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ABSTRACT 

A s e m i - a n a l y t i c a l  s o l u t i o n  h a s  b e e n  o b t a i n e d  f o r  t h e  u n s t e a d y -  

s t a t e  p r e s s u r e  r e s p o n s e  i n  a s l o t t e d  l i n e r .  

The s o l u t i o n  was o b t a i n e d  by means  of a s o u r c e  f u n c t i o n ,  

a s s u m i n g  c o n s t a n t  r a t e  o f  p r o d u c t i o n ,  p e n e t r a t i o n  r a t i o  o f  0 .5  

( i . e .  r a t i o  o f  t o t a l  o p e n  i n t e r v a l  t o  t o t a l  t h i c k n e s s )  a n d  

v a r i o u s  s l o t  l e n g t h s  ( n o  s t o r a g e  o r  s k i n  e f f e c t s  were c o n s i d e r e d )  

F o r  i n t e g r a t i o n  p u r p o s e s ,  s a t i s f a c t o r y  r e s u l t s  were 

o b t a i n e d  u s i n g  S i m p s o n ’ s  r u l e .  

The r e s u l t u  show t h a t  i n s i d e  a n d  o u t s i d e  t h e  s l o t t e d  l i n e r ,  

t h e  p s e u d o - s k i n  f a c t o r  d u e  t o  r e s t r i c t e d  f l o w  t o  t h e  wel l  is 

n e g l i g i b l e  f o r  6 v e r t i c a l  r o w s  o f  s l o t s  ( 3  p a i r s  o f  v e r t i c a l  

s t a g g e r e d  r o w s , o r  3 s l o t s  i n  o n e  r i n g  o f  s l o t s ) ,  e v e n  a t  e a r l y  

t ime o f  p r o d u c t i o n .  On t h e  o t h e r  h a n d ,  on t h e  s u r f a c e  o f  t h e  

l i n e r  , t h e r e  is a p s e u d o - s k i n  f a c t o r ,  u n l e s s  t h e  number  o f  rows  

i s  i n c r e a s e d .  

T h e r e  is n o t  much d i f f e r e n c e  i n  p r e s s u r e  d r o p  i n  a l i n e r  

w i t h  many a n d  s h o r t  s l o t s ,  a s  c o m p a r e d  t o  a l i n e r  w i t h  a f e w e r  

a n d  l o n g e r  s l o t s ,  b u t  w i t h  t h e  same number  o f  v e r t i c a l  r o w s .  

V 
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1. INTRODUCTION 

Sand problems have occurred in the oil and gas industry 

since shortly after the first oil well discovery. These problems 

rise due to formation movement under stresses resulting from 

fluid flow to the wellbore and pressure drop in the reservoir. 

Laboratory studies show formation failure by 3 mechanisms when 

sand control is inadequate. The first one is grain movement away 

from formation into the wellbore under low fluid velocities (or 

low pressure drop). At higher velocities, small masses of sand 

break away leading to rapid failure. The third mechanism occurs 

under some conditions; the formation becomes fluidized, resulting 

in gross flow of sand with produced fluid. Often sand control is 

achieved at the cost of reduced well production. Sometimes it is 

economically preferred to allow more sand to be produced in spite 

of high costs for pump maintenance, sand disposal, etc3. 

The main sand control methods are mechanical and consolida- 

tion ones. Mechanical sand'control provides a physical barrier 

to sand movement. It is either a screen (slotted liner) or a 

gravelpack between a screen and the formation . These are wire 

wrapped and slotted pipe screens. The slotted liner is a pre- 

perforated tubing. Usually the slots are milled and machined i.n 

vertical rows, being parallel to the axis of the pipe. They are 

either straight-sided or have undercut sides (vee-shaped). The 

milling procedure produces a smooth finish for the slot sides, 

thus reducing the possibility of turbulance within the slot. On 

3 
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the other hand, undercut slots, which are narrower at the outside 

surface of the pipe than at the pipe bore, reduce the chance of 

clogging, since any grain of sand entering the slot will 

immediately find additional clearance to pass through it without 

wedging or bridging . 4 

The most common patterns of arrangements of slots are the 

staggered vertical rows, multiple staggered vertical and horizon- 

tal slots (Fig. 1). 

This work investigates the unsteady-state pressure response 

due to production throuyh a liner with staggered vertical rows of 

slots. 

Standard spacing of slots is 6 "  (center to center) between 

the slots in each vertical row. Slot lengths are usually ll/f to 

2 "  depending on their widths (which are usually between 0.01" to 

0 . 5 " ) .  To determine the number of rows o f  slots for any given 

size of pipe, the usual practice is to specify two rows for each 

nominal pipe diameter. But this oaries, however, for where sand 

conditions require slots of narrow width, a greater number of 

slots can be used . 4 

2 
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2 .  UNSTEADY-STATE PRESSURE RESPONSE IN A SLOTTED LINER 

The following represents the scheme of the problem, the 

solution and the discussion of results. 

2 . 1  Mathematical Derivation 

The transient (unsteady-state) flow of a compressible 

fluid in a porous medium is described by the diffusivity equation 

derived from the continuity equation and Darcp’s Law’. In i- 

sotropic and homogeneous porous medium, this equation can be 

expressed in cylindrical coordinates as*: 
n n 

where rl = - is the diffusivity term, when the effect of 

gravity is neglected and the permeabilities, porosity and fluid 

k 
$PCt 

viscosity are assumed constant. 

In Cartesian coordinates, the differential equation is: 

a2P + a2P a P ap 
2 ay2+2 at 

2 

The solution of a particular’ problem is determined by the 

initial and boundary conditions. 

Numerous analytical and numerical method have been developed 

to solve such flow problems. The first ones were used to solve 

heat conduction problems and later on were applied to petroleum 

engineering. Perhaps the most known method is Lord Kelvin’s in- 

stantaneous point source solu,ion5: 

*Nomenclature defined at end of text 

4 



Eq. 2 represents the prgssure drop created at a certain 

point M in a reservoir of infinite extent by an instantaneous 

point P, of strength q at a distance d ( = P M )  from point M .  The 

strength q is the withdrawal rate per volume of source; it is 

also defined as a withdrawal rate per unit length or area of 

source, depending on its nature, i.e., line source or surface 

cylinder source . The distance d can be expressed in terms of 

Cartesian or cylindrical coordinates (see Fig. 2 ) .  From eq. 2 

a l l  other solutions are obtainable by integration. The instanta- 

neous infinite line source case, for example, is obtained by 

7 

expressing d in terms of x , y , z  coordinates and integrating z from 

-- to +-. The method was firstly applied in groundwater hydrol- 
ogy  by Theis15. If there is a continuous withdrawal of fluid of 

strength q from time 0 to t, the pressure drop created by a 

continuous point source is given by: 
L 

Let us now consider our actual problem. The reservoir of thick- 

ness L has an upper and lower impermeable boundaries. Therefore 

the boundary conditions are: 

E (x,y,O,t) = (X,YJT,L,t) = 0 aP aP ( 4 )  

x+- or y-t-, P ( x , y , z , t )  = pi ( .s ) 
The initial condition is: 

P(X,Y,Z,O) = Pi ( 6 )  

In cylindrical coordinates the above conditions are: 

5 
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FIG.2 - POINT SOURCE IN AN INFINITE MEDIUM 
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2 (r,o,t> = (r,L,t) = o ( 4a 1 

P(=rZ,t) - Pi ( 5 a  1 

p(r,z,O) = P i  ( 6 : s )  

Also,since it i s  assumed that the rate over the open interval is 

constant, the boundary condition i s :  

where h i s  the slots length, and w is the radius for each 

slot ' * 

Note that in deriving and solving eq. 1, the following 

assumptions were made: 

1. 

2 .  

3 .  

4 .  

5 .  

6 .  

7 .  

Constant Thickness and Permeability. 

Darcy's Law applies, Laminar Flow. 

Radial symmetry exists, Gravitational effects negligible. 

Fluid Viscosity is constant. 

The liquid i s  of small and constant compressibility, and the 

pressure gradients are small everywhere, i.e., 
2 

(E ap) is negligible. 

Isothermal Flow. 

Flow into the slots i s  radially symmetrical. 

* Eowever, Muskat12 also showed that a simpler boundary condition 
can be introduced with a negligible error i.e.,: 

1 2n-w hap I + 1 2n.w-h aP 9' 
slots =i wi*o slots j TFjAWj+O = k 
"i" "j " 

7 



8 .  The porous Medium inside and outside the well i s  homogeneous. 

A detailed diagram of all variables involved in computing 

the pressure drop at point M i s  shown on Fig. 3 ,  and an analytic 

solution, based on the imape source method of Nisle13 has been 

obtained as follows: 

The pressure drop created at point M (Fig. 2) by a single 

slot i s  obtained by integrating a unit impulse point with respect 

to time and space. Consider eq. 4 for certain vertical slot "i" 

with a length from z=O to z=h oriented at an angle a with respect 

t o  the X axis (Fig. 3 ) .  The distance di from any point P on the 

slot to any point M in the porous medium will be: 

di2=(z1-z m ) 2 +(xm-rwCosa) 2 +(ym-r,sina) 2 (8) 

where x,,,, p,, zm are the coordinates of point M in space and fW 

is the slotted liner radius. 

Let ri2=(xm-rwcosa) 2 +(ym-r,sina) 2 

s o  eq. 8 i s  given by: 

di2=(z'-zm)+ri 2 (8a) 

Integrating the position of the s'ource P along a staight line 

from 0 to h yields the instantaneous pressure drop: 

and the continuous pressure drop i s :  

or: 

8 
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Fig .  3-Section of a L ine r  with Staggered Vertical Rows of S l o t s  
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Eq. 10a represents the continuous pressure drop created at point 

a l s o ,  
2 ' - 2  m u = -  d z '  

a du = 
2- 2- 

so, eq. 10a is written as: 

m 

The error function is defined as: 

2 x 'U 
2 

erf(x) = - e du 
4 7 0  

Eq. 1 1  can therefore be written in terms of the error function 

as: 

The total continuous pressure drop at point M is obtained by 

summing the Ap's created by all the slots in the liner(Figs. 3 

10 



& 4). It should be mentioned that the no-flow boundary condi- 

tions may be satisfied by adding an infinite series of image 

slots. Let us now introduce some dimensionless variables: 

r~ = rlrw (15) 

ZD m z/rW (16) 

'mD Z m / r ~  (16a) 

hD = h/rw (17) 

LD = L/rw ( 1 8 )  

Note that in defining the dimensionless pressure drop p D ,  the 

total production 0 is considered. The relation between 0 and 

the strength p i  (rate per unit length) of the one slot is given 

as follows: if NS is the number of pairs of staggered vertical 

rows (i.e., each pair contains one row of slots * i n  and one row 

of slots "j", see Figs. 3 & 4 ) .  NS represents as well the number 

of slots in one ring of slots and n is the number of slots in one 

vertical row; also, the total cumulative length of n slots is 

L / 2  (one half of the formation thickness), that is penetration 

ratio of l/2, then the strength of 1 slot is: 

qi (0 
0 Q 

.SL/n)Z-NS-n =L;NS ( 1 9 )  

and the pressure drop created et point M by one slot is: 

11 
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PD QIJ qi uL* NS qiu*NS 
bpi - = 2nkL 'D* ZnkL * ' D * ' T  

while the dimensionless pressure drop is given by: 

or, after arrangement of terms: 

this integral can be evaluated numerically using Simpson's rule. 

One of the last stages of the mathematical derivation is t:o 

apply eq. 21a over all the slots in one row (i.e., n slots) and 

then the summation is done 'over all the vertical rows in the 

liner, yielding the total dimensionless pressure drop created a.t 

point M by production through a slotted liner, This stage i s  

carried out as follows: considering Fig. 4 which shows 3 vertical 

rows of slots; the right and the left ones are slots "i", and the 

staggered central one is a row of slots "j". As can be seen, the 

cumulative lengths of the slots in one row is L / 2 ,  which is one. 

half of the formation thickness, In addion to the real slots, 

13 



t h e r e  a r e  a l s o  image  o n e s  i n  o r d e r  t o  s a t i s f y  t h e  b o u n d a r y  c o n d i -  

t i o n s .  I n  t h e  r i g h t  r o w  ( a n d  o f  c o u r s e  i n  a l l  t h e  o t h e r  v e r t i c a l  

r ows  o f  s l o t s  - i n )  t h e r e  a r e  two t y p e s  o f  s l o t s :  o n e  is a d j a c e n t  

t o  t h e  u p p e r  b o u n d a r y  a n d  t h e  s e c o n d  t y p e  i s  s l o t s  w h i c h  a r e  away 

f r o m  t h e  b o u n d a r y .  The s l o t s  “ j “  ( s t a g g e r e d  rows,F’ ig .  4 )  a r e  

a l s o  e i t h e r  a d j a c e n t  t o  t h e  l o w e r  b o u n d a r y  o r  away f r o m  i t .  S o ,  

f o r  c o n v e n i e n c e  p u r p o s e  l e t  u s  c o n s i d e r  s e p a r a t e l y  t h e  c o n t r i b u -  

t i o n  o f  e a c h  t y p e  o f  s l o t s  t o  t h e  t o t a l  p r e s s u r e  d r o p .  We b e g i n  

w i t h  t h e  s l o t  “ i n  a d j a c e n t  t o  t h e  u p p e r  b o u n d a r y :  

Z m D + h D  mD D 
2 -h - e r f  

a0 ‘ z +( 2nLD+hD) 
+ 1 [ e r f  m D  

n=1 “4tD 
z TQD +( 2nLD-hD) - e r f  “4tD 

z -(  2nLD+hD) 
e r f  mD 1 I d t D  ( 2 2 )  

Eq. 22 c a n  b e  w r i t t e n  a l s o  i n  t h e  f o l l o w i n g  way: 

z +2nL +h z +2nLD-hD) 
+ e r f  m D  1 j d t D  mD 

n s - 0  r‘4tD 

Then t h e  p r e s s u r e  d r o p  c a u s e d  by s l o t s  “i” w h i c h  a r e  away f r o m  

t h e  u p p e r  b o u n d a r y  is g i v e n  by: 
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z +3hD z +2hD - e r f  { e r f  mD mD 

z - 2 h D  z -3hD 
+ er f  - erf  mD mD 

q f T q  

0) z +( 2nLD+3hD 1 z +( 2nLD+2hD 1 
+ 1 [erf mD mD - erf 

n=  1 fxq 1'4tD 
z +(2nLD-2hD)  z +( 2 n l D - 3 h D )  

+ erf mD - e r f  mD 

z -(  2nLD+2hD 1 z -( 2nLD+3hD)  - e r f  + e r f  mD mD 

i T q  r'4tD 
'mD -( 2nLD-3hD)  mD z -( 2nLD-2hD)  

+ e r f  - - e r f  r .  1 j d t D  
f 4 t D  i 4 t D  

Eq. 2 3  c a n  b e  w r i t t e n  i n  a n o t h e r  f o r m ,  w h i c h  is: 

+- z mD +2nLD+3hD z mD +2nLD+2hD 
* {  1 (e r f  - e r f  

na-m q "4tD 

4 4 t D  i 4 t D  

a n d  f u r t h e r  g o i n g  down t o  a t h i r d  s l o t ,  r e s u l t s  i n :  

1 5  
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z +5hD z +4hD - e r f  { e r f  mD mD 

n q  J4tD 
z - 4 h D  + e r f  - e r f  m D  Z m D - 5 h D  

C4tD 3- 
0 z +( 2nLD+5hD 1 z +( 2nLD+4hD) 

+ 1 [ e r f  mD - e r f  mD 

n- 1 ,'4tD J4tD 
z +( 2nLD-4hD) z +( 2nLD-5hD)  

+ e r f  m D  - e r f  mD 

JqtD r'4rD 
z -( 2nLD+4hD 1 z -(  2nLD+5hD)  - e r f  + erf mD mD 

% 
z -( 2nLD-5hD) z -( 2nLD-4hD) - e r f  + e r f  m D  m D  1 j d t D  nq 

A g a i n , e q .  24  c a n  b e  e x p r e s s e d  as f o l l o w s :  

+a z +2nLD+5hD m D  z +2nLD+4hD 
* {  1 ( e r f  

m D  - e r f  
n n - m  ED q 
z m D  +2nLD-4hD z +2nLD-5hD 

+ e r f  - e r f  ) \ d t ,  ( 2 4 a )  mD 

J4tD ' U  

T h e s e  e q u a t i o n s  f o r  A p i ' s  s h o u l d  b e  w r i t t e n  f o r  a l l  r e a l  s l o t s  

w h i c h  c o n s i s t  o n e  row.  Now, c o n s i d e r i n g  t h e  s t a g g e r e d  r o w s  " j "  , 
o n e  g e t s  t h e  t h e  p r e s s u r e  d r o p  c a u s e d  by a s l o t  w h i c h  is t h e  

n e a r e s t  t o  t h e  u p p e r  b o u n d a r y  (Pig. 4 )  : 
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* { e t 5  z m D + 2 h D  - e r f  ~ D + ~ D  

5- 4 q  

“4tD “4tD 
ZmD-hD z -2hD mD + e r f  - e r f  

OD z +( 2nLD+2hD) + 7 fetf mD z mD +( 2nLD+hD) - erf  
L L - - -  

n=l “4tD “4tD 
z +( 2nLD-hD) 

+ e t f  - e r f  mD z +( 2nLD-2hD) mD 

z -( 2nLD+hD) z -( 2nLD+2hD) 
+ erf - e r f  m D  mD 

Eq. 2 5  can b e  w r i t t e n  in t h e  f o l l o w i n g  m a n n e r :  

+a z +2nLD+2hD mD z +2nLD+hD mD 
* {  1 ( e r f  - e r f  

z +2nLD-hD z +2nLD-2h 
+ e r f  - e r f  mD mD 

/4tD J4tD 
Moving t o  a l o w e r  s l o t ,  j u s t  b e n e a t h  t h e  f i r s t  o n e ,  w e  o b t a i n :  

17 



z +4hD z +3hD - e r f  { e r f  mD mD 

fxq J4tD 
2 ‘3hD m D  

z - 4 h D  
+ e r f  mD - e r f  aq 4 - q  

0 z +( 2nLD+4hD)  
mD z +( 2nLD+3hD 1 mD - e r f  + 7 f e r f  

n =  1 
- c  

z +( 2nLD-3hD)  z +( 2nLD-4hD) 
9 e r f  m D  - e r f  mD 

z -( 2nLD+3hD)  z -(  2nLD+4hD)  
+ e r f  - e r f  mD mD 

Eq. 26 c a n  b e  e x p r e s s e d  a s :  

+a z +2nLD+4hD 
o f  C ( e r f  - e r f  m D  z +2nLD+3hD mD - - 

na-W f 4 t D  4 4 t D  

z +2nLD-3hD 2 +2nLD-4hD 
+ e r f  - e r f  m D  mD ) \ a t -  

J4tD 1‘4tD D 
‘ 1  

a n d  so  o n ,  g o i n g  down and w r i t i n g  a l l  e x p r e s s i o n s  f o r  t h e  v a r i o u s  

s l o t s ,  u n t i l  r e a c h i n g  t h e  l a s t  o n e  w h i c h  is a d j a c e n t  t o  t h e  l o w e r  

b o u n d a r y  (Fig. 4 )  : 
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z mD -(LD-hD) z -( LD+hD) 
I er f  - erf mD 

f 4tD r14tD 

OD z +((2n -l)LD+hD) z +((2n-1)LD-hD) 

n=l r/4tD 1'4tD 
+ 1 [erf mD mD - erf 

zmD-( ( 2n+l)LD-hD) z -( ( 2n+l)LD+hD 
+ erf - erf 1 jdtD (27) mD 

r'4tD "4tD 

The above equation can be written in a condensed form as: 

Again, this summation of ApD's should be carried on until the 

last real slot "j" is considered. 

The total dimensionless pressure drop will be then: 

pD(M,tD) = Api +Apk +ApD i +ApD j +Api + * * * *  ( 2 8 )  
1 2 3 2 3 

Some important facts should be noticed in eqs. 22-27: the 

summations of all error functions inside the integrals are con- 

stant for all vertical rows "i" and rows "j". Therefore, this 

summation is done only once. However,these constants are dif- 

ferent for the vertical rows "i" and "j". There is a second w,ay 

to calculate the total pressure drop. In this way the contribn- 

tion o f  all slots in one vertical row is calculated before 
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considering another row, while in the present method the 

contribution to the pressure drop of all slots which have the 

same elevation in the vertical rows “in and ‘*j“ is calculated 

first. As a matter of fact, the computer program (App. A) was 

compiled using the second method ; handling first all real and 

image slots in vertical row and then considering the other rows. 

The second method was chosen only because of convenience (see 

also section 2.3, eq. 33). Note also that with a alight mod- 

ification, the system on Fig. 4 could be reduced to a more basic 

unit consisting of only one i and one j slots. 

2.2 Short-Time Behaviour 

In Studying the short-time behaviour of eq. 28,three cases 

were considered: 

i) O<zmD<hD Or 2 h ~ < Z ~ ~ < 3 h ~  Or 4 h ~ < Z ~ ~ < 5 h ~ ,  etc. This means 

that the elevation of the considered point is between the lower 

and upper tips of one of s l o t s  “i“. 

ii) hD<ZmD<2hD 01: 3 h ~ < Z ~ ~ < 4 h ~  Or 5 h ~ < Z ~ ~ < 6 h ~ ,  etC., i.e., 

the elevation of the considered point is between the. lower and 

upper tips of one of slots “j“. 

‘Case (i): for tD+O and O<zmD<hD 

‘ ~ D + ~ D  ~ 

n q  
‘ ~ D - ~ D  
J4rD 

erf 

erf -t -1 

2 0  



Then considering eq. 22: 

changing variable: 

1 N S  
1 Ei(-riD/4tD) 2 
i=l = -2.NS 

where -Ei(-x) the Exponential integral (see Nomenclature). 

(2S)a) 

It can easily be demonstrated that all other pressure drops(i.e. 

e q .  23-27) at early times are zero. In this case: 

By the same course of manipulation , if 
2 h g < Z r n ~ < 3 h ~  , One gets for tD+O : 

z -2hD 
erf mD +1 
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ZmD-3hD erf 4 - I  “4tD 

Then, considering eq. 23: 

or: 

All other summations of the error functions in eqs. 22,24-27 

becom zero, and again eq. 28 is given by: 

Case (ii) 

By the same reasoning as in the previous case, it can be 

easily shown that eq. 28 becomes (for early times) : 

Case (iii) 

In this case, e q .  28 simply becomes: 
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ZmD-hD = 0 and  e r f  S i n c e  for z m D = h D ,  e r f  + .  -1 ZmD-hD 

J4tD q 
2.3 Long-Time B e h a v i o u r  

As m e n t i o n e d  a t  t h e  e n d  o f  s e c t i o n  2 . 1  t h e  t o t a l  p r e s s u r e  

d r o p  c a n  a l s o  b e  c a l c u l a t e d  by h a n d l i n g  f i r s t l y  t h e  e f f e c t s  o f  

a l l  s l o t s  i n  o n e  row and  t h e n  c o n s i d e r i n g  o t h e r  v e r t i c a l  r ows .  

T h e r e f o r e ,  e q .  2 8  c a n  b e  w r i t t e n  i n  t h e  f o l l o w i n g  way: 

+- z +2nLD+3hD mD z +2nLD+2hD mD - e r f  + 1 [ e r f  

z +2nLD-2hD z +2nLD-3hD - e r f  + e r f  m D  mD 1 
44 t D  4 4 t D  

+a z +2nLD+5hD m D  z +2nLD+4hD 
+ 1 [ e r f  - e r f  mD 

na-m r'4tD nq 

J4tD 4 - q -  

z +2nLD-4hD z +2nLD-5hD 
+ e r f  mD mD -e r f  1 

NS e x p [ - r j D / 4 t D l  2 

j=l 0 t D  

2 3  



z +2nLD-hD m D  z +2nLD-2hD mD - e r f  + e r f  "4tD q- 
+m z +2nLD+4hD mD z +2nLD+3hD 

+ 1 ( e r f  - e r f  mD 
n n - m  q-- 

z +2nLD-3hD z +2nLD-4.hD - e r f  + e r f  m D  mD 1 J4tD J4tD 
+= Z m D + (  ( 2n-1 ILD+hD) z +( (2n- 1  )LD-hD)  

+* 0 .+ c ( e r f  - e r f  
m D  ) } d t D  ( 3 3 )  

nr-m 

E q .  3 3  is t h e  s e c o n d  way o f  c a l c u l a t i o n  of t h e  t o t a l  d i m e n-  

s i o n l e s s  p r e s s u r e  d r o p ,  a n d  t h e  c o m p u t e r  p r o g r a m  i s  b a s e d  on  t h i s  

e q u a t i o n  ( s e e  App. A ) .  

L e t  us now e x a m i n e  t h e  f i r s t  s u m m a t i o n  o f  t h e  e r r o r  f u n c t i o n  

i n  eq .  33 :  

( 3 4 )  
z +2nL +h z +2nLD-hD m D  - e r f  mD 1 

na -0  (4tD 
D LI 

By c h a n g i n g  v a r i a b l e ,  eq.  3 4  b e c o m e s :  

+m z +2nL +h mD z +2nLD-hD - e r f  mD = 
/4tD 

u 
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z +2nLD+hD mD 

4 7  :--= z +2nLD-hD 
, 

mD 

The a b o v e  c h a n g e  o f  v a r i a h l e  i s  done  by l e t t i n g  

z -zD+2nL m D  D 

4 4 t D  

Eq. 3 4 a  can b e  w r i t t e n  i n  a d i f f e r e n t  way a s :  

From P o i s s o n ’ s  s u m m a t i o n  f o r m u l a 6  : 

T h e r e f o r e :  
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+m z +2nL +h z +2nLD-hD 
1 ( e r f  mD - e r f  mD I =  

1 
-5 

and: 

m n 2 2  r tD 
hD n r ( z D - z  ) { 2hD+21 e x p [  - 1.1 c o s  

mD 
dZD1 

n= 1 -h D L D  

n n ( z  -z ) D mD LD 
nn 

h -2 h +z  
j h D c o s  dzD - [ s i n ( n n  mD) + s i n ( n n  

D "D)] 

- h D  L D  L D  L D  

H e n c e ,  eq.  36  b e c o m e s :  

+- z +2nL +h z +2nL =h 
1 ( e r f  mD I) mD D) x - e r f  
nm-m J4tD "4tD 

*.-9 

1 4 L D  D nn  n a  

LD 

m 
1 
n 

n L r L t  
= -{2hD+ - 1 - e x p [ -  --]sin-h * C O S - Z  } ( 3 7 )  r n = l  L D  LD 

LD mD 

I n  t h e  same way,  i t  is n o t  d i f f i c u l t  t o  d e m o n s ' t r a t e  t h a t  t h e  

s e c o n d  s u m m a t i o n  o f  t h e  e r r o r  f u n c t i o n  in e q .  33  c a n  b e  e x p r e s s e d  

a s :  

+m z +2nLD+3hD 
1 ( e r f  mD - e r f  mD +2nLD-3h7  = 
nP-m J4tD f T q  

. - 9 . - 9  

L D  
m n r t  L L  

= -{6h 1 +- 1 - 1 e x p [ -  --T]~in63hD*~~s-~ D nn n n  } 
LD D n  n n = 1  L D  

LD m D  

and: 
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+" z +2nLD-2hD z +2nLD+2hD 

ns -m r'4tD ,'4tD 
1 (erf 

mD mD - erf IL 

combining eqs. 37+3a  we obtain: 

z +2nLD-2hD z +2nLD-3hD 
-er f + erf m D  mD I =  

f 4 t D  

1 4 L D  

LD 

W 

1 
= - { 2 h D +  - 1 - exp(- 

B n n=l 

2 2  n n t D  
~7) [ sin-3h - sin-2hD] U T  nn 

LD L D  L D  

In a similar way the n e x t  

eq. 3 3  is expressed as: 

summation of error functions in 

+" z +2nLD+ShD z mD +2nL D +4hD 
1 (erf- 

mD -erf 
nx-m q J4tD 
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Therefore, the pressure drop created at point M by all rows "i" 

can be written as: 

NS tD exp[-r 2 

Total is1 0 tD 
i I iD/4t D) 

'PD ('stD) = 

LD 1 
0 n L r  Lt 

*l&(2k*hD+ - 1 - exp(- D [ { (sin5hD+ nn sinF3hD 
D n n=ln D 

+ sin-5h + * e * +  sin-(2k-l)hD) - (sin-2h + sin-4h nn nn nn nr 
LD LD LD LD 

+ * * - +  sin-(2k-l)hD)]*cos"z nn ])]dtD 
LD LD mD 

Where k is the number of slots in one vertical row and 2k*hD 

equal to LD. 

It is well known that: 
,sin ( a x )  2 

s i n ( x )  s i n ( x ) + s i n ( 3 x ) + s i n ( ~ x ) + ~ . . . + s i n o x )  = 

Also: s i n ( 0 ) + s i n ( 2 x ) + s l n ( 4 x ) + . . . . . + s i n ( ( 2 L - 2 ) x )  = 

I 
sin(tx)*sin((a-l)x) 

sin(x) 

and: s i n ( 3 x ) + s i n ( 5 x ) + . . , . ~ ~ + s ~ n ( ( 2 R + l ) x )  = 

sin(tx)*sin((L+Z)x) 
sin(x) 

I 

S o ,  e q .  42 is written in the following form: 
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It can easily be shown that the pressure drop created at point M 

by all vertical row8 "j" is given by: 

0 2 2  
4 1 n a  t 

* { I +  - 1 - exp(- )[(sinqhD+ sin- 2h + sin-4h + * e * )  
D nn  nn 

n=  1 LD * LD R n 

or: 

m 

Again, k is the number of slots in one vertical row. 

Eq. 43a can be further simplified to: 
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2 2  2sin(-h *k)*sin( nn - q h D ) * ~ ~ s ( - h  3nn nn 2k+l 
LD 4 1 

m n n  t 
[ 

LD D'-2-) 
* {1+ - 1 

T - exp(- __I_ 1 n= 1" LD sinT nn h D 

nn 
LD mD ( 4 3 b )  cos-z } dtD 

Adding eq. 43b to eq. 42a we obtain the total pressure drop 

created at point M by all rows of slots in the liner, as was  

previously written: 

It will be convenient to define the functions: 

m 2 2  n n tD i 2 4 1 
Z (tD/LD,zmD,hD,k) = 1+ - n 1 - exp(- ) *  

n= ln LDZ 

2 ~ i n ( ~ h , * k ) * s i n ( ~ h ~ ) * c o s ( ~ h ~ - ~ ~  nn nn nn 2k-1) 

* I  D D D nn 
s i n-h nn  cos^ ZmD 

LD 
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2 2  n n t  
Z j (tD/LD,ZmD,hD,k) 2 1+ - 4 1 - 1 exP(- 0 

D 
T n= ln LD 

Zsin(-h nn *k)-sin(-% 3nnh )*cos(-h nT 2k+l) 
LD L D  D 2  

- I  nn 
nr LD mD cos-2 

sin-h, 

Combination of eqs. 28a, 42a, 43b, 44-47 yields: 

PD(M,~D) ItD Ri(ri,,tD)*Zi(tD/LD,zmD9hD,k)dtD 2 

( 4 7 )  

It is well known that the line source solution is expressed 

by the formula: 

Where - Ei(- rD/4tD) is the Exponential inte'gtal. 

For tD/rD>70, the line source solution can be approximated 

2 

2 

within one percent error by14: 

B y  adding and substracting the line source solution on the rigrht 

hand side of eq. 48, we obtain: 
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The function s is the so-called pseudo-skin factor due to anal- 

o g y  with the skin factor defined by Van Everdingen16 and Hurst”. 

Note that R i , R j  and hence s are implicitly functions of 8. Eq. 

5 1  can be therefore written a s :  

* 

PD(‘,tD) a PD(rD,tD)+ s(riD,rjD,ZmD,tD,hD,k,Ns) (53) 

As shown by eq. 53, the dimensionless pressure drop created 

at point M due to production through a liner, can be expressed as 

the sum of two terms, the first one of which is the line source 

solution and the second is the pseudo-skin function, s. The 

pseudo-skin function is P function of dimensionless time, but it 

will be shown that this function can be apprroximated by 

* The dimensionless thickness, LD, can be expressed as: LD=2khD 
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a constant for large values of time. 

Expansion of the exponential function gives: 

e-== 1- x + x + O(X) 2 

s o :  

We can approximate the R functions by the first term within one 

percent error if: 

2 2  25rjD/tD 

or: 
2 

I 25riD 

In that case, the R functions can be approximated by: 
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tice that the value of each term of the infinite series decreases 

rapidly when tD increases, and the Z functions will be different 

from unity by less than 1% as soon as: 

tD 
2 4.61*LD 2 

, (since for exp[- .-I< o . o ~ +  tD) 
7r LD Tr 

N S  + c  ,-tDl Rj(rjD, t D )*Zj(t /L 2 z ,hD,k)dtD] 
j5l 0 D D’ mD 

2-NS D+tD - =(En7 1 

tD1 D r D 
+ m g  I tD + 0.80907) 
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JtD’ Ri(riD,tD)-Zi(tD/LD)dtD 2 

1 - T(””7T t D 1  + 0.80907) 

where: 

t D  1 > Max [ 
70rD 2 

25riD 
2 

25r2 
j D  

5 L D / T  
2 2  

As can be seen from eq. 57, the pseudo-skin function becomes a 

constant within one percent error a t  large values of tD (tD>tD1). 

The values of the pseudo-skin factor are printed on Tables B - 1 +  

B- 3  1.  

35 



3 .  . COMPUTATIONAL PROCEDURE AND NUMERICAL RESULTS 

The solution has been evaluated from eq. 3 3  using Simpson's 

rule for integration purposes. 

The computer program was compiled using the following param- 

eters as entry values (see also App. A) : 

Reservoir thickness, slot length, number of pairs of staggered 

vertical rows of slots (this is also the number of slots in one 

ring), well radius, dimensionless distance of point for which the 

pressure drop is calculated, elevation of point M and its orien- 

tation (angle = 9 )  with respect to the origin of X-Y coordinates 

and a tolerance (for convergence purposes). The dimensionless 

time should also be specified. 

The program considers penetration ratio of 0 .5  , i.e., the 

total cumulative lengths of slots in one vertical row is half of 

the formation thickness. 

For representation of results, the elevation of point M was 

located at the center of formation and its position is between 

two vertical rows of "i" slots (for rD=l, the posit'ion is half of 

the circurnferencial distance). 

Burns2 also uses "observation height" as  halfway between top 

and bottom of the interval, while Muskat'' concluded that the 

exact steady-state wellbore pressure for a partially penetrating 

well could be obtained within accuracy (assuming a uniform 

flux distribution at the wellbore) by computing the pressure at a 

location 3 1 4  of the distance from the top of the layer to the 

bottom of the well. The calculations were also made by using 10 
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intervals of dimensionless time AtD per log cycle, starting from 

AtD=O.OO1. Accuracy was checked (with satisfactory results) in 

the following manner: 

1) For rD=O, the results were compared with the semi-analyt- 

ical solution given in Table 1, which was derived by Gringarten 

and Ramey . This solution is numerically equal to the line a 

source solution. No difference is noticed between the results 

presented in Table 2 and Table 1 .  The line source is always 

obtained for rD=O, no  matter what is the number of vertical rows 

of slots. The limit case is, of course, for infinite number of 

vertical rows ( N S + m )  which is the surface cylinder solution (see 

also Fig.5, on which the line source solution was plotted for 

rD'O). 

2 )  For rD=0.5, 6 pairs of staggered vertical rows were 

sufficient to reproduce to within 5 digits accuracy the results 

of the semi-analytical solution for the surface cylinder 

presented in Table 1. The reproduced results are shown in Table 

3 and on Fig. 6 0  

3 )  For rD=2, again for N S 1 6 ,  there is agreement within 5 

digits accuracy of the results given in Table 4 and the solution 

presented in Table 1 (see also Fig. 7 )  

4 )  For rD=l, this case was the last one used to check the 

validity of the computer program . No complete agreement for 

this case could be obtained with the surface cylinder solution no 

matter what was the number of vertical rows of slots, probably 

since it is a limit case. However, for 30 pairs of vertical rows 
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(or 30 slots in each ring of slots), for tD13 and on, the dif- 

ference between the surface cylinder solution given in Table 1 

and the obtained results which are shown in Table 5 ,  is only 

-0.0022. This difference is constant and therefore becomes neg- 

ligible later on (see also Fig. 5 ,  and App. A for more details). 

3.1 Computer Runs 

After the validity of the computer program was checked, the 

following cases were run: 

i) Firstly,the number of rows had to be specified. All 

cases were run with 4 different pairs of staggered vertical rows 

of slots ( . I N S ) ,  namely 1 pair, 2 , 3 ,  6 and 12 pairs. The 1 pair 

case was run for the sake of representation; since the usual 

practice is to specify two rows for each nominal pipe diameter 

and the smallest one is of 2 3 1 8 "  which requires more than 1 pair 

of rows. However, for rD*l, additional cases of 4,8 and 10 pairs 

4 

also considered. 

ii) Secondly, the influence of slot length was checked. 

Four different cases of dimensionless slots lengths were run, 

i.e. 0.2, 0.4167, 0.5714 and 1.0. Because the cumulative lengths 

of slots in one row should be always (as imposed) one half of the 

formation thickness, the shorter the slots become, their number 

in one row is increased (see Tables B-1 to B-23). 

iii)Thirdly, dimensionless pressure drops were obtained for 

various dimensionless distances which were: rD=O (representing 

the line source case), rD-0.5 and rD-1 (on the surface) and r ~ m 2 .  

iv) Variation of formation thickness was also checked (but 
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not shown;see section 3.2). 

Three facts should be noticed: almost all cases were run by 

considering an elevation of a point at the center of formation 

and location was half-way between two vertical rows of slots. 

Only Tables B-32 and B-33 show different cases where elevation of 

the point was at the center of formation +1/2 of dimensionless 

slot length and the location of point was l/4of the circumferenci- 

a1 distance between two vertical rows of "i" slots; these cases 

were run for rD=l. 

3.2 Results and Calculation of Pseudo-Skin Factors 

The results of all runs with relevant data are shown in 

Tables 2-5 and B-1 to B-33. 

It was found that the variation of dimensionless formation 

has no actual influence on the dimensionless pressure drop. 

The variation of dimensionless pressure drop with dimension- 

less slot length is negligible (see Tables B-1 to B-23) 

There is a pseudo-skin factor which becomes a constant after 

a certain time and decreaseswhen the number of vertical rows is 

increased. The pseudo-skin factor becomes negligible when the 

number of pairs of staggered vertical rows is more than 3, in all 

cases. All values of the pseudo-skin factor are printe in Tables 

B-1 to B- 31. 

39 





.. . 41 

. ., . . .  . . .  - ,  . .  



CI 

II 

n .  

n 

n 

111 

n 

N 



1 
1.5 
2 
3 
4 
5 
6 
8 

1 ' 10-1 
1.5 
2 
3 
4 
5 
6 
8 

1 
1.5 
2 
3 
r, 
5 
6 
8 

? 10' 
I. 5 
2 
3 
t 
5 
6 
s. 

4 010 
l.5- 
2 

2 

-3  
i 
5 
6 
8 

0 0.25 0.50 0.75 1 2 3 5 10 

- 

.OOOl 

.OW6 

.0015 

.0056 

.0125 

.0392 
-0732 
.1463 
2161 

.2 799 

.3376 

.4378 

.5221 

.6873 
-8117 
.9947 

1.l285 
1.2340 
1.3210 
1.4598 

I. 5683 
1.7669 
1.9086 
2.1093 
2.2521 
2.3631 
2 A538 
2 .S971 

2.7084 
2.9107 
3.0543 
3.2569 
3.4006 
3 -5121 
3.6032 
3.7470 

.0002 
-0007 
.002 0 
.0040 
.0103 

. 01 92 

.0492 

.0844 

.1576 

.2265 

.2893 

.3462 

.4449 

.5282 
,691 7 
.8152 
.9971 

1.1303 
1.2354 
1.3223 
1 4607 

1.5690 
1.7674 
1 - 9090 
2.1096 
2.2523 
2.3632 
2.4539 
2.5972 

2.7085 
2.9108 
3.0544 
3.2569 
3.4006 
3.5121 
3.6032 
3.7470 

.OOOL 

.0006 

.002 7 

.0063 
-0111 
,0167 
.0296 

.043 6 

.080S 

.1187 
,1911 
,2573 
.3172 '. 3714 
.4660 

.5462 
:7047 
.8254 

1.0042 
1.1358 
1.2399 
1.3260 
1.4635 

1.5713 
1.7689 
1.9102 

2.2529 
2.2637 
2.4543 
2.5975 

2 . l io3  

2.7087 
2 ..9109 
3.0545 
3.2570 
3.4007 
3.5122 
3.6033 
3.7471 

.0025 
-0067 
.0117 
.0228 
-0341 
.0451 
.OS58 
.07 60 

.0949 
J379 

.2458 

.307.1 
:3622' 
.4123 - 5 002 

,5755 
.72 62 
.8423 

1.0160 
1.1448 
1.2472 
1.3322 

,1766 

1.4682 

1.5751 
1.7715 

2.1116 
2'.2539 
2 . 3  645 
2.4550 
2.5980 

L.-9t21 

2.7091 
2.9112. 
3.0547 
3.2571 
3.4008 
3.5122 
3.6033 
3.7471 

.OS 65 

.0692 

.0799 
-0980 
.1132 
.1267 , 

.1389 .OOOl  

.1607 .0006 

.moo . ooi4 

.2216 .0053 
-2574 .0111 
,3194 -0262 
,3735 .0436 
.4223 *. 062 1 
.4670 .0809 
.5462 .1187 

. 6 1 > ~  .1556 
,7554 .2414 
.8654 .3172 

1.0323 -4439 
1.1574 .5462 
1.2575 -6316 
1.3408 -7047 
1.4748 .8254 

1.5806 .9227 
1 .'7750 1.1060 
1.9148 .1.2399 
2.1134 1.4325 
2.2552 1.5713 
2.3655 1.6798 
2.4559 1.7689 
2.5987 1.9102 

2.7096 2.0202 
2.9115 '2.22'09 
3.0550 2.3637 
3.2573 2.5654 

3.5124 2.8200 
3.6034 2.9109 
3.7472 3.0545 

3.4009, 2.7087 

.OOOl  
,0007 
.002 3 
-0051 
.0089 
.0190 

.0315 

.0690 

.lo97 
-1897 
.2629 
.3285 
.3873 
.4887 

.5736 

.7394 
8641 

1.0472 
1.1811 
1.2866 
1.3737 
1.5124 

1.6209 
1.8195 
1.9613 
2.1620 
2.3048 
2.4157 
2.5065 
2.6498 

.0001 

.0005 

.0030 

.0085 

.0271 

.0522 

.0504 

.1097 
-1678 

.2228 

.3431 

.4424 
-5981 
,7174 
.a139 
-8949 

1.0259 

1.1296 
1.3218 
1.4604 
1.6578 
1.7989 
1.9089 
1.9990 
2.1413 

.0002 

.0008 

.0019 

.0063 

.0135 

.0407 

.0750 

.1481 
-2178 
-2814 
-3309 
.4390 

.5231 

-8123 
.9950 

1.1288 
1.2342 
1.3212 
1.4599 

.bat30 

-- 
. .  

Table 1 -- Continuous Surface Cylinder Source 

(After Gringarten,A.C. ,et a1 .) a 
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TABLE 2 

UNSTEADY PRES5UF.E F.ESPSNSE IN A S L 3 T i f 3  LINR 

Pit P O  TO 

of3207E-01 
.14628€+00 
.21613E+00 
27989€+00 

.33762€+00 

. 3 9 a o i ~ + o o  . w a t ~ + o o  
46 167E+O 0 

. 5 2 2 1 4 E + 0 0  
* 8 1 1 7 i E + 0 0  
. 9 9 4 6 6 € + 0 0  
. i 1 2 8 5 E + O l  
12339€+01 

. 1 3 2 1 0 E + O I  

.13952€+01 
* l + S 9 8  E+ 0 1  
15169E+Oi 

* 1 5 6 8 3 E * 0 1  

20 OE+ 02 

4 0 0 E +  02 
. 5 0 0 E + C 2  
* 6 0 0 € + 0 2  
.70OE+OZ 
. 9 0 0 E + J Z  

90  OE+ 02 
10Uft03 

9 20 OE+ 03 
300EtC13 

. 4 0 0 E + 0 3  

8 300E+02  

0500E+C3 
600E+03 

. 7 0 0 E + d 3  . a oo:+ 03 

.900E+03 
100E+I14 

PO 
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TABLE 5 

U N 3 T E A C Y  PRCSSUKE LESPONSE I N  A SLOTTED LINER 

TL PD TO PO TD PG 

. Z S S 2 4 € + 0 0  
.31719E*00 
.37134E+ 00  
42016E* 00 

*46476E*OO 
.5059 iE+00  
.54407E*00 

579636+00 
.6i293E+00 
*86322€+00  
1 J 30 l E + O  1 

m l l 5 5 2 E + 0 1  
.12453E+Ol 
*1338?E+Ol 
a I 4 1 0  l f * O  1 
. 1 ~ 7 2 6 E + O l  

1 5 2 9 2 E + O l  
.15732E+Ol 

2005+02 
3005t 02 

.400z+ c z  
.500E+O2 
*600E+02 

70 OE+02 
.900E+02 
0 9 0 0 5 + 0 2  
1005+03 
200E+03 
3 0 0 € + 0 3  
4 0 0 E + 0 3  

- 5 0  OE+ C3 
* 6 O O C + O 3  

7OOZtU3 
.300E*03 

9 0 0 E + G 3  
lOOE+ 04 

1 3  1;'bE+ Cl 
. 2 1 1 1 Z E + ~ l  
s 22 52 05+ 3 1  . 23634E+ 0 1  
. 2 + 5 3 7 E + 0 1  
.253CZE+Cll 

.t6:? :€+;I1 
.25'365E+ 01 

.27J:kE+Ol 
. 3 0 1 2 8 E + l l  
32 5 5 t E +  3 1  

0 33 '3 t?E+  01 
.351?2E+Ct 
~ 3 6 3 1 3 E +  Cl 
36763E+tl 

.37 45 OE+ 31 
. 3 6 C 3 8 E + 3 1  
a 3 t  565E+ Jl 
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4. NOMENCLATURE* 

ct = total compressibility 

di = distance in space 

h - slot length 
h~ dimensionless slot length 

k = formation permeability 

b = total number of slots in one vertical row 

N S  = number of pairs of vertical rows of slots (also number 

of slots in one ring of slots) 

Ap = pressure drop 

pi = initial pressure in the reservoir 

pD = dimensionless pressure drop 

q = fluid withdrawal per unit length or unit area (or vol- 

ume) of a source = strength 

Q = total withdrawal from a well (rate of production) 

ri, r, - distances in X-Y plane (to slots) 
riD = dimensionless distance in X-Y plane (to slots) 

rjD = dimensionless distan.ce in X-Y plane (to .slots) 

rD dimensionless radial distance 

rw = wellbore radius 

s = pseudo-skin factor 

t - producing time 
tD dimensionless producing time 

x - abscissa of a point 

y = ordinate of a point 

* c-g-s units 
48 



z - elevation of a point 
zm * elevation of point M in a reservoir 

zmD - dimensionless elevation of a point a in a reservoir 
II - diffusivity 
Ll = viscosity 

0 - porosity 
0 - angle which the projection of point M on the X-Y plane 

makes with the origin of coordinates 

Subscripts and Superscripts 

D = dimensionless 

i - pertaining t o  vertical row of slots "i" 

j - pertaining to vertical row of slots "j" 

m - any point in space 

t - total 
w - well 
SPECIAL FUNCTIONS 

2 
2 x -u Error Function: erf(x) - - I e d u  

K O  

U - 
Exponential Integral: - Ei(-x) I" e du 

X 
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APPENDIX A 

Computer Program 

l....General 

The computer program was compiled in order to calculate the 

dimensionless pressure drop given by eqo 33 in the text. 

It is divided Into two parts: The main program and the sub- 

routine. The subroutine computes the infinite summation of 

all error functions in the integrands in eq. 33, while the 

main program uses Simpson's rule for integration purposes. 

It should be mentioned again that the program firstly com- 

putes the pressure drops created by all real and image slots 

in one vertical row and then considers another row; while in 

the text the explanations refer to another method where all 

pressure drops created by slots which have the same eleva- 

tions are firstly computed and then slots in other eleva- 

tions are considered (eqs, 22-27) 

2....The Main Program 

The following parameters.are needed for the calculations: 

1) Reservoir thickness = L (ft.) 

2) Slot length = SL (inch) 

3 )  Number of vertical staggered rows of slots (or number of 

Slots in one ring) = NS 

4 )  Well radius = rw (ft.) 

5) Dimensionless distance of point M - rD 
6) Dimensionless time tD 

7) The elevation of point M - zmD 
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8) The angle of point M with respect to the origin of X-Y 

coordinates (Fig. 3) = Theta 

9) The tolerance, which is used for testing the convergence 

of the infinite summation of the error functions - 
This tolerance can be changed and is used in the 

eubroutine. 

3. Subroutine Sum 

As said above, this subroutine calculates all error func- 

tion eumaations, using a certain tolerance which decreases 

when t D  increase. Three hundred terms are considered at 

most, but more terms can be added. 
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FJL=aITTO,FOr SJt ;LOTS. 
F:C=VALUE GF F U N C T S O N  TO Bf I N T E G R P T E D  AT THE CENTEP OF T I M E  
iNTERVAL F C R  #I# SLOTS. 
F J C = C I T T O , F O E  S J f  SLOTS. 
F T R = V A L U E  OF F U N C T I O l l  T O  BE I NTEGSATEO AT. THE FIGHT .SIC]€ .OF 
T I P S  I N T Z i l V A L  .FCR $If SLOTS. 
F J R = D I T O O  8 FOR ' #4+. SLOTS 
N3=?lUHBER OF STACGZQED (PAI4S) R O U S  O r  S L O T S .  THERE ARE TWO 
KiEJDS OF SLOTS: ONE IS SLOTS fIt,AND THE SFCGND , O N E  IS SLOTS %A 

RI=J ISTANCZ OF THE P O I N T  FOR WHICH THE PRESSURE CC9P IS T O  BE 
C A L C U L A T E 3  SUE T O  PROOUCTION THRU *I3 SLOTS. 
RJ=DZTTO,fOR itJ2 SLCTS. 
SILZ=SU;, l  O f  ERROR FUr4CTIONS 4 T THE CENTER OF TIME iNTtRVAL FOR 
=I: ; L O T S *  
S J L ? = 0 Z T T O , F O F .  f J $  S L O T S .  
SItF!=;U;f 3r LRROfi FUIJCTICINS AT T H E  LEFT SIDE OF TIt4E INTERVAL 
FJ;? 21: S,CTS. 

HHIZH At?E ROTATED Z N  RELATION TO SLOTS # I f .  
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NC P = 3  + Nu' 
00 15 I=L,tlCP 
K= hCF 1 +: 
N=NCPZ+L 
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A P P E N D I X  B 

Tabulated  R e s u l t s  

The n u m e r i c a l  r e s u l t s  of  a l l  computer runs w i t h  c a l c u l a t e d  

p s e u d o- s k i n  f a c t o r s  a r e  p r i n t e d  i n  t h e  f o l l o w i n g  p a g e s .  
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TABLE 8-1 

U N S T Z A J Y  Pk?lS;dRi EESP’3NSE I N  A SLOTTEI? L I N E R  

AF.F.ANGEMENT OF SLOTS8 2 STACGEZED V E R T I C A L  ROWS( 1 PAIR 

DIMENSIONLESS PRZSSURE X O P  ZS CALCULATED AT CENTEQ OF F O R f l A T I O t 4  

. 17509E+O l  
18540f*0 I 

.19300E+Ol 
1991 3E+01 
20449E+Ol  

020915€+Ol 
. 2 2 3 3 7 E + U 1  
. 21722€+01  

220?76+01  
. 2b661E+O l  
e 2 6 3 4 8 € + 0 1  
. 27696E+01  
. 2 8 E 0 9 € + O l  

29445E+Ol 
. 30160E+01  

30 78 6E*O 1 
.31342E+Ol 
.31843E+OI  

TO 

2 0 0 E + 0 2  
e 7 0 O E + O 2  
e 400E+ 02 

SOOE+ 0 2  
e 60UE+C2 

70 O E + O  z 
.800E+02 
* ~ U O E + 0 2  
. 1 O O C + O 3  
200f+ 03 

. 3 0 0 E + J 3  
40 OE+ 0 3 

. 5 0 1 E + 0 3  
6 0 E +  01 

.700;+03 
3 0 0 E +  03 
90 OE+ 0 3 

a 10 OZ+ r j4 

PO 

PSEUDO-SKIN FACTORs1.6042 
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P 3  PO 

PSEUDO-SKIN FACTORa1.5862 
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TABLE B-3 

UNSTEAOY PR.ES3JRZ RESPrlNSE I N  A S L O T T E D  LIKE? 

P3 PO 

e l 7 2 9 2 S + O l  
. 1 8 3 1 5 E + 3 1  
19075E401 

. 1 9 6 9 2 € + 0 1  

. t 0 2 2 2 E t O l  
e2069OE+Ol 
e 2 l l l l E + O l  
.21496E+Ol 
. 21852€*01  
.24435EeOl  
. 261225+01  

2 7 3 8  O E t  01 
. 2 8 3 3 3 E + 0 1  
e 2 9 2 1 9 E + 0 1  
* 2 9 9 3 4 € + 0 1  
33560EcOl 

*32126E+O1 
~31617E+Ol 

PC 

.34962E+ Jl 
. 3 6 3 4 9 5 +  [I 
3e 367r+ t i  

.4C 37 3E 4 Cl 

. 4 1 1 3 8 E & J l  
41 93 iz+ Cl 

e42387E+31  
e 4 2 3  1 l E +  Cl 
.46364E+Jl 
.48337E+ Cl 
.49924E+21 
.50938E+Cl 
*51349E+Gl 

m33470EtOl 

.52619Z+Ol  
5326 6E+ 31 

.53075:+31 

.5440tE*31 

PSEUDO-SKIN FACTORm1.5816 
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TABLE 8-4 

UVSTEACY PP!SSURt: RESPONSE Ib A SLOTTED L INER 

TD 

e IO 0E0.02 
.200E-C2 
300E-02 

.400€-02 
w5Q0Z-32  
w6 OrlE-02 
e 7 0 0 3 - 0 2  
.e 0 ~ 4 2  

9 0 0  3- 0 2  
w i00t-31 
e 2 0 0  E-91 
.300E-01 
w400E-01  

5 0 0 E - C l  
w63OE-01  
*709r , -Oi  
* E  Of IE-J l  
w 3 0 0 E - 0 1  
e !.3CIE+00 

.P D PO- 

e 1 7 2 3 5 E t 0 1  
w18264E+Ol 
e 19 023E+O 2 

- m  19641E+O 1 
* 2 0 1 7 0 E + U l  
w205386+01 
w21059C*Ol  
21 445E+O 1 

e 2 1 8 0  UE+ 0 1  
. 2 4 3 P 4 E + O l  
w26070E+Of 
w2733 8 E + O l  

28 3 3 2 9  01 
w 2s 16?E+O 1 
e 29883E+Ql 
w30508E+Ot 
w31065E+Ol  
w31565E+Ol  

tb 

20 O'E+UZ 
.300E+t!2 
.400E+02 
S O  OE+GZ 
60 OE+ 0 2  

0 7@OE+O2' 
*500E+02 
.900E+C2 

l O E +  03 
m2OOE+O3 

3?OE+ 03 
.400E+03 
. 500E+03  
.601)E+03 
, 7 o n ~ + a 3  
e!300E+03 
900g+D3' 

w 1 0 0 E + . 9 4  

PO' 

PSEuw)-SKIN FACTORm1.5765 
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. . . . .  

Pa 

. 2 ~ 0 1 0 E + O O  
*31380E+00 
* 3 5 8 9 3 € + 0 0  
391 84E+00 
.41789E+00 
a439SOE+OU 
a45793Z+B0 
4 7 4 1 6 ~ + 0 1 1  

048852<+30  
a 50  F44E+ 00 
.58746E+JU 
a 6 3 8 1  2E+UO 
. ~ ~ ~ o B E + ~ I I  
.70197~+0a 
m ? 2 4 f f E + 0 0  

74405E+aQ 
a 7 6 0 ? 9 € + 0 0  
a 7 7 5 5 9 E + 0 0  

78890E+00 

- .  ~ 

. . .  

7e88163E*0@'  
0 95660 E+OO 
. 1001€€+01  ~ - 

. . i a ~ o a ~ + o t  

.10955f+Oi 
1 1 3 6 7 E + 0 1  

o l l 7 4 9 E + O l  
. 1 2 1 0 5 E + O i  
. i 2 S 3 8 E + O l  
.149r*1E+at 
. 1 6 6 1 0 E + 0 1  
.17361€+01 
ui8862t+Ot 
0 1 9 6 9 6 € + 0 1  
20 41 OE+ dl -, 

21 r)35€+ Of. 
a 2 1 5 9 l E + 0 1  
.22091E+Ui  

e ~ O D E + O Z  

.5ooE+a2 

309E+02 
. 4OOE+OZ 

.600E+02 
.7OOE*GZ 
. 9 0 0 Z + d 2  
.900E+OZ 

100E+03 
20OEtO3 

a 300E+03 
*400E+03  
.5ooz+n3 

6 ODE+ 0.3 
TqOE1.03 

m9011E+03 
.900E+C3 
a lOOE+ 04  

PSEUDO-SKIN FACTOR=O. 6289 
- ,  . . . . . .  . . - .  . - -. . -  . .  _ . . .  . . . . . .  ... .. - 

. -  
. .  

. . .  . -  . .  .- 
. .  

. . . . . . . . .  - .  ~ . .  - .  . 

.. . . . . .  . --- ._ . ~ . . . . . .  . .  



PD P3 

PSEUDO-SKIN FACTORdl.6199 

65 



DI:IENSIONLESS PRfSSURL ;COP IS :CILCULAfED AT C E N T E S  CF F C R R R T I O r 4  

RD= 1.00 

DI!IENSIONLESS SLOT LEtiCTti I f t  .5714 

T D  

. 1 0 0 5 - 0 2  
02 00E-02  
*30r311-02 .* ooc- 02 
.500f-02 
m600E-02 
. 7 3 1 - 0 2  

0 ]*?E- 0 2  
* 3 0 0 ~ - 0 2  
. l O O f - O l  
.203:-31 
300t- 01 
4JCIE- 01 

. 5 0 r ) E - 0 1  
- 6 0 0 E - 0 1  
. ? J O Z - J l  
. J O O E - J l  
e 3 0 5 - 0 1  
. 1 o o c + o o  

*24Ol’JE+OO 
. 313765+00  
e35667,+00 

3 9 1 1 9 € + 7 0  
e416 73 E + O Q  
* 4 3 7 7 9 € + 0 0  
*4557lE+r30 
e 47131E+00 
.4a5141+a3 
e49754E+OO 
05301’3E+JO 
*629f lRE+r30 
066416E+OO 
* 6 3 1 5 5 E + 0 3  

71404E+00 
*7331~E+00 
74975E+00 
76448E+00 

.77777E+00 

.87036E+U0 

.93532E+00 
*99034€+00 
e t 0 3 9 5 E + O l  
. 108C2E+Ol  
*11254E+01 
. 1 1 6 3 6 E t O i  

1 1 9 9 2 E t O l  
012 32 5E+01 
. 1 4 a z a ~ + 0 1  
e 1649 7E+O 1 

1 ’744E+Ol  
* 1 8 7 4 9 E + O l  
. 1 9 5 a 3 ~ + 0 1  
e Z 0 2 9 7 E + O l  
* 2 1 0 2 2 E + 0 1  
. Z l 4 7 9 E + O l  
.21978E+Ol 

TC PC 

. 7 0 0 ~ + ~ 2  

. ~ 0 0 € + 3 2  
400E* 02 

*50gE+02 
0 6 0 0 E + Q 2  
e700Et02 
. R O O E + J 2  
.Q9OE+02 
*100f+03 

Z’J 0E+ 03 
e 3 0 0 E t 8 3  

4OOZ+ 53 

. 6 0 0 E + 0 3  

B O O : +  03 
90 rJE+ 03 

e lilOIt34 

. 5 a o c + t  3 

7 o o ~ t a 3  

25 32215 + Gl 
.Z7309E+J1 
.29727C+Ol 
. 2 9 8 3 0 E + 0 1  
. 30  ‘33E + t i  
e 3 1 4 9 8 E + g 1  
0 32 161E* Cl 
m32747Et Cl 
-33  271E+ t i  

3672 4E+ t l  
e38747E+0 1 
. 4 0 1 8 4 i +  C1 
e 4 1 2 9 8 E + 0 1  
.42209E+ Cl 
e42979€*01 
45 6 4 6 s  + t i  

. 4 4 ’ 6 1 E t 3 1  
* 4 4 2 3 5 € + 0 1  

PSEUDO-SKIN FACTOR=0.6176 
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PD PD 

PSEUDO-SKIN FACTOR30.6151 
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UNSTEADY PRESSURE RESPONSE IN: A s L o T . r a  LINER 

A%?khCEHENF OF SLOTS8 6 STAGGERED VERTICAL ROWS( 3 PAIRS? 

JI;43JSIQ.NtESS PRESSURE UROP IS CALCULATE0 AT CENTER OF FORMATION 
. .  

Ro= t a o a  
. .  

D3CNSIONCESS SLOT LEIIG?H IS t 2000 

PB 

16007E+00 
. 2 0 9 2 0 E + a o  
* 2 3 9 2 8 5 + 0 0  
e26122L;*OO 
e2785'35+00 
m29300E+00 
*30533E+00 
e 3 2 6 1 1 c ' + l J  
* 3 2 5 6 3 E +  09  
e 33129E+O0 
*3?164i+OO 
042542 E + O O  
e 4+943E+00 
eb6617ZtOO 
e48369E' tOO 
e 4 9 7 0 8 E + 0 0  
. s o 9 0  E+OO 

519862+00 
* 5 2 9 9 1 2 + 5 0  

. -  

..- p D 
- .  

. .. 
.I ~ -. . .~ 

- - _  , 

c60 88 6 E* 00 
e6f092EtOO 
8 7 2 5 0 9 0 U  U 
e 7739 UE+OO 
e81853E+UO 
e85966E+00 
8979ZE+00 

e9333f!E*00 
e 36668€+00 
~ 1 2 1 7 O E + O l  
e 1383 9E*Q 1 
* 1 5 0 9 0 E + O l  
e 1 6 0 9 0 E + O i  
16924E+OI 

e17639E+U1 
e18264E+Ol  
. l a a 1 9 ~ + 0 1  

e 1931 9E+ 01 

PSEXIDO-SKXN PACTORmO 3517 
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P3 

PSEUDO-SKIN FACTORSO. 3457 
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DINZNSIONLESS PRf3SUEf 3ROP IS CALCULATED A T  G E N T E S  OF FCRHATION 

T D  PD fD PC TO PC 

*160C17E+91 
2 091 7E+ 3 0  
*23912C+c)O 
a 260 79C+OO 
.277112t+OO 
o 2 91 96E+00 
30381E+00 
3142iE+00 

*32342E+OO 
.331702+00 

38673E+CO 
.41939E+00 
.e42 9 2:+011 
.G123E+07 
47655€+00 
.48982C+OO 
*501666+00 
-51247E+ql0 
*52249€+03 

.60139E+OO 
*66345E+00  
. 7 1 7 6 2 E + 0 0  
. 76643€*00  
. ~ I ~ O S E + O O  
.85219E+Orl 
.89034E+00 
092591E+U0 
.95921€+00 
*1209fE+Ol  
*13764F+Ol  
015015E+O l  
*16016€+01 
o16849E+Ol 
.17564€+01 
18 189E+Ol 

. 18745E+01  
19245E+O 1 

.225E95+Pl 

.24575tI+01 

.25993i+ Cl 

.27096E+Jl 
- 2 8  1 0 0 E * C l  
e 2@ 7651: + C l  
a 2 9  4285 tC i  
a30 013f+01 
.30537E+01 
e 3399 lE+ Cl 

3601 4E+ 0 1  
,3745 0: * I1 
. 3 3 5 6 4 E + J I  
.39415E+ 31 
4 t  2 45f* 31 

.40913&+ t i  

.41501E*Jl 
42 3 2 8 E +  0 1  

PSFiUDO-SKIIJ FACTOR4.3443 
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RD= 1 0 0 0  

DS.EC!SIONtESS SLOT LEDJGTII Z S : l o  OdOO 

PD PO PO 

e 22 5?5E+ 0 i. 
0245CiZ:+ GI 
82S97sE+ 01 
027 088 2E+ (1 
e27986E*91  
e 2 8 7 5 0 E + J l  
0 2 3 4 1 K +  31 
-29 399E+Ot 
.305235+51 
,33376EtI1 
.3600UE+ 31 
.37+36E+ 2 1  
03855 OE+ 01 
e39 46 iE+ El 
kOZ31E+ il 

e i c  899t+ t l  
e4L467E+Ol  
.42G14€+Jt 
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PSEUDO-SKRl FACTOR10.2234 
- .. - -. 

--------- 



TABLE B-14 

UFISTEA3Y P!?ZS;URE ZESPJNSE IE; A SLOTTED LfhZP. 

PJ PO PO 

PSEUDO-SKZN FACTOR=O,ll82 
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PO P3 PD 

PSEUDO-SKIN FACTOR=O.1154 
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TABLE B-16 

UNSTEA3Y PZZSZURT RESPJNSE I N  P SLOTTEI! L I h Z R  

AR2riNGERENT O F  SLOTS2 1 2  STLGGEiiED VERTICAL ROWS( 6 FAIRS)  

DI '13lSIONLESS PiiiSSUi?, C2OP IS ZALCULATED AT C E N T E Q  OF F C R M A T I O N  

TO 

1 J I f - 0 2  
.ZJOL-  02 
03501-02 
.400E-02 
e50rJE-02  
.iji)OE- 02 
.700E-02 
e a 0 O E - 0 2  
. 9 J O C - 3 2  
0100E-01 

ZOIE-iIl 
. 3 0 0 E - 0 1  
0 4 0 0 E - 0 1  
05531-01  

6 0 0 Z - G I  
. 7 0 O t ' - O l  
. B O O E - 0 1  
09OOE-01 
e 1 0 4 E t 0 0  

PO 

e90033C-31 
e 10453t+'30 
011956I+(10 
13040E+00 
138912+90 

e 14593E+00 
e15190'I+.JO 
e 157115+00 

16172E+35 
.165961+40 
e1941 l lE+00 
e21277Et00 

22805Et.00 
.241&9E+03 
~ 5 3 6 a t + a o  
26493E+OO 

o27544E+OO 
0 2853 5i+ J O  

29475E+OG 

f D  

.203I+OO 

.303E+00 
*-+ 03f+00 
.5 00E+00 
061) 02+00 

. a O O E + O O  

.309C+OO 
e i  532+31 
.233;+01 
.300i+Ol 
-4 I lr3Z+OI 
05 0zlc+01 
.609f+01 
.7OJC+Ol 
.a 3(J I+Ol  
09 OOE+O I 
o133<+02 

. I O X + O O  

PO 

.3?214F+OO 
.43b09i+OO 
. ~ ~ B ~ + E + o o  
.53796E+OO 
58 168E+00 

. 6 2 2 9 1 E + 0 0  
e 66091Et00 
e 6 9 6 5 3 € + 0 0  
07298 TFt 0 0  
* 98 01 2E+00  
.11470€+01 
~ 1 2 7 2 1 E + 0 1  
13722EtO 1 
14555E+Ul 

e 1527OE+01 
015895E+Ol 
.16451Et01  
o i 6 9 5 2 E + O l  

TD 

* i o o 5 + 3 2  
3 0 0 ~ + 0 2  

e r00E+02 . 5 0 OE+ 0 2  
e 6 0 0 E + 0 2  
.700EtO2 
8 0 OE+ 0 2  

.a00E+32 
100E+C3 

e 2 0 0 E t J . 3  
e 30UE+03 . LOK+ O J  
.500E+03 . 6Oo;t 03 
e 70 OE+ 0 3 
.8OOE+03 
. q o o ~ + m  
e 20 OE+ 04  

PO 

.2Gt35i+31 
0222@ I f 4 0 1  
23 639C+ 0 1  
243 03E+ 3 1  
257 J6E+ 0 1  
.26471E+Ul 
e 27134E+ 0 1  
.27719E+31 
e 2 8 2 4 3 E +  l l  
31 69 7E+ i;l 
3372 0 E+ 3 1  
.35156E+Cl 
e36t? lE+Cl  
.3713ZE+Cl 
.373.52€* 01 
38 619r  t (:I 

*33237E+ili 
.39734E+ t i  

PSEUDO-SKIN FACTOR=O.1149 
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TABLE B-17 

UNSTSADY P R E S U R f  AESP3NSE I N  A SLOTTED 1 I N E R  

PO lif PO 

PSEUDO-SKIN FACTORIO. lI.46 
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PSEUDO-SKIN FACTORzO. 0689 





PO 

m t O O t 6 Z - O i  
~ 5 2 3 0 t E - 0 1  
m59845E-01. 
65431E-01 

069997E-Ot 
7395 '3 E-0 1 
077525E-01 

8081Ot ' -01  
3388li-01 
86 78 1 E - 0 1  

0 11022E+OIS 
0 1 2 8 2 6 2 + 0 0  
e 1435  2Z+ 90 
elS700E'+00 

16921€+00 
a 1 8 0 4 8 € + 0 0  
019100E+03 
. 2009 lE+30  
a 210 32E+00 

. . . .  

PO 

m287POEtOO 
m34%6€+00. 
04038 i E + O P  
.45262€*00 

'm53838€+'00 
oS?h54E+00 
061 21 OE+O 0 
a 64540E*00 
m89569E+00 
*10626€+01 
a l l877E*Ol  
1 2 % 7 7 € + 0 1  

~ 1 3 7 1 l E + O l  
014426E+O2 
m1505iE+01 
e15607E+02 
.161O?E+ U t  

. D ~ . w z s E + ~ o  

ro 

-0 20 0€+02' 

g40OE+0q 
Df a O€* a2 
0 6'0 O-E+sZ: 

. 9 0 0 ~ + a 2  

.-30'0€+02 

070QE+02 
80 OE* C t  

100E+03: 
20 DE+ 03 
300E+U3 

*kObE+03 
~ 5 0 0 E + J 3  

bOUE+ 0 3 
mIOOE*03 

8CJOE_+ri3 

l O O Z t O 4  
.soag+:u3- 

PSEUDO-SKZN FACTObO. 0305 . . . . . .  . . . . . .  - . . . . . -  . . . . . .  . _ -  . . . . . . . . .  -..... .... . . . . . . .  . . .  .... . . . .  . . . . . . .  . . . .  ..,-.... .- 
. .  . . .  . ~ - .  .? '.'rc , . -- -. .- . . . . . . . .  . . . . .  ... . _ _  .. . . .  .... .. ... . 

' ~ ;-..A - . . . . . . .  .. . . . . . . . . . . . . . . . . .  ..... ... _ _  _ _  - -E -',T -=- .L- -- I . . .  ..- - - 
. . . . . . .  . . .  . . .  . I ... ......... ............ . . . .  . . . . .  

- - - . . -- . -  - . 
. . . . . .  . . . . . . . . . .  

- - .-- -. 
. .  -.--. 

. . .  - . . .  . . _ .  . 
.. . . . . . . . . . .  ............ . .. :. . ' z  . . . . . . . . . . .  ..... . . . .  ._ . .- . _. .--- -. .-.-. 

._  - _- - -- -. --.- .- . . - .. 
. .  . - . -  . . - .  . _ _ z  - - - .  -. - . - -  --- .- 2- -.- 

. _  - 
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TABLE B-21 

UNSTCA3Y PRZSSURC RESPONSE IN A SLOTTEO LINER 

AF.t .ANGEHENT OF SLOTS; 2 4  STAGGERED VERTICAL ROWS( 1 2  PAIRS1 

EiAENSIQNLESS PRESSURE 3ROF IS  CALCULATED AT C E N T E R  OF FORM&,TIGN 

2D= 1.00 

DIHCNSIQNLESS SLOT LEtJGTH ;SI 04167 

PD ?D 

oZ6691€+00 
a 3 6 8 8 6 6 + 0 0  
04C301€+00 
o45183E+OIJ 
+9 645E+O 0 
53758E+OO 

a 5 75 7M+O 0 
6 1 1 3 0  E+OO 
64460€+00  

a8948 9E+ 0 0  
a 1 0  61 B E + O 1  
a l l 8 6 9 E + O l  
o12869E*01  
o 1 3 7 0 3 € + 0 1  
01+418E+Ol  
. 1 , 5 a 4 3 ~ + 0 1  
o 1 5 5 9 9 E t 0 1  
0 1 6 0 9 9 E t O l  

TD 

200E+02 
300E+02  

0 4 0 0 E t 0 2  
o500E+U2 
a600E+02  
.7OOE+02 

8OOE+02 
w 900<+02 

1 0 0 E + 0 3  
o 20 OE+ 03 

300E+G3 
0 4 0 0 E + 0 3  
*500E+LJ3 

600E+ 03 
7 0 0 E i C 3  

o800E+03 
4900E+03 
o 100E+04 

PU 

a 19 443€+ Ill. 
2 1  4 2  9E+ 0 1  
2284?E* 0 1  

ZC8S4E+ 01 
. 2 3 9 5 a z + c 1  

a Z 5 6 1 8 E + O l  
. 26262E*01  
.26?67E+01 

2'7391E+J 1 
o 3 t  &44E+ 01 

32 668 E+ 31 
0 3+3 O4E+ t i  
.351*18E+01 

36329E+ ti 
037 J 9 S E t O l  
o37767E+ 01. 
. ~ e 3 5 5 ~ + 0 1  
o 3 8 8 8 Z E + 3 1  

PSEUDO-SKIN FACTOR- 0..7Z%' 
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PSEUDO-SKIN FACTORSO. 0296 



TO PO ,TG 

9110 ;"+go 
.333C+OO 
o 4 0 C E + O O  
e500€+00 
~ z i 0 0 ~ + 0 0  

08 !I0Z+ilO 
.30OE+OO 
.I OOE+ 01 

03 3!lc+ui 
A 0  9:*01 

, 6JGZ+Ol  

.a O O i + O  1 
.330E+Oi 
.:iJ95+02 

. ~ n a ~ + ~ o  

.20'3~+01 

.5 aaE+ 01 

e f O Q E + O t  

W 

0286R6E+ OU 
034881E* 00 
.40297€*00 
m451?8€+00. 
*49€4Il€+ 00 

53?54€+00  
057569€+0U 
e61126E+OO 

646SSE+00 
o89484f+00 
~ 1 0 6 l f E + O l  
w 116 68 E+ 0 1  
w12869E+Ol 
013703€+01 
014417E+01 
*150426+01  
o15598€+01 
e16098E+ 0 1  

Tn 

20 OE+ 02 
i-3q OL+02 
. ~ O O E + O Z  
-51 OE+.02 
0600f402 
.?OOLt+g2 
e 80 OE+02 
0900€+02 
e lOOZ+O3 . z o a ~ + a 3  

30BE+03 
e4005*03  
o500E+03 

60 OC+ 0 3  
o?UOE+03 
0 800E+03 
o900Et03 
0 1OOE +f4 

Po 

- m  1944 2E+ t 1 
m21429€+ Cl 
.22846E+02 
.23950~+111 
..z4853~+111 
. 2 5 w z + a 1  
.2528lE+Ut 
026867E+ Ot 
o27391E+O1 
.33844E+Cl 
a32S67E+O1 

343  33E+ Ci 
o 3 5 4 1 8 E * 0 1  
o3632'3E+ 31 
e 3 7 Q 9 9 E +  t i  
,37766E+ Cl 
,38 35 5E Ci 
03668 lE+ Ct 

PSEUDO-SKIN FACTOR=O.O296 

a2 





L R F P N G E N E N T  OF SLOTS% 4 STAGGERED VERTICAL ROWS( 2 PAIRS) 

OIMENSIONLESS SLOT LENGTH IS t a4167 

__ _ _ _  



TABLE B-26 

O I H E N S I O N L E S S  SLOT LEEJGTH IS : -4167 

PSEUDO-SKIN FACTOR=0.0025 





- .  . .,.- . . . .  
1 . *  _.._ . . . . .  .. 
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TABLE B-30 

PSEUDO-SKIN F A ~ R = 0 . 0 0 2 8  

. . .  , . .  



TABLE B-31 

UNSTEACIY PRCSSURZ LESPUNSE I N  A SLOTTE3 LINER 

kf.f.LNGEIYcNT 3F SLOYS: 2 4  STAGCET.ED VERTICAL ROWS( 1 2  P A X 2  

LiMtNSIONLESS PRESSURE L R O P  I S  CALCULATED 4 T  :ENTER OF FCFiMLf i3N 

k D =  2.09 

DINENSIONLESS SLOT LSlGfH  IS: .4169 

PI) -n 

e 2  39,+00 
.3 O t ~ * 0 0  
.4OOL+OO 
.s O O E + O O  
. 600E+00  

e 8 0 O E + 0 0  

e 1  ilOE+O 1 
.203f+01 
.3 JOE+O 1 

e 5  C O C + O l  
eG1OE+OI 
a 7 O C L + O 1  
s 6 o o c + o l  
scJ OOE+Ol 
s 1 o o c + o  2 

.7 05t;+oa 

ooc+ao 

.4 n n E + o 1  

PD 

li 08 ?E- G l  
e26196E-01 
w43622€-01  
e62059E-01  
. 8 n 9 0 8 ~ - 0 1  
99 846E- 01 

s i1868E+00 
+ 1 3 7 2 9 6 + 0 0  
*15560€+00 
* 3 1 7 2 1 E + 0 0  
* 4 4 3 8 9 € + 0 0  
w5+620€+00 
m63159€+00 

7 t  b74E+00 
. 7 6 8 6 7 € + 0 0  
s82541€+00 
.87641€+00 

92 271  €40 0 

TO 

200E+ 0 2 
30 0-2+02 
4 0 0 E +  02 

.SOOE+OZ 

.600Eb02 
700E402  
8 0 0  E+02 
900E+02 

e 1OOE+G3 
200E+C3 
30UE403 

w kOOE+O 3 
5 0 0 ~ + 0  3 

. 03  
w 600E+03 

8 O O E +  03 
90 OE+03 
100E+04  

PC 

12 3.39E4 31 
e1432 5E+ 31 

15713E+OI  
16798E+01  
.1766 9E + Ci 

.13 l i32E+Oi 

. 18 4 4 5 ~ +  a i  
*1968ZE+Ol 
w 2G 2 J2E+ 01 

23637E+ Cl 
s 25 65 4E+ 01 
.270 37E+0 i 

.29109E+ ti 
29678E+ 31 

. 3 0 5  45E+ Cl 

.31133E+01 
a 31633E+ Cl 

28 139E+ Jl 

PSEUDO-SKIN FACTORPO. 0000 
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TABLE n-32 

unsteady pressure  re sponse  i n  a s l o t t e d  l iner -  

arrangement of  s l o t s :  & s taggered  v e r t i c a l  rows{ 3 pairs) 

l o c a t i o n  O F  c a l c u l a t e d  p r e s s u r e  drop is 1 4  of c i rcumferenc ia l  d i s t a n c e  
between two * i n  v e r t i c a l  rows o f  s l o t s  

d i m e n s i o n l e s s  pressure drop i s  c a l c u l a t e d  a t  center  o f  format ion 

r d =  1-00 

d i m e n s i o n l e s s  s l o t  l eng th thd)  is: .4167 

Pd 

.45445E-31 . 14136E-16 

. 14380E-11 

.SO231 E- 09 

. 19527E-06 

. 11095E-05 
, 41 45C)E-05 
. t 1635E-04 
,270 56E-04 
. 140O8E-02 

. 12905E-01 

.21235E-01 
,301 8QE-01 
. 3933iE-i) 1 
-48457E-01 
. 57426E-01 
.66 1 84E-0 1 
,L420lE+00 
.20385E+O0 
,25900€+00 

. i7&60~-07 

. s92es~-o2 

t d  

0. 500E+00 
0.600E+00 
0.700€+00 
0.800E+00 
#.900E*00 
0. lOOE+O 1 
0.200E+01 
0.300E+Ol 
0.4OOE+Ol 
0.500E+01 
0.6OOE+01 
0 . 7 0 0 E + O l  
0.80OE+O1 
0.900E+O 1 
0.100€+02 
0.200E+02 
0.300€+02 
0. 400€+02 
0. '50bE+C2 
0.600E+02 
'0.700E+02 

Pd 

.3068 1 E+OO 

.3925JE+OO 

.43072€+00 

.46628E+5O 

.49958E+OO 

.74987E+OO 

. 9  167SE+00 

. 104 19E+O 1 

. 11419E+01 

. 12253E+OI 

. 12968E+O 1 

. 13593E+01 

. 14148E+01 

. 14648E+O1 
- t 7993E+Ol 
. 19979E+O1 
.21397E+OI 
.22500E+O 1 
.23403E+Oi 
-24 I 68E+Of 

.. 35143E+OO 

t d  Pa 

2433 1 E M  1 
254117E+Ol 
: 259YiE+Ol 
.29394€.+0 1 
.314117E+OL 
.32954E+01 
.339tJBE+Oi 
.34879E+O1 
.35549E+(ii 
-363 :16E+O 1 
.364(35E+01 
.37431 E+Oi 
.408'?6E+OL 
.429:23E+01 
.. 443,61E+b1 
.454775+01 
.46338E+01 
.47 1 5?E+01 
.47827E+01 - 48415E+O1 
.48?42€+01 
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TABLE B-33 

unsteady p r e s s u r e  response i n  a s l o t t e d  l i n e v  

arrangement o f  s l o t s :  6 s t a g g e r e d  v e r t i c a l  rowsi 3 iic:j?.:s) 

l o c a t i o n  o f  c a l c u l a t e d  p r e s s u r e  d r o p  i s  1/2 o f  circurnff.l .clbrial d i s t a n c e  
between t w o  " i "  v e r t i c a l  rows o f  s l o t s  

d i m e n s i o n l e s s  p r e s s u r e  drop is c a l c u l a t e d  a t  center+hd/LJ. U P  fprmat ion  

r d =  1 .  00 

d i m e n s i o n l e s s  s l o t  l e n g t h ( h d )  i s :  . 4167 

t d  

0.  100E-02 
0. 200E-02 
0. 300E-02 
0 .  400E-02 
2 1 .  500E-02 
0. 600E-02 
0. 7WE-02 
0.a00E-02 
0. WOE-02 
0 .  100E-01 
0. 22GE-01 
0 .  300E-01 
0.400E-01 
0. 50OE-01 
0 .  OWE-01 
0. 700E-01 
0. 800E-01 
0. 900E-91 
9. 100E+00 
0. 200E+00 
12. ?@OE+OO 
0 .  40@E+OO 

Pd 

. 45 1 92E-07 

. 246 l4E-04 

. 247 %E-03 

. 95705E-03 

. 1 SF52E-02 

. 33 1 5 1 E-02 

. 50483E-02 

. 70222E-02 

. 9 1785E-02 

. 1 147QE-i) 1 

. 354 52E-0 1 

. 5?517E-@1 

. 7425 1 E-0 1 

. 9 b  1 28E-0 1 

. 1 1 080E+00 

. 12379E+@O 

. 135 53E+00 

. 1482?E+00 

. 1562'?E+00 

. 23520E+00 

. 24725E+@0 

. 35243E+00 

t d  

0. 500E+00 
0. 600E+00 
0.700E+00 
0. 8OOE+00 
0.900E+00 
0. 100E+Q1 
0. 200E+Ol 
0. 3@0E+01 
0.400E+01 
0. 500E+01 
0. 600E+01 
0. 700E+Ol 
0. 800E+01 
0 . 9 0 0 E + O i  
0. 100E+O2 
0. 200E+02 
0. 3@0E+02 
0. 400E+02 
0. 500E+02 
0. 600Et02 
0. 700E+02 

P d  

. 40025E+OO 

. 44487E+OO 

.48600E+00 

. 55972E+00 

. 59302E+00 

. 8433 lE+OO 

. 1 0 1 02E+0 1 

. 1 1353E+01 

. 12354E+01 

. 1 3 187E+O 1 

. 1 3902E+O 1 

. 14527E+01 

. 15083E+Ol 

. 1 5583E+O 1 
, 19927E+01 
. 209 1 3E+O 1 
. 2233 1 E+Oi 
. 23435E+01 
. 2433BEtOl 
. 2 5 103E+0 1 

. 524 1 bE+QO 

. 25766E+OL 

. 26351E+01 

.268?5E+01 

. 30329E+01 

. 32352E+01 

. 34903E+Ol 

. 358 13E+Ol 

. 35554E+01 

. 37252E+01 

. 37839€+01 

. 38366E+01 

. 4 1830E+01 

. 43557E+01 

.45296E+01 

. 4641 lE+Ol 

.47323E+01 

. 48093ECOl 

. 48761 Et01 

. 44350E+01 

. 49877E+01 

.337as~+01 
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APPENDIX-G 

Paper SPE 10785-by D. ‘Spivak and R. N. Home 

~~~ ~ ~~ ~~ ~~~~~ ~ ~~ ~ ~ ~~ ~ ~ ~~ 

UNSTEADY-STATE PRESSURE RESPONSE DUE TO PRODUCTION WITH A SLOTTED LINER COMPLElTION 

-- 
WSTRACT 

The t r ans i en t  behavoiur of production from a Well 
J i th  a s l o t t e d  l i n e r  has been solved a n a l y t i c a l l y  by 
:he source function method. The unsteady- state pres- 
sure response was examined as a function of s l o t  f re-  
quency, s l o t  length and penet ra t ion  r a t i o  of 0.5. The 
resu l t s  i nd ica t e  t h a t  due t o  l imi ted  en t ry  i n t o  the  
t e l l ,  sk in  e f f e c t s  appear. Bowever, the e f f e c t s  become 
l e g l i g i b l e  when the number of s l o t s  d i s t r i b u t e d  around 
:he circumference of the l i n e r  is s i x  o r  =re.  For 
nore than s i x  s l o t s ,  the well  behaves e f f e c t i v e l y  l i k e  
a continuous surface  cy l ind r i ca l  source (o r  a l i n e  
~ o u r c e  well, depending on time and loca t ion ) .  

This work concludes tha t  t he re  is l i k e l y  t o  be 
l i t t l e  reduction in flow e f f i c i ency  in an idea l  s l o t t e d  
l i n e r  completion, unless some s l o t s  a re  cloflped. 

INTRODUCTION 

A well i s  completed with a s l o t t e d  l i n e r  when sand 
problems occur ,  mainly in unconsolidated f ormationel. 
The s l o t t e d  l f n e r  is a pre-perforated tubing. Usually. 
t h e  s l o t s  a r e  milled and machined i n  v e r t i c a l  rows, 
p a r a l l e l  t o  the  axis of the  pipe. The mst common 
pat terns  of arrangements of s l o t s  a r e  the  staggered 
v e r t i c a l  rows, multiple staggered v e r t i c a l  and horizon- 
ta l  s l o t s ,  as  shown on Pig.  1. Standard spacing of 
s l o t s  is 6” between the  s l o t s  i n  each vertical row, 
while t h e i r  length i s  usual ly  1 l / f  t o  2” depending on 
t h e i r  width. The colnmon p rac t i ce  is t o  spe i f y  two 
rows f o r  each inch of nominal pipe diameter . 5 

T h i s  work ar r ived at an a n a l y t i c a l  so lu t ion  t o  the 
problem of t r ans i en t  pressure response due t o  produc- 
t i o n  through a l i n e r  with staggered v e r t i c a l  rows of 
S l o t s .  The techniqu used was as suggested by 
Gringarten and Ramey 4 . It appl ies  the  use of a l i n e  
source of f i n i t e  length which in r e tu rn  represents  the  
system of s l o t s .  The solut ion  technique was v e r i f i e d  
by comparison with the continuous surface  cy l inde r  
so lu t ion  in t he  case of a large  number of v e r t i c a l  rows 
of s l o t s .  No s torage  or damaged zone e f f e c t s  were 
considered. 

References and i l l u s t r a t i o n s  a t  end of paper 

’ROBLW DESCRIPTION 

Consider an i n f i n i t e .  homogeneous and i s o t r o p i c  
)orous medium. The t r ans i en t  (unsteady- state) flow of 
I s l i g h t l y  compressible f l u i d  i s  governed hp the  
i i f f u s i v i t y  equation: 

ahere rl = Ouct is t he  d i f f u s i v i t y  term. The solu- 

:ion to  a p a r t i c u l a r  problem is determined by the 
Ln i t i a l  and boundary condit ions.  One of the  most well- 
cnown so lu t ions  is Lord Kelvin’s instantaneous point 
3ource funct ion,  which is: 

k 

3q. 2 represents  the pressure drop created a t  point  M 
Ln a r e se rvo i r  of i n f i n i t e  extent  by an ins tantaneous  
point source of s t rength  q a t  point  P ,  distanced from 
point M (F ig .  2 ) .  The s t r eng th  q is the  withdrawal 
r a t e  per un i t  volume of source; it is a l s o  defined as e 
Pithdrawal r a t e  per un i t  length  or area  of source,  
iepending on it 
cylinder s o u r c e 4 . * ~ ~ ~ ’ E q .  2 so lu t ions  t o  many other  

i.e., l i n e  source or surface  

problems are obtainable by in t eg ra t ion  . The ins tanta-  
neous i n f i n i t e  l i n e  source case ,  f o r  example, i s  
sbtained by expressing d in Eq. 2 in terms of x ,  J ,  z 
coordinates and in t eg ra t ing  z from - t o  +. 
analys is  by Theis . The method was irst  applied in pressure  t r ans i en t  d 

I f  there  is a continuous withdrawal of f l u i d ,  of 
s t r eng th  q from time 0 t o  t ,  the  pressure drop created 
by t h i s  continuous point  source is Riven by in tegra t ion 
over time : 

Ap(F4.t) = 

*exp( - &-)dt d2 
n t-t 
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Row consider the  ac tua l  problem at hand. P i g .  3 
ghows the  coordinate sketch of one s l o t .  The pressure  
i rop crea ted  at point  M by a s ing le  s l o t  i s  obtained by 
Lutegrating an instantaneous point  source with respect  
to time and the  z goordinate,  in a manner similar t o  
that  used by Nisle . Appendix A gives d e t a i l s  of the 
le r fva t ion  of the  solut ion.  Br i e f ly  stated,  the  
sontinuous pressure drop created a t  point  M by a s ing le  
l l o t  extending from z - 0 t o  t - L is expressed by the  
Eollowing equation: 

P 
* {  exp[- ( z ' l m )  2 / 4q ( t - t ' ) dz ' }d t1  

0 
Vote t h a t  there  a r e  two s e t s  of v e r t i c a l  rows of s l o t s ;  
me set being staggered from the o the r .  The base e e t  
,f s l o t s  is r e fe r r ed  t o  as the "i" s l o t s  and the  stag- 
rered s e t  as  the "j" s l o t s .  Eq. 4 therefore  r e f e r s  t o  
me of the  i s l o t s .  

Eq. 4 can be expressed in terms of the e r r o r  
function ( a f t e r  making a change of va r i ab le s )  as6: 

.. 

Z t -e 
- { e r f z  - erf-}dr m 

G-7 G 
( 5 )  

Introducing some dimensionless va r i ab le s  
(descr ibed i n  Appendix A) and considering a penet ra t ior  
r a t i o  of '12 r e s u l t  in the following dimensionless 
pressure drop caused by One s l o t 6 :  

where NS is the number of s l o t s  in each r ing of s l o t s .  
The i n t e g r a l  i n  Eq. 6 can be evaluated numerically 
using Simpson's ru le .  

One of the l a s t  s tages  of t he  mathematical deriva- 
t i on  is t o  sum Eq. 6 over a l l  the  s l o t s  in the  l i n e r .  

In t h i s  work a reservoir  of th ickness  h v i t h  uppel 
and lower impermeable boundaries was considered as 
shown on Pig. 4 .  Therefore, the boundary condit ions 
a r e  : 

and 

The upper and lower impermeable r e se rvo i r  bound- 
a r i e s  can be represented by considering image s l o t s  am 
adding t h e i r  e f f e c t s  t o  those caused by the r e a l  ones. 

There w i l l  therefore  be an i n f i n i t e  suma t ion  over a l l  
r ea l  and image s l o t s .  Assuming t h a t  the  formation is 
penetrated by an in t eg ra l  number of staggered p a i r s ,  
d t h  half  length e l o t s  a t  top and bottom, the general  
godel shown on Pig. 4 can be reduced t o  a bas ic  un i t  as 
i l l u s t r a t e d  on P i p .  5 .  It should be noted t h a t  both on 
Pips.  4 and 5 t he  t o t a l  cumulative length of the s l o t s  
In one v e r t i c a l  row ( e i t h e r  an i row or a staggered j 
row) is one hal f  of the f o w a t i o n  thickness,  t h a t  is 
the penet ra t ion  r a t i o  i s  I/*. 

F ina l ly ,  the  t o t a l  dimensionless pressure drop 
c r  a ted  a t  point  M by a l l  r e a l  and Image s l o t s  is given 
by' : 

-erf  
zmD+( 2n- 1 )h -IC 

D!dtD 
f T q  

Although t h i s  configuration of the  l i n e  source 
s e m e n t s  represents  the arrangement of s l o t s ,  the 
r e s u l t i n g  pressure d i s t r i b u t i o n  will not co r rec t ly  
represent the impermeable l i n e r  between the  s l o t s .  
Since the system modelled has "reservoir"  both in s ide  
and outs ide  the rings of s l o t s ,  flow i n t o  the  inner  
face  of the  r ing  of l i n e  source segments must pass 
between the s lots  from the outs ide .  In  the  steady- 
s t a t e  case,  t h i s  d i f f i c u l t y  is e a s i l y  avoided by plac- 
ing l i n e  source a t  the ax i s  r = 0 of 1/2 the t o t a l  
s t r e n t h  of the NS l i n e  source segments around the 
circumference, and opposite i n  sign ( i .e . ,  a source as  
Opposed t o  a s ink) .  This configuration r e s u l t s  i n  a 
c i r c u l a r  no-flow boundary passing through each of the 
s l o t s  (provided they are regular ly  arranged around the 
r i n g ) ,  with the " inside" production i n t o  the  s l o t s  
being provided by the l i n e  source a t  the  cen te r l ine .  
For unsteady s t a t e  the s i t u a t i o n  is a l i t t l e  more 
complex, since the  pressure and stream function a re  no 
longer harmonic; however, f o r  t /rD2>70, the  pressure  
funct ion is approximately logarythmic and is t he re fo re  
harmonic i n  s region c lose  t o  the well and becomes 
harmonic over a wider radius as time progresses.  For 
small r a d i i  ( c lose  t o  the  we l l ) ,  t he  pressure and 
stream function are  harmonic f o r  very small times, and 
the  c i r c u l a r  l i n e  jo in ing the S lo t s  is a very good 
approximation t o  a no-flow boundary. This is 
demonstrated on Pig. 6 which shows the  i s o p o t e n t i a l  
l i n e s  and the  d i r ec t ions  of t h e i r  normals f o r  an 
arrangement of four s l o t s  (only one quadrant is shown). 

Thus t o  obtain the correc t  representa t ion  of the 
s l o t t e d  l i n e r ,  it i s  necessary t o  multiply the  pres- 
sure  drop gfven by Eq. 9 by two ( t o  double the flow 
r a t e )  and subtrac t  the l i n e  source (exponential  
i n t e g r a l )  pressure function: 
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pD(M.tD) = 2.p*,(M,tD) - [-If2 Ei(- i /4 tD)]  (10' 

:n t h i s  way the s u m  of the flow r a t e s  i n t o  a r ing  of 
l lo ts  will b e z q ,  made up of a flow r a t e  .q from the  
.eservoir  t o  the e x t e r i o r  of the a l o t s ,  and a flow rat( 
q from the  cen te r l ine  l i n e  source t o  the  i n t e r i o r  of 
:he s l o t s .  

;RORT-TIME BERAVIOUR 

In  studying the ahort time behaviour of Eq. 10, 
:hree cases were considered ( see  Fig.4): 

. )  O<z*<eD 

!) hD'eD<Zd<hD 

) )  "& I D  

Case (1)  : fo r  t D + O  and 

O<z*<eD, 

z +e 
erf- * D + 1  

%- 
zmD-pD 

r'4tD erf- + -1 

snd Eq. 10 reduces t o  the following expression6: 

Case ( 2 )  : by the same reasoning as i n  case (1). 
i t  can e a s i l y  be shown t h a t  E q .  10 becomes6: 

+ '12 Ei( -rD/ G t  D) 2 
( 1: 

LONG-TIME BERAVIOUR 

For su f f i cen t  long time, Eq. 10 becomes: 

2 pD(M,tD) = - Ei(- rD/4tD)  

+ ~(riD,r,D,~mD,~ptD,~.hD,ns,NS) (Id 

where the  f i r s t  term is the l i n e  source so lu t ion  and I 

.s the pseudo-skin f ac to r  which is dependent on time, 
w t  can be approximated by B constant ( t o  any degree 
If accuracy) f o r  large  values of time. For accuracy of 
. percent I bccomea a constant f o r  a cutoff  time given 

7 O r D  2 

5 h 3 2  

Full d e t a i l s  of t h i s  der ivat ion  a re  given by SpiTTak'. 

RESULTS 

The i n t e g r a l  in Eq.  9 was calcula ted  using 
Simpson's rule with 100 time div i s ions  per log cycle.  
Figs. 7,8 show the semi-log behaviour of p,, vs. 'tD and 
t D / r D 2  considering d i f f e r e n t  number of v e r t i c a l  rows 0:  

s l o t s ,  zD = h,,/2 (i .e. ,  center  of formation),  differen1 
r a d i i  (rD) and a penetration r a t i o  of . 

The s l o t  length was found t o  have an ove ra l l  
negl ig ib le  e f f e c t .  

The posi t ion  of the pressure measurement ( z , ~ )  
does inf luence  the pressure drop s i g n i f i c a n t l y ,  espe- 
c i a l l y  when p~ is calcula ted  at  rD = 1. (on the  surfacl 
of the  l i n e r ) .  Away from the l i n e r  ( r D > l ) ,  t he  fmpor- 
tance of zmD decreases as rD increases .  It was found 
tha t  the maximum value of the pseudo-skin f a c t o r  s f o r  
a l i n e r  which has only two staggered v e r t i c a l  rows (on1 
s l o t  per r ing ,  or NS-I) is s I 3 (on the su r face ) .  
This parameter depends on the locat ion of the pressure 
measurement, and takes smaller values f u r t h e r  from the  
s l o t  t i p .  When the number of v e r t i c a l  rows i s  in- 
creased t o  six (NS - 3 ) .  the pseudo-skin f a c t o r  rapid1 
decreases to  8 I 0.7. For more than s i x  v e r t i c a l  rows 
the well  behaves e f f ec t ive ly  l i k e  a continuous surface  
cy l ind r i ca l  source (or  a l i n e  source wel l ,  depending o 
time and loca t ion )  f o r  which values of p~ vs. t D  for 
d i f f e r e n t  rD were calculated by Gringarten and Ramep*. 
Also, in in ter ference  tests the well would behave 
e s s e n t i a l l y  as a l i n e  source even f o r  less than s i x  
vertical rows of s l o t s ,  depending on the observation 
radius unless  some s l o t s  a re  clogged. 

CONCLUSIONS 

In  t h i s  study, the e f f e c t  of a s l o t t e d  l i n e r  
completion on pressure t r ans l en t  ana lys i s  was deter-  
mined using a simple ana ly t i ca l  model. It was 
concluded tha t :  

(1) For penetration r a t i o  of 0.5, the  s l o t t e d  
l i n e r  adds negl ig ib le  skin e f f e c t  provided there a re  3 
(or more) a l o t s  around a circumference of the  l i n e r .  
This means t h a t  ac tua l ly  in most cases there  i s  no flor 
r e s t r i c t i o n  due t o  the s lo t t ed  l i n e r  provided a l l  the 
s l o t s  remain open (o r  at l e a s t  3 remain uncloaaed). 
This is i n  d i r e c t  agreement with the  ru l e  of thumb thaf 
recommends 2 s l o t s  fo r  each inch of nominal p i p e  d i m -  
e t e r .  
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( 2 )  The length of the slots is not significant 
'rom a flow point of view. 

IOKENCLATURE 

ct - total compressibility 
d = distance in space 

11 - slot length 
LD - dimensionless slot length 

h = formation thickness 

- dimensionless formation thickness 
k - formation permeability 

ns - number of slots in one vertical row 
NS - number of pairs of staggered vertical rows of 

slots (also number of slots in one ring) 

Ap - pressure drop 
p~ = dimensionless pressure drop 

q 9 strength - fluid withdrawal per unit length, 
area or volume of a source 

0 - total withdrawal from a well (rate of produc- 
tion) 

r - distance in r y  plane 

riD - dimensionless distance (to slots) in x-y plant 

r,D dimensionless distance (to slots) in x-y plant 

rD 9 dimensionless distance 

rw - wellbore radius 
8 - pseudo-skin factor 
t = producing time 

tD = dimensionless producing time 

x - abscisea of a point 
y - ordinate of a point 

z = elevation of a point 

zm - elevation of point M in a reservoir 
Q - diffusivity 
u - viscosity 
4 - porosity 
e - angle which the projection of point H on the : 

plane makes with the origin of x-y-z coordir 
ates. 

iubscripts 

D = dimensionless 

i - pertaining to slot i ' 

j = pertaining to slot j 

m - any point in space 
w - well 

Special Functions 

k r o r  function: erf(x) - 2 7 ezl du 2 

Jn 0 

Exponential integral: -Ei(-x) - i" ";;du 
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APPENDIX A: Derivation of Solution 

The solution to E q .  1 in an infinite medim may b 
derived using the so rce function ethod described by 
Gringarten and Ramey . The pressure drop st (r,,z,t) 
due to an instantaneous point source at z = z', t 0 
is given by: 

Y 
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?ere q is the s t rength  of the source. 'phe pressure  
rop due t o  an instantaneous l i n e  source of f i n i t e  
?nrrth (e.g..cne s l o t )  may be obtained by superposing 
3int  sources along a line of z '  from z '  - 0 t o  L' - L, 

L 
bp(r ,z , t )  -__q_jTz e x p [ - ~ r ~ + ( z - z * ) ~ ~  

TU6 : 

W C t  (no t )  

/4nt]dz '  (A-2 1 

changing v a r i a b l e s ,  i.e., u- (t-z')/d4nt , the  
bove i n t e g r a l  may be represented in terms of the e r r o r  
unction as: 

5 obta in  the continuous pressure drop c rea ted  by a 
i n i t e  l i n e  source of length a ,  ye use again supcrposi- 
ion. now i n  time: 

- erf=]dz 
Gi7 

(A-4: 

i t h  T - t-t' and dT = - d t '  
q. A-4 represen ts  the continuous pressure drop due t o  

s i n g l e  s l o t  ( f i n i t e  l i n e  source). 

The s t r e n g t h  of one s l o t ,  f o r  a pene t ra t ion  r a t i o  
f '12 , i s  given by: 

0 0 I- ( A - S '  ' (0.5h/ns)2*NS-ns h*NS 

here ns i s  the number of s l o t s  in one v e r t i c a l  row an( 

ollowinR dimensionless variables:  
i s  the t o t a l  withdrawal rate. By introducing t h e  

PD -T 
2n kMp 

(A-6 

(A-9 

(A-10 

(A-11 

Iq. A-4 can be w r i t t e n  i n  the nondimensional form ae: 

"D D-'D * {  erf- - erf-)dt r'4tD J4tD D 
(A-12 

[n our a c t u a l  problem it is necessary to superpose the 
x e s s u r e  drops due t o  the real and ( i n f i n i t e )  image 
I lo t s .  When t h i s  is done, Eq. A-12 becowe Eq. 9 in 
:he t e x t .  
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Fig. 1 - S l o t t e d  L i n e r s  ( A f t e r  Buzarde e t  a l .  ) 
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Fig. 2- Point Source in an Infinite Medium 
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Fig. 3- Coordinate Sketch of one Slot 
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Fig. 4- Schematic ."unwrapped" Diagram of the Model 
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' -h-1  I 
z = - 2 n h  

IMAGE 
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Fig. 5- Basic Unit of the  Model 
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Fig .  6-  I s o p o t e n t i a l  Contours f o r  an  Arrangement of Four S l o t s  
(One quadrant only is shown). C i r c u l a r  No-Flow Boundary is  
achieved by t h e  S u b t r a c t i o n  of  t h e  Line Source a t  t h e  c e n t e r l i n e  
(The o r i g i n  i n  t h i s  diagram) 
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