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Chapter |

INTRODUCTION

Interwell tracers have been used extensively in oil reservoirs t
detect reservoir heterogeneities. High permeability production zones
can channel a disproportionate amount of fluid between an injector and
producer. This reduces the vertical sweep efficiency iIn waterfloods and
causes early breakthrough of water in producing wells.

Analogously, tracer analysis is important in determining geothermal
reservoir characteristics. Most importantly, it provides a means of
identifying cold reinjection water flowing to producer wells.

In Japan, rapid interference from reinjection wells has caused
thermal drawdown in four of five liquid-dominated fields.” Although
maintaining reservoir pressure iIs one motive for total injection of
waste water, the reduction in enthalpy and subsequent decrease in steam
discharge rates may imply that maintenance of discharge enthalpy is more
important.

Tracer analysis will be instrumental in identifying the relative
importance of the flow paths which make enthalpic reduction possible.
Unfortunately, models currently used for oil reservoirs cannot be ap-
plied to geothermal system. Oil field models assume flow through
porous media. Geothermal reservoirs, however, are usually highly frac-

tured. Since the preferred flow channels of reinjected water will be




through intervening fractures between producer and injector, a method of
determining the extent and type of fracturing is needed.

A tracer model to characterize flow in a fractured geothermal
system is developed in this paper. It can be used to:

(a) Investigate possible damage from premature reservior cooling;

(b) Determine natural flow patterns within the reservoir;

(¢) Predict interference from current injection wells; and

(d) Plan reinjection programs to minimize thermal drawdown.

Recent field test data from tracer tests in Wairakei, New Zealand,
are analyzed and compared. Although the main surface fault system is
well identified at Wairakei, determining whether interwell flow is pri-
marily within the fault or through other fractures is important before a
reinjection program can be evaluated.

This study illustrates how tracers can be used to understand not
only the nature of fracture systems, but also their relative influence
as preferred pathways for well-to-well flow. It is a vital first step
in designing a relnjection program.

Failure to recognize preferential flowpaths before reinjection
could result in substantial financial losses for the operator and
permanent damage to the reservoir. Proper application of tracer tech-

niques can reduce the probability of this damage occurring.




Chapter II

LITERATURE SURVEY

Interwell tracer surveys are often used in the oil industry.
In order to quantify these survey results, Brigham and Smith! formulated
a model to predict the time of tracer breakthrough, peak concentration
of the tracer, and the general form of the breakthrough curve in a five-

2

spot flood. Baldwin“ developed a similar model by dividing the five-

spot pattern Into a series of diverging—converging radial elements be-

tween the Injector and the producer. Yuen3

then constructed a computer
algorithm to test for the degree of heterogeneity between different

reservoir layers. Recent work by Abbaszadeh--Dehghani4 has extended and

refined this approach. Field results were compiled by Wagner.5

However, since most geothermal reservolrs are highly fractured, the
above-mentioned models are not applicable. The five-spot model assumes

6

flow through a porous medium. Tester, Bivins and Potter- used tracer
profiles and residence time distributions to analyze a hydraulically
fractured granltic geothermal reservoir. This was the first attempt at
formulating an approach to the problem of flow in fractures. A multi-
zone model assuming independent, one-dimensional dispersion in several

separate zones was used. This, however, still assumed flow in porous

media.




Recent reinjection results in Japan7

have showed that thermal draw-
down from reinjected waste water is often encountered. Drawing on this
experience in highly fractured fields, Horne and Rodriguez9 developed a
preliminary model to characterize flow mechanisms in fractures. The
model yields information on effective tracer dispersion in the fractured
system. These results can be used to appropriately interpret tracer
tests in fractured reservoirs and thereby assist in the planning of
reinjection programs.

The work in this report continues the development of a tracer re-
turn interpretation procedure. It is based on the mathematical methods
of Tester, Bivens and Potter6 (also used by Abbaszadeh—Dehghani4) and
the physical description of flow in fractures offered by Horne and

Rodriguez.9




Chapter III

GEOLOGY

The Wairakei geothermal field is located in a large thermal area on
New Zealand's North Island. The field is the longest operated liquid-
dominated geothermal reservoir in the world. Figures 3.1 and 3.2 give a

general idea of the location and overall geology. 17
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Of particular importance is the cross-section taken east-west ac-
ross the thermal anomaly. Figures 3.3a2 and 3.3b show the major faults,
Waiora, Kaiapo and Wairakei which serve as feed channels for the hot
water aquifer. The thin vertical lines represent the average depth of
drilled wells in each fault block. The block which contains the three
wells studied is located between the Kaiapo and Wairakei faults. There
is also some transverse faulting which will be important in analyzing
flow paths. This is illustrated in detail in the empirical section.
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The reservoir itself is made up of a pumice breccia aquifer (Waiora
Formation). Its thickness ranges between 460 and 900 meters. It is
overlain by an impermeable lacustrine mudstone which varies in depth

from 60 to 150 meters (Huka formation).




Most of the field"s production comes from the contact area between
the Waiora Formation and the underlying Wairaki ignimbrite. This inter-

face lies between 570 and 680 meters.



Chapter TV

THEORY

In order to model the Wairakei field test data, a suitable transfer
function had to be derived. Tester, Bivens and Potter® proposed a
method to characterize the flow paths between injector and producer by
analyzing N measured values of the exit tracer concentration C;. By

minimizing the objective function R,

(1)

one can obtain estimates of the parameters of C (where T is the proposed
transfer function). The transfer function in turn yields information
about the flow channels in the fracture system. The function E repre-
sents the produced tracer concentration in terms of dimensionless time
(ut/L) and the Peclet number, Pe = uL/n. n is the longitudinal

dispersion coefficient.

C = C(t;L/u,Pe) (2)




The above function will describe flow through one fracture only. A
second model represents the tracer profile in terms of M component

channels:

M
c= ) ejcj((L/E)j,Pe

) 3)
i=1 ]

where E 5 is the fraction of flow in path j .
Since almost all of the field tests observed had at most two peaks,

M = 2 was chosen for comparative purposes. Thus:
CT=¢C v +eC I 4
o elCI((L/u)l,Pel) €2C2((L/u)2,Pe2) (4)

The two-component signal approach has been successfully applied to
match observed tracer profile peaks. It can also be used to analyze the
shape of a single peak tracer response. The one-~ and two-component
models were tested to determine whether the tracer return to a producing
well is a result of flow through one channel or two. An important point
to be stressed is that a single peak profile may not be a result of only
one flow path, and therefore may be better modeled assuming multiple
flow channels.

Minimizing the objective function R with respect to the linear
parameters Ej and E, and the nonlinear parameters, PeJ. and (L/E)j,
yields estimates of the Peclet numbers and average residence times of
the respective flow paths. As noted by Horne and Rodriguez,9 however ,
the resultant values depend on the particular transfer function chosen
to characterize tracer transport.

15

Rodriguez, in an unpublished paper, presented an analysis of

the primary mechanisms governing tracer dispersion in a single fracture

-10-




under laminar flow conditions. This work was based on a paper by
Taylor.16 The conclusions are reproduced here in order to clarify the
selection of the transfer function.

The dispersion of the tracer solution, assuming neither losses nor
generation of byproducts is influenced by two mechanisms:

(1) Molecular diffusion and

(2) Convective dispersion
Molecular diffusion results when the original fluid comes in contact
with the tracer. This creates a concentration gradient which serves as
the driving force for the dispersion. Convective dispersion occurs when
viscous forces acting on the fluid create a velocity gradient in the
transverse direction. Therefore, the fluid in the center of the frac-
ture moves faster than that at the edge.

Since the residence times of a tracer solution in a fracture are
small, the question of whether molecular diffusion affects the total
dispersion of the fluid is important.

Molecular diffusion can be analyzed by assuming that the convective
dispersion occurs before any diffusion effects appear. This gives rise

to the tracer distribution shown below.

. \ \ \ A\ \ \ \ \ N N\ N
Tracer Solution Original Fluid
X
4 / / / / / / / / / /
Fig. 4.1
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The profile can be approximated by a series of slabs:

Lo L L L L /L (L L L L L L L [/ - b
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Fig. 4.2

With this formulation, the problem is symmetric in y and only one half

of the fracture thickness needs to be considered.

- L - -
. A A4 l L _ L
cC=0 Original fluid
<b
0

Fig. 43
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The one dimensional molecular diffusion problem, as sketched

is mathematically represented by the following equations:

3°c__ ac 0<y<l.t>o
o2

ot

where D is the molecular diffusivity.

Initial Conditions :

CO 0<y<ab
C(y,0) = {
0 ab <y <b
Boundary Conditions:

aC
—ay—-=0 at y =0

aC
—5—y—-—=0 at y = b

If the following dimensionless parameters are used,

g y/b
Cd = C/CO
4 = (D/b)e

-13-
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(5)

(6)

(7
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Equations 5 through 8 can be written as:

32cd 3Cq
3 2 - atd (9
Y4
Cy ,0) { b 0svgse
C y ,0 =
d 0 ac<y, <l (10)
d
ac
d
ayA = 0 at yd =0 (11)
ac
d
T—yd = 0 at y, =1 (12)

By applying the method of separation of variables, a solution to Eqgs. 9

through 12 is given by:

w —n2H2t sin(alla) cos(nmny )
C(y,,t) 5o+ 2 b e d d
d’~d” d T2 n (13)

One can use the difference between the concentration at the centerline
and the wall as an indication of the tendency for the concentration to

become uniform.
(tl) Ci(o,ti) i( ’td) (14)

Substituting Eg. 13 into Eq. 14:

, -(2n-1)21%¢
St = L oe
n=1

d sin{(20-1)Ia}
(2n - 1) (15)

-14-




Figure 4,49 shows G(td) vs ty for different values of slug widths (a)-

a(tDj = CD(ODCDJ - CD(IDtD)

ty = ™/bt

Fig. 4.4: CONCENTRATION DIFFERENCE BETWEEN WALL AND CENTERLINE AS A
FUNCTION OF TIME AND TRACER PENETRATION ACROSS THE FRACTURE

As the graph shows, for all slug widths (a), the concentration across
the fracture width becomes uniform when t; = 0.5. If we assume average
values for D and b, ty = 05 can be used as an estimate of the actual

time it takes for the concentration to become uniformly distributed.

Letting 2b = 01 an and D = 1x1072 cmz/sec,

2
t = (.05) 05 = 125 sec

1 x 107°

_15_




Thus in a 1 mm fracture, the tracer will be totally dispersed across the
width of the fracture within 125 seconds. Therefore molecular diffusion
in the transverse direction is an important component in the dispersion
of the tracer solution in the fracture.

Analagously, for a 500 meter long fracture it can be shown that for
molecular diffusion in the axial direction,

. _ 1x 1077 X (90 min) X 60 )

d €500 x 100)2 = .16 x 10

11

Since this figure is 10 orders of magnitude less than that required for
dispersion across the fracture, molecular diffusion in the direction of
flow is an unimportant factor.

Thus, for field cases, convective dispersion will be dominated by
molecular diffusion in the transverse direction. This "Taylor Disper-
sion™ results in the tracer front propagating at the average speed of
flow even though the centerline fluid in the fracture is moving faster.

The differential equation that applies is:

2
3°C ac 3C
PR T o (1)

This assumes molecular diffusion in the direction perpendicular to

flow and convection of tracer in the direction of flow at a distance X

from the injector.

-16-




An expression for u(y) has been derived by Horne. 8

A7 b
/ >X
-b
Fig. 45

For one—-dimensional flow in the x direction, the momentum equation

for flow between parallel plates assuming a boundary layer is;

2
P _ i“u
P — (17)
ax ayz
Boundary conditions:
u-20 ify=-b (18)
y= b (19)

¢
wy) = 5 s (1- ¥ > (20)
b

-17-




Substituting this velocity profile into the PDE, gives:

2 -
3C _3u y_\ a _ ac 21
D“?’z—(l"i')ax'at (21)
dy b
Initial Condition:
C(x,y,0) = 0 (22)
Boundary Conditions:
3¢ . o at y =0
3y
3C
3 at 'y =1
C(0,y,t) = % at x =1
Using the dimensionless parameters:
Yqa = y/b
(24)
Xd = X/L
and
2 25
Uq T (p%u/DL) (23)
the equations are written:
azc 3v aC 3C
4 Ya 27 _ "4 26
— -7 Q-9 5, T 3, (26)
Ay d d



Initial Condition:

Cd(xd’yd) = 0 (27)
Boundary Conditions :
acd
el 0 at y, =0 (28)
d
BCd
5 at= §, =1 (29)
d
Cd(O,yd,td) = 1 at xd=O (30)

To model flow in the x direction, consider a moving xé coordinate

which moves at the average dimensionless velocity Ed:

X3 = X5~ ¢4 G

The effective velocity ua(y) related to the moving plane X:i at speed

u(y) is:
al(y) = u (9 =T ) (32)
R S (33)

Thus,
DUINENE VS Sled (34)




Substituting,

2
37¢y _3- 1 2 3C,
7 " Z2uw@-Yd %, = o0 (35)
9y d
d
Initial Conditions:
Cqlxgs¥4,0) = 0 (36)
Boundary Conditions:
BCd
a9 - 0 at yd=0 (37)
dy
d
BCd
W = 0 at yy; =1 (38)
C(—utd,yd) = 1 (39)
IT, on average,
3 3C
_C_d = Cd (40)
1 - T
Bxd 5xd
where E& is the average concentration across the fracture
acC
thickness, then 5;$-is only a function of xé. Substituting,
d
32 ¢ _ 3C
: d._% 1 2 " _ (1)

uy 3 - vy) L

-20-




A solution to Eg. 41 satisfying the Boundary Conditions is:

4
1 — 3C 2 Y4
= _— -—t + C
A
b
———
X'
b d
> -b
h
Fig. 4.6

Tre rate of mass transfer of C; across the plane AB in Fig. 4.6 at
X'
d js:
b ————
h [ uly) edy = bh(uc) = q (43)
0

where h is the height of the fracture and q is the volumetric flow rate.

~-21-



Equations 42 through 43 can be expressed as:

9 = (f)ludCddyd (44)
where:

Qq = @‘l&—tq (45)
and, recalling Eq. 34:

g - dndood

Substituting Egs. 46 and 42 into Eg- 44 yields:

, _23T
T 105 Y4

[V

a4 (47)

@
als

X

Using a material balance, one can see that the change in volumetric rate

out of the system must equal the rate of accumulationa?h/atd .

So,
X4 d
Thus,
612cd a'éd
n = — (49)
d 5yr? St
d d

~22-




where :

4 To5 Yd (50)

This can also be written in dimensional form:

2

2 —
2 b" u
"% 105 ( DL > CRY

and then the differential equation can be written:

2
3"C _ a
”g‘a% (52)

where n is the effective longitudinal dispersion coefficient for the
fracture.

As the above derivation by Rodriguez' 3

shows , the concentration C
is dispersed relative to a plane which moves with a mean velocity u,
even though the maximum velocity is at the center of the fracture (at
y = 0) and is equal to 3/2 u. Therefore, the longitudinal diffusion
process follows the same law as molecular diffusion but with a disper-
sion coefficient n.

A solution to Eg. 52 with a material of mass s, concentrated at a

point X = 0, at time t = 0, is:

_ (x=_ut)
SX Al t
—_—_ e

2/m n t

c(tin,L) (53)

=23~




The exit concentration as a function of time is given by

substituting x = L into (53).

_ (L - ut)2

c(tyn,L) = —Sb ¢ int (54)

2Jn n t

The above equation can he rewitten in terms of dimensionless time
(u/L)t and the Peclet number uL/n. This equation then represents the
concentration of tracer as it passes the production well recording
point.

Thus, the general transfer function for one flow path is:

) _ (- @o’
C(t;(L/T),Pe) = .S e 4(n/ul)(a/L)t (55)
2vT(n/uL) (u/L)

and for two flow paths:

a - (ﬁYL)lt)z

s ~ 4(n/aL) @/ ¢
C(t;(L/u).,Pe,) = e
3 2/m(n/aLy | (@/L),
) (56)
(1 - (u/L)Zt)

T 4( /ul). (u/L) .t

+ S o 2 2
2/ (n/uL), (@/1),

-2y




In the New Zealand field case, a quantity of 1-131 radioactive
tracer was injected instantaneously into the flowstream. The above
transfer function and its parameters will give information about the
fracture system and degree of dispersion by analyzing the shape of the
tracer profile. For example, Figs. 4.7, 48 and 4.9 indicate possible

tracer return profiles.

Fig. 4.7 Fig. 4.8 Fig. 4.9

Figure 4.7 exhibits piston-like flow without dispersion. Figure 4.9

shows more dispersion than Fig. 4.8. The parameter ?E= Pe_1 determines
the degree of dispersion and hence the shape of the profile. If ?E is
small (Peclet number large), a profile like Fig. 48 will emerge. If,
however, Z—L is large, the curve will he more like Fig. 4.9. Physically,

this implies that when the Peclet number is large, the tracer profile
does not change much during the time interval necessary for the fluid to
reach the detection point. If L]T approaches a value close to 0.01, the

profile flattens out and its shape becomes skewed.

=25~

(Zt)




The transfer function derived in this way can then be used to
analyze the observed tracer response in order to estimate the Peclet

numbers, flow fractions and residence times in each of the flow paths.

-26-




Chapter V

OPTIMIZATION: TEST PROGRAM/VARPRO

The parameters of C were estimated using a non-linear least-squares
method of curve-fitting. The main program incorporates the subroutine
Varpro (from the Stanford Center for Information Technology) which com-
putes the optimal values for both linear and non-linear parameters of a
given fitting function. The iInput data required are:

1) N observed values (Ci);

2) Time, t; and

3) Estimates of the non-linear parameters.

These are entered as:

D o, = Pel'1
ii) a, - ('% )1
i) a, - Pe2‘1
iv) a, = (-% )2

Varpro is based on a paper by Golub and Pereya.lo They showed that

a least-squares fit of non-linear models of the form:

-27-




E(s,ai,t) = _% ajﬁj(ai;t) i=1,2,3,4
j=1
where:
t = independent variable
Cj = observed dependent variable
Ej = linear parameter
a. = non-linear parameter

can be accomplished by first optimizing with respect to ej.

The functional,

N
R(ej,uj) = _2

(C. - Cle,sa,,t))?>
=1 * 1

is minimized by first assuming values for uj. Then linear least-
squares are applied to the residual R to obtain Ej. After the linear
parameters are computed, the residual can be modified by substituting
the optimal estimates for ej and then minimizing with respect to EB.
When the optimal non-linear parameters have been computed, the linear
parameters can be recovered. A proof of this technique is given in the
Golub paper.10

The numerical routine utilizes a Taylor expansion of the transfer

function C by expanding around the uj. Linear least-squares are then

used to determine the optimum values for the parameter increments, éaj.

-28-




The derivatives are evaluated at the starting point CO' The residual

can then be expressed as:

N 9oC

2
- ey - § =2
REepop) = L ((Ci X iZl i 6“3‘)

Applying least-squares then yields a set of normal equations.
A gradient-expansion method is used to search for those parameters

a, that minimize R(e,,a,):
. (J,j)

©

|

i

R |
Con.tours |
|

|

All parameters are incremented simultaneously so that the maximum
variation of R is attained. The gradient (\R) determines the magnitude
of the largest change, and giving it the opposite direction indicates
the path of steepest descent. The main idea is to change 6?3 so that
R(sj,a+6aj) < R(eJ,aj). This is documented in detail in the main
program.

A detailed test program used to verify that Varpro and access

subroutines were functioning properly is included in the remainder of

this section.

-29-



THE MAIN PROGRAM

A TEST CASE FOR FITTING A LINEAR COMBINATION OF
EXPONENTIAL FUNCTIONS

THIS IS A TEST PROGRAM WHICH UTILIZES THE NONLINEAR L&asST-
SQUARES SUBROUTINE VARPRO. THE TEST FUNCTION

ETACA,ALF;T)=BETA! + BETA2¥EXP(-ALFIXT) + BETAJ¥EXP(-ALF2¥T)

BETAI = LINEAR PARAMETERS
ALFI = NONLINEAR PARAMETERS
T = INDEPENDENT VARIABLE

IS USED TO FIT THE '0ATA FROM A CHEMISTRY EXPERIMENT IN
A PAPER BY 0SBORNE.( REFERENCED IN THE INTRODUCTION)
THE OBJECTIVE OF THIS PRELIMINARY RUN IS TO MATCH THE
RESULTS OBTAINED IN OSBORNE®S PAPER. THESE RESULTS

ARE ATTACHED FOR COMPARISON.

THE FLOW SEQUENCE OF THE MAIN groGrAM IS AS FOLLOWS:

* DATA 1S READ FROM THE ORVYL FILE TRACERDATA

* SUBROUTINE ADA COMPUTES THE INCIDENCE MATRIX

AND THE DpERIVATIVES OF ETA.

SUBROUTINE VARPRO COMPUTES THE OPTIMAL ESTIMATES
OF THE LINEAR AND NONLINEAR PARAMETERS.

RESULTS ARE PUT INTO THE ORVYL FILE TESTCASE

IEEEEEEEEEE RS EEEER SRR EREEE R SRR EREEEEEEEEEEEEREEEEEEEEEEEEEEESEEEEEEEES
IEE RS SR SRR EEEEEESEEEEEEE SR EEE S EEE SRS EREERESEEEREEEREEEREEESEEEREEEEEE

PROGRAM BEGINS

I E XX SR PSR EE RS ELERE ST EEE SR LR EEE SRR RS SRR R SRS EE R EEE RS REEEEEESEEEEEE]

0000000000000 O00O00O0O0O0OO0

C3ASSIGHN 1 TO FILE TRACERDATA

C3ASSIGN 2 TO FILE RESULTS INOUT FORMAT=F LENGTH=&0

C$ASSIGN 3 TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000
IMPLICIT REAL*8(A-H,0-2)

C
C
C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
C DIMENSIONS FOR THE INCEDENCE MATRIX INC. SEE NOTE.
C
DIMENSION Y(33),T(33),ALF(2),BETAC10),W(100),A(33,7),
¥INCC12,3)
C
C
C SET PARAMETERS FOR VARPRO.

-30-




aaQaaaoaoaaaaQaO0-—

10

12

OO0 0

15

20

OO0 00

22

25

O0OO00

30

35

OO0O0O0

38

EXTERNAL ADA
NMAK=33
Lpp2=7
IPRINT=
Iv=1

N=33

MNL=2

L=3

DO 1 1=1,33
W(I)=1.0

READ DATA FROM TRACERDATA. SEQUENTIAL ORDERING AND
PROPER FORMATTING ARE IMPORTANT.

NL IS THE NUMBER OF NONLINEAR PARAMETERS

READ (1,10) NL

FORMATCI3)

WRITE(2,12) NL

FORMAT C(1HO,10¥,'NUMBER OF NONLINEAR PARAMETERS'//(13))

ESTIMATES OF THE NONLINEAR PARAMETERS

READ (1,15)(ALF(I),I=1,2)

FORMAT(FY . 2)

WRITE(2,20)(ALF(I)},I=1,2)

FORMAT(1HO, 10X, "INITIAL EST. OF NONLIN. PARAMETERS'//(F4.2))

L IS THE NUMBER OF LINEAR PARAMETERS

READ(1Y,22) L

FORMAT(IZ)

WRITE(2,25)L

FORMATC1IHO, 10X, "NUMBER OF LINEAR PARAMETERS'//(I3))

N IS THE NUMBER OF OBSERVATIONS

READC(1,30) N

FORMAT(INW)

WRITE(2,35) N

FORMAT(1HO, 10X, "NUMBER OF OBSERVATIONS'//(I3))

IV IS THE NUMBER OF INDEPENDENT VARIABLES T

READC1,38) 1V
FORMAT(IW)
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WRITE(2,40) 1V
40 FORMAT(1HO, 10X,* # OF INDEPENDENT VARIABLES T'//(1I4))

Y IS THE N-VECTOR OF OBSERVATIONS

O0O0O0O0

READC1,45)(Y(I),I=1,N)
45 FORMAT(FS,3)
WRITE(2,50)(I,Y(I),I=1,N)
50 FORMAT(1HO, 'OBSERVATIONS'//(1I3,5X,F5.3))

T IS THE INDEPENDENT VARIABLE

OO0O0O0

READC1,55)(TCI),I=1,N)
55 FORMAT (F7.3)
WRITE(2,60)(1I,T(I),I=1,N)
60 FORMATC(IHO, "INDEPENDENT VARIABLES'//(I3,5X,F6.1))

o0

CALL VARPROCL,NL,N,NMAX,LPP2,IV,T,Y,W,ADA,A,
*TPRINT,ALF,BETA, LERR)

ON@]

STOP
END
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SUBROUTINE ADA (L,NL,N,NMAX,LPP2,IV,A,INC,T,ALF,ISEL)
C$ASSIGN 2 TO FILE RESULTS INOUT FORMAT=F LENGTH=80
IMPLICIT REAL¥8(A-H,0-2)

DIMENSION ALF(2),A(33,7),T(33),INC(12,8),B(100,10),Y(33
*)

THE INCIDENCE MATRIX INC(NL,L+1) 1S FORMED BY SETTING
INC(K,J)=1 IF THE NONLINEAR PARAMETER ALF(K) APPEARS

IN THE J-TH FUNCTION pHI1¢J). (THE PROGRAM SETS ALL OTHER
INC(K,J) TO ZERO.)

OO0 O0O0O0
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70

90

100

105
110

120

130

140

150

160

165

170

180

190

195

INC(1,1)=0.
INC(1,2)0=1.
INC(1,3)=0.
INC(2,1)=0.
INC(2,2)=0.
INC(2,3)=1.

[ese 2 oo R e QY e I e Y =)

WRITE(2,70)((INC(I,J?,J=1,3),1=1,2)

FORMAT(1HO,' INCIDENCE MATRIX

INC(I,Jd)= 'srs(13))

THE VECTOR-SAMPLED FUNCTIONS pHI(J) ARE STORED IN
THE FIRST N ROWS AND FIRST L COLUMNS OF THE MATRIX
B(I1,J), B(I,J) CONTAINS PHICJ,ALF;TC(I), I, ...N;
J=1,L., THE CONSTANT FUNCTIONS PHI WHICH DO NOT
DEPEND UPON ANY NONLINEAR PARAMETERS ALF MUST

APPEAR FIRST.

IF(1SEL.EQ.2) GO TO 105
IF(ISEL.EQ.3) GO TO 165
DO 90 I=1,N

ACL,1)=1.0
WRITEC2,100)CACI, 1), 1=1,N)

FORMAT(1HO, "COLUMN #1 OF aACI,J)

CONTINUE

Do 119 I=1,N
ACI, 2)=DEXP(-ALF(1)*T(I))
WRITE(2,120)(CACI,2),1I=1,N)

FORMAT(1HO, 'COLUMN #2 OF A(I.J)

DO 130 1=1,N
ACI,3)=DEXP(-ALF(2)¥T(I))
WRITE(2,140)(ACI,3),1I=1,N)

FORMAT(IHO, 'COLUMN #3 OF aAcCI, )

IF (ISEL.EQ.2) GO TO 200

DO 150 1=1,H
A(I,43=0.0
WRITE(Z2,160)CA(CI,4),I=1,N)

FORMATCIHO, "COLUMN #4% OF ACI,J)

po 170 I=1,N
B(I,2)=DEXP(—-ALF(1)*T(I))
B(I,3)=DEXP(-ALF(2)*T(I))
ACI,5)=-T(I)*B(I,2
WRITE(2,1803(A(I,5),I=1,N)

FORMAT(1HO, 'COLUMN #5 OF A(I,J)

DO 190 1=1,N
A(I,6)=-T(I)¥*¥B(I,3)
WRITE(2,195)(CA(I,6),1I=1,N)

FORMAT(IHO, "'COLUMN #6 OF aA(CI,J)
=33~
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200

CONTINUE

RETURN
END

SUBROUTINE VARPRO (L, NL, N, NMAX, LPP2, IV, T, v, W, ADA, A,
X T1PRINT, atr, BETA, IERR)

GIVEN A SET OF N OBSERVATIONS, CONSISTING OF VALUES y(1),
Yy(2), ..., Y(N)Y OF A DEPENDENT VARIABLE v, WHERE v (I)
CORRESPONDS TO t#E& IV INDEPENDENT VARIABLE(S) T(I,?1), T(I,2),
.y TCILIVY), VARPRO ATTEMPTS TO COMPUTE A WEIGHTED LEAST
SQUARES FIT TO A FUNCTION ETA (THE “MODEL") WHICH 1S A LINEAR
COMBINATION

L
ETACALF, BETA; Ty = suM BETA * PHI ¢aLfr; T)Y + PHI (ALE; 7
J=1 J J L+1

OF NONLINEAR FUNCTIONS pPHI(J) (E.G., A SUM OF EXPONENTIALS ANC
OR GAUSSIANS). THAT 1S, DETERMINE THE LINEAR PARAMETERS
BETAC(J) AND THE VECTOR OF NONLINEAR PARAMETERS ALF BY MINIMIZ-
ING

2 N 2
NORM(RESIDUAL) = SUM W * (y - ETACALF, BETA; T )) .
1=1 I I I

THE (L+1)-ST TERM IS OPTIONAL, AND IS USED w#eNn IT IS DESIRED
TO FIS ONE OR MORE OF THE BETA"S (RATHER TtHaAN LET THEM BE
DETERMINED). VARPRO REQUIRES FIRST DERIVATIVES OF THE PHI'S,

NOTES:

A) THE ABOVE PROBLEM IS ALSO REFERRED TO AS "MULTIPLE
NONLINEAR REGRESSION®". FOR USE IN STATISTICAL ESTIMATION,
VARPRO RETURNS THE RESIDUALS, THE COVARIANCE MATRIX OF TIIE
LINEAR AND NONLINEAR PARAMETERS, AND THE ESTIMATED VARIANCE OF
THE OBSERVATIONS.

B8) AN ETA OF THE ABOVE FORM 1S CALLED "SEPARABLE®". THE
CASE OF A NONSEPARABLE ETA CAN BE HANDLED BY SETTING L = ¢
AND USING PHIC(L+1),

¢y VARPRO MAY ALSO BE USED TO SOLVE LINEAR LEAST SQUARES

PROBLEMS (IN THAT CASE NO ITERATIONS ARE PERFORMED). SET
NL = 0.
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D) THE MAIN ADVANTAGE OF VARPRO OVER OTHER LEAST SQUARES

PROGRAMS

IS THAT NO INITIAL GUESSES ARE NEEDED FOR THE LINEAR

PARAMETERS, NOT ONLY DOES THIS MAKE 1T EASIER TO USE, BUT IT
OFTEN LEADS TO FASTER CONVERGENCE.

DESCRIPTION OF PARAMETERS

INC

NMAX

LppP2

IPRINT

NUMBER OF LINEAR PARAMETERS BETA (MUST BE .GE. 0).
NUMBER OF NONLINEAR PARAMETERS ALF (MUST BE .cg. 0).
NUMBER OF OBSERVATIONS. N MUST BE GREATER THAN L + NL
(1.8., THE NUMBER OF OBSERVATIONS MUST ESCEED THE
NUMBER OF PARAMETERS).

NUMBER OF INDEPENDENT VARIABLES T.

REAL N BY 1V MATRIX OF INDEPENDENT VARIABLES. T(I., J)
CONTAINS THE VALUE OF THE 1-TH OBSERVATION OF THE J-TH
INDEPENDENT VARIABLE.

N-VECTOR OF OBSERVATIONS, ONE FOR eact ROW OF T.
N-VECTOR OF NONNEGATIVE WEIGHTS. SHOULD BE SET TO t's
IF WEIGHTS ARE NOT DESIRED. |IF VARIANCES OF THE
INDIVIDUAL OBSERVATIONS ARE KNOWN, W(I) SHOULD BE SET
TO 1./VARIANCE(I).

NL X (L+1) INTEGER INCIDENCE MATRIX. INC(K, J) = 1 IF°
NON-LINEAR PARAMETER ALF(K) APPEARS IN THE J-TH
FUNCTION pHICJ). (THE PROGRAM SETS ALL OTHER INC(K, <

TO ZERO.) IF PHI(L+1) IS INCLUDED IN THE MODEL,
THE APPROPRIATE eteMENTS OF THE (L+1)-ST COLUMN SHOULD
BE SET TO 1's. INC IS NOT NEEDED WHEN L = 0 or NL =

CAUTION: THE DECLARED ROW DIMENSION OF INC (IN ADA)
MUST currENTLY BE SET TO 12. SEE "RESTRICTIONS®" reLO:
THE DECLARED RrRoW DIMENSION OF THE MATRICES A AND T.

IT MUST BE AT LEAST MAX(N, 2*NL+3).

L+P+2, WHERE P IS THE NUMBER OF ONES IN THE MATRIX INC
THE DECLARED COLUMN DIMENSION OF A MUST BE AT LEAST
tepe2. (IFL =90, SET tpP2 = NL+2. IF NL = 0, SET LPPC
L+2.)

REAL MATRIX OF SIZE MAX(N, 2%NL+3) BY L+P+2. ON INPUT
IT CONTAINS THE pHI(J)'S AND THEIR DERIVATIVES (SEE
BELOW) . ON OUTPUT, THE FIRST L+NL ROWS AND COLUMNS OF
A WILL CONTAIN AN APPROXIMATION TO T#e (WEIGHTED)
COVARIANCE MATRIX AT THE SOLUTION (THE FIRST L ROWS
CORRESPOND TO THE LINEAR PARAMETERS, THE LAST NL TO Ti:
NONLINEAR ONES), COLUMN L+MUL+1 WILL CONTAIN THE
WEIGHTED RESIDUALS (Y - ETA), AC1, L+NL+2) WILL CONTA:
THE (EUCLIDEAN) NORM OF T#HE WEIGHTED RESIDUAL, AND
AC2, L+NL+2) WILL CONTAIN AN ESTIMATE OF THE (WEIGHTECD
VARIANCE OF THE OBSERVATIONS, NGORM(RESIDUAL)*%2/

(N - L - NLY.

INPUT INTEGER CONTROLLING PRINTED OUTPUT. IF IPRINT |
POSITIVE, THE NONLINEAR PARAMETERS, THE NORM OF THE
RESIDUAL, AND THE MARQUARDT PARAMETER WILL BE OUTPUT
EVERY IPRINT-TH ITERATION (AND INITIALLY, AND AT THE
FINAL ITERATION). THE LINEAR PARAMETERS WILL BE
PRINTED AT THE FINAL ITERATION. aNY ERROR MESSAGES
WILL ALSO BE PRINTED. (IPRINT = 1 IS RECOMMENDED AT
FIRST.) IF IPRINT = 0, ONLY THE FINAL QUANTITIES wItLL
BE PRINTED, As WELL aAs ANY ERROR MESSAGES. IF 1pRINT
-1, NO PRINTING WILL BE DONE. THE USER IS THEN
RESPONSIBLE FOR CHECKING THE PARAMETER I1ERR FOR ERROR.":

~35-



http://1F'P.INT

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

ALF NL-VECTOR OF ESTIMATES OF NONLINEAR PARAMETERS
(INPUT). ON OUTPUT IT WILL CONTAIN OPTIMAL VALUES OF
THE NONLINEAR PARAMETERS.
BETA L-VECTOR OF LINEAR PARAMETERS (OUTPUT ONLY).
I ERR INTEGER ERROR FLAG (OUTPUT):
.GT. 0 - SUCCESSFUL CONVERGENCE, IERR IS THE NUMBER Of'
ITERATIONS TAKEN
-1 TERMINATED FOR TOO MANY ITERATIONS.
- 2 TERMINATED FOR ILL-CONDITIONING (MARQUARDT
PARAMETER TOO LARGE.) ALSO SEE IERR & -8 BELOW.
-4 INPUT ERROR IN PARAMETER N, L, NL, LPPZ, OR NMAX.
-5 INC PIATRIX IMPROPERLY SPECIFIED, OR P DISAGREES
WITH LPP2.
-6 A WEIGHT WAS NEGATIVE.
-7 'CONSTANT' COLUMN WAS COMPUTED MORE THAN ONCE.
-8 CATASTROPHIC FAILURE - A COLUMN OF THE A MATRIX HA
BECOME ZERO. SEE 'CONVERGENCE FAILURES' BELOW.

(IF IERR .LE. -4, THE LINEAR PARAMETERS, COVARIANCE
MATRIX, ETC. ARE NOT RETURNED.)

SUBROUTINES REQUIRED

NINE SUBROUTINES, DPA, ORFAC1!1, ORFAC?, BACSUR, POSTPR, CoOV,
NNORM, INIT, AND VARERR ARE PROVIDED. IN ADDITION, THE USER
MUST PROVIDE A SUBROUTINE (CORRESPONDING TO THE ARGUMENT ADA)
WHICH, GIVEN ALF, WILL EVALUATE THE FUNCTIONS PHI(J) AND THEIT
PARTIAL DERIVATIVES D PHIC(J)/D ALF(K), AT THE SAMPLE POINTS
T(I). THIS ROUTINE nMusT BE DECLARED 'EXTERNAL' IN THE CALLIKt
PROGRAM. ITS CALLING SEQUENCE 1S

SUBROUTINE ADA (L+%, NL, N, NMAX, LPP2, IV, A, INC, T, ALF,
ISEL)

THE USER SHOULD MODIFY THE EXAMPLE SUBROUTINE 'ADA'" (GIVEN
ELSEWHERE) FOR HIS OWN FUNCTIONS.

THE VECTOR SAMPLED FUNCTIONS PHIC(J) SHOULD BE STORED IN THE

FIRST N ROWS AND FIRST L+l COLUMNS OF THE MATRIX A, I1.E.,
ACI, J) SHOULD CONTAIN PHI(J, ALF; TCI,1), T(I,2), ...,
TCIIVIY), 1 =%, ..., N; J =1, ..., L (OR L+1). THE (L+1)-87

COLUMN OF A CONTAINS PHICL+1) IF PHICL+1) IS IN THE {IODEL,
OTHERWISE IT IS RESERVED FOR WORKSPACE. THE 'CONSTANT' FUNC-
TIONS (THESE ARE FUNCTIONS PHIC(J) WHICH DO NOT DEPEND UPON ANY
NONLINEAR PARAMETERS ALF, E.G., TC(I)**J) (IF ANY) MUST AFPEAR
FIRST, STARTING IN COLUMN 1. THE COLUMN N-VECTORS OF NONZERO
PARTIAL DERIVATIVES D RHI(J) ~» D ALF(K) SHOULD BE STORED
SEQUENTIALLY IN THE MATRIX A IN COLUMNS L+2 THROUGH L+P+1.

THE ORDER IS

D PHI(Y!) D PHIC(Z2) D PHI(CL) D PHI(L+1) D PHIC1)
DALFC1) D ALFC1) D ALFC1) D ALECT) | D ALF(2)
D PHI(2) D PHI(L+1) D PHIC1) D PHI(L+1)
b aLec2) b oatrcy b oawFnny b ALFONL)

OMITTING COLUMNS OF DERIVATIVES WHICH ARE ZERO, AND OMITTING
PHI(L+1) COLUMNS IF PHI(L+1) IS NOT IN THE MODEL. NOTE THAT
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THE LINEAR PARAMETERS BETA ARE NOT USED IN THE MATRIX A.
COLUMN t+e+2 1S RESERVED FOR WORKSPACE.

THE CODING OF ADA SHOULD BE ARRANGED SO THAT:

ISEL = 1 (WHICH OCCURS THE FIRST TIME ADA 1S CALLED) MEANS:
A.  FILL IN THE INCIDENCE MATRIX INC
B. STORE ANY CONSTANT PHI"S 1IN A.
C. COMPUTE NONCONSTANT PHI"S AND PARTIAL DERIVA-

TIVES.
- 2 MEANS COPIPUTE ONLY THE NONCONSTANT FUNCTIONS PHI

= 3 MEANS COMPUTE ONLY THE DERIVATIVES

(WHEN THE PROBLEM 1S LINEAR (NL = 0) ONLY ISEL = 1 IS USED, AN

DERIVATIVES ARE NOT NEEDED.)

RESTRICTIONS

THE SUBROUTINES5 DPA, INIT (AND ADA) CONTAIN THE LOCALLY
DIMENSIONED MATRIX INC, WHOSE DIMENSIONS ARE CURRENTLY SET FOR
MAXIMA OF L+I = &, NL = 12. THEY MUST BE CHANGED FOR LARGER
proBLEMS. DATA PLACED IN ARRAY A IS OVERWRITTEN ("DESTROYED")
DATA PLACED IN ARRAYS T, Y AND INC IS LEFT INTACT. THE PROGR?
RUNS IN WATFIV, EXCEPT WHEN L = 0 OR NL = O.

IT IS ASSUMED THAT THE MATRIX PHI(J, ALF; T(I1)) HAS FULL
COLUMN RANK. THIS MEANS T#AT THE FIRST L COLUMNS OF THE MATRI
A MUST BE LINEARLY INDEPENDENT.

OPTIONAL NOTE: AS WILL BE NOTED FROM THE SAMPLE SUBPROGRA:!
ADA, TtiE DERIVATIVES D PHI(J)sD ALF(K) (ISEL = 3) nust BE
coMpuUTED INDEPENDENTLY OF THE FUNCTIONS pPHICJ) (ISEL = 2),
SINCE THE FUNCTION VALUES ARE OVERWRITTEN AFTER ADA 1S CALLED
WITH ISEL = 2. THIS 1S DONE TO MINIMIZE STORAGE, AT THE POS-
SIBLE ESPENSE OF SOME RECOMPUTATION (SINCE THE FUNCTIONS aND
DERIVATIVES FREQUENTLY HAVE SOME COMMON SUBEXPRESSIONS), TO
REDUCE THE AMOUNT OF COMPUTATION AT THE EXPENSE OF SOME
STORAGE, CREATE A mMatrIiX B OF DIMENSION Nrax BY L+t IN ADA, Aa:
AFTER THE COMPUTATION OF THE PIHIN®S (ISEL = 2), CcoPY THE VALUES
INTO 8. THESE VALUES CAN T#eN BE USED TO CALCULATE THE DERIV-
ATIVES (ISEL = 3). (THIS MAKES USE OF THE FACT THAT WHEN A
CALL TO ADA WITH ISEL = 3 FOLLOWS A CALL WITH ISEL = 2, THE
ALFS ARE THE SAME.)

TO CONVERT TO OTHER MACHINES, CHANGE THE OUTPUT UNIT IN THY
DATA STATEMENTS IN VARPRO, DPA, POSTPR, AND YARERR. THE
PROGRAM HAS BEEN CHECKED FOR PORTABILITY BY THE BELL LABS PFOT
VERIFIER. FOR MACHINES WITHOUT DOUBLE PRECISION HARDIJARE, IT
MAY BE DESIRABLE TO CONVERT TO SINGLE PRECISION. THIS CAN BE
DONE BY CHANGING (aA> THE DECLARATIONS "DOUBLE PRECISION®" TO
"REAL", (B) THE PATTERN '.0' TO ".E* IN THE "DATA" STATEMENT
VARPRO, (Cc) DSIGN, DSQRT AND DABS TO SIGN, sarT AND ABS,
RESPECTIVELY, AND (D) DEXP TO EXP IN THE SAMPLE PROGRAPIS ONLY.

NOTE ON INTERPRETATION OF COVARIANCE MATRIX

FOR USE IN STATISTICAL ESTIMATION (MULTIPLE NONLINEAR
REGRESSION) VARPRO RETURNS THE COVARIANCE MATRIX OF TtiE LINEAT
AND NONLINEAR PARAMETERS. THIS MATRIX WILL BE USEFUL ONLY 1IF
THE USUAL STATISTICAL ASSUMPTIONS HOLD: AFTER WETIGHTING, THE
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ERRORS IN THE OBSERVATIONS ARE INDEPENDENT AND NORMALLY DISTRI
BUTED, WITH MEAN ZERO AND THE SAME VARIANCE. IF THE ERRORS bpc
NOT HAVE MEAN ZERO (OR ARE UNKNOWN), THE PROGRAM WILL ISSUE A
WARNING MESSAGE (UNLESS IPRINT .tT. 0) AND THE COVARIANCE
MATRIX WILL NOT BE VALID. IN THAT CASE, THE MODEL SHOULD BE
ALTERED TO INCLUDE A CONSTANT TERM (SET PHI(1) = 1.).

NOTE ALSO THAT, IN ORDER FOR THE USUAL ASSUMPTIONS TO HOLD,
THE OBSERVATIONS MUST ALL BE OF APPROXIMATELY THE SAME
MAGNITUDE (IN Tiie ABSENCE OF INFORMATION ABOUT THE ERROR OF
EACH OBSERVATION), OTHERWISE THE VARIRNCES WILL NOT BE THE
SAME. IF THE OBSERVATIONS ARE NOT THE SAME SI1ZE, THIS CAN BE
CURED BY WEIGHTING.

IF THE USUAL ASSUMPTIONS HOLD, THE SQUARE ROOTS OF THE
DIAGONALS OF THE COVARIANCE MATRIX A GIVE THE STANDARD ERROR
S(1) OF EACH PARAMETER. DIVIDING aA(I,J) BY S(I)¥*s(J) YIELDS
THE CORRELATION MATRIX OF THE PARAMETERS. PRINCIPAL ASES AND
CONFIDENCE ELLIPSOIDS CAN BE OBTAINED BY PERFORMING AN EIGEN-
VALUE/EIGENVECTOR ANALYSIS ON A. ONE SHOULD CALL THE tISPACK
PROGRAM TRrRED2, FOLLOWED BY TQL2 (OR USE THE EISPAC CONTROL
PROGRAM) .

CONVERGENCE FAILURES

IF CONVERGENCE FAILURES OCCUR, FIRST CHECK FOR INCORRECT
CODING OF THE SUBROUTINE ADA. CHECK ESPECIALLY THE ACTION OF
ISEL, AND THE COMPUTATION OF THE FARTIAL DERIVATIVES. IF THE:"
ARE CORRECT, TRY SEVERAL STARTING GUESSES FOR ALF. IF ADA
IS CODED CORRECTLY, AND IF ERROR RETURNS IERR = -2 0R -8
PERSISTENTLY OCCUR, THIs IS A SIGN OF ILL-CONDITIONING, WHICH
MAY BE CAUSED BY SEVERAL THINGS. ONE 1S POOR SCALING OF THiE&
PARAMETERS; ANOTHER IS AN UNFORTUNATE INITIAL GUESS FOR THE
PARAMETERS, STILL ANOTHER 1S A POOR CHOICE OF THE MODEL.

ALGORITHM

THE RESIDUAL R 1S MODIFIED TO INCORPORATE, FOR ANY FIXED
ALF, THE OPTIMAL LINEAR PARAMETERS FOR THAT ALF. IT IS THEN
POSSIBLE TO MINIMIZE ONLY ON THE NONLINEAR PARAMETERS. AFTER
THE OPTIMAL VALUES OF THE NONLINEAR PARAMETERS HAVE BEEN DETER
MINED, THE LINEAR PARAMETERS CAN BE RECOVERED BY LINEAR LEAST
SQUARES TECHNIQUES (SEE REF. 1)

THE MINIMIZATION 1S BY A MODIFICATION OF OSBORNE®"S (REF. 3)
MODIFICATION OF THE LEVENBERG-MARQUARDT ALGORITHM. INSTEAD oF
SOLVING THE NORMAL EQUATIONS WITH MATRIX

T 2
(J J + NU ¥ D), WHERE J o D(ETA)I/D(ALF),

STABLE ORTHOGONAL (HOUSEHOLDER) REFLECTIONS ARE USED ON A
MODIFICATION OF THE MATRIX

( J )
( _____ _I 1
( NUXD )

WHERE D IS A DIAGONAL MATRIX CONSISTING OF THE LENGTHS OF THE
COLUMNS OF J. THIS MARQUARDT STABILIZATION ALLOWS THE ROUTIH!
TO RECOVER FROM SOME RANK DEFICIENCIES IN THE JACOBIAN.
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OSBORNE"S EMPIRICAL STRATEGY FOR CHOOSING THE MARQUARDT PARAM-
ETER HAS PROVEN REASONABLY SUCCESSFUL IN PRACTICE. <(GAUSS-
NEWTON WITH STEP CONTROL CAN BE OBTAINED BY MAKING THE CHANGE
INDICATED gerorRE THE INSTRUCTION LABELED 5)>. A DESCRIPTION c»
BE FOUND IN REF. (3>, AND a FLOW CHART IN (25, P. 22,

FOR REFERENCE, SEE

1. GENE H. GOLUB AND V. PEREYRA, "THE DIFFERENTIATION OF
PSEUDO-INVERSES AND NONLINEAR LEAST SQUARES PROBLEMS WHOSE
VARIABLES SEPARATE," SIAM J. NUMER. ANAL. 10, 413-432
(1973).
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3. O0OSBORNE, MICHAEL R., "SOME ASPECTS OF NON-LINEAR LEAST
SQUARES CALCULATIONS," IN tooTsMA, ED., "NUMERICAL METHODS
FOR NON-LINEAR OPTIMIZATION," ACADEMIC PRESS, LONDON, 197¢
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COMM. ACM 17, PP. 167-169 (MARCH, 1974).

5. KAUFMAN, LINDA, "A VARIABLE PROJECTION METHOD FOR SOLVING
SEPARABLE NONLINEAR LEAST SQUARES PROBLEMS®, B8.I1.T. 15,
49-57 (1975).

6. DRAFER, N., AND SMITH, H., APPLIED REGRESSION ANALYSIS,
WILEY, N.Y., 1966 (FOR STATISTICAL INFORMATION ONLY).

7. C. LAWSON AND R. HANSON, SOLVING LEAST SQUARES PROBLEMS,
PRENTICE-HALL, ENGLEWOOD CLIFFS, N. J., 1974,
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COMPUTER SCIENCE DEPT., SERRA HOUSE
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JANUARY, 1977

DOUBLE PRECISION A(HNMAX, LPP2), BETACL), ALF(NL), TONMAX, IV),
2 W(N), Y(N), ACUM, EPSI, GNSTEP, NU, PRJRES, R, RNEW, XNORM
INTEGER 81, OUTPUT

LOGICAL SKIP

EXTERNAL ADA

DATA EPSI ~,1.0-6/, ITMAX s50/, OUTPUT /67

THE FOLLOWING TWO PARAMETERS ARE USED IN T#te CONVERGEHCE
TEST: EPSI IS AN ABSOLUTE AND RELATIVE TOLERANCE FOR THE
NORM OF THE PROJECTION OF THE RESIDUAL ONTO THE RANGE OF TV
JACOBIAN OF THE VARIABLE PROJECTION FUNCTIONAL.

ITMAX 1S THE MAXIMUM NUMBER OF FUNCTION AND DERIVATIVE
EVALUATIONS ALLOWED. CAUTION: EPSI must NOT BE

SET SMALLER THAN 10 Tires THE UNIT ROUND-OFF OF THE MACHINE

IERR = 1

ITER = O

Lt = L+ 1

81 = L + 2

LNL2 = L + NL + 2

NLPI = NL + !

SKIP = _FALSE.

MODIT = IPRINT

IF (IPRINT .LE. 0) MODIT = ITMAX + 2
NU = 0.

17 GAUSS-NEWTON IS DESIRED REMOVE THE NEXT STATEMENT.
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BEGIN OUTER ITERATION LOOP TO UPDATE ALF.

CALCULATE THE NORM OF THE RESIDUAL AND THE DERIVATIVE OF
THE MODIFIED RESIDUAL THE FIRST TIME, BUT ONLY THE
DERIVATIVE IN SUBSEQUENT ITERATIONS.

5 CALL DPA (L, NL, N, NMAX, LPP2, IV, T, Y, W, ALF, ADA? IERR,

X

IPRINT, &, BETA, AC1, LP1), R)

GNSTEP = 1.0
ITERIN = 0
IF (ITER .6T. 0) GO TO 10

IF (NL .EQ. 0) GO TO 90
IF (IERR _NE. 1) GO TO 99

IF (IPRINT .LE. 0) GO TO 10
WRITE (OUTPUT, 207) ITERIN, R
WwrRiTe (OUTPUT, 200> NU
WRITE (3,207) ITERIN,R
WRITE (3,200) NU
BEGIN TWO-STAGE ORTHOGONAL FACTORIZATION

10 CALL oRFACI(HMLP!, NMAX, N, L, IPRINT, ACY, B1), PRJIRES, IERR)
IF (IERR .tT. 0) GO TO 99
IERR = 2
IF (NU .E@. 0.) GO TO 30

25

30

35

40

45

BEGIN INNER ITERATION LOOP FOR GENERATING NEW ALF AND
TESTING 1T FOR ACCEPTANCE.

CALL orrFAcC2¢(NLP1, NMAX, NU, aCt, B1))

SOLVE A NL X NL UPPER TRIANGULAR SYSTEM FOR DELTA-ALF.
THE TRANSFORMED RESIDUAL (IN COL. LNL2 OF A) 1S OVER-
WRITTEN BY THE RESULT DELTA-ALF.

CALL BACSUB (NMaX, NL, acC1, B1), AC!, LNLZ2))
DO 35 ¥k = 1, NL

ACK, B1) = ALF(K) + A(K, LNL2)

NEW ALF(K) = ALF(K) + DELTA ALF(K)

STEP TO THE NEW POINT NEW ALF, AND cottpuTe THE NEW
NORM OF RESIDUAL. NEW ALF IS STORED IN coLuUMN B1 OF A.

CALL DPA (L, NL, N, NMAX, LPP2, IV, T, Y, W, AC!, B1), ADA,
IERR, IPRINT, A, BETA, ACt, LP1), RNEW)
IF (IERR .NE. 2> GO TO 99
ITER = ITER + 1
ITERIN = ITERIN + 1
SKIP = MOD(ITER, MODIT) .NE. O
IF (SKIP) GO TO 45
WRITE (OUTPUT, 203> ITER
WRITE (OUTPUT, 216> C(ACK, B1), K = 1, NL)
WRITE (OUTPUT, 207) ITERIN, RNEW
WRITE (3,203) ITER
WRITE ¢3,216) C(A(K,B1), K = 1, NL)
WRITE (3,207) ITERIN,RNEW

IF (ITER .LT. ITMAX) GO TO 50
IERR = -1
CALL VARERR (IPRINT, I1ERR, 1)
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GO TO 95
50 IF (RNEW - R .LT. EPSI1¥(R + 1.D0)) GO TO 75

RETRACT THE STEP JUST TAKEN

IF (NU .NE. 0.) GO TO 60
GAUSS-NEWTON OPTION ONLY
GNSTEP = 0,5%¥GNSTEP
IF (GNSTEP .LT. EPS1) GO TO 95
DO 55 K = 1, NL
55 ACK, B1) = ALF(K) + GNSTEP¥A(K, LNL2)
GO TO 40
ENLARGE THE MARQUARDT PARAMETF
60 NU = 1.5%¥NU
IF (.NOT. SKIP) WRITE (OUTPUT, 2063 NU
IF (NU .LE. 100.) GO TO 65

IERR = -2
CALL VARERR (IPRINT, IERR, 1)
GO TO 95
RETRIEVE UPPER TRIANGULAR FORM
AND RESIDUAL OF FIRST STAGE.
65 DO 70 K = 1, NL
KSUB = LP! + K

DO 70 J = K, NLPI
JSuB = LpP1! + J
ISUB o NLPI + J
70 ACK, JSUB) = A(ISUB, KSUB)
GO TO 25
END OF INNER ITERATION LOOP
ACCEPT THE STEP JUST TAKEN

75 R = RNEW
DO 80 K = 1, NL
80 ALF(K) = A(K, B81)
CALC. NORM(DELTA ALF)/NORMCALF
ACUM = GNSTEPX¥XNORM(NL, AC}, LNL2))/XNORM(NL. ALF)

IF ITERIN IS GREATER THAN 1, A STEP WAS RETRACTED DURING
THIS OUTER ITERATION.

IF (ITERIN .EQ. 1) NU = 0.5%NU

IF (SKIP) GO TO 85
WRITE (OUTPUT, 200) NU
WRITE (OUTPUT, 208) ACUM
WRITE (3,200) NU
WRITE (3,208) ACUM

85 IERR = 3
IF (PRJRES .GT. EPS1%(R + 1.D0)) GO TO 5
END OF OUTER ITERATION LOOP

CALCULATE FINAL QUANTITIES -- LINEAR PARAMETERS, RESIDUALS,
COVARIANCE MATRIX, ETC.

90 IERR = ITER

95 IF (NL .GT. 0) CALL DPA(L, NL, N, NMAX, LPP2, IV, T, Y, W, ALF,
X ADA, 4, IPRINT, A, BETA, A(C1, LP1), R)
CALL POSTPR(L, NL, N, NMAX, LNLZ2, EPS1!1, R, IPRINT, ALF, W, A&,
X AC1, LP1), BETA, IERR)

99 RETURN
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200 FORMAT (9H NU =, E15.7)

203 FORMAT ¢(12H0 ITERATION. 14, 2uH NONLINEAR PARAMETERS)
206 FORMAT (2GH STEP RETRACTED, NU =, E15.7)
207 FORMAT (1HO, 15, 20H NORM OF RESIDUAL =, E15.7)
208 FORMAT (34H NORM(DELTA-ALF) ~ NORMCALF) =, E12.3)
216 FORMAT (1HO, 7E15.7)
END

SUBROUTINE oRFACIT(NLP', NMAX, N, L, IPRINT, B, PRIRES, IERR)

STAGE 1: HOUSEHOLDER REDUCTION OF

( ) ( DR". R3 ) NL

( DR . R2 ) TO (=-=---, -- 13,

( ) ¢ 0 . R4 Y N-L-NL
NL 1 NL 1

WHERE DR = -D(@2)*Yy IS THE DERIVATIVE OF THE MODIFIED RESIDUA
PRODUCED BY DPA, R2 IS THE TRANSFORMED RESIDUAL FROM ob®eaA, ANT
DR®" IS IN UPPER TRIANGULAR FORM (AS IN REF. (2>, P. 18).

DR IS STORED IN ROWS L+l TO N AND COLUMNS t+2 TO L + NL + 1 ¢
THE MATRIS A (1.&., COLUPINS 1 TO NL OF THE PIATRIX B). RrR2 IS
STORED IN corumMN L + NL + 2 OF THE MATRIX A (COLUMN NL + 1 Of
83). FOR K =1, 2, ..., NL, FIND REFLECTION I - u * U" , BETA
WHICH ZEROES B(I, K), I = L+r+1), ..., N.

DOUBLE PRECISION acum, ALPHA, B(NMAX, NLP1), BETA, DSIGN, PRJRES.
X U, SNORM

NL = nLPt! - 1
NL23 = 2%¥NL + 3
et = L + 1

DO 30 K = 1, NL
LPK & L + K
ALPHA = DSIGN(XNORM(N+1!1-LPK, B(LPK, KJ)J), B(LPK, K))
Uea B(LPK, K) + ALPHA
B(LPK, K) = U
BETA = ALPHA * U
IF (ALPHA _NE. 0.0) GO TO 13

COLUMN was ZERO

IERR = -8
CALL VARERR (IPRINT, IERR, LP1 + K)
GO TO 99
appLyY REFLECTIONS TO REMAINING COLUMNE
OF B AND TO RESIDUAL VECTOR.
13 KP1 = K + 1
DO 25 J = kpi, NLPI
ACUM = 0.0
DO 20 I = LPK, N
20 ACUM = ACUM + B(I, K) * B(I, J)

ACUM = ACUM ~» BETA

DO 25 1 = LPK, N
25 B(I, J) = B(I, J) - B(I, K) * ACUM
30 B(LPK, KJ) = —-ALPHA

PRJRES = XKNORM(NL, B(LP!, NLP1))
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SAVE UPPER TRIANGULAR FORM AND TRANSFORMED RESIDUAL, FOR U=
IN CASE A STEP IS RETRACTED. ALSO COMPUTE COLUMN LENGTHS

IF (IERR .EQ. %) GO TO 99
DO 50 K = 1, NL
LPK =L K
DO 40 J K, NLPI
JSUB = NLPI + J
B(K, JJ) = B(LPK, J)
B(JSUB, KJ) = B(LPK, J)
B(NLZ23, K) = ¥NORM(K, B(LP1, K})

W+

RETURN
END

SUBROUTINE ORFAC2(NLP1T, NMAX, NU, B)

STAGE 2: SPECIAL HOUSEHOLDER REDUCTION OF

NL ( DR' . R3 ) (DR'' . R5 )
(—mmm- =) G -~
N- L- NL ( 0 . R4 TO ¢ 0 . R4
(mmmmm -— ) [G— -
NL (NU%D , 0 ) ¢ 0 RG )

NL 1 NL 1

WHERE DR', R3, AND R4 ARE AS IN ORFAC!, NU IS THE MARQUARDT
PARAMETER, D IS A DIAGONAL MATRIX CONSISTING OF THE LENGTHS O!
THE COLUMNS OF DR', AND DR™" IS IN UPPER TRIANGULAR FORIt.
DETAILS IN (%), PP. 423-424, NOTE THAT THE (M-L-NL) BAND OF
ZEROES, AND R4, ARE OMITTED IN STORAGE.

DOUBLE PRECISION ACUM, ALPHA, B(NMAX, NLP1), BETA, DSIGN, NU, U,
X XNORM

NL = NLPI -1
NL2 = 2%*NL
NL23 = NL2 + 3
DO 30 K = 1, NL
KpP1 = K + 1
NLPK = NL + K
NLPKM! = NLPK - ;
B(NLPK, K) = NU B(NL23, K
B(NL, K) = B(K, K)
ALPHA = DSIGN(XNORM(K+1!, B(NL, K)), B(K, K))
U = B(K, KJ) + ALPHA
BETA = ALPHA * U

B(K, KJ) = - ALPHA
THE K- TH REFLECTION MODIFIES ONLY ROUWS K,
NL+1, NL+2, ..., NL+K, AND COLUMNS K TO NL+1.

DO 30 J = KP1, NLPI
B(NLPK, J) = 0.
ACUM = U * B(r, I
DO 20 I = NLP1, NLPKMI
ACUM = ACUM + B(I,K) ¥ B(I,J)
ACUM = ACUM ~ BETA
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B(K,J) = B(K,J) - U #* ACUM
DO 30 I = NLPI, NLPK
30 B(I,J) = B(I,J) - B(I,K) ¥ ACUM

RETURN
END

SUBROUTINE DPA (L, NL, N, NMAX, tpP2, IV, T, Y, W, ALF, ADA, ISEL
X IPRINT, A, u, R, RNORM)

COMPUTE THE NORM OF THE RESIDUAL (IF ISEL = 1 OR 2), OR THE
(M-L1) X NL DERIVATIVE OF THE MODIFIED RESIDUAL (N-L) VECTOR
a2*y (IF ISEL = 1 OR 3). HERE Q * pur = s, 1.8.,

L tatl ) ) (s . RV . F1 )

(----1 C PHI .Y . D(PHI) | = (-=-- . __ T

N-L C Q2 ) ¢ ) ( 0 . R2 . Ff2 )
N L 1 P L 1 P

WHERE @ IS N X N ORTHOGONAL, AND S IS L X L UPPER TRIANGULAR.
THE NORM OF THE RESIDUAL = NoORM(R2), AND THE DESIRED DERIVATIV
ACCORDING TO REF. (5>, IS

p(a2 ¥ vy = -q2 ¥ p(PHIY* S

...............................................................

DOUBLE PRECISION ACMMAX, LPP2), ALF(NL), TCHMAX, IV), W(N), Y(N),
¥ ACUM, ALPHA, BETA, RrRNORM, DSIGN, DSQRT, SAVE, R(N), U(L), XNORM

INTEGER FIRSTC, FIRSTR, I1NCC12, &)

LOGICAL NOWATE, PHILPI

EXTERNAL ADA

IF (ISEL .NE. 1) GO TO 3
et = L o+ 1
LNL2 = L + 2 + NL
LP2 = L + 2
LPPI = tpPr2 - 1

FIRSTC = 1
LASTC = LPPI
FIRSTR = up!

CALL INITC(L, NL, N, NMAX, tepP2, Iv, T, W, atF, ADA, ISEL,
X IPRINT, A, INC, NCON, NCONP1, PHILP!, NOWATE)

IF (ISEL .NE. 1) GO TO 99

GO TO 30

3 CALL ADA (LPI,NL,N,NMAX,LPP2,IV,A,INC,T,ALF,MINOCISEL,3))
IF (ISEL .Ea. 2) GO TO ¢

ISEL = 3 OR 4
FIRSTC = LP2
LASTC = LPPI
FIRSTR = (4 - ISEL)*L + 1
GO TO 59
ISEL = 2

6 FIRSTC = NCONPI
LASTC = LP1
IF (NCON .£q. 0) GO TO 30
IF (aC1, NCON) .E@. SAVE) GO TO 30
ISEL = -7
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66

68

70

75

IF

IF
DO

I F

CALL VARERR (IPRINT, ISEL, NCON)
GO TO 99
ISEL = 1 OR 2

(PHILP1) GO TO 40
bo 35 I = 1, N

RCID = Y(ID
GO TO 50
DO 45 1 = 1, N

R(I) = Y(I) - R(I)

WEIGHT APPROPRIATE COLUMHK

(NOWATE) GO TO 58

55 1 = 1, N

ACUM = W(I)

DO 55 J = FIRSTC, LASTC
ACI, J) = ACI, J) * Acum

COMPUTE ORTHOGONAL FACTORIZATIONS BY HOUSEHOLDER
REFLECTIONS. IF ISEL = 1 OR 2, REDUCE PHI (STORED IN THE

FIRST L COLUMNS OF THE MATRIX A) TO UPPER TRIANGULAR FORM,

(Q*PHI = 8), AND TRANSFORM Y (STORED. IN COLUMN L+1), GETTIN

Q*Y = R. IF ISEL = 1, ALSO TRANSFORM J = D PHI (STORED IN

COLUMNS L+2 THROUGH L+P+1 OF THE MATRIX A), GETTING Q*J =
IF ISEL = 3 OR 4, PHI HAS ALREADY BEEN REDUCED, TRANSFORMN

F

ONLY J. S, R, AND F OVERWRITE PHI, Y, AND J, RESPECTIVELY.

AND A FACTORED FORM OF Q IS SAVED IN U AND THE LOWER
TRIANGLE OF PHI

(L .EQ. 0) GO TO 75
70 E = 1, L

KP1 = K + 1

IF (ISEL .GE. 3 .OR. (ISEL .EQ. 2 .AND. K .LT.NCONP1)) GO TO
ALPHA = DSIGN(XNORM(N+1-K, A(KR, K)), A(K, KJ))

U(K) = A(K, K) + ALPHA

ACK, K) B -ALPHA

FIRSTC = KP!

IF (ALPHA ._NE. 0.0) GO TO C6

ISEL = -8

CALL VARERR (IPRINT, ISEL, K)

Go TO 99
APPLY REFLECTIONS TO COLUMNS
FIRSTC TO LASTC

BETA = -A(K, K) * U(K)

DO 70 J = FIRSTC, LASTC
ACUM = U(KJ)¥A(K, J)
DO 68 I = KP1, N
ACUM = ACUM + ACI, RI*¥ACI, J)
ACUM = ACUM ~r BETA
ACK,J) = A(K,J) - U(K)I*¥ACUM
DO 70 I = KP1, N
ACI, J) = ACI, J) - ACI, KI*ACUM

(ISEL .GE. 3) GO TO 85

RNORM = XNORM(N-L, R(LP1))

I F
IF

(ISEL .EQ. 2) GO TO 99
(NCON .GT. 0) SAVE = AC1, NCON)

F2 IS NOW CONTAINED IN ROWS L+l TO N AND COLUMNS L+2 TO

L+P+1 OF THE MATRIX A. NOW SOLVE THE L X L UPPER TRIANGUL

SYSTEM S*BETA = R1! FOR THE LINEAR PARAMETERS BETA. BETA
OVERWRITES R1.
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85 IF (L .GT. 0) CALL BACSUB (HMAX, L, A, R)

MAJOR PART OF KAUFMAN®"S SIMPLIFICATION OCCURS HERE. cotpur
THE DERIVATIVE OF ETA WITH RESPECT TO THE NONLINEAR

PARAMETERS
T D ETA T L D PHI(J) D PHI(L+1)
Q ¥ —-=----- = Q * (SUM BETA(J) -------- $ommmmmmm ) = F2¥%BET
D ALF(K) J=1 D ALF(K) D ALF(K)
AND STORE THE RESULT IN COLUMNS t+2 TO tL+NL+1. IF ISEL NOT

= 4, THE FIRST L ROWS ARE OMITTED. TH#HIS IS -D(Q2)*Y. IF
ISEL NOT = 4 THE RESIDUAL R? = q2*y (IN COL. r+1) IS coprigem
TO COLUMN t+NL+2. OTHERWISE ALL OF COLUPIN L+l 1S COPIED.

DO 95 1 = FIRSTR, N
IF (L .Ea. NCON) GO TO 95

M = LP1
DO 90 ® = 1, NL
ACUM = O.

DO &8 J = NCONPI, L
IF (INC(K, J) .EQ. 0) GO TO 88
M=t + 1
ACUM = ACUM + acr, M) % R(J)
88 CONTINUE
KSUB = tp1 + K
IF (INC(K, LP!) .EQ. 0) GO TO 90

Moo= Mo+ 1
ACUM = RCUM + acCl, M3
Qo ACI, KsuB) = ACUM

(23

ACI, LNLZ2) = RCI)

99 RETURN
END

SUBROUTINE INIT(L, NL, N, NMAX, LPP2, IV, T, W, ALF, ADA, ISEL,
X IPRINT, A, INC, NCON, NCONP1, PHILP1, NOWATE)

CHECK VALIDITY OF INPUT PARAMETERS, AND DETERMINE NUMBER OF
CONSTANT FUNCTIONS.

DOUBLE PRECISION A (NMAX, LPP2), ALF(NL), T(NMAX, IV), W(N),
X DSQRT

INTEGER OUTPUT, P, INC(12, &)

LOGICAL NOWATE, PHILPI

DATA OUTPUT /6~

et = L + 1
LNL2 = L + 2 + NL
CHECK FOR VALID INPUT
IF ¢ . ¢E. 0 ,AND. NL .GE. O _AND. L+NL .LT. N .AND. LNL? .LE.
X LPP2 .AND. 2*NL + 3 ,LE. NMAX _.AND. N .LE. NMAX L.AND.
X IV .¢7. 0 ._AND. .NOT. (NL .EQ. 0 _AND. L .EQ. 0)) GO TO !

ISEL = -4
CALL VARERR (IPRINT, ISEL, 1)
GO TO 99
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IF (L .EQ. 0 .OR. NL .gq. 0> GO TO 3
DO 2 J = 1, LP1
DO 2 K = 1, NL
INC(K, J3) =0

CALL ADA (rLPt, NL, N, NMAX, LPP2, IV, A, INC, T, ALF, ISEL)

NOWATE = .TRUE.
bO ¢ 1 = 1, N
NOWATE = NOWATE .AND. (W(I) .EQ. 1.0)

IF (W(I) .GE. 0.) GO TO 9
ERROR IN WEIGHTS

ISEL = -6
CALL VARERR (IPRINT, ISEL, I)
GO TO 95,
W(I) = DSQRT(W(I))
NCON = L
NCONPI = Lp1
PHILPI =& L .EQ. 0
IF (pHILP?! _OR. NL .EQ. 0) GO TO 99
CHECK INC MATRIX FOR VALID INPUT ax
DETERMINE NUMBER OF CONSTANT FCHNS.
P =0

Do 11 J =1, vet
IF (P .EQ. 0) NCONPI =1
DO 11 K = 1, NL
INCEJ = INC(K, J)
IF (INCKJ _NE. O .AND. INCKJ ._.NE. 1) 6o TO 15
IF (INCKJ .Ea. 1) P = P + 1
CONTINUE

NCON = NCONPI - 1
IF (IPRINT .Ge. 0) WRITE (OUTPUT, 210> NCON
IF (L+P+2 .EQ., LPP2) GO TO 20
INFUT ERROR IN INC MaTR:

ISEL = -5
CALL VARERR (IPRINT, ISEL, 1)
Go TO @9

DETERMINE IF eHICL+1) IS IN THE toREL
DO 25 K = 1, NL
IF CINC(K, LP1) .EQ. 1) PHILPI = _TRUE.

RETURN

FORMAT ¢3340 NUMBER OF CONSTANT FUNCTIONS =, I4 /)
END
SUBROUTINE BACSUB (NMAX, N, A, %)

BACKSOLVE THE N x N UPPER TRIANGULAR SYSTEM ax*x = B.
THE SOLUTION X OVERWRITES THE RIGHT SIDE B.

DOUBLE PRECISION a(NHMAX, N), X(N), ACUM

X(N) = X(N) 7 A(N, N)
IF (N .EQ. 1) GO TO 30

NP1 = N + 1
DO 20 IBACK = 2, N
I = ¥p1 - IBACK
Il = N-1, N=-2, ..., 2, 1
Ipt =1 + 1
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ACUM = X(I)
po 10 J = 1IP1, N

ACUM = ACUM - ACI,J)¥X(J)
LCI) = ACUM 7 A(I,I)

RETURN

END

SUBROUTINE POSTPR(L, NL, N, NMAX, LNL2, EPS, RNORM, IPRINT, ALF,
W, A, R, U, IERR)

CALCULATE RESIDUALS, SAMPLE VARIANCE, AND COVARIANCE MATRIX.
ON INPUT, U CONTAINS INFORMATION ABOUT HOUSEHOLDER REFLECTIOND
FROM DPA. ON OUTPUT, IT CONTAINS THE LINEAR PARAMETERS

DOUBLE PRECISION ACNMAX, LNL2), ALF(NL), R(N), UCL), W(N), ACUM,

X EPS, PRJRES, RNORM, SAVE, DABS

INTEGER OUTPUT
DATA OUTPUT r67

LP1 = L + 1

LFNL = LNL2 = 2

LNLI = LPNL + 1

po 10 I = 1, N
WCI) = W(I)*¥*2

UNWIND HOUSEHOLDER TRANSFORMATIONS TO GET RESIDUALS,
AND MOVE THE LINEAR PARAMETERS FROM R TO U.

IF (L .EQ. 0) GO TO 30
DO 25 KBACK = 1, L

K = LP1 - KBACK

KP1 = K + 1

ACUM = 0.
DO 20 I = KpP1, N R}
ACUM = ACUM + ACI, K) ¥ RrCI)
SAVE = R(K)
RCK) = ACUM / ACK, K)
ACUM = -ACUM ~ (UCK) ¥ ACK, K))
UCK) = SAVE
DO 25 1 = KP1, N
R(I) = R(I) = ACI, K)¥ACUM
COMPUTE MEAN ERROR
ACUM = 0.

DO 35 T = 1, N
ACUM = ACUM + R(IJ
SAVE = ACUM - N

THE FIRST L COLUMNS OF THE MATRIX HAVE BEEN REDUCED TO
UPPER TRIANGULAR FORM IN DPA. FINISH BY REDUCING ROWS
L+ TO N AND COLUMNS L+2 THROUGH L+NL+! TO TRIANGULAR
FORM. THEN SHIFT COLUMNS OF DERIVATIVE MATRIX OVER ONE
TO THE LEFT TO BE ADJACENT TO THE FIRST L COLUMNS.

IF (NL .EQ. 0) GO TO 45
CALL ORFAC1(NL+1, NMAX, N, L, IPRINT, AC!, L+2), PRJRES, %)
DO 40 I = 1, N
ACI, LNL2) = R(CI)
DO 40 K = LPY, LNLI
ACI, K)Y = A(I, K+1)
COMPUTE COVARIANCE MATRI
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45 A(CY, LNL2) = RNORM
ACUM = RNORM¥RNORM/(N - L - NL)
AC2, LNLZ) = ACUM
CALL COV(NMAX, LPNL, ACUM, &)

IF (IPRINT .LT. 0) GO TO 99
[JRITE (OUTPUT, 209)
IF ¢L .GT. 0) WRITE (OUTPUT, 210) (u¢(J), J = 1, L)
IF (NL .GT. 0) WRITE (OUTPUT, 211} (ALF(K), K = 1, NL)
WRITE (OUTPUT, 214) RNORM, SAVE, ACUM
IF (DABS(SAVE) .GT. EPS) WRITE (OUTPUT, 215)
IF (DABS(SAVE) .GT.EPS) WRITE (3,215)
WRITE (OUTPUT, 209)
WRITE (3,209)
99 RETURN

209 FORMAT (1HO, 50CYH'))

210 FORMAT (20HO LINEAR PARAMETERS s/ (7E15.73)

211 FORMAT (23HO0 NONLINEAR PARAMETERS 7/ (7E15.7))

211, FORMAT (21H0 NORM OF RESIDUAL =, E15.7, 33H EXPECTED ERROR OF OE

XERVATIONS =, E15.7, ~» 39H ESTIMATED VARIANCE OF OBSERVATIONS =,
X E15.7 )

215 FORMAT (95H WARNING —-- EXPECTED ERROR OF OBSERVATIONS IS NOT ZED
X. COVARIANCE MATRIX MAY BE MEANINGLESS. /)
END

SUBROUTINE COV(NMAX, N, SIGMAZ, A)

COMPUTE THE SCALED COVARIANCE MATRIX OF THE L + NL
PARAMETERS. THIS INVOLVES COMPUTING

2 -1 -T
SIGMA * T 7

WHERE THE (L+NL) X (L+NL) UPPER TRIANGULAR MATRIX T IS
DESCRIBED IN SUBROUTINE POSTPR. THE RESULT OVERWRITES THE

FIRST L+NL ROWS AND COLUMNS OF THE MATRIX A. THE RESULTING
MATRIX 1S SYMMETRIC, SEE REF. 7, PP. (67-70, 281.

DOUBLE PRECISION A(NMAX, NJ), SUM, SIGMA2

po 10 J =1, N
10 ACI, J) = 1./zAC0, )

INVERT T UPON ITSELF

IF (N .EQ. 1) GO TO 70

NMt = N - 1
DO 60 I = 1, NM1
IpY =1 + 1
DO GO J = IP1, N
JH1 = J -1
SUM = 0.
DO 50 M = 1, JMm
50 SUM = SUM + &(I) M) * A(M, J)
60 ACI, J) = -SUM ACI, J)

NOW FORM THE MATRIX PRODUCT
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70 po g0 I = 1, N
DO 90 J =1,

N
SUM = 0.
DO SO M = J, N
80 SUM = SUM + A(I, M) * acg, ™
SUM = SUM * SIGMA2
ACI, J) = SUM
90 ACJ, 1) = SUM
RETURN
END

SUBROUTINE VARERR (IPRINT, IERR, K)
PRINT ERROR MESSAGES

INTEGER ERRNO, OUTPUT
DATA OUTPUT rs6~/

IF (IPRINT ,LT. 0) GO TO 99
ERRNO = IABS(IERR)
Go TO (1, 2, 99, 4, 5, 6, 7, 8}, ERRNO

1 WRITE (OUTPUT, 101)

GO TO 99

2 WRITE (OUTPUT, 102)
GO TO 99

4 WRITE (OUTPUT, 10&)
GO TO 99

5 WRITE (OUTPUT, 105)
GO TO 29

6 WRITE (OUTPUT, 106) K
GO TO 99

7 WRITE (OUTPUT, 107) K
GO TO 99

8 WRITE (OUTPUT, 108) K

99 RETURN

101 FORMAT (46HO PROBLEM TERMINATED FOR EXCESSIVE ITERATIONS 7//)

102 FORMAT (49HQ PROBLEM TERMINATED BECAUSE OF ILL- CONDITIONING 77)
104 FORMAT (s 50H INPUT ERROR IN PARAMETER L, NL, N, LPP2, OR HMAX. /

105 FORMAT (68K0 ERROR -- INC MATRIX IMPROPERLY SPECIFIED, OR DISAGR
XES WITH LPP2. /)

106 FORMAT (18HG ERROR -- WEIGHT(, Iu, 14H) IS NEGATIVE. /)

107 FORMAT (28H0 ERROR -- CONSTANT COLUMN , 13, 37H MUST BE COMPUTED
XONLY WHEN ISEL = 1. /)

108 FORMAT (33H0 CATASTROPHIC FAILURE =-- COLUMN , 14, 28H IS ZERO, S
XE DOCUMENTATION. /)
END

DOUBLE PRECISION FUNCTION XNORM(N, X)

COMPUTE THE L2 (EUCLIDEAN) NORM OF A VECTOR, MAKING SURE TO
AVOID UNNECESSARY UNDERFLOWS. NO ATTEMPT IS MADE TO SUPPRESS
OVERFLOUWS.

DOUBLE PRECISION X(N), RMAX, SUM, TERM, DABS, DSQRT

FIND LARGEST (IN ABSOLUTE VALUE) ELEMENT
RMAX = 0.
po 16 I = 1, N
IF (DABS(X(I)) .GT. RMAX) RMAX = DABS(X(I))
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30
99

CONTINUE
SUM = 0.
IF (RMAX .EQ. 0.) GO TO 30
po 20 I = 1, N

TERM = 0.

IF (RMAX + DABS(X(I)) .NE

SUM = SUM + TERM*TERM

XNORM = RMAX*¥DSQRT(SUM)
RETURN
END

~-51-~-
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NUMBER OF NONLINEAR PARAMETERS

INITIAL EST. OF NONLIN. PARAMETERS

NUMBER OF LINEAR PARAMETERS

NUMBER OF OBSERVATIONS

# OF INDEPENDENT VARIABLES T

OOBSERVATIONS

oO~No o1 WN -

33

OO0 00000 OO0 IDOORPOO QO

.844
.908
.932
.936
.925
.008
.331
.850
.818
.784
.751
.718
. GS5
.658
.628
L0603
.580
.553
.533
.522
.500
L4990
.478
467
.457
.4ug8
438
431
424
420
414
LUt
.06

OINDEPENDENT VARIABLES

N o oD wWwN e

0.
10.
20.
30.
40.
50.
60.0

OO 9O ooo

~52-




8

a
10
11
12
13
14
15
16

17
18

19
20
21
22
23
24
25
26
27
28
20
29
31
32
33

70.

80.

90.
100.
110.
120.
130.
140.
150.
160.
170.
180.
190.
200.
210.
220.
230.
240.
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Here the given data values are fitted by the model
F(t,X) = %, + xyexp(—x4 1) T x, exp(—xst).

The data values are given in Table L They were supplied by Dr A. M.
Sargeson of the Research School of Chemistry in the Australian National
University. The progress of the algorithmis summarizedin Table 2.

TAsLE ]
Data for exponential fitting problem
i & N i 4 N
1 G 0244 i 170 0-558
2 10 3908 19 280 0-538
3 20 0.9 20 190 0522
4 0 0936 21 200 0-506
5 40 0-925 2 210 0-490
6 30 0-908 23 2246 0-478
7 60 0.831 24 220 0-467
8 70 0-850 25 240 0.457
9 §0 0-818 % 250 048
10 90 0-784 27 260 0:438
11 100 0-751 28 270 043t
12 110 0.718 29 230 0424
13 120 0-685 0 290 0.420
1 130 0-658 31 300 0.414
15 140 0-628 32 310 0-411
16 190 0-603 3 30 0-406
17 160 0-580
THEE?
Summary of numerical results in exponential fitting problem
H v ”f"2 X3 X3 X3 Xa X3
O 1858 0879ED 05 15 —1-0 001 0.2
1 18586 0161 ) 04984 1408 ~1-0007 0.01443 0.0239
2 9293 0IBHE) 0488 14967 -1-003¢ 001603 0.0287
3 4-646 0-523E-1 04586 1436 10106 0.01462 0.028%6
4 2.33 0941 E-2 04140 14796 —1.02009 00130 002634
5 1-116 0771E-3 03831 14 A1 001207 0.0573
6 0.588 0987E-4 03715 1486 —1.0150 001174 0-0251!
7 02904 O0770E-4 0.3 14893 -1-0134 001167/ 0.02489
8 0.1452 O0.76E-4 0369 14913 1012 0.01167 0.0248
9 0.0726 0754E-4 0-3691  1-4987 -—1-0227 0-01169 0.0247
10 00363 0.720E-4 03697 1-5246 -1-0491 00110 0-02455

—_
—

00182 0782E-4
0.0072 0-684E-4 03705 15616 —1.0867 001191 002423
12 0.0272 0650E-4 03711 15914 —111 001201 0.02401
13 0.0136 0740 E-4
0.0204 0629E4 03719 16322 —L11%8 001213 0.02371
14 00204 O0G602E4 0373 16641 11906 001222 0.0230
15 00102 0.679E-4
00153 OBIE4 03729 1706 -128 00124 0.0234
16 0.015 O0573E4 03733 17380 1.6 001242 0.02306
17 0.0077 O.6I5E-4
00115 0567E-4 0378 17779 -138% 001252 0.02%4
18 00lUS O0S5TE4 03742 18071 -1.30 0.0129 0.0270
19 00057 0S0E4
00086 O0SS4E4 03745 1843 -13694 0.01267 002253
20 00086 OS49E4 03748 18648 —1IX 001272 002242
2 00043 0-551 E4
00065 0548E4 03750 188 148 001277 0.028
2 00065 OS4TE4 03751 19054 1430 O.018L 002225
2 00032 O0547E4 03753 19250 —1.458 001285 0.0217
24 00016 O0547E4 0354 19343 1481 0.01286 002213
5 00008 O0546E4 03754 19358 -14646 001287 0.0212
Match { 26 00004 O0-546E4 03754 19358 —14647 001287 0.02212
values 27 00002 O0546E4 03754 19358 —14607 0.0187 0.2212
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fom )

O

0 NORi11 OF
NU = 0.10
ITERATION
0.11273960-0
1 NORM OF
NU = 0.50

NORM(DELTA-

ITERATION

0.1185148D-0
' NORM OF
NU = 0.25

NORM(DELTA-

ITERATION

0.1213711D-01

1 NORM OF
NU = 0.12

NORM(DELTA-

ITERATION

0.1250873D-0
1 NORM OF
NU = 0.62

NORM(DELTA-

ITERATION

0,1278089D0-0
1 NORM OF
NU = 0,31

NORM(DELTA~-

ITERATION

0.12859710-0
1 NORM OF
NU = 0.15

NORM(DELTA-

ITERATION
0.12867230-0
1 NORM OF

NU = 0.78]
NORM(DELTA-

ITERATION
0.12867530-90
1 NORM OF
NU = 0.39
ORH(DE TA-
LI B B S 1t

LINEAR PARAHN

0.3754100D0 00
NONLINEAR PA

0.1286753D-01

RESIDUAL = 0.7012746D-01
00000D 01

1 NONLTNEAR PARAMETERS
1 0,23045970~-01

RESIDUAL = 0.23478060-01
000000 00

ALF) 7 HORM(ALF) = .129p 00
2 NONLINEAR ParaM TFRQ

1 0.2411646D-01

RESIDUAL = 0.8501084D-02
000ccoD 00

ALF) 7 NORMCALF) = 0.4530-01

3 NONLINEAR PARAMETERS
0.23680910~-01

RESIDUAL = 0,7833385D-02

500000 00

ALF) s NORM(ALF) D 0.1960-01

4 NONLINEAR PARAMETERS

1 0,22832120-01

RESIDUAL = 0.7489091D-02
$0000D-01

ALF) 7 NORMCALF) = 0.356D~-01

5 NONLINEAR PARAMETERS

1 0.22281720-01

RESIDUAL = 0.73983650-02
25000D-01

ALF) 7 NORMCALF) = 0.2390-01
6 NONLINEAR PARAMETERS

1 0.,2213731D-01

RESIDUAL = 0.7392535D-02
62500D~0"

ALF) ~ NORMCALF) = 0.6430-02

7 NONLINEAR PARAMETERS

I 0,22123320-01

RESIDUAL = 0.7392493D-02
2500D0-02

ALF) 7 NORMCALF) = 0.6210-03
8 NONLINEAR PARAMETERS

1 0.,22122720-01

RESIDUAL = 0.7392493D-02
06250D0=-02

ALF) 7 NORMCALF)
RN AREN

LN I I B I B B

ETERS

0 263
ter e

0.19358420 01 -0,14640682D 01
RANETERS

0.2212272D-01

0’!0""!'!!!!'!'!"!'!!""l!""'Q'!"!O""'l"'
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Chapter VI

MAIN PROGRAMS

A.  SINGLE FLOW PATH

The transfer function is:

- e’
s o Au/Lyr(n/ul)

2/[M(u/L)t (n/ul)]

o
1]

Rewriting the non-linear parameters in terms of aj and E (@ linear

scaling parameter) yields:

(1 - azt)z

B 4ala2t

w o

2/(Hu1u2)t

The linear patameter normalizes the flow fraction to one. This had to
be done because precise information on the initial concentrationwas not

available. This does not affect the shape of the tracer profile, only

the size.

B. DUAL FLOW PATH

The function i1s as follows:

2 2
_ (L - azt) _ (1 - a4t)
- € € a t
<. S U S 2 P
2/Hala2t 2/fa3a4t
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The linear parameters E., and €, divided by E are the relative flow

1

fractions.

a,%
E E
The actual programs are listed in the remainder of this section.
These printouts include the driving programs for Varpro for both one and
two flow path cases, all input data, and the required transfer function

derivatives.
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SRR SSSEREE S SRS LSRR RS RRRREREERSREELERSREELES LRSS RRLS
RS S SRS TR RS eSS S SRR RS R RS EEE LRSS ES S LTI E R

PROGRAM BEGINS

AR RS SRR ST RS ES EES E LSRR ER R RS ESSEL SRS SR ESSESE TSI LS RSN
RS ER AR RS LRSS SRR RS ESEEE LSRR RS R RS R LSS S EESDLEE

oOoQaaaoooan

C$A3SIGN 1 TO FILE WK116SC

C$A3SSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=890

CHASSIGN 3 TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000

CHASSIGN 9 TO FILE OPTPARAM INOUT FORMAT=F LENGTH=800
IMPLICIT REAL¥8(A-H,0-2)

C
C
C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
C DIMENSIONS FOR THE INCEDENCE MATRIX INC. SEE NOTE.
C
DIMENSION Y(90),T(90),ALF(2),BETACI0),W(100),A(50,5),
*INC(12,2),C(50)
C
C
C SET PARAMETERS FOR VARPRO
C
EXTERNAL ADA
NMAY=50
LPp2=5
IPRINT=1
Ty=
N=50
NL=2
L=1%
DO 1 I=1,HN
1 W(I1l)=1.0
C
C
C READ DATA faoM WK116S. SEQUENTIAL ORDERING AND
c PROPER FORMATTING ART IMPORTANT.
C
C
C
c NL IS THE HUMBER OF NONLINEAR PARAMETERS
C
C
READ (1,10) NL
10 FORMATC(IZ)
MRITEC2,12) NL
12 FORMAT (1HO, 10X, "NUMBER OF NONLINEAR PARAMETERS'//(13))
C
C
C ESTIMATES OF THE NONLINEAR PARAMETERS
-
C

READ (1,15)(ALF(I1),I=1,2)
15 FORMATC(F7.3)
WRITE(Z,20)(ALF(I).I=1,2)
20 FORMAT( VKO, 10X, "INITIAL EST. OF NONLIN. PARAMETERS'//(F7.3))
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30

35

OO0

38

40

Qoo

50

OOa0o0n

60

ON@]

OO0O0O0

23

26

L IS THE NUMBER OF LINEAR PARAMETERS

»

READC(,22) L

FORMAT(IZ)

WRITE(Z2,25)L

FORMATCIHO, 10K, '"NUMBER OF LINEAR PARAMETERS'//(13))

N IS THE ~xurserR OF OBSERVATIONS

READCY,30) N

FORMAT(IUW)

WRITE(2,35) N

FORMATCIHO, 10X, "NUMBER OF OBSERVATIONS'//(13))

IV IS THE nuraerR OF INDEPENDENT VARIABLES T

READC1,38) 1V

FORMATCI14)

WRITE(2,401 1V

FORMAT(1HO, 10X, # OF INDEPENMDENT YARIABLES T's/(INL))

Y IS THE »-veECcTOR OF OCSERVATIONS

READCT, 853 (Y(I),I=1,N)
FORMAT(F7.2)
WRITE(2,50)(Y(I),I=1,N)
FORMAT(1HO, "OBSERVATIONS'//(F7.2

T IS THE INDEPENDENT VARIABLE

READ(C1,558)(T(I),I=1,N)
FORMAT(F7.3)
WRITE(2,60)(T(I),I=1,N)
FORMATCIHO, 'INDEPENDENT VARIABLES'//(F6, 1))

CALL WVARPROCL, ML, N,NMAX,LPP2,IV,T,Y,W,ADA,A,

*IPRINT,ALF,BETA, IERR)

DO 23 1=1,50
C(I)= 300.73%(1.0/(2.0%DSQRT(3.14159% 160%, 10*¥T(I)))*
DEXP(-1.0%(((1.0-.10¥T(I))*¥¥2)/(4,0%,160% 10¥T(I))}))
WRITE(3,26)(I,C(I),I=1,N)
FORMAT(1HO, 'CALCULATED CONCENTRATION IS t'//(I4,5X%,F6.2))
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STOP
END

IR R E R R EREEEREEEEEEEE D EEEEEEEEEEREREEEEREEERREREEREREEEEEERERERIEEEEEERE]
I EEEEEEREEREEEEEREEESEREESEREERRBEREREESEEEEEEEESEIEEEEEEEEEEEE IR

SUBROUTINES

LR R E R EREEE SRS S SR LRSS LS LSRR SRR LR SRS R R R R R ERE R LR EEEEEEEEEEEE LRSS
AR R EEE RS S E SR ESESEEEEEEEEEEEEEEREEEE RS EREEEEEEEEEEE SRR RS SRR EE S

o000 aOaQaaoOo0O0O00n

SUBROUTINE ADA (L,NL,N,NMAX,LPP2,IV,A,INC,T,ALF,ISEL)
C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80

IMPLICIT REAL¥8(A-K,0-2)

DIMENSION ALF(2),a(50,5),T(50),INC(12,8),8(60,60),Y(590

%)

C
C
C
C
C THE INCIDENCE MATRIX INC(NL,L+l> 1S FORMED BY SETTIHG
C INC(K,J)=1 IF THE NONLINEAP, P&RAMETER ALF(K) APPEARS
c IN THE J-TH FUNCTION eH1¢J). (THE PROGRAM SETS ALL OTHER
C INC(K,J) TO ZERO.)
C
C

INCC(1,1)=1.0

INC(2,1)=1.0
C
C

WRITE(2,70)CINCC(I, 1),I=1,2)

70 FORMATCIHO,' INCIDENCE MATRIX INC(I,Jd)= '//7(13))
c
C
c THE VECTOR-SAMPLED FUNCTIONS PpHI(J) ARE STORED IN
C THE FIRST N Rrow3 AND FIRST L coLuMNS OF THE MATRIX
C B(I,J). B(I,J) CONTAINS PHICJ,ALF;TC(I),I,...HN;
C J=1,L. THE CONSTANT FUNCTIONS ?HI WHICH DO NOT
C DSPEND UPON ANY NONLINEAR PARAMETERS ALF MUST
C APPEAR FIRST.
C
C
c
C
C
C

IF(ISEL.EQ.2) GO TO 90
IF(ISEL.EQ.3) GO TO 165
DO 81 I=1,N
ACI,1)= €1.0/(2.0%DSQRT(3.14159%ALF(1)*ALF(2)¥T(I))))*
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¥ DEXP(-1.0¥(((1.0-ALF(R2)*¥T(I))**¥2) /(4 O¥ALF(1)*¥ALF(2)*¥T(I))))
81 CONTINUE

c
WRITE(Z2,103) (A(I,1),I=1,N)
o
103 FORMAT(1HO, 'COLUMN #1 OF A(I,J) MATRIX'//7(F9.5))
c
c
c
90 DO 95 I=1,N
95 ACI,1)= (1.0/7(2.0%DSQRT(3.14IS9¥ALF(1)®ALF(2)*¥T(I))))*
¥ DEXP(-1.0*({(C1.0-ALF(2)*¥T(I))*X#2)/ (4. 0*XALF(1)*¥ALF(2)%¥T(I))))
c
IF (ISEL.EQ.2) GO TO 200
c
C
C
C
c
c
c
165 DO 170 I=1,N
B(I,1)= (1.0/(2.0%DSQRT(3.14159¥ALF(1)*¥ALF(2)XT(I)}))*
¥ DEXP(=1.0%(((1.0-ALF(2)¥T(I)I*¥*2) /(4  OXALF(1I¥ALF(2)¥T(I})))
~
c
ACI,3)= (BOI,1)/ZALFC1))*¥CCCCT,0~ALF(2)%¥T(I))**¥2) /(U4 0%
* ALFC1)¥ALF(2)*¥T(I)))- 0.5)
170 ACI,H8)=(BCI, 1) /ZALFC(2))¥CCCCT . 0-CALF(2)¥T(I))**¥2)) /(4. 0¥
*® ALFCY)RALF(2I*T(INII-0.5)
c

WRITE (2,180)(A(I,3),1I=1,N)
180 FORMATC(1HO, "COLUMN # 3 OF A(I,J) MATRIX'//(F9.5))

c
200 CONTINUE

c
RETURN
END

c

c

c

c

c

o

Cc

c

SUBROUTINE VARPRO (L, NL, N, NMAX, LPP2, IV, T, Y, W. ADA, A,
X IPRINT, ALF, BETA, IERR)
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INCIDENCE MATRIX
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1

INC(I,J)=
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I X E R R R E PP EEE SRR EE SRS REE SR EEE R SR EEE EEEREREEERE R SRR R R E RS SRR SR
AR U REREARERNRANRRRRERX AR AN NENERRREAAXNEANNN X EA AR AXXAXERRARARXR

PROGRAM BEGINS

I X E SR FE R RS EEE SRS S SRR SRR SRS E S EE SR EEE RESEEEEEEEE L EREEEE L EEE A
IR R P E R E R R R RS SRS R TR RS SRR EE LRSS EEE R R EEEE SRR R R SR R

oOQao0aa

C

CSASSIGN 1 TO FILE WK1165C

C3ASSIGHN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80

C$AS5IGN 3 TO FILE TESTCRSE INOUT FORMAT=F LENGTH=8000

CSASSIGN 9 TO FILE orTrPARAM INOUT FORMAT=F LENGTH=800
IMPLICIT REAL¥S8(:-H,0-2)

C
C
C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
C DIMENSIONS FOR THE INCEDENCE MATRIX INC. SEE NOTE.
C
DIMENSION Y(90),T(90),ALF(2),BETACYO0),W(100),A(50,53,
¥INC(12,2),C(50)
C SET PARAMETERS FOR VARPRO.
EXTERNAL ADA
NMAX=50
LPP2=5
IPRINT=
=1
N=50
NL=2
L=1
DO 1 1=1,N
1 W(IX=1.0
C
C
C READ DATA FROM wWkK116s., SEQUENTIAL ORDERING AND
C PROPER FORMATTING ARE IMPORTANT,.
C
C
C
c NL IS THE NLJMBER OF NONLINEAR PARAMETERS
C
C
READ (1,103 NL
10 FORMATI(IZ)
WRITE(2,12) NL
12 FORMAT (1HG, 10X, 'HUMBER OF NONLINEAR PARAMETERS'//(1I3))
C
C
C ESTIMATES OF THE NONLINEAR PARAMETERS
C
C
READ (1, 18)YCALF(I),I=1,2)
15 FORMAT(F7.3)
WRITE(2,20)CALF(I),I=1,2)
20 FORMAT(1HO, 10X, "INITIAL EST. ¢f NONLIN. PARAMETERS'//(F7.33)
C
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L IS THE NUMBER OF LINEAR PARAMETERS

READ(1,22) L

FORMAT(I13)

WRITE(2,25)L

FORMAT(1HO, 10X, 'NUMBER OF LINEAR PARAMETERS'//(I3))

N IS THE NUMBER OF OBSERVATIONS

READ(1,30) N

FORMATC 1)

WRITEC(2,3%) N

FORMATC1HO, 10X, "NUMBER OF OBSERVATIONS'//(13))

Iv IS THE NUMBER OF INDEPENDENT VARIABLES T

READ(1,38) IV

FORMATC(IY)

WRITE(2,40) 1V

FORMATC(1IHO,10X,* # OF INDEPENDENT VARIABLES T'//(14))

Y IS THE ¥-vECTOR OF OBSERVATIONS

READC1,45)(Y(I),I=1,N)
FORMAT(FT7.2)
WRITE(2,503(Y(I),I=1,N)
FORMAT(1HO, '"OBSERVATIONS'//7(F7.2))

T IS tdE INDEPENDENT VARIASLE

READ(1,55)(T(I),I=1,N)

FORMAT(F7.3)
WRITE(2,60)(TC(I),I=1,N)
FORMAT( 1HO, ' INDEPEMDENT VARIABLES'//(F6.1))

CALL VARPRO(L,NL,N,NMAX,LPP2,IV,T,Y,W,ADA,A,
¥TPRINT,ALF,BETA, TERR)

DO 23 1=1,50

C(Id= 137.69%(1.0/(2.0%DSQRT(3.14159% 253% 0705%¥T(I))))¥
¥ DEXP(—=1.0%(((1.0=-.0705%T(I))**2)/(4,0%, 253% . 070%T(I))))
WRITE(3,26)(I,C(I),I=1,N)

FORMAT(IHG, 'CALCULATED CONCENTRATION IS '//(14,5X,F06.23)

-67~




aooQaaan

STOP
END
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67.00
68.00
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OO0

C$ASSIGN 1 TO FILE WKIIGSC

C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=890

C$ASSIGH 3 TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000C

C$ASSIGN 9 TO FILE OPTPARAM INOUT FORMAT=F LENGTH=800
IMPLICIT REAL*8(A-H,0-2)

C
C
C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
C DIMENSIONS FOR THE INCEDENCE MATRIX INC. SEE NOTE.
C
DIMENSION Y(90),T(90),ALF(2),BETAC10),W(100),A(50,5),
¥INC(12,2),C(50)
C
C
C SET PARAMETERS FOR VARPRO.
C
C
EXTERNAL ADA
NMAK=50
LPPZ=5
IPRINT=]
1v=1
N=50
NL=2
L=1
DO 1 rI=1,H
1 WCI)=1,0
C
C
C READ DATA FROM wk116s. SEQUENTIAL ORDERING AN9
C PROPER FORMATTING ARE IMPORTANT.
C
C
C
C NL IS THE NUMBER OF NONLINEAR PARAMETERS
C
C
READ (1,10) NL
10 FORMATI(IZ)
WRITEC(2,12) NL
12 FORMAT (1HO, 10K, ' NUMBER OF NONLINEAR PARAMETERS'//(I3))
C
C
C ESTIMATES OF THE NONLINEAR PARAMETERS
C
C
READ (1, 15)(ALF(I),I=1,2)
15 FORMAT(F7.3)
WRITE(2,20)CALF(I),I=1,2)
20 FORMAT(1HO, 10X, *INITIAL EST. OF NONLIN. PARAMETERS'//(F7.3))

«Q
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oo

OO0O0O0

23

26

L IS THE NUMBER OF LINEAR PARAMETERS

READ(1,22) L

FORMATC(IZ)

WRITE(2,25)L

FORMAT(1HO, 10X, "NUMBER OF LINEAR PARAMETERS'//(I3))

N IS THE NUMBER OF OBSERVATIONS

READC1,30) N

FORMAT(IY)

WRITE(2,35) N

FORMATCIHO, 10X, 'NUMBER OF OBSERVATIONS'//(I3))

IV IS THZ NUMBER OF INDEPENDENT VARIAGLES T

READ(1,38) 1V
FORMAT(IG)
WRITEC2,40) 1V

FORMAT(1HO,10xX,' # OF INDEPENDENT VARIABLES T's7(I4))

Y IS THE N-VECTOR OF OESERVATIOGS

READC1,45)(Y(I),I=1,N)
FORMAT(F7.2)
WRITE(2,50)(C(Y(I),I=1,N)
FORMAT(1HO, 'OBSERVATIONS'/7/7(F7.2))

T IS THE INDEPENDENT VARIABLE

READ(1,55)(T(I),I=1,N)

FORMAT(F7.3)
WRITE(2,68)(T(I),I=1,N)
FORMAT(IHO, ' INDEPENDENT VARIABLES'//(FG. 1))

CALL VARPRO(L,NL,N,NMAX,LPP2,IV,T,Y,W,ADA,A,

*TPRINT,ALF,BETA,IERR)

DO 23 1=1,50

C(Id= 18.8107%(1.0/(2.0%DSQRT(3.14159%, 119% 078*%XT(I))))*
DEXP(~1.0%(((1.0-.078X¥T(I))**2) /(4 0%, 119% 0785%¥T(I))))
WRITE(3,26)(I,C(I),I=1,N)

FORMATC(1HO, 'CALCULATED CONCENTRATION IS '/7(I4,5X,F6.2))
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STOP
END
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o000 aQaa

SUBROUTINE ADA (L,NL,N,NMAX,LPP2,1IV,A,INC,T,ALF,ISEL)
C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80

IMPLICIT REAL*3(A-H,0-2)
DIMENSION ALF(2),A(50,5),T(50),INC(12,8),B(60,60),Y(50

*)

C
C
C
C
C
o}
c THE INCIDENCE MATRIX INC(NL,L+1) IS FORMED BY SETTING
c INC(K,Jd)=1 IF THE NONLINEAR PARAMETER ALF(K) APPEARS
c IN THE J-TH FUNCTION ?HI(J). (THE PROGRAM SETS ALL OTHER
c INC(K,J) TO ZERO.)
C
04

INC(T, 1)=1.0

INC(2,1)=1.0
C
C

WRITE(2,70)(INC(I,1),I=1,2)
70 FORMAT(1HO,' INCIDENCE MATRIX INC(I,J)= '77(13))

THE VECTOR-SAMPLED FUNCTIONS pHICJ) ARE STORED IN
THE FIRST N ROWS AND FIRST L COLUMNS OF THE MATRIX
B(I,J). B(I,J) CONTAINS PHICJ,ALF;T(I), I, ...N;
J=t,L. THE CONSTANT FUNCTIONS PHI WHICH DO NOT
DEPEND UPON ANY NOHLINEAR PARAMETERS ALF MUST
APPEAR FIRST.

QO OO0OO0O00000O00O000O0

IF(ISEL.EQ.2) GO TO 90
IF(ISEL.EQ.3) GO TO 165
DO 81 1=1,N

ACT, )= (1.0/(2.0%DSQRT(3, 1HI1S9¥ALF (1) *¥ALF(2)*¥T(I))))*
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¥ DEXP(-1.0%(((1,.0-ALF(2)%T(I))*¥%¥2)/ (4 O*ALFC(1)*ALF(2)*T(I)}))
81 CONTINUE

c
WRITE(2,103) (ACI,1),I=1,N)
c
103 FORMATC(1HO, 'COLUMN #1 OF A(I,J) MATRIX'//(F9.5))
c
c
c
90 DO 95 I=1,N
95 ACIL1)= (1,0/¢2.0%DSQRT(3. 14 159*ALF(1)*¥ALF(2)*¥T(I))))¥*
¥ DEXP(=1.0%C((1.0-ALF(2)*¥TC(I))**¥2) /(U4 O¥ALF(1)*¥ALF(2)*T(I))))
c
IF (ISEL.EQ.2) GO TO 200
c
c
C
c
c
c
c
165 DO 170 I=1,N
B(I,1)= (1.0/(2.0%¥DSQRT(3.14159*¥ALF(1)*¥ALF(2)*T(I))))*
¥ DEXP(—1.0%(( (1. 0-ALF(2)¥T(I))*%2) /(4. 0¥ALF (1) ®ALF(2)¥T(I))))
C
c
ACI,3)Y= (B(I,1)/ALFC1)I¥CCCCY.0-ALF(2)*¥T(I))**¥2)/(4 0%
* ALFCU)Y*ALF(2)*T(1)) )= 0.5)
170 ACI,4)=(B(I,1)/ZALF(2))%(CC (V1. 0-CALF(2)XRT(I))*¥2))/ (4. 0%
* ALFCID)*¥ALF(2)¥T(I)))-0.5)
c

WRITE (2,180)(A(I,3),I=1,N)
180 FORMAT(THO, '*COLUMN #% 3 OF A(I,J) MATRIX'//(F9.5))

c
¢
200 CONTINUE

c
RETURN
END

c

C

c

C

c

c

c

c

SUBROUTINE VARPRO (L, NL, N, NMAX, LPP2, IV, T, Y, W, ADA, A,
X IPRINT, ALF, BETA, IERR)
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NUMBER OF NONLINEAR PARAMETERS

INITIAL EST. OF NONLIN. PARAMETERS

NUMBER OF LINEAR PARAMETERS

NUMBER OF OBSERVATIONS

# OF INDEPENDENT VARIABLES T

COBSERVATIONS

.01
.01
.01
.01
.30
.58
.20
.00
.50
7.20
190.00
10.20
11.10
13.80
12.50
13.60
14. 10
14.30
15.810
15.00
15.890
14.90
15.00
15.00
15.30
15.60
15.70
15.30
15.20
14.50
14.40
14.50
14.70
13.10
12.30
13.70
15.00
17.00
14.4¢C
13.00
10.890
11.80

GOl W — b O O OO

-76-




10.00
10.10
10.50
12.80
10.10
10.20
9.80
8.50
JINDEPENDENT VARIABLES

0
0
0
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0
3
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0
3
.6
0
2
4
3
0
2
4
6

S@conow@oooooooo\l\]\n\l\nmoc\wmm,coom.a

BP R PR PRPRRRPRPREPPRPRPRPCPRPRPRPRPRPRPRPPPRPERPR
CWOowOWowm~yN~NOoooTUu™rFRLOWDWWNNNDRE R P OO

0
0
2
4
6
8
0
3
6
0
3
6
0
3
6
0
.3
5
0
3
G
0
5
0
5
0
5
0
0
5
7
0

N
o




0

INCIDENCE MATRIX

1
1

INC(I,J)=

_78_




B. DUAL HOW PATH

_79_




WK 116

LR R DR R R R R R R SRR R EEEREEREEEEER S D EREEEEE SRR R R IR
I EE XTSRS SRS EELE RS SRR S S E RS RS SRR RS S S EREEEEEEREREEEEEEEEEEEEERS,

PROGRAM BEGINS
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C$ASSIGN 1 TO FILE Wr116s8C

C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80

C$ASSIGN 3 TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000

CSASSIGN 9 TO FILE OPTPARAM INOUT FORMAT=F LENGTH=800
IMPLICIT REAL*8(A-H,0-2)

C
C
C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
C DIMENSIONS FOR THE INCIDENCE MATRIX INC. SEE NOTE.
C
DIMENSION ¥(50),T(50),ALF(Y4),BETACY0),W(100),A(50,8),
*INC(12,2),C(50,30),D(60,60)
C
C
C SET PARAMETERS FOR VARPRO.
C
EXTERNAL ADA
NMAS = 50
Lpp2=8
IPRINT=1
Iv=1
N=50
NL=4
L=2
30 1 I=1,N
1 WeI)=1.0
C
C
C READ DATA FROM wxtt16s., SEQUENTIAL ORDERING AND
C PROPER FORMATTING ARE IMPORTANT.
C
C
C
C NL IS THE NUMBER OF NONLINEAR PARAMETERS
C
c
READ (1,10) NL
10 FORMATCI3)
WRITECZ2,12) NL
12 FORMAT (1HO, 10%, 'NUMBER OF NONLINEAR PARAMETERS'//(I3))
C
C
C ESTIMATES OF THE NONLINEAR PARAMETERS
C
C

READ (1, 15)CALF(I),I=1,4)
15 FORMAT(F7.3)
WRITE(2,20)CALF(I),I=1,4)
20 FORMATCIHG, 1%, "INITIAL EST. OF NONLIN. PARAMETERS'//(F7.3))
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GO

L IS THE NUMBER OF LINEAR PARAMETERS

READC1,22) L

FORMATC(IS)

WRITE(2,25)L

FORMAT(1HO, 10X, 'NUMBER OF LINEAR PARAMETERS'//(I3))

N IS THE NUMBER OF OBSERVATIONS

READC(1,30) N

FORMAT(IY)

WRITE(2,35) N

FORMAT(IHO, 10X, "NUMBER OF OBSERVATIONS'//(I3))

IV IS THE NUMBER OF INDEPENDENT vARIABLES T

READC1,38) 1V

FORMAT (1A

WRITE(2,40) 1V

FORMATC(IHO, 10K, # OF INDEPENDENT VARIABLES T's/7(14))

v IS THE N-VECTOR OF OBSERVATIONS

READC1,45)(Y(1),1I=1,50)
FORMAT(F7.2)
WRITE(Z2,503(Y(J},Jd=1,N)

FORMAT( THG, '"OBSERVATIONS'//7(F7.2))

T IS THE INDEPENDENT VARIABLE

READC1,553(T(I),I=1,N)
FORMAT(F7.3)

WRITE(2,60)(T(I),I=1,N)
FORMAT(1HO, 'INDEFPENDENT VARIABLES'//(F6.1))

CALL VARPRO(L,NL,N,NMAX,LPP2,IV,T,7,W,ADA,A,

®RIPRINT,ALF,BETA,IERR)

ALFC13=,024
ALF(2)=.,052
ALF(3)=,107
ALFCH Y=, 110

Do 8 I=1,N
C(I, 1= (1.0/(2.0%DSQRT(3. 14159 *¥ALF(1I¥ALF(2)¥T(I))))*

¥ DEXP(=1.0%(((V1.0-ALF(2)*T(I))*¥2)3 /(4 0¥ALF(1)*ALF(2)¥T(I))}))

C(I,2)= (1.0/(2.0%DSQRT(3. 14 159*¥ALF(3)*ALF(Y)I*T(I))II*

* DEXP(—1.0%C((1.0-ALF(Y)*T(I))**2) /(4 OXALF(3)IXALF(H)IX¥T(I))))
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OO0

C(I,3)=( 29.63*C(I, 1)+ 261.62*C(1,2))

CONTINVUE

WRITE(3,13)(C(I,3),I=1,N)
FORMAT(1HO, 'THE CALCULATED CONCENTRATION IS ', (F9.4))

STOP
END

(EE X XS ERESE R ERESEEEEEEEE SRR E RS EEEEREREEERERESEEEESEEEESEEIEEEEEEES
EEREREREXEXRXRNERRHERNRERARERR R ERRENHRRRRRR RN R AR RN A RN RAXR KR RXNNRK

SUBROUTINES

IR E R TR EEE RS S EEEEE SRS EE SRR EEEEEEEEEEEES SRR EEEEEEREEREEEEEEEEEREEEEEEE]
I ZE 2R E X EEEEEEEEEEEEREEEEES LR RS EEEEEEEEEEEEEEEEEEEEEEEEDEEEEREERREIERS]

SUBROUTINE ADA (L,NL,N,HNMAX,LPP2,IV,A,INC,T,ALF,ISEL)
C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80

INPLICIT REAL¥8(A-H,0-2)

DIMENSION ALF(4),A(50,8),T(50),INC(12,8),B(60,60),Y(50

*¥),D(60,60)

THE INCIDENCE MATRIX INC(NL,L+1!) 1S FORMED BY SETTING

INC(K,JJ)=1

IF THE NONLINEAR PARAMETER ALF(K) APPEARS

IN THE J-TH FUNCTION pHIC(J)., (THE PROGRAM SETS ALL OTHER

INC(K,J)

INCCT, 1)
INC(1,2)
INC(2,1)
INC(2,2)
INC(3, 1)=
INC(3,2)
INC(YH, 1)
)

ZERO.)

OO o000 oo o

WRITE(2,70)C(INC(I,J),J=1,2),1I=1,4)
FORMAT(1HG, '

INCIDENCE MATRIX INC(I,Jl)= '7/7(13))

THE VECTOR-SAMPLED FUNCTIONS PHI(J) ARE STORED IN

-82-




C THE FIRST N ROWS AND FIRST L COLUMNS OF THE MATRIX
C BCI,J). BCI,J) CONTAINS PHIC(J,ALF;T(IN, I, ...N;
C J=1,L. THE CONSTANT FIJNCTIONS PHI WHICH DO NOT
C DEPEND UPON ANY NONLINEAR PARAMETERS ALF MUST
C APPEAR FIRST.
Cc
c
c
c
c
IF(ISEL.EQ.2) GO TO 990
IF(ISEL.EQ.3) GO TO 165
90 DO 8%t I=1,N
“ACIL1)= (1.0/7(2.0%DSQRT(3.14159¥ALF(1)¥ALF(2)*¥T(I))))*
¥ DEXP(~1.0%(((1.0-ALF(2)*¥T(I))**¥2)/ (4 0X¥ALFC(1)¥ALF(2)¥T(I))))
ACI,2)= (1.0/C2.0%DSQRT(3.14159*%ALF(3)*¥ALF(YI*XT(I))))*
¥ DEXP(—-1.0%(C(V.0~-ALF(U)IXT(I})**2)/7 (4  O¥ALF(3)¥ALF(4)*T(I))))
c .
c
c
81 CONTINUE
c
c
WRITE(2,103) (ACI,1),I=1,N)
c
103 FORMAT(1HO, "COLUMN #1 OF A(I,J) MATRIX'//7(F9.5)})
WRITE(2,104) (A(I,2),I=1,N)
104 FORMAT(1HO, 'COLUMN #2 OF A(I,J) MATRIX'//(FS9.5))
IF (ISEL.EQ.2) GO TO 208
c
o
c
c
C
c
Cc
165 po 170 I=1,N
DCI,1)= (1.0/(2.0%DSQRT(3.1H1S9¥ALF(1)¥ALF(2)*¥T(I1))))#*
*# DEXP(—=1.0%CCC1.0-ALF(2I¥TCI)I¥¥2) /(4  OXALFC(1)*¥ALF(2)%T(I))))
DCI,2)= (1.0/(2.0%DSQRT(3.14159%¥ALF(3)¥ALF(U)IXT(I)))I)I*
¥ DEXP(-1.0%({((1.0-ALF{YI*T(I))*¥*¥2)/ (4, 0*¥ALF{3)¥ALF(4I*T(I))))
c
c
ACI,4)= (DC(I,1)/ZALFC1))¥CCCCT.0-ALF(2)XRT(I))**¥2)/(H.0%
* ALFC1I¥ALF(2)*¥T(I)))- 0.5)
A(I,5)=(D(I, 1)/ALF(2))*¥CCCC1.0-(ALF(2)*¥T(I))**2)) /(4. 0*
* ALFC1)®ALF(2)Y¥T(1)))-0.5)
c
ACI,6)= (DCI,2)/ALF(3)I¥(CCCT. 0-ALF(UIRT(I))I**23/(4 0¥
* ALF(3)*ALF(L4I®¥T(I))X- 0.5)
ACI,7)Y=(DCI,2)/ALFCUII*¥((C(CY,.0-CALF(U)I*¥T(I)IIX*2))/
* (4. 0®ALF(3)®ALF(H)¥T(I)))~0.5)
c
170 CONTINUE
c
200 CONTINUE
c
RETURN
END
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0.290
0.060
0.210
0.120
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NUMBER OF NONLINEAF! PARAMETERS

INITIAL EST. OF NONLIN. PARAMETERS

NUMBER OF LINEAR PARAMETERS

NUMBER OF OBSERVATIONS

# OF INDEPENDENT VARIABLES T

OOBSERVATIONS

N W w ol

2

10.

41

73.
100.
130.
105.
189.

i96

227

a0
[Sa

230

229.
230.
229.

220

220.

215

210.
205.
102.
183.

170

160
140.
130.

140

135.
136.
138.

137
135

113
105

.00
.00
.00
.00
.00
00
.00
00
30
00
00
00
.00
00
.00
.00
00
00
00
.00
on
.00
00
00
00
00
.00
00
00
Co
.00
30
00
00
.00

.00
133.
128.

00
00
.00
.00
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PROGRAM BEGINS

CSASSIGN 1 TO FILE WKIIGSC

CEASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80
c$assI1GN 3 TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000
C3ASSIGN 9 TO FILE OPTPARAM INOUT FORMAT=F LENGTH=800

OO0O0O0

O0O0O0O0

OO0 0O000

10

12

OOO0O0

15

20

IMPLICIT REAL*8(A-H,0~2)

SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
DIMEKSIONS FOR THE INCIDENCE MATRIX INC. SEE NOTE.

DIMENSION Y(50),T(50),ALF(4),BETA(C10),W(100),A(50,8),

¥INC(12,23,C(50,30),D(60,60)

SET PARAMETERS FOR VARPRO.

EXTERNAL ADA
NMaAX = 50
LPP2=8

O 1 I=1,¥
W(rj)=1.0

READ DATA FROM wx1t16s. SEQUENTIAL ORDERING AND
PROPER FORMATTING ARE IMPORTANT.

NL IS THE NUMBER OF NONLINEAR PARAMETERS

READ (t, 103 NL

FORMAT(IZ)

WRITEC(2,12) NL

FORMAT (1HO,10%, 'NUMBER OF NONLINEAR PARAMETERS'//(I3))

ESTIMATES OF THE NONLINEAR PARAMETERS

READ (1,15)(CALF(I),I=1,4)
FORMAT(F7.3)
WRITE(2,20)CALFC(I),I=1,4)

FORMATC(IHO, 10X, 'INITIAL EST. OF NONLIN. PARAMETERS'//(F7.
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L IS THE NUMBER OF LINEAR PARAMETERS

READ(1,22) L

FORMAT(I3)

WRITE(2,25)L

FORMAT(IHO, 10X, "NUMBER OF" LINEAR PARAMETERS'//(13))

N IS THE NUMBER OF OBSERVATIONS

READC1,30) N
FORMAT(IW)
WRITE(Z2,35) N

FORMAT(IHO, 10%, '"NUMBER OF OBSERVATIONS'//(I3))

IV 1S THE NUMBER OF INDEPENDENT VARIABLES T

READC(1,38) 1V

FORMAT(IH)

WRITE(Z2,403 IV

FORMAT(1HO,10X,' # OF INDEPENDENT VARIABLES T'//7(I4))

Yy 1S THE N-VECTOR OF OBSERVATICONS

READCT,453(Y(I),I=1,50)
FORMAT(F7.2)
WRITE(Z2,50)(Y(J),Jd=1,N)
FORIMAT(1HO, 'OBSERVATIONS'//(F7.2))

T IS THE INCEPENDENT VARIABLE

READ(C1,55)(T(I),I=1,N)
FORMAT(F7.3)
WRITE(Z2,60)(T(I),I=1,N)
FORMAT(1H0, 'INDEPENDENT VARIABLES'//(F6.1))

CALL VARPRO(L,NL,N,NMAX,LPP2,IV,T,Y,W,ADA A,
¥IPRINT,ALF,BETA, IERR)

ALF(1)=.,063
ALF(2)=.045
ALF(33)=.076
ALF(#)=.112

DG 8 I=1,N
C(I,1)= (1.0/C2.0%DSQRT(3. 14159 ¥ALF(1)*¥ALF(2)*T(I))))*

¥ DEXP(=1.0%(((1.0~ALF(2)¥T(I})¥%¥23 /(4 O*¥ALFCI1I®ALF(2)*T(I))))
C(I,2)= (1.0/(2,.0%DSQRT(3.14159*%ALF(3I*¥ALF(L4)I*¥T(I))))*

¥ DEXP(=1.0¥(((1.0-ALF(Y)I*T(I))I*%2)/ (4 0*¥ALF(3)¥ALF(YIXT(I))))
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C(I,3)=C 57.2%C(I,1)+ 81.98%C(I,2))
8 CONTINUE

OO0O0O0O0O0O0

WRITE(3,133(C(I,3),I=1,N)
13 FORMAT(tHO,'THE CALCULATED CONCENTRATION 1S ',(F9.4))

O

STOP
END

FRARXFRRARERXEEEAXREERN XXX RERERRRERA AN XA ARRER R R AL RAA X
KXERERFXRREXRERRAX LR EXXRAE X AR R KRR ER AR KRR XAXX KKK

SUBROUTINES

HAFRRRRERRERERERRER AR ERERREREER XN IR EXRX XN RRR AR ERLERXANXN
FERRTRR AR R R R AR AR R AR ANENERAAN AR XA E R AR AR R R R R LR ERUGN

oo NoNO RN NONO QN N NG N @)

SUSROUTINE ADA (L,NL,N,NMAX,LPP2,IV,A,INC,T,ALF,ISEL)
CSASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80
IMPLICIT REALX¥8(A-H,0-Z)
DIMENSIOM ALF(4),A(50,8),T(50),INC(12,8),B(60,60),Y(50
*),D(60,60)

THE INCIDENCE MATRIX INC(NL,L+1) 1S FORMED BY SETTING
INC(K,J)=1 IF THE NONLINEAR PARAMETER ALF(K) APPEARS

IN THE J-TH FUNCTION PHI(J). (THE PROGRAM SETS ALL OTHER
INC(K,J) TO ZERO.)

oo aaQa OO0

INC(Y1,1)=1.
INC(1,2)=0.
INC(2,12=1.
INC(2,2)=0.
INC(3,13=0.
INC(3,2)=1,
INC(H,13=0.
INC(4,2)=1.

OO0 O oo

WRITE(2,708)C(INC(I,J),Jd=1,2),I=1,4)
70 FORMATC(1HGO,' INCIDENCE MATRIX INC(I,Jd)= '7/7(13))

C

C

C THE VECTOR-SAMPLED FUNCTIONS PHI(J) ARE STORED IN
-90-




OO0 OO0 O0O00000O0

QO QQQoOoo0o0

90

81

103

104

165

1790

200

THE FIRST N ROWS AND FIRST L COLUMNS OF THE MATRIX
BCI,J). BCI,J) CONTAINS PHICJ,ALF;T(I), 1, ...N;
J=1,L, THE CONSTANT FUNCTIONS PHI WHICH DO NOT
DEPEND UPON ANY HONLIMNEAR PARAMETERS ALF MUST
APPEAR FIRST.

IF(ISEL.EQ.2) GO TO 90
IF(ISEL.EQ.3) GO TO 165
DO 81 I=1,N
CACIL )= (1.0/(2.0%DSQRT(I.14159%ALF (1) *¥ALF(2)¥T(I))))*

¥ DEXPC(—1.0%(((1.0-ALFC2Y¥T(I)I**2) /(4. 0¥ALF(1}Y¥ALF(2)*T(I))))

A(I,2)= (1.0/(2.0%DSQRT(3.1U159¥ALF(3)¥ALF(B)I*T(I))})*
DEXP(-1.0%(C (1. 0-ALF(YI¥T(I))**2)/ (4, 0¥ALF(3)¥ALF(U4)*T(I))))

CONTINUE

WRITE(2,103) (A(I,1),I=1,N)

FORMAT(1HO, 'COLUMN #1 OF A(I,J) MATRIX'//(F9.5))
WRITE(Z2,104) (A(CI,2),I=1,N)
FORMAT{ 1THO, 'COLUMN #2 OF A{I,J) MATRIX'//7(F9.5))
IF (ISEL.E@Q.2) GO TO 200

DO 170 I=1,N

D(I,1)= (1.0/(2.0%DSQRT(3.14159%ALF(1)*¥ALF(2)}*T(1))))*
* DEXP(-1.C0¥(((1.0-ALF(2)¥T(I))*¥¥2) /(4. 0¥ALFC(1)¥ALF(2)%¥T(I))))
D(I,2)= (1.0/(2.0%DSQRT(3. 1HIS9*¥ALF(3)¥ALF(U)I*T(II)I))¥
¥ DEXP(-1.0%(((1.0-ALF(U)XTC(IN)¥¥2) /(4 O¥ALF(3)RALF(UIXT(III))

ACI,4)= (DCI,1)/ZALFC1))¥(CC(CT.0-ALF(2)¥T(I)I®*2)/ (4 0%
ALFC1)¥ALF(2)%T(I)))- 0.5)
ACIL5)=(D(I,1)/ALF(2X)¥( (1. 0~-(ALF(2)XT(I))I*¥2)3/(4.0%
ALF(1)*ALF(2)*T(I)))-0.5)

ACI,63= (DCI,2)/7ALF(3))¥(CCCI.G-ALF(HIXT(I))I®*2)/7 (4, 0%
ALF(3)Y*®ALF(Y4)I*¥T(I)))- 0.5)
ACI,7)=(DC(I,2)/7ALF(UIIXCCCCT. 0-CALF(UIX¥T(I))**2))/
(4. 0%ALF(3)HALF(L4I*T(I)I)-0.5)

CONTINUE
CONTINUE

RETURN
END
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SUBROUTINE VARPRO

IPRINT, ALF, BETA,

(L,

NL,

IERR.)

N, NMAX,
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O O o o

50

1

.100
.050
.070
.270

WK 76

NUMBER OF NONLINEAR PARAMETERS

INITIAL EST. OF NONLIN. PARAMETERS

NUMBER OF LINEAR PARAMETERS

NUMBER OF OBSERVATIONS

# OF INDEPENDENT VARIABLES T

OOBSERVATIONS

0
0
1
4

8
10
18
23
33
37
55
62
C8

75

33
85
86
87
83
83

o
o/

83
82
73
78
77
75
70
69
65
60
65
76
73
72
70
69
70
69
65

.01
.01
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.00
.50
.00
.00
.00
.08
.00
.60
.50
.80
.00
.00
.00
.00
.00
.00
.00
.80
.00
.00
.00

-03-




67.00
68.00
69.00
68.00
72.00
71.00
72.00
73.00
72.00
70.00
OINDEPENDENT VARIABLES

[

OO EWONNGCOTADDDNRELWWWRN =

e
o o

b PR PR RPRRRPRPRRP MR RPRRRLRPTRRPRPRRPRRRERRPERE
oo uu~NoocoooUomorrFOWWNOMNNRERREPO ( ¢ ( _
P WO P WOOWOEWODWOWNOdDWOaWOoOdWOoOUonNEWwouogowmo®uvo Nueeo




19.5
20.0
INCIDENCE MATRIX
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INC(I.,J)=
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200

c

C$ASSIGN

WK 108

AR NN N AN R RN RN RN R XX NNF R AN N AN AR RARARNXERARR XXX XXX RRERNXNRNEX
FRRX A AL RN R AN R R LR R AR ERER LR EREARAXEER LR LR XA XXX XRN XN RXN

PROGRAM BEGINS

ERER R R X RN AR RN R R Y E N NN AR AN RN NN R AR NN R AN FEXARKRENXNER XX RN ANANHR
RAEERRAAKXAER N ENNNERAEXRR K BRI X ALERFTXEHREAARENXRARRARRER IR XN N RN

TO FILE WK116SC

1
C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80
3

C$ASSIGN

TO FILE TESTCASE INOUT FORMAT=F LENGTH=8000

C$#ASSIGN ¢ TO FILE OFTPARAM INOUT FORMAT=F LENGTH=3800

Qo

QaQaaQ

OO0O0O0O0O0O0O0O00O 00

10

12

OO0 0O0

15

20

IMPLICIT REAL¥8(A-H,0-2)

SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE
DIMENSIONS FOR THE INCIDENCE MATRIX INC. SEE NOTE.
DIMENSION Y(50),T(50),ALF(4),BETACIO0),W(100),A(50,8),

¥INC(12,2),C(50,303,D(60,60)

SET PARAMETERS FCR VARPRO.

EXTERNAL ADA
NMAX = 50

¢ 1 I=1,N
W(I)=1.0

READ DATA PROM WkK116S. SEQUENTIAL ORDERING AND
PROPER FORMATTING ARE IMPORTANT.

NL IS THE HUMBER OF NONLINEAR PRRAMGTERS

READ (1,10) NL

FORMAT(IZ)

WRITE(2,12) NL

FORMAT (1HO0, 10X, 'NUMBER OF NONLINEAR PARAMETERS'//(1I3))

ESTIMATES OF THE NONLINEAR PARAMETERS

READ (1,15)(CALF(I),I=1,4)

FORMAT(F7.3)

WRITE(2,20)(ALF(I),I=1,H4)

FORMAT(1HO, 10X, "INITIAL EST. OF NONLIN. PARAMETERS'//(F7.33)
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OO0

22

25

O0O0O0a

30

35

QOO0 0

OO0 Qoo

45

50

OO0

55

GO

L IS THE NUMBER OF LINEAR PARAINETERS

READ(1,22) L

FORMAT(I3)

WRITE(2.,25)L
HQO

FORMAT(1 , 10X, "NUMBER OF LINEAR PARAMETERS'//(I3))
N IS THE NUMBER OF OBSERVATICNS

RZAD(1,30) N

FORMATI(IW)

WRITE(2,35) N

FORMATC1H3, 10X, "MUMBER OF OBSERVATIONS'//(13))

IV IS THE NUMRER OF INDEPENDENT VARIABLES T

READ(1,38) IV

FORMAT(IW)

WRITE(Z2,40) IV

FORMATC(1HD, 10X, # OF INDEPENDENT VARIABLES T'//(I4))

Y IS THE N-VECTOR OF OBSEZRVATIONS

READC1,453(Y(I),1I=1,50)
FORMAT(F7.23
WRITE(2,50)(Y(J),J=1,N)
FORMAT(1HO, 'OBSERVATIONS'//(F7.2))

T IS THE INDEPENDENT VARIABLE

READ(C1,55)(T(I),I=1,N)

FORMAT(F7.3)
WRITE(2,60)(T(I),I=1,N)
FORMAT(1KC, 'INDEPENDENT VARIABLES'//(F6.1))

CALL VARPRO(L,NL,N,NMAX,LPP2,IV,T,Y,W,ADA, A,
¥*IPRINT,ALF,BETA, IERR)

ALFC1)=.101
ALF(2)=.068
ALF(3)=.023
ALF(4)=.119

DO 8 I=1,N
C(I, 1)Y= (1.0/(2.0%DSQRT(3.14159%ALF(1)¥ALF(2)*T(I3)))%

¥ DEXP(=1.0%(((1.0-ALF(2)XT(I))*%2)/ (4. 0XALF (1) ¥ALF{2)¥T(I))))
C(I,2)= (1.0/(2.0%DSQRT(3. 14159 *¥ALF(3I*ALF(Y)IRT(II)I)I¥

¥ DEXP(—=1.0%*(((1.0-ALF(UIX¥T(III*¥2)/7 (4 OFALF(3)#ALF(RIFT(I)) )
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C(I,3)=A 14.8%C(T, 1)+ 3.64%C(1,2))
C(I,4)=14.8%C(I,1)
C(1,5)= 3.64%C(I,2

8 CONTINUE
o
c
C
c
c
o
c
WRITE(3,13)(C(I,3),I=1,N)
13 FORMAT(1HO, 'THE CALCULATED CONCENTRATION IS ',(F2.4))
WRITE(3, 1#)(CCI,H4),I=1,N)
14 FORMAT(1HO, 'COMPONENT #1 CONCENTRATION IS',(F9.4%))
WRITE(3,173(C(I,5),I=1,N)
17 FORMAT(1HC, 'COMPONENT #2 CONCENTRATION IS',(F9.4))
c
STOP
END !
o
c
C KRN RN AR AR NN RN A AL AN ALV A ANLRREERAREEREAA N ERAXNRHEFRN R XXX X
C *******%{é*5('*-‘&***:\'-**5&***********%******************-Z(-*******K-**-K-***-.‘(*
c
c SUBROUTINES
c
(o A R X B N N N N M RN RN XN X XN X NN YN AN TRNNRNARERXFRNRXRENN XX ERXERNXRNXX
C KR NN AR R NN N I R AR AR H R A ENHE RN N A NAALERARAEIRR AR EIARREARRRXAERRE XX AIRAAR
C
c
C

SUBRCUTINE ADA (L,NL,N,NMAX,LPP2,IV,A,INC,T,ALF,ISEL)
C$ASSIGN 2 TO FILE RESULT INOUT FORMAT=F LENGTH=80
IMPLICIT REAL¥8(A-H,0-2)
DIMENSICN ALF(4),A(50,83,T(53),INC(12,8),B(60,060),Y(50
*¥),D(60,60)

THE INCICENCE MATRIX INC(NL,L+1) IS FORMED BY SETTING
INC(K,J)=1 IF THE NONLINEAR PARAMETER ALF(X) APPEARS

IN THE J-TH FUNCTION PHI(J). (THE PROGRAM SETS ALL OTHER
INC(K,J) TO ZERO.)

QOO QQQQaa

INCC(1,1)=1

INC(1,2)=0.
INC(2,1)=1.
INC(2,2)=0.
INC(3,1)=0.
INC(3,2)=1.
INC(H,1)=0.
INC(H,2)=1.

1

i

OO0 oo o 0o
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WRITE(2,70)(CCINC(I,J),Jd=1,2),1=1,4)

70 FORMAT(140,' INCIDENCE MATRIX INC(I,J)= '77(13))
C
C
c THE VECTOR-SAMPLED FUNCTIONS PHI(J) ARE STORED IN
c THE FIRST N ROWS AND FIRST L COLUMHMS OF THE MATRIX
c B(I,J) 3¢I,J) CONTAINS PHI(J,ALF;T(I),I,...N;
c J=1,L. THE CONSTANT FUNCTIONS PHI WHICH DO NOT
C DEPEND UPON ANY NONLINEAR PARAMETERS ALF MUST
c APPZAR FIRST.
C
c
c
c
C
c

IF(ISEL.EQ.2) GO TO 90
IF(ISEL.EQ.3) GO TO 165
¢ DO 81 I=1,N
ACI,1)= (1,0/(2.0¥%DSQRT(3.1H159¥ALF(I)XALF(2)*T(I))))¥*
¥ DEXP(-1.0%¥(((1.0-ALF(2)XT(INI**23 /(4 O¥ALF(1)Y®ALF(2)%T(II} )
ACI,2)= (1.0/(2.0%XDSQRT(3.THIBO¥ALF(3IFALF(LIXT(I))) I
¥ DENP(=1.0%(( (V. 0~-ALFC(U)RTCID)**2) /(4 C¥LLF(3)XALF(YIRT(I3)))

c
C
c
81 CONTINUE
c
c
WRITE(2,103) (a(I,i),I=1,N)
c
1C3 FORMAT(1HO, 'CCLUNN #1 OF A(I,J) MATRIX'//(F9.5))
WRITZ{(2,1043 (A{I,2),I=1,N)
104 FORMAT(1H0, 'COLUIIN #2 OF A(I,J) MATRIX'//(FCQ.532
IF (ISEL.EQ.2) GO TO 2030
c
c
c
c
c
c
165 o 170 I=1,N
D(I,1>= (1.0/(2.0%DSQRT(3.14159¥ALF(1)¥ALF(2)XT(I)))I*
¥ DENP(=1.0%(((1.0-ALF(2)¥T(I)I*¥2)/(4 . O¥ALF (1) ¥ALF(2)X¥T(I))))
D(I,2)= (1.0/(2.0%DSQRT{(3. 14159%ALF(3)IXALF(HIRT(I) X
¥ DEXP(—-1.0%¥(((V.0-ALF(H)XT(IDI*¥%¥2)/ (4 OX¥ALF(3IRALF(4IXT(IN)))
C
C
ACT,U)= (DCT.N/ALFCIII¥((L(T_ 0-ALF(2)¥T(T))R¥2) /(4. 0%
* ALFCIIXALF(2)%¥T(INIY)—- 0.5)
ACI,S5)=(D(I,1)/ALF(2I)%¥(( (1. 0-(ALF(2)¥T(I)I*¥2))/(4.0%
* ALF(C1YIX¥ALE(2)*¥T(IN)I)-0.5)
C
. ACI,06)= (DCI,2)/ALF(3))*CCCCI.0-ALF(U)IRT(I)I**2)/ (4. 0%
* ALF(3)®ALF(LI*¥T(I)) )~ 0.5)
ACI,73=(DCI,2)/ALFCU)»¥(CCCt.0-CALF(L)*T(I))**2) )/
* (4. 0%ALF(3)®ALF(HI¥T(I))I)-0.5)
c
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170 CONTINUE
200 CONTINUE

RETURN
END

SUBROUTINE VARPRO (L, NL, N, NMAX, LPP2, IV, T, Y, W, ADA, A,
X IPRINT, ALF, BETA, IERR)
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50

1

101
.068
.060
2119

WK 108

NUMBER OF NONLINEAR PARAMETERS

INITIAL EST. OF NONLIN. PARAMETERS

NUMBER OF LINEAR PARAMETERS

NUMBER OF OBSERVATIONS

# OF INDEPENDENT VARIABLES T

O0BSERVATIONS

el T il = N S
(HJ;J;WNQ)HOC)\JC-&QJH—‘C)OOO

—_ e s s s —
Clgag oo F o ©»

N
N NS IS W&

14

12

17

.01
.01
.01
.01
.30
.53
.20
.00
.50
.20
.00
.20
.10
.80
.50
.50
.10
.30
.8
.00
.80
.90
.00
.00
.30
.60
.70
.30
.20
.50
.40
14 .

80

.70
13.

10

.30
13

15.
.00
14.
13.

70
00

40
00
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9
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.80
11.

80

.00
.10
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50

.80
.10
.20
.80
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OINDEPENDENT VARIABLES

-102-



19.7
20.0
INCIDENCE MATRIX

— O e OO0 s O -

INC(I,J)=

-103~




Chapter VII

DATA ANALYSIS

A. DATA MATCH

The tracer srofile data were fitted to both the one- and two-
component transfer functions (Egs. 56 and 57). Table 7.1 compares the
norm of the residual (Eq. 1) after using each model. The results show
that incorporating two flow paths improves the goodness-of-fit

significantly.

TABLE 7.1

1-Component Model

Well Norm
WK 116 85.0
WK 76 60.9
WK 108 9.5

Component Model

Well Norm X_Reduction
WK 116 36.8 56.0
WK 76 19.8 67.0
WK 108 6.4 32.0




The maximum concentration of the tracer profile occurs at the average
residence time. The mean value of ut/L and setting the derivative

equal to zero. Thus,

t =

u n |2 n
Py

A comparison of calculated and observed values is made in Tables 7.2

and 7.3.
TABLE 7.2
1-Component Model
Well T, Calculated/days T, Observed/days X Error
WK 116 9.18 7.6 17
WK 76 12.35 8.7 29
WK 108 12.00 10.0 16
TABLE 7.3
2-Component Model
Flow Fraction, T, t,, - % Error
well T, Calcilated  Calcllated  Observed in ©
WK 116 .87 8.5 18.9 7.6 10
WK 76 .58 8.6 21.5 8.7 1
WK 108 .20 8.3 13.9 12.0 13
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The calculated initial peaks are considerably closer to the
observed values in the two-component model. Secondary peaks are not
well matched even though the curve-fit is better. From Figs. 7.1

through 7.3 it can be seen that the data scatters more after the maximum

concentration is attained.
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Fig. 7.2
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It is difficult to determine the secondary peaks from the empirical data
as well. This may account for the poor correlation. However, if the
number of components were increased, it is likely that a better fit
would result. It should also be noted that the larger flow fraction
does not always correspond to the initial peak. In WK 108, the smaller
volume flow path contributes more to the maximum concentration. There-

fore, caution should be exercised when analyzing average residence times.

B. WAIRAKEI FIELD ANALYSIS

As indicated in Table 7.4, the total returns after tracer injection
into WK 80 for the WK 76 and WK 116 observation wells were about ten
times higher than those into WK 101. This suggests that flow along the
Kaiapo fault from WK 80 to WK 116 is greater than flow within the fault

block from WK 101 to WK 116.
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TABLE 7.4 13

Tracer Recovery From Injection in WK 101

Days to Days to Peak Total
Well 10%o0f Peak Peak Arrival Concentration Recovery, %
WK 116 2.5 7.5 23 .05
WK 76 2.5 7--12 10 .05

Tracer Recovery From Injection in WK 80

WK 116 3.3 7.6 230 0.40
WK 76 4.0 8.7 88 0.24
WK 108 5.5 10.0 16 0.06

A similar effect is observed between the inflow wells and WK 76.
Therefore, focussing the interpretation of the model's results on flow
along or within faults seems reasonable. Figure 7.4 illustrates an

approximate plan view of the fault structure.

If inter-well flow along faults is dominant, then one would expect
longer average residence times and more longitudinal dispersion. Table
7.5 lists the results for one flow path model. Figures 7.5 through 7.7
illustrate the tracer profiles. In all three wells, the Peclet numbers
are about the same, while there are significant differences in average
residence times. The mean time differences accord with what is observed
geologically: namely, the flow path between WK 116 and WK 80 is along
or within the Kaiapo fault, whereas the flow paths to WK 76 and WK 108
are smaller transverse faults. Although the one component model cannot

distinguish between intrafault flow or multi-channeling along a fault,
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For All

Figures:

Calculated

Values:

Observed

Values:

O
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Concentration, C/s

g 8 8

3

B &

a1

-uvvl

n A l

lllllllllll

5 10 15
T, TIME FRAM INJECTIM INDAYS

Fig. 7.5: WK 110

i
rrryreryy rriyrrrrysrryrirrrry

T. TIME FRBn INJECTIBN IN DAYS

Fig. 7.6 WK 76

T

e

v

- o
lLllllllLlLlllll

5 10 15
T. TIME FRBn INJECTIBN IN DAYS
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TAHLE 7.5

1-Component Model

Well t, Calculated Peclet Number Injector-Producer Length
WK 116 9.18 6.25 500 m
WK 76 12.35 3.95 145 m
WK 108 12.00 8.4 230 m

the low Peclet numbers indicate that more than one flow path is probable.
If flow were primarily one-dimensional within a fault or fracture, the

order of magnitude of the Peclet numbers would be 400 for a 1 an fracture.

In the two-component case, if the observed tracer profile were
dominated by mixing from different channels along the fault, then the
expected Peclet number would still be quite small, even though effective
dispersion within individual flow paths was substantially lower. Table
7.6 enumerates the two-component parameters and Figs. 7.8 through 7.16

show the respective tracer profiles.

In every instance, the larger flow fraction corresponds to a
smaller Peclet number. This suggests that the primary flow paths have
larger aperature and faster flow, since the Peclet number is proportional
to L/(bzu). The smaller flow paths with larger Peclet numbers could be
longer or narrower fractures. WK 116, for example, has a smaller volume
path with an average residence time of 18 days. This would support the
conclusion that it is either longer or has slower flow.

The two flow fractions in WK 76 are approximately the same, but the

mean residence times are much different. The observed dispersion is
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TABLE 7.6

2-Component Model

Flow _ Peclet Injector-Producer

Well Fraction t , Calculated Number Length
WK 116 87 8.5 9.3 500 m

13 18.9 41.6
WK 76 42 21.5 15.80 145m

.58 8.6 13.15
WK 108 .80 8.30 9.9 230 m

.20 13.95 43.4

similarly low, so both paths are probably highly channeled. The differ-

ent mean residence times imply two different path lengths or flow speeds.
Once the Peclet numbers and average residence times have been com-

puted, the physical characteristics of the fracture system can be des-

cribed. Since Pe = uL/n, it can be rewritten as:

105 , L D
Pe = =% (=)(=3)
Yop
Rearranging:
105 L, 1
b= Y 5> ) D (2) 3
where:
D = 8.64 X 1076 m2/day
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Table 7.7 lists the values €or the two-component case.

TABLE 7.7
b u L

Flow (Fracture (Average (Injector-Producer
Well Fraction Aperature, mm) Velocity, m/day) Length)
WK 116 .87 21 55.0 500

.13 14 36.0
WK 76 42 25 6.5 145

.58 18 16.3
WK 108 .80 20 27.4 230

.20 12 15.6

Data from a field test in Onuma, Japan, were also analyzed for comparison.
The tracer profile is shown in Fig. 7.17 and the well locations in
Fig. 7.18. !
The poor match obtained from the Japanese data is a result of
continuous reinjection of the tracer. Instead of the concentration
approaching zero as it did at Wairakei, it approaches 0.3. This
indicates that the tracer becomes uniformly mixed over time. A more
accurate curve fit could be generated by adding an exponential back-
ground function.
From Table 7.8, it is evident that the values of b and u are not
significantly different from those at Wairakei. More importantly, there
has already been reinjection of waste-water at Onuma. The 0-3Ra well

has had a greater enthalpy loss than other production wells in the field

and the steam production rate has decreased. Therefore, one could infer
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TABLE 7.8

Flow _
Well Fraction b (cm) u (m/day) L
3Ra 1.0 8.2 24.3 350

from the similar tracer results and calculated fracture characteristics,

that poorly placed reinjectionwells at Wairakei might cause thermal

drawdown.

Combining the above analysis with available information on

Wairakei®s geology, a preliminary description of the fracture system in

the area around well KW 80 can be formulated.

1.

Flow in the direction of WK 116 is primarily along the Kaiapo
Fault and is dominated by extensive channeling. Simple single
fracture connections without mixing are possible, but only if
the fracture aperature 1s 1 cm or more. The flow does, however,
appear to be within the fault.

Transverse faulting in the direction of WK 76 provides two
major pathways. One is much longer than the other, and both
have major flow along the fault.

There are two minor flow paths to WK 108. Channeled flow along
the transverse fault and perhaps smaller fractures with little

multi-channel mixing iIs indicated.

In light of the above results, there is evidence that most of the

Tlow occurs iIn fractures along the faults, but is probably not one-

dimensional. Therefore, a multi-dimensional flow configuration would

probably result in an improvement of the inferred results.
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1.

Chapter VIII

CONCLUSIONS

A double flowpath model gives a more accurate data match than a
single component model in most iInstances. However, larger numbers

of Tlow paths do not appear to be necessary.

Effective dispersion iIn both ons- and two-component models is
larger than that predicted for one-dimensional flow In fractures.

This i1s perhaps because flow Is dominanted by multi-channel mixing

within the faults.

Flow in the Wairakei field is not in single, simple fractures. IT
if were, average Peclet numbers would be larger and average resi-
dence times lower. It is "clear, therefore, that some fracture

branching i1s enoucntered during the flow.

Analysis of a tracer profile®s components yields a preliminary

idea of what type of inter-well connection exists.

This model indicates the type of flow paths that exist. It can say

little about their configuration.
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NOMENCLATURE

number of observations

measured exit tracer concentration
objective function

transfer function (represents produced tracer concentration)
velocity

average velocity

time

length between producer and injector
Peclet number

effective longitudinal dispersion coefficient
number of component fractures
fraction of flow in path j

linear scaling factor

variable width of the fracture

1/2 of the fracture width

initial concentration

molecular diffusivity constant
dimensionless width

dimensionless time

pressure

viscosity

dimensionless distance
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average concentration across the fracture thickness
height of the fracture

volumetric flowrate

dimensionless volumetric flowrate

activity of radioactive tracer
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10.

Chapter IX
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