.49 
= initial reservoir pressure at the mid-level of the 

= bottomhole pressure, [ML-'T-2] 

= dimensionless bottomhole pressure, Eq. 3.24 
= value of pwD at which the well is shut-in 

= instantaneous flow rate, (+) for flow from the 

-1 -2 formation, [ML T ] 

reservoir into the wellbore, (-) otherwise, Eq. 3.18, 
3 -1 [ L T  1 

3 -2 = derivative of q(t) with respect to t, [L T ] 
= radial distance, measured from the center of the 

wellbore, [L] 
= dimensionless radial distance r, Eq. 3.29 
= wellbore pipe radius, [L] 
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= dimensionless wel lbore pipe rad ius  with respect t o  slug PDz r 

s i z e ,  Eq. 3.33 

rW = wellbore r ad ius ,  [L] 

'we 

'wDz 

= e f f e c t i v e  wel lbore r ad ius ,  Eq. 5.24, [L] 

= dimensionless wel lbore r ad ius  with r e spec t  t o  s l u g  

s i z e ,  Eq. 3.34 

[ML2T-2mole-1degree-1 ] 

R = un ive r sa l  gas cons tan t ,  Eq. 3.6, 

Re = Reynolds Number, Eq. 5.39 

S = s k i n  f a c t o r ,  Eq. 3.21 

S = su r f ace  a r ea ,  [ L ~ I  

t = t i m e ,  [TI 

t D 
[tD/CDIm 

tm 

t S 

= dimensionless t i m e ,  Eq. 3.30 

= value of t D / C D  f o r  type-curve matching 
= time f o r  type-curve matching, [TI 

= shut- in time a f t e r  t he  s t a r t  of t he  test,  [TI 

= dimensionless shut- in t i m e  

U = parameter i n  t he  Laplace t ransformat ion ,  Eq. B.12 

V = f l u i d  v e l o c i t y ,  [LT'l] 

= magnitude of t he  component of v i n  t he  d i r e c t i o n  normal 

= i n i t i a l  l i q u i d  column v e l o c i t y ,  Eq. 3.11, [LT-l] 

IVI 

t o  S ,  Eq. 3.3, [LT-l] 

vO 
v = volume, [ L ~ I  

"i 
z ( t )  

= c o e f f i c i e n t s  i n  S t eh fe s t  a lgori thm, Eq. 4 . 9  

= v e r t i c a l  coord ina te  used t o  descr ibe  wel lbore l i q u i d  

l e v e l ,  measured p o s i t i v e  upward from L, Fig. 3.10, [L] 

= dimensionless l i q u i d  l e v e l ,  Eq. 3.23 

= dimensionless l i q u i d  column v e l o c i t y ,  Eq. 3.35 

= dimensionless l i q u i d  column a c c e l e r a t i o n ,  Eq. 3.36 

= i n i t i a l  value of z, [L] 

= wellbore l i q u i d  column v e l o c i t y ,  [LT-l] 

= wellbore l i q u i d  column acce l e r a t i on ,  [LT-2] 

= gas dev ia t i on  f a c t o r ,  Eq. 3.6 

ZD 

ZD 

zO 
( t>  

~ " ( t )  

ZD" 

zg 
a = dimensionless i n i t i a l  deacce l e r a t i ng  f a c t o r ,  Eq. 3.51 

B = dimensionless wel lbore laminar f r i c t i o n  f a c t o r ,  

Eq. 5.43 
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P 
U 

T 

= r e s e r v o i r  p o r o s i t y  

= small number used as a to l e r ance  

= average f l u i d  v i s c o s i t y  i n  the  wellbore,  [ML-lT-'] 
-1 -1 = average f l u i d  v i s c o s i t y  i n  t he  r e s e r v o i r ,  [ML T ] 

= 3.14159... 

= average dens i ty  of the  f l u i d  i n  the  wel lbore,  [ML-~] 

= i n t e g r a t i o n  dummy v a r i a b l e  

= shear  stress, [ML T 1 -1 -2 

Throughout t h i s  s tudy,  pa ren thes i s  ()  are used t o  denote t he  

argument of a func t ion .  

a s s o c i a t e  and mul t ip ly  terms. 

Square bracke ts  [ I  and braces { }  are used t o  

V e r t i c a l  l i n e s  I I denote abso lu te  value. 
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APPENDIX A 

WELLBORE EQUATION DERIVATION 

An equat ion cons ider ing  g r a v i t a t i o n a l ,  i n e r t i a l  and f r i c t i o n a l  

wel lbore e f f e c t s  is der ived i n  t h i s  appendix. A schematic diagram of 

t h e  reservoir- wellbore system under cons idera t ion  is shown i n  

Fig.  A . l .  The wel lbore i s  represen ted  by two s t a t i c  con t ro l  volumes i n  

t h i s  de r iva t ion .  The volume i n s i d e  t h e  wel lbore pipe from the  l e v e l  of 

t h e  top  of t h e  porous rock formation t o  t h e  su r f ace  is  used as an upper 

c o n t r o l  volume. The volume i n s i d e  t he  wel lbore completion i n t e r v a l  i n  

f r o n t  of t he  formation is  taken as a lower con t ro l  volume. These two 

c o n t r o l  volumes are coupled through con t inu i ty  condi t ions i n  t he  

wel lbore at  t h e  l e v e l  of t h e  top  of t he  formation. This approach was 

presented by Cooper, e t  a l .  (1965). However, t he  problem considered by 

those au thors  j u s t i f i e d  s impl i fy ing  assumptions r e s u l t i n g  i n  a s p e c i a l  

case  of t he  wel lbore equat ion der ived i n  t h i s  appendix. 

I n  order t o  consider  g r a v i t a t i o n a l ,  i n e r t i a l ,  and f r i c t i o n a l  

e f f e c t s  i n  a wel lbore equa t ion ,  a macroscopic momentum balance is  

performed on each con t ro l  volume. However, t he  phys ica l  complexity of 

t h e  flow phenomena i n  t he  lower con t ro l  volume has prevented a r igorous  

momentum balance f o r  t h i s  wel lbore s ec t i on .  For p r a c t i c a l  purposes,  

t h e  length  of t he  completion i n t e r v a l ,  h, i s  small i n  comparison t o  the  

s t a t i c  l i q u i d  column l eng th ,  L, def ined i n  Eq. 3.1. This leads  one t o  

cons ider  t h a t  i n e r t i a l  and f r i c t i o n a l  e f f e c t s  i n  t he  lower con t ro l  

volume are n e g l i g i b l e  i n  comparison t o  those e f f e c t s  i n  t he  upper 

c o n t r o l  volume. Then, a s imp l i f i ed  momentum balance f o r  t h e  lower 

c o n t r o l  volume is  enough t o  communicate t he  upper con t ro l  volume with 

t h e  r e se rvo i r .  This approach inc ludes  g r a v i t a t i o n a l  e f f e c t s  i n  t he  

lower c o n t r o l  volume. 
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CONTROL 
VOLUME 

I L 
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FIG. Am1 SCHEMATIC REPRESENTATION OF A WELLBORE-RESERVOIR %STEM SHOWING THE 

UPPER AND LOWER CONTROL VOLUMES USED TO DERIVE A WELLBORE EQUATION 
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Momentum Balance f o r  t he  Upper Control Volume 

As descr ibed i n  Sec t ion  3.1, Newton’s Second Law of Motion appl ied  

t o  a con t ro l  volume is:  

- l p v d V + I p v ) v I d S = F  a 
at v S 

. . . (A.l) 

where : 

s = su r f ace  area of con t ro l  volume, [ L ~ I  

v = volume of con t ro l ,  EL’] 

This i n t e g r o- d i f f e r e n t i a l  equat ion a p p l i e s  at  a l l  po in t s  i n s i d e  and 

on the  con t ro l  volume. A p r a c t i c a l  approach c o n s i s t s  of performing a 

macroscopic momentum balance,  as descr ibed by Bird,  Stewart ,  and 

Light foot  (1960). In order  t o  apply Eq. A.l as a macroscopic momentum 

balance,  t he  fol lowing assumptions are adopted: 

( a )  a t  f l u i d  en t rance  and ex i t  of t he  con t ro l  volume, time-smoothed 

f l u i d  v e l o c i t y  v is  p a r a l l e l  t o  conduit w a l l s ,  and 

(b)  a t  f l u i d  en t rance  and ex i t  of t he  con t ro l  volume, f l u i d  dens i ty  

i s  cons tan t  across  t he  conduit  cross- section. 

Under t he  above two assumptions,  Eq. A.l can be s t a t e d  as:  

and mathematically : 
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where : 

FC = f l u i d  fo rce  on conduit  wa l l s ,  [MLT-2] 

= f l u i d  p re s su re  a t  con t ro l  volume en t rance  and e x i t ,  P1’ p2 

S1’ s2 

r e spec t ive  1 y , [ m-1 T-2 ] 

and e x i t ,  r e spec t ive ly ,  [L2] 

= cross- sec t iona l  area of the  c o n t r o l  volume en t r ance  

v1 2 , v22 = squared time-smoothed en t rance  and e x i t  v e l o c i t i e s  

averaged over t he  corresponding cross- sect ion,  

[ L2T-2 1 
= f l u i d  dens i ty  at  con t ro l  volume en t rance  and e x i t ,  p1, p 2  

[ML-~ 1 

The left- hand s i d e  of Eq. A.3 corresponds t o  t h e  rate of momentum 

accumulation i n  t he  con t ro l  volume. The i n t e g r a l  must be taken over 

t h e  t o t a l  volume of f l u i d  i n  t he  con t ro l  volume a t  each t i m e  of 

i n t e r e s t .  The f i r s t  two terms on the  right-hand s i d e  correspond t o  t h e  

rate of momentum i n f l u x  and e f f l u x  by v i r t u e  of the  bulk f l u i d  motion 

moving i n  and out of the  c o n t r o l  volume, r e spec t ive ly .  Note t h a t  

momentum i n f l u x  and e f f l u x  a s soc i a t ed  with molecular and tu rbu len t  

momentum f l u x  at the  en t rance  and e x i t  have been neglected s i n c e  t he se  

con t r ibu t ions  a r e  comparatively much smaller. The l a s t  four  terms on 

the  right-hand s i d e  are the  f o r c e s  a c t i n g  on the  f l u i d  i n  the  c o n t r o l  

volume: (a)  pressure  fo rces  a t  t h e  two ends of t he  con t ro l  volume, 

(b)  g r a v i t y  fo rce  on the  t o t a l  mass of f l u i d ,  and ( c )  ne t  fo r ce ,  -Fc, of 

t h e  s o l i d  su r f aces  on the  f l u i d ,  r e spec t ive ly .  

Figure A . l  shows a z- coordinate system used t o  descr ibe  t he  f l u i d  

l e v e l  i n  t h e  wellbore.  This z- coordinate i s  measured p o s i t i v e  upward 

from a d i s t ance  L above the  l e v e l  of t he  top  of t he  formation. 

Under t h e  assumption t h a t  wel lbore pipe r ad ius ,  r i s  cons tan t ,  P’ 
Eq. A.3 can be appl ied  t o  t h e  f l u i d  column i n  t he  upper con t ro l  volume 

a t  a t i m e  t ,  as fol lows:  
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Z 

. (A.4) 

where : 

P g ( t )  = gas pressure  on t h e  l i q u i d  l e v e l ,  [ML -1 T -2 ] 
pp(-L,t) = pipe  pressure  a t  t he  l e v e l  of t h e  top  of t he  formation,  

z p ( t )  

[ML-lTe2] 

= l i q u i d  l e v e l  i n  t h e  wel lbore,  [L] 

A l l  terms i n  Eq. A.4 have been divided by t h e  wel lbore pipe cross-  

A p o s i t i v e  s i g n  r ep re sen t s  an upward f o r c e  and a P *  s e c t i o n a l  area m r  

nega t ive  s i g n  r ep re sen t s  a downward force.  The las t  term i n  Eq. A.4 

w a s  l e f t  as a vec to r  because i t  corresponds t o  a f o r c e  oppos i te  t o  f l u i d  

movement d i r e c t i o n .  In t h i s  l a s t  term, the  fo rce  of t h e  conduit  w a l l s  on 

f l u i d  is  considered equal  t o  the  f r i c t i o n  f o r c e  i n  an i n e l a s t i c  pipe.  

Here, T i s  the  shear  stress of the f l u i d  on the  conduit walls and 

depends on the  f h i d  ve loc i ty .  

For t he  per iod of t i m e  i n  which no l i q u i d  i s  produced at t he  
su r f ace ,  [pv 2 I su r f=  0. 

Appl ica t ion  of Eq. A.4 r e q u i r e s  a mathematical de sc r ip t i on  of the 

v e r t i c a l  d i s t r i b u t i o n  of p ( z , t )  and v ( z , t )  along -L<z<z ( t ) .  However, 

phys i ca l  cons idera t ions  i n d i c a t e  t h a t  t he se  d i s t r i b u t i o n s  are r e l a t e d  i n  

t u r n  t o  unknown l i q u i d  l e v e l  z ( t )  and unknown pressures  

pp(-L,t)Cp(z)<pg(t) .  
of t he  f l u i d  i n  t h e  wel lbore is assumed t o  be independent of p ressure ,  

i. e., t he  f l u i d  i n  t he  wel lbore is  incompressible.  From the  p r i n c i p l e  

of conservat ion of mass, t h i s  assumption impl ies  t h a t  t he  v e r t i c a l  t i m e -  

smoothed v e l o c i t y  of any l aye r  of f l u i d  i n  t he  wel lbore pipe must be 

equa l  t o  the  v e l o c i t y  of the  e n t i r e  f l u i d  column at a given time, 

P 

I n  order  t o  overcome t h i s  d i f f i c u l t y ,  t he  dens i ty  

z ' ( t ) .  P 
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Under t h i s  assumption, Eq. A.4 s i m p l i f i e s  to:  

p x {  d [ L + z  ] 2; } = P [ 2; 1 2 + [ Pp(-L) - P g l  P 

z 
- P g [ L + zp ] - r T d O  

P -L 
. . . (A.5) 

F r i c t i o n a l  r e s i s t a n c e  i n  unsteady flow can be assumed equal  t o  

f r i c t i o n a l  r e s i s t a n c e  i n  s teady state flow at t h e  same v e l o c i t y  

( S t r e e t e r  and Wylie, 1975). Also, as appl ied  by Cooper, e t  al .  (1965), 

f r i c t i o n  fo rce  can be approximated by using t h e  Darcy-Weisbach empir ica l  

formula. This  formula f o r  head l o s s  due t o  f r i c t i o n  can be w r i t t e n  f o r  

t h e  upper con t ro l  volume as follows: 

[ L + z ] f  
= P [ z'  12 

P 4 rp g 
hf . . . (A.6) 

where : 

f = Moody f r i c t i o n  f a c t o r  (Moody, 1944) 

Mult iplying Eq. A.6 by pg and s u b s t i t u t i n g  the  r e s u l t a n t  p r e s su re  

fo rce  due t o  f r i c t i o n  on the  moving wel lbore f l u i d  column i n t o  Eq. A.5: 

Pp(-L) - pg 
d - [ L + z  I g  
d t  P P P P 
- { [ L + z ] 2; } = [ 2' l 2  + 
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The squared v e l o c i t y  i n  Eq. A . 6  has been f ac to red  t o  preserve t he  

s ign  of v e l o c i t y ,  i. e., t he  d i r e c t i o n  of t he  f l u i d  movement, and 

cons ider  t he  f a c t  t h a t  t he  f r i c t i o n  fo rce  is oppos i te  t o  f l u i d  movement. 

Taking t h e  time d e r i v a t i v e  on the  left- hand s i d e  of Eq. A .7  and 

s impl i fy ing :  

P (-L) - P 
[ L + z  ] z " =  g - t L + z  I g  

P P  P P 

. . ( A . 8 )  

where : 

z " = f l u i d  column a c c e l e r a t i o n  i n  t he  p ipe ,  [LT'2] P 

This  equat ion relates, a t  a l l  t i m e s  t ,  pipe gas pressure  a t  t he  

l i q u i d  l e v e l ,  p ( t ) ,  p ipe pressure  a t  t h e  l e v e l  of t he  top of the  

formation,  p ( -L , t ) ,  wel lbore f l u i d  l e v e l ,  z ( t ) ,  wel lbore f l u i d  

and wel lbore f l u i d  acce l e r a t i on ,  z " ( t ) .  v e l o c i t y ,  z ' ( t ) ,  

€! 

P P 

P P 

Momentum Balance f o r  t he  Lower Control  Volume 

Flu id  flow between the r e s e r v o i r  and the  wellbore occurs through 

t h e  lateral  porous w a l l s  of t he  lower con t ro l  volume as shown i n  

Fig.  A . 2 .  The bottom of t h i s  c o n t r o l  volume is  assumed impermeable. 

A momentum balance on t h e  lower c o n t r o l  volume is  requi red  t o  consider  

t h e  f l u i d  a c c e l e r a t i o n  t h a t  t akes  p lace  along the  completion i n t e r v a l  a s  

f l u i d  i s  produced and moves upward i n  t h e  wellbore.  

For t he  upper c o n t r o l  volume, f l u i d  v e l o c i t y ,  z p ' ( t ) ,  and f l u i d  

a c c e l e r a t i o n ,  zp" ( t ) ,  are the  same f o r  any f l u i d  l a y e r  i n  t h e  pipe f l u i d  

column a t  a given t i m e .  However, f l u i d  v e l o c i t y  and f l u i d  acce l e r a t i on  

along the  lower c o n t r o l  volume vary wi th  f l u i d  l a y e r  pos i t i on  and with 

t i m e .  Then, z f ' ( z , t )  and z f " ( z , t )  f o r  -L-h>z)-L. 
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FIG. A.2. SCHEMATIC REPRESENTATION OF THE BOTTOM OF A WELLBORE SHOWING 
VALUES OF THE PROFILE ASSUMED FOR LIQUID LEVEL VELOCITY 
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Although inertia of the fluid in the completion interval can cause 

pressure potential to vary with position along the completion interval 

(Cooley and Cunningham, 1979), uniform flow from the reservoir into the 

wellbore along the reservoir thickness is assumed in the present study, 

as proposed by Cooper, et al. (1965). Under this assumption, the 

velocity at time t of a fluid layer at depth z, zf'(Z,t), in the 
completion interval is given by: 

L + z  
z;(z,t) = [ 1 +- h 1 zi(-L,t) (A.9) 

This equation indicates that, at any time t, fluid velocity 

increases linearly along the completion interval from zf ' (-L-h, t >=o to a 
Value Zf'(-L,t). This linear increase in velocity implies an 
instantaneous constant fluid acceleration along the completion 

interval. Adopting this velocity profile, a transient momentum balance 

can be performed using only the upper half of the lower control volume. 

Applying Eq. A.4 to the upper half of the lower control volume, at 
time t: 

-L 
d 2 2 - dt I Pzjda = [ pz; ] - pz; 1 + Pw - pf(-L) 

-L-h / 2 -L-h/2 -L 

-L -L 

- g I pda -1: I TdU 

-L-h/2 -L-h/2 

where : 

. . . (A.lO) 

Pw(t) = pf(-L-h/2,t) = bottomhole wellbore pressure at the 
mid-level of the formation, [ML"T'2] 

All terms in Eq. A.10 have been divided by mr 2, where rp is the 
P 

pipe radius. - 
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Plac ing  z f ' ( z , t )  from Eq. A.9 i n t o  Eq. A.10 and d iv id ing  through 

by P: 

-L 
d L - L - h / 2  2 2 - J  d t  [ 1 +L+a h 1 z;(-L) do = [ 1 + 1 [ zf ' ( -L)  1 

-L-h/2 

L - L  2 2 - [ 1 +-  1 [ z;(-L) 1 h 

-L-h/ 2 

Assuming n e g l i g i b l e  f r i c t i o n  l o s s e s  along the  wel lbore completion 

i n t e r v a l ,  t he  last  t e r m  i n  Eq. A . l l  vanishes.  Performing the  

i n t e g r a t i o n  and d i f f e r e n t i a t i o n  on the  left- hand s i d e  and grouping 

terms : 

This  equat ion relates, a t  a l l  t i m e s  t ,  bottomhole pressure  a t  the  

mid- level of t he  formation, pw( t ) ,  wel lbore pressure  a t  t he  l e v e l  of t h e  

t o p  of the  formation, pf(-L, t ) ,  wel lbore f l u i d  v e l o c i t y  at  t h e  l e v e l  of 

t he  t op  of t h e  formation, z f ' ( -L , t ) ,  and f l u i d  a c c e l e r a t i o n  at  the  l e v e l  

of t he  top  of t he  formation,  zf"(-L,t) .  
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Wellbore Momentum Balance Equation 

Since t he re  i s  con t inu i ty  along the  wel lbore,  t he  flow rate a t  t he  

l e v e l  of the  top  of t he  formation must be equal  t o  the  flow rate i n  t h e  

p ipe ,  at  any t i m e  t: 

2 2 mr z;(-L,t) = m r  z ' ( t )  
W P P  

. . . (A.13) 

S u b s t i t u t i n g  t h i s  equat ion and i t s  d e r i v a t i v e  with r e spec t  t o  time 

i n t o  the  lower con t ro l  volume momentum balance Eq. A.12: 

Combining t h i s  equat ion with t he  upper con t ro l  volume momentum 

balance Eq. A.8 through wel lbore pressure  a t  t he  l e v e l  of t he  top  of t h e  

formation,  Pp(-L,t) = pf(-L, t ) :  

r 
( L + z  + 3 h [ $ ] 2 } z "  P 

W 
P 8  

- 
+ ( L + z  . ? } g =  h pw pg 

P P 
. . . (A.15) 

Due t o  t he  presence of t he  gas pressure  on the  wel lbore l i q u i d  

l e v e l ,  pg, wel lbore momentum balance Eq. A.15 a p p l i e s  t o  s l u g ,  

d r i l l s t e m ,  and closed-chamber tests. 
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I n  order  t o  s impl i fy  no t a t i on ,  subsc r ip t  p, which i n d i c a t e s  

wel lbore pipe condi t ions ,  is omit ted i n  z z and z " throughout t h e  

rest of t h i s  study. Therefore ,  Eq. A.15 de f ines  a dynamical 

r e l a t i o n s h i p  i n  t h e  wel lbore between gas p re s su re  a t  t he  l i q u i d  l e v e l ,  

p ( t ) ,  bottomhole pressure ,  pw( t ) ,  l i q u i d  l e v e l  p o s i t i o n ,  z ( t ) ,  l i q u i d  

column v e l o c i t y ,  z ' ( t ) ,  and l i q u i d  column a c c e l e r a t i o n  z " ( t ) .  

P' P ' P 

g 
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APPENDIX B 

SOLUTION BY LAPLACE TRANSFORMATION 

The Laplace t ransformat ion  is  appl ied  t o  t h e  problem statement  

given by Eqs .  3.39 - 3.46 i n  t h i s  appendix. For t he  s p e c i a l  cases  i n  

which the  problem i s  mathematically l i n e a r ,  t he  transformed problem can 

be solved a n a l y t i c a l l y  i n  Laplace space t o  ob t a in  express ions  f o r  
- - - - - - 
p,,(u>, zD(u) ,  p;,(u>, z i ( u ) ,  z;(u>, and pD(rD,U) 
t he  Laplace t ransformat ion  parameter,  and a bar on top  of a v a r i a b l e  

i n d i c a t e s  t he  Laplace t ransformat ion  of t h a t  var iab le .  A numerical 

Laplace t ransformat ion  inve r s ion  a lgor i thm proposed by S t eh fe s t  (1970) 

i s  appl ied  i n  t h i s  s tudy t o  eva lua t e  approximate so lu t ions  at  s p e c i f i e d  

va lues  of tD t o  genera te  t a b l e s  and graphs of pWD(tD), zD( tD) ,  pWD'( tD),  

Symbol u r ep re sen t s  

zD'(tD), z D " ( t D ) ,  and P D ( ~ D , ~ D ) *  

The i n i t i a l  va lue  mathematical problem descr ib ing  the  flow 

phenomena during a s l u g  test  o r  a d r i l l s t e m  test  s t a t e d  by Eqs. 3.39 - 
3.46 i s  given as fol lows,  omi t t ing  subsc r ip t  w i n  c o e f f i c i e n t s  45, B,, 

C,, D,, and E, of t he  wel lbore equat ion t o  s impl i fy  the  n o t a t i o n  

throughout t h i s  appendix: 

, oct  c t  
D D D + = E 'wD D s D  

A z " + B z ' + C z  . . . (B.l)  

. . . (B.2) 

1 aP, . . . (B.3) 
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lim PD = 0 9 t D M  
r + a  D 

2 = -1 , t =o D D 

z ' = O  , t = O  D D 

= 0 , rD)l, t=O pD 

. . ( B . 4 )  

0 (B .5)  

. . (B .6)  

. . ( B . 7 )  

. . (B.8) 

An apostrophe on a variable indicates a derivative with respect to 

tD of the variable, and the independent variables are: 

. . (B.9) 

ZD(tD) . . ( B . l O )  

PD(rD,tD) . . . ( B . 1 1 )  

Equations B.l - B.ll define a linear problem whenever A, B, C, D, 

E, s, and CD are constants. 
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In this case, the problem can be solved by applying the one- 

dimensional Laplace transformation (Churchill, 1972) given by: 

. . ( B . 1 2 )  

where g(tD) is a continuous function for which the integral exists and 

uo is a real constant required for the integral to be convergent. 

Applying the Laplace transformation to Eqs. B . l  - B.5: 

D - 2- A [ u zD - u ~ ~ ( 0 )  - ~ i ( 0 )  ] + B [ u ~ ~ ( 0 )  ] + C zD +; = E pwD 

. . ( B . 1 3 )  

- 1 apD u z - ZD(0) = - -  [ 5 lr =I D D 

- 
lim PD= 0 
r + m  D 

. . . ( B . 1 4 )  

. ( B . 1 5 )  

. . . (B.17) 

where p(u), Z ( u ) ,  and P(r ,u). 
wD D D D  
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Since u is a parameter in the Laplace transformation integral, 

Eq. B.14 i s  an ordinary differential equation. 
condition for pD given by Eq. B.8 into Eq. B.14: 

Substituting initial 

dpD - - + - -  - u p D = o  
drD2 rD drD 

. (B.18) 

This is a modified Bessel equation of zero order (Wylie, 1975) with 

general solution given by: 

- 
= C I (r &) + CK Ko(rD&) 

'D I O D  . . (B.19) 

where CI and (+ are real constants and I 
functions of the first kind and second kind, respectively, of order 

zero. 

and are modified Bessel 0 

KO A graph of I (r &) and K (r fi) is presented in Fig. B.l. 
O D  O D  

approaches zero as its argument increases. On the other hand, I tends 

to infinity as r &increases. 
to fulfill the reservoir outer boundary condition, Eq. B.17, then: 

0 
Therefore, CI in Eq. B.19 must be zero D 

- 
= c K (r &> 

'D K O D  
. . . (B.20) 

Deriving this equation with respect to rD and according to Bessel 

functions properties (Abramowitz and Stegun, 1972): 

- -  dpD - - 5 G K~(~~J;) 
drD 

. (B.21) 
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F'IG. B.1. GRAPH OF BESSEL FUNCTIONS %, 10, AND K1 
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where K1 is the modified Bessel function of the second kind and order 

unity. A graph of K1 is also shown in Fig. B . l .  

Substituting Eq. B . 2 1  and initial condition for zD given by Eq. B.6 

into Eq.  B . 1 5  and solving for 5: 

. . . ( B . 2 2 )  

Substituting E q s .  B . 2 0  and B . 2 1  into Eq. B . 1 6 :  

- 
= CK [ KO(&) + s & K1(&) 1 

'wD 

Substituting % from Eq. B . 2 2  into Eq. B . 2 3 :  

- c [ u p ]  
- - D [ KO(&) + s & K l ( & )  1 

'wD & K 1 ( G )  

. . ( B . 2 3 )  

. . . ( B . 2 4 )  

Substituting initial conditions for z and z '  given by E q s .  B . 6  and 
D D 

B . 7 ,  respectively, into Eq.  B . 1 3  : 

- - - . . . ( B . 2 5 )  2 -  
A [ u zD + u ] + B [ u zD + 1 ] + C zD +:= E PwD 

Substituting p from Eq. B . 2 4  into Eq.  B . 2 5  and solving for D : WD 

1 a l ( G )  [ AU + B +'D/u - EC s ] - EC K (G) 
} ( B . 2 6 )  D D O  i 

- z = - -  
JGK,(J;;) [ AU + B + c /u  - E C ~ S  1 - E C ~ K ~ ( J ; )  
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This is an explicit expression t o  evaluate Z and reduces to 
D 

simpler forms for specific values of A ,  B, C, D, and E, reproducing 

special cases available in the literature. An explicit expression for 

can be obtained by substituting from Eq. B.26 into Eq. B.24. 

Solutions for 7 and 7 can be evaluated by applying the properties of 
D D 

the Laplace transform for derivatives. 

PwD D 

Taking the Laplace transformation of z '  and 2": D D 

- - 
2 '  = u 2 - Z D ( 0 )  D D 

and : 

- 
2" = u2 z - u Z D ( 0 )  - Z;)(O) 

D D 

. . . (B.27) 

. . . (B.28) 

where Y(u) and z'(u). D D 

Substituting initial conditions for zD and z' given by Eqs. B.6 and D 
B.7 into Eqs. B.27 and B.28: 

- - 
z ' = u z  + 1  

D D 
. . . (B.29) 

and : 

. . (B.30) 
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Similarly, a transformed solution for p is obtatined as follows: wD 

e (B.31) 

where p ( u )  . 
WD 

The value of pwD(0) is implicit in the problem statement. 

Applying Eqs. B . 4  and B . 8  at initial conditions, pwD(0) must be zero, 
and : 

Pw; = u PwD . . . (B.32) 

This method of obtaining derivatives of independent variables is 
restricted by the number of initial conditions in the problem. In 

other words, additional initial conditions would be required to define 

transformed solutions for higher order derivatives. By example, for 

2- - 
'wD = u  'wD - 'wD ( 0 )  - P W p  (B.33) 

where p ( u ) .  
WD 

In order to determine p ?(o),  Eq. B.l must be applied at tD=O and wD 
the derivative with respect to tD taken, resulting in: 

A z " '  + B z" + C z'  = E pw; , tD = 0 D D D 
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The value of ~ ~ ' ( 0 )  i s  i m p l i c i t  i n  t he  problem statement  f o r  A # 0. 
D 

Applying Eqs. B.l and B.5 at  i n i t i a l  condi t ions :  

. . . (B.35) 

However, a value f o r  ~ " ' ( 0 )  is  s t i l l  requi red  i n  Eq. B.34 t o  
D 

de f ine  p ' ( 0 )  t o  be used i n  Eq. B.33. 
wD 

Solu t ions  f o r  a s l u g  test  or t he  flow period of a d r i l l s t e m  test  

can be obtained by numerical Laplace invers ion  of Eq. B.26 f o r  ZD' Eq. 

B.24 f o r  pwD, Eq. B.31 f o r  pwi ,  Eq. B.27 f o r  zi, Eq. B.28 f o r  zi, and 

Eq. B.20 f o r  pD(rD),  a t  de s i r ed  va lues  of t D '  

Resu l t s  f o r  p ' z '  and 2'' show t h a t  these  func t ions  o s c i l l a t e  
wD' D' D 

more r a p i d l y  than pwD and zD. 

smooth t r ends  i n  t he  i nve r s ion  of p, 7 

a lgor i thm wi th  Eqs. 3.42 - 3.44. 

This causes o s c i l l a t i n g  dev ia t i ons  from 

and 7 using t h e  S t e h f e s t  wD D' D 

A more accu ra t e  a l t e r n a t i v e  w a s  found i n  t he  presen t  study. 

Consider wel lbore Eq. B.l expressed i n  t h e  fol lowing terms: 

dz 
D 

) + B -  + C zD + D = E pwD D 

dtD 

d dz 
A-  ( -  

d t D  dtD 

. . . (B.50) 

Applying the  Laplace t ransformat ion  t o  t h i s  equat ion and 

s u b s t i t u t i n g  i n i t i a l  condi t ion  f o r  z '  given by Eq. B.7: D' 

- D 
E 'wD A u T + B 7 + C T + - =  D u  

D D . . . (B.51) 
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Hence, solving for 7: 
D 

D - C zD - - +  E pwD 
U - 

z:, = . A u + B f O  . (B.52) 
U A u + B  

Similarly, applying the Laplace transformation on wellbore Eq. B.l: 

- 
A z" + B 7 + C + = E pwD D D D u  

Solving for 7- D' 

rn (B.53) 

. (B.54) 

Equations B.52 and B.54 for inverting 7 and z", respectively, 
D D 

using the Stehfest algorithm gave smoother results than Eq. B.29 and 

B.30. The reason for this may be that Eqs. B.52 and B.54 make use of 

the restrictions imposed by the wellbore Eq. B.1, whereas Eqs. B.29 and 

B.30, which are direct application of the Laplace transformation 

properties, involve more critical conditions that cause numerical 

problems with the Stehfest algorithm. 

Still another alternative is available for evaluating z"  which is D' 
the most rapid oscillatory function in the slug test problem. This 

alternative consists of calculating zD" after inverting zD, zD', and 

PwD From wellbore Eq. B.l: 

- B z ' - C Z  - D + E p  
wD , A # O  D D z " = 

D A (B.55) 
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Calculation tests for ZD" inverting Eq. B.54 or using Eq. B.55 
showed that the inversion of Eq.  B.54 gives smoother results for the 

cases investigated. Application of E q s .  B.52 and B.55 is unrestricted 

for problems for which A f 0 and B f 0 . However, these equations can 

not be utilized for simplified problems with values of A = 0 and/or 

B = 0. E q s .  B.29 and B.30 can be used for those simplified problems. 

For obtaining the Laplace transformation inversion of 7 no 
wD' 

alternative to Eq.  B.31 is provided by the information defining the 

problem statement. 

The following is a summary of the Laplace transformed solutions 

obtained in this appendix. These solutions are shown in the form in 
which they were used to optimize calculations in the computer program 

presented in Appendix E ,  which uses the Stehfest numerical Laplace 

transformation inversion algorithm: 

For a given u, let: 

C = KO(&) 
0 

C1 = & K1(&) 

From Eq. B.26: 

D 1 C, [ A u + B +;- E C, s ] - E  CD Co 
ti 
U u C1 [ A u + B + -  - E CD s ] - E C,, Co 

From Eq.  B.22: 

- 
CD U Z D +  1 1  

c =  K " 

. . . (B.56) 

. . . (B.57) 

. . . (B.58) 

. . . (B.59) 
1 ti 
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From Eq. B .23 :  

From Eq. B.32:  

From Eq. B .20 ,  f o r  optionally specified values of rD: 

- 
= c K (r J;;) 

'D K O D  

From Eq. B . 5 2 ,  for A and/or B f 0: 

o r ,  from Eq. B.29 ,  f o r  A and B = 0: 

- - 
2 ' = u z  + 1  
D D 

From Eq. B . 5 4 ,  f o r  A # 0: 

( B . 6 0 )  

( B . 6 1 )  

( B . 6 2 )  

0 ( B . 6 3 )  

( B . 6 4 )  

. . ( B . 6 5 )  
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o r ,  from Eq. B.30, f o r  A = 0: 

. (B.66)  
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APPENDIX C 

APPLICATION OF THE STEHFEST ALGORITHM 

In 1970, Stehfest presented an algorithm for numerical inversion of 
a known function in Laplace space into unknown functions in real 

space. If a Laplace transformation z(u) is given in the form of an 

explicit expression in terms of u, the Stehfest algorithm gives an 

approximate value ga of the unknown function g(t) at t=T, from: 

where : 

0 . (C.1) 

0 . (C.2) 

and : 

min(i /N/ 2) 

kN’2 [ 2k] ! 
0 . (C.3) c [N/2-k]![k]![k-l]![i-k]![2k-i]! 

[N/2+i] 
vi = [-11 

k= [ i+l ] /2 

The number N of coefficients Vi required in Eq. C.l must be even in 
order to obtain an integer number f o r  N/2 in Eq. C.3. Calculation of 
coefficients Vi is performed only once for a given N. 
possibility is t o  supply predetermined coefficients Vi from a table 
(Ramey, 1980). 

Another 
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The Stehfest algorithm improves an approach proposed by Gaver 

(1966) based on the analogy between the expectation of g(t) with respect 

to an approximate probability density and the Laplace transformation of 

g(t>: 

The expectation of a function g(t) with respect to a probability 

density is given by the integral from zero to infinity of the product of 

function g(t) and a probability density. Therefore, the expectation of 

g(t) with respect to probability density Qn(a,t) is: 

00 . . . (C.5) 

In order to obtain an analogy between Eqs. C.5 and C.4, probability 

density Qn(a,t) must have properties equivalent to those of the kernel, 

, in the Laplace transformation. With this purpose, Gaver (1966) .-ut 

proposed the following probability density: 

[ 2n] ! -at -nat 
[ l - e  ] e  , a > O  n! [n-11 ! Qn(a,t> = a . . . (C.6) 

As n tends to infinity, this probability density exhibits 

properties related to those of the kernel in the Laplace 

transformation. Therefore, for a value of n=N sufficiently large: 

OD . . . (C.7) 
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This basic review of the approach involved in the Stehfest 

algorithm indicates that, theoretically, this algorithm could give 

results as accurate as desired for any function g(tj by increasing N. 

However, computational precision limitations in practice can cause 

significant rounding errors as N increases beyond a particular value. 

This particular value of N is determined by the nature of the function 

g(t) and by the number of significant digits used to perform arithmetic 

operations. Stehfest warned that this algorithm gives the average of a 

function with a discontinuity at T and that no accurate results are to 
be expected for rapid oscillating functions at T. A rapid oscillating 
function is a function with oscillations with wavelength small in 

comparison to the half-width of the peak which QNi2(ln2,t) has at T. 

Application experience of the Stehfest algorithm to a number of 

pressure transient well test problems has been encouragingly accurate 

(Ramey, 1982). Several analytical solutions for pressure transient 
flow problems have been reproduced within 4 and 5 significant digits by 
using the Stehfest algorithm. 

Since oscillating solutions can be expected for slug test problems, 

understanding the Stehfest algorithm results for simple known 

oscillating functions is desirable. In this appendix, the Stehfest 

algorithm is applied to invert the Laplace transformation of sin(tD/CD): 

1 - 
sin(u) = 

u2 + 1 

and the Laplace transformation of cos(tD/CD): 

U - 
cos(u) = 

u2 + 1 
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Three s i g h t l y  d i f f e r e n t s  programs were w r i t t e n  f o r  i n v e r t i n g  each 

of t he  transformed func t ions ,  given i n  E q s .  C.8 and C.9, and applying 

t h e  S t e h f e s t  a lgori thm us ing  th ree  p rec i s ions  a v a i l a b l e  i n  an IBM 

computer: ( a )  S ingle  P rec i s ion  wi th  7 s i g n i f i c a n t  d i g i t s ,  (b)  Double 

P rec i s ion  wi th  16 s i g n i f i c a n t  d i g i t s ,  and ( c )  Quadruple P rec i s ion  with 

35 s i g n i f i c a n t  d i g i t s .  

Parameter N w a s  increased  i n  s e v e r a l  computer runs f o r  each 

transformed func t ion  f o r  each prec is ion .  

A common form of p re sen t a t i on  of s l u g  test  s o l u t i o n s  i s  i n  semi-log 

graphs of pwD vs tD /CD.  

t h e  S t e h f e s t  a lgor i thm r e s u l t s  f o r  s in ( tD/CD)  and co,s( tD/cg) ,  

r e spec t ive ly .  These app l i ca t i ons  of t he  S t eh fe s t  a.lgorithm represen t  

o s c i l l a t o r y  condi t ions  more severe than the  s l u g  tes t  s o l u t i o n s  of 

i n t e r e s t  f o r  t he  presen t  study. 

F igures  C . l  and C.2 show semi-log graphs of 

From Fig. C . l ,  s i n g l e  p rec i s ion  r e s u l t s  s l i g h t l y  overshoot the  

f i r s t  peak of s in ( tD/CD)  and converge t o  zero rap id ly .  

p r ec i s ion  r e s u l t s  reproduce the  f i r s t  peak, overshoot the  second peak 

and converge t o  zero. Quadruple p rec i s ion  r e s u l t s  reproduce the  f i r s t  

peak, approximate t he  second peak, and converge t o  zero slowly. 

Double 

From Fig. C.2, s i n g l e  p rec i s ion  r e s u l t s  undershoot t he  f i r s t  peak 

Double p rec i s ion  r e s u l t s  Of c o s ( t ~ / C ~ )  and converge t o  zero rap id ly .  

overshoot t he  f i r s t  peak, undershoot t he  second peak. and converge t o  

zero. 

approximate t he  t h i r d  peak, and converge t o  zero slowly. 

Quadruple p rec i s ion  r e s u l t s  reproduce the  f i r s t  two peaks,  

Two sources  of rounding e r r o r s  e x i s t  i n  p r a c t i c a l  app l i ca t i on  of 

Rounding e r r o r s  occur during c a l c u l a t i o n  of t he  S t e h f e s t  a lgori thm. 

c o e f f i c i e n t s  Vi from Eq. C.3, and during c a l c u l a t i o n  of func t ion  

approximations from Eq. C . l .  I n  an attempt t o  reduce rounding e r r o r s  

i n  t he  c a l c u l a t i o n  of c o e f f i c i e n t s  Vi,  a hybrid approach us ing  quadruple 

p rec i s ion  i n  t he  c a l c u l a t i o n  of N=18 c o e f f i c i e n t s  VI t ,  and supplying 

those  c o e f f i c i e n t s  t o  a double- precision program gives  the r e s u l t s  a l s o  

shown i n  Figs .  C . l  and C.2. 
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Since t h i s  hybrid approach d id  not  show s i g n i f i c a n t  improvement, 

and no sof tware code w a s  a v a i l a b l e  f o r  Bessel func t ion  eva lua t ion  wi th  

quadruple p rec i s ion ,  a compromise between computer t i m e  cost and 

accuracy of r e s u l t s  was achieved by using double p rec i s ion  with N=18 t o  

o b t a i n  t he  r e s u l t s  presented i n  t h i s  study. 
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I o  0 0 - c  
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APPENDIX D 

SOLUTION BY FINITE DIFFERENCES 

A consistent finite-difference method to solve linear and non- 

linear slug test, drillstem test, and closed-chamber test problems is 

derived in this appendix. The mathematical statement of the flow 

phenomena involved in this type of test, given by Eqs. 3 .39  - 3 . 4 6 ,  is 

approximated by an implicit finite-difference method that is iterative 

for the case of non-linear problems and has been found to be stable and 

convergent for the conditions considered in the present study. 

D.l Tridiagonal System of Equations for s f 0 

Any implicit finite-difference approximation requires the solution 
of systems of simultaneous equations. The approximation presented in 

this appendix is designed to result in tridiagonal systems of equations 
that are solved efficiently by a direct elimination method called Thomas 

algorithm (Aziz and Settari, 1979). 

Outer Boundary Reservoir Condition - The outer 'boundary condition 
for an infinite-acting reservoir, Eq. 3 . 4 3 ,  is: 

lim p (r ,t ) = 0, t >o 
r + -  

D D D  D 
D 

. . . ( 3 . 4 3 )  

Since a finite-difference approximation must have a finite number 

of unknown variables, this boundary condition has to be replaced by an 

approximate boundary condition having the same effect for the range of 
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time of practical interest. By definition, an infinite-acting 
reservoir outer boundary condition must not affect the pressure in the 
reservoir or the wellbore appreciably. Therefore, for a sufficiently 

large radial reservoir, a no-flow condition or a constant-pressure 

condition at the outer boundary of the reservoir should not cause a 

different effect on the flow phenomena in the reservoir or the wellbore 
during times of interest. These two conditions can be stated, 

respectively, as follows: 

and : 

t ) = O  PD(rDe’ D 

Determination of rDe to describe a sufficiently large reservoir for 
the range of times of practical interest can be obtained from the 
instantaneous line source solution in a manner analogous to the method 

presented by Lee (1982) to define redius of investigation. The 

instantaneous line source solution can be expressed in terms of the 
dimensionless variables used in the present study, as follows: 

- 
= - -  1 ‘D e 

‘D 2 tD 

2 
D r - 
4tD 

. . . (D.1) 

. . . (D.2) 

. . . (D.3) 

A pressure disturbance in an instantaneous line source well at time 

zero causes a maximum pressure disturbance at a radius rD at a time tD 
obtained by differentiating Eq. D.3 with respect to time and setting the 
result equal to zero: 
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2 - -  
D 4 t D  r 

e [ - - 1 ] = O  dpD 1 

dtD t 
- = - -  

2 
D 4tD 

( D . 4 )  

This de f ines  the  fol lowing r e l a t i o n s h i p  between rD and tD: 

2 r = 4 t D  D . . (D.5) 

The range of times of i n t e r e s t  i n  s l u g  test ana lys i s  is  given by 

10-2<tD/cD<103. S u b s t i t u t i n g  t h i s  upper l i m i t ,  tD/CD=10 3 , i n t o  

Eq. D.5: 

r = 4000 % . (D.6) D 

Dimensionless pressure  a t  t h i s  r ad ius  and t i m e  can be ca l cu l a t ed  
from Eq.  D.3 by s u b s t i t u t i n g  rD from Eq. D.6 and tD=10 3 CD with t he  

r e s u l t  t h a t  pD = 0.00018.... 

n e g l i g i b l e  and, s i n c e  the  magnitude of t he  pressure  d i s turbance  f o r  a 

l i n e  source w e l l  decreases  as r ad ius  i nc reases ,  a f i n i t e  r e se rvo i r  with 

t he  ou t e r  r ad ius  obtained from Eq.  D.6 w i l l  e x h i b i t  an i n f i n i t e- a c t i n g  

p re s su re  behavior f o r  t h e  range of times of p r a c t i c a l  i n t e r e s t  f o r  s l u g  

test ana lys i s :  

This  value of pD can be considered 

1 
3 z r = 2 [ 1 0  C D ]  D e  (D.7) 

This r e s e r v o i r  r ad ius  is a l s o  app rop r i a t e  f o r  a damaged w e l l ,  

because pressure  drops i n  t he  r e s e r v o i r  are smaller f o r  a w e l l  wi th  a 

p o s i t i v e  sk in  f a c t o r .  
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D i f f u s i v i t y  Equation - In  order  t o  s impl i fy  no t a t i on ,  subsc r ip t  D 

i n d i c a t i n g  a dimensionless v a r i a b l e  i s  omitted throughout t he  rest of 

t h i s  appendix. Subscr ip t  w i n  t he  c o e f f i c i e n t s  of wel lbore Eq. 3.39 are 

a l s o  omit ted h e r e a f t e r .  

The d i f f u s i v i t y  equat ion f o r  r a d i a l  f low i n  a r e s e r v o i r ,  Eq. 3.40, 

can be w r i t t e n  as follows: 

aP aP [ r - ]  =-  
l a  
r ar ar a t  
-- . 0 . (3.37) 

A convenient form of so lv ing  t h i s  equat ion is  obtained by 

performing a change of v a r i a b l e  from r t o  t he  fol lowing normalized 

logar i thmic  v a r i a b l e  x (Aziz and S e t t a r i ,  1979) : 

1 x = - l n  r m 

where : 

m = l n r  
e 

. (D.9) 

Af t e r  t h i s  change of v a r i a b l e ,  Eq. 3.40 becomes: 

- =  a2p m2 e2mx 3 
a t  ax 2 
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Applying t h i s  equat ion a t  po in t  x and t i m e  tk+l and using i m p l i c i t  

f i n i t e- d i f f e r e n c e  approximations with three- point c e n t r a l  d i f f e r ences  i n  

space and two-point backward d i f f e r ences  i n  t i m e  : 

j 

k+l k+l 2 2mx. k+l k 
p. - pi 

k+l 
P j  +I J 1  

- 2P. + P.-1 
0 = m e  

Ax' Atk+l 

where : 

x = [ j - l l A x  , j = 1, 2, 3, .--, J 
j 

1 
Ax = ~ - 1  

(D.l l )  

. . . (D.12) 

. . (D.13) 

. . . (D.14) 

and : 

J = number of nodes used t o  represen t  the  r e s e r v o i r  

This  approximation of t he  d i f f u s i v i t y  equat ion def ines  a node x1 a t  

zero  and a node xJ at  uni ty .  

r a d i u s  rw, rD=l, and t o  t he  ou t e r  boundary r e s e r v o i r  r ad ius  re, rD=rDe, 

r e s p e c t i v e l y ,  because, from Eqs. D.8 and D.9: 

These nodes correspond t o  t h e  wellbore 

. . (D.15) 
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Inner  nodes ( xj,  j = 2, 3, ..., J-1 ) are equa l ly  spaced i n  x,  but 

correspond t o  nodes l oga r i t hmica l ly  spaced i n  r. This provides high 

r e s o l u t i o n  around the  wel lbore,  where pressure  g rad i en t s  are t h e  l a r g e s t  

i n  t he  r e se rvo i r .  

I n  order  t o  reduce round-off e r r o r s  during the  backward 

s u b s t i t u t i o n  requi red  by the  Thomas Algorithm, t he  system of equa t ions  

i s  generated from the  ou t e r  boundary of the r e s e r v o i r  towards t he  

wellbore.  

Using index i t o  denote an equat ion i n  t he  sys t em,  t he  f i r s t  

a l g e b r a i c  equat ion i s  obtained by applying Eq. D . l l  f o r  i= l  a t  node 

j=J+l - i  and rearranging:  

2 2 2mx- 2 2 2mX- 
m Ax e J k  

r -  pJ . . (D.16) k+ 1 m Ax e k+l k+l 

Atk+l 

J 

Atk+l 
PJ+1 + [ -2 - PJ + PJ-1 

Since pJ+1 i s  ou t s ide  t he  r e s e r v o i r ,  it can be e l imina ted  by 

approximating the  ou t e r  boundary condi t ion  of no-flow given by Eq. D. l  

us ing  two-point c e n t r a l  d i f f e r ences  i n  space at  xJ: 

k+l - k+l 

2 Ax = o  'J+1 'J-1 . . . (D.17) 

o r  : 

k+l k+l - - 
'J+1 'J-1 . . . (D.18) 
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Then, substituting Eq. D.18 into Eq. D.16 and simplifying: 

. . . (D.19) 

where : 

a = 0 (out of tridiagonal system) 1 . . . (D.19.a) 

J 2 2 2mx 

At k+l 
m Ax e b l = - 2 -  . . . (D.19.b) 

c = 2  1 
. . . (D.19.c) 

2 2 2mx 

Atk+l 

m Ax e J k  
PJ 

- -  
dl - . . . (D.19.d) 

Equations for i=2,3,4,...,5-1 are determined by applying Eq. D.ll 

at nodes j=J+1-i: 

k+l + bi Pj k+ 1 + ci Pj-l k+l = di , j = J + l - - i  ai Pj+l 

, i = 2 ,  3, ..., J-1 (D.20) 

where : 
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a = 1  
i 

(D.20.a) 

2 2 2mx. 
J m Ax e b i = - 2 -  

*‘k+l 

c = 1  
i 

2 2 2mx- 
- -  m Ax e J k  

’j 
di - 

Atk+l 

. (D.20.b) 

. . (D.20.c) 

(D.20.d) 

Skin Ef fec t  Condition - Equation f o r  i-J is  obtained by applying 

the  s k i n  e f f e c t  condi t ion given by Eq. 3.42 at  time l e v e l  k+l: 

. . . (D.21) 

Performing the  change of v a r i a b l e  descr ibed by Eq. D.8: 

. . . (D.22) 

The p ressure  g rad ien t  a t  the  sandface i s  approximated by using 

three- point  backward d i f f e r e n c e s  i n  space a t  XI: 
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k+l k+l k+l 
- P 3  + 2 P 2  - 3 P 1  

P 

2 Ax . . . (D.23) 

S u b s t i t u t i n g  t h i s  approximation i n t o  Eq. D.22 and rearranging:  

1 s k+l s k+l 3 s k+l k+l 
2 mAxl p3 + [2 p2 + [-1- - - 2 mAxl + pw = 

[- - - 

. . . (D.24)  

The term wi th  pg can be e l imina ted  by applying Eq.  D.20 a t  i=J-1, 

j = 2 .  Mult iplying Eq. D.20 by s/[2mAx] and adding the  r e s u l t  t o  

Eq.  D.24: 

k+l k+l pk+' + bJ p1 J Pw = d~ 
a J 2  

. . . (D.25) 

where : 

2 
2 2 2mx 

S 1 s m A x e  

S b = -  
J 

c = 1  
J 

. . . (D.25.a) 

. . . (D.25.b) 

. . . (D.25.c) 
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2 2 2mx, 
1 s m A x e  L k  

d . J = [ - - -  2 mAx A t k + l  p2 . . (D.25.d) 

Wellbore Storage Condition - Equation f o r  i=J+ l  is  obtained by 

applying the  wel lbore s to rage  condi t ion  given by Eq. 3.41 a t  t i m e  

l e v e l  k+l : 

. . . (D.26) 

Performing the  change of v a r i a b l e  descr ibed by Eq. D.8: 

1 ap k+i z '  = - -  

D 
mC [ ax lx l  k+ 1 . . (D.27) 

Using three- point  backward d i f f e r ences  i n  time a t  tk+l f o r  unequal 

t i m e  s t e p s  t o  approximate z 'k+l:  

. . . (D.28) 

where : 

= Atk+l + Atk 
. . . (D.29) 
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Substituting this approximation for Z’k+l and t’he approximation f o r  

the pressure gradient at the sandface, given by Eq. D.23, into Eq. D.27 

and rearranging terms: 

n n  

2 2 
2mAxC 6 2mAxCDAtk+l k.-l 

Z . . (D.31) A Z k +  A 
= -  

The term with p3 and p2 can be eliminated by multiplying Eq. D.31 
by -s/[2mAx] and adding the result to Eq. D.24: 

k+l - 
- dJ+l z J+l k+ 1 pk+l + c aJ+l ’1 + bJ+l w . (D.32) 

where : 

a = 1  J+l 

- -  - 1  bJ+l 

. . . (D.32.a) 

. . . (D.32.b) 
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- k+ 1 - 
J+l A C 

2 2 
SCD6 k "DAtk+l k- 1 

A Z  =- J+l A z -  

. . (D.32.c) 

Wellbore Equation - The equation for i=J+2 is obtained by applying 
wellbore Eq. 3.39 at time level k+l, considering that coefficients A,  B, 
C, D, and E are known constants: 

k+l 
[ A z "  + B  z ' + C  z + D = E p w  1 . . . (D.33) 

Using three-point backward differences in time for unequal time 

steps to approximate Z"k+l: 

k- 1 
Z 

Atk z k+l - 6 z k + Atk+l 

Al2 
z" - - 
k+l . . . (D.34) 

Substituting this approximation for Z"k+l and the approximation for 

"k+l, given by Eq. D.28, into Eq. D.33 and rearranging terms: 

k+l k+l 
a J+2 'w + bJ+2 'J+2 $+1 = dJ+2 . . . (D.35) 
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where : 

= E  
J+2 

a 

= o  
J+2 

C 

n n 

(D.35.a) 

. . . (D.35.b) 

. (D.35.c) 

1 

k 2AAt k+ 1 BAtk+l Zk-l + + 
2A6 B6L 

1 2  + [  = [ -- --  
A A A A dJ+2 (D. 35. d )  

Wellbore Liquid  Column V e l o c i t y  - The equa t ion  f o r  i=J+3  i s  

ob ta ined  by r e a r r a n g i n g  t h e  f i n i t e  d i f f e r e n c e s  approximation f o r  z ' ~ + ~ ,  

g iven by Eq. D.28: 

+ c  k+ 1 
a J+3 + bJ+3 %+l 5+3 %+1 = dJ+3 . . (D.36) 

where : 

= 6 2 - A t k + l  2 
J+3 a . . (D.36.a) 
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b = - A  
J+3 

(D.36.b) 

= o  
J+3 

C . . . (D.36.c) 

2 k-1 
Z 

2 k  
dJ+3 = 6 z - A t k + l  (D.36.d) 

Wellbore Liquid Column Acce le ra t ion  - The equat ion f o r  i=J+4 i s  

obtained by combining the  f i n i t e  d i f f e r e n c e s  approximations f o r  Z'k+l 

and Z"k+l, given by Eqs. D.28 and D.34, r e spec t ive ly :  

- + c  
J+4 ';+1 + bJ+4 ';+1 J+4 - dJ+4 

a . . . (D.37) 

where : 

A t -  A 
k - - 

2 a 
J+4 62 - A t k + l  

. (D.37.a) 

A = - -  
bJ+4 2 

. . . (D.37.b) 
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C = 0 (out  of t r i d i a g o n a l  system) 
J+4 

. . (D.37.c) 

2 2 A t k  6 

2 62 - A t k + l  ti2 - A t k + l  
k Atk Atk+l - Atk+l 1 k-l (D.37.d) 

2 1 2  + [  dJ+4 = [ 6 - 

This equat ion f o r  i=J+4  is  the  las t  equat ion i n  the  t r i d i a g o n a l  

system of equat ions f o r  t he  case wi th  s f 0. This system is expressed 

i n  mat r ix  form i n  Fig.  D . l .  

D.2 Tridiagonal  System of Equations f o r  s = 0 

For t he  s p e c i a l  case with s=O, Eqs. D.25 and D.32 become equal  to :  

. . . (D.38) 

I n  order  t o  so lve  t h i s  problem, Eq. D.38 i s  used t o  e l imina t e  one 

equa t ion  and one unknown, pWk+l, from the  t r i d i a g o n a l  system of 

equa t ions  obtained f o r  t he  case with s f 0. 

Equation f o r  i=l i s  obtained from Eq. D.19. 

Equations f o r  i=2,3,...J-1 are obtained from Eq. D.20. 
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a2 b2 ‘2 . 
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0 

ai b i  =i 

. 
‘J bJ ‘J 

aJ+l bJ+l ‘J+1 
aJ+2 bJ+2 ‘J+2 

‘J+3 bJ+3 ‘J 
aJ+4 bJ 

k+ 1 

d l  

d2 

0 

di 

. . 
dJ 
dJ. 

dJ 
J. 

J, - 

i - 
1 
2 

i 

. 
J 

J+l 
J+2 

J+3 
J+4 

FIG. D e l .  TRIDIAGONAL SYSTEM OF EQUATIONS DESCRIBING FLOW PHENOMENA 

DURING A SLUG TEST, DRILLSTEM TEST, OR CLOSED-CHAMBER TEST FOR 
A SYSTEM W I T H  8 # 0 
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Wellbore Storage Condition - The equat ion  f o r  i=J is obtained by 

apply ing  t h e  approximation f o r  wel lbore  s t o r a g e  condi t ion  given by 

Eq. D.31. 

Eq. D.31 ,  ob ta in ing:  

The term wi th  p3 i s  e l iminated  by s u b t r a c t i n g  Eq. D.20 from 

k+l + bJ p:+' + c z 
= dJ 

k+ 1 
aJ '2 J . (D.39) 

where : 

2 2 2mx- 
L m Ax e a = - 2 +  

J Atk+l 
. . (D.39.a) 

bJ = 2 

2 m AX c [ - I 
D c, = - 

A J 

. . . (D.39.b) 

. . . (D.39.c) 

2 2mAxCD 6 2 2 r n A ~ C ~ A t ~ + ~ .  2 2 2 2mx 

k - Zk + . . . (D.39.d) 
m Ax e 

- 
dJ - p2 A A 

Atk+l 

Wellbore Equation - The equat ion f o r  i=J+l is  obtained by 

s u b s t i t u t i n g  Eq. D.38 i n t o  Eq. D.35, r e s u l t i n g  i n :  

J+1 %+1 = dJ+l Z k+l + c k+l 
aJ+l  '1 + bJ+l 

. . (D.40) 
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where c o e f f i c i e n t s  aJ+l, bJ+l, c ~ + ~ ,  and dJ+l are equal  t o  t he  

corresponding c o e f f i c i e n t s  i n  Eq. 9.35. 

Wellbore Liquid Column Veloc i ty  - The equat ion f o r  i=J+2  is  

obtained from Eq. D.36: 

k+l ' 
+ bJ+2 ';+l + c  J+2 %+1 = dJ+2 J+2 a . . . (D.41) 

where c o e f f i c i e n t s  aJ+2, bJ+*, cJ+2, and dJ+2 are obtained from the  

corresponding c o e f f i c i e n t s  i n  Eq. D.36. 

Wellbore Liquid Column Accelerat ion - The equat ion f o r  i=J+3 i s  

obtained from Eq. D.37: 

- a J+3 %+1 + bJ+3 %+1 + c  J+3 - dJ+3 . . . (D.42) 

where c o e f f i c i e n t s  aJ+3, bJ+3, c ~ + ~ ,  and dJ+3 are obtained from the  

corresponding c o e f f i c i e n t s  i n  Eq. D.37. 

Equation f o r  i=J+3 is  the  las t  equat ion f o r  the case with s=O and 

the  r e s u l t i n g  system of equat ions is  expressed i n  matrix form i n  Fig. 

D.2. 
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D.39 1 
D.40 
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D.42 

b 1  

82 b2  c2 . . 
ai b i  . 

0 

'J bJ =J 
aJ+1 bJ+1 =J+1 

aJ+2 bJ+2 cJ+2 
aJ+3 bJ+? - 

k+ 1 

j=J+l- i  

i - 

1 

2 . . 
i . . 
J 
J+l  

J+2 
J+3 

FIG. D.2. TRIDIAGONAL SYSTEM OF EQUATIONS DESCRIBING FLOW PHENOMENA 

DURING A SLUG TEST, DRILLSTEM TEST, OR CLOSED-CHAMBER TEST FOR 

A SYSTEM UITH 8 = 0 
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D.3 Iterative Method 

In the previous finite-difference approximation, coefficients A, B, 
C, D, and E of wellbore Eq. 3.39 were considered to be known 

constants. This is the case for the linear problems solved by the 

semi-analytical method described in Section 4.1. Since the problem is 

posed at time level k+l, inspection of the definition of those wellbore 

coefficients, given by Eqs. 3.39.a - 3.39.e, shows that coefficients A ,  

B, and D are not known constants because zk+' and z'  are involved in 

Eqs. 3.39.a, 3.39.b, and 3.39.d'. 
D Dk+l 

The oscillatory behavior expected for the solutions 
k+ 1 
D Dk+l for z and Z' 

general application. The successive approximations technique was found 

to be reliable for the problems solved in the present study. 
technique is applied to wellbore Eq. 3.39 as follows: 

prevented the use of an extrapolating algorithm for 

This 

. . . (D.43) 

where : 

N 

D 3 hD PDZ 12 } 
Z 2 N 

A = a  { [ 1 + - ]  +- -  
W 8 5 ' 1 .  wDz 

N 

. . (D.43.a) 

r N 

[ * : I 4  z' } . . (D.43.b) 1 -  
D 2; I + - -  D f  Z 2 N 

~ ~ = a  {[i+-lXI,- 4 LD r 
LD PDz WDZ 
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c = 1  
W 

. . . (D.43.c) 

L - L D - l  N z - 1 1  D N 

" g  
[ - 

Dw - 'aD 
b - LpD + 'D 

. . (D.43.d) 

E = -  1 
W 

. . . (D.43.e) 

with: 

z; + ZD Y-1 
N 

2 z =  D . . . (D.44) 

z?y + z?y-l 
D D 

2 
N 

z;, = . . . (D.45) 

N N 

f = f(Re) . . . (D.46) 

N N 

Re = Re(z') D . . . (D.47) 

. . . (D.48) 
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where y i n d i c a t e s  i t e r a t i o n  l e v e l .  

N 

This i t e r a t i v e  method i s  stopped when the  values of and Z '  are 
D D 

equa l  t o  the  des i red  values  of zk+' and z' 

t o l e r a n c e  E and E respec t ive ly .  The f i rs t  estimate of and z;, t o  

s t a r t  i t e r a t i o n  f o r  a time s t e p  k+l are taken as z D = ~ D  and z;)=zik. 

wi th in  a small 
N N 

D Dk+l ' 
1 2' - k  3 

D.4 No-Flow Wellbore Condit ion 

During a d r i l l s t e m  test  or during a closed-chamber tes t ,  the  w e l l  

i s  shut- in by c l o s i n g  t h e  d r i l l s t e m  test valve  t h a t  i s  a t  the  bottom of 

t h e  d r i l l  s t r i n g  i n  the  wellbore.  This s i t u a t i o n  is  convenient because 

subsequent wel lbore  s t o r a g e  e f f e c t s  are only caused by the  

compress ib i l i ty  of the  f l u i d s  i n  the  small volume i n s i d e  the  wellbore 

below the  valve. From the  moment t h a t  the  w e l l  is shut- in,  the  

wel lbore  equat ion,  wellbore s t o r a g e  condi t ion and s k i n  e f f e c t  condi t ion 

can be replaced by the  fo l lowing boundary condi t ion f o r  no-flow: 

Performing the  change of v a r i a b l e  given by Eq. D.8: 

. . . (D.49) 

. . . (D.50) 

For t h e  r e s e r v o i r  d i s c r e t i z a t i o n  considered i n  t h i s  appendix, t h i s  

cond i t ion  can be replaced by us ing the  fo l lowing two-point c e n t r a l -  

d i f f e r e n c e  approximation i n  space at x 1: 
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k+l k+l 

2 Ax 
= o  Po - p2 . . . (D.51) 

or : 

k+l k+l 
PO = P2 . . . (D.52) 

Then, substituting this relationship into the diffusivity equation 

discretization, Eq. D.ll, for i=J at node j=J+l-i: 

k+l + bJ p Y 1  + cJ po k+l = dJ 
aJ '2 

. . . (D.53) 

where : 

a = 2  
J 

. . . (D.53.a) 

1 2mx 
b J = - 2 -  m2 ~x~ e 

Atk+l 

. . . (D.53.b) 

c = 0 (out of the tridiagonal system) J 
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2mx 
m2  AX^ e ' k  

P1 dJ = - 
Atk+l 

. . . (D.53.d) 

This is the last equation for time steps after the well is shut- 

in. Since there is no flow from or into the reservoir: 

k+l k+l 
PW = P1 . . . (D.54) 

k+l k 
Z = z  . . . (D.55) 

2' = o  k+l 
. . . (D.56) 

and : 

z " = o  k+l 
. . . (D.57) 

Equations for i=l,2,3,...,J-l at nodes j=J+l-i are given by 

Eqs. D.19 and D.20. 

The resulting tridiagonal system of equations is expressed in 

matrix from in Fig. D . 3 .  
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FIG. Dm30 TRIDIAGONAL SYSTEM OF EQUATIONS DESCRIBING THE PRESSURE BUILDUP 

DURING A DRILLSTEM TEST OR CLOSED-CHAMBER TEST 
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APPENDIX E 

COMPUTER PROGRAM FOR SEMI-ANALYTICAL SOLUTIONS 

Under a range of p r a c t i c a l  cond i t i ons ,  the  flow phenomena during a 

s l u g  test  or  a d r i l l s t e m  test  can be descr ibed by a l i n e a r  mathematical 

problem. The corresponding problem statement  c o n s i s t s  of Eqs. 3.39 - 
3.46, where c o e f f i c i e n t s  A, and Bw of the  wel lbore equat ion are 

considered t o  be known constants .  A genera l ized  form of t he  l i n e a r  

problem can be solved by us ing  Laplace t ransformat ion  and the  S t e h f e s t  

a lgori thm, as descr ibed i n  Sect ion 4.1. I n  t h i s  appendix, a computer 

program i s  presented f o r  performing the  corresponding ca l cu l a t i ons .  

This computer program i s  w r i t t e n  i n  FORTRAN I V  language using 

DOUBLE PRECISION and c o n s i s t s  of a main source program, one subrout ine ,  

and two e x t e r n a l  subprograms f o r  eva lua t ing  Bessel func t ions  KO, and 

K1. 
o r  f o r  t a b l e s .  Resu l t s  t o  be p l o t t e d  as graphs are r egu la r ly  

d i s t r i b u t e d  i n  each logar i thmic  cycle  of dimensionless time. This 

op t ion  i s  used by spec i fy ing  INT=1 i n  t he  da ta  f o r  the  program. I n  

t h i s  case, va lues  f o r  the  f i n a l  dimensionless t i m e ,  TDFIN, the  du ra t i on  

of the  i n i t i a l  dimensionless t i m e  s t e p ,  DTD, and a constant  f a c t o r  t o  

i nc rease  the  dura t ion  of subsequent dimensionless t i m e  s t e p s ,  FAC, must 

be suppl ied.  Resul t s  t o  be presented i n  the  form of t a b l e s  are 

evaluated a t  t en  equal  i n t e r v a l s  of dimensionless time i n  each 

logar i thmic  cycle .  This  op t ion  i s  used by spec i fy ing  INT=O.  I n  t h i s  

case, va lues  f o r  i n i t i a l  dimensionless t i m e ,  TDI ,  and number of 

logar i thmic  cyc les ,  NCY, are required.  I n  both cases ,  t he  number of 

c o e f f i c i e n t s  f o r  t he  S t eh fe s t  a lgor i thm is  assumed equal  t o  18, un less  

an even value d i f f e r e n t  than zero i s  s p e c i f i e d  f o r  v a r i a b l e  NST i n  the  

da ta .  

This  computer program can be used t o  generate  r e s u l t s  f o r  graphs 
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There are s e v e r a l  forms of t h e  wellbore equat ion r e s u l t i n g  i n  

problems of i n t e r e s t .  

op t ions  f o r  t he  form of t he  wellbore equat ion  and t h e  information 

requi red:  

This  computer program al lows the  fol lowing f o u r  

Option 1 (ISLUG=l) 

Negl ig ib le  I n e r t i a  and F r i c t i o n :  

z = -  
D 'WD 

Option 2 (ISLUG=2) 

I n e r t i a  wi th  Negl ig ib le  F r i c t i o n  f o r  a Small Slug: 

a 2 z " + z  = -  
D D 'WD 

Option 3 (ISLUG=3) 

I n e r t i a  wi th  Laminar F r i c t i o n  f o r  

2 2 
'WD 

a z " + a  B z D 1 + z D = -  
D 

Option 4 (ISLUG=4) 

I n e r t i a  wi th  Laminar F r i c t i o n  f o r  

a Large Rat io  h/L: 

2 3 hD r 2 
a { I + - - [ * ]  ) z * * + a  D 8 LD r WD z 

. . . (5.16) 

. . . (5.25) 

a Small Slug: 

. . . (5.42) 

a Small Slug and 

f3 Z D 1  + z D = - pWD . . . (5.47) 
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Severa l  sets of da t a  can be processed i n  t he  same run. The 

program is  stopped by spec i fy ing  ISLUG=O. 

Options 1 through 4 f o r  ISLUG requ i r e  values  s and CD, p lus  

2 2 

P 

a d d i t i o n a l  va lues  f o r  t he  dimensionless parameters considered. ISLUG=2 

r e q u i r e s  a . And, ISLUG=4 r e q u i r e s  a , B,  

h/L, and r /rW. 

ISLUG=3 r e q u i r e s  a2 and B. 

A l l  t he  previous da ta  are suppl ied  using a format of l O X , I l O ,  o r  

10X,DlO.O, according t o  the  type of va r i ab l e .  One or two parameters 

are requi red  per l i n e  of da ta .  

Also, up t o  10 values  of dimensionless r ad ius ,  rD, can be s p e c i f i e d  

t o  analyze the  behavior of the  dimensionless pressure  d i s t r i b u t i o n ,  

PD(rD), i n  t he  r e se rvo i r .  

This  computer program i s  presented i n  t he  fol lowing pages of t h i s  

appendix. A computer program f o r  non- linear problems i s  presented i n  

Appendix F. 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 

DRILLSTEM TEST DATA ANALYSIS CONSIDERING 
INERTIAL AND FRICTIONAL WELLBORE EFFECTS 

COMPUTER PROGRAM FOR SOLVING LINEAR PROBLEMS 
BY USING A SEMI-ANALYTICAL SOLUTION METHOD 

PROGRAM FOR DOCTORAL DISSERTATION BY MIGUEL SALDANA 
ADVISED BY HENRY, J. RAMEY, JR. 

PETROLEUM ENGINEERING DEPARTMENT 
SCHOOL OF EARTH SCIENCES 
STANFORD UNIVERSITY 
NOVEMBER 1983 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
IMPLICIT REAL*8 (A-HIO-Z) 
DIMENSION PD(lO),RD(10),NPC(lO) 

DATA NPC/ 10*10/ 

DATA MST/100/ 
DATA RD(l)/l.DO/,AL2/O.DO/,TDALCD/O.D0/ 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DATA READING 

20 READ(5,110)ISLUG,INT 
WRITE(6,6001) 
WRITE(6r 6020) 
WRITE(6,IEO)ISLUG 
WRITE(6,125)INT 
IF(ISLUG)30,30,40 

40 IF(INT)30,35,38 
35 READ(5,107)TDI,NCYtNST 

GO TO 39 
38 READ(5,106)TDFIN,DTDrFAC,NST 
39 IF(NST.EQ.O)NST=18 

READ( 5r 100 IS 
WRITE(6pl04)S 
WRITE(6rl08)CD 

C D  r NRD 

IF(NRD.GT.1)GO TO 80 
NRD= 1 
GO TO 25 

80 READ(5,11~I(RD(II,I=l,NRD) 
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~~ 

C 
C **~*RQ~*t**t*i##****************************************~~~~~* 

C 
C CALCULATION OF WELLBORE EQUATION COEFFICIENTS 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

25 GO TO (1,2,3,4),ISLUG 
1 A =  O.DO 

B =  O.DO 
C= 1.DO 
D= O.DO 
E=-I.DO 
GO TO 70 

2 READ(5,1OO)AL2 
WRITE(6,130)AL2 
A =  A L2 
B= O.DO 
C= 1.DO 
D= O.DO 
E=-l.DO 
GO T O  70 

3 READ(5,IOO)ALZ 
WRITE(6,130)AL2 
READ(5rlOO)BETA 
WRITE(6rl4O)BETA 
A =  At2 
B= AL2*BETA 
C= 1.DO 
D= O.DO 
E=- 1.d0 
GO TO 70 

4 READ(5rIOOIAL2 
WRITE(6,130)AL2 
READ(5,lOO)BETA 
WRITE(6,14O)BETA 
READ(5,10O)HL,RPRW 
WRITE(6,180)HL 
WRITE(6,190)RPRW 
A=AL2*(l.D0+3.D0/8.DO*HL*RPRW*RPRW) 
B=AL2*BETA 
C=l.DO 
D=O.DO 
E=- 1. DO 
GO TO 70 

IF(NRD.EQ.1)GO TO 19 
70 WRITE(6,150) 

WRITE(6~160)(RD(I),I=l~NRD) 
C 

C 
19 TD=O.DO 
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C 
T=O.DO 
IF(INT)30,55,64 

C 

C 
C PRINTING FOR TABLES 
C 

C 

C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
55 DO 1 0  I=l,NCY 

IMl=I-l 
IF(I.NE.l)GO TO 12 
NPI=NPC(I) 
GO TO 13 

12 NPI=NPC(I)-NPC(I)/lO 
13 D E L T D = 1 O . D O * * D F L O A T ( I ~ / N P C ( I ) + T D I  

C 
DO 9 J=l,NPI 
TD=T+DELTD*DFLOAT(J) 

C 
C NUMERICAL INVERSION OF LAPLACE-TRANSFORMED SOLUTIONS 
C 

CALL D L I N V ( N S T , M S T ~ A ~ B ~ C I D I E , S , C D I T D I I S ~ U G I  
$ Z D p P W D , D P W D , D Z D , D 2 Z D , P D s R D I N R D )  

C 
C RESULTS WRITING 
C 

TDCD=TD/CD 
ONEMPW=I.DO-PWD 
IF(AL2.NE.0.DO)TDALCD=TD/AL24 
CDDPWD=CD*DPWD 
CDDZD=CD*DZD 
ALCDFD=AL2*CD*DZD 
CDDEZD=CD*CD*D2ZD 
ALCDSD=AL2*CD*CD*D2ZD 
IF(NRD.EQ.1)GO TO 6 3  

C D  

WRITE(6,170)TDCD,TDALCD,PWD,ZD,CDDPWD,CDDZD,ALCDFD, 
$ CDD2ZD,ALCDSD,ONEMPW 
GO TO 9 

6 3  W R I T E ( 6 , 1 7 O ) T D C D , T D A L C D , P W D , Z D I C D D P W D I C D D Z D , A L C D F D ,  
8 CDDEZD,ALCDSD,ONEMPW 

9 CONTINUE 
C 

T = T D  
10 CONTINUE 

GO TO 20 
C 

C 
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C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

* * * * * * * ~ * + * ~ * * * Q Q I * W ~ * ~ * * * ~ ~ ~ ~ ~ ~ ~ .  r~~9~~t**+Qt+**+************** 

PRINTING FOR GRAPHS 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
61, TD=TD+DTD 

IF(TD.GT.TDFIN)GO TO 20 

LAPLACE TRANSFORMATION INVERSION 

CALL D L I N V ( N S T , M S T ~ A I B I C I D I E , S , C D I T D , I S L U G ,  
$ Z D I P W D , D P W D , D Z D t D 2 Z D , P D , R D I N R D , N R D )  

RESULTS 

TDCD=TD/CD 
ONEMPW=l.DO-PWD 
IF(AL2.NE.O.DO)TDA,CD=TDfA 
CDDPWD=CD*DPWD 
CDDZD=CD*DZD 
ALCDFD=AL2*CD*DZD 
CDD2ZD=CD*CD*D2ZD 
ALCDSD=AL2*CD*CD*D2ZD 
IF(NRD.EQ.1)GO T O  163 

2f CD 

WRITE(6,17O)TDCD,TDALCD,PWD,ZD,CDDPWD,CDDZD,ALCDFD, 
$ CDDZZDIALCDSDIONEMPW 
GO T O  79 

163 WRITE(~~~~~)TDCD,TDALCDIPWDIZDICDDPWDICDDPWD,CDDZDIALCDFD, 
$ CDD2ZDIALCDSDpONEMPW 

79 DTD=DTD*FAC 
GO T O  64 

FORMATS 

6001 FORMAT(lX,*(PROGRAM PHDlC') 
6020 FORMAT(lXI*JOIN l',/,lX,*SET ORDER X 1.0 DUMMY Y 1.0') 
150 FORMAT(lXI'( TD/CD * p l X p *  TD/AL2/CD * , I X I *  PWD * ,  

8 lX, * Z D  'PlX,' CD*DPWD * e  

$ lX,' CD*DZD *,IX,* AL2*CD*DZD',lX,' CD*CD*D2ZD*r 
$ lX,*AL2*C2*D2Z *,IX,* 1 - PWD 1 ' )  

100 F O R M A T ( ~ ( ~ O X I D ~ O . O ) ~ ~ ~ X I I ~ ~ )  
106 F O R M A T ( 3 ( 1 O X , D 1 O . O ) , 1 0 X , I 1 0 )  
110 FORMAT(~(IOXIIIO)) 
1 1 1 ,  FORMAT(8DlO.O) 
160 FORMAT(68X,5D11.4) 
170 FORMAT(ll(1X,D11.4)) 
107 FORMAT(IOX,D1O.O,2(1OX~IIO)) 
1 0 4  FORMAT(IX,*(S =*,nll.Q,*)*) 
108 FORMAT(IX,*(CD =',Dll.4,')*) 

C 
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C 
120 FORMAT(lX,'(ISLUG=',I2 # * I * )  
125 FORMAT(lXs'(1NT =',I2 # * ) ' I  
130 FORMAT(lXp'(AL2 =',Dll,4p*I*) 
1 4 0  FORMAT(lX,*(BETA ='sD11.4p*)') 
180 FORMAT(IX,*(H/L =*,D11.4s')*) 
190 FORMAT(lX,'(RP/RW=',D11.4s')*) 

C 
30 STOP 

END 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C SUBROUTINE DLINV 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

SUBROUTINE D L I N V ( N , M ~ A , B , C ~ D I E I S I C D I T D I ~ S L U G I  
$ ZD,PWDsDPWD,DZD,DZZDsPD,RD,NRD) 

C 

C 

C 

IMPLICIT REAL*8 (A-HsO-Z) 

REAL*8 MMBSKOIMMBSKI 

DIMENSION V(3O),G(31)sPD(l)sPN(lO),RD(l) 
IF(M.EQ.N)GO T O  4 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C CALCULATION OF COEFFICIENTS FOR STEHFEST ALGORITHM 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

NH=N/2 
NPl=N+l 

G( 1 ) = 1 .  DO 
C 

DO 1 I=2rNP1 
1 G(I)=G(I-l)*DFLOAT(I-1) 

C 
SN= 1. DO 
IE=NH+l 
IH=IE/2 
II=( IE+1)/2 
IF(II.GT.IH)SN=-SN 

C 

C 

DO 3 I=lrN 
V( I)=O. DO 
KI= ( I+ 1112 
KS=I 
IF(KS.GT.NH)KS=NH 
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C 

C 

C 

C 
C 
C 
C 
C 
C 
C 

C 

C 

C 

DO 2 K-KItKS 
2 V(I)=V(I)+DFLOAT(K)**DFLOAT(NH)*G(2*K+l)/ 

$ (G(NH-K+l)*G(K+l)*G(K)*G(I-K+l)*G(2*K-1+1)) 

V(I)=SN*V(I) 
SN=-SN 

3 CONTINUE 

M = N  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
APPLICATION OF T H E  STEHFEST ALGORITHM 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
4 ZD=O.DO 

PWD=O. DO 
DPWD=O. DO 
DZD=O.DO 
D2ZD=O.DO 

8 PD(I)=O.DO 
DO 8 I=I,NRD 

DO 5 I=l,N 
U=AA*DFLOAT(II 
SRU=DSQRT(U) 
CO=MMBSKO(I,SRU,IER) 
CI=SRU*MMBSKI(I,SRU,IER) 
ABDE=A*U+B+D/U-E*CD*S 
ABCE=A*U+B+C/U-E*CD*S 
EKO=E*CD*CO 
ZN=-l.DO/U*(Cl+ABDE-EKO)/(Cl*ABCE-EKO) 
CK=CD*(U*ZN+l.DO)/Cl 
PWN=CK*(CO+S*Cl) 
DPWN=U*PWN 

RSRU=RD(J)*SRU 

ZD=ZD+V(I)*ZN 
PWD=PWD+V(I)*PWN 
DPWD=DPWD+V(I)*DPWN 

9 PD(J)=PD(J)+V(I)*PN(J) 

DO 7 J=lrNRD 

7 P N ( J ) = C K * M M B S K O ( l t R S R U I I E R )  

DO 9 JtIrNRD 

IF(ISLUG-1)31,31,32 
31 DZN=U*ZN+l.DO 

DZD=DZD+V(I)*DZN 
D2ZN=U*DZN 
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C 

32 

5 
C 

6 

6 9  
C 

C 
C 
C 
C 
C 
C 
C 

D2ZD=D2ZD+V(I)*D2ZN 
GO TO 5 
DZN=(-C*ZN-D/U+E*PWN)/O 
DZD=DZD+V(I)*DZN 
D2ZN=(-B*DZN-C*ZN-D/U+E*PWN)/A 
D2ZD=D2ZD+V(I)*D2ZN 
CONTINUE 

ZD=AA*ZD 
PWD=AA*PWD 
DPWD=AA*DPWD 
DZD=AA*DZD 
D2ZD=AA*D2ZD 

PD(JI=AA*PD(JI 
DO 6 J=I,NRD 

RETURN 
END 

END 
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APPENDIX F 
COMPUTER PROGRAM FOR NUMERICAL SOLUTIONS 

Flow phenomena during a slug test, a drillstem test, or a closed- 

chamber test can be described by the problem statement given by Eqs. 

3 . 3 9  - 3 . 4 6 ,  where coefficients &, B,, and Dw of the wellbore equation 

include independent variable ZD, orland its time-derivative, zD'. 
this appendix, a computer program, based on the finite-difference 

approximation derived in Appendix D, is presented to solve a generalized 

form of this non-linear problem. As described in Section 4.2, the 

finite-difference approximation results in tridiagonal systems of 
simultaneous equations that are solved by using the Thomas algorithm. 

In 

For special cases in which wellbore coefficients h, B,, and D, are 
constant, the problem is linear and semi-analytical solutions can be 

obtained as described in Section 4 . 1 .  Those semi-analytical solutions 

are reproduced by the computer program presented in this appendix. For 

linear problems, the finite-difference approximation requires the 

solution of only one tridiagonal system of equations per time step. 
However, an iterative calculation process is required to solve non- 

linear problems. A s  described in Appendix D, this process consists of 
a successive approximation of coefficients Aw, Bw, and Dw, and requires 
the solution of a tridiagonal system of equations per iteration. 

This computer program is written in FORTRAN IV language using 
DOUBLE PRECISION and consists of a main source program and one 

subprogram for evaluating Moody friction factor. In this program, the 
finite-difference approximation is applied at each time step generated 

by an algorithm that increases the duration of the time step. Data 

required for use in this algorithm are: (a) the duration of the initial 
dimensionless time step, DTD1, (b) a constant factor to increase the 

duration of subsequent dimensionless time steps, FDTD, and (c) the final 
dimensionless time, TDF. 
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This computer program al lows the  fo l lowing n ine  opt ions  f o r  t he  

form of t he  wellbore equat ion  and the  informat ion  requi red:  

Option 1 (IFIN=l) 

Negl ig ib le  I n e r t i a  and F r i c t i o n :  

2 = -  
D 'wD 

Option 2 (IFIN=Z) 

I n e r t i a  wi th  Negl ig ib le  F r i c t i o n  f o r  a S m a l l  Slug: 

- 2 
a z " + z D - -  D 'wD 

. . . (5.16) 

. (5.25) 

Option 3 (IFIN=3) 

I n e r t i a  and Laminar F r i c t i o n  f o r  a Small Slug: 

. . . (5.42) 'WD 
8 zD1 + z = - 2 2 

D 
a z " + a  

D 

Option 4 (IFIN=4) 

I n e r t i a  and Laminar F r i c t i o n  f o r  a Small Slug and 

a Large Ra t io  h/L: 

0 . . (5.47) 
2 3 hD r 2 
a ~ l + - - [ + ] ) z * * + a  D ~ z ~ l + ~ ~ = -  'wD 

LD wDz 

-335- 



Option 5 (IFIN=5) 

I n e r t i a  f o r  Large Slug and Negl ig ib le  F r i c t i o n :  

N 

D 
Z 

2 
'wD a [ 1 + - ] z " + z  = -  D D  

LD 

Option 6 (IFIN=6) 

I n e r t i a  and F r i c t i o n  f o r  Small Slug: 

N 

. (6.1) 

. (6.4) 

Option 7 (IFIN=7) 

I n e r t i a  f o r  Large Slug and F r i c t i o n  f o r  Small Slug: 

N 

N . . . (F.1) D Z 
2 a [ 1 + - 1 z'* + a2 

LD D 

Option 8 (IFIN=8) 

General Slug T e s t  and Drillstem Tes t  Wellbore Equation: 

N 

a 2 [ l + J ] + - -  Z 3 %  

L D  LD 

2 

r D 
rpDz ] 2'' + 

WD z 

N 

N 
N r 4 

2 '  + D D  
2 

WDZ 
a [ 1 + -  

. . 0 (3 .39)  z = -  
D 'wD 
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Option 9 (IFIN=9) 

General Closed-Chamber Test Wellbore Equation: 

N 

2 
D 3 %I [ r ~ D z  z.. + 

Z 2 
D 

a [ l + - ] + - -  
8 LD r LD WDZ 

N 

1 -  4 -  
z '  I + - -  2 

D a [ 1 + -  

- L  - 1 
= -  pD 

PD D 
N PgD(O) - PaD 'wD z +  D 

L D - L  + z  
0 . 0 ( 3 . 3 9 )  

Severa l  sets of da t a  can be processed i n  t he  same run. The 

program i s  stopped by spec i fy ing  IFIN=O. 

Options 1 through 9 f o r  IFIN r equ i r e  values  f o r  s and CD, p lus  

a d d i t i o n a l  values  f o r  t he  dimensionless parameters considered. IFIN=2 

r e q u i r e s  a2. 

hD, rpDz and rwDz. 

e ~ ,  and rpDz .  

IFIN=3 r e q u i r e s  a2 and 8.  IFIN=4 r equ i r e s  a2, B,  LD, 

IFIN=5 r e q u i r e s  a2 and L ~ .  
2 IFIN=7 r equ i r e s  a , B, e D ,  LD, rpDz. 

IFIN=9 r e q u i r e s  a 6, e D ,  LD, hD, 

IFIN=6 r e q u i r e s  a2, B,  

IFIN=8 r equ i r e s  
2 2 

a > 6, e D ,  LD, hD, rpDz, rwDz' 

'pDzr rwDzr LpD, PgD(O), and Pan* 

For a l l  t he  previous op t ions ,  the  wel lbore can be shut- in according 

t o  va lues  provided f o r  dimensionless shut- in bottomhole pressure ,  pwsD, 
or dimensionless flowing t i m e  f o r  shut- in,  t s D .  

A l l  da ta  are suppl ied  us ing  a format of l O X , I l O ,  o r  10X,D10.0, 

according t o  t he  type of va r i ab l e .  One or two parameters a re  required 

per  l i n e  of data .  
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cv 

(10) PDJ, (11) Number of I t e r a t i o n s  on zD, (12) Number of I t e r a t i o n s  

on Z '  , (13) Pipe Flow Regime, and (14) Number of I t e r a t i o n s  f o r  

T rans i t  ion  Flow Regime. 

cv 

D' 

This  computer program i s  presented i n  t he  fol lowing pages of t h i s  

appendix. 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

DRILLSTEM TEST DATA ANALYSIS CONSIDERING 
INERTIAL AND FRICTIONAL WELLBORE EFFECTS 

COMPUTER PROGRAM FOR SOLVING LINEAR AND NON-LINEAR PROBLLMS 
BY USING A FINITE-DIFFERENCE APPROXIMATION 

PROGRAM FOR DOCTORAL DISSERTATION BY MIGUEL SALDANA 
ADVISED BY HENRY8 J. RAMEY, JR. 

PETROLEUM ENGINEERING DEPARTMENT 
SCHOOL OF EARTH SCIENCES 
STANFORD UNIVERSITY 
NOVEMBER 1983 

IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 MPLDILPD 
DIMENSION X ( 5 1 ) , P D K ( 5 5 ) , A ( 5 5 ) , B ( 5 5 ) , C ( 5 5 ) r  

t B T ( 5 5 ) , G M ( 5 S ) , X X ( 5 5 ) , P D K P 1 ( 5 5 )  
C 

DATA NX/51/ 
DATA IZM/25/rTOLZ/1.D-O2/ 
DATA IVM/25/,TOLV/l.D-02/ 
DATA IFM/25/rTOLF/I.D-O2/ 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C 
C 
C 
C 

25 

5 

DATA READING 

READ (5,5001)IFIN 
WRITE(6,6001) 
WRITE(6,6020) 
WRITE(6,6007)IFIN 
IF(IFIN)700,700,5 
ISHUT=O 
READ (5,5002IDTDIeFDTD8TDF 
READ (5,5002lTDS,PWSD 
WRITE(6,6017)TDS 
WRITE(6,6018)PWSD 
READ (5,5002)StCD 
WRITE(6,6002)S 
WRITE(6r6008)CD 

C 
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C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C LINEAR WELLBORE EQUATION COEFFICIENTS 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

C 
G o  T 0 ( 1 0 0 1 , 1 0 0 2 , 1 0 0 3 ~ 1 0 ~ ~ 8 1 ~ ~ 5 ~ 1 ~ ~ 6 8 1 ~ ~ 7 ~ 1 ~ ~ 8 8 1 ~ ~ 9 ) , I F I ~  

1 0 0 1  AA=O.DO 
B B = O .  DO 
CC= 1. DO 
DD=O.DO 
EE=-l. DO 
GO TO 1100 

1002 READ (5,5002IAL2 
W R I T E ( ~ D ~ O O S ) A L ~  
AA=AL2 
B B = O .  DO 
CC= 1. DO 
DD=O. DO 
EE=-l. DO 
GO TO 1100 

1003 READ (5,5002IAL2 
WRITE(6r6005IAL2 
READ (5,5002)BETA 
WRITE(6,6006)BETA 
AA=AL2 
BB=AL2*BETA 
CC= 1. DO 
DD=O. DO 
EE=-1. DO 
GO TO 1100 

WRITE(6,6005)AL2 
1004 READ (5,50021AL2 

READ (5,5002lBETA 
WRITE(6p6006)BETA 
READ ( S D S O O ~ I L D I H D  
WRITE(6,6009)LD 
WRITE(6r6010)HD 
READ ( S ~ S O O ~ I R P D Z I R W D Z  
WRITE(6,6013)RPDZ 

AA=AL2*(1.DO+3.D0/8.DO*HD/LD*(RPDZ/RWDZ)**2.D0) 
BB=ALE*BETA 
CC=l.DO 
DD=O. DO 
EE=- 1. DO 
G O  TO 1100 

WRITE(6,6011)RWDZ 

C 
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C 
1 0 0 5  READ (5,50021AL2 

WRITE(br6005)AL2 
READ (5,5002)LD 
WRITE(6,6009)LD 
GO T O  1100 

1006 READ (5,5002lAL2 
WRITE(6r6005IAL2 
READ (5,50021BETAtED 
WRITE(6t6006)BETA 
WRITE(6,6014)ED 
READ (5,5002)RPDZ 
WRITE(6,6013)RPDZ 
G O  T O  1100 

1007 READ (5,5002IAL2 
WRITE(6r60051AL2 
READ (5,5002)BETA,ED 
WRITE(6,6006)BETA 
WRITE(6,6014)ED 

WRITE(6,6009)LD 
READ (5,5002)RPDZ 

GO T O  1100 

READ (5,5002)LD 

WRITE(6,6013)RPDZ 

1008 READ (5,50021AL2 
WRITE(6,6005)AL2 
READ (S,5002)BETA,ED 
WRITE(6,6006)BETA 
WRITE(6p6014)ED 
READ (5,5002)LD,HD 
WRITE(6,6009)LD 
WRITE(6,6010)HD 
READ (5,5002)RPDZpRWDZ 
WRITE(6r6013)RPDZ 
WRITE(6,6011)RWDZ 
G O  T O  1100 

1009 READ (5,5002IAL2 
WRITE(6p60051AL2 
READ (5,5002)BETA,ED 
WRITE(6r6006)BETA 
WRITE(6,6014)ED 
READ (5,5002)LD,HD 
WRITE(6,6009)LD 
WRITE(6,6010)HD 
READ (Sr5002)RPDZpRWDZ 
WRITE(6,6013)RPDZ 
WRITE(6,6011)RWDZ 
READ (S,5002)LPD,PGID,PAD 
WRITE(6p6015)LPD 
WRITE(6p6019)PGID 
WRITE(6,6016)PAD 
G O  T O  1100 

C 
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C 

C 

C 
C CALCULATION OF CONSTANTS 
C 

C 

C 

1100 WHITE(6,6003) 

C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
RDE=2.DO*(l.D3*CD)**0.5DO 

NXMleNX-1 
NXP 1 =NX+ 1 
NXP2=NX+2 

M=DLOG(RDE) 

DX=l.DO/(DFLOAT(NX)-l.DO) 

C 

C 

C 
DO 1 0 0  J=lrNX 
X(J)=DFLOAT(J-l)*DX 

100 CONTINUE 
C 

AOl=DEXP(2.DO*M) 
AOE=M*M*DX*DX 
A03=S/(M*DX) 
AOQ=M*DX*CD 

C 
C 
C 

INITIALIZATION 

DO 200 J=l,NX 
PDK(J)=O.DO 

200 CONTINUE 
C 

TDKMl=O.DO 
ZDKMl=-l.DO 
PWDKMl=O.DO 
IF(IFIN.EQ.l)PWDKMI=-ZDKMl 

C 
TDK=DTD 1 
ZDK=- 1. DO 
PWDK=O.DO 
IF(IFIN.EQ.I)PWDK=-ZDK 

C 
DZDK=l.DO/CD/CD 
FR= 1. DO 

C 
ZDM=ZDK 
DZDM=DZDK 

C 

C 
DTDK=TDK-TDKM1 
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II 
I /  

C 
TDH=O.DO 
PGD=O.DO 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C NON-LINEAR WELLBORE EQUATION COEFFICIENTS 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

110 12-0 
I V = O  
IREG=O 
IF=O 
IF(ISHUT.NE.2)GO TO 1 1 1  
DTDK=DTD l/FDTD 
ISHUT= 1 

C 

C 

C 

1 1 1  DTDKPl=DTDK*FDTD 

IF(ISHUT.EQ.1)GO TO 2100 

GO T 0 ~ 2 0 0 1 ~ 2 0 0 2 ~ 2 0 0 3 ~ 2 0 0 4 ~ 2 0 0 5 ~ 2 0 0 6 ~ 2 0 0 ' 7 ~ 2 0 0 8 ~ 2 0 0 9 ~ ~ 1 F 1 ~  
2001 GO TO 2100 
2002 GO TO 2100 
2003 GO T O  2100 
2004 GO T O  2100 
2005 AA=ALE*(l.DO+ZDM/LD) 

BB=O. DO 
CC= 1. DO 
DD=O. DO 
EE=- 1. DO 
GO TO 2100 

2006 RE=16.D0/BETA*DABS(DZDM/RPDZ) 
IF=O 

AA=AL2 
BB=ALZ*FR/4.DO*DABS(DZDM/RPDZ) 
CC= 1. DO 
DD=O.DO 
EE=-1 .DO 
GO TO 2100 

IF=O 

AA=AL2*(1.DO+ZDM/LD) 
BB=AL2*FR/4.DO*DABS(DZDM/RPDZ) 
CC= 1. DO 
DD=O. DO 

F R = F ( R E , E D , F R , I R E G , I F I I F M I T O L F )  

2007 RE=16.DO/BETA*DABS(DZDM/RPDZI 

FR=F(REsED,FR,IREG,IF~IFMpTOLF) 

EE=- 1. DO 
GO TO 2100 

C 
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C 
2008 RE=16.DO/BETA*DABS(DZDM/RPDZ) 

IF=O 

A A = A L 2 * ~ 1 . D O + Z D M ~ L D + 3 . D O ~ 8 . D O * H D ~ L D * ~ R P D Z / R ~ D Z ~ * * 2 . D 0 1  
BB=AL2*((1.DO+ZDM/LD)*FR/Q.DO*DABS(DZDM/RPDZ)+3.DO/Q.DO/LD* 

CC= 1. DO 
DD=O. DO 
EE=-I.DO 
G O  T O  2100 

FR=F(RE,ED,FRpIREG#IF#IFM#TOLF) 

9 DZDM*(RPDZ/RWDZ)**Q.DO) 

2009 RE=16.DO/BETA*DABS(DZDM/RPDZ) 
IF=O 

AA=AL2*(1.DO+ZDM/LD+3.DO/8.DO*HD/LD*(RPDZ/R~DZ)**2.D0) 
BB=AL2*((1.DO+ZDM/LD)*~R/4.DO*DABS(DZDM/RPDZ)+3.DO/4.DO/LD~ 

CC= 1. DO 
PGD=(LD-LPD-l.DO)/(LD-LPD+ZDM)*PGID 
DD=PGD-PAD 
EE=-1. DO 
G O  T O  2100 

F R = F ( R E p E D I F R # I R E G , I F I I F M I T O L F )  

$ DZDM*(DZDM/RPDZ)**4.DO) 

C 
2100 DTKPlC=DTDKPl*DTDKPl 

SDTD=DTDKPl+DTDK 
SDTDC=SDTD*SDTD 
SDMCDC=SDTDC-DTKPlC 
CDTD=DTDKPl*SDTDC-SDTD*DTKPlC 
AOS=A02/DTDKPl 
A06=AOQ/DTDKPl 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
DETERMINATION OF T H E  SYSTEM O F  EQUATIONS' 

C 
A( 1 )=O.DO 
B( 1)=-2.DO-A07 
C( 1)=2.DO 
D(l)=-A07*PDK(NX) 

C 
DO 300 Iz2rNXMl 
J-NXPl-I 
A08=A05*(AOl**X(J)) 

C 
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C 

300 
C 

C 

C 

C 

C 
1 0  

C 

C 

A(II=l.DO 

C(I ) = 1  .DO 
B(I)=-2.DO-A08 

D(I)=-A08*PDK(Jl 
CONTINUE 

NEQ=NX 

IF(ISHUT.EQ.OIG0 TO 10 

A(NEQI=E.DO 
B(NEQ)=-2.DO-A05 
C(NEQI=O.DO 
D(NEQ)=-A05*PDK(ll 
GO TO 20 

A09=AOS*(AOl**X(2)1 

IF(S.EQ.O.DO)GO TO 325 
INS=I) 

A(NEQ)=A03-A03/2.DO*A09 
B(NEQ)=-l.DO-AOS 
C(NEQI=l.DO 
D(NEQI=-A03/2.DO*AOS*PDK(2) 

NEQ=NEQ+ 1 
A(NEQ)=l.DO 
B(NEQ)=-I.DO 
C(NEQ)=S*CD*SDMCDC/CDTD 
D(NEQl=S*CD*SDTDC/CDTD*ZDK-S*CD*DTKPlC~CDTD*ZDKMl 
GO TO 330 

C 
325 INS=3 

A(NEQ)=-2.DO+AO9 
B(NEQ)=E.DO 
C(NEQ)=-2.DO*AO4*SDMCDC/CDTD 
D(NEQ)=A09*PDK(2)-2.DO*AOI)*SDTDC/CDTD*ZDK+ 

8 2.DO*AO4*DTKP1C/CDTD*ZDKMl 
C 

330 NEQ=NEQ+l 
A(NEQ1 = E E  
B(NEQl=-2.DO*AA*DTDK/CDTD-BB*SDMCDC/CDTD-CC 
C(NEQI=O.DO 
D(NEQl=(-2.DO*AA*SDTD/CDTD-BB*SDTDC/CDTD)*ZDK+ 

t (2.DO*AA*DTDKPl/CDTD+BB*DTKPlC/CDTD)*ZDKMl+DD 
C 

-345- 



C 
NEQ=NEQ+ 1 
A(NEQ)=SDMCDC 
B(NEQ)=-CDTD 
C(NEQ)=O.DO 
D(NEQ)=SDTDC*ZDK-DTKPlC*ZDKMl 

C 
NEQ=NEQ+ 1 
A(NEQ)=DTDK*CDTD/SDMCDC 
B(NEQ)=-CDTD/2.DO 
C(NEQ)=O.DO 
D(NEQ)=(SDTD-DTDK*SDTDC/SDMCDC)*ZDK+ 

$ (DTDK*DTKPlC/SDMCDC-DTDKPl)*ZDKMl 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C SOLUTION OF SYSTEM OF EQUATION BY THOMAS ALGORITHM 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C WRITE(6,6100)(A(I),I=l~NEQ) 
C WRITE(6,6100)(B(I),I=l,NEQ) 
C WRITE(6,6100)(C(I),I=l~NEQ) 
C WRITE(6,6100)(D(I),I=l~NEQ) 
C6100 FORMAT(12(1X,D10.3)) 
C 

20 BT(l)=B(l) 
GM(l)=D(l)/BT(l) 

IMl=I-1 
BT(I)=B(I)-A(I)*C(IMl)/BT(IMl) 
GM(I)=(D(I)-A(I)*GM(IMl))/BT(I) 

DO 4 0 0  I=2rNEQ 

400 CONTINUE 
C 
C WRITE(6,6200)(BT(I),I=l,NEQ) 
C W R I T E ( 6 r 6 2 0 0 ) ( G M ( I ) r I = l r N E Q )  
C6200 FORMAT(12(1X~D10.3)) 
C 

XX(NEQ)=GM(NEQ) 
NEQMl=NEQ-l 
DO 500 J=lrNEQM1 
I=NEQ-J 
IPl=I+l 
XXABS=DABS(XX(IPl)) 
IF(XXABS.LT.1.D-60)GO T O  350 
XX(I)=GM(I)-C(I)*XX(IPl)/BT(I) 
GO T O  500 

350 XX(I)=O.DO 
5 0 0  CONTINUE 

C 
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C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C CONVERGENCE TEST 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

C 
IF(ISHUT.EQ.1)GO TO 3100 

GO T 0 ~ 3 0 0 1 ~ 3 0 0 2 , 3 0 0 3 ~ 3 0 O ~ ~ 3 0 0 5 ~ 3 0 0 6 ~ 3 O O 7 ~ 3 0 0 8 ~ 3 0 0 9 ~ ~ 1 F 1 N  
3001 GO TO 3100 
3002 GO TO 3100 
3003 GO TO 3100 
3004 GO TO 3100 
3005 IF(IZ.GE.IZM)GO TO 3100 

TOL=DABS(TOLZ*XX(NEQ-2)) 
DIF=DABS(ZDM)-DABS(XX(NEQ-2)) 
IF(DABS(DIF).LE.TOL)GO T O  3100 
ZDM=0.5DO*(ZDM+XX(NEQ-2)) 
IZ=IZ+l 
GO TO 2 0 0 5  

TOL=DABS(TOLV*XX(NEQ-l)) 
DIF=DABS(DZDM)-DABS(XX(NEQ-I)) 
IF(DABS(DIF).LE.TOL)GO T O  3100 
DZDM=0.5DO*(DZDM+XX(NEQ-1)) 
I V = I V + l  
GO TO 2006 

TOL=DABS(TOLZ*XX(NEQ-2)) 
DIF=DABS(ZDM)-DABS(XX(NEQ-2)) 
IF(DABS(DIF).LE.TOL)GO TO 3100 
ZDM=0.5DO*(ZDM+XX(NEQ-2)) 
IZ=IZ+l 
DZDM=0.5DO*(DZDM+XX(NEQ-l)) 
IV=IV+l 
GO TO 2007 

TOL=DABS(TOLZ*XX(NEQ-2)) 
DIF=DABS(ZDM)-DABS(XX(NEQ-2)) 
IF(DABS(DIF).LE.TOL)GO TO 3100 
ZDM=0.5DO*(ZDM+XX(NEQ-2)I 
IZ=IZ+l 
DZDM=O.SDO*(DZDM+XX(NEQ-l)) 
IV=IV+l 
GO TO 2008 

TOL=DABS(TOLZ*XX(NEQ-2)) 
DIF=DABS(ZDM)-DABS(XX(NEQ-2)) 

3006 IF(IV.GE.IVM)GO TO 3100 

3007 IF(IZ.GE.IZM)GO TO 3100 

3008 IF(IZ.GE.IZM)GO TO 3100 

3009 IF(IZ.GE.IZM)GO TO 3100 

C 
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C 
IF(DABS(DiF).EE.TOL)GO TO SI00 
ZDM=0.5DOS(ZDM+XX(NEQ-21) 
IZ=IZ+l 
DZDM=0.5DO*(DZDM+XX(NEQ-l)) 
IV=IV+l 
G O  T O  2009 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C DETERMINATION OF RESULTS 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
3100 TDKPl=TDK+DTDKPl 

DO 600 I=l,NX 
JzNXPl-I 

600 CONTINUE 
PDKPl(J)=XX(I) 

IF(ISHUT.EQ.O)GO T O  30 
ZDPP=O. DO 
ZDP=O.DO 
ZDKP 1 =ZDK 
ZDM=ZDK 
PWDKPl=PDKPl(l) 
G O  T O  430 

3 0  ZDPP=XX(NEQ) 
ZDP=XX(NEQ-l) 
ZDKPl=XX(NEQ-2) 
IF(S.EQ.O.DO)GO T O  4 2 5  
PWDKPl=XX(NEQ-3) 
G O  TO 430 

425 PWDKPl=PDKPl(l) 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C RESULTS PRINTING 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

430 IF(ISHUT.EQ.l)GO T O  40 
IF(TDS.LT.TDKP1)GO T O  38 
IF(PWSD.GT.PWDK)GO T O  40 
IF(PWSD.GE.PWDKP1)GO T O  38 
G O  T O  40 

38 ISHUT=2 
TPDT=TDKPl 

40 TDCD=TDKPl/CD 
IF(ISHUT.EQ.O)GO T O  4’7 
TDH=(TPDT/DTDKPl+l.DO) 

47 PWD=PWDKPl 
C 
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C 
bNERPM=l.UO-PWD 
DPWD=(SDMCDC*PWDKPl-SDTDC*PWDK+DTKPlC*PWDKMl)/CDTD 
CDDPWD=CD*DPWD 
ZD=ZDKP 1 
CDDZD=CD*ZDP 
CDD2ZD=CD*CD*ZDPP 
WRITE(6,6004)TDCD,TDH~PWD,ZD~CDDPWD,CDDZDrCDD2ZD~ONEMPW,PGD, 

4 PDKPI(NX),IZ,IV,IREG,IP 

RESTORATION 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
IF(TDKP1.GE.TDF)GO TO 25 

C 
TDKMl=TDK 
ZDKMl=ZDK 
PWDKMl=PWDK 

C 
TDK=TDKPl 
ZDK=ZDKP 1 
PWDK=PWDKPl 

PDK(I)=PDKPl(I) 
DO 5 2  I=lrNX 

5 2  CONTINUE 
C 

ZDM=ZDKP 1 
DZDM=ZDP 
DTDK=DTDKPl 
GO TO 110 

C 
C 
C 

FORMATS 

5001 F O R M A T ( l O X ~ I 1 0 )  
5002 FORMAT(3(10X,DlO.O)) 

C 
6001 FORMAT(lX,'(PROGRAM PHDZH)') 
6003 FORMAT( 1X,'( TDYCD 'SIX,' TD+DTD/DTD'rlX,' PWD 

$ lX, * Z D  'PlX,' CDIDPWD ', 
$ 1Xp' CD*DZD ',1Xr*CD*CD*D2ZD 'rIX,' 1-PWD 
8 1x* * PGD 'rlX,' PD NX ) * I  

6001, FORMAT(lO(lX,D11.4),1,(lX,I2)) 
6 0 0 2  FORHAT(lX,*(S =',Dl1.4r*)') 
6 0 0 5  FORMAT(IX,'(ALE =',DII.4r*I') 
6006 FORMAT(lXr*(BETA ='rDlI.'+r*)*) 
6007 FORMAT(IXp'(IF1N =',I2 ) * ) * I  
6008 FORMAT(lX,*(CD =*,DII.Q,*)') 
6009 FORMAT(IX#'(LD =*tDII.qr*)*I 

C 
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C 
6010 FORMAT(lX,'(HD =',D11.4,')') 
6011 FORMAT(lXI'(RWD2 =',D11.4,')') 
6013 FORMAT(lXp'(RPD2 =',Dll.4,*)') 
6014 FORMAT(lX,'(ED =',Dll.4p*)') 
6 0 1 5  FORMAT(lX,'(LPD ='nDll.4p')') 
6016 FORMAT(IXn'(PAD =',D11.4,')') 
6017 FORMAT(IX,'(TDS =',D11.4,')') 
6018 FORMAT(IX,'(PWSD =',DII.4p')') 
6019 FORMAT(lX,'(PGID =*,D11.4,*)') 
6020 FORMAT(1XI'JOIN l*,/,lX,'SET ORDER X 1 . 0  DUMMY Y 1.0'1 

C 
C END 
C 

700 STOP 
END 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C FUNCTION F 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

FUNCTION F ( R E , E D , F R I I R E G I I F I I F M I T O L F )  
IMPLICIT REAL*8 (A-HIO-2) 

C 
IF(RE.GT.0.DO)GO TO 1 
IREG=O 
F = O .  DO 
GO TO 5 

C 
1 IF(RE.GT.2000.DO)GO TO 2 

IREG= 1 
F=6L).DOfRE 
GO T O  5 

C 
2 IF(RE.GT.4000.DO)GO TO 3 

IREG=2 
F=O.SDO*RE**(-O.3DO) 
GO T O  5 

C 
3 SL=(200.DO/ED)**l.l6DO 

IF(RE.GT.SL)GO TO 4 
IREG=3 
Fl=FR 

55 X=ED+9.34DO/REIDSQRT(Fl) 
F=(1.14DO-2.DO*DLOGIO(X))**(-2.D0) 
IF(IF.GE.IFM)GO TO 56 
TOL=DAES(TOLF*F) 
DIF=DABS(F)-DABS(Fl) 

C 
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C 
IF(DABS(DIF).LE.TOL)GO TO 5 
Fl=O.SDO*(F+Fl) 
IF=IF+l 
GO TO 55 

56 WRITE(6,501)IF 
501 FORMAT(IOX,*FRICTION FACTOR ITERATIVE PROCEDURE', 

$ '  FAILED TO CONVERGE AFTER',2X,IS,' ITERATIONS') 
GO TO 5 

C 
4 IREG=4 

F=(l.l4DO-2.DO*DLOGlO(ED)~**~-2.D0) 
C 

5 RETURN 
END 

C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C END 
C 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 

* * * * *  
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