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ABSTRACT 

A seri-es of  mathemat ica l  models w a s  deve loped  t o  des-  

c r i b e  h e a t  t r a n s f e r  i n  l a b o r a t o r y  e x p e r i m e n t s  u s i n g  c y l i n d r i -  

c a l  c o r e s  i n  a H a s s l e r- t y p e  c o r e h o l d e r .  

e r a l  and can  a l s o  be  used t o  s t u d y  b e h a v i o r  encoun te red  i n  

o t h e r  l a b o r a t o r y  a r r angemen t s .  

d e r i v e d  and t h e  b e h a v i o r  o f  t h e s e  s o l u t i o n s  w a s  s t u d i e d  t o  

d e t e r m i n e  t h e  i n t e r a c t i o n  of t h e  h e a t  t r a n s f e r  mechanisms 

i n  l a b o r a t o r y  c o r e s .  

The models a re  gen- 

A n a l y t i c a l  s o l u t i o n s  w e r e  

The ma themat i ca l  models were e v a l u a t e d  by cornparison 

o f  c a l c u l a t e d  r e s u l t s  w i t h  p u b l i s h e d  e x p e r i m e n t a l  d a t a .  

t h r e e  main c o n c l u s i o n s  r e s u l t i n g  from t h e  comparison a re :  

(1) h e a t  c o n v e c t i o n  due t o  l i q u i d  f l o w ,  and h e a t  losses  from 

t h e  c o r e  are i m p o r t a n t  f a c t o r s  i n  t h e  t r a n s p o r t  o f  energy  

for all t i m e s ;  ( 2 )  a t  e a r l y  and i n t e r m e d i a t e  t i m e s ,  t h e  h e a t  

l o s s e s  t o  t h e  environment  are  t r a n s i e n t  i n  n a t u r e ,  wh i l e  a t  

l o n g  t i m e s  t h e y  become s t e a d y  ( t h e  t r a n s i e n t s  were c o n t r o l l e d  

by a f i l m  c o e f f i c i e n t  between t h e  c o r e  and c o r e h o l d e r ) ;  a n d  

( 3 )  d u r i n g  t h e  e a r l y  s t a g e s  o f  h o t  or cold  l i q u i d  i n j e c t i o n ,  

a x i a l  t h e r m a l  conduc t ion  h a s  a g r e a t  e f f e c t  on computed 

t e m p e r a t u r e s .  

The 

The mathematical mdels p r o v i d e  a n  u n d e r s t a n d i n g  of  

heat  t r a n s f e r  i n  l a b o r a t o r y  c o r e s  which i s  i m p o r t a n t  i n  de-  

s i g n i n g  exper i lments .  For example,  an expe r imen t  f o r  d e t e r -  

mining  t h e  magnitude of  t h e  c o r e- c o r e h o l d e r  f i l m  c o e f f i c i e n t  



as a f u n c t i o n  of l i q u i d  mass v e l o c i t y  w a s  p l a n n e d .  While 

t h e  e x e c u t i o n  of  such  a n  experiment  w a s  o u t s i d e  t h e  scope 

of  t h i s  s t u d y ,  a d e s c r i p t i o n  was i n c l u d e d  f o r  f u t u r e  con- 

s i d e r a t  i o n .  

The a n a l y s i s  of t h e  behav io r  o f  t h e  m a t h e m a t i c a l  s o l u -  

t i o n s  was used  t o  e x p l a i n  t h e  s e n s i t i v i t y  of h e a t i n g  and 

c o o l i n g  t h e r m a l  e f f i c i e n c i e s  t o  mas:s i n j e c t i o n  r a t e  i n  l a b -  

o r a t o r y  e x p e r i m e n t s .  A s  a r e s u l t  of t h i s  s t u d y ,  it now ap-  

p e a r s  t h a t  h e a t i n g  and c o o l i n g  t h e r m a l  e f f i c i e n c y  w i l l  n o t  

be s e n s i t i v e  t o  mass i n j e c t i o n  r a t e  i n  f i e l d  o p e r a t i o n s .  

F i n a l l y ,  a new i d e a  €or a dynamic d i s p l a c e m e n t  s i n g l e -  

phase  n o n i s o t h e r m a l  flow exper iment  was produced.  

exper iment  c o u l d  s i m p l i f y  t h e  d e t e r m i n a t i o n  of the  tempera-  

t u r e  e f f e c t  on t h e  a b s o l u t e  p e r m e a b i l i t y  of a p o r o u s  medium, 

and permi t  d e t e r m i n a t i o n  under n o n i s o t h e r m a l  f l o w i n g  cond i-  

t i o n s .  

was d e s c r i b e d .  

Such an 

The fundamenta l  b a s i s  for t h i s  s o r t  o f  expe r imen t  
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1. INTRODUCTION 

For a number o f  y e a r s  t h e r e  h a s  been an i n t e r e s t  i n  

t h e  i n j e c t i o n  o f  h o t  l i q u i d s  i n t o  o i l  r e s e r v o i r s  i n  o r d e r  

t o  i n c r e a s e  t h e  r e c o v e r y  of  o i l .  

i n t e r e s t  i n  t h e  i n j e c t i o n  of  c o l d  water i n t o  geothermal  reser-  

v o i r  s y s t e m  i n  o r d e r  t o  i n c r e a s e  t h e  e f f e c t i v e n e s s  o f  ene rgy  

e x t r a c t i o n  f rom them (Bodvarsson ,  1974). 

cesses a r e  s imi la r  even  though t h e i r  g o a l s  a r e  d i f f e r e n t .  

They are both  conce rned  w i t h  non i so the rma l  f l u i d  f l ow i n  

porous media. 

Recen t ly  t h e r e  h a s  been a 

These two pro-  

I n  bo th  cases t h e  r e s e r v o i r  e n g i n e e r  i s  concerned  w i t h  

two impor tan t  q u e s t i o n s :  how w i l l  i n j e c t i v i t y  behave w i t h  

t i m e ;  and how w i l l  t h e  p roduc ing  w e l l s  respond t o  i n j e c t i o n ?  

The f i r s t  q u e s t i o n  i s  concerned  p r i n c i p a l l y  w i t h  f l u i d  f l o w ,  

and invo lves  c o n s i d e r a t i o n s  of  g r a v i t y  o v e r r i d e ,  f i n g e r i n g  

due t o  v i s c o u s  i n s t a b i l i t i e s  and inhomogenei t ies  i n  t h e  r e s e r -  

v o i r ,  and f i n a l l y ,  t h e  e f f e c t s  o f  t h e  changing t e m p e r a t u r e  

f i e l d  on l i q u i d  m o b i l i t y .  

mar i ly  w i t h  t h e  movement o f  ene rgy  th rough  t h e  r e s e r v o i r  and 

sur rounding  f o r m a t i o n s  i n  r e s p o n s e  t o  t h e  non i so the rma l  f l u i d  

i n j e c t i o n  a t  a w e l l .  

i s  t o  h e a t  t h e  r e s e r v o i r .  

money, t h e  o p e r a t o r  would l i k e  t o  r educe  hea t  losses from t h e  

r e s e r v o i r  t o  t h e  s u r r o u n d i n g  nonproduct ive  fo rma t ion .  

The second q u e s t i o n  d e a l s  p r i -  

Dur ing  h o t  l i q u i d  i n j e c t i o n  t h e  g o a l  

Because i n j e c t i n g  h e a t  c o s t s  

We 
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f i n d  t h e  o p p o s i t e  s i t u a t i o n  i n  t h e  c a s e  o f  h e a t  s c a v e n g i n g  

by c o l d  l i q u i d  i n j e c t i o n  i n t o  h o t  a q u i f e r s .  

f e r  from s u r r o u n d i n g  f o r m a t i o n s  t o  t h e  a q u i f e r  i s  d e s i r a b l e  

because  it increases t h e  e f f e c t i v e n e s s  of ene rgy  r e c o v e r y  

from t h e  e a r t h .  

Here h e a t  t r a n s -  

A r e s e r v o i r  e n g i n e e r  h a s  a number o f  p r o c e d u r e s  w i t h  

which t o  f o r e c a s t  f l u i d  b e h a v i o r  d u r i n g  n o n i s o t h e r m a l  f l u i d  

i n j e c t i o n .  These p r o c e d u r e s  a r e  concerned w i t h  t h e  u s e  of 

f i e l d  h i s t o r i e s  and  p i l o t  t e s t s ,  l a b o r a t o r y  scale  p h y s i c a l  

models ,  and m a t h e m a t i c a l  models.  Mathemat ica l  models are  

fo rmula ted  so  as t o  i n c o r p o r a t e  t h e  p h y s i c a l  l a w s  which a re  

t h o u g h t  t o  be i m p o r t a n t  i n  t h e  p r o c e s s  of i n t e r e s t .  Solu-  

t i o n s  t o  t h e s e  models are o b t a i n e d  u s i n g  a n a l y t i c ,  a n a l o g ,  

or numer ica l  t e c h n i q u e s .  These s o l u t i o n s  are t h e n  r e l a t e d  

t o  t h e  p h y s i c a l  models  a t  b o t h  t h e  l a b o r a t o r y  and f i e l d  s c a l e s .  

The r e q u i r e m e n t s  of  s c a l i n g  l a w s  ( e . g . ,  Geer tsma,  e t  a l . ,  1956) 

are  such t h a t  l a b o r a t o r y  r e s u l t s  o f t e n  canno t  b e  r e l a t e d  t o  

f i e l d  b e h a v i o r ,  a l t h o u g h  i n  some i n s t a n c e s  t h i s  c a n  b e  done.  

I t  i s  t h u s  u s u a l l y  n e c e s s a r y  t o  i n t e r p r e t  l a b o r a t o r y  r e s u l t s  

i n  terms of  m a t h e m a t i c a l  models which i n c o r p o r a t e  t h e  appro-  

p r i a t e  p h y s i c a l  and phenomenological  l a w s ,  and t h e n  t o  u s e  

t h e s e  ma themat i ca l  models t o  f o r e c a s t  or e v a l u a t e  f i e l d  be-  

h a v i o r .  

Thus, for example ,  r e l a t i v e  p e r m e a b i l i t i e s  a re  one  

i m p o r t a n t  s e t  o f  r e s e r v o i r  p r o p e r t i e s  needed t o  e v a l u a t e  

w a t e r f l o o d i n g  p r o j e c t s .  They c a n  be de te rmined  by c a r r y i n g  

o u t  dynamic d i s p l a c e m e n t  exper imen t s  on s a m p l e  c o r e s  of  t h e  
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r e s e r v o i r .  The da2a  from t h e s e  expe r imen t s  can be ana lyzed  

u s i n g  t h e  mathemat ica l  model o f  Buckley and L e v e r e t t  ( 1 9 4 2 )  

' as  s o l v e d  by Welge ( 1 9 5 2 1 ,  Johnson ,  e t  a l .  ( 1 9 5 9 1 ,  and Jones  

T h i s  a n a l y s i s  p roduces  r e l a t i v e  p e r m e a b i l i t y  (Ramey, 1 9 7 1 ) .  

c u r v e s  for t h e  c o r e  samples  which can  t h e n  b e  used t o  fore- 

cast  f i e l d  performance ( C r a i g ,  1 9 7 1 ) .  T h i s  i n t e r a c t i o n  o f  

p h y s i c a l  and ma themat i ca l  models i s  shown s c h e m a t i c a l l y  i n  

F i g .  1.1. 

F a y e r s  ( 1 9 6 2 )  h a s  shown t h a t  h e a t  and mass t r a n s f e r  a r e  

o n l y  weakly coupled  i n  t h e  case o f  one- dimensional  noniso-  

t h e r m a l  two-phase immisc ib l e  d i s p l a c e m e n t  i n  porous m e d i a .  

T h i s  c o u p l i n g  o c c u r s  p r i m a r i l y  t h r o u g h  t h e  e f f e c t  o f  tempera-  

t u r e  on f l u i d  m o b i l i t i e s .  

t h a t  it i s  s a t i s f a c t o r y  t o  uncouple  t h e  mass and energyeequa- 

t i o n s  i n  one- dimens iona l  n o n i s o t h e r m a l  f l u i d  i n j e c t i o n  c a l c u-  

l a t i o n s .  One c a n  t h e n  s o l v e  t h e  ene rgy  e q u a t i o n  for tempera-  

t u r e  d i s t r i b u t i o n  as a f u n c t i o n  o f  t i m e  for t h e  s i m p l i f i e d  

case o f  s i n g l e- p h a s e  f low.  

f o r  two-phase immiscible f low a r e  s o l v e d  u s i n g  t h i s  tempera-  

t u r e  h i s t o r y  t o  de t e rmine  f l u i d  m o b i l i t i e s .  

T h i s  r e s u l t  h a s  t h e  i m p l i c a t i o n  

Then t h e  mass b a l a n c e  e q u a t i o n s  

Thus, c a l c u l a t i o n  

of t e m p e r a t u r e s  i n  one- dimens iona l  s i n g l e- p h a s e  non i so the rma l  

l i q u i d  flow i n  porous media h a s  d i r e c t  u t i l i t y  i n  s t u d y i n g  

o i l  r e c o v e r y  by h o t  water i n j e c t i o n .  Fu r the rmore ,  a comple te  

u n d e r s t a n d i n g  of t h e  h e a t  t r a n s f e r  phenomena a f f e c t i n g  reser-  

voir t e m p e r a t u r e  b e h a v i o r  d u r i n g  t h e  s i m p l i f i e d  case of one- 

d i m e n s i o n a l  l i q u i d  f low i s  e s s e n t i a l  t o  any a t t e m p t  t o  calcu-  

l a t e  mul t i- d imens iona l  mu l t i -phase  n o n i s o t h e r m a l  f l u i d  f low.  
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This s t u d y  has focussed  on t h e  development  o f  a n a l y t i c  

s o l u t i o n s  t o  s i m p l i f i e d  mathemat ica l  models d e s c r i b i n g  one- 

d imens iona l  s i n g l e - p h a s e  non i so the rma l  f l u i d  i n j e c t i o n  i n t o  

porous  media.  The s p e c i f i c  o b j e c t i v e s  were: 

1) t o  d e v e l o p  a ser ies  of  s i m p l i f i e d  m a t h e m a t i c a l  

models of t h e  s i n g l e - p h a s e  non i so the rma l  l i q u i d  i n j e c t i o n  

exper iments  o f  A r i h a r a  ( 1 9 7 4 ) ;  

2 )  t o  s t u d y  t h e  s e n s i t i v i t y  o f  t h e  b e h a v i o r  of  t h e s e  

models t o  v a r i o u s  i m p o r t a n t  pa rame te r s  ; and 

3 )  t o  examine t h e  p o s s i b i l i t y  of d e t e r m i n i n g  t h e  e f f e c t  

of t e m p e r a t u r e  on  a b s o l u t e  p e r m e a b i l i t y  d u r i n g  n o n i s o t h e r m a l  

f l u i d  flow by c a r r y i n g  out a dynamic d i s p l a c e m e n t  expe r imen t  

ana logous  t o  t h a t  d e s c r i b e d  by Johnson ,  e t  a l .  ( 1 9 5 9 ) .  
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2 .  LITERATURE SURVEY 

Both a n a l y t i c  and e x p e r i m e n t a l  s t u d i e s  o f  s i n g l e - p h a s e  

n o n i s o t h e r m a l  f l u i d  f l o w  i n  porous media a p p e a r  i n  t h e  l i t e r a -  

t u r e .  Dynamic d i s p l a c e m e n t  two-phase flow s t u d i e s  have  a l s o  

appea red .  The f o l l o w i n g  reviews s t u d i e s  which are p e r t i n e n t  

t o  the  s t a t e d  o b j e c t i v e s  of  t h i s  s t u d y .  

2 . 1  A n a l y t i c  S t u d i e s  o f  Nonisothermal  S i n g l e- p h a s e  F l u i d  

I n j e c t i o n  i n t o  Porous ““redia 

A w i d e l y  known mathemat i ca l  s t u d y  d e a l i n g  w i t h  t h e  i n -  

j e c t i o n  of a h o t  l i q u i d  i n t o  a c o l d  r e s e r v o i r  was p r e s e n t e d  

by Lauwer ier  ( 1 9 5 5 ) .  The b a s i c  mathemat ica l  model used  by 

Lauwerier  and numerous subsequen t  a u t h o r s  c o n s i d e r s  t h e  con-  

s t a n t  r a t e  i n j e c t i o n  of a c o n s t a n t  t e m p e r a t u r e  f l u i d  i n t o  a 

uniform a q u i f e r  o v e r-  and u n d e r l a i n  by a s e m i - i n f i n i t e  non- 

permeable f o r m a t i o n .  F l u i d  f low w i t h i n  t h e  a q u i f e r  i s  con-  

s i d e r e d  t o  be  one- d imens iona l  c o n s i s t e n t  w i t h  t h e  f l o w  geometry 

o f  i n t e r e s t .  

uncoupled f rom t h e  u n s t e a d y  h e a t  f low caused  by t h e  h o t  f l u i d  

i n j e c t i o n .  

wh i l e  t h e  t e m p e r a t u r e  f i e l d  v a r i e s  w i t h  t i m e .  Lauwer ie r  de-  

veloped a compact a n a l y t i c  e x p r e s s i o n  f o r  t e m p e r a t u r e  p ropa-  

g a t i o n  i n  the linear f l o w  geometry.  

and s u r r o u n d i n g  f o r m a t i o n  t h e r m a l  c o n d u c t i v i t i e s  i n  t h e  d i r e c -  

t i o n  of f l u i d  f l o w ,  and assumed uni form t e m p e r a t u r e s  i n  t h e  

S t e a d y  f l o w  of  t h e  c o n s t a n t  d e n s i t y  f l u i d  i s  

Thus ,  t h e  f l u i d  f low f i e l d  is g iven  and unchanging ,  

H e  n e g l e c t e d  r e s e r v o i r  
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r e s e r v o i r  a t  a n y  d i s t a n c e  a l o n g  it .  Th i s  i s  e q u i v a l e n t  t o  

assuming i n f i n i t e  t h e r m a l  c o n d u c t i v i t y  i n  t h e  r e s e r v o i r  i n  

t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  f l u i d  flow, and h a s  been  

c a l l e d  t h e  " Lauwer i e r  assumption"  by P r a t s  ( 1 9 6 9  1. 

and J a e g e r  ( 1 9 5 9 ,  p .  3 9 6 )  have  p r e s e n t e d  t h e  s o l u t i o n  t o  t h e  

same m a t h e m a t i c a l  problem posed by Lauwer ie r .  

method i s  s i m p l e r  t h a n  t h e  one p r e s e n t e d  by Lauwer i e r .  

Carslaw 

T h e i r  s o l u t i o n  

I n  1 9 5 9  Marx and Langenheim p r e s e n t e d  a m a t h e m a t i c a l  

s tudy  of r e s e r v o i r  h e a t i n g  by h o t  f l u i d  i n j e c t i o n  which was 

r e l a t e d  t o  %he bas ic  ma themat i ca l  model used by Lauwer i e r .  

They used t h e  Lauwer i e r  assumpt ion ,  and c o n s i d e r e d  a r a d i a l  

flow sys tem.  R a t h e r  t h a n  s o l v i n g  f o r  t e m p e r a t u r e  d i s t r i b u -  

t i o n s  i n  t h e  r e s e r v o i r ,  t h e y  c o n s i d e r e d  t h e  t o t a l  area o f  

hea t ed  r e s e r v o i r  t o  b e  a t  c o n s t a n t  t e m p e r a t u r e ,  and proceeded 

t o  deve lop  an e x p r e s s i o n  for t h e  area heated as a f u n c t i o n  of 

t ime .  

t h e  r a t e  of growth  of  t h e  h e a t e d  area,  and t h e o r e t i c a l  l imi ts  

of h e a t e d  area for d i f f e r e n t  h e a t  i n j e c t i o n  rates. 

(1959) e x t e n d e d  t h e  work of Marx and Langenheim t o  t h e  case 

of v a r i a b l e  hea t  i n j e c t i o n  r a t e ,  and observed  t h a t  t h e  s o l u-  

t i o n  was i n d e p e n d e n t  o f  flow geometry. 

out t h a t  t h e  Marx and Langenheim t y p e  o f  solution s h o u l d  be 

more a p p r o p r i a t e  for t h e  i n j e c t i o n  of  s a t u r a t e d  steam t h a n  

for h o t  water  i n j e c t i o n ,  because h e a t  l o s s e s  would n o t  neces-  

s a r i l y  cause  the s t e a m  t o  cool, whereas t h e y  do c a u s e  water 

t o  c o o l .  

Such a n  e x p r e s s i o n  would be u s e f u l  for d e t e r m i n i n g  

Ramey 

Ramey a l s o  p o i n t e d  

S p i l l e t t e  ( 1 9 6 5 )  p r e s e n t e d  a r ev iew o f  g e n e r a l i z a t i o n s  

of t h e  b a s i c  r e s t r i c t i v e  Lauwerier  model,  and compared them 



w i t h  a n  a p p r o x i m a t e  numer ica l  s o l u t i o n .  

e r a l i z a t i o n s  h a v e  a p p e a r e d  i n  Russ ian  p u b l i c a t i o n s .  

v a r i o u s  s o l u t i o n s  d i f f e r  mos t ly  i n  t h e  manner i n  which t h e y  

r e l a x  a s s u m p t i o n s  a b o u t  t h e r m a l  c o n d u c t i v i t i e s  i n  t h e  sys tem.  

While  one i n t e n t  o f  S p i l l e t t e ' s  p a p e r  was t o  d e m o n s t r a t e  t h e  

Most o f  t h e s e  gen- 

The 

advan tages  o f  a n  a p p r o x i m a t e  n u m e r i c a l  method f o r  s o l v i n g  

t h e  ene rgy  b a l a n c e  e q u a t i o n s ,  h e  a l s o  d e m o n s t r a t e d  t h e  ade-  

quacy o f  u s i n g  a n a l y t i c  s o l u t i o n s  for p r a c t i c a l  hand c a l c u -  

l a t i o n s  o f  h o t  f l u i d  i n j e c t i o n  (Thorns, 1965). 

An e a r l y  g e n e r a l  a n a l y t i c  s o l u t i o n  f o r  h e a t  l o s s e s  

d u r i n g  h o t  f l u i d  i n j e c t i o n  i s  due t o  R u b i n s t e i n  (1959). H e  

used t h e  b a s i c  model of Lauwerier  f o r  r a d i a l  f l o w  geometry ,  

and a l lowed f o r  i s o t r o p i c  t h e r m a l  c o n d u c t i v i t y  i n  b o t h  t h e  

f l u i d  r e s e r v o i r  and s u r r o u n d i n g  f o r m a t i o n .  

i n  terms o f  h e a t i n g  e f f i c i e n c y ,  which i s  d e f i n e d  as t h e  f r a c -  

t i o n  o f  h e a t  i n j e c t e d  i n t o  t h e  r e s e r v o i r  t h a t  s t i l l  remains  

i n  it. 

of t h e  L a u w e r i e r  and Marx-Langenheim models were i d e n t i c a l  

f u n c t i o n s  o f  d i m e n s i o n l e s s  t i m e  even though  t h e  t e m p e r a t u r e  

d i s t r i b u t i o n s  were d i f f e r e n t .  

t h a t  p r e s e n t e d  by R u b i n s t e i n ,  and concluded t h a t  t h e  two 

s i m p l e r  models gave  p e s s i m i s t i c  v a l u e s  o f  h e a t i n g  e f f i c i e n c y ,  

p a r t i c u l a r l y  a t  e a r l y  t imes .  

The s o l u t i o n  was 

R a m e y  (1964) de te rmined  t h a t  t h e  h e a t i n g  e f f i c i e n c i e s  

H e  compared t h i s  r e s u l t  t o  

According  t o  P r a t s  (19691, t h e  ms t  g e n e r a l  a n a l y t i c  

e x p r e s s i o n  for h o t  l i q u i d  i n j e c t i o n  i s  t h a t  o f  An t imi rov  

( 1 9 6 5 ) .  T h i s  model d e s c r i b e s  t h e  a r b i t r a r y  two- dimens ional  

-8- 



f low o f  a s i n g l e- p h a s e  c o n s t a n t  d e n s i t y  f l u i d  i n  t h e  p l a n e  

of a c o n s t a n t  t h i c k n e s s  homogeneous i n f i n i t e  a q u i f e r  o f  con- 

s t a n t  v o l u m e t r i c  hea t  c a p a c i t y .  The ra te  and l o c a t i o n  of 

h e a t  i n j e c t i o n  i n t o  t h e  a q u i f e r  are a r b i t r a r y ,  and h e a t  con- 

d u c t i o n  can  o c c u r  i n  a l l  d i r e c t i o n s  i n  b o t h  t h e  r e s e r v o i r  

and s u r r o u n d i n g  f o r m a t i o n .  

By making t h e  Lauwerier  a s sumpt ion ,  Prats  w a s  a b l e  t o  

deve lop  a n  a n a l y t i c  e x p r e s s i o n  for most of t h e  g e n e r a l  con- 

d i t i o n s  u sed  by An t imi rov .  Because h e  d i d  n o t  have  t o  make 

a s sumpt ions  a b o u t  h o r i z o n t a l  hea t  t r a n s f e r  mechanisms i n  t h e  

pay zone ,  P r a t s '  r e s u l t s  can  b e  a p p l i e d  t o  any  t h e r m a l  re- 

cove ry  p r o c e s s ,  The g e n e r a l  n a t u r e  of P r a t s '  work m u s t  make 

it a s i g n i f i c a n t  c o n t r i b u t i o n  to t h e  e v a l u a t i o n  of thermal 

r e c o v e r y  p r o c e s s e s .  Inc luded  i n  t h e  pape r  are  t h r e e  conclu-  

s i o n s  p a r t i c u l a r l y  i m p o r t a n t  t o  n o n i s o t h e r m a l  l i q u i d  i n j e c t i o n  

i n t o  porous  media.  

t h e  h i g h e s t  h e a t i n g  e f f i c i e n c y  o f  a l l  t h e  p r e s e n t l y  employed 

thermal r e c o v e r y  p r o c e s s e s .  The second c o n c l u s i o n  i s  t ha t  

once  t h e  Lauwer i e r  a s sumpt ion  i s  made for h o t  w a t e r  i n j e c -  

t i o n  i n t o  a u n i f o r m  t h i c k n e s s  i n f i n i t e  a q u i f e r  o f  c o n s t a n t  

v o l u m e t r i c  s p e c i f i c  h e a t  , t h e  h e a t i n g  e f f i c i e n c y  depends 

P o n l y  on t h e  n e t  h e a t  i n j e c t e d  i n t o  t h e  pay zone.  

t h e  same h i s t o r v  o f  n e t  heat  i n j e c t i o n  i s  a p p l i e d  t o  t h e  

s i m p l i f i e d  l i n e a r  model o r i g i n a l l y  proposed  by Lauwer ie r ,  and 

i n t o  a uniform a q u i f e r  w i t h  a r b i t r a r y  w e l l  l o c a t i o n  and two- 

d imens iona l  p l a n a r  f low geometry,  bo th  sys t ems  w i l l  have 

i d e n t i c a l  h e a t i n g  e f f i c i e n c i e s .  

The f i r s t  i s  t h a t  h o t  w a t e r  i n j e c t i o n  has  

Thus,  if 

The L a u w e r i e r  assumpt ion  a l s o  

n 
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l e a d s  to t h e  c o r o l l a r y  t o  t h e  above r e s u l t  t ha t  t h e  h e a t i n g  

e f f i c i e n c y  o f  h o t  w a t e r  i n j e c t i o n  p r o c e s s e s  (or for any 

other p r o c e s s e s  f o r  t h a t  mat te r )  is i ndependen t  of t h e  hori- 

z o n t a l  t h e r m a l  c o n d u c t i v i t y  i n  b o t h  t h e  i n j e c t i o n  i n t e r v a l  

and t h e  a d j  a c e n t  f o r m a t i o n s .  

There  has also been an i n t e r e s t  i n  t h e  e f fec t s  of  i n -  

While t h e  geometry and j e c t i n g  c o l d  water i n t o  t h e  earth.  

d e t a i l s  of t h e  f l u i d  f l o w  are c o m p l i c a t e d  and a r e a  dependen t ,  

t h e r e  a r e  two l i m i t i n g  cases which are amenable  t o  s i m p l i f i e d  

m a t h e m a t i c a l  mode l l ing .  The f i r s t  o f  t h e s e  i s  t h e  case of 

single o r  m u l t i p l e  p a r a l l e l  p l a n a r  f ractures  i n  which t h e  

f r a c t u r e  width  i s  s m a l l  compared t o  o t h e r  s i g n i f i c a n t  l e n g t h  

dimensions. Such f r a c t u r e  flow models have  been  d i s c u s s e d  

for t h e  case of co ld  water  i n j e c t i o n  by Rodvarsson ( 1 9 6 9 ,  

1 9 7 2 ,  1974) and G r i n g a r t e n ,  e t  al; ( 1 9 7 5 ) .  The second l i m i t -  

i n g  case o c c u r s  when t h e  f l u i d  f low is t h r o u g h  a f i n e- g r a i n e d  

porous medium such t h a t  t h e  rock and f l u i d  are  l o c a l l y  i n  

t h e r m a l  e q u i l i b r i u m .  Bodvarsson ( 1 9 7 2 ,  1 9 7 4 )  and Nathenson 

( 1 9 7 5 )  have examined t h i s  case f o r  co ld  water i n j e c t i o n  when 

t h e r e  i s  no h e a t  conduc t ion  from t h e  s u r r o u n d i n g  f o r m a t i o n .  

Weinstein, - e t  a l .  ( 1 9 7 4 1 ,  and G r i n g a r t e n  and Sauty ( 1 9 7 5 )  

h a v e  p r e s e n t e d  d i s c u s s i o n s  of co ld  water  i n j e c t i o n  i n t o  f i n e -  

g r a i n e d  porous  media which i n c l u d e  t h e  e f fec t s  of h e a t  t r a n s -  

fer from s u r r o u n d i n g  impermeable f o r m a t i o n s .  

There  were v a r i o u s  m o t i v a t i o n s  f o r  these  s t u d i e s .  Bod- 

v a r s s o n  ( 1 9 6 9 )  was i n t e r e s t e d  i n  a p e r i o d i c a l l y  v a r y i n g  i n l e t  

t e m p e r a t u r e ,  which might c o r r e s p o n d  t o  t h e  s e a s o n a l  t e m p e r a t u r e  
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v a r i a t i o n  of r a i n f a l l  s e e p a g e  i n t o  t h e  ground. Bodvarsson 

( 1 9 7 4 ,  1 9 7 4 )  , G r i n g a r t e n ,  e t  a l .  ( 1 9 7 5 1 ,  G r i n g a r t e n  and 

Sauty ( 1 9 7 5 1 ,  and Nathenson (1975)  were concerned w i t h  t e m -  

p e r a t u r e  f r o n t  b e h a v i o r  when i n j e c t i n g  c o l d  water i n t o  a h o t  

sys t em f o r  pu rposes  of  b o t h  d i s p o s i n g  of  power p l a n t  e f f l u -  

e n t s ,  and i n c r e a s i n g  ene rgy  r e c o v e r y  from t h e  system.  Wein- 

s t e i n ,  e t  a l .  ( 1 9 7 4 1 ,  were i n t e r e s t e d  i n  t h e  i n j e c t i o n  of  

c o l d  w a t e r  i n t o  a w a r m  o i l  r e s e r v o i r  f o r  purposes  of water-  

f l o o d i n g  and p r e s s u r e  main tenance .  

2 . 2  Exper imenta l  S t u d i e s  o f  Noniso thermal  S ingle- phase  

L iqu id  I n j e c t i o n  i n t o  Porous  Media 

There were many l a b o r a t o r y  and f i e l d  exper iments  on h o t  

f l u i d  i n j e c t i o n  d a t i n g  from t h e  1 9 2 0 s .  I n t e n s e  modern i n t e r e s t  

i n  t h i s  s u b j e c t  began i n  t h e  l a t e  1 9 4 0 s .  

e x p e r i m e n t a l  s t u d y  of h o t  f l u i d  i n j e c t i o n  was t h e  work of  

Wilman, e t  al. ( 1 9 6 1 ) .  

and steam w a s  s t u d i e d  s y s t e m a t i c a l l y  for a v a r i e t y  o f  rocks, 

o i l s ,  and i n j e c t i o n  t e m p e r a t u r e s .  Mechanisms for enhanced 

o i l  r ecove ry  due t o  steam i n j e c t i o n  were deduced. 

(1968). 

The most i m p o r t a n t  

The  i n j e c t i o n  of c o l d  water, h o t  w a t e r ,  

See Ramey 

An i n t e r e s t i n g  s e r i e s  of e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  

h o t  l i q u i d  i n j e c t i o n  i n t o  a s i m u l a t e d  r e s e r v o i r  sys t em w a s  

o f f e r e d  by Malofeev ( 1 9 5 8 ,  1 9 5 9 ) .  According t o  S p i l l e t t e  

( 1 9 6 5 )  , t h i s  m u l t i d i m e n s i o n a l  l i n e a r  f low p h y s i c a l  model was 

des igned  s o  t h a t  t h e  h e a t  t r a n s f e r  e f f e c t s  t h a t  would be ex-  

p e c t e d  i n  t h e  f i e l d  w e r e  p r o p e r l y  s c a l e d .  Malofeev r e p o r t e d  
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on t h e  r e s u l t s  of a se r ies  o f  f i v e  e x p e r i m e n t s  c a r r i e d  o u t  

a t  d i f f e r e n t  hea t  i n j e c t i o n  r a t e s .  

Baker ( 1 9 6 8 )  r e p o r t e d  t h e  r e s u l t s  o f  e x p e r i m e n t a l  work 

s imilar  t o  t h a t  o f  Malofeev.  

r a d i a l  l i q u i d  f low.  

i n  terms of b o t h  t e m p e r a t u r e  d i s t r i b u t i o n s  and h e a t i n g  e f f i -  

c i e n c i e s ,  and were compared w i t h  v a r i o u s  p u b l i s h e d  mathemati-  

c a l  models.  Baker  conc luded  t h a t  w h i l e  t h e r e  w e r e  r e l a t i v e l y  

s m a l l  t e m p e r a t u r e  changes  i n  a v e r t i c a l  l i n e  a t  a p o i n t  i n  

t h e  f l o o d e d  f o r m a t i o n ,  t h i s  d i d  n o t  n e c e s s a r i l y  mean t h a t  

t h e  Lauwer i e r  a s sumpt ion  w a s  e n t i r e l y  s a t i s f a c t o r y  i n  ca l cu-  

l a t i n g  h e a t i n g  e f f i c i e n c i e s .  

v a r i o u s  t h e o r i e s  a g r e e d  among t h e m s e l v e s  o n l y  q u a l i t a t i v e l y ,  

and even  less  so  w i t h  e x p e r i m e n t a l  r e s u l t s .  

p e r s o n  t o  r e p o r t  o f  t h e  dependence of e x p e r i m e n t a l l y  d e t e r -  

mined h e a t i n g  e f f i c i e n c i e s  on l i q u i d  i n j e c t i o n  r a t e .  

dependence w a s  n o t  i n d i c a t e d  by any o f  t h e  t h e o r i e s  a v a i l a b l e  

a t  t h a t  t i m e .  

H i s  s c a l e d  model s i m u l a t e d  p l a n e  

The e x p e r i m e n t a l  r e s u l t s  were r e p o r t e d  

H e  a l s o  conc luded  t h a t  t h e  

H e  w a s  t h e  f i r s t  

Such a 

I n  1 9 6 9  Chappe lea r  and Volek r e p o r t e d  r e s u l t s  from 

n u m e r i c a l  and e x p e r i m e n t a l  i n v e s t i g a t i o n s  o f  t h e  i n j e c t i o n  

o f  h o t  l i q u i d s  i n t o  .a porous medium. They s t u d i e d  flow i n  

a l i n e a r  s y s t e m ,  and a l lowed  f o r  b o t h  t e m p e r a t u r e  and l i q u i d  

f low v a r i a t i o n s  a c r o s s  t h e  f o r m a t i o n .  I n  a d d i t i o n  t o  d e n s i t y  

changes ,  a l i q u i d  f l o w  change shou ld  a lso b e  c a u s e d  by l i q u i d  

m o b i l i t y  v a r i a t i o n s  i n  r e s p o n s e  t o  t h e  t e m p e r a t u r e  v a r i a t i o n  

p e r p e n d i c u l a r  t o  t h e  main flow f i e l d .  

a r e s u l t  of t h e  e f fec t  o f  t e m p e r a t u r e  on l i q u i d  v i s c o s i t y .  

This would be  p r i m a r i l y  
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It would -tend t o  c a u s e  f low c h a n n e l l i n g  t h r o u g h  t h e  c e n t e r  

of t h e  i n j e c t i o n  i n t e r v a l  due t o  reduced  v i s c o s i t y  t h e r e .  

Chappelear  and Volek d i d  n o t  c o n s i d e r  g r a v i t y  o v e r r i d e  or 

viscous i n s t a b i l i t i e s  t h a t  would be  caused  by a n  un favorab le  

m o b i l i t y  r a t i o .  

o f  a change of  e f f e c t i v e  thermal  c o n d u c t i v i t y  of  t h e  format ion  

parallel t o  t h e  d i r e c t i o n  of f l u i d  flow w i t h  mass f l o w r a t e .  

I t  was n o t  p o s s i b l e  t o  de t e rmine  whether  or n o t  t h i s  would 

s i g n i f i c a n t l y  a f f e c t  t h e i r  numer i ca l  r e s u l t s .  

They a l s o  d i d  n o t  c o n s i d e r  t h e  p o s s i b i l i t y  

Chappelear and Volek conc luded  t h a t  w h i l e  t h e  Lauwerier  

t h e o r y  d i d  n o t  a c c u r a t e l y  d e s c r i b e  t e m p e r a t u r e  p r o f i l e s  in 

a h o t  l i q u i d  i n j e c t i o n  sys t em,  it d i d  g i v e  a good appr0xin.a- 

t i o n  t o  t h e  average t e m p e r a t u r e  i n  t h e  i n j e c t i o n  i n t e r v a l  

everywhere, e x c e p t  n e a r  t h e  l e a d i n g  edge o f  the  h e a t  f r o n t .  

They a l s o  conc luded  t h a t  t h e  Lauwerier  assumpt ion  is a poor 

a p p r o x i m a t i o n ,  and may l e a d  t o  o v e r e s t i m a t i o n  of  t h e  total 

h e a t  loss by as much as 5 0 % .  

p o r t e d  i n  t h e  p a p e r ,  even though it can  be demons t r a t ed  t o  

be v a l i d  f o r  e a r l y  t i m e s  by an  examina t ion  of  F i g .  

Ramey ( 1 9 6 4 ) .  

Volek's p2pe r  suggests t h a t  t h e i r  l a s t  c o n c l u s i o n  may be 

v a l i d  a t  long t i m e s ,  b u t  o n l y  f o r  t he  case o f  a h i g h  r a t i o  

of c o l d  t e m p e r a t u r e  l i q u i d  v i s c o s i t y  t o  h o t  l i q u i d  tempera- 

r u r e  v i s c o s i t y .  

T h i s  c o n c l u s i o n  i s  no t  sup-  

8 i n  

A c r i t i c a l  examina t ion  of  Chappe lea r  and 

Ersoy (1969) r e p o r t e d  r e s u l t s  o f  a n  e x p e r i m e n t a l  and 

ma themat i ca l  s t u d y  of hot water i n j e c t i o n  i n t o  a l i n e a r  f l o w  

sys t em w i t h  r a d i a l  h e a t  l o s s e s  i n t o  t h e  s u r r o u n d i n g  i n s u l a t i n g  
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medium, 

t i o n  t o  a mathemat i ca l  model c o n t a i n i n g  e s s e n t i a l l y  t h e  same 

a s s u m p t i o n s  used by Lauwer ier .  However, due t o  t h e  r e s t r i c -  

t i v e  nature of  t h i s  s o l u t i o n  h e  found t h a t  a f i n i t e  d i f f e r e n c e  

n u m e r i c a l  s o l u t i o n  t h a t  i n c l u d e d  an e f f e c t i v e  thermal con-  

d u c t i v i t y  in the d i r e c t i o n  of f l u i d  flow w a s  more u s e f u l  for 

examin ing  t h e  e x p e r i m e n t a l  r e s u l t s .  H e  concluded t h a t  h i s  

e x p e r i m e n t a l  r e s u l t s  a l s o  showed a s e n s i t i v i t y  of heating 

e f f i c i e n c y  t o  mass i n j e c t i o n  ra te .  On t h e  b a s i s  o f  calcula- 

t i o n s  made w i t h  h i s  f i n i t e  d i f f e r e n c e  mathemat ica l  model, 

Ersoy conc luded  t h a t  this r a t e  dependence of h e a t i n g  e f f i c i -  

ency  a p p e a r e d  t o  be  caused  by a s e n s i t i v i t y  t o  mass flowrate 

o f  t h e r m a l  c o n d u c t i v i t y  i n  t h e  i n j e c t i o n  i n t e r v a l .  

H e  deve loped  an i n t e r e s t i n g  s h o r t  t i m e  a n a l y t i c  so lu-  

In  1 9 7 2  Cr ich low p r e s e n t e d  t h e  results of a n  e x p e r i m e n t a l  

and n u m e r i c a l  s t u d y  of hot f l u i d  i n j e c t i o n  i n t o  e s s e n t i a l l y  

t h e  same p h y s i c a l  system used  by Ersoy .  H e  also o b s e r v e d  a 

sensitivity of h e a t i n g  e f f i c i e n c y  t o  h e a t  i n j e c t i o n  fo r  h o t  

l i q u i d  i n j e c t i o n .  

r i e d  o u t  w i t h  a f i n i t e  d i f f e r e n c e  m a t h e m a t i c a l  model,  he was 

u n a b l e  t o  e x p l a i n  t h i s  s e n s i t i v i t y  by h y p o t h e s i z i n g  a ra te  

s e n s i t i v e  effective thermal c o n d u c t i v i t y  p a r a l l e l  t o  t h e  d i r e c -  

tion of l i q u i d  f l ow .  

On t h e  b a s i s  of n u m e r i c a l  e x p e r i m e n t s  car-  

However, Crichlow was a b l e  t o  e x p l a i n  

t h e  observed  h e a t i n g  dependency on  f l o w r a t e  s u c c e s s f u l l y  by 

h y p o t h e s i z i n g  t h e  presence o f  a ra te  s e n s i t i v e  f i l m  coef f i-  

cient at t h e  boundary between t h e  porous  medium and c o r e  

h o l d e r .  On t h e  basis of matching  computer  c a l c u l a t i o n s  with 
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e x p e r i m e n t a l  d a t a ,  he deduced t h a t  t h i s  f u n c t i o n a l  depen-  

dence was of t h e  form: 

where 

and t h e  c o r e h o l d e r ,  w" i s  t h e  mass f l o w r a t e  t h r o u g h  t h e  c o r e  

p e r  c r o s s - s e c t i o n a l  a rea  t o  flow ( a l s o  c a l l e d  mass v e l o c i t y ) ,  

and a and b are c o n s t a n t s .  

hf i s  t h e  f i l m  c o e f f i c i e n t  between t h e  porous  medium 

A s t u d y  o f  n o n i s o t h e r m a l  f l u i d  i n j e c t i o n  i n t o  c o n s o l i -  

d a t e d  porous media was p r e s e n t e d  by Arihara ( 1 9 7 4 ) .  H e  p r e-  

s e n t e d  t h e  r e s u l t s  of h o t  w a t e r ,  c o l d  water ,  and steam i n j e c t i o n  

i n t o  bo th  n a t u r a l l y  and a r t i f i c i a l l y  c o n s o l i d a t e d  po rous  media.  

H e  concluded t h a t  t h e r e  are no. fundamental  d i f f e r e n c e s  i n  

energy t r a n s f e r  mechanisms between c o n s o l i d a t e d  and u n c o n s o l i -  

d a t e d  porous media.  A r i h a r a  a p p e a r s  t o  have been  t h e  f i r s t  

worker t o  r e p o r t  on c o l d  l i q u i d  i n j e c t i o n  i n t o  a h o t  c o r e .  

H e  proposed a d e f i n i t i o n  o f  the rmal  e f f i c i e n c y  for c o l d  l i q u i d  

i n j e c t i o n  d i r e c t l y  analogous t o  t h a t  used i n  hot l i q u i d  i n j e c -  

t i o n  ( h i s  p .  9 2 ) :  

4 - Cumula t ive  BTU Cool ing  Remaining i n  t h e  Core 
Cumulat ive BTU I n j e c t e d  i n t o  t h e  Core ' c  ,Ar iha ra  

I n  t h i s  e x p r e s s i o n ,  t h e  t e r m  "cooling" r e f e r s  t o  t h e  o p p o s i t e  

of  h e a t i n g .  I n  t he  i d e a l  l i m i t  o f  h e a t  s caveng ing  where in  

a l l  l i q u i d  i n j e c t e d  i s  h e a t e d  t o  r > e s e r v o i r  t e m p e r a t u r e ,  t h e  
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e f f i c i e n c y  as d e f i n e d  by A r i h a r a  would go t o  czero. 

n o t  c o n s i s t e n t  w i t h  t h e  c o n v e n t i o n  t h a t  t h e  e f f i c i e n c y  o f  

T h i s  i s  

i d e a l i z e d  p r o c e s s e s  shou ld  approach  1. 

r e a s o n a b l e  t o  d e f i n e  c o o l i n g  e f f i c i e n c y  as:  

It would seem more 

(1.3) Heat T r a n s f e r  f rom t h e  Adjacen t  Media 
Cumulat ive Coo l ing  I n j e c t e d  i n t o  t h e  System 

- - 
yproposed 

On t h e  b a s i s  o f  h i s  e x p e r i m e n t a l  r e s u l t s ,  A r i h a r a  concluded 

t h a t  b o t h  h e a t i n g  and c o o l i n g  e f f i c i e n c i e s  are h e a t  i n j e c t i o n  

r a t e  dependen t .  

s u g g e s t e d  t h a t  t h i s  r a t e  dependency c o u l d  be s a t i s f a c t o r i l y  

e x p l a i n e d  by a mass r a t e  s e n s i t i v e  f i l m  c o e f f i c i e n t  between 

t h e  c o r e  and t h e  s u r r o u n d i n g  medium. 

t h a t  whereas  h i g h  h e a t  i n j e c t i o n  ra tes  w e r e  d e s i r a b l e  f o r  h o t  

l i q u i d  i n j e c t i o n ,  low i n j e c t i o n  r a t e s  w e r e  d e s i r a b l e  f o r  h e a t  

s c a v e n g i n g  by c o l d  l i q u i d  i n j e c t i o n .  

H e  p r e s e n t e d  h e a t  t r a n s f e r  c a l c u l a t i o n s  which 

F i n a l l y ,  h e  observed  

2 . 3  Dynamic Disp lacement  ExDeriments i n  Porous Media 

Johnson,  B o s s l e r ,  and Naumann ( 1 9 5 9 )  proposed a dynamic 

d i s p l a c e m e n t  exper iment  f o r  d e t e r m i n i n g  two-phase r e l a t i v e  

p e r m e a b i l i t i e s  i n  l a b o r a t o r y  c o r e s  based  on t h e  p i o n e e r i n g  

s t u d y  by Welge ( 1 9 5 2 ) .  P r e v i o u s l y  t h e  d e t e r m i n a t i o n  of re la-  

tive p e r m e a b i l i t i e s  were made by a t ime- consuming sequence 

of s t e a d y - s t a t e  exper imen t s  (Amyx, Bass, and Whi t ing ,  1 9 6 0 ,  

p .  184). A s i n g l e  exper imen t  c o u l d  o n l y  produce one datum 
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p o i n t  for each of  t h e  two phases .  Johnson ,  e t  a l .  , c o n s i d e r e d  

t h e  i n j e c t i o n  of one f l u i d  i n t o  a c o r e  c o n t a i n i n g  a second 

f l u i d .  

o f  Buckle t  and L e v e r e t t  (1942) i n  c o n j u n c t i o n  w i t h  t h e  t h e o r y  

proposed by Welge ( 1 9 5 2 ) .  T h i s  s o l u t i o n  t e c h n i q u e  c o u l d  pro-  

duce  i n d i v i d u a l  two-phase r e l a t i v e  p e r m e a b i l i t y  c u r v e s  from 

a s i n g l e  dynark-c d i sp l acemen t  expe r imen t .  S .  J o n e s  of  t h e  

Marathon O i l  Company (Rarney, 1971) proposed  a m o d i f i c a t i o n  o f  

t h e  g r a p h i c a l  s o l u t i o n  t e c h n i q u e  of Johnson ,  e t  al., which was 

far  eas i e r  t o  c a r r y  o u t  t h a n  t h a t  o f  Johnson ,  e t  a l .  

They used  t h e  c lass ic  two-phase immisc ib l e  f low t h e o r y  

The o b j e c t i v e s  o f  this s t u d y  were conce rned  w i t h  develop-  

i n g  s i m p l i f i e d  and conven ien t  ma thema t i ca l  models of t h e  non- 

i s o t h e r m a l  l i q u i d  i n j e c t i o n  expe r imen t s  o f  A r i h a r a  (1974). 

The p r e c e d i n g  has d i s c u s s e d  p r e v i o u s  s t u d i e s  p e r t i n e n t  to t h e  

o b j e c t i v e s  of  t h e  s t u d y .  

d i s c u s s  some s i m p l i f i e d  mathematical  models of  A r i h a r a ' s  ex- 

p e r i m e n t s .  The s u c c e e d i n g  s e c t i o n  ( 5 )  e x p l o r e s  t h e  i d e a  o f  

u s i n g  n o n i s o t h e r m l  dynamic d i s p l a c e m e n t  expe r imen t s  t o  d e t e r -  

mine t h e  v a r i a t i o n  w i t h  t e m p e r a t u r e  of a b s o l u t e  p e r m e a b i l i t y .  

The f o l l o w i n g  two s e c t i o n s  ( 3  and 4) 
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3 .  ONE-DIMENSIONAL MATHEMATICAL MODELS 

The f o l l o w i n g  d i s c u s s e s  two s i m p l i f i e d  mathemat ica l  

models of  ene rgy  t r a n s p o r t  i n  t h e  n o n i s o t h e r m a l  l i q u i d  i n -  

j e c t i o n  exper imen t s  of  A r i h a r a  ( 1 9 7 4 ) .  F i r s t ,  t h e  mathemati-  

ca l  e x p r e s s i o n s  are d e v e l o p e d .  Then, a n a l y t i c  s o l u t i o n s  are 

d e r i v e d  and examined. F i n a l l y ,  t h e  b e h a v i o r  of  t h e s e  models 

is compared q u a n t i t a t i v e l y  w i t h  t h e  exper imen t s  of  Arihara 

and q u a l i t a t i v e l y  w i t h  t h e  r e s u l t s  o f  Crichlow ( 1 9 7 2 ) .  

3 . 1  I n t r o d u c t i o n  

The h o t  and c o l d  water i n j e c t i o n  exper imen t s  of A r i h a r a  

(1974) were ca r r ied  o u t  on c o n s o l i d a t e d  s a n d s t o n e  cores 

mounted i n  a H a s s l e r - t y p e  c o r e h o l d e r .  

i n t o  a t i g h t l y - f i t t i n g  v i t o n  s l e e v e  which was p l a c e d  i n  a 

s t a i n l e s s  s t e e l  s h e l l .  

p l a c e d  i n  an a i r b a t h .  

t h e  c o r e  by f i l l i n g  t he  a n n u l u s  between t h e  v i t o n  s l e e v e  and 

s t e e l  s h e l l  w i t h  n i t r o g e n  g a s  a t  t h e  a p p r o p r i a t e  pressure. 

The c o r e  had a d i a m e t e r  of  2 i n . ,  and was 2 f t  l o n g .  

c h a r a c t e r i s t i c s  and d imens ions  t h a t  are r e l e v a n t  t o  t h i s  

work a r e  d e s c r i b e d  i n  Appendix A ( T a b l e  A.1) and s e c t i o n s  

3.6.1 ( F i g .  3 . 1 3 )  and 4 . 1  ( F i g .  4 . 1 ) .  Other  d e t a i l s  of  the 

c o r e h o l d e r  s y s t e m  are d e s c r i b e d '  i n  A r i h a r a ' s  r e p o r t .  

3 . 1  p r e s e n t s  a s c h e m a t i c  d i a g r a m  of A r i h a r a ' s  equipment ,  and 

i n d i c a t e s  i d e a l i z e d  t e m p e r a t u r e  b e h a v i o r  d u r i n g  a h o t  w a t e r  

The c o r e s  were s l i p p e d  

The e n t i r e  c o r e h o l d e r  sys tem was 

Overburden p r e s s u r e  was a p p l i e d  t o  

The 

F i g .  
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i n j e c t i o n  exper iment .  

c u s s i o n s  o f  h e a t  t r a n s f e r  i n  t h i s  r e p o r t  a re  for t h e  case of  

h o t  wate r  i n j e c t i o n  i n t o  a c o l d  core. The c a s e  of c o l d  water 

i n j e c t i o n  i n t o  a w a r m e r  sys tem c o u l d  j u s t  as e a s i l y  have been 

used .  

and t h e o r e t i c a l l y ,  t h e r e  are no q u a l i t a t i v e  d i f f e r e n c e s .  

Unless  o t h e r w i s e  i n d i c a t e d ,  a l l  d i s -  

Heat t r a n s f e r  would s imply  b e  i n  t h e  o p p o s i t e  d i r e c t i o n ,  

Due t o  t h e  n a t u r e  o f  t h e  c o r e h o l d e r  d e s i g n ,  t h e  h e a t  

l o s s  r a t e  from t h e  c o r e  t o  t h e  o u t s i d e  air b a t h  environment 

c a n ,  t o  a f i r s t  approximat ion ,  be  c o n s i d e r e d  t o  be  of  a s imp le  

k i n d .  I n  c o n j u n c t i o n  w i t h  t h e  f i rs t  assumption l i s t e d  i n  t h e  

f o l l o w i n g ,  t h i s  approx imat ion  ( N o .  3) al lows f o r  t h e  con- 

s t r u c t i o n  of  mathematical models w i t h  o n l y  t w o  independent  

v a r i a b l e s :  one i n  space  and one i n  t i m e .  

This s e c t i o n  d e s c r i b e s  two one- dimens iona l  mathemat ical  

models o f  t h e  h e a t  t r a n s f e r  o c c u r r i n g  d u r i n g  h o t  o r  c o l d  

l i q u i d  i n j e c t i o n  i n t o  a porous  medium mounted i n  a c o r e h o l d e r  

such  as w a s  used by A r i h a r a .  

s t e a d y  h e a t  t r a n s f e r  between t h e  core and a i r b a t h  environment ,  

and convec t ive  energy  t r a n s f e r  due t o  l i q u i d  f low i n  t h e  core. 

The f i r s t  model (wave model )  is d e s c r i b e d  ma thema t i ca l l y  by 

a wave e q u a t i o n ,  and does  n o t  a c c o u n t  f o r  a x i a l  t h e r m a l  con- 

d u c t i v i t y  i n  t h e  c o r e ,  

of t h e  o v e r a l l  h e a t  loss  c o e f f i c i e n t  f rom t h e  c o r e h o l d e r  w i th  

d i s t a n c e  a l o n g  t h e  c o r e ,  and a v a r i a t i o n  of  mass i n j e c t i o n  

rate w i t h  t i m e .  The second model ( p a r a b o l i c  model) is des-  

cribed by a p a r a b o l i c  e q u a t i o n .  T h i s  model accoun t s  f o r  t h e  

a x i a l  t he rma l  c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  of f l u i d  f l ow,  

Both of  t h e  models c o n s i d e r  

However, it does  a l l o w  for a v a r i a t i o n  

- 2 0 -  



b u t  r e q u i r e s  t h a t  t h e  thermal p r o p e r t i e s ,  mass i n j e c t i o n  

r a t e ,  and o v e r a l l  h e a t  l o s s  c o e f f i c i e n t  be c o n s t a n t .  

The v a r i o u s  i m p o r t a n t  a ssumpt ions  r e q u i r e d  f o r  t h e  

d e r i v a t i o n  o f  t h e  two one- dimensional  n?odels are as f o l l o w s .  

See a l s o  Appendix A .  T h e  assumpt ions  are:  

(1) The r a d i a l  t e m p e r a t u r e  d i s t r i b u t i o n  a c r o s s  t h e  c o r e  

i s  uniform a t  any a x i a l  d i s t a n c e  a l o n g  t h e  c o r e ,  x ,  and any 

t i m e ,  t (shown s c h e m a t i c a l l y  i n  F i g .  

t h e  Lauwerier a s s u n p t i o n  ( P r a t s ,  1 9 6 9 ) .  

i n  t h e  c o r e  i s  a f u n c t i o n  of t i m e  and o n l y  one space c o o r d i-  

n a t e :  t h e  d i s t a n c e ,  x, a l o n g  t h e  system. Th i s  is e q u i v a l e n t  

t o  assur?.ir.g t h a t  t h e  r a d i a l  thermal  c o n d u c t i v i t y  in t h e  c o r e  

i s  i n f i n i t e .  

(2) 

3.1). This  i s  c a l l e d  

Thus, t e m p e r a t u r e  

There may be a c o n s t a r i t  e f f e c t i v e  a x i a l  t h e r m a l  con- 

d u c t i v i t y ,  Xf, i n  t h e  c o r e  due  t o  conduct ion  and d i s p e r s i o n  

mechanisms. There i s  no a x i a l  h e a t  conduc t ion  i n  t h e  c o r e-  

h o l d e r  system. 

d u c t i v i t y ,  Af, i n c r e a s e s  as t h e  mass f l o w r a t e  i n  t h e  c o r e  

i n c r e a s e s .  

I f  n o n z e r o ,  t h e  e f f e c t i v e  a x i a l  t h e r m a l  con-  

( 3 )  Heat l o s s e s  from t h e  s i d e s  o f  t h e  c o r e  t h r o u g h  t h e  

c o r e h o l d e r  sys tem a re  s t e a d y  and o f  t h e  s imple  c o n v e c t i v e  

t y p e ,  

of c o r e  i s  g i v e n  by: 

That i s ,  l o c a l l y  t h e  h e a t  l o s s  r a t e  p e r  u n i t  l e n g t h  

' I  
Q = 5 P (T - Te>  (3.1) 

' I  
where Q i s  t h e  i n s t a n t a n e o u s  h e a t  l o s s  r a t e  p e r  u n i t  l e n g t h  
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of c o r e ,  and t h e  o t h e r  symbols a re  d e f i n e d  i n  t h e  nomen- 

c l a t u r e  s e c t i o n .  

( 4 )  The t h e r m a l  p r o p e r t i e s  o f  t h e  f l u i d  and r o c k  matrix 

S p e c i f i c a l l y ,  may vary  w i t h  t e m p e r a t u r e  for t h e  wave model. 

t he  h e a t  of t h e  water and rock m a t r i x ,  Cw and Cma r e s p e c t i v e l y ,  

may va ry  w i t h  t e m p e r a t u r e .  

( 5 )  The l i q u i d  i s  incompres s ib l e ,  and t h e  r o c k  m a t r i x  

is incompres s ib l e  and undeformable .  

and rock m a t r i x  have  c o n s t a n t  d e n s i t i e s  which do n o t  depend 

on temperature. This assumpt ion  i m p l i e s  t h a t  t h e  i n s t a n t a n e o u s  

mass f l o w r a t e  a t  any  c r o s s - s e c t i o n  p e r p e n d i c u l a r  t o  f low is 

uniform th roughou t  t h e  c o r e .  This  i n s t a n t a n e o u s  mass f low- 

r a t e  i s  c o n s t a n t  f o r  the p a r a b o l i c  model,  b u t  may vary w i t h  

t ime  for t h e  wave model. 

Fur thermore  , b o t h  l i q u i d  

( 6 )  The f l u i d  flow i s  one- dimensional  and a x i a l .  Thus,  

convec t ion  c e l l s  a re  n o t  s e t  up,  t h e r e  a re  no v i s c o u s  i n -  

s t a b i l i t i e s  , t h e r e  i s  no g r a v i t y  o v e r r i d e  , and macroscopic  

f l u i d  v e l o c i t i e s  a r e  un i fo rm across any c r o s s - s e c t i o n  perpen-  

d i c u l a r  t o  f l u i d  f l o w .  

( 7 )  There  is  l o c a l  t h e r m a l  e q u i l i b r i u m  i n  t h e  core be- 

tween t h e  l i q u i d  and t h e  r o c k  mat r ix ,  and hence sand g r a i n s  

are a lways  a t  t h e  l o c a l  l i q u i d  t e m p e r a t u r e .  

3 . 2  D e r i v a t i o n  of t h e  One-Dimensional Mathemat ical  Models 

Two one- dimens iona l  mathemat ica l  models were deve loped .  

Each model i n c o r p o r a t e s  a s l i g h t l y  d i f f e r e n t  combina t ion  o f  

t h e  assumptions  d i s c u s s e d  i n  s e c t i o n  3 .1 .  The f i r s t  model 

is ca l l ed  t h e  wave model because  it i s  d e s c r i b e d  by a wave 
- 2 2- 



e q u a t i o n .  This model a l l o w s  t h e  mass i n j e c t i o n  ra te  t o  vary  

w i t h  t i m e ,  t h e  thermal p r o p e r t i e s  of r o c k  and l i q u i d  t o  v a r y  

with t e m p e r a t u r e ,  and t h e  h e a t  loss c o e f f i c i e n t  a l o n g  t h e  

c o r e  t o  v a r y  w i t h  d i s t a n c e .  

m a l  c o n d u c t i o n  i n  t h e  c o r e .  

p a r a b o l i c  model because  i t  i s  d e s c r i b e d  by a p a r a b o l i c  e q u a t i o n .  

It  r e q u i r e s  t h e  assumpt ion of  c o n s t a n t  mass i n j e c t i o n  r a t e ,  

t h e r m a l  p r o p e r t i e s ,  and hea t  loss c o e f f i c i e n t .  However, i t  

does  c o n s i d e r  a x i a l  t h e r m a l  c o n d u c t i o n  i n  t h e  c o r e .  

It d o e s  n o t  c o n s i d e r  a x i a l  t h e r -  

The second model i s  ca l l ed  t h e  

3 . 2 . 1  D e r i v a t i o n  o f  t h e  Wave Model: A p p l i c a t i o n  o f  

a n  e n e r g y  b a l a n c e  t o  a c y l i n d r i c a l  e l e m e n t a l  volume of  t h i c k -  

n e s s , d x ,  c r o s s - s e c t i o n a l  area t o  f l u i d  f low,  A 

P ,  i n  c o n j u n c t i o n  w i t h  t h e  a p p r o p r i a t e  assumpt ions  d i s c u s s e d  

i n  s e c t i o n s  3 . 1  and 3.2,  y i e l d s  t h e  e q u a t i o n :  

and p e r i m e t e r ,  
C ’  

The symbols i n  t h i s  e q u a t i o n  a re  d e f i n e d  i n  t h e  nomencla ture  

s e c t i o n ;  however, e 

l i q u i d  on a u n i t  mass b a s i s ,  whereas e 

s p e c i f i c  energy  o f  t h e  water- rock m a t r i x  composi te  on a u n i t  

volume b a s i s .  

r e p r e s e n t s  t h e  s p e c i f i c  energy  of t h e  
W 

r e p r e s e n t s  t h e  111 
f 

This  p r o p e r t y  i s  g i v e n  by t h e  e x p r e s s i o n :  

= [@CWPW + (1-4) c m a  p m a  (T-Tb 1 I ( 3 . 3 )  
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= Mf (T-Tb) ( 3 . 4 )  

where Mf i s  t h e  s p e c i f i c  h e a t  of t h e  fo rma t ion  ( l i q u i d - r o c k  

mat r ix  compos i t e )  on a u n i t  volume basis. These e x p r e s s i o n s  

for ef 111 do  n o t  r e q u i r e  t h a t  t h e  v a r i o u s  s p e c i f i c  h e a t s ,  

and Mf be c o n s t a n t  w i th  t empera tu re .  ‘w, m a s  C 

Eq.  3 . 1  i s  a f i r s t  order nonhomogeneous wave -equa t ion  

of t h e  form: 

I II 

(T-T ) a e W  aef  - 
clT+--E - - c 2  e 

( 3 . 5 )  

where h 
c1 = w / A c ,  

C 2  RP/Ac 
(3.6) 

F o r  t h e  wave model ew and ef ill may be f u n c t i o n s  of  

t empera tu re ,  w may be a f u n c t i o n  of t i m e ,  and ( f iP> may be a 

func t ion  of d i s t a n c e  along t h e  core. 

3 . 2 . 2  D e r i v a t i o n  o f  the P a r a b o l i c  Model: I n  c o n j u n c t i o n  

w i t h  the a p p r o p r i a t e  assumpt ions  d i s c u s s e d  i n  s e c t i o n s  3 1 

and 3 . 2 ,  the a p p l i c a t i o n  of  an  energy ba l ance  t o  t h e  same 

e l emen ta l  volume used  i n  s e c t i o n  3 . 2 . 1  y i e l d s :  

( 3 . 7 )  Xf a2.i + (- TiP (T-Te) + - 2T = 0 
A ~ M ~ )  ax Mf x AcMf a t  

- (-1 wcw aT (- 

where t h e  symbols are d e f i n e d  i n  t h e  nomencla ture  s e c t i o n .  

Th i s  i s  a nonhomogeneous, l i n e a r ,  second- order  p a r a b o l i c  equa- 

t i o n  of t h e  form: - 2 4 -  



where : 

( 3 . 8 )  

(3.9) 

For  t h i s  model,  a l l  of  t h e  symbols i n  t h e  d e f i n i t i o n s  o f  

a ,  B, and y must b e  c o n s t a n t s .  

3 .3  A n a l y t i c  S o l u t i o n s  t o  t h e  One-Dimensional Mathemat ica l  

Models 

The f o l l o w i n g  descr ibes  t h e  d e r i v a t i o n  of  a n a l y t i c  s o l u-  

t i o n s  t o  t h e  wave and p a r a b o l i c  models.  

is so lved  u s i n g  t h e  method o f  c h a r a c t e r i s t i c s .  T h i s  s o l u t i o n  

i s  v a l i d  f o r  i n j e c t i o n  t e m p e r a t u r e  and mass f l o w r a t e  v a r i a b l e  

w i t h  t i m e  t h e r m 1  p r o p e r t i e s  v a r i a b l e  w i t h  t e m p e r a t u r e ,  and 

h e a t  loss c o e f f i c i e n t  v a r i a b l e  w i t h  d i s t a n c e  a l o n g  t h e  c o r e .  

The p a r a b o l i c  e q u a t i o n  i s  so lved  u s i n g  t h e  Laplace t r a n s f o r m a-  

t i o n  t e c h n i q u e .  

t e m p e r a t u r e  mass f lowra te  t h e r m a l  p r o p e r t i e s ,  and h e a t  loss 

c o e f f i c i e n t .  

The wave e q u a t i o n  

T h i s  s o l u t i o n  r e q u i r e s  c o n s t a n t  i n j e c t i o n  

3 . 3 . 1  I n i t i a l  and Boundary C o n d i t i o n s  : The same i n i t i a l  

and boundary c o n d i t i o n s  may be used for b o t h  models.  These  

are for T ( x , t )  i n  t h e  domain x>Oy and t > O .  They are:  - - 

- 2  5-  



T ( x , O )  = T e ,  'x>O; - 

T ( 0 , t )  = Ti ( t ) ,  t > O ;  and ( 3 . 1 0 )  

Even though t h e  c o r e  h a s  a f i n i t e  l e n g t h ,  e x p r e s s i n g  t h e  

r igh t- hand  boundary c o n d i t i o n  f o r  x- i s  r e a s o n a b l e ,  and 

c o n s i s t e n t  w i th  e x p e r i m e n t a l  r e s u l t s .  

s a y i n g  t h a t  t h e r e  are no i m p o r t a n t  end e f f ec t s  a t  t h e  r i g h t -  

hand end of t h e  c o r e .  

This  i s  t h e  same as 

3 . 3 . 2  S o l u t i o n  t o  t h e  Wave Equa t ion  Using t h e  Method 

of C h a r a c t e r i s t i c s :  

E q .  3 . 5  wi th  d e f i n i t i o n s  ( 3 . 6 ) .  and ew are  

s ing l e- va lued  f u n c t i o n s  of t e m p e r a t u r e ,  T ,  one can  w r i t e :  

The wave e q u a t i o n  model i s  d e s c r i b e d  by  

Because ef "' 

S u b s t i t u t i n g  t h i s  

dew (c, - 
def 

111 

(3.11) 

i n t o  t h e  wave e q u a t i o n  ( 3 . 5 )  , w e  o b t a i n :  

( 3 . 1 2 )  

where dew/defll' 

Because t h e  t e m p e r a t u r e  i n  t h e  sys tem i s  a f u n c t i o n  o f  t h e  

two independent v a r i a b l e s  d i s t a n c e  and t i m e ,  T (x . , t ) ,  t h e  t o t a l  

d i f f e r e n t i a l  o f  ef 'I' 

s a s i n g l e- v a l u e d  f u n c t i o n  of t e m p e r a t u r e .  

m y  b e  w r i t t e n :  

-26 -  



( 3 . 1 3 )  

D i v i d i n g  by d t  , and r e a r r a n g i n g  , g i v e s :  

I l l  

(3.14) def 
111 

) = -  
dt 

a e €  a e fl'l 
1 .t (- dx - (- dt ax t a t  X 

Comparing E q s .  3 . 5  and 3 . 1 4 ,  i t  can  b e  s e e n  t h a t  t h e  charac-  

t e r i s t i c  l i n e  i n  t h e  x- t  p l a n e  i s  g iven  b y :  

dx - dew 
c1 - 

def 

- -  
dt Ill 

( 3 . 1 5 )  

and t h a t  t h e  f o r m a t i o n  v o l u m e t r i c  s p e c i f i c  e n e r g y ,  e f  I l l  , of 

a f i c t i t i o u s  p a r t i c l e  f o l l o w i n g  t h i s  c h a r a c t e r i s t i c  must 

s a t i s f y  : 

Il l  
- def - - - C* (T-T,) d t  ( 3 . 1 6 )  

Thus, a f i c t i t i o u s  p a r t i c l e  i n j e c t e d  i n t o  t h e  c o r e  a t  x=O 

with t e m p e r a t u r e  Ti  w i l l  decay i n  t e m p e r a t u r e  a c c o r d i n g  t o  

E q .  3 . 1 6  and w i l l  move w i t h  a v e l o c i t y  g i v e n  by E q .  3 . 1 5 .  

This  v e l o c i t y  w i l l ,  i n  g e n e r a l ,  be less  t h a n  t h e  macroscopic 

f l u i d  v e l o c i t y .  

The fac t  t h a t  e f  "I i s  a s i n g l e- v a l u e d  f u n c t i o n  of t e m -  

p e r a t u r e  can b e  used t o  c o n v e r t  E q .  3 .16  i n t o  a more conven ien t  

form : 

- 2 7 -  



111 111 

- de f dT dT * - = y  - -  def - 
d t  dT d t  f d t  ( 3 . 1 7 )  

Thus,  E q .  3 . 1 6  becomes: 

( 3 . 1 8 )  

where t h e  fo rma t ion  v o l u m e t r i c  s p e c i f i c  h e a t ,  M f ,  may be a 

f u n c t i o n  o f  t e m p e r a t u r e  f o r  t h i s  model.  

For c o n s t a n t  t h e r m a l  p r o p e r t i e s  and c o n s t a n t  i n j e c t i o n  

t e m p e r a t u r e ,  t h e  c h a r a c t e r i s t i c s  s o l u t i o n  s i m p l i f i e s  t o :  

o r :  

where : 

and 

by: 

t h e  

T-T 
I e \  Ti-T,  I = exp (-- l ip . X I  H (-et-- FiP lip 0x1 

wcw AcMf wcW 

TD = exp (-x,,> H (tDW - XDW) 

H 

dimens i o n  less  v a r i a b l e s  TDW, xDW; and t D W  a r e  

(3.19) 

( 3 . 2 0 )  

(3.21) 

d e f i n e d  

- 2  8- 



Arihara ( 1 9 7 4 ,  p .  6 0 )  developed a s o l u t i o n  t o  this 

l e m  with c o n s t a n t  t he rma l  p r o p e r t i e s  and i n j e c t i o n  

t h e  Laplace transform t e c h n i q u e .  While his method 

same prob- 

rate u s i n g  

was for 

t h e  case of i n j e c t i o n  t e m p e r a t u r e  v a r y i n g  as a function of  

t ime,  it simplifies t o  E q s .  3 . 2 0  t o  3 . 2 2  if i n j e c t i o n  tempera- 

t u r e  i s  c o n s t a n t .  

3.3.3  Solution t o  the P a r a b o l i c  Nodel Us ing  the Laplace - 
T r a n s f o r m  Method: The marhemat ica l  problem 

x>o, t > O ;  

is : 

0 ,  

The s o l u t i o n  c o n s i d e r s  Ti c o n s t a n t .  S o l u t i o n s  f o r  T , ,  a 

f u n c t i o n  of t i m e ,  can  be 

p o s i t i o n  of t h e  c o n s t a n t  

integral. 

I t  i s  convenient 

form by  d e f i n i n g :  

to 

o b t a i n e d  by  e i t h e r  

T, s o l u t i o n ,  o r  by 
I 

recas t  t h e  problem 

( 3 . 8 )  

(3.10) 

I 

e x p l i c i t  supe r-  

u s i n g  Duhamel ' s  

i n t o  n ond imen s i o n  a 1 
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E q .  3.8 becomes: 

XDp>o,  tDp>o 
a 2TD a TD + cPTD + - z 

aTd 

atDP 

and t h e  conditions, Eq.  3 ; 8 ,  become: 

g i m  - =  a TD 0 ,  tDp>O; and 
'DP- aXDP 

( 3 . 2 3 )  

( 3 . 2 4 )  

( 3 . 2 5 )  

The solution t o  t h i s  problem is c h a r a c t e r i z e d  by the s i n g l e  

cp 
Taking t h e  Laplace transform of  E q s .  3 . 2 4 ,  3 .25  g i v e s :  

-30-  
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a i m  aTD = 0 
XDP*co 

where t h e  Laplace  t r a n s f o r m  of T L{TD) i s  g iven  by TD. - D ’  
3 . 2 6 ,  3 . 2 7  i s  g iven  by: T h e  solution t o  E q s .  

( 3 . 2 7 )  

A 1  where c = q + c p .  

This can be i n v e r t e d  as f o l l o w s :  

X - 
e r fc  ( 2 = exp (T -<t) - 

DP x 

XD P 

+ e  

2%? 

( 3 . 2 9 )  

( 3 . 3 0 )  

( 3 . 3 1 )  
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The Laplace  t r a n s f o r m  i n v e r s i o n  i n  Eq.  3 . 3 0  i s  g iven  as 

N o .  8 8  by R o b e r t s  and Kaufmann ( 1 9 6 6 ,  p.  2 4 4 ) .  

E q .  

Ramey ( 1 9 6 6 ) .  

The s o l u t i o n ,  

3 . 3 2 ,  ha s  been p r e v i o u s l y  p r e s e n t e d  by Penber thy and 

3.4 Behavior of  t h e  One-Dimensional A n a l y t i c  S o l u t i o n s  for 

Constant  I n j  e c t i o n  Temperature  

The f o l l o w i n g  d i s c u s s e s  t h e  b e h a v i o r  o f  t h e  c o n s t a n t  

i n j e c t i o n  t e m p e r a t u r e  a n a l y t i c  s o l u t i o n s  t o  t h e  wave and 

p a r a b o l i c  models. 

i n  s e c t i o n  3 . 4 . 1 ,  w h i l e  t h e  p a r a b o l i c  e q u a t i o n  i s  d i s c u s s e d  

i n  s e c t i o n  3 . 4 . 2 .  

The wave e q u a t i o n  s o l u t i o n  i s  d i s c u s s e d  

3 . 4 . 1  Wave € q u a t i o n :  The s o l u t i o n  c o n s i s t s  of fo l low-  

i n g  t h e  t empera tu re  decay  of  a f i c t i t i o u s  p a r t i c l e  as it moves 

a l o n g  t h e  c h a r a c t e r i s t i c :  

d x  dew 

def 
c1 - 111 

- -  
d t  

(3.15) 

T h i s  i s  d i r e c t l y  ana logous  t o  s o l u t i o n s  t h a t  appear  i n  b o t h  

t h e  f r o n t a l  advance t h e o r y  o f  Buckley and L e v e r e t t  

i n  t h e  t h e o r y  o f  ch roma tog raph ic  t r a n s p o r t  (Acr ivos ,  1 9 5 6 ) .  

Such s o l u t i o n s  d e s c r i b e  t h e  r a t e  of  advance,  d x / d t ,  o f  an 

e n t i t y  (which may be p u r e l y  ma thema t i ca l )  i n  terms of a d i f -  

f e r e n t i a l  o f  t h e  f l o w i n g  c o n c e n t r a t i o n  w i t h  r e s p e c t  t o  t h e  

(1942) and 

b u l k  c o n c e n t r a t i o n  o f  some q u a n t i t y  r e l a t e d  t o  t h e  e n t i t y .  

t h e  case of s i n g l e- p h a s e  n o n i s o t h e r m a l  f l ow  i n  porous  media ,  

I n  
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this i s  t h e  d i f f e r e n t i a l  of flowing energy c o n c e n t r a t i o n ,  

with respect t o  bulk energy c o n c e n t r a t i o n  on a u n i t  ew * 
volume basis ef”’ In Buckley-Leverett f r o n t a l  advance  

t h e o r y ,  it is t h e  d i f f e r e n t i a l  o f  f lowing f l u i d  c o n c e n t r a t i o n  

wi th  r e spec t  t o  b u l k  f l u i d  concentration. 

The b e h a v i o r  of  such  s o l u t i o n s  depends o n  t h e  n a t u r e  of 

t h e  r e l a t i o n s h i p  between t h e  f lowing  and b u l k  c o n c e n t r a t i o n .  

I f  a graph of  f l o w i n g  v e r s u s  b u l k  c o n c e n t r a t i o n  is concave 

down ( c u r v e  A in F i g .  3 . 2 . a ) ,  t h e n  a n  i n i t i a l  s t e p  f u n c t i o n  

increase in i n j e c t i o n  t e m p e r a t u r e  ( s h o c k )  will t e n d  t o  dis- 

perse because  lower t e m p e r a t u r e s  will advance more r a p i d l y .  

Th i s  is shown s c h e m a t i c a l l y  i n  F i g .  3 . 2 . b  f o r  t h e  case of  

no h e a t  losses. I f  t h e  r e l a t i o n s h i p  in F i g .  3 . 2 . a  i s  a 

s t r a i g h t  l i n e  ( c u r v e  B), t h e n  a11 t e m p e r a t u r e s  a c r o s s  the 

i n i t i a l  shock will advance  with the same v e l o c i t y  and the 

shock w i l l  r ema in  (see F i g .  3 . 2 . ~ ) .  If f lowing  v e r s u s  bulk 

c o n c e n t r a t i o n  is concave up ( c u r v e  C in Fig. 3 . 2 . a ) ,  t h e n  

in t h e  absence o f  d i s s i p a t i v e  phenomena the i n i t i a l  shock 

w i l l  a lso t e n d  t o  r ema in  ( F i g .  3 . 2 . C ) .  T h i s  shock will move 

a t  a v e l o c i t y  which is d i r e c t l y  p r o p o r t i o n a l  t o  t h e  s l o p e  

of curve  B i n  F i g .  3 , Z . a .  This i s  d i r ’ e c t l y  analogous t o  t h e  

formation of  a s h a r p  s a t u r a t i o n  f r o n t  i n  t h e  f r o n t a l  advance 

theory of Buckley and L e v e r e t t ,  which i n  t u r n  is c l o s e l y  r e -  

l a t e d  m a t h e m a t i c a l l y  t o  the formation o f  shocks  i n  high speed 

compress ib le  f l u i d  flow d e s c r i b e d  b y  h y p e r b o l i c  e q u a t i o n s  

(Fayers, 1 9 6 2 ;  C o u r a n t  and F r i e d r i e c h s ,  1 9 4 8 ,  Ch. 11). 
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-Tern p e r a t u re cor - 
responding to the 
i n ject  ion t em per- 
oture in(b) and(c) 

.Temperature cor - 
responding t o  the 
init ial  temperature 
in (b) and ( c )  

0 BULK CONCENTRATON 

0. Relationship between flowing and bulk 
concentration. 

L 

b. Temperature v s ’  Distance for curve A 
DISTANCE ALONG CORE 

t ,  t2 

L 
I 

0 DISTANCE ALONG C O R E  

c .  Temperature vs Distance for curve 8 and 
C in (A)  above 

3 . 2 .  Tempera tu re s  Computed from t h e  Wave Equa t ion  
Yathematical “foodel ( S t e p  Func t i on  I n c r e a s e  i n  
Tempera tu re  and No Heat Losses)  
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T h e  c o m p u t a t i o n a l  p rocedure  used t o  e v a l u a t e  t h e  charac-  

t e r i s t i c s  s o l u t i o n  i s  d e s c r i b e d  i n  Appendix B .  

c a n  c o n s i d e r  t h e r m a l  p r o p e r t i e s  v a r i a b l e  w i t h  t e m p e r a t u r e ,  

mass i n j e c t i o n  r a t e  v a r i a b l e  w i t h  t i m e ,  and h e a t  loss coef-  

f i c i e n t  v a r i a b l e  w i t h  d i s t a n c e  a l o n g  t h e  c o r e .  

t i o n  of  thermal  shocks  was n o t  a problem, and hence no t  i n -  

c o r p o r a t e d  i n t o  t h e  c a l c u l a t i o n a l  p r o c e d u r e .  

T h i s  p rocedure  

The forma- 

C a l c u l a t i o n s  of  t h e  r e l a t i o n s h i p  between t h e  f lowing  

energy  c o n c e n t r a t i o n  ( t h a t  o f  water )  and b u l k  energy concen- 

t r a t i o n  ( t h a t  of t h e  wa te r- mat r ix  cont inuum) i n d i c a t e  t h a t  

it i s  a p p r o x i m a t e l y  l i n e a r .  Th i s  can  b e  s e e n  from F i g .  A . 2  

i n  Appendix A ,  which shows o n l y  a s low v a r i a t i o n  of dew/def  111 

w i t h  t e m p e r a t u r e  for v a r i o u s  p o r o s i t i e s .  

p e r a t u r e  b e h a v i o r  of v a r i a b l e  t h e r m a l  p r o p e r t y  cases f o r  2 2 %  

p o r o s i t y  o v e r  a t e m p e r a t u r e  r a n g e  from 7 0  t o  150°F d i f f e r e d  

n e g l i g i b l y  from t h o s e  c a l c u l a t e d  u s i n g  a v e r a g e  ( c o n s t a n t )  

thermal  p r o p e r t i e s .  I t  w a s  concluded t h a t  t h e  e f f e c t  o f  

v a r i a b l e  t he rma l  p r o p e r t i e s  was n e g l i g i b l e ,  and t h e  use of  

c o n s t a n t  t h e r m a l  p r o p e r t i e s  w a s  s a t i s f a c t o r y  for t h e  p h y s i c a l  

c o n d i t i o n s  of  i n t e r e s t .  T h i s  c o n c l u s i o n  i s  v a l i d  for b o t h  

t h e  c o n s t a n t  and v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  cases,  b u t  

The computed t e m -  

may r e q u i r e  m o d i f i c a t i o n  f o r  lower p o r o s i t i e s  and h i g h e r  

t e m p e r a t u r e  r a n g e s .  

Temperature  c a l c u l a t i o n s  u s i n g  t h e  v a r i a t i o n  of  mass 

i n j e c t i o n  r a t e  r e p o r t e d  by A r i h a r a  were a l s o  made and compared 

t o  t h o s e  o b t a i n e d  u s i n g  a c o n s t a n t  ( a v e r a g e )  f l o w r a t e .  The 

d i f f e r e n c e s  i n  c a l c u l a t e d  t e m p e r a t u r e  were i n s i g n i f i c a n t  
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r e l a t i v e  t o  e x p e r i m e n t a l  e r rors  i n h e r e n t  i n  such e x p e r i m e n t s ,  

It w a s  concluded t h a t  for t h e  expe r imen ta l  c o n d i t i o n s  of  

i n t e r e s t ,  an  a v e r a g e  mass i n j e c t i o n  r a t e  cou ld  be  assumed for 

t h e  mathemat ica l  models. T h i s  c o n c l u s i o n  i s  no t  s u r p r i s i n g ,  

because  t h e  mass i n j e c t i o n  ra tes  i n  t h e  exper iments  o f  A r i -  

h a r a  d i d  n o t  v a r y  g r e a t l y  from an  average  va lue .  

The c o n c l u s i o n  of  t h e  adequacy o f  assuming bo th  c o n s t a n t  

t he rma l  p r o p e r t i e s  and c o n s t a n t  mass i n j e c t i o n  r a t e  s i m p l i -  

f i e s  t h e  a n a l y t i c  s o l u t i o n  c o n s i d e r a b l y .  The c h a r a c t e r i s t i c s  

i n  t h e  x- t  p l a n e  become p a r a l l e l  s t r a i g h t  l i n e s ,  and t h e  

decay of t e m p e r a t u r e  above e x t e r n a l  t e m p e r a t u r e  becomes ex- 

p o n e n t i a l  w i t h  b o t h  d i s t a n c e  and t ime  a l o n g  t h e s e  c h a r a c t e r -  

i s t i c s .  

T D ( O , t )  = 1, t h e  s o l u t i o n  h a s  a l r e a d y  been p r e s e n t e d  ( E q .  

3 . 2 0 )  as: 

For t h e  case o f  c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e  ¶ 

TD H ( 3 . 2 0 )  

This  beha.ves s i m p l y  as a s h a r p  f r o n t  which m v e s  down t h e  

c o r e ,  r ema in ing  i n  an unchanging e x p o n e n t i a l  decay beh ind  t h e  

front ( s e e  F i g .  3 . 3 ) .  The r a t e  of d e c l i n e  of t e m p e r a t u r e  w i t h  

d i s t a n c e  depends  on t h e  f a c t o r  ( f i P > / ( w C w ) .  Thus, e i t h e r  a 

h igh  (EP), or a low (wew) can c a u s e  TD t o  f a l l  t o  e s s e n t i a l l y  

zero by t h e  end of t h e  c o r e .  P h y s i c a l l y  , t h i s  o c c u r s  i f  a l l  

o f  t h e  i n j e c t e d  h e a t  is l o s t  t o  t h e  environment b e f o r e  it can  

r e a c h  t h e  o u t l e t  end of  the c o r e .  
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It  can be seen from an examina t ion  of F i g .  3.3 t h a t  

t h e  h e a t i n g  e f f i c i e n c y  o f  a process d e s c r i b e d  by E q .  3.20 

depends i n i t i a l l y  o n l y  on  t h e  d imens ion l e s s  t i m e ,  tDW, and 

a t  l o n g e r  t i m e s  on t h e  d i m e n s i o n l e s s  l e n g t h  o f  t h e  s y s t e m .  

Hea t ing  e f f i c i e n c y  i s  d e f i n e d  a s :  

Heat  Remaining i n  t h e  Core 
Net Heat I n j e c t e d  i n t o  t h e  Core  - 

Eh (3.33) 

The s o l u t i o n  ( E q .  3 . 2 0 )  s u g g e s t s  t h a t  i f  s t e a d y  s t a t e  

t empera tu re  profiles for exper iments  such as t h o s e  of A r i -  

h a r a  a r e  graphed a s  l o g l o (  IT-T [ 

t h e n  t h e y  might be  e x p e c t e d  t o  form s t r a i g h t  l i n e s  w i t h  a 

n e g a t i v e  s l o p e  of  (EP)/(2.303 w C w ) .  

o b t a i n  e x p e r i m e n t a l l y  de t e rmined  v a l u e s  o f  5 i f  w and C w  a r e  

known. I f  such  a graph  does  n o t  produce a s t r a i g h t  l i n e ,  

t h e n  it can  b e  conc luded  t h a t  t h e  assumptions  of  t h e  wave 

e q u a t i o n  model a r e  b e i n g  v i o l a t e d ,  and t h e  s o u r c e  o f  this 

v i o l a t i o n  would have  t o  b e  found.  

t h e o r e t i c a l  s t e a d y  s t a t e  c o n c l u s i o n s  wi th  e x p e r i m e n t a l  re- 

s u l t s  of A r i h a r a  i s  made i n  s e c t i o n  3 . 6 . 1 .  

v e r s u s  d i s t a n c e ,  f e e t ,  e 

This  c a n  be  used t o  

A comparison o f  t h e s e  

On t h e  b a s i s  of  t h e  above a n a l y s i s ,  t h e  f o l l o w i n g  ex-  

periment would b e  of  p o s s i b l e  i n t e r e s t :  measurement o f  s t e a d y  

s t a t e  t e m p e r a t u r e  p r o f i l e s  a t  v a r i o u s  mass i n j e c t i o n  r a t e s ,  

wh i l e  m a i n t a i n i n g  c o n s t a n t  heat loss c h a r a c t e r i s t i c s  e x t e r n a l  

t o  t h e  c o r e .  I n  t h i s  case one would o b t a i n  a s e r i e s  of v a l u e s  

for 5 v e r s u s  w. 

i n  t h e  f o l l o w i n g  manner: 

It c a n  b e  hypo thes i zed  t h a t  5 depends  on w 
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( 3 . 3 4 )  

( 3 . 3 5 )  

where: 

= i n t e r n a l  t h e r m a l  r e s i s t a n c e  i n  t h e  c o r e h o l d e r  

(see sec- 

' int  

sys tem due t o  conduc t ion  th rough  it 

t i o n  4 . 1 ,  E q .  4 . 1 )  

hf  = f i l m  c o e f f i c i e n t  between t h e  c o r e  and c o r e-  

h o l d e r  sys tem,  depending on w v i a  t h e  r e l a t i o n  

hf  = a ( w " I m  (Cr ichlow,  1 9 7 2 ;  Colburn ,  1931) 

w" = w / A c ,  mass f l o w r a t e  through t h e  c o r e  p e r  u n i t  

b u l k  c r o s s - s e c t i o n a l  area t o  flow (mass v e l o c i t y ) ,  

lb/ ( min- f t  2 1 

ro = o u t s i d e  r a d i u s  o f  t h e  c o r e  

r = o u t s i d e  r a d i u s  o f  t h e  s t e e l  s h e l l  s o  

h = f i l m  c o e f f i c i e n t  between t h e  o u t s i d e  o f  t h e  e 
s t e e l  s h e l l  and t h e  e x t e r n a l  envi ronment .  

I f  t h e  r e l a t i o n s h i p  between hf  and w" can  indeed be  r e p r e -  

s e n t e d  by t h e  i n d i c a t e d  e x p r e s s i o n ,  t h e n  t h e  p a r a m e t e r s  a and 

m can  i n  p r i n c i p l e  b e  o b t a i n e d  by graphing t h e  l o g  of 

ro/(r h 1 - 
have a s l o p e  o f  (-m> and an i n t e r c e p t  o f  ( l / a >  a t  w " = l .  

l/ii - 
Such a graph would v e r s u s  t h e  l o g  of w". ' in t  so  e 

Because it i s  d i f f i c u l t  t o  measure he independen t  o f  E ,  

i t s  va lue  must b e  e s t i m a t e d  u s i n g  a v a i l a b l e  c o r r e l a t i o n s .  

-39 -  



Since an i n a c c u r a c y  i n  t h e  v a l u e  of he may d e s t r o y  the 

accuracy  o f  t h e  e v a l u a t e d  parameters  a and m ,  t h e  s e n s i t i v i t y  

of t h i s  method to t h e  v a l u e  of he w a s  e v a l u a t e d  for p h y s i c a l  

and e x p e r i m e n t a l  p a r a m e t e r s  such as t h o s e  r e p o r t e d  by A r i h a r a  

and Crichlow.  

s e n t e d  i n  Appendix C .  

a c c u r a t e  v a l u e  of  h e  i s  needed t o  produce t h e  d e s i r e d  s t r a i g h t  

l i n e  on  log-log p a p e r .  

ob t a ined  by g r a p h i n g  t h e  d a t a  f o r  v a r i o u s  v a l u e s  of he  and 

s e l e c t i n g  t h e  s t r a i g h t  l i n e  as l y i n g  between t h e  concave up 

and concave down p a r a m e t r i c  c u r v e s .  

s i r e d  s t r a i g h t  l i n e  becomes more s e n s i t i v e  t o  t h e  e s t i m a t e d  

value  of he when h >h 

The r e s u l t s  of t h e s e  c a l c u l a t i o n s  are  p r e -  

These c a l c u l a t i o n s  sugges t  t h a t  a n  

Th i s  v a l u e  o f  he  can, however, be 

Fur thermore  , t h e  de- 

f e '  

3 . 4 . 2  P a r a b o l i c  Equa t ion :  The p a r a b o l i c  s o l u t i o n ,  E q .  

3 . 3 2 ,  h a s  been  p r e v i o u s l y  d i s c u s s e d  by Penber thy  and Ramey 

(19661, b u t  was a p p l i e d  t o  a d i f f e r e n t  p h y s i c a l  sys tem.  The 

parameter  c t e n d s  t o  be much l e s s  t h a n  1 . 0  (on t h e  o r d e r  o f  

0 . 0 5 )  for p h y s i c a l  sy s t ems  of  i n t e r e s t .  Penber thy  and Ramey 

p r e s e n t e d  g r a p h s  of t h i s  s o l u t i o n  i n  terms o f  nondimensional  

v a r i a b l e s .  T h e i r  r e s u l t s  were p r e s e n t e d  f o r  d i m e n s i o n l e s s  

l e n g t h s  of o n l y  up t o  7 . 0 ,  w h i l e  t h e  d imens ion l e s s  l e n g t h s  

of i n t e r e s t  f o r  t h e  e x p e r i m e n t a l  r e s u l t s  of Arihara r a n g e  

t o  as much as 1 6 0 .  

P 

F i g .  3 . 4  p r e s e n t s  c a l c u l a t e d  t e m p e r a t u r e  b e h a v i o r  f o r  

a h y p o t h e t i c a l  c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e  exper iment  

w i t h  physical p a r a m e t e r s  comparable t o  t h o s e  of  Arihara 

(exper iment  H W I - B - 1 ) .  R e s u l t s  a r e  p r e s e n t e d  for 1 5 ,  4 5 ,  and 

- 4 0-  
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1 8 0  m i n u t e s ,  and for e f f e c t i v e  a x i a l  t h e r m a l  c o n d u c t i v i t i e s  

o f  5 ,  10, and 1 5  BTlJ/(hr-ft-'F). 

e q u a t i o n  ( z e r o  a x i a l  t h e r m a l  c o n d u c t i v i t y )  u s i n g  t h e  same 

overall heat  loss c o e f f i c i e n t  o f  1 . 5  BTU/(hr-ft*-OF) i s  a l s o  

p r e s e n t e d .  I t  can  be  s e e n  t h a t  t h e  e f f e c t  of  a x i a l  t h e r m a l  

c o n d u c t i v i t y  i s  t o  e l i m i n a t e  d i s c o n t i n u o u s  t e m p e r a t u r e  p r o-  

f i l e s ,  and t h a t  h i g h e r  a x i a l  t he rma l  c o n d u c t i v i t i e s  cause  

smoother t e m p e r a t u r e  p r o f i l e s .  

t o  t h e  e f f e c t  that c a p i l l a r y  p r e s s u r e  has i n  e l i m i n a t i n g  

shock d i s c o n t i n u i t i e s  i n  Suckley- Levere t t  f r o n t a l  advance 

t h e o r y .  

The b e h a v i o r  of  t h e  wave 

T h i s  i s  d i r e c t l y  ana logous  

Many c a l c u l a t i o n s  were made for t e m p e r a t u r e  p r o f i l e s  for 

expe r imen ta l  c o n d i t i o n s  comparable t o  t h o s e  of A r i h a r a .  

s u l t s  i n d i c a t e  t h a t  an  e f f e c t i v e  axial the rm1 c o n d u c t i v i t y  

s i g n i f i c a n t l y  r e d u c e s  t h e  tendency t o  form s h a r p  t e m p e r a t u r e  

f r o n t s .  F i g .  3 . 5  p r e s e n t s  r e s u l t s  o f  such c a l c u l a t i o n s  for 

c o n d i t i o n s  d i f f e r e n t  from those i n  F i g .  3 . 4 .  T h i s  observed  

e f f e c t  o f  Af i s  i m p o r t a n t  even a t  h i g h e r  mass i n j e c t i o n  r a t e s ,  

because  Xf i n c r e a s e s  w i t h  mass i n j e c t i o n  r a t e  (Ad iva rahan ,  

,et a l . ,  1 9 6 2 ) .  F o r  example ,  whi le  a v a l u e  o f  1 . 0  BTU/(hr-ft-'F) 

wculd l e a d  t o  a s h a r p e r  t empera tu re  p r o f i l e  i n  F i g .  

a va lue  i s  u n r e a l i s t i c a l l y  low. 

Re- 

3 . 4 ,  such 

Based on t h e  r e s u l t s  o f  Adi- 

va rahan ,  e t  al., and a mss f l o w r a t e  of about  80  l b / ( h r - f t  2 

(which i s  1 . 3 3  l b / ( r n i n - f t  2 I > ,  one would expect a h f  o f  between 

8 and 20  for an exper iment  such as t h a t  shown i n  F i g .  

and  between 1 and 7 f o r  t h e  exper iment  i n  F i g .  3 . 5 .  

3 . 4 ,  

- 4 2 -  
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This  r a n g e  of  v a l u e s  of  axia l  t h e r m a l  c o n d u c t i v i t y  c a n  l e a d  

t o  measurably d i f f e r e n t  t e m p e r a t u r e  p r o f i l e s  a t  e a r l y  t imes  

d u r i n g  c o n s t a n t  t e m p e r a t u r e  f l u i d  i n j e c t i o n .  T h i s  s u g g e s t s  

t h e  p o s s i b i l i t y  o f  a t t e m p t i n g  t o  d e s i g n  a n  exper iment  which 

could  u s e  t h i s  d i f f e r e n c e  t o  de te rmine  v a l u e s  of Xf. 

p o s s i b i l i t y  w a s  n o t  pursued  f u r t h e r  i n  t h i s  work, b e c a u s e  

t h e  p a r a b o l i c  ma thema t i ca l  model upon which it i s  based  w a s  

n o t  found t o  b e  v a l i d  f o r  t h e  e x p e r i m e n t a l  c o n f i g u r a t i o n  of 

T h i s  

i n t e r  e s t  . 
The s t e a d y  s t a t e  form of t h e  p a r a b o l i c  s o l u t i o n  i s :  

( 3 . 3 6 )  

For c p < l ,  t h i s  c a n  be  approximated by:  

( 3 . 3 7 )  

( 3 . 3 8 )  

This i s  t h e  same as t h e  s t e a d y  s t a t e  wave e q u a t i o n  s o l u t i o n ,  

E q .  3 . 2 0 ,  e x c e p t  f o r  t h e  lower  o r d e r  modifying t e r m s  as powers 

of  cp. 

t i o n  on e x p e r i m e n t a l  d a t a  a f f e c t e d  by a x i a l  h e a t  c o n d u c t i o n  

Thus, u s e  of t h e  s t e a d y  s t a t e  form of t h e  wave equa-  

a c t u a l l y  p roduces  a v a l u e  of 5 ( l - cp )  ( P / w C w )  i n s t e a d  of  

h (P/wCw). 
more a c c u r a t e  es t imate  of  c a n  be  o b t a i n e d .  However, t h e  

If (P/wCw) i s  known, and cp c a n  b e  e s t i m a t e d ,  a 
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correction f o r  a x i a l  t h e r m a l  conduc t ion  e f f e c t s  w i l l  t e n d  t o  

b e  s m a l l  when c p < c l .  

remainder  of  t h i s  r e p o r t .  

These e f fec t s  were n e g l e c t e d  i n  t h e  

Examination of F i g s .  3 . 4  and 3 . 5  i n d i c a t e s  t h a t  h e a t i n g  

p r o c e s s e s  d e s c r i b e d  by t h e  p a r a b o l i c  model depend on t h e  

parameter  cp a s  well as on t i m e .  

f a c t  that the area u n d e r  t h e  t e m p e r a t u r e  p r o f i l e s  f o r  a 

s p e c i f i e d  t i m e  depend on t h e  a x i a l  thermal  c o n d u c t i v i t y ,  xf. 
Thus, for f i x e d  o t h e r  p h y s i c a l  pa ramete r s ,  t h e  h e a t i n g  e f f i -  

c i e n c y ,  Eh, depends  on t h e  v a l u e  o f  a x i a l  t h e r m a l  c o n d u c t i v i t y  

i n  t h e  c o r e ,  as w e l l  as  on t i m e .  This  r e s u l t  i s  i n  c o n t r a s t  

w i t h  t h e  c o n c l u s i o n  of P r a t s  (1969) t h a t  h e a t i n g  e f f i c i e n c i e s  

a r e  independent  o f  t h e r m a l  c o n d u c t i v i t y  i n  t h e  d i r e c t i o n  of  

f l u i d  f low i f  t h e  Lauwerier  assumpt ion i s  made. It shou ld  be  

noted  t h a t  t h e  c h a r a c t e r  o f  h e a t  l o s s e s  from t h e  two sys tems  

( t h e  parabolic model p r e s e n t e d  here and t h e  more g e n e r a l  model 

of P r a t s )  i s  d i f f e r e n t .  I n  P r a t s '  model, h e a t  i s  l o s t  i n t o  a 

s e m i - i n f  i n i t e  medium, whereas  i n  t h e  p a r a b o l i c  model it i s  

s i m p l y  l o s t  across a t e m p e r a t u r e  d i f f e r e n c e  t o  a un i fo rm ex- 

t e r n a l  environment.  

Th i s  i s  i n d i c a t e d  by t h e  

3 . 5  Behavior o f  t h e  A n a l y t i c  S o l u t i o n s  for Time-Dependent 
- 

I n j e c t i o n  Temperature  

The r e s u l t s  t h a t  w i l l  be d i s c u s s e d  i n  t h i s  s e c t i o n  a r e  

based  on i n j e c t i o n  t e m p e r a t u r e  v a r i a t i o n  similar t o  t h a t  r e-  

p o r t e d  b y  Arihara ( 1 9 7 4 ) .  T h i s  v a r i a t i o n  c o n s i s t e d  o f  a r a p i d  

change i n  t h e  i n j e c t i o n  t e m p e r a t u r e  a t  e a r l y  t i m e s ,  fo l lowed 

- 4 5-  



by an approach t o  c o n s t a n t  t e m p e r a t u r e  a t  l o n g  t i m e s .  Such 

a v a r i a t i o n  c a n  be approx imated  by  s u i t a b l e  m o d i f i c a t i o n  of 

t h e  e x p o n e n t i a l  f u n c t i o n .  F i g .  3.6 p r e s e n t s  a g raph  o f  t h e  

i n j e c t i o n  t e m p e r a t u r e  h i s t o r y  f o r  r u n  HWI-B-1 o f  A r i h a r a ,  

and compares it t o  a p a r t i c u l a r  a n a l y t i c  approx imat ion  due 

t o  A r i h a r a .  

h y p o t h e t i c a l  t e m p e r a t u r e  p r o f i l e s ,  examining t h e  e f f e c t  of 

d i f f e r e n t  p h y s i c a l  and c o m p u t a t i o n a l  pa ramete r s .  

used for c a l c u l a t i o n s  which w e r e  compared t o  e x p e r i m e n t a l  

r e s u l t s .  

exper imenta l  d a t a .  

T h i s  a n a l y t i c  approx imat ion  w a s  used t o  c a l c u l a t e  

I t  w a s  n o t  

Such c a l c u l a t i o n s  used l i n e a r  i n t e r p o l a t i o n  on t h e  

Two b a s i c  cases were examined. I n  t h e  f i rs t  t h e r e  was 

a d i s c o n t i n u i t y  between t h e  i n i t i a l  c o r e  t e m p e r a t u r e  and t h e  

i n i t i a l  i n j e c t i o n  t e m p e r a t u r e .  I n i t i a l  c o r e  and i n i t i a l  i n -  

j e c t i o n  t e m p e r a t u r e  were t h e  same for t h e  second case. 

A number of n u m e r i c a l  e x p e r i m e n t s  were c a r r i e d  o u t  u s i n g  

t h e  method o f  c h a r a c t e r i s t i c s  p r o c e d u r e  d e s c r i b e d  i n  Appendix 

B. 

t h a t  for e x p e r i m e n t a l  c o n d i t i o n s  s u c h  as t h o s e  of A r i h a r a ,  it 

w a s  s u f f i c i e n t  t o  u s e  an  a v e r a g e  ( c o n s t a n t )  mass i n j e c t i o n  

r a t e ,  and t o  c o n s i d e r  t h e  system t o  have c o n s t a n t  t h e r m a l  

A s  has a l r e a d y  been  s t a t ed ,  t h e s e  exper iments  i n d i c a t e d  

p r o p e r t i e s .  

case of  c o n s t a n t  t h e r m a l  p r o p e r t i e s  and mass i n j e c t i o n  r a t e  

reduces  t o  a s i m p l e  form d e s c r i b e d  i n  s e c t i o n  3 . 3 . 2 .  

superposition a l g o r i t h m  d e s c r i b e d  i n  Appendix B was used t o  

g e n e r a t e  t e m p e r a t u r e  p r o f i l e s  for b o t h  t h e  s i m p l i f i e d  wave 

e q u a t i o n  s o l u t i o n  and t h e  p a r a b o l i c  e q u a t i o n  s o l u t i o n .  

The wave e q u a t i o n  s o l u t i o n  t o  t h i s  s i m p l i f i e d  

The 

- 4 6-  
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F i g .  3 . 7  p r e s e n t s  c a l c u l a t i o n s  showing t e m p e r a t u r e  

p r o f i l e s  r e s u l t i n g  when t h e  a n a l y t i c  i n j e c t i o n  t e m p e r a t u r e  

h i s t o r y  of F i g .  3 . 6  i s  a p p l i e d  t o  a h y p o t h e t i c a l  core  w i t h  

e x p e r i m e n t a l  c o n d i t i o n s  s imi la r  t o  t h o s e  of run H W I- B- 1  o f  

A r i h a r a .  Four  cases are p r e s e n t e d  f o r  e a c h  t i m e :  one  for 

z e r o  a x i a l  t h e r m a l  c o n d u c t i v i t y  ( t h e  wave e q u a t i o n  m o d e l ) ,  

and t h r e e  cases which i n c l u d e  t h e  e f f e c t s  of a x i a l  t h e r m a l  

c o n d u c t i v i t y  v a l u e s  of 5 ,  1 0 ,  and 1 5  RTU/(hr-ft-OF). It 

can  be  s e e n  t h a t  a x i a l  t h e r m a l  c o n d u c t i v i t y  d o e s  have  a n  

e f f e c t  on t h e  t e m p e r a t u r e s  n e a r  t h e  l e a d i n g  edge o f  the  

f r o n t ,  b u t  t h a t  t h i s  e f f e c t  becomes s m a l l  beh ind  t h e  i n i t i a l  

f r o n t .  Thus ,  d i f f u s i o n  p r o c e s s e s  smooth t h e  shock i n h e r e n t  

i n  t h e  wave e q u a t i o n  s o l u t i o n ,  and cause  e a r l y  i n j e c t i o n  

t e m p e r a t u r e s  t o  advance  r a p i d l y  th rough  t h e  core. 

t h e s e  p r o c e s s e s  do n o t  change t h e  basic s h a p e  o f  t h e  wave 

e q u a t i o n  s o l u t i o n  b e h i n d  t h e  f r o n t .  This o b s e r v a t i o n  w i l l  

become i m p o r t a n t  when v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  c a l c u -  

l a t i o n s  for b o t h  t h e  wave and p a r a b o l i c  e q u a t i o n  models a r e  

compared t o  t h e  e x p e r i m e n t a l  r e s u l t s  of  Arihara i n  s e c t i o n  

3 . 6 . 3  below. 

However, 

C a l c u l a t i o n s  u s i n g  b o t h  d i f f e r e n t  e x p e r i m e n t a l  c o n d i-  

t i o n s  and c o n t i n u i t y  of i n i t i a l  c o r e  and i n i t i a l  i n j e c t i o n  

t e m p e r a t u r e  f u r t h e r  demons t ra ted  t h e  above c o n c l u s i o n s .  F i g .  

3 . 8 ,  for example ,  p r e s e n t s  c a l c u l a t i o n s  for t h e  same c o n d i-  

t i o n s  as F i g .  3 . 7 ,  b u t  w i t h  t h e  i n i t i a l  i n j e c t i o n  tempera-  

t u r e  e q u a l  t o  t h e  i n i t i a l  c o r e  t e m p e r a t u r e .  
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I t  i s  c o n v e n i e n t  a t  t h i s  p o i n t  t o  d e f i n e  t e r m i n o l o g y  

which w i l l  b e  used th roughout  t h e  r e s t  o f  t h i s  r e p o r t .  

p e r i o d s  o f  t i m e  were observed d u r i n g  which A r i h a r a ' s  expe r i-  

menta l  d a t a  showed d i f f e r e n t  c h a r a c t e r i s t i c s .  The f i r s t  

p e r i o d  i s  c a l l e d  t h e  "ea r ly - t ime"  p e r i o d ,  and i s  d e f i n e d  as 

t h a t  p e r i o d  d u r i n g  which t h e  i n j e c t i o n  t e m p e r a t u r e  was changing 

r a p i d l y .  The second  p e r i o d  i s  c a l l e d  t h e  "medium-time" p e r i o d ,  

and o c c u r s  when t h e  i n j e c t i o n  t e m p e r a t u r e  w a s  chang ing  s l o w l y ,  

or a p p r o a c h i n g  a c o n s t a n t  va lue .  

" long-t ime" p e r i o d ,  and w a s  c h a r a c t e r i z e d  by s t e a d y  tempera-  

t u r e s  t h r o u g h o u t  t h e  c o r e .  While t h e s e  te rms  are  i m p r e c i s e ,  

t h e y  do s e r v e  a u s e f u l  purpose f o r  d i s c u s s i n g  t h e  e x p e r i m e n t a l  

Three 

The l a s t  p e r i o d  w a s  t h e  

d a t a .  

3.6 Comparison w i t h  Publ ished Exper imenta l  R e s u l t s  

The b e h a v i o r  o f  t h e  one- dimensional  mathemat ica l  models 

can be compared w i t h  p u b l i s h e d  e x p e r i m e n t a l  r e s u l t s  of t h r e e  

d i f f e r e n t  t y p e s .  

long- t ime t e m p e r a t u r e  profi:Les for t h e  h o t  and c o l d  water i n -  

j e c t i o n  e x p e r i m e n t s  o f  A r i h a r a  (1974). The second comparison 

may be made w i t h  t h e  c o n c l u s i o n s  o f  Cr ichlow ( 1 9 7 2 ,  pp. 

concern ing  t h e  e f fec t  o f  a x i a l  t h e r m a l  c o n d u c t i v i t y  on t e m -  

p e r a t u r e  p r o f i l e  b e h a v i o r  for t h e  case of c o n s t a n t  i n j e c t i o n  

t e m p e r a t u r e .  

p a r i s o n  i s  made are based  on numer ica l  e x p e r i m e n t s  c a r r i e d  

o u t  w i t h  a f i n i t e - d i f f e r e n c e  mathemat ica l  model. 

comparison may b e  made w i t h  t h e  t r a n s i e n t  t e m p e r a t u r e  behav ior  

The f i r s t  comparison may b e  made w i t h  t h e  

8 2- 8 8 )  

The c o n c l u s i o n s  o f  Crichlow w i t h  which t h e  com- 

The  t h i r d  
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f o r  t h e  v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  exper iments  of A r i h a r a  

t h a t  were mentioned i n  t h e  p r e c e d i n g .  Each of t h e s e  compari-  

s o n s  i s  d i s c u s s e d  i n  d e t a i l  below. 

3 . 6 . 1  Long-Time, S t e a d y- S t a t e  Y e s u l t s :  Ana lys i s  p r e-  

s e n t e d  i n  s e c t i o n  3 . 4 . 1  i n d i c a t e s  t h a t  normal ized s t eady -  

s t a t e  t e m p e r a t u r e  p r o f i l e s  shou ld  decay  e x p o n e n t i a l l y  w i th  

d i s t a n c e .  T h e  h o t  and cold l i q u i d  i n j e c t i o n  exper iments  of  

Arihara t ended  t o  approach c o n s t a n t  inj e c t i o n  t empera tu re  a 

l o n g  times. 

v e r s u s  d i s t a n c e  for t h e s e  l ong- t ime  t e m p e r a t u r e  v s .  d i s t a n c e  

d a t a  should  produce a s t r a i g h t  l i n e .  

s u c h  graphs  for t h e  long- t ime  r e s u l t s  of  Arihara. It  can be  

seen that many o f  t h e  s e t s  of data do f a l l  on s t r a i g h t  l i n e s ,  

b u t  o t h e r s  do not ( s e e  Table 3 . 1 ) .  

It would thus be  e x p e c t e d  t h a t  a graph of  P,n ( IT-TeI 

F i g s .  3 . 9  t o  3 . 1 2  p r e s e n t  

There  are  two i n t e r p r e t a t i o n s  which e x p l a i n  s a t i s f a c t o r i l y  

why t h e  d a t a  p o i n t s  do n o t  f a l l  on s t r a i g h t  l i n e s  for mst  

cases. An examina t ion  o f  t h e  r e p o r t e d  t r a n s i e n t  expe r imen ta l  

d a t a  for t w o  of  the anomalous cases (CWI-S-1 and CWI-B-1) r e-  

veals one cause .  The i n j e c t i o n  t e m p e r a t u r e  was not  c o n s t a n t  

f o r  a l o n g  enough time for t h e  e n t i r e  p r o f i l e  t o  become s t e a d y .  

The second i n t e r p r e t a t i o n  is aimed a t  e x p l a i n i n g  why many 

o f  t h e  h o t  water i n j e c t i o n  p r o f i l e s  were semi-log s t r a i g h t  a t  

t h e  downstream end o f  t h e  core, b u t  increased i n  s l o p e  n e a r  

t h e  upst ream end. 

fo r  t h i s  behav io r  found t o  d a t e  i s  t h e  h y p o t h e s i s  t h a t  h e a t  

was b e i n g  conducted t h r o u g h  t h e  mass of meta l  i n  t h e  b r a s s  

i n l e t  p l u g  and c a p ,  and t h e n  a l o n g  t h e  s t e e l  shell, from which 

The only a p p a r e n t l y  s a t i s f a c t o r y  e x p l a n a t i o n  
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it was l o s t  t o  t h e  envi ronment  ( s e e  F i g .  3 . 1 3 . a ) .  

d u c t i o n  along t h e  s t e e l  s h e l l  r a i s e d  t h e  t e m p e r a t u r e  of t h e  

s h e l l  for a d i s t a n c e  down t h e  c o r e h o l d e r ,  it would have t h e  

e f f e c t  o f  s h i e l d i n g  t h e  c o r e  from h e a t  losses by i n c r e a s i n g  

t h e  e f f e c t i v e  e x t e r n a l  t e m p e r a t u r e .  The e f f e c t  of t h e r m a l  

s h i e l d i n g  would be t o  lower  t h e  a p p a r e n t  h e a t  loss c o e f f i -  

c i e n t  from t h e  c o r e  t o  t h e  env i ronment ,  This h y p o t h e s i s  i s  

c o n s i s t e n t  w i t h  t h e  b e h a v i o r  of t h e  observed  anomalous tem- 

p e r a t u r e  p r o f i l e s .  

If con- , 

The o r i g i n a l  e x p e r i m e n t a l  t e m p e r a t u r e  c h a r t s  can be  

examined t o  d e t e r n i n e  t h e  f l o w i n g  l i q u i d  t e m p e r a t u r e s  a short 

d i s t a n c e  ups t r eam from t h e  i n l e t  brass p l u g .  

h o t  water i n j e c t i o n  c a s e s ,  t h i s  t e m p e r a t u r e  was s i g n i f i c a n t l y  

h i g h e r  t h a n  t h e  t e m p e r a t u r e  a t  t h e  e n t r a n c e  t o  t h e  c o r e .  For 

example , i n  t h e  H W I - B - l  e x p e r i m e n t ,  t h e  long- t ime ups t ream 

flowing l i q u i d  t e m p e r a t u r e  o u t s i d e  t h e  c o r e h o l d e r  w a s  100°F  

h i g h e r  t h a n  t h e  long- t ime c o r e  i n l e t  t e m p e r a t u r e .  

large compared t o  a maximum t e m p e r a t u r e  d rop  a l o n g  t h e  c o r e  

o f  3OoF, and a maximum t e m p e r a t u r e  d i f f e r e n c e  between t h e  

c o r e  and t h e  e x t e r n a l  environment  o f  5 S 0 € ' .  

I n  some of the 

T h i s  i s  

The d i s t a n c e  down t h e  s t e e l  s h e l l  for which such  t h e r m a l  

s h i e l d i n g  might b e  s i g n i f i c a n t  was e s t i m a t e d  w i t h  the  use  of 

t h i n  rod t h e o r y  (Carslaw and J a e g e r ,  1 9 5 9 ,  p .  1 3 3 ;  K r e i t h ,  

1973, p. 5 6 ) .  This approx ima te  a n a l y s i s  can  be made by exami- 

n i n g  t h e  decline of steady d i m e n s i o n l e s s  t e m p e r a t u r e  profiles 

a long  t h e  i n f i n i t e l y  l o n g  c y l i n d r i c a l  t h i n  rod i n d i c a t e d  i n  

F i g .  3 . 13 .b .  These p r o f i l e s  c a n  be d e s c r i b e d  ( K r e i t h ,  1 9 7 3 ,  

E q .  2- 3 7 ,  p .  5 7 )  by t h e  e q u a t i o n :  
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Brass cap Steel  shell (high 

A r r o w s  indicate 
h e a t  transfer 
causing thermal 
shielding 

Brass plug 
( h i g h  conductivity) 

3.13a SCHEMATIC OF THE COREHOLDER SYSTEM SHO'IfiTING THE HYPOTHESIZED 
CAUSE OF THERPAL SHIELDING NEAR THE INLET 

Hea t  losses 

3 .13b  SCHEMATIC OF THE PHYSICAL SYSTEM CORRESPONDING TO THE 
S I M P L I F I E D  MATHEYATICAL MODEL OF THERMAL SHIELDING 
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where m2 (h,P)/(X A 1, ss cs  

he = f i l m  c o e f f i c i e n t  between t h e  s tee l  shell and 

t h e  e x t e r n a l  environment  

P = p e r i m e t e r  from which c o n v e c t i v e  h e a t  losses 

are o c c u r r i n g  

= t h e r m a l  c o n d u c t i v i t y  in t h e  s t e e l  s h e l l  

= c r o s s - s e c t i o n a l  a r e a  th rough  which c o n d u c t i o n  

S 

cs 
i s  o c c u r r i n g  

A 

A 

(3.39) 

F o r  t h e  c a s e  of  an  i n f i n i t e l y  long rod, t h e  s o l u t i o n  i n  terms 

of d i m e n s i o n l e s s  t e m p e r a t u r e ,  T D y  i s :  

T D  = exp (-mx) ( 3 . 4 0 )  

This solution w a s  e v a l u a t e d  f o r  pa ramete r s  c o r r e s p o n d i n g  t o  

t h e  e x p e r i m e n t a l  c o n d i t i o n s  of Arihara .  The results f o r  

h ,= l  and 5 BTU/(h r - f t  2 -OF> are p r e s e n t e d  i n  F i g .  3 .14 .  It 

can be deduced from t h i s  f i g u r e  t h a t  f o r  t h e  h o t  water injec- 

t i o n  e x p e r i m e n t s  of Arihara  wherein  c o n d u c t i o n  t h r o u g h  t h e  

brass i n l e t  p l u g  t o  t h e  steel s h e l l  was probab ly  s u b s t a n t i a l ,  

t he rmal  s h i e l d i n g  a l o n g  the s t e e l  shell could  occu r  f o r  dis- 

tances which are on the order of  i n c h e s  o r  g r e a t e r .  

A more d e t a i l e d  a n a l y s i s  of  t h e  shape  of  t h e  t e m p e r a t u r e  

profile a l o n g  t h e  c o r e  i n  the presence  of  t h e r m a l  s h i e l d i n g  

was no t  made, even  though  t h i s  would n o t  have been d i f f i c u l t .  
- 6 0- 
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Such a n a l y s i s  c o u l d  d e m o n s t r a t e  whe the r  t h e  t e m p e r a t u r e  pro- 

f i l e s  i n  t h e  s h i e l d e d  region would be expec ted  t o  be semi-log 

s t r a i g h t  l i n e s .  

t h e  two d i s t i n c t  s e m i - l o g  s t r a i g h t  lines i n  t h e  experiments 

HWI-S-1 and HWI-S-4 might be  e x p l a i n e d .  

If t h i s  d i d  o c c u r ,  t h e n  t h e  appea rance  of  

Table 3 . 1  p r e s e n t s  a summary of  t h e  results of a n a l y z i n g  

t h e  long- time t e m p e r a t u r e  p r o f i l e s  of A r i h a r a .  I n c l u d e d  i n  

t h i s  t a b l e  are v a l u e s  o f  'F; based on a c t u a l  or e s t i m a t e d  semi-  

l o g  s t r a i g h t  l i n e s  i n  Figs. 3 . 9  t h rough  3 . 1 2 ,  and v a l u e s  of 

5 r e p o r t e d  by A r i h a r a .  H e  r e p o r t e d  b o t h  t h e o r e t i c a l  v a l u e s  

based on e x i s t i n g  c o r r e l a t i o n s  (Table 2 ,  p .  8 1 ,  and T a b l e  

3 ,  p .  9 9  of  A r i h a r a ) ,  and e x p e r i m e n t a l l y  de te rmined  v a l u e s  

based  on an  approx ima te  a n a l y s i s  of t h e  data  t h a t  assumed 

C a r t e s i a n  s t r a i g h t  l i n e  t e m p e r a t u r e  p r o f i l e s  ( T a b l e  I, p. 7 2  

of  A r i h a r a ) .  

Values of fi for t h e  c o l d  water i n j e c t i o n  e x p e r i m e n t s  

based on semi- log  s t r a i g h t  l i n e s  i n  F i g s .  3 . 9  and 3 . 1 0  t e n d  

t o  be about  10-20% l e s s  t h a n  t h e  t h e o r e t i c a l  v a l u e s  r e p o r t e d  

by A r i h a r a .  T h i s  may be due t o  t h e  fact that t h e  v a l u e s  of  

hf t h a t  A r i h a r a  used were 5 t o  1 0  t imes  l a r g e r  than  would 

have been f o r e c a s t  u s i n g  t h e  c o r r e l a t i o n s  between h f  and w" 

r e p o r t e d  by Crichlow ( 1 9 7 2 ,  p .  100). The results of Colburn 

( 1 9 3 1 ;  a l s o  p r e s e n t e d  by Jakob, 1 9 5 7 ,  pp.  553-5571  i n d i c a t e  

t h a t  hf  t e n d s  t o  i n c r e a s e  as  t h e  g r a i n  s i z e  decreases for 

u n c o n s o l i d a t e d  sys tems .  A r i h a r a  ( 1 9 7 4 ,  p .  1 4 2 )  used two con- 

s o l i d a t e d  porous  mediums with p e r m e a b i l i t i e s  t h a t  were sub- 

s t a n t i a l l y  s m a l l e r  t h a n  t h o s e  of t h e  u n c o n s o l i d a t e d  porous  

- 6 2 -  



mediums o f  Cr ich low (1972, p. 179) ( 4 0 0  mD or l e s s  for A r i -  

h a r a  as compared t o  6 . 6  D f o r  C r i c h l o w ) .  The porous mediums 

o f  A r i h a r a  would t h u s  have much smaller po re  s i z e s  t h a n  t h o s e  

o f  Cr ich low.  Thus,  it would be r e a s o n a b l e  t o  expec t  h i g h e r  

v a l u e s  o f  h f  i n  t h e  exper iments  o f  A r i h a r a  t h a n  i n  t h o s e  o f  

Cr i ch low,  b u t  it i s  n o t  c lea r  t h a t  t h e y  should  b e  5 t o  10 

t i m e s  as l a r g e .  

A r i h a r a ' s  c o l d  water i n j e c t i o n  expe r imen t s  had an e s t i -  

mated e x t e r n a l  f i l m  c o e f f i c i e n t ,  h e ¶  of around 3 . 5  B T U /  

( h r - f t 2 - O F )  ( h i s  Tab le  3 ,  p .  9 9 ) .  T h i s  was l a r g e r  t h a n  t h e  

v a l u e  o f  h e  o f  rough ly  u n i t y  r e p o r t e d  f o r  t h e  h o t  water i n-  

j e c t i o n  e x p e r i m e n t s .  An e s t i m a t i o n  o f  t h e  v a l u e  o f  5 for t h e  

case w i t h  t h e  h i g h e r  e x t e r n a l  f i l m  c o e f f i c i e n t  would t e n d  t o  

be more s e n s i t i v e  t o  e r r o r s  i n  e s t i m a t i n g  hf t h a n  for t h e  c a s e  

with a lower h e .  

t a n c e  o f  a c i r c u i t  of g r e a t l y  v a r y i n g  r e s i s t a n c e s  i n  s e r i e s  

w i l l  t e n d  t o  b e  dominated by t h e  l a r g e s t  one .  

t h i s  may b e  t h a t  a t  t h e  e x t e r n a l  s u r f a c e .  T h i s  o b s e r v a t i o n  

is c o n s i s t e n t  w i t h  t h e  h y p o t h e s i s  t h a t  A r i h a r a ' s  e s t i m a t e d  

v a l u e s  of hf a r e  p robab ly  t o o  h i g h .  

on t h e  o b s e r v a t i o n  t h a t  w h i l e  t h e  c o l d  water  exper iments  

u s u a l l y  had lower  v a l u e s  o f  5 t h a n  A r i h a r a ' s  t h e o r e t i c a l  

c a l c u l a t i o n s  (as  would be caused  by  o v e r - e s t i m a t i n g  h F ) ,  t h e  

T h i s  i s  because  t h e  o v e r a l l  t he rma l  resis- 

I n  t h i s  case ,  

T h i s  s t a t emen t  i s  based 

h o t  water  expe r imen t s  u s u a l l y  had v a l u e s  

f o r e c a s t  by A r i h a r a  (as  would o c c u r  if fi 
t h e  lower h e ) .  

1. 

o f  5 c l o s e  t o  t h o s e  

were dominated by 
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The o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  i n  t h e  e x p e r i m e n t s  

o f  A r i h a r a  seemed t o  i n c r e a s e  s l i g h t l y  w i th  l i q u i d  i n j e c t i o n  

r a t e .  F i g .  3 . 1 5  p r e s e n t s  v a l u e s  o f  5 determined  u s i n g  t h e  

semi- log s t r a i g h t  l i n e  a n a l y s i s ,  as a f u n c t i o n  o f  w".  T h i s  

g raph  i s  similar t o  F i g .  2 3  of A r i h a r a ,  which p r e s e n t s  v a l u e s  

o f  6 found u s i n g  a n  approx ima te  method. F ig .  3 .15 shows more 

s c a t t e r  i n  t h e  r e s u l t s  t h a n  d o e s  F i g .  2 3  o f  A r i h a r a .  Because 

of t h i s  s c a t t e r ,  no a t t e m p t  w a s  made t o  a n a l y z e  t h e  n a t u r e  

of t h e  f u n c t i o n a l  dependence o f  6 on w" f u r t h e r .  

3 . 6 . 2  C o n s t a n t  I n ?  e c t i o n  Temperature  R e s u l t s  : I n  sec- 

t i o n  3 . 4 ,  it was conc luded  t h a t  t h e  a d d i t i o n  o f  a n  e f f e c t i v e  

a x i a l  t he rma l  c o n d u c t i v i t y ,  Xf, t o  t h e  one- dimensional  mathe- 

ma t i ca l  model had a major e f f ec t  on t h e  charac te r  o f  t r a n s i e n t  

t e m p e r a t u r e  p r o f i l e s .  F u r t h e r m o r e ,  changing t h e  v a l u e  of 

h f  o v e r  a r a n g e  o f  r e a s o n a b l e  v a l u e s  f o r  t h e  mass f l o w r a t e s  

o f  i n t e r e s t  had an i m p o r t a n t  e f f e c t  on t h e  shape o f  t h e  com- 

p u t e d  t e m p e r a t u r e  p r o f i l e s .  

This c o n c l u s i o n  is n o t  c o n s i s t e n t  w i t h  Cr i ch low ' s  obser-  

v a t i o n  ( 1 9 7 2 ,  p .  8 3 )  t h a t  t he re  w a s  o n l y  a s l i g h t  e f f e c t  of 

X f  on t e m p e r a t u r e  d i s t r i b u t i o n s  for f l o w r a t e s  o f  e x p e r i m e n t a l  

i n t e r e s t  ( t h e  r a n g e  of f lowrates r e p o r t e d  by Cr ich low f a l l s  

w i t h i n  t h o s e  r e p o r t e d  by Ar ihara) .  

low's i s  based upon a s e r i e s  of  c a l c u l a t i o n s  u s i n g  a f i n i t e -  

d i f f e r e n c e  ma themat i ca l  model.  

Crichlow had e x t e r n a l  bounda ry  c o n d i t i o n s  d i f f e r e n t  f rom t h o s e  

T h i s  o b s e r v a t i o n  of Cr i ch -  

The p h y s i c a l  model s t u d i e d  by 

o f  A r i h a r a .  The Ar ihara  c o n d i t i o n s  involved  t r a n s i e n t  radial 
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heat loss t h rough  a t h i c k ,  l ow- conduc t iv i ty  medium which 

sur rounded t h e  core. 

C r i c h l o w  and A r i h a r a  sys tems  would n o t  be expec ted  t o  a f f e c t  

o v e r a l l  c o n c l u s i o n s  a b o u t  the effect of  a x i a l  t h e r m a l  con-  

d u c t i v i t y  on temperature p r o f i l e s .  C r i c h l o w ' s  c a l c u l a t i o n s  

examined t h e  e f f e c t  o f  v a r y i n g  Xf on  t empera tu re  p r o f i l e s  

for a range  o f  mass i n j e c t i o n  r a t e s .  

showed a s i g n i f i c a n t  e f f e c t  f o r  flowrates lower t h a n  c o u l d  

b e  o b t a i n e d  i n  t h e  l a b o r a t o r y  (Cr ich low,  1 9 7 2 ,  F i g s .  2 8  and 

2 9 1 ,  and little e f f ec t  a t  h i g h e r  f l o w r a t e s  ( h i s  F i g .  3 0 ) .  

However, t h e  d i f f e r e n c e  between t h e  

These c a l c u l a t i o n s  

In  o r d e r  t o  a t t e m p t  t o  r a t i o n a l i z e  t h e  d i s a g r e e m e n t  

between t h e  r e s u l t s  o f  Crichlow and t h o s e  r e p o r t e d  herein ,  

an approximate  a n a l y s i s  was made t o  de te rmine  t h e  c o n d u c t i o n  

lengths t h a t  would be e x p e c t e d  for t h e  p h y s i c a l  c o n d i t i o n s  

of  i n t e r e s t .  

l i m i t i n g  case of E q .  3 . 39  when 5 = 0 ,  and can g i v e  a n  i n d i -  

c a t i o n  o f  t h e  l e n g t h  d i m e n s i o n s  i n  t h e  sys tem over  which 

a x i a l  conduc t ion  e f fec t s  w i l l  be i m p o r t a n t .  

tions a r e  d i r e c t l y  a n a l o g o u s  t o  mixing- length  c a l c u l a t i o n s  

as a p p l i e d  t o  m i s c i b l e  d i s p l a c e m e n t  phenomena i n  porous  media 

(Brigham, 1974). 

s e r v a t i o n  t h a t  c o n d u c t i o n  dominates  t h e  f low b e h a v i o r  over  

l e n g t h  d imens ions  o f  t h e  l e n g t h  of  t h e  c o r e  for mass flow- 

ra tes  lowez- t h a n  cou ld  be o b t a i n e d  i n  the l a b o r a t o r y .  How- 

ever, the c a l c u l a t i o n s  i n d i c a t e d  t h a t  w h i l e  conduc t ion  does 

n o t  dominate  t h e  h e a t  t r a n s f e r  a t  t h e  f l o w r a t e s  o f  i n t e r e s t  

o v e r  t h e s e  l e n g t h  d i m e n s i o n s ,  it i s  i n p o r t a n t  enough t o  have 

Such a n  analysis can  be made e a s i l y  far t h e  

These calcula-  

T h e  c a l c u l a t i o n s  conf i rmed C r i c h l o w ' s  ob- 

- 
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a t  l e a s t  a second  o r d e r  e f f e c t  on t h e  conduc t ion  l e n g t h .  

F i n a l l y ,  t h e  v a l u e s  of a x i a l  t h e r m a l  c o n d u c t i v i t y  used by 

Crichlow for h i s  h i g h e r  m c 2 s s  i n j e c t i o n  ra te  cases were much 

lower  t h a n  would b e  e x p e c t e d ,  based  on t h e  r e s u l t s  of Adi- 

va rahan ,  e t  a l .  ( 1 9 6 2 ) .  

3 . 6 . 3  Time-Dependent I n j e c t i o n  Temperature  R e s u l t s :  

A s e r i e s  o f  c a l c u l a t i o n s  were made i n  an a t t e m p t  t o  r e p r o-  

duce t h e  t r a n s i e n t  t e m p e r a t u r e  b e h a v i o r  o f  t h e  h o t  and c o l d  

water i n j e c t i o n  expe r imen t s  o f  A r i h a r a .  I n  e v e r y  case, t h e  

s i m u l a t e d  p h y s i c a l  d imens ions ,  a v e r a g e  t h e r m a l  p r o p e r t i e s ,  

a v e r a g e  mass i n j e c t i o n  rat:e, and i n j e c t i o n  t e m p e r a t u r e  h i s t o r y  

co r re sponded  c l o s e l y  t o  the  r e p o r t e d  e x p e r i m e n t a l  r e s u l t s .  

Only t h e  o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t ,  5 ,  and t h e  a x i a l  

thermal c o n d u c t i v i t y ,  Xf, were a l lowed t o  va ry .  

The f i r s t  s e t  of  c a l c u l a t i o n s  s i m u l a t e d  t h e  HWI-B-1 

expe r imen t .  F i g .  3 . 16  p r e s e n t s  t h e  c a l c u l a t e d  t e m p e r a t u r e  

p r o f i l e s  using E = 1 . 2 5  BTU/(hr-ft*-'F) a t  t h r e e  t i m e s ,  and 

for two cases o f  a x i a l  t h e r m a l  c o n d u c t i v i t y  

1 0  BTU/  (hr-ft-OFF) . The measured e x p e r i m e n t a l  t e m p e r a t u r e  

d a t a  are a l so  p r e s e n t e d .  The comparison of c a l c u l a t e d  long- 

h f  = 0 and 

t i m e  t e m p e r a t u r e  p r o f i l e s  w i t h  t h e  measured r e s u l t s  i s  reason-  

a b l e  c o n s i d e r i n g  t h e  p re sence  of anomalous b e h a v i o r  as d i s -  

c u s s e d  i n  s e c t i o n  3.6.1.  However, t h e  p r o f i l e s  c a l c u l a t e d  

a t  e a r l i e r  t i m e s  do  n o t  compare v e r y  w e l l  w i t h  t h e  measured 

p r o f i l e s .  F i g .  3 . 1 7  p r e s e n t s  c a l c u l a t i o n s  for all of  t h e  

same p a r a m e t e r s  as F i g .  3 . 1 6 ,  excep t  for a v a l u e  o f  

- 6 7 -  
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E = 2 . 0  B T U / ( h r - f t * - O F ) .  

c a l c u l a t e d  e a r l y- t i m e  p r o f i l e s  w i t h  t h o s e  measured i s  much 

b e t t e r  t h a n  b e f o r e .  However t h e  long- t ime c a l c u l a t e d  pro-  

f i l e s  are much lower  t h a n  t h e  measured v a l u e s .  F i g s .  3 . 1 6  

and 3 . 1 7  seem t o  s u g g e s t  t h a t  t h e  t r a n s i e n t  t e m p e r a t u r e  

p r o f i l e s  a r e  a f f e c t e d  by a h e a t  loss c o e f f i c i e n t  l a r g e r  t h a n  

t h a t  c o n t r o l l i n g  t h e  s t e a d y - s t a t e  b e h a v i o r .  

s u r p r i s i n g .  

I n  t h i s  case, t h e  comparison of  

Th i s  is n o t  

Th is  o b s e r v a t i o n  w a s  found t o  b e  s u b s t a n t i a l l y  c o r r e c t  

for a l l  o f  t h e  s i n g l e- p h a s e  e x p e r i m e n t s  o f  Arihara t h a t  were 

examined. F i g .  3 . 1 8 ,  for example ,  compares c a l c u l a t e d  and 

e x p e r i m e n t a l  t e m p e r a t u r e  p r o f i l e s  for the CWI-B-2 expe r imen t .  

The long  t i m e  p r o f i l e s  i n  t h i s  exper iment  ag reed  w i t h  t h e  

t h e o r e t i c a l l y  f o r e c a s t  r e s u l t s  o f  s e c t i o n  3 . 4  ( s ee  also 3.6.1), 

and hence  a good v a l u e  of 5 = 2 . 2 3  BTU/(hr-ft*-'F) ( see  Table  

3 . 1 )  cou ld  b e  o b t a i n e d  f o r  t h e  o v e r a l l  h e a t  t r a n s f e r  c o e f f i -  

c i e n t .  F i g .  3 . 1 8  p r e s e n t s  c a l c u l a t i o n s  f o r  t h i s  v a l u e  of fi, 

f o r  t h e  cases o f  Xf = 0 and 1 0  BTU/(hr-ft-OF). 

compares measured p r o f i l e s  wi th  c a l c u l a t i o n s  for t h e  same con- 

d i t i o n s  as t h e  p r e v i o u s  figure, e x c e p t  f o r  a v a l u e  of 5 = 

4 BTU/(hr-ft2-OF). 

w i t h  measured b e h a v i o r  c a n  be s e e n  i n  F i g .  3.18 for l o n g  t imes ,  

and  i n  F i g .  3 .19  f o r  s h o r t e r  t imes.  F i g s .  3 . 2 0  and 3 . 2 1  p r e-  

s e n t  s imi lar  r e s u l t s  for an expe r imen t  o f  Ar ihara  t h a t  was 

run on a d i f f e r e n t  p o r o u s  medium (CWI-S-2). 

F i g .  3 . 1 9  

The co r re spondence  o f  c a l c u l a t e d  b e h a v i o r  

-7 0- 
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The e f f e c t  upon c a l c u l a t e d  t e m p e r a t u r e  p r o f i l e  b e h a v i o r  

caused by chang ing  t h e  pa rame te r s  6 and h f  can be  s e e n  from 

F i g s .  3 . 1 6  t o  3 . 2 1 .  The v a l u e  o f  a f f e c t s  t h e  o v e r a l l  

t empera tu re  l e v e l  i n  t h e  system,  wh i l e  Xf h a s  a n  impor t an t  

e f f e c t  o n l y  n e a r  t h e  l e a d i n g  edge o f  t h e  e a r l y  t e m p e r a t u r e  

f r o n t s .  I t  d o e s  n o t  seem p o s s i b l e  t o  r e p r o d u c e  t h e  e x p e r i -  

mental  r e s u l t s  of  A r i h a r a  a c c u r a t e l y  by v a r y i n g  'fi and Af. 

The appearance  o f  a n  e f f e c t i v e  o v e r a l l  hea t  t r a n s f e r  c o e f f i -  

c i e n t  which i s  h i g h e r  d u r i n g  t h e  t r a n s i e n t s  t h a n  a t  s t e a d y  

s t a t e  s u g g e s t s  t h a t  o the r  h e a t  t r a n s f e r  mechanisms t h a n  t h o s e  

c o n t a i n e d  i n  t h e  m a t h e m a t i c a l  model a re  i m p o r t a n t .  

t i c u l a r ,  t h e  hea t  losses from t h e  c o r e  may have  i n i t i a l  t r a n -  

s i e n t s  which a f f e c t  t h e  e a r l y - t i m e  behavior. This s u g p e s t i o n  

was made by A r i h a r a  ( 1 9 7 4 ,  pp.  6 3 ,  8 2 1 ,  and i s  c o n s i s t e n t  w i t h  

t h e  e x p e r i m e n t a l  results. It  i s  d i s c u s s e d  f u r t h e r  i n  t h e  

n e x t  s e c t i o n .  

I n  pa r-  

3 . 7  Conc lus ions  a b o u t  t h e  One-Dimensional Models 

The r e s u l t s  o f  c a l c u l a t i o n s  based  on t h e  one- dimensional  

ma thema t i ca l  m o d e l s ,  and t h e i r  comparison w i t h  p u b l i s h e d  ex- 

p e r i m e n t a l  r e s u l t s ,  c a n  be  summarized i n  t h e  f o l l o w i n g  conc lu-  

s i o n s  : 

1) Thermal p r o p e r t i e s  and mass i n j e c t i o n  r a t e s  c a n  b e  

cons ide red  t o  be c o n s t a n t  under the e x p e r i m e n t a l  c o n d i t i o n s  

of A r i h a r a .  

2) The s t e a d y  s t a t e  t e m p e r a t u r e  p r o f i l e s  r e p o r t e d  by 

A r i h a r a  a g r e e  w i t h  t h e  t h e o r e t i c a l  r e s u l t s  deve loped  i n  s e c t i o n  

- 7 5-  



3 . 4 ,  excep t  when thermal sh ie1di r .g  due t o  conduc t ion  a l o n g  

t h e  c o r e h o l d e r  o c c u r s .  

t h e  e f f e c t i v e  a x i a l  t h e r m a l  c o n d u c t i v i t y  o f  t h e  c o r e .  

These p r o f i l e s  depend s l i g h t l y  upon 

3 )  An expe r imen t  c o n s i s t i n g  o f  measur ing  a ser ies  o f  

s t e a d y - s t a t e  t e m p e r a t u r e  p r o f i l e s  a t  d i f f e r e n t  mass i n j e c t i o n  

r a t e s  h a s  been  p roposed .  T h i s  exper iment  seems t o  o f f e r  t h e  

p o s s i b i l i t y  o f  d e t e r m i n i n g  t h e  i n t e r n a l  f i l m  c o e f f i c i e n t ,  h f ,  

between t h e  c o r e  and  t h e  c o r e h o l d e r ,  as w e l l  as t h e  e x t e r n a l  

film c o e f f i c i e n t ,  h e ,  between t h e  c o r e h o l d e r  and envi ronment .  

4) A x i a l  t h e r m a l  c o n d u c t i v i t y  h a s  a s i g n i f i c a n t  e f f ec t  

upon t r a n s i e n t  t e m p e r a t u r e  p r o f i l e s  r e s u l t i n g  from a c o n s t a n t  

i n j e c t i o n  t e m p e r a t u r e  f o r  expe r imen ta l  c o n d i t i o n s  r e p o r t e d  by 

Crichlow and A r i h a r a .  T h i s  e f f e c t  i s  smaller for t h e  case of 

v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e .  I n  t h i s  l a t t e r  case,  t h e  

e f f e c t  i s  f e l t  p r i m a r i l y  a t  t h e  l e a d i n g  edge o f  t h e  tempera-  

t u r e  f r o n t .  

5 )  The one- d imens iona l  mathemat ica l  model c a n n o t  r e p r o-  

duce  t h e  e x p e r i m e n t a l  t r a n s i e n t  t e m p e r a t u r e  p r o f i l e s  a c c u r a t e l y  

i n  t h e  v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  expe r imen t s  r e p o r t e d  by 

A r i h a r a  o v e r  the  f u l l  range o f  t i m e .  The e a r l y- t i m e  b e h a v i o r  

appea r s  t o  be c o n t r o l l e d  by an  e f f e c t i v e  heat  t r a n s f e r  CO- 

e f f i c i e n t  which i s  l a rge r  t h a n  t h a t  c o n t r o l l i n g  t h e  long- t ime 

behav io r .  

6 )  I t  i s  p r o p o s e d  t h a t  t h e  t r a n s i e n t  b e h a v i o r  o f  Arihara ' s  

exper iments  w a s  a f f e c t e d  by t r a n s i e n t  r a d i a l  h e a t  t r a n s f e r  

through t h e  c o r e h o l d e r  system. 
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7 )  The h e a t i n g  e f f i c i e n c y  o f  a p r o c e s s  d e s c r i b e d  by 

t h e  wave model i n i t i a l l y  depends o n l y  on t ime .  A f t e r  t h e  

t e m p e r a t u r e  f r o n t  has reached  t h e  o u t l e t  end of  t h e  c o r e ,  

t h e  h e a t i n g  e f f i c i e n c y  a l so  depends on t h e  l e n g t h  of  t h e  

core. The h e a t i n g  e f f i c i e n c y  o f  a p r o c e s s  d e s c r i b e d  by t h e  

p a r a b o l i c  model depends  on a x i a l  t he rma l  c o n d u c t i v i t y  as well 

as on time a t  e a r l y  t i m e s  b e f o r e  t h e  t e m p e r a t u r e  front r eaches  

the outlet end  of  the c o r e .  

model  i s  s i m i l a r  t o  t h a t  o f  t h e  wave model a t  l o n g  t imes .  

The h e a t i n g  e f f i c i e n c y  of t h i s  

- 7 7-  



4.  PSEUDO TWO-DIMENSIONAL MODELS 

USING THE LUMPED PAFAMETER APPROXIMATION 

4 . 1  I n t r o d u c t i o n  

One of t h e  weakes t  assumpt ions  i n  t h e  one- dimens iona l  

mathematical  models i s  t h e  c o n s i d e r a t i o n  of  hea t  l o s s e s  t h r o u g h  

t h e  copeho lde r  CIS b e i n g  s t e a d y .  

t h rough  t h e  c o r e h o l d e r  i s  d i s c u s s e d  i n  q u a n t i t a t i v e  terms i n  

Appendix A (No. 3 ) .  The e x i s t e n c e  of t r a n s i e n t s  i s  s t r o n g l y  

i n d i c a t e d  by an i n a b i l i t y  t o  match c a l c u l a t i o n s  u s i n g  t h e  one- 

d imens iona l  s o l u t i o n s  t o  t h e  e x p e r i m e n t a l ' r e s u l t s  of A r i h a r a  

(see  s e c t i o n  3 . 6 . 3 ) .  

The p o s s i b i l i t y  o f  t r a n s i e n t s  

A mathemat ica l  model which i n c o r p o r a t e s  t h e  r a d i a l  t r a n -  

H o w-  s i e n t s  t h rough  t h e  c o r e h o l d e r  system c a n  be f o r m u l a t e d .  

e v e r ,  t h i s  model i s  n o t  amenable t o  s t r a i g h t f o r w a r d  a n a l y t i c  

solution. 

t o  t h i s  model i f  t h e  t r a n s i e n t  h e a t  l o s s e s  a re  c o n s i d e r e d  t o  

be  of a s i m p l e  form. T h i s  form c o n s i d e r s  t he  t r a n s i e n t s  as 

b e i n g  caused  o n l y  by  the  heat  c a p a c i t y  of t h e  v i t o n  s l e e v e  

s u r r o u n d i n g  t h e  c o r e .  An examina t ion  o f  t h e  d i f f u s i v i t i e s  

o f  t h e  v a r i o u s  c o r e h o l d e r  components i n  Tab le  A . l  i n d i c a t e s  

t h a t  t h i s  i s  r e a s o n a b l e ,  because  v i t o n  a p p e a r s  t o  have  t h e  

lowes t  t h e r m a l  d i f f u s i v i t y  of a l l  t h e  c o r e h o l d e r  components. 

The t h e r m a l  c a p a c i t y  of  t h e  v i t o n  i s  c o n s i d e r e d  t o  b e  concen-  

t r a t e d  a t  t h e  i n s i d e  boundary  of  t h e  v i t o n  s l e e v e .  H e a t  losses 

I t  i s  p o s s i b l e  t o  s i m p l i f y  t h e  a n a l y t i c  s o l u t i o n  
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t h r o u g h  t h e  r e s t  of t h e  c o r e h o l d e r  sys t em a re  s t i l l  cons ide red  

t o  be s t e a d y ;  t h a t  i s ,  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  terr,pera- 

t u r e  d i f f e r e n c e  between t h e  i n s i d e  boundary of t h e  v i t o n  and 

t h e  e x t e r n a l  a i r b a t h .  A s  h e a t  t r a v e l s  from t h e  c o r e  t o  t h e  

c o r e h o l d e r ,  it f i r s t  h e a t s  t h e  v i t o n ,  and t h e n  p a s s e s  th rough  

t h e  c o r e h o l d e r  sys tem t o  t h e  e x t e p n a l  environment .  

all h e a t  l o s s e s  from t h e  c o r e  h e a t  t h e  v i t o n .  A s  t h e  v i t o n  

w a r m s ,  h e a t  b e g i n s  t o  t r a n s f e r  t o  t h e  e x t e r n a l  environment .  

F i n a l l y ,  a t  l o n g  times a f t e r  t h e  v i t o n  h a s  comple te ly  h e a t e d ,  

a l l  h e a t  l o s s e s  from t h e  c o r e  p a s s  t h r o u g h  t h e  c o r e h o l d e r  

sys t em t o  t h e  e x t e r n a l  envi ronment .  

I n i t i a l l y ,  

T h i s  i s  commonly c a l l e d  a lumped- parameter  approach. The 

r e s u l t i n g  h e a t  t r a n s f e r  model o f  t h e  t r a n s i e n t s  th rough  t h e  

c o r e h o l d e r  i s  d e p i c t e d  i n  terms of  a n  ana logous  thermal c i r c u i t  

r e p r e s e n t a t i o n  i n  F i g .  4 . 1 .  The t h e r m a l  r e s i s t a n c e s ,  R ,  are 

a l l  based  on t h e  c o r e  p e r i m e t e r ,  and a r e  g iven  by: 

= l / h f  = t h e r m a l  res is tance d u e  t o  t h e  f i l m  c o e f f i c i e n t  Rf 
between t h e  c o r e  and t h e  v i t o n  

R v  = r kn (rvo/ro)/Av = t h e r m a l  r e s i s t a n c e  across t h e  
0 

v i t o n  

RA = r Rn ( r  -/rvo)/X, = t h e r m a l  r e s i s t a n c e  a c r o s s  t h e  
0 s1 

a n n u l u s  

RSs = r Rn (rso/rsi)/Xss = t h e r m a l  r e s i s t a n c e  across the 
0 

s t e e l  s h e l l  

R e  = ro/ ( r  h ) = t h e r m a l  r e s i s t a n c e  a t  t h e  o u t s i d e  s u r-  so e 

face of  t h e  s t e e l  s h e l l  due  t o  an e x t e r n a l  f i l m  coef-  

f i c i e n t  
- 7 9 -  



.- 
A &  

rc 

E 

.- E Q’ 
: : I  
Q 

- 8 0 -  



where t h e  symbols are i n d i c a t e d  i n  F ig .  4 . 1 ,  and are  d e f i n e d  

i n  t h e  Nomenclature  s e c t i o n .  These e x p r e s s i o n s  for t h e r m a l  

r e s i s t a n c e  a r e  f o r  h e a t  t r a n s f e r  r a t e  p e r  u n i t  area of t h e  

c o r e  exposed t o  hea t  l o s s e s .  Thus, t h e  h e a t  loss r a t e  t o  

t h e  e x t e r n a l  envi ronment  p e r  u n i t  exposed s u r f a c e  area of 

c o r e  i s  Q", and i s  given by: 

where: 

T2v  = lumped  t e m p e r a t u r e  of  t h e  v i t o n  

- - Rv f RE, f Rss = i n t e r n a l  t he rma l  r e s i s t a n c e  d u e  
R i n t  

t o  conduction th rough  t h e  c o r e h o l d e r  system.  

If t h e  t h i c k n e s s  o f  t h e  v i t o n ,  D ,  i s  s m a l l  w i t h  r e s p e c t  t o  

r 

a c y l i n d e r .  

where h e a t  t r a n s f e r  i s  a g a i n  i n  terms of t h e  u n i t  a rea  ( p e r i -  

p h e r a l )  o f  t h e  core exposed t o  h e a t  l o s s e s .  

of  change of  t e m p e r a t u r e  i n  t h e  v i t o n  i s  d T / d t ,  t h e n  t h e  i n -  

s t a n t a n e o u s  rate of heat t r a n s f e r  p e r  u n i t  exposed s u r f a c e  

a r e a  o f  t h e  core required t o  h e a t  t h e  v i t o n  i s :  ~ , c ~ D ( d T / d t ) .  

t h e n  t h e  v i t o n  c a n  be  approximated as a p l a n e  i n s t e a d  of  

I n  t h i s  case, i t s  thermal c a p a c i t a n c e  i s  P v C V D ,  

0 ,  

Thus,  if t h e  rate 

4 . 2  The LumDed Parape te r  Assumption 

This assumpt ion  c a n  b e  j u s t i f i e d  when t h e  t h e r m a l  r e s i s -  

t a n c e  a t  t h e  s u r f a c e  of a body i s  l a r g e  compared t o  i t s  

t h e r m a l  r e s i s t a n c e  t o  h e a t  conduct ion .  

t h e  t e m p e r a t u r e  i n  t h e  body should be uni form,  and i t s  b e h a v i o r  

i n t e r n a l  

I f  t h i s  is t h e  case,  

- 81- 



B i  < 0 . 1  - ( K r e i t h ,  1 9 7 3 ,  p. 140). 

Cons ide r ing  o n l y  t h e  v i t o n  s l e e v e  i n  t h e  c o r e h o l d e r  sys t em,  

B i o t  numbers c a n  b e  c a l c u l a t e d  based on e i t h e r  t h e  i n t e r n a l  

f i lm c o e f f i c i e n t ,  hf, or t h e  e x t e r n a l  f i l m  c o e f f i c i e n t ,  he .  

Values o f  t h e  Biot  number based on hf v a l u e s  o f  f rom 5 t o  10 

B T U / ( h r - f t 2 - O F )  a r e  i n  t h e  r a n g e  o f  0 . 8  t o  1 . 6 .  

o f  he of f rom 1 t o  2 BTU/(hr-ft2-OF) , one o b t a i n s  B i o t  numbers 

r a n g i n g  from 0 . 1 5  t o  0 . 3 0 .  

Using v a l u e s  

Based on these s i m p l e  B i o t  number c a l c u l a t i o n s ,  it would 

appear  t h a t  t h e  lumped pa rame te r  approach might n o t  g i v e  ve ry  

good r e s u l t s .  However, because  of t h e  s i g n i f i c a n t  s i m p l i f i -  

c a t i o n  i n  t h e  o v e r a l l  a n a l y t i c  problem r e s u l t i n g  f rom making 

t h i s  a p p r o x i m a t i o n ,  i t s  adequacy was f u r t h e r  i n v e s t i g a t e d .  

Appendix D compares  t h e  b e h a v i o r  o f  t h e  s i m p l i f i e d  lumped 

parameter  model of  hea t  l o s se s  th rough  t h e  c o r e h o l d e r  sys tem 

w i t h  an a n a l y t i c  s o l u t i o n  which a c c o u n t s  for t r a n s i e n t s  i n  a 

- 8 2-  
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i s  l a r g e l y  domina ted  by t h e  s u r f a c e  r e s i s t a n c e s .  

be  e x p r e s s e d  q u a n t i t a t i v e l y  i n  terms o f  t h e  R i o t  d i m e n s i o n l e s s  

number, which i s  a measure  of  t h e  conductance  a t  t h e  s u r f a c e  

t o  t h e  conduc tance  i n  t h e  body: 

T h i s  c a n  

(4.2) 

where L i s  a c h a r a c t e r i s t i c  l e n g t h  o f  t h e  sys tem,  and h and X 

are d e f i n e d  i n  t h e  Nomenclature  s e c t i o n .  

assumption i s  good when: 

4 hL B i  - - x 

The lumped pa rame te r  



s i n g l e  v i t o n  l a y e r .  The c a l c u l a t i o n s  p r e s e n t e d  i n  t h i s  

Appendix s u g g e s t  t h a t  w h i l e  t h e  lumped pa rame te r  p o d e l  can- 

n o t  r e p r o d u c e  t h e  t r a n s i e n t  h e a t  l o s s e s  from t h e  c o r e  accu-  

r a t e l y ,  it does  g i v e  an approximate  r e p r e s e n t a t i o n  o f  t h e s e  

losses o v e r  t he  r a n g e  of t i m e  o f  i n t e r e s t .  

4 . 3  Ma themat i ca l  Model 

The p h y s i c a l  s y s t e m  and assumpt ions  r e q u i r e d  for t h e  

two- dimensional  ma themat i ca l  model a r e  e s s e n t i a l l y  t h e  same 

as t h o s e  used for t h e  p a r a b o l i c  model i n  s e c t i o n  3. 

a x i a l  t h e r m a l  c o n d u c t i o n  i s  n e g l e c t e d ,  and t r a n s i e n t  h e a t  

l o s s e s  t h r o u g h  t h e  c o r e h o l d e r  a r e  c o n s i d e r e d  i n  t h e  same 

manner d i s c u s s e d  above  and i n  Appendix D .  

model is h e r e a f t e r  r e f e r r e d  t o  as t h e  "pseudo two-dimensional 

m d e l , "  b e c a u s e  it d o e s  no t  fully accoun t  for heat' flow i n  

two d imens ions .  

However, 

T h i s  mathemat ica l  

The e q u a t i o n  d e s c r i b i n g  l o c a l  h e a t  l o s s e s  t h rough  t h e  

lunped t h e r m a l  c a p a c i t a n c e  of t h e  v i t o n  i n s u l a t o r  i s  p r e s e n t e d  

i n  Appendix D (E?. D.111, and i s :  

where: 

h T  e e  
h f the  

( 4 . 3 )  

(4.4) 



and t h e  symbols are  d e f i n e d  i n  t h e  Nomenclature s e c t i o n .  

The e q u a t i o n  d e s c r i b i n F  t h e  i n t e r a c t i o n  o f  t r a n s i e n t  h e a t  

l o s s e s  f rom t h e  c o r e ,  and c o n v e c t i v e  h e a t  t r a n s p o r t  t h rough  

i t ,  i s  t h e  same as t h e  p a r a b o l i c  model i n  s e c t i o n  3 ,  except  

t h a t  t h e  h e a t  l o s s e s  a r e  p r o p o r t i o n a l  t o  ( T f - T k V )  i n s t e a d  

of  ( T f - T e ) ,  and t h e r e  i s  no a x i a l  conduc t ion  (B=A,=O) .  

Thus,  t h i s  e q u a t i o n  becomes: 

+ y ( T f - T R V )  = 0 ( 4 . 5 )  - aTf + a -  a Tf 
a t  ax 

where a and  y have d e f i n i t i o n s  s imilar  t o  t h o s e  i n  s e c t i o n  3 

(a is t h e  same, y h a s  a n  h f  i n s t e a d  of  a n  E ) :  

P wcw a - -  AcMf 
(4.6). 

Thus 

e x p r e s s e d  as f o l l o w s  i n  terms of f o r m a t i o n  t e m p e r a t u r e ,  Tf5 

and lumped v i t o n  i n s u l a t o r  t e m p e r a t u r e ,  T k v :  

t h e  pseudo  two- dimensional  ma themat i ca l  model can be 

+ a-  aTf -+ y (T f -TRV)  = 0 ,  t > O ,  x > O  a Tf - a t  ax - 

w i t h  boundary  c o n d i t i o n s  

-84 -  
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(x,t> = '3, t>O ax 
aim aTav  ( x , t )  = x-tco - R i m  - aTf  

X- ax ( 4 . 8 )  

a n d  initial conditions 

( 4 . 9 ) .  

The system of E q s .  4 . 3  t o  4.9 can be converted i n t o  non- 

d imens iona l  form b y  d e f i n i n g  n o n d i a e n s i o n a l  t e m p e r a t u r e s ,  

t i m e ,  and d i s t a n c e :  

T -T 
Ti-T 

4 Rv e 

e 
TDRv - 

(4.10). 
tDT a 1  - - 

n 

Fo r  n o t a t i o n a l  conven ience ,  r e p l a c e  TDi by u ,  and TDR, b y  v :  

A u = TDf 

The i n i t i a l  boundary  value problem ( E q s .  4 . 3  to 4 . 1 0 )  t h u s  

becomes : 
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where A 
w = n y  

(4.11) 

(4.12) 

( 4 . 1 3 )  

(4.14) 

(4.15) 

(4.16). 

T h i s  problem i s  c h a r a c t e r i z e d  e n t i r e l y  by  t h e  nondimensional  

p a r a m e t e r s  : 

, and < 4  hf 
he+hf 

hf PVC"DP 

hf+he ' *CMf 

w = q y =  

4 . 4  A n a l y t i c  S o l u t i o n  t o  t h e  Pseudo Two-Dimensional Mathematical 

Model 

A n  a n a l y t i c  s o l u t i o n  t o  t h e  pseudo two- dimensional  mathe- 

matical model i s  deve loped  i n  Appendix E u s i n g  t h e  Laplace 

t r a n s f o r m  method. The r e s u l t  i s  i n  terms of a c o n v o l u t i o n  

i n t e g r a l ,  I (xDT 5) : 

- 8 6 -  



where 
A 

DT 5 = tDT - x (4.18) 

( 4 . 2 2 )  

( 4 . 2 3 )  

E q s .  4 . 3  and 4 . 5  a l s o  d e s c r i b e  t h e  t r a n s i e n t  t e m p e r a t u r e  

b e h a v i o r  o f  c e r t a i n  l i m i t i n g  k i n d s  o f  h e a t  e x c h a n g e r s .  .F ig .  - 

4 . 2  p r e s e n t s  a s c h e m a t i c  d iagram for the lumped pa ramete r  

h e a t  t r a n s f e r  model o f  a d i r e c t  t r a n s f e r  c o u n t e r f l o w  h e a t  ex-  

c h a n g e r .  and R2 are t h e  t h e r m a l  r e s i s t a n c e s  due t o  a f i l m  

c o e f f i c i e n t  be tween  t h e  wall and f l u i d s  number 1, and 2 ,  res-  

p e c t i v e l y .  T h i s  h e a t  exchanger  model is d i r e c t l y  analogous  

t o  t h e  pseudo  two- dimensional  m a t h e m a t i c a l  model b e i n g  d i s -  

c u s s e d  i n  t h i s  s e c t i o n  when t h e  t e m p e r a t u r e  o f  f l u i d  number 

R 1 

is c o n s t a n t .  Tha t  i s ,  when ( w 2 C 2 ) / ( w l C l ) + a .  Kays and 

London ( 1 9 6 4 ,  Ch. 3 )  have p r e s e n t e d  and r e f e r e n c e d  v a r i o u s  
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Fluid # 2  with 
capocity rote 

(W,C,) 

Heat Exchanger 
Wal l  

Fluid #I with 
capac i ty  rate 

‘W, C,) 

FIGURE 4 . 2 .  SCHENATIC OF A LUMPED PARAMETER MODEL OF HEAT TRANSFER 
I N  A DIRECT TRANSFEIi COUNTERFLOW HEAT EXCHANGER 

(MODIFIED FROM FIGURE 3.1, KAYS AND LONDON, 1964)  
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a n a l y t i c ,  a n a l o g ,  and n u m e r i c a l  s o l u t i o n s  t o  s i m p l i f i e d  forms 

o f  t h i s  model. 

s i n c e  t h e y  e i t h e r  i n c o r p o r a t e d  s p e c i f i c  a s sumpt ions  o:? were 

p r e s e n t e d  f o r  s p e c i f i c  n u m e r i c a l  v a l u e s  o f  t h e  parame-ters 

which  made them of  l i t t l e  i n t e r e s t  t o  t h e  p a r t i c u l a r  problem 

o f  h e a t  t r a n s f e r  i n  t h e  e x p e r i m e n t s  of  A r i h a r a .  

These s o l u t i o n s  were n o t  s t u d i e d  f u r t : ? e r ,  

4 . 5  Eehav io r  o f  t h e  - 4 n a l y t i c  S o l u t i o n  for Cons tan t  I n j e c t i o n  

Temper a t  UT e 

4 . 5 . 1  Theore t i ca l .  C o n s i d e r a t i o n s :  As 5+0 from cbove,  

t h e  s o l u t i o n  approaches  i t s  v a l u e  a t  t h e  l e a d i n g  edge of a 

s h a r p  t e m p e r a t u r e  front, which i s  c o n t r o l l e d  by t h e  H e a v i s i d e  

f u n c t i o n ,  F! ( 5 ) .  T h i s  f r o n t  moves w i t h  i d e n t i c a l l y  t h e  same 

c o n s t a n t  v e l o c i t y  as t h a t  of t h e  wave e q u a t i o n  i n  s e c t i o n  3 :  

W C w  x - rlu X DT -- - - = = - 
F - -  t~~ *cMf 

( 4 . 2 4 )  

s i n c e  x - when 5 = 0 .  F o r  5 a p p r o a c h i n g  z e r o  from 

a b o v e ,  it can be  shown t h a t  t h e  i n t e g r a l  e x p r e s s i o n  approaches  

t h e  v a l u e  u n i t y :  

DT - t~~ 

( 4 . 2 5 )  

Thus ,  t h e  s o l u t i o n  a t  t h e  l e a d i n g  edge of t h e  f r o n t  is : :  

( 4 . 2 6 )  
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where  x DT - - tDT when 5 = 0 .  

for t h e  t e m p e r a t u r e  a t  t h e  l e a d i n g  e d g e  o f  t h e  wave model 

s o l u t i o n ,  which c o n t a i n s  a n  5 t e r m  i n s t e a d  of  an hf term. 

F i g .  4 . 3  p r e s e n t s  a schematic o f  t h e  l o c i i  of  t h e  t e m p e r a t u r e s  

a t  t h e  l e a d i n g  edge o f  t h e  wave f r o n t  for t h e  wave and p a r a-  

b o l i c  models.  

T h i s  i s  s imi l a r  t o  t h e  e q u a t i o n  

For l a r g e  5 and small xDT, t h e  a n a l y t i c  s o l u t i o n  shou ld  

become a f u n c t i o n  o f  xDT o n l y ,  which  s h o u l d  be t h e  s o l u t i o n  

of  t h e  wave model for a n  e q u i v a l e n t  E .  

s t r a t e  t h i s  a n a l y t i c a l l y  were u n s u c c e s s f u l .  Eowever, as w i l l  

be  s e e n  i n  s e c t i o n  4 . 5 . 3  i n  t h e  f o l l o w i n g ,  numer ica l  c a l c u-  

l a t i o n s  i n d i c a t e  t h a t  t h e  a n a l y t i c  s o l u t i o n  does  show t h i s  

b e h a v i o r .  

At tempts  t o  demon- 

I n  o r d e r  t o  c a r r y  o u t  n u m e r i c a l  e v a l u a t i o n s  of t h e  ana-  

l y t i c  s o l u t i o n  ( E q s .  4 . 1 7  t o  4 . 2 3 1 ,  it w a s  n e c e s s a r y  t o  r e -  

a r r a n g e  t h e  s o l u t i o n .  F i r s t ,  t h e  i n t e g r a l  e x p r e s s i o n s  i n  

Eqs. 4 . 2 0  t o  4 . 2 3  are  s i n g u l a r  a t  b o t h  end p o i n t s .  T h i s  i s  

a problem from a n u m e r i c a l  p o i n t  o f  view. 

c a n  b e  avoided by c a r r y i n g  o u t  t h e  n u m e r i c a l  i n t e g r a t i o n  t o  

w i t h i n  a s m a l l  d i s t a n c e ,  E ,  of t h e  two s i n g u l a r  end p o i n t s ,  

a n d  pe r fo rming  a n  a p p r o x i m a t e  a n a l y t i c  i n t e g r a t i o n  f o r  t h e  

rest of t h e  i n t e r v a l  t o  t h e  end p o i n t s .  The i n d e f i n i t e  i n t e -  

g r a l s  do  e x i s t .  

4 . 2 0 ,  4 . 2 2 ,  and 4 . 2 3 ,  i s ,  for ~<<1 ,  6: 

F o r t u n a t e l y  it 

The r e s u l t ,  i n  terms of  t h e  i n t e g r a l ,  FqS. 

- 9 0 -  



- 

. .  
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AT THE LEADING EDGE OF THE WAVE FRONT FOR THE 

WAVE AND PSEUDO TWO-DIMENSIONAL MODELS 
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( 4 . 2 7 )  

As E -+ 0 ,  t h e  a p p r o x i n a t e  r e l a t i o n s h i p ,  E q .  4 . 2 7 ,  becomes 

an  i d e n t i t y .  T h i s  r e s u l t  i s :  

( 4 . 2 8 )  

where ~ < < 1 , 5 .  

There  i s  o n e  f u r t h e r  n u m e r i c a l  c o m p l i c a t i o n :  t h e  v a l u e  

o f  5 i s  o f t e n  g r e a t e r  t h a n  1 0 0 .  Thus,  n u m e r i c a l  e v a l u a t i o n  

o f  t e r m s  l i k e  e x p  ( 5 1 ,  or e x p  ( - 5 )  may l e a d  t o  s e r i o u s  round- 

o f f  e r r o r s ,  i f  e v a l u a t i o n  i s  p o s s i b l e .  T h i s  problem c a n  b e  

a v o i d e d  when e v a l u a t i n g  p r o d u c t s  o f  e x p o n e n t i a l s  by f i r s t  

summing t h e  a rguments  o f  t h e  e x p o n e n t i a l s .  The r e s u l t  i s :  

-92- 



c 

where:  

( 4 . 3 0 )  

2-x> 

er f  (6)  

and o =  a 

The n u m e r i c a l  e v a l u a t i o n  0. 

(4. 31) 

t h i s  e x p r e s s i o n  i s  s t r a i g h t f o r w a r d .  

T h i s  form w a s  u sed  i n  a:ll c a l c u l a t i o n s .  

4.5.2 C o m p u t a t i o n a l  C o n s i d e r a t i o n s  : P r i o r  t o  pe r fo rming  

n u m e r i c a l  i n t e g r a t i o n s  of E q s .  4 . 2 9  and 4 . 3 0 ,  t h e  i n t e g r a n d ,  

F ( A ; [ > ,  was examined for t h r e e  d i f f e r e n t  cases .  

ponded t o :  

These c o r r e s -  

(1) s h o r t  t i m e s  (15 m i n u t e s )  n e a r  t h e  l e a d i n g  edFe of 

t h e  f r o n t  (verly small  51,  

s h o r t  t i m e s  (15 m i n u t e s )  n e a r  t h e  u p s t r e a m  end of 

t h e  core [small 5, b u t  l a r g e r  t h a n  i n  (111, and 

l o n g  t i m e s  ( 1 8 0  m i n u t e s )  fa r  away f rom t h e  l e a d i n g  

e d g e  of t h e  f r o n t  ( l a r g e  5 ) .  

(2) 

( 3 )  
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The c a l c u l a t i o n s  w e r e  c a r r i e d  o u t  for: 

tDT = (0 .3536)  t ,  t i n  m i n u t e s  

xDT = ( 9 . 2 5 )  x ,  x i n  f e e t  

5 = 0 . 9 9 3 9 1  

w = 0 , 5 6 7 4 2  

which c o r r e s p o n d  t o  a p a r t i c u l a r  s e t  of r e a s o n a b l e  p h y s i c a l  

c o n d i t i o n s .  

r a n g e  o f  i n t e g r a t i o n  i n  each case a r e  p r e s e n t e d  i n  F i g s .  4 . 4 ,  

4 . 5 ,  and 4 . 6  for cases 1, 2 ,  and 3 r e s p e c t i v e l y .  

Graphs o f  t h e  v a l u e  of t h e  i n t e g r a n d  o v e r  t h e  

An examina t ion  o f  t h e s e  g r a p h s  i n d i c a t e s  b e h a v i o r  which 

would be  d i f f i c u l t  t o  a p p r o x i n a t e  a c c u r a t e l y  w i t h  p o l y n o m i a l s ,  

which a r e  t h e  b a s i s  o f  many n u m e r i c a l  i n t e g r a t i o n  methods. 

R a t h e r  t h a n  t r y  t o  d e v e l o p  a p r o c e d u r e  for t h i s  p a r t i c u l a r  

problem,  it w a s  d e c i d e d  t o  u s e  a n u m e r i c a l  i n t e g r a t i o n  package 

a v a i l a b l e  a t  t h e  S t a n f o r d  C e n t e r  f o r  I n f o r m a t i o n  P r o c e s s i n g .  

This program i s  c a l l e d  DCADFX (Double  P r e c i s i o n  I n t e g r a t i o n  

u s i n g  C a u t i o u s  AdaDtive 3omberg E x t r a p o l a t i o n )  , and i s  p a r t  

of t h e  IYSL programs l i b r a r y  ( IMSL,  1 9 7 5 ) .  

- 

- - .  - 

Mumer ica l  e x p e r i m e n t s  i n d i c a t e d  t h a t  v a l u e s  o f  E = l x m 5  

and RERR ( s p e c i f i e d  d e s i r e d  r e l a t i v e  a c c u r a c y )  = l ~ l O - ~  gave 

r e s u l t s  w i t h  a maximum e s t i m a t e d  e r r o r  o f  2 %  w i t h  an  o p t i m a l  

number of f u n c t i o n  e v a l u a t i o n s .  

s e v e r i t y  o f  t h e  n u n e r i c a l  i n t e g r a t i o n  problem, more t h a n  2 0 0  

p o i n t s  were u s u a l l y  needed  t o  a c h i e v e  a maximum e s t i m a t e d  

error o f  2 % .  

i n d i c a t i n g  t h a t  it had e n c o u n t e r e d  s i n g u l a r i t i e s  or i r r e g u l a r  

A s  a n  i n d i c a t i o n  of t h e  

F u r t h e r m o r e ,  t h e  program u s u a l l y  gave messages 

- 9 4 -  
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b e h a v i o r .  I n  b o t h  of t h e s e  cases, t h e  computed answer w a s  

a c c e p t e d  b e c a u s e  t h e  e s t i m a t e d  e r r o r  w a s  s m a l l .  

The n u m e r i c a l  s e v e r i t y  o f  t h e  i n t e g r a t i o n  p rob lem,  i n  

c o n j u n c t i o n  w i t h  t h e  c o m p l e x i t y  of  t h e  i n t e g r a n d ,  F ( X ; E ) ,  

r e q u i r e d  l a r g e  amounts  o f  computer t i m e .  A computer  code  

e x e c u t i n g  i n  FOIITRPN H on a n  I B M  370/168 c o u l d  o n l y  e v a l u a t e  

10 t o  2 0  t y p i c a l  i n t e g r a l  e x p r e s s i o n s ,  I (x,,,S) p e r  second 

t o  t h e  d e s i r e d  a c c u r a c y .  T h i s  was not s e r i o u s  for t h e  e v a l u-  

a t i o n  of c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e  p r o f i l e s  which r e -  

q u i r e d  one  i n t e g r a l  e v a l u a t i o n  p e r  p o i n t .  However, it d i d  

become a l i m i t i n g  f a c t o r  for t h e  case o f  v a r i a b l e  i n j e c t i o n  

t e m p e r a t u r e  p r o f i l e s  ( s e c t i o n  4 . 6 )  w h e r e i n  e f f e c t s  o f  a se- 

quence o f  c o n s t a n t  t e m p e r a t u r e  s o l u t i o n s  had t o  be s u p e r p o s e d .  

4 . 5 . 3  R e s u l t s  o f  t h e  Corr.putations f o r  C o n s t a n t  I n j e c t i o n  

Tempera ture :  F i g .  4 . 7  p r e s e n t s  c a l c u l a t e d  d i m e n s i o n l e s s  t e m -  

p e r a t u r e  p r o f i l e s  f o r  1 5 ,  4 5 ,  and 2 1 0  m i n u t e s  f o r  c o n d i t i o n s  

c o r r e s p o n d i n g  t o  HWI-R-1 o f  A r i h a r a .  P r o f i l e s  f o r  hf = 5 ,  10, 

1 5 ,  and 2 0  B T U / ( h r - f t * - ' F )  a re  p r e s e n t e d  a t  each t i m e ,  as is 

t h e  wave e q u a t i o n  s o l u t i o n ,  E q .  3 . 2 0 .  The v a l u e  of  t h e  ex- 

t e r n a l  f i l m  c o e f f i c i e n t ,  h e ,  w a s  chosen i n  e a c h  case s o  t h a t  

the  o v e r a l l ,  s t e a d y - s t a t e  h e a t  t r a n s f e r  c o e f f i c i e n t ,  5 ,  w a s  

1 . 5  BTU/(hr-ft '-OF). I t  c a n  be s e e n  t h a t  t h e  s t e a d y - s t a t e  

p r o f i l e  w a s  a p p r o a c h e d  o n l y  n e a r  t h e  u p s t r e a m  end of t h e  c o r e  

a t  4 5  m i n u t e s ,  w h i l e  a t  2 1 0  m i n u t e s ,  t h e  e n t i r e  c o r e  had 

reached  t he  c o n d i t i o n  o f  s t e a d y  h e a t  l o s s e s .  

Vary ing  t h e  v a l u e  of  hf appeared  t o  a f f e c t  only t h e  

t r a n s i e n t  t e m p e r a t u r e  p r o f i l e s  o v e r  t h e  p a r t  o f  t h e  c o r e  
- 9 8 -  
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immedia te ly  b e h i n d  t h e  h e a t  wave f r o n t .  T h i s  e f f ec t  may 

a l s o  be  s e e n  i n  t h e  v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  r e s u l t s .  

I t  becomes i m p o r t a n t  when comparing c a l c u l a t e d  w i t h  e x p e r i -  

m e n t a l  r e s u l t s .  

F i g .  4 . 8  p r e s e n t s  t e m p e r a t u r e  p r o f i l e s  a t  1 5  and 4 5  

m i n u t e s  computed f rom t h e  wave, p a r a b o l i c ,  and two- dimensional  

models  for c o n d i t i o n s  comparable  t o  exper iment  FWI-B-1 of  

A r i h a r a .  

lower  t e m p e r a t u r e s  t h a n  t h e  wave model for t h e  r e g i o n  imme- 

d i a t e l y  b e h i n d  t h e  wave f r o n t .  

model d o e s  n o t  a p p r o a c h  t h e  wave model b e h a v i o r  as r a p i d l y  

Both  t h e  p a r a b o l i c  and two- dimensional  models  y i e l d  

However, t h e  two- dimens iona l  

as d o e s  t h e  p a r a b o l i c  model.  

t e m p e r a t u r e s  are a f f e c t e d  h y  t r a n s i e n t  h e a t  losses, b u t  no t  

by a x i a l  h e a t  c o n d u c t i o n .  T h i s  c o n c l u s i o n  i s  a l s o  v a l i d  for 

Thus ,  t h e r e  i s  a r e g i o n  where in  

v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e ,  and a r e a s o n a b l e  r a n g e  of x f  
and h f .  

t e m p e r a t u r e  p r o f i l e s  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s  ( A r i h a r a )  

i n  s e c t i o n  4 . 6 .  

I t  becomes irnDortant  when t r y i n g  t o  match c a l c u l a t e d  

F i g .  4 . 9  p r e s e n t s  c a l c u l a t e d  t e m p e r a t u r e  p r o f i l e s  a t  1 5 ,  

4 5 ,  and 9 0  m i n u t e s  f o r  b o t h  t h e  wave and two- dimens iona l  

mode l s ,  and  for t h e  c o n d i t i o n s  o f  A r i h a r a ' s  e x p e r i m e n t  HWI-B-1. 

The r e s u l t s  a re  p r e s e n t e d  for 5 = 1 . 5  BTU/(hr-€t2-OF) and 

hf  = 5 B T U / ( h r - f t 2 - O F ) ,  and  v a r i o u s  v a l u e s  of  FAC. 

p a r a m e t e r  FAC i s  d i s c u s s e d  i n  Appendix D .  I t  m o d i f i e s  t h e  

The 

thermal c a p a c i t a n c e  of  t h e  lumped p a r a m e t e r  model ,  and has 

t h e  e f f ec t  o f  s p e e d i n g  ( smal l e r  FAC) or s l o w i n g  (larger FAC) 

t he  t r a n s i e n t  heat  l o s s e s .  I t  c a n  be seen  from Fig. 4.9 
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t h a t  t h e  v a l u e  of FAC h a s  a n  e f f e c t  on t h e  shape  of  t h e  t e m -  

p e r a t u r e  p r o f i l e s  b e h i n d  t h e  wave f r o n t .  

An e x a m i n a t i o n  o f  F i g s .  4 . 7  to 4 . 9  and s imi lar  f i g u r e s  

l e a d s  one t o  c o n c l u s i o n s  c o n c e r n i n g  t h e  use  o f  t h e  two- 

d imens iona l  model with t h e  e x p e r i m e n t a l  results of A r i h a r a .  

One c o n c l u s i o n  i s  t h a t  t h e  two- dimensional  model would n o t  

be expec ted  t o  be v a l i d  i n  t h e  r e g i o n  n e a r  t h e  s h a r p  wave 

f r o n t .  There  i s ,  however ,  a r e g i o n  beh ind  t h e  wave f r o n t  

where a x i a l  h e a t  c o n d u c t i o n  i s  n o t  i m p o r t a n t  

t r a n s i e n t  h e a t  losses a re .  

r e g i o n  a r e  s e n s i t i v e  tct t h e  t h e r m a l  c a p a c i t a n c e  of t h e  lumped 

pa ramete r  model .  

b u t  r a d i a l  

C a l c u l a t e d  t e m p e r a t u r e s  in this 

F i n a l l y ,  t h e  h e a t i n g  e f f i c i e n c y  o f  a h o t - l i q u i d - i n j e c t i o n  

p r o c e s s  d e s c r i b e d  by t h e  pseudo two- dimensional  ma themat ica l  

model must depend o n  t h e  n a t u r e  of  t h e  t r a n s i e n t  h e a t  l o s s e s ,  

as  w e l l  as on t i m e .  

4.6 Behav io r  of t h e  Pseudo Two-Dimensional S o l u t i o n  for 

V a r i a b l e  I n i  e c t i o n  Temperature  

4.6.1 C o m p u t a t i o n a l  C o n s i d e r a t i o n s :  Prior t o  p e r f o r m i n g  

n u m e r i c a l  c a l c u l a t i o n s ,  it was n e c e s s a r y  t o  s o l v e  t h e  fo l low-  

i n g  problem. 

Appendix D and s e c t i o n  4 . 3 ,  and from which t h e  a n a l y t i c  solu- 

t i o n  was d e v e l o p e d ,  i s  b a s e d  on l i n e a r  t r a n s i e n t  h e a t  losses 

t h r o u g h  a s l a b .  The p h y s i c a l  sys tem d e s c r i b e d  i n  s e c t i o n  4 . 1  

( E q .  4 . 1  and F i g .  4.1) i.s r a d i a l .  The mathemat ics  were de-  

veloped f o r  a l i n e a r  svs tem f o r  conven ience .  The r e s u l t i n g  

The s i m p l i f i e d  mathemat ica l  model d i s c u s s e d  i n  
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s o l u t i o n  c a n  h e  t r a n s f o r m e d  t o  radia l  heat  l o s s e s  b y  rr.odi- 

f i c a t i o n  o f  t h e  t h e r m a l  c a p a c i t a n c e  and  t h e  e f f e c t i v e  ex-  

t e r n a l  t h e r m a l  r e s i s t a n c e ,  R el ( see  F i g .  D . 3 ,  Appendix D). 

The e f f e c t  of t h e  r a d i a l  g e o n e t r y  on t h e  volume of t h e  

v i t o n  c a n  be  c o n s i d e r e d  by u s i n g :  

Volume o f  V i t o n  pe r  I 'n i t  Teng th  of Core f o r  t h e  R a d i a l  Geometr 
= Volume of Vi ton  p e r  Uni t  Length  of  Core for t h e  L i n e a r  Geornetr; 

( 4 . 3 2 )  

= 1.125 

for t h e  d imens ions  under  c o n s i d e r a t i o n .  Unless  i n d i c a t e d  d i f -  

f e r e n t l y ,  it can  be  assumed t h a t  t h i s  v a l u e  of FA-C w a s  used  i n  

all c a l c u l a t i o n s  w3ich were made for compar ison w i t h  t h e  Art- 

hara  e x p e r i m e n t a l  r e s u l t s .  

I n  o r d e r  t o  c o n s i d e r  b o t h  t h e  r a d i a l  geometry for h e a t  

losses and t h e  e f f e c t s  o f  i n t e r n a l  t h e r m a l  r e s i s t a n c e  i n  t h e  

c o r e h o l d e r  caused  b y  f i n i t e  c o n d u c t i v i t i e s ,  t h e  f o l l o w i n g  v a l u e  

of  lumped, e x t e r n a l  thermal r e s i s t a n c e  w a s  used:  

( 4 . 3 3 )  

where i s  t h e  o v e r a l l  s t e a d y  s t a t e  h e a t  t r a n s f e r  c o e f f i c i e n t  

d e f i n e d  by Ea. .  3 . 1  and t h e  o t h e r  symbols a r e  d e f i n e d  in t h e  

Nomencla ture  s e c t i o n ,  and are also d i s c u s s e d  i n  s e c t i o n  4 . 1 .  
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V a r i a b l e  i n j e c t i o n  t e m p e r a t u r e  c a l c u l a t i o n s  were c a r r i e d  

o u t  u s i n g  t he  s u p e r p o s i t i o n  p r o c e d u r e  d e s c r i b e d  i n  Appendix 

B. The c o m p u t a t i o n a l  r e q u i r e m e n t s  of e v a l u a t i n g  t h e  i n t e g r a l  

solution, E q s .  4 . 2 9  t o  4 . 3 1 ,  meant t h a t  r e s t r i c t i o n s  had t o  

b e  p l a c e d  on b o t h  t h e  n;ilmber of  s u p e r p o s i t i o n  e l e m e n t s  used 

and on the number of po. ints  i n  t h e  c o r e  for which t h e  s u p e r-  

p o s i t i o n  s o l u t i o n  was g e n e r a t e d .  I t  w a s  found s a t i s f a c t o r y  

t o  u s e  a v a l u e  of DELTA which caused t h e  c o n s t r u c t i o n  of  1 0  

s u p e r p o s i t i o n  e l e m e n t s  from t h e  i n j e c t i o n  t e m p e r a t u r e  h i s t o r y .  

While t h i s  r e s t r i c t i o n  on t h e  a c c u r a c y  o f  t h e  s t e p  f u n c t i o n  

a p p r o x i m a t i o n s  caused  o c c a s i o n a l  s t r a n g e  r e s u l t s ,  i t  d i d  n o t  

a f f e c t  o v e r a l l  b e h a v i o r  and i n t e r p r e t a t i o n .  

No c a l c u l a t i o n s  were made w i t h  v a r i a b l e  i n j e c t i o n  t e m -  

p e r a t u r e  h i s t o r y  t o  s i m u l a t e  t h e  l o n g  e x p e r i m e n t a l  t imes for 

which t h e  t e m p e r a t u r e s  become s t e a d y  o v e r  t h e  e n t i r e  c o r e .  

Such c a l c u l a t i o n s  were u n n e c e s s a r y ,  b e c a u s e  t h e  e x p e r i m e n t s  

approached  c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e  a t  l o n g  t imes  , and 

t h e  two- dimens iona l  model approached t h e  wave model at  l o n g  

t imes  for c o n s t a n t  i n  j ecition t e m p e r a t u r e .  

4 . 6 . 2  Comparison clf t h e  Pseudo Two-Dimensional Model 

w i t h  t h e  Results of Experiment  HVI-€3-1 of Arihara:  The 

wave and p a r a b o l i c  models were compared w i t h  t h e  r e s u l t s  of  

e x p e r i m e n t  HWI-B-1 of A r i h a r a  i n  s e c t i o n  3 . 6 . 3  (Figs. 3 . 1 6  

and 3.17). I t  was s e e n  t h a t  t h e  comparison o f  c a l c u l a t e d  

and e x p e r i m e n t a l  r e s u l t s  was u n s a t i s f a c t o r y  a t  i n t e r m e d i a t e  

t imes (60 m i n u t e s  i n  t h i s  c a s e ) .  F i g .  4 . 1 0  p r e s e n t s  e x p e r i -  

mental  and c a l c u l a t e d  t e m p e r a t u r e s  for s h o r t  (15 m i n u t e s )  and 
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i n t e r m e d i a t e  ( 6 0  m i n u t e s )  t i m e s  f o r  t h e  HWI-B-1  exper iment .  

C a l c u l a t i o n s  a r e  p r e s e n t e d  for t h e  wave e q u a t i o n  w i t h  a n  

a c c u r a t e  l o n g- t i m e  h e a t  l o s s  c o e f f i c i e n t ,  5 ,  and for t h e  

t w o- d i m e n s i o n a l  model f o r  v a l u e s  o f  h f  = 3 ,  5 ,  and 10 BTUI 

( h r - f t 2 - o F ) .  

( h r - f t 2 - o F )  g i v e s  a s a t i s f a c t o r y  compar ison of  c a l c u l a t e d  

It  can  be s e e n  t h a t  a value o f  hf = 5 BTU/ 

and e x p e r i m e n t a l  t e m p e r a t u r e s .  

4 . 6 . 3  Comparison w i t h  t h e  3 e s u l t s  o f  t h e  CWI-S S e r i e s  

o f  E x p e r i m e n t s  o f  R r i h a r a :  The c o l d  water i n j e c t i o n  e x p e r i -  

ments  d i d  n o t  show end e f f e c t s ,  as d i d  some of  t h e  h o t  wa te r  

i n j e c t i o n  e x p e r i m e n t s  ( s e c t i o n  3.6.1). For t h i s  r e a s o n ,  it 

w a s  d e c i d e d  t o  compare t h e  t e m p e r a t u r e  b e h a v i o r  of t h e  two- 

d i m e n s i o n a l  model t o  t : h a t  o f  some o f  t h e  c o l d  water i n j e c t i o n  

e x p e r i m e n t s .  The se r i e s  o f  e x p e r i m e n t s  c a r r i e d  o u t  on t h e  

s y n t h e t i c  c o n s o l i d a t e d  c o r e  (CWI-S) w a s  a r b i t r a r i l y  chosen.  

P h y s i c a l  and t h e r m a l  p a r a m e t e r s  t ha t  were known w i t h  accuracy  

w e r e  used  as f i x e d  i n p u t s  for t h e  c a l c u l a t i o n s .  

i n c l u d e d  t e m p e r a t u r e  h i s t o r y  [ T i ( t ) ]  , s y s t e m  dimensions  , 
a v e r a g e  mass i n j e c t i o n  r a t e  (w), b u l k  f o r m a t i o n  s p e c i f i c  h e a t  

(Mf), and t h e  o v e r a l l  s t e a d y  h e a t  l o s s  c o e f f i c i e n t  ( 5 ) .  

s e n s i t i v i t y  o f  t h e  c a l c u l a t i o n s  t o  p a r a m e t e r s  known w i t h  less  

These p a r a m e t e r s  

The 

a c c u r a c y  w a s  t h e n  t e s t e d .  These p a r a m e t e r s  were t h e  i n t e r n a l  

f i l m  c o e f f i c i e n t ,  h f ,  and t h e  f a c t o r  modi fy ing  t h e  then-nal 

c a p a c i t a n c e  of  t h e  v i t o n ,  FAC. A11 two- dimens iona l  model cal-  

c u l a t i o n s  were  compared w i t h  p a r a b o l i c  c a l c u l a t i o n s  i n  o rde r  

t o  d e t e r m i n e  i f  a x i a l  h e a t  c o n d u c t i o n  w a s  i m p o r t a n t .  
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There  w a s  o n l y  o n e  p a r t  o f  t h e  h e a t  t r a n s f e r  c a l c u l a -  

t i o n s  f o r  which l e s s  than s a t i s f a c t o r y  p a r a m e t e r s  had t o  b e  

u s e d .  It appeared  i n c o r r e c t  t o  assume t h a t  h e a t  t r a n s f e r  

a c r o s s  t h e  a n n u l u s  o c c u r r e d  as i f  it were o f  uni form t h i c k -  

n e s s  and f i l l e d  w i t h  n i t r o g e n  g a s .  T h i s  assumpt ion  was used  

b y  A r i h a r a  i n  h i s  c a l c u l a t i o n s  o f  heat  t r a n s f e r  t h r o u g h  t h e  

c o r e h o l d e r  sys tem (Arihara,  1 9 7 4 ,  pp. 7 7- 7 8 ,  T a b l e s  2 and 3 ) .  

T h i s  a s sumpt ion ,  i n  c o n j u n c t i o n  w i t h  e s t i v a t e s  of  t h e  e x t e r n a l  

f i l m  c o e f f i c i e n t  ( f r o m  c o r r e l a t i o n s ) ,  and t h e  i n t e r n a l  f i l m  

c o e f f i c i e n t  ( f rom m a t c h i n g  two- dimens iona l  c a l c u l a t i o n s  w i t h  

e x p e r i m e n t a l  b e h a v i o r ) ,  c a u s e d  e x c e s s i v e  c a l c u l a t e d  tempera-  

t u r e  d r o p s  a c r o s s  t h e  e n t i r e  c o r e h o l d e r .  T h i s  d i f f i c u l t y  

c a n  be r e s o l v e d  by  h y p o t h e s i z i n g  t h e  o c c u r r e n c e  of some s o r t  

of s h o r t  c i r c u i t i n g  of  heat  t r a n s f e r  a c r o s s  t h e  a n n u l u s .  

T h i s  may have  been c a u s e d  by s a g g i n g  o f  t h e  c o r e  i n  t h e  s t e e l  

s h e l l ,  i n  c o n j u n c t i o n  w i t h  i r r e g u l a r i t i e s  on t h e  o u t s i d e  s u r -  

face  of  t h e  v i t o n  s h e l l  (Chen,  1 9 7 6 ) .  The p o s s i b i l i t y  of  

some water l e a k a g e  i n t o  t h e  a n n u l u s  d u r i n g  t h e s e  e x p e r i m e n t s  

( A r i h a r a ,  1 9 7 6 )  i s  a l s o  c o n s i s t e n t  w i t h  t h i s  h y p o t h e s i s .  

F i g .  4 . 1 1  p r e s e n t s  c a l c u l a t e d  and e x p e r i m e n t a l  p r o f i l e s  

f o r  exper iment  CWI-S-1 a t  60 and  1 2 0  m i n u t e s .  C a l c u l a t i o n s  

a r e  p r e s e n t e d  for t h e  two- dimens iona l  model w i t h  v a l u e s  of  

FAC = 1 . 1 2 ,  and hf = 4 and 6 BTlJ/(hr-f t2-OF),  as we l l  as for 

the  wave and p a r a b o l i c  models [ A f  = 4 BTU/(hr-ft-OF')]. Both 

v a l u e s  o f  h f  p r o v i d e  a r e a s o n a b l e  c o n p a r i s o n  w i t h  t h e  e x p e r i -  

m e n t a l  d a t a ,  p a r t i c u l a r l y  i f  t h e  e f f e c t s  o f  a x i a l  thermal 

c o n d u c t i o n  a re  q u a l i t a t i v e l y  c o n s i d e r e d .  F i g s .  4 . 1 2  and 4 . 1 3  
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p r e s e n t  f u r t h e r  c a l c u l a t i o n s  f o r  t h e  c o n d i t i o n s  o f  CVI-S-1 , 
b u t  w i t h  d i f f e r e n t  v a l u e s  of h f ,  and  smal le r  v a l u e s  o f  FAC. 

I t  c a n  b e  s e e n  t h a t  t h e s e  c a l c u l a t i o n s  do n o t  compare w e l l  

w i t h  t h e  e x p e r i m e n t a l  d a t a .  

F ig- .  4 . 1 4  p r e s e n t s  c a l c u l a t e d  and e x p e r i m e n t a l  tempera-  

t u r e s  f o r  t h e  CVI-s-2 e x p e r i m e n t  o f  A r i h a r a  a t  45 and 9 0  min- 

u t e s .  The two- dimens iona l  model c a l c u l a t i o n s  are p r e s e n t e d  

f o r  FAC = 1 . 1 2 ,  and hf = 4 and 6 BTU/(hr-f t2-OF),  w h i l e  t h e  

p a r a b o l i c  model c a l c u l a t i o n s  a r e  f o r  X f  = 6 B T U / ( h r - f t -  0 F). 

I t  can  be s e e n  t h a t  i f  the  e f f e c t s  o f  c o n d u c t i o n  a re  q u a l i -  

t a t i v e l y  c o n s i d e r e d ,  t h e n  b o t h  hf = 4 and 6 BTU/(hr-ft2-OF) 

g i v e  r e a s o n a b l e  compar i sons  w i t h  t h e  e x p e r i m e n t a l  d a t a .  O t h e r  

two- dimens iona l  c a l c u l a t i o n s  w e r e  made for a range  of h f ,  and 

l o w e r  v a l u e s  o f  FAC. F i g .  4 . 1 4  p r e s e n t s  t h e  b e s t  comparison 

o b t a i n e d  between c a l c u l a t e d  and e x p e r i m e n t a l  r e s u l t s .  

F i g .  4 . 1 5  p r e s e n t s  c a l c u l a t e d  and e x p e r i m e n t a l  tempera-  

t u r e s  for t h e  CVI-s-3 e x p e r i m e n t  o f  A r i h a r a  a t  30 and 60  min- 

u t e s .  The two- dimens iona l  c a l c u l a t i o n s  a re  p r e s e n t e d  for 

FAC 1 . 1 2 ,  and h f  = 7 and 1 5  BTU/(hr-f t2- 'F) ,  w h i l e  t h e  

p a r a b o l i c  c a l c u l a t i o n s  are for x f  = 1 0  STU/(hr-f t -OF).  

c a n  be  s e e n  t h a t  i f  t h e  e f f ec t s  of  a x i a l  h e a t  c o n d u c t i o n  a re  

q u a l i t a t i v e l y  c o n s i d e r e d ,  t h e n  a v a l u e  p a r t  way between h f  = 

7 and  1 5  BTU/(hr-ft2-OFf will g i v e  a good match between c a l c u -  

l a t e d  and e x p e r i m e n t a l  t e m p e r a t u r e  p r o f i l e s .  

d i m e n s i o n a l  c a l c u l a t i o n s  were made for a r a n g e  o f  hf, and 

lower v a l u e s  of FAC. The r e s u l t s  p r e s e n t e d  i n  F i g .  4 . 1 5  show 

t h e  b e s t  compar ison o b t a i n e d  between c a l c u l a t e d  and e x p e r i n e n t a l  

results. 

I t  

& h e r  two- 
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F i g .  4 . 1 6  p r e s e n t s  c a l c u l a t e d  and e x p e r i m e n t a l  tempera-  

t u r e s  for t h e  CWI-S-4 e x p e r i m e n t  o f  A r i h a r a  a t  4 5  and 7 5  

m i n u t e s .  The two- dimens iona l  c a l c u l a t i o n s  are p r e s e n t e d  

f o r  FAC = 1 . 1 2 ,  and  hi: = 8 and 1 2  BTU/(hr- f t  2 -OF), w h i l e  t h e  

p a r a b o l i c  c a l c u l a t i o n s  a r e  for h - 2 0  BTU/(hr-ft-OF). While 

t h e  compar i son  i n  t h i s )  f i g u r e  is n o t  s a t i s f a c t o r y ,  it w a s  

t h e  b e s t  one  o b t a i n e d .  

h f ,  and lower v a l u e s  clf FAC were even less  s a t i s f a c t o r y .  

The c a l c u l a t e d  r e s u l t s  i n d i c a t e d  t h a t  v a l u e s  of FAC g r e a t e r  

t h a n  1 . 1 2  might  g i v e  more s a t i s f a c t o r y  matches  be tween t h e  

c a l c u l a t e d  and  exper i r r . en ta1  r e s u l t s .  The e x a m i n a t i o n  of t h e  

lumped p a r a m e t e r  t r a n s i e n t  r e s p o n s e  i n  Appendix D s u g g e s t e d  

t h a t  lower  v a l u e s  of FAC might g i v e  more r e a l i s t i c  t r a n s i e n t  

r e s p o n s e s  t h r o u g h  t h e  v i t o n .  However, t h e r e  a p p e a r s  t o  b e  

no  p h y s i c a l  bas i s  for u s i n g  v a l u e s  o f  FAC h i g h e r  t h a n  1 . 1 2 ,  

and hence  this w a s  n o t  done.  

f -  

Other c a l c u l a t i o n s  u s i n g  a r a n g e  of  

4 . 7  O u a n t i t a t i v e  E s t i m a t i o n  o f  H e a t  Transfer P a r a m e t e r s  by 

Comparing the  One- and Two-Dimensional Yodels  t o  t h e  

T r a n s i e n t  T e m p e r a t u r e  P r o f i l e s  i n  t he  Noniso the rmal  

L i q u i d  I n j e c t i o n  Exper iments  of A r i h a r a  

T h i s  s e c t i o n  d i s c u s s e s  a t t e m p t s  t o  obtain q u a n t i t a t i v e  

es t imates  of  c e r t a i n  h e a t  t ransfer  p a r a m e t e r s  i n  Arihara 's  

e x p e r i m e n t s .  

t i m e  t e m p e r a t u r e s ,  and t h e  c o r e- v i t o n  c o e f f i c i e n t  c o n t r o l l e d  

S i n c e  a x i a l  t h e r m a l  c o n d u c t i o n  c o n t r o l l e d  e a r l y -  

medium-time t e m p e r a t u r e s ,  it w a s  t h o u p h t  t h a t  t h e y  c o u l d  b e  

e s t i m a t e d  by compar ing  c a l c u l a t i o n s  t o  t h e  e x p e r i m e n t a l  r e s u l t s .  

-115- 



lw 
(v 

L \ \ \ I  I I 

a 
0 

1 
m 

I 
H 
3 u 

k 
(d 

F4 

a 
C r n  
( d o )  

U 
a 3  3 .: 

lx w 
pc x r ,  
w k  

0 
l x I  
O N  
Erru 

rn 

m 

d 
I1 c 

4 
I 8 I 

I I I 

-116- 



4 . 7 . 1  A x i a l  Thermal  C o n d u c t i v i t y :  I n  s e c t i o n  3 . 5 ,  it 

was d e m o n s t r a t e d  t h a t  -the e a r l y - t i m e  t e m p e r a t u r e  b e h a v i o r  

was p a r t l y  c o n t r o l l e d  by a x i a l  h e a t  c o n d u c t i o n  i n  t h e  c o r e .  

S e c t i o n  3 . 6 . 3  conc luded  t h a t  i n t e r m e d i a t e - t i m e  t r a n s i e n t  

b e h a v i o r  a p p e a r e d  t o  b e  c o n t r o l l e d  by a n  e f f e c t i v e  h e a t  t r a n s -  

f e r  c o e f f i c i e n t  h i g h e r  t h a n  t h a t  a t  s t e a d y  s t a t e ,  as w e l l  as 

by a x i a l  c o n d u c t i o n  n e a r  the  wave f r o n t .  S e c t i o n  4 demon- 

s t r a t e d  t h a t  t h i s  r e s u l t  w a s  caused  by t r a n s i e n t  heat l o s s e s  

t h r o u g h  t h e  c o r e h o l d e r .  It w a s  hoped t h a t  a x i a l  h e a t  con-  

d u c t i o n  would domina te  t h e  e a r l y  t i n e  t e m p e r a t u r e  p r o f i l e s  

so  t h a t  t h e y  would be i n s e n s i t i v e  t o  heat losses t h r o u g h  t h e  

c o r e h o l d e r  s y s t e m .  If t h i s  were t h e  case, t h e n  t h e r e  would 

be some hope of b e i n g  a b l e  t o  d e t e r m i n e  e f f e c t i v e  a x i a l  t h e r m a l  

c o n d u c t i v i t i e s  f rom t h e  e a r l y  t i m e  t e m p e r a t u r e  d a t a  of A r i h a r a .  

Numerous c a l c u l a t i o n s  were c a r r i e d  o u t  i n  o r d e r  t o  d e t e r -  

mine t h e  s e n s i t i v i t y  o f  early t i m e  t e m p e r a t u r e  p r o f i l e s  t o  

b o t h  a n  e f f e c t i v e  h e a t  loss c o e f f i c i e n t ,  and a x i a l  t h e r m a l  

c o n d u c t i v i t y .  These  c a l c u l a t i o n s  were c a r r i e d  o u t  f o r  b o t h  

c o n s t a n t  and v a r i a b l e  i n j e c t i o n  t e m p e r a t u r e s .  The r e s u l t s  

showed t h a t  e a r l y  t i m e  t e m p e r a t u r e  p r o f i l e s  w e r e  s e n s i t i v e  

t o  b o t h  t h e  v a l u e  o f  t h e  e f f e c t i v e  o v e r a l l  h e a t  l o s s  c o e f-  

f i c i e n t ,  and t h e  v a l u e  of t h e  a x i a l  thermal  c o n d u c t i v i t y .  

s p i t e  o f  t h i s  r e s u l t ,  a t t e m p t s  were made t o  e s t i m a t e  a x i a l  

t h e r m a l  c o n d u c t i v i t i e s  from t h e  e a r l y  t i m e  e x p e r i m e n t a l  d a t a .  

These a t t e m p t s  were u n s c , c c e s s f u l .  While t h e  i n t e r a c t i o n  o f  

a x i a l  hea t  c o n d u c t i o n  a n d  t r a n s i e n t  h e a t  l o s s e s  a p p e a r e d  t o  

p l a y  a n  i m p o r t a n t  r o l e ,  it cou ld  n o t  b e  q u a n t i t a t i v e l y  d e s c r i b e d  

In 
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by any  of t h e  ma thema t i ca l  models for which s o l u t i o n s  were 

a v a i l a b l e .  I n  a d d i t i o n ,  some of  t h e  e x p e r i m e n t s  had i n i t i a l  

nonuni fo rm t e m p e r a t u r e  p r o f i l e s .  \ ,b i l e  t h e  method o f  c h a r a c-  

t e r i s t i c s  s o l u t i o n  t o  t h e  wave model. c o u l d  account  for t h i s ,  

t h e  s o l u t i o n s  t o  t h e  more c o m p l i c a t e d  models  cou ld  n o t .  

4 . 7 . 2  The F i l m  C o e f f i c i e n t  be tween t h e  Core and V i t o n :  

I n  s e c t i o n s  4 . 5  and 4 . 6 ,  i t  w a s  d e m o n s t r a t e d  t h a t  t h e  i n t e r -  

m e d i a t e- t i m e  t e m p e r a t u r e  b e h a v i o r  of  A r i h a r a '  s d a t a  seemed 

t o  b e  dominated by t r a n s i e n t  h e a t  losses t h r o u g h  t h e  c o r e -  

h o l d e r .  Fu r the rmore ,  it w a s  s e e n  t h a t  t h e  magnitude of t h e  

f i l m  c o e f f i c i e n t ,  h f ,  be tween t h e  c o r e  and t h e  v i t o n  s l e e v e  

seemed t o  p l a y  an  i m p o r t a n t  r o l e  i n  d e t e r m i n i n g  t h e  shape  

o f  t h e  i n t e r m e d i a t e - t i m e  t e m p e r a t u r e  p r o f i l e s .  

was made t o  f i n d  v a l u e s  o f  h f  which c a u s e d  c a l c u l a t e d  t empera-  

t u r e  p r o f i l e s  t o  match t h e  e x p e r i m e n t a l  t e m p e r a t u r e  d a t a  of 

t h e  CWI-S expe r imen t s  o f  A r i h a r a  a t  i n t e r m e d i a t e -  and long- 

An a t t e m p t  

t i m e s .  

and t h e  .mass f l o w r a t e  t h r o u g h  t h e  core. The r e s u l t s  of t h e s e  

The purpose  was t o  deduce  a r e l a t i o n s h i p  between h f  

a t t e m p t s  a re  d e s c r i b e d  i n  s e c t i o n  4 . 6 .  F i g .  4 . 1 7  summarizes 

t h e s e  r e s u l t s  i n  a g raph  of loglo hf  v s .  loglo  w". 

u r e  p r e s e n t s  r e s u l t s  for the CWI-S se r ies  of exper iments  as 

This f i g -  

well as for t h e  HWI-B-1 e x p e r i m e n t .  h k i l e  mass v e l o c i t i e s  

were known w i t h  some a c c u r a c y ,  v a l u e s  o f  t h e  f i l m  c o e f f i c i e n t  

c o u l d  o n l y  be e s t i m a t e d  w i t h i n  t h e  r a n g e s  shown. The r a n g e  

of  hf c o u l d  no t  be bounded a t  one  end  f o r  two of  t h e  e x p e r i m e n t s .  
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F u r t h e r  c a l c u l a t i o n s  for t h e s e  two expe r imen t s  may be a b l e  

t o  p roduce  e s t i m a t e d  uppe r  or lower  bounds on h f .  

F ig .  9 . 1 7  a l s o  p r e s e n t s  i n f o r m a t i o n  on c o r r e l a t i o n s  

between t h e  f i l m  c o e f f i c i e n t ,  h f ,  and t h e  mass v e l o c i t y ,  w " ,  

which a re  a v a i l a b l e  i n  t h e  p u b l i s h e d  l i t e r a t u r e .  The r e l a t i o n -  

s h i p  r e p o r t e d  by Colburn  ( 1 9 3 1 ;  d i s c u s s e d  by Jakob ,  1 9 5 7 ,  p. 

5 5 3 )  i s  shown as an e n v e l o p e  o f  s t r a i g h t  l i n e s  i n d i c a t i n g  

t h e  r ange  of  h i s  c o r r e l a t i o n s  for d i f f e r e n t  p a r t i c l e  s i z e s .  

These  r e s u l t s  i n d i c a t e d  t h a t  t h e  f i l m  c o e f f i c i e n t  was, p ro-  

p o r t i o n a l  t o  t h e  mass v e l o c i t y  r a i s e d  t o  t h e  0 . 8 3  power: 

0 . 8 3  h f  a ( w " )  ( 4 . 3 4 )  

The c o n s t a n t  o f  p r o p o r t i o n a l i t y  i n  t h i s  e x p r e s s i o n  was found 

t o  depend on t h e  r a t i o  o f  t u b e  d i a m e t e r  t o  e q u i v a l e n t  par- 

t i c l e  d i a m e t e r ,  as w e l l  as on t h e  s p e c i f i c  h e a t  and v i s c o s i t y  

o f  t h e  f l u i d  ( Jakob ,  1 9 5 7 ,  p .  5 5 6 ) .  C o l b u r n ' s  d a t a  was based  

on expe r imen t s  c a r r i e d  o u t  i n  two t u b e s  (1-1/4 and 3 i n ,  

i n t e r n a l  d i a m e t e r )  packed  w i t h  p a r t i c l e s  o f  un i fo rm s i z e .  

These e x p e r i m e n t s  were c a r r i e d  o u t  under  c o n d i t i o n s  d i f f e r e n t  

f rom t h o s e  of A r i h a r a .  The mass v e l o c i t y  r a tes  of Colburn 

were i n  t h e  r a n g e  o f  1 2  t o  390 l b / ( m i n - f t  2 ) , as compared t o  

t h e  r a n g e  of A r i h a r a  of  0 . 5  t o  3 . 5  l b / ( m i n - f t  2 1. I n  a d d i t i o n ,  

t h e  p a r t i c l e  s i z e s  used  i n  C o l b u r n ' s  expe r imen t s  were much 

larger t h a n  t h o s e  i n  A r i h a r a ' s  e x p e r i m e n t s .  The smallest 

p a r t i c l e s  t h a t  Colburn  used were 1 / 8  i n .  g r a n u l e s .  The 

e f f e c t i v e  p a r t i c l e  s i z e s  i n  A r i h a r a ' s  e x p e r i m e n t s  were o r d e r s  
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of  magn i tude  sma l l e r .  

h f  and w" d e t e r m i n e d  by Colburn may be c o r r e c t  for t h e  

c o n d i t i o n s  o f  Arihara ' s  e x p e r i m e n t s  , it i s  also p o s s i b l e  

t h a t  it i s  i n c o r r e c t .  

Thus , w h i l e  t h e  r e l a t i o n s h i p  between 

F i g .  4 . 1 7  also p r e s e n t s  f i v e  d a t a  p o i n t s  r e p o r t e d  by  

C r i c h l o w  (1972). 

f i n i t e  d i f f e r e n c e  c a l c u l a t i o n s  w i t h  h i s  e x p e r i m e n t a l  r e s u l t s .  

Cr ich low d i d  n o t  r e p o r t  bounds on t h e s e  r e s u l t s .  H i s  mass 

v e l o c i t i e s  were w i t h i n  t h e  r a n g e  r e p o r t e d  b y  A r i h a r a ,  a l -  

though  some of  them w e r e  lower  t h a n  t h o s e  used  i n  t h e  CWI-S 

e x p e r i m e n t s  of  A r i h a r a ,  F i g .  4 . 1 7  shows a n  i n t e r e s t i n g  r e-  

l a t i o n s h i p  be tween  t h e  r e s u l t s  o f  Cr ich low and  A r i h a r a .  

one t h i n g  , t h e  l i m i t e d  i n f o r m a t i o n  a v a i l a b l e  s u g g e s t s  t h a t  

t h e  hf vs .  w" r e l a t i o n  ,far t h e  Be rea  S a n d s t o n e  ( e x p e r i m e n t  

H W I - B - 1 )  may be t h e  same as for t h e  s y n t h e t i c  c o n s o l i d a t e d  

s a n d s t o n e  (CWI-S e x p e r i m e n t s ) .  F u r t h e r m o r e ,  t h e  o r i g i n a l  

r e l a t i o n s h i p  be tween  h f  and w" t h a t  was deduced by Cr ich low:  

These  a re  based  on  ma tch ing  the  results o f  

For  

1". 87 hf = 2 . 6  ( w " )  ( 4 . 3 5 )  

seems t o  be  c o n s i s t e n t  w i t h  t h e  e x p e r i n e n t a l  data of  Arihara. 

T h i s  w a s  u n e x p e c t e d ,  b e c a u s e  Cr i ch low used  a n  u n c o n s o l i d a t e d  

s a n d s t o n e  w i t h  a n  e f f e c t i v e  pore size much l a r g e r  t h a n  t h e  

two po rous  m e d i a  o f  A r i h a r a .  I t  may b e  t h a t  be low a c e r t a i n  

p a r t i c l e  s i z e  t h e  c o n s t a n t  of p r o p o r t i o n a l i t y  be tween  h, and 
I 

( w l l ) l .  8 7  becomes i n d e p e n d e n t  o f  p a r t i c l e  s i z e .  T h i s  sugges- 

t i o n  i s  c o n s i s t e n t  w i t h  t h e  agrezment  be tween  t h e  HWI-B-1 
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and CWI-S-2 e x p e r i m e n t s ,  which were c a r r i e d  o u t  u s i n g  d i f -  

f e r e n t  p o r o u s  media .  F i g .  4 . 1 7  a l so  shows C r i c h l o w ' s  leas t  

squares c o r r e l a t i o n  o f  h i s  d a t a  u s i n g  t h e  0 . 8 3  s l o p e  of 

Colburn .  T h i s  f i g u r e  also shows a s t r a i g h t  l i n e  of 0 . 8 3  

s l o p e  which  a p p r o x i m a t e l y  p a s s e s  w i t h i n  t h e  r a n g e s  of h f  

deduced from A r i h a r a ' s  e x p e r i m e n t s .  

We t h u s  see t h a t  t h e r e  i s  n o t  enough i n f o r m a t i o n  t o  

deduce  a r e l a t i o n s h i p  between t h e  f i l m  c o e f f i c i e n t  and mass 

v e l o c i t i e s  i n  t h e  e x p e r i m e n t s  o f  Arihara w i t h  any sat isfac-  

t o r y  l e v e l  o f  c o n f i d e n c e .  Cr i ch low i n d i c a t e s  t h a t  for t h e  

same mass v e l o c i t y ,  w " ,  t h e  o v e r a l l  magn i tude  of  h f  d e c r e a s e s  

as  p a r t i c l e  s i z e  i n c r e a s e s .  While t h i s  i s  c o n s i s t e n t  w i t h  

t h e  o b s e r v a t i o n  from F i g .  4 . 1 7  t h a t  t h e  c o r r e l a t i n g  l i n e s  of 

slope 0 . 8 3  m v e  upwards as p a r t i c l e  s i z e  d e c r e a s e s ,  it is 

n o t  e n t i r e l y  c o n s i s t e n t  w i t h  t h e  r e s u l t s  of Colburn  as d i s -  

c u s s e d  by J a k o b  ( 1 9 5 7 ,  F i g s .  42- 15 and 4 2- 1 6 ) .  

C a l c u l a t i o n s  c o u l d  have been c a r r i e d  o u t  f o r  more o f  

A r i h a r a ' s  e x p e r i m e n t s  i n  o r d e r  t o  t r y  t o  o b t a i n  more informa-  

t i o n  a b o u t  t h e  r e l a t i o n s h i p  between h f  and w " .  

e x p e r i m e n t s  were n o t  d e s i g n e d  w i t h  s u c h  a d e t e r m i n a t i o n  of 

hf i n  mind,  and  h e n c e  i t  i s  n o t  l i k e l y  t h a t  b e t t e r  bounds on 

hf c o u l d  be d e t e r m i n e d  from them. 

were  not made. It would be b e t t e r  t o  d e s i g n  a set of  e x p e r i -  

ments  t o  o b t a i n  a n  h f  v s .  w" r e l a t i o n s h i p  u s i n g  t h e  t h e o r e t i c a l  

and n u m e r i c a l  r e s u l t s  of this s t u d y .  

u s e  both t h e  p r o p o s e d  s t e a d y  s t a t e  method ( s e c t i o n  3.4.1, 

Appendix C ) ,  as well as t h e  r e s u l t s  of  s e c t i o n  4 .  

A r i h a r a ' s  

Hence s u c h  c a l c u l a t i o n s  

Such e x p e r i m e n t s  c o u l d  
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5 ,  DYNfLYIC DISPLACEWENT EXPERIMENTS FOR THE DETEFJINATION 

OF ABSOLUTE PERMEABILITY UNDER 

NONISOTHERMAL FLOWING CONDITIONS 

5 . 1  I n t r o d u c t i o n  

Temperature  e f f e c t s  on t h e  a b s o l u t e  p e r m e a b i l i t y  of  p o r o u s  

media  are c u r r e n t l y  d e t e r m i n e d  u s i n g  a s i n g l e  e x p e r i m e n t a l  

method: t h a t  o f  s t e a d y - s t a t e  i s o t h e r m a l  flow d e t e r m i n a t i o n s  

a t  v a r i o u s  t e m p e r a t u r e  l e v e l s  (CassG, 1975). Because t h e s e  

expe r imen t s  r e q u i r e  c o n s t a n t  t e m p e r a t u r e  t h r o u g h o u t  the f low-  

ing sys t em,  it i s  usua:Lly n e c e s s a r y  t o  w a i t  for t h e  c o r e  and 

i t s  environment  t o  r e a c h  the same t e m p e r a t u r e .  

d e t e r m i n a t i o n  o f  a b s o l u t e  p e r m e a b i l i t y  a t  v a r i o u s  t e m p e r a t u r e  

l e v e l s  can be a t e d i o u s  and  t ime- consuming endeavor .  

Thus,  t h e  

T h i s  s i t u a t i o n  i s  a n a l o g o u s  t o  t h a t  of  t h e  exper i .menta1 

d e t e r m i n a t i o n  o f  i s o t h e r m a l  two- phase r e l a t i v e  p e r m e a b i l i t y  

c h a r a c t e r i s t i c s .  

on s t e a d y - s t a t e  methods which  r e q u i r e d  much t i m e  and ca re  

(Amyx, Bass, and W h i t i n g ,  (19601, p .  1 8 4 ;  Bear, (1972), 9 . 3 . 7 1 ,  

and which c o u l d  o n l y  p r o d u c e  one d a t a  p o i n t  from one  expe r imen t .  

Dynamic d'isplacement methods b a s e d  on t h e  t h e o r y  o f  Buckley 

and L e v e r e t t  ( 1 9 4 2 )  were l a t e r  deve loped  by Welge (1952) , 
Johnson, Bossler, and Naumann (19591, and Jones  (Ramey, 1971). 

These methods are b a s e d  on t h e  a n a l y s i s  of changing sys t em 

E a r l y  e x p e r i m e n t a l  t e c h n i q u e s  were b a s e d  
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p r o p e r t i e s  d u r i n g  a t r a n s i e n t - t y p e  o f  expe r imen t  r a t h e r  t h a n  

on  s i n g l e  measurements  made o n  a se r ies  of s t e a d y - s t a t e  ex-  

p e r i m e n t s .  

p e r i m e n t  can  p roduce  i n f o r m a t i o n  a b o u t  r e l a t i v e  p e r m e a b i l i t  ies 

o v e r  a b road  r a n g e  of v o l u m e t r i c  f l u i d  s a t u r a t i o n s .  

A s  a r e s u l t ,  a s i n g l e  dynamic d i s p l a c e m e n t  ex- 

Two-phase dynamic d i s p l a c e m e n t  methods are  b a s e d  on a n  

i n t e g r a t i o n  o f  D a r c y ' s  l a w  o v e r  t h e  l e n g t h  o f  t h e  c o r e ,  and  

on an u n d e r s t a n d i n g  of  t h e  f l u i d  s a t u r a t i o n  b e h a v i o r  i n  t h e  

c o r e  d u r i n g  t h e  i n j e c t i o n  of a d i s p l a c i n g  f l u i d .  

a d i r e c t  a n a l o g  t o  t h i s  e x t r a c t i o n  of r e l a t i v e  p e r m e a b i l i t y  

f u n c t i o n s  a v a i l a b l e  i n  n o n i s o t h e r m a l ,  s i n g l e- p h a s e  f l u i d  i n -  

j e c t i o n  e x p e r i m e n t s .  

s t a n t  mass r a t e  i n t o  a c o r e  which i s  a t  some b a s e  t e m p e r a t u r e  

Suppose f u r t h e r  t h a t  t h e  c o r e  h a s  h e a t  l o s s e s  t o  t h e  Te 
s i d e s  such  t h a t  t e m p e r a t u r e  p r o f i l e s  w i l l  advance  down it i n  

some known manner as shown i n  F i g .  5 . 1 .  If t h e  l i q u i d  v i s -  

c o s i t y  and d e n s i t y ,  and t h e  a b s o l u t e  p e r m e a b i l i t y  of t h e  medium 

are known f u n c t i o n s  of  t e m p e r a t u r e ,  t h e  p r e s s u r e  d r o p  a c r o s s  

The re  i s  

Suppose w e  i n j e c t  h o t  l i q u i d  a t  con-  

t h e  c o r e  s h o u l d  change  as t h e  t e m p e r a t u r e  p r o f i l e s  change.  

T h i s  p r e s s u r e  d r o p  can  h e  c a l c u l a t e d  a t  any  t i m e  by i n t e g r a -  

t i n g  D a r c y ' s  l a w  o v e r  t h e  l e n g t h  of  t h e  c o r e .  

t h e  p r e s s u r e  d r o p  h i s t o r y ,  A p ( t ) ,  c a n  be e v a l u a t e d .  However, 

w e  o - f t en  do n o t  know t h e  r e l a t i o n  be tween  t he  a b s o l u t e  permea- 

b i l i t y  o f  t h e  c o r e  and  i t s  t e m p e r a t u r e ,  k ( T ) ,  while a t  t h e  

same t i m e  w e  do have  a measured  p r e s s u r e  d r o p  h i s t o r y ,  A p ( t ) ,  

f o r  t h e  e x p e r i m e n t .  Thus ,  it would seem t h a t  w e  s t i l l  have  

t h e  same amount o f  i n f o r m a t i o n  as b e f o r e ,  and  i n  p r i n c i p l e  

A s  a r e s u l t ,  
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s h o u l d  b e  a b l e  t o  d e t e r m i n e  t h e  unknown f u n c t i o n ,  k(T), 

f rom t h e  e x p e r i m e n t a l  data.  

t h e  k(T) f u n c t i o n  f r o m  t h e  e x p e r i m e n t a l  d a t a  is f o r m u l a t e d  

i n  terms o f  a n  i n t e g r a l  e q u a t i o n  below. 

T h i s  p rob lem of  " i n v e r t i n g "  

5 . 2  F o r m u l a t i o n  o f  t h e  Problem i n  Terms of  a n  I n t e g r a l  

E q u a t i o n  

Assume t h a t  D a r c y ' s  l a w  i s  v a l u e d  for s i n g l e - p h a s e  non- 

i s o t h e r m a l  flow, a n d  t h a t  t h e  a b s o l u t e  p e r m e a b i l i t y  is a 

s i n g l e - v a l u e d  f u n c t i o n  of  t e m p e r a t u r e .  Then we have :  

where :  T = t e m p e r a t u r e ,  a f u n c t i o n  of s p a c e  and  t i m e ,  T ( x , t )  

w = mass f l o w r a t e ,  a f u n c t i o n  o f  t i m e ,  w ( t )  

p = f l u i d  d e n s i t y ,  a f u n c t i o n  of  t e m p e r a t u r e ,  p ( T )  

A = f l u i d  m o b i l i t y  , a b s o l u t e  p e r m e a b i l i t y / v i s c o s i t y ,  

a f u n c t i o n  of t e m p e r a t u r e ,  h ( T )  

Ac = c r o s s - s e c t i o n a l  area t o  f l o w  

- a p  = local p r e s s u r e  g r a d i e n t ,  a f u n c t i o n  of  d i s t a n c e ,  
ax 

x, and t i m e ,  t .  

R e a r r a n g i n g  : 
1 

a D  ( x , t )  = - A ~ A ( T ) ~ ( T )  w o  ax 1 ( 5 . 2 ) .  

-12 6- 



I n t e g r a t i n g  a l o n g  t h e  c o r e :  

Let  x f ( t )  be a measure  o f  t h e  d i s t a n c e  t h e  f r o n t  edge  of t h e  

t e m p e r a t u r e  p r o f i l e  h, ls  moved, as  shown i n  F i g .  5 . 1 .  
A f t e r  

b r e a k t h r o u g h ,  d e f i n e  x f ( t )  a - L ,  s u c h  t h a t  

( 5 . 4 ) .  

O f  t h e  t h r e e  a p p a r e n t  i n d e p e n d e n t  v a r i a b l e s  i n  Ea_. 5 . 3 ,  T, 

x, and t ;  o n l y  two a r e  t r u l y  i n d e p e n d e n t .  

T ,  and  t i m e ,  t ,  as t h e  i n d e p e n d e n t  v a r i a b l e s ,  and  r e c a s t  t h e  

r i g h t - h a n d  s i d e  o f  E q .  5 . 3  i n  t e r m s  o f  t h e s e  i n  t h e  r e g i o n  

Choose t e m p e r a t u r e ,  

o<x<x,. 
* -  - 

( 5 . 5 )  

where  : 

( T ( L , t ) ,  for xf = L 

E v a l u a t i n g  t h e  second  i . n t e g r a 1  e x p l i c i t l y ,  r e a r r a n g i n g ,  and 

r e v e r s i n g  t h e  l i m i t s  on t h e  i n t e g r a l ,  we o b t a i n :  
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T h i s  i s  a n  e q u a t i o n  o f  t h e  form:  

( 5 . 7 )  

where  

E q .  5 . 7  i s  a L i n e a r  I n t e g r a l  E q u a t i o n  of  t h e  F i r s t  Kind,  
d T  

which may be s i n g u l a r  a t  t h e  p o i n t  T f C t )  = T e ,  if -(xF,t) = 0 dx A 

( C o u r a n t  and  H i l b e r t  ( 1 9 5 3 1 ,  Ch. 111; S q u i r e s  (1970)). 

t h e  i n j e c t i o n  t e m p e r a t u r e ,  Ti ,  i s  c o n s t a n t ,  t h e  e q u a t i o n  is 

a Fredholm F q u a t i o n  ( i . e . ,  it h a s  f i x e d  l i m i t s  o f  i n t e g r a t i o n )  

so l o n p . ' a s  x f<L.  

If 

If t h e  t e m p e r a t u r e  b e h a v i o r  i n  t h e  s y s t e m  i s  known, and 

i n  a d d i t i o n  t h e  p r e s s u r e  d rop  h i s t o r y  i s  measu red ,  t h e n  b o t h  

t he  f u n c t i o n  F ( t )  and t h e  Kerne l  H ( T , t ) ,  are  known, and hence 

w e  c a n  i n  p r i n c i p l e  s o l v e  E q .  5 . 6  f o r  t h e  f u n c t i o n  G ( T ) .  If 

F ( t )  and H ( T , t )  w e r e  b o t h  s i m p l e  a n a l y t i c  f u n c t i o n s ,  t h e n  it 
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might b e  p o s s i b l e  t o  d e t e r m i n e  G ( T )  f o r  t h e  Fredholm problem 

i n  a n a l y t i c  form u s i n g  c l a s s i c a l  methods for s o l v i n g  i n t e g r a l  

e q u a t i o n s .  However, s i n c e  F ( t )  i s  composed o f  measured ex- 

p e r i m e n t a l  d a t a ,  and H ( T , t )  i s  seldom s i m p l e ,  w e  nust e i t h e r  

r e s o r t  t o  n u m e r i c a l  v e t h o d s  for i n v e r t i n g  G(T) f rom t h e  ex-  

p e r i m e n t a l  d a t a ,  or e l s e  a t t e m p t  t o  f i n d  t h e  s o l u t i o n  t o  a 

s i m p l i f i e d  p rob lem.  

d i s c u s s e d  in t h e  f o l l o w i n g .  

These two a l t e r n a t i v e  a p p r o a c h e s  a re  

5 . 3  Numer ica l  S o l u t i o n  o f  t h e  I n t e g r a l  E q u a t i o n  

The a p p l i c a t i o n  o f  f i n i t e  d i f f e r e n c i n p  t e c h n i q u e s  t o  

E q .  5 . 7  c o n v e r t s  t h e  problem i n t o  t h a t  o f  s o l v i n g  a l i n e a r  

a l g e b r a i c  s y s t e m  of e q u a t i o n s  ( S q u i r e s ,  1 9 7 0 ) .  U n f o r t u n a t e l y  

t h i s  sys t em i s  commonly o v e r d e t e r m i n e d  as w e l l  as i l l - c o n d i t i o n e d ,  

and t h e  t a s k  of o b t a i n i n p  a mean ing fu l  answer  i s  n o t  always easy. 

T h i s  d i f f i c u l t y  a r i ses  because  t h e  e x p r e s s i o n  ( 5 . 7 )  r e p r e s e n t s  

a m a t h e m a t i c a l l y  i l l - p o s e d  problem ( H e a t h ,  1974). While v a r i -  

ous  methods are a v a i l a b l e  for solving s u c h  o v e r d e t e r m i n e d  and 

i l l - c o n d i t i o n e d  s y s t e m s  o f  e q u a t i o n s  

been pu r sued  f u r t h e r .  

t h i s  a p p r o a c h  h a s  n o t  

3 e c o g n i t i o n  o f  t h e  f ac t  t h a t  t h i s  problem is ill posed 

a l l o w s  u s  t o  o b t a i n  i n s i p h t  i n t o  t h e  n a t u r e  of a n y  s o l u t i o n  

which w e  c an  f i n d  t o  t h e  dynamic d i s p l a c e m e n t  e x p e r i m e n t .  

e f f e c t  t h i s  t e l l s  u s  t h a t  small e r r o r s  i n  t h e  e x p e r i m e n t a l  

da ta  c a n  c a u s e  large errors i n  t h e  r e s u l t i n , ?  answers. 

In 
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5 . 4  G r a p h i c a l  S o l u t i o n  t o  a S i m p l i f i e d  Problem 

If  c e r t a i n  s i m p l i f y i n p  a s sumpt ions  c a n  be made abou t  t h e  

n a t u r e  o f  e n e r g y  movement i n  t h e  p h y s i c a l  sys t em,  t h e n  a p a r -  

t i c u l a r l y  e l e p a n t  and s i m p l e  g r a p h i c a l  s o l u t i o n  t o  t h e  i n v e r -  

s i o n  problem c a n  b e  o h t a i n e d .  These s i m p l i f y i n ?  a s s u m p t i o n s  

c o n s t a n t  f l o w r a t e  t h r o u g h o u t  t h e  c o r e  

c o n s t a n t  i n j  e c t  i o n  t e m p e r a t u r e  

z e r o  a x i a l  thermal c o n d u c t i v i t y  and i n f i n i t e  r a d i a l  

t h e r m a l  c o n d u c t i v i t y  i n  t h e  core 

h e a t  l o s s e s  f r o m  t h e  s i d e  o f  t h e  c o r e  can b e  r e p r e -  

s e n t e d  s i m p l y  b y  a t e m p e r a t u r e  d i f f e r e n c e  times a n  

o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  

b o t h  t h e  c o r e  and  f l u i d  have  c o n s t a n t  t h e r m a l  prop-  

e r t  i es  

The s o l u t i o n  t o  t h i s  s i m p l i f i e d  problem i s  p r e s e n t e d  as Z q .  3 . 2 0 .  

The r e s u l t i n g  t r a n s i e n t  t e m p e r a t u r e  p r o f i l e  i s  t h a t  of  a con-  

s t a n t  v e l o c i t y ,  e x p o n e n t i a l l y - d e c a y i n p  s h a r p  f r o n t  movinp 

t h r o u g h  t h e  c o r e ,  l e a v i n g  c o n s t a n t  t e m p e r a t u r e s  beh ind  (shown 

s c h e m a t i c a l l y  i n  F i g .  3 . 3 ) .  The s h a r p  f r o n t  moves w i t h  a 

c o n s t a n t  v e l o c i t y :  

dx, wC.. 
I w 

where :  Cw = s p e c i f i c  h e a t  o f  t h e  f l u i d  p e r  u n i t  mass 

( 5 . 8 )  

Mf = b u l k  v o l u m e t r i c  s p e c i f i c  h e a t  of  t h e  c o r e- w a t e r  
s y s t e m  
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The r e s u l t  o f  a s h a r p  f r o n t  i s  a d i r e c t  consequence  o f  t h e  

a s sumpt ion  o f  z e r o  a x i a l  t h e r m a l  c o n d u c t i v i t y .  T h i s  i s  

d i r e c t l v  a n a l o g o u s  t o  t h e  s h a r p  s a t u r a t i o n  front which re- 

s u l t s  i n  F u c k l e y- L e v e r e t t  f r o n t a l  advance  c a l c u l a t i o n s  when 

t h e  c a p i l l a r y  p r e s s u r e  i s  assumed t o  b e  zero. 

T h i s  s i m p l i f i e d  -t empera ture  model c a n  be  a p p l i e d  t o  t h e  

i n t e g r a l  form of Darcy's l a w ,  E q .  5 . 3 :  

L T 

x=o x= 0 

D i f f e r e n t i a t i n g  b o t h  s ides  w i t h  r e s p e c t  t o  t i m e ,  t ,  and u s i n g  

L e i b n i z ' s  r u l e  f o r  d i f f e r e n t i a t i n g  under  a n  i n t e g r a l :  

-t A ( T  1 ) Q ( T , )  - dt d C L - x f ( t ) l  
e 

Thus, a g r a p h  o f  t h e  e x p e r i m e n t a l  d a t a  i n  t h e  form (Ap(t)/w) 

v e r s u s  t i m e  s h o u l d  g i v e  a c u r v e  whose s l o p e  for f i x e d  s y s t e m  
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p r o p e r t i e s  i s  a f u n c t i o n  of  t h e  f r o n t  t e m p e r a t u r e  o n l y .  

T h i s  i s  i n d i c a t e d  i n  F i g .  5 . 2 .  F e n c e ,  i f  w e  know t h e  

t e m p e r a t u r e  of t h e  f r o n t ,  T f ,  as a f u n c t i o n  o f  t i m e ,  t h e n  

i t  i s  p o s s i b l e  t o  i n v e r t  t h e  m o b i l i t y ,  and c o n s e q u e n t l y  t h e  

a b s o l u t e  p e r m e a b i l i t y  of  t h e  c o r e ,  as a f u n c t i o n  of  tempera-  

t u r e .  

I t  i s  c l ea r  t h a t  a s h a r p  t e m p e r a t u r e  f r o n t  i n  t h e  c o r e  

i s  p h y s i c a l l y  u n r e a l i s t i c ,  and t h a t  hence  t h e  z e r o  a x i a l  

t h e r m a l  c o n d u c t i v i t y  a s sumpt ion  of t h i s  s i m p l i f i e d  tempera-  

ture model i s  not e n t i r e l y  r e a s o n a b l e .  T h i s  e f f e c t  of a x i a l  

t h e r m a l  c o n d u c t i v i t y  on  t e m p e r a t u r e  p r o f i l e s  i n  c o r e s  i s  d i s -  

c u s s e d  i n  s e c t i o n  3.  

The e f f e c t  o f  a p p l y i n g  t h i s  s i m p l e  g r a p h i c a l  method t o  

e x p e r i m e n t a l  r e s u l t s  which i n c l u d e  a x i a l  t h e r m a l  c o n d u c t i v i t y  

and o t h e r  n o n i d e a l  e f f e c t s  i s  n o t  known, b u t  c a n  be e a s i l y  

d e t e r m i n e d  from n u m e r i c a l  e x p e r i m e n t s .  

This  s i m p l e  g r a p h i c a l  method i s  a n a l o p o u s  t o  t h e  graph--  

c a l  methods f o r  i n v e r t i n g  r e l a t i v e  p e r m e a b i l i t y  c u r v e s  of 

J o h n s o n ,  e t  a l .  (19591, and J o n e s  (Ravey,  1971). Fur the rmore ,  

a l t h o u g h  t h e  r e l a t i v e  p e r m e a b i l i t y  i n v e r s i o n  methods are 

b a s e d  on f r o n t a l  advance  t h e o r y  w i t h  no c a p i l l a r y  p r e s s u r e ,  

t h e y  a r e  s u c c e s s f u l l y  a p p l i e d  t o  r ea l  sys t ems  which a re  af-  

f e c t e d  b y  capillary p r e s s u r e .  

5 . 5  Summary 

T h i s  s e c t i o n  h a s  d i s c u s s e d  t h e  n o v e l  idea  o f  d e s i g n i n g  

a n o n i s o t h e r r n a l  dynamic d i s p l a c e m e n t  e x p e r i m e n t  for t h e  d e t e r -  

m i n a t i o n  of  a b s o l u t e  p e r m e a b i l i t y  unde r  n o n i s o t h e r m a l  f l o w i n g  
I 
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FIGURE 5.2.  SCHEMATIC O F  T H E  GRAPHICAL S O L U T I O N  T O  THE SIlYPLIFIED PROBLEM 

OF INVERTING A N O N I S O T H E W L  DYNAMIC DISPLACEMENT EXPERLMENT 
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c o n d i t i o n s .  

s i g n i f i c a n t l y  r e d u c e  t h e  t ed ium i n v o l v e d  i n  d e t e r m i n i n g  t h e  

v a r i a t i o n  of  a b s o l u t e  p e r m e a b i l i t y  o f  porous  media w i t h  

I t  w a s  o b s e r v e d  t h a t  such  an  e x p e r i m e n t  c o u l d  

t e m p e r a t u r e .  

l e d  t o  t h e  c o n c l u s i o n  t h a t  it w a s  i l l - p o s e d .  

errors i n  t h e  e x p e r i m e n t a l ,  o r  i n p u t ,  d a t a  c a n  c a u s e  l a r g e  

e r r o r s  i n  t h e  s o l u t i o n  t o  t h e  problem.  

However, an  i n t e g r a l  f o r m u l a t i o n  o f  t h e  p rob lem 

Thus ,  s m a l l  

Two methods for o b t a i n i n g  u s e f u l  i n f o r m a t i o n  f rom t h e  

e x p e r i m e n t a l  da t a  o f  a n o n i s o t h e r m a l  dynamic d i s p l a c e m e n t  

expe r imen t  were d i s c u s s e d .  

p r e s s u r e  d r o p s  as w e l l  as measured t e m p e r a t u r e  p r o f i l e s ,  

b o t h  as a f u n c t i o n  o f  t i m e .  

u s i n g  a p a r t i c u l a r  k i n d  of n u m e r i c a l  t e c h n i q u e .  

i l l - p o s e d  n a t u r e  of  t h e  prob lem may c a u s e  s p e c i f i c  n u m e r i c a l  

r e s u l t s  t o  b e  of  q u e s t i o n a b l e  v a l i d i t y ,  methods a r e  a v a i l a b l e  

for a t t e m p t i n g  t o  o b t a i n  r e a s o n a b l e  answer s  f rom s u c h  d a t a .  

The second  method for a n a l y z i n p  n o n i s o t h e r m a l  dynamic d i s -  

p lacement  d a t a  r e q u i r e s  t h a t  t h e  t h e r m a l  b e h a v i o r  of t h e  

c o r e  a p p r o x i m a t e  a n  i d e a l i z e d  m a t h e m a t i c a l  model. If t h i s  

The f i r s t  r e q u i r e s  measured 

The i n p u t  d a t a  a r e  p r o c e s s e d  b y  

While t h e  

r e q u i r e m e n t  i s  m e t ,  t h e n  a s i n p l e  and e l e g a n t  g r a p h i c a l  solu- 

t i o n  t e c h n i q u e  c a n  b e  used .  

The i d e a  o f  a n o n i s o t h e r m a l  dynamic d i s p l a c e m e n t  e x p e r i -  

ment does  n o t  s e e m  t o  have been  proposed  b e f o r e .  

e x p e r i m e n t s  would n o t  be e a s y  t o  i n t e r p r e t ,  b o t h  of t h e  

t e c h n i q u e s  d i s c u s s e d  i n  t h i s  s e c t i o n  h o l d  some p r o m i s e  of  

While  s u c h  

b e i n g  u s e f u l  i n  i n t e r p r e t i n g  t h e  r e s u l t s  o f  n o n i s o t h e r m a l  

s i n g l e- p h a s e  e x p e r i m e n t s .  
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-135-  

CONCLUSIONS 

T h i s  s t u d y  h a s  deve loped  a se r ies  o f  m a t h e m a t i c a l  models 

of  h e a t  t r an s f e r  d u r i n g  n o n i s o t h e r m a l  l i q u i d  f l o w  i n  f i n e -  

g r a i n e d  p o r o u s  media.  The models d e s c r i b e  heat  t r a n s f e r  i n  

c y l i n d r i c a l  l a b o r a t o r y  c o r e s  mounted i n  H a s s l e r - t y p e  c o r e-  

h o l d e r s .  The  r e s u l t s  o f  t h e  a n a l y s i s  of  t h e s e  models may b e  

summarized i n  t h e  f o l l o w i n g  c o n c l u s i o n s :  

(1) Both t h e  n a t u r e  of h e a t  l o s s e s  t o  t h e  env i ronmen t ,  

as w e l l  as h e a t  c o n v e c t i o n  due t o  l i q u i d  f l ow ,  play i m p o r t a n t  

r o l e s  i n  h e a t  t r a n s f e r  i n  l a b o r a t o r y  e x p e r i m e n t s .  

( 2 )  The mathematical models w e r e  v e r i f i e d  by comparing 

t h e m  t o  p u b l i s h e d  e x p e r i m e n t a l  da ta .  No one  model cou ld  match 

t h e  e x p e r i m e n t a l  d a t a  o v e r  t h e  f u l l  r a n g e  o f  t i m e .  However, 

e a c h  m d e l  i n c o r p o r a t e d  h e a t  t r a n s f e r  mechanisms which were 

i m p o r t a n t  d u r i n g  some t i m e  p e r i o d .  

( 3 )  Long- time t e m p e r a t u r e s  were c o n t r o l l e d  by t h e  i n t e r -  

a c t i o n  o f  s t e a d y  h e a t  l o s s e s  t o  t h e  e n v i r o n m e n t ,  and convec-  

t i v e  h e a t  t r a n s p o r t  due t o  l i q u i d  f l o w .  An a x i a l  t h e r m a l  

c o n d u c t i o n  mechanism was i m p o r t a n t  d u r i n g  e a r l y  t i m e s .  F i n a l l y ,  

i n t e r m e d i a t e - t i m e  t e m p e r a t u r e s  were s t r o n g l y  a f f e c t e d  by t r a n s -  

i e n t  h e a t  l o s s e s  t h r o u g h  t h e  c o r e h o l d e r .  

(4) It  w a s  de t e rmined  t h a t  t h e  t r a n s i e n t  h e a t  l o s s e s  

t h r o u g h  t h e  c o r e h o l d e r  sys t em were c o n t r o l l e d  by  a f i l m  c o e f-  

f i c i e n t  be tween  t h e  c o r e  and c o r e h o l d e r .  

t h i s  f i l m  c o e f f i c i e n t  was found t o  depend on t h e  mass v e l o c i t y  

The m g n i t u d e  of  



of l i q u i d  f l o w  t h r o u g h  t h e  c o r e .  

dence  c a n  be  d e t e r m i n e d  by p e r f o r m i n g  a s u i t a b l y  d e s i g n e d  

e x p e r i m e n t .  While t h e  e x e c u t i o n  o f  t h i s  expe r imen t  w a s  

o u t s i d e  t h e  s c o p e  o f  t h i s  s t u d y ,  a d e s c r i p t i o n  o f  it i s  p r e-  

s e n t e d  f o r  f u t u r e  c o n s i d e r a t i o n .  

The n a t u r e  o f  t h i s  depen-  

( 5 )  No f u n d a m e n t a l  d i f f e r e n c e s  were obse rved  i n  t h e  

heat t r a n s f e r  b e h a v i o r  o f  t h e  h o t  and c o l d  l i q u i d  i n j e c t i o n  

e x p e r i m e n t s  of  A r i h a r a .  However, some of t h e  h o t  w a t e r  i n -  

j e c t i o n  e x p e r i m e n t s  d i d  show a n  end  e f f e c t  which w a s  c a u s e d  

by h e a t  c o n d u c t i o n  t h r o u g h  t h e  b r a s s  endcap and t h e  s t e e l  

s h e l l  o f  t h e  c o r e h o l d e r  sys t em.  

( 6 )  It  w a s  t h e o r e t i c a l l y  con f i rmed  t h a t  t h e  h e a t i n g  o r  

c o o l i n g  e f f i c i e n c i e s  o f  h o t  or c o l d  l i q u i d  i n j e c t i o n  e x p e r i -  

ments  i n  t h e  l a b o r a t o r y  s h o u l d  depend on mass f l o w r a t e  t h r o u g h  

t h e  c o r e .  The v a r i a t i o n  w i t h  f l o w r a t e  of  b o t h  t h e  a x i a l  t h e r -  

m a l  c o n d u c t i o n  mechanism, as w e l l  as t h e  c o r e - c o r e h o l d e r  film 

c o e f f i c i e n t ,  p l a y s  a n  i m p o r t a n t  r o l e  i n  t h e  n a t u r e  o f  t h e  

h e a t i n g  e f f i c i e n c y  dependence  on mass i n j e c t i o n  r a t e .  It i s .  

u n l i k e l y  t h a t  these  e f f ec t s  w i l l  b e  i m p o r t a n t  i n  f i e l d  o p e r a-  

t i o n s .  Hence ,  h e a t i n g  and c o o l i n g  e f f i c i e n c i e s  i n  f i e l d  pro-  

j e c t s  s h o u l d  n o t  depend  on mass i n j e c t i o n  rate. 

( 7 )  The new idea of a dynamic d i s p l a c e m e n t  s i n g l e - p h a s e  

n o n i s o t h e r m a l  L i q u i d  i n j e c t i o n  expe r imen t  h a s  been  d i s c u s s e d .  

Such an e x p e r i m e n t  would b e  c o n v e n i e n t  t o  pe r fo rm,  and c o u l d  

d e t e r m i n e  t h e  v a r i a t i o n  w i t h  t e m p e r a t u r e  of t h e  a b s o l u t e  permea- 

b i l i t y  of  a porous medium. F u r t h e r m o r e ,  t h i s  d e t e r m i n a t i o n  

would be  a c c o m p l i s h e d  u n d e r  n o n i s o t h e r m a l  f l o w i n g  c o n d i t i o n s .  
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NOMENCLATURE 

A s  f a r  as p o s s i b l e ,  t h e  nomenc la tu re  h a s  been  made 

c o n s i s t e n t  w i t h  s t a n d a r d  S o c i e t y  o f  P e t r o l e u m  €Engineers 

n o m e n c l a t u r e .  

E n g l i s h  

A = area  

Ac = c r o s s - s e c t i o n a l  a r e a  o f  c o r e  t o  f l u i d  f l o w  (macro-  
s c o p i c )  

A = c r o s s - s e c t i o n a l  area of  t h e  s t e e l  shell t o  h e a t  con-  
" d u c t i o n  

= B i o t  d i m e n s i o n l e s s  number Bi 
c = a c o n s t a n t  w i t h  s p e c i f i e d  d e f i n i t i o n  

C = s p e c i f i c  h e a t  on a mass b a s i s  

D = t h i c k n e s s  o f  t h e  v i t o n  i n s u l a t o r  

ew = s p e c i f i c  energy o f  t h e  l i q u i d  on a u n i t  mass b a s i s  

e;'' = s p e c i f i c  e n e r g y  of t h e  f o r m a t i o n  on a u n i t  volume b a s i s  

Eh = e f f i c i e n c y  of  h e a t i n g  

Ec = c o n v e c t i v e  h e a t  t r a n s f e r  c o e f f i c i e n t ,  ( e n e r g y ) / ( t i m e -  
area- t e m p e r a t u r e  d i f f e r e n c e  ) 

5 = o v e r a l l  s t e a d y  s t a t e  heat  l o s s  c o e f f i c i e n t  f rom t h e  
c o r e  

he = f i l m  c o e f f i c i e n t  between t h e  s t e e l  s h e l l  of t h e  c o r e -  
h o l d e r  and  t h e  e x t e r n a l  a i r b a t h  envi ronment  

= e f f e c t i v e  lumped e x t e r n a l  f i l m  c o e f f i c i e n t  t o  a c c o u n t  he' f o r  t h e  t e m p e r a t u r e  d r o p  a c r o s s  t h e  c o r e h o l d e r  

hf = i n t e r n a l  f i l m  c o e f f i c i e n t  hetween t h e  f o r m a t i o n  and 
t h e  v i t o n  s l e e v e  i n  t h e  c o r e h o l d e r  s y s t e m  

I = c o n v o l u t i o n  i n t e p r a l  i n  t h e  pseudo two-dimensLDnal 
a n a l y t i c  s o l u t i o n  
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k' = a b s o l u t e  p e r m e a b i l i t y  

Mf = s p e c i f i c  h e a t  o f  t h e  f o r m a t i o n  ( l i q u i d - m a t r i x  cont inuum)  
o n  a u n i t  volume b a s i s  

P = p e r i m e t e r  o f  t h e  c o r e  

p = p r e s s u r e  

Ap = p r e s s u r e  d r o p  a c r o s s  t h e  c o r e  

6 = h e a t  t r a n s f e r  r a t e ,  ( e n e r g y / t i m e )  

Q '  = h e a t  t r a n s f e r  r a t e  p e r  u n i t  l e n g t h  of c o r e ,  ( e n e r g y /  
t i m e ) / ( l e n g t h )  

Q" = h e a t  t r a n s f e r  r a t e  p e r  u n i t  exposed  s u r f a c e  area o f  
c o r e ,  ( e n e r g y / t i m e  I /  (area)  

r d i s t a n c e  i n  t h e  r a d i a l  d i r e c t i o n  

ro 

s i  

= r a d i u s  o f  t h e  c o r e  

r = i n s i d e  r a d i u s  of t h e  s t e e l  s h e l l  

r 

r 

= o u t s i d e  r a d i u s  of  t h e  s t e e l  s h e l l  

= o u t s i d e  r a d i u s  o f  t h e  v i t o n  s l e e v e  

so  

vo 
R = t h e r m a l  r e s i s t a n c e  f o r  s t e a d y  heat  t r a n s f e r  p e r  u n i t  

t i m e  p e r  u n i t  exposed s u r f a c e  area o f  c o r e  

RA = t h e r m a l  r e s i s t a n c e  due  t o  h e a t  c o n d u c t i o n  a c r o s s  t h e  
a n n u l u s  

R = t h e r m a l  r e s i s t a n c e  due t o  a f i l m  c o e f f i c i e n t  a t  t h e  e e x t e r n a l  s u r f a c e  o f  t h e  s t e e l  s h e l l  

R e Q = R  + R  e ss + R  A + R v :  t h e r m a l  r e s i s t a n c e  due  t o  c o n d u c t i o n  

a c r o s s  t h e  c o r e h o l d e r  and a f i l m  c o e f f i c i e n t  a t  t h e  
e x t e r n a l  s u r f a c e  o f  t h e  s t e e l  s h e l l  

= R + R + R t h e r m a l  r e s i s t a n c e  due  t o  c o n d u c t i o n  
' in t  V A s s '  

across t h e  c o r e h o l d e r  sys t em 

= t h e r m a l  r e s i s t a n c e  due  t o  c o n d u c t i o n  a c r o s s  t h e  s t e e l  
Rss shell 

Rv = t h e r m a l  r e s i s t a n c e  due  t o  c o n d u c t i o n  a c r o s s  t h e  v i t o n  
s l e e v e  

s = L a p l a c e  t r a n s f o r m  v a r i a b l e  
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.- 

t = t i m e  

T t e m p e r a t u r e  

Tb = b a s e  or datum t e m p e r a t u r e  for s p e c i f y i n g  e n e r g y  c o n t e n t  

T e 

Ti  = 

Tf = t e m p e r a t u r e  of t h e  f o r m a t i o n ,  used  when d i s t i n g u i s h i n g  
it from t h e  v i t o n  t e m p e r a t u r e  

= t e m p e r a t u r e  of' t h e  a i r b a t h  e x t e r n a l  t o  t h e  c o r e  sy s t em 

i n j e c t i o n  t e m p e r a t u r e  a t  t h e  ups t r eam end o f  t h e  c o r e  

lumped t e m p e r a t u r e  o f  t h e  v i t o n  9,v 

u , v  = d i m e n s i o n l e s s  t e m p e r a t u r e s  

w = macroscop ic  mass f l o w r a t e  t h r o u g h  t h e  c o r e ,  (mass / t ime)  

w" = mass v e l o c i t y  (mac roscop ic  mass f l o w r a t e  t h r o u g h  t h e  
core on a u n i t  c r o s s - s e c t i o n a l  area t o  f low basis), 
( m a s s > / ( t i m e - a r e a )  

x = d i s t a n c e  i n  t h e  a x i a l  d i r e c t i o n  

Greek Symbols 

4 = p o r o s i t y  

X = t h e r m a l  c o n d u c t i v i t y ,  ( e n e r g y )  / ( t i m e- a r e a- t e m p e r a t u r e  
g r a d i e n t  1 

A = l i q u i d  m o b i l i t y ,  d e f i n e d  as p e r m e a b i l i t y / v i s c o s i t y  

p = d e n s i t y ,  (mass/volume)  

K = t h e r m a l  d i f f u s i v i t y ,  4 A / ( p C ) ,  ( l e n g t h  2 / t i m e )  

a, B,  y ,  6, TI> w ,  5 ,  F, = p a r a m e t e r s  i n  v a r i o u s  d i f f e r e n t i a l  
e q u a t i o n s  

SUBSCRIPTS 

E n g l i s h  

b = b a s e  or datum l e v e l  

c = macroscop ic  c r o s s - s e c t i o n  t o  f l u i d  f l o w  

-139- 



D = d i m e n s i o n l e s s  v a l u e  

DP = d i m e n s i o n l e s s  v a l u e  for t h e  p a r a b o l i c  model 

DT = d i m e n s i o n l e s s  v a l u e  for t h e  pseudo  two- dimens iona l  
n o d e l  

Dk! = d i m e n s i o n l e s s  v a l u e  for t h e  wave model 

e = v a l u e  on t h e  e x t e r i o r  

e% = lumped v a l u e  on t h e  e x t e r i o r  

f f o r m a t i o n ,  or c o r e- r o c k  m a t r i x  cont inuum 

i = i n j e c t i o n  

Rv = lumped v a l u e  of t h e  v i t o n  i n s u l a t o r  

m a  = r o c k  m a t r i x ,  s and  g r a i n s  

o = o u t s i d e  d imens ion  o f  t h e  core 

P = p a r a b o l i c  model 

s i  = i n s i d e  of s t e e l  s h e l l  

so = o u t s i d e  of s t e e l  s h e l l  

ss = s t a i n l e s s  s t e e l  s h e l l  

v = v i t o n  i n s u l a t o r  

w = w a t e r  or l i q u i d  

W = wave model 

?IA TPIIEY4TICAL NOTATION 

- -  A - i s  d e f i n e d  by  

L a p l a c e  Transform N o t a t i o n :  

L { a )  = L a p l a c e  t r a n s f o r m  o f  ( a >  

L - ~  ( a )  = i n v e r s e  L a p l a c e  t r a n s f o r m  of ( A )  

( - 1  = Lap lace  t r a n s f o r m  of t h e  v a r i a b l e  o f  i n t e r e s t ,  e . g . :  

s = L a p l a c e  t r a n s f o r m  v a r i a b l e  
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f ( s )  = f u n c t i o n  i n  L,aplace s p a c e  

F(s) = f u n c t i o n  i n  r e a l  space 

n o t e :  f(s) L { F ( t ) ) ;  F ( t )  = L-l {f(s)) 

H ( x )  = H e a v i s i d e  f u n c t i o n ,  0 when x < O ,  1 when x>O - 
e r f ( x )  = e r r o r  f u n c t i o n ,  

u=o  

X e + e-x  
c o s h ( x )  h y p e r b o l i c  c o s i n e  f u n c t i o n  = 

SUPERSCRIPTS 

( 1' 

( 1'' 

( 1"' 

( 

= q u a n t i t l r  b a s e d  on a u n i t  l e n g t h  

= q u a n t i t y  b a s e d  on  a u n i t  area 

= q u a n t i t y  b a s e d  on a u n i t  volume 

= q u a n t i t y  a t  t h e  i t h  t i m e l e v e l  
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APPENDIX A 

DISCUSSION OF THE ASSUMPTIONS INVOLVED I N  THE 

0 N E  - D IMEM S I ONAL MODE L 

T h e  v a r i o u s  i d e a l i z a t i o n s  r e q u i r e d  t o  o b t a i n  t h e  one- 

d i m e n s i o n a l  m a t h e m a t i c a l  models  p r e s e n t e d  i n  s e c t i o n  3 are 

d i s c u s s e d  below i n  t h e  order in which t h e y  were  p r e s e n t e d .  

(1) The assumpti -on  o f  a u n i f o r m  r a d i a l  t e m p e r a t u r e  

d i s t r i b u t i o n  a t  any  a x i a l  d i s t a n c e  and t i m e  is n o t  s t r i c t l y  

c o r r e c t .  Tempera ture  d i f f e r e n t i a l s  between t h e  c o r e  a x i s  

and c i r c u m f e r e n c e  of as  much as 2 5 %  o f  t h e  t o t a l  t e m p e r a t u r e  

drop i n  t h e  sy s t em h a v e  b e e n  r e p o r t e d  by Penbe r thy  and Ramey 

(1966) f o r  combus t ion  t u b e  e x p e r i m e n t s .  E r s o y  (1969) r e -  

p o r t e d  a maximum t e m p e r a t u r e  d i f f e r e n t i a l  o f  1 5 %  f o r  h i s  h o t  

water i n j e c t i o n  e x p e r i m e n t s .  However, Chappe lear  and Volek 

(1969) conc luded  o n  t h e  b a s i s  o f  b o t h  e x p e r i m e n t a l  and numeri-  

c a l  expe r imen t s  t h a t  w h i l e  t h e  Lauwer ie r  t h e o r y  is n o t  ade-  

q u a t e  for d e s c r i b i n g  -the d e t a i l s  of  t e m p e r a t u r e  p r o f i l e s  ac- 

c u r a t e l y ,  it does t e n d  t o  g i v e  a good app rox ima t ion  for t h e  

a v e r a g e  t e m p e r a t u r e s  in t h e  r e s e r v o i r .  

(2) The phenomenon of  a n  e f f e c t i v e  a x i a l  thermal con- 

d u c t i v i t y  of a porous medium i n  t h e  d i r e c t i o n  of f l u l d  f low 

i s  well known, and h a s  b e e n  s t u d i e d ,  for example ,  by Adivara -  

h a n ,  e t  a l .  (19621, arid Green  (1962). The assumpt ion  t h a t  
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a x i a l  h e a t  c o n d u c t i o n  i n  the? c o r e h o l d e r  i s  n e p l i g i b l e  is 

r e a s o n a b l e .  

p r o p e r t i e s  o f  t h e  v a r i o u s  components  o f  t h e  c o r e / c o r e h o l d e r  

T a b l e  A . l  p r e s e n t s  t h e  d imens ions  and t h e r m a l  

sys t em which i s  d e p i c t e d  i n  d e t a i l  i n  F i g .  4 . 1 .  

t i o n  of  t h i s  t a b l e  s u g g e s t s  t h a t  w h i l e  t h e  s t e e l  s h e l l  may 

conduc t  as much h e a t  as t h e  c o r e  i n  a n  a x i a l  d i r e c t i o n ,  t h i s  

e f f e c t  i s  s u b s t a n t i a l l y  r e d u c e d  by t h e  i n s u l a t i n g  e f f e c t  o f  

t h e  v i t o n  and a n n u l u s .  

An examina-  

( 3 )  The a s s u m p t i o n  o f  s i m p l e  c o n v e c t i v e  h e a t  l o s s e s .  

from t h e  s i d e  o f  t h e  c o r e  i s  j u s t i f i e d  for s t e a d y - s t a t e  f l o w  

by e x p e r i m e n t a l  o b s e r v a t i o n s .  

n o r e s  t h e r m a l  c a p a c i t a n c e  e f f e c t s  i n  t h e  co ' r eho lde r  s y s t e m  

d u r i n g  t r a n s i e n t  h e a t  f l o w .  An examina t ion  o f  t h e  t h e r m a l  

d i f f u s i v i t i e s  o f  t h e  components  o f  t h e  c o r e h o l d e r  s y s t e m  

( T a b l e  A . 1 )  s u g g e s t s  t h a t  t h e  v i t o n  l a y e r  h a s  t h e  l a r g e s t  

e f f e c t  on t h e  p r o p a g a t i o n  o f  h e a t  t r a n s i e n t s .  

However, t h i s  a s sumpt ion  i g -  

The e f f ec t  o f  t h i s  v i t o n  l a y e r  a l o n g  on t h e  p a s s a p e  of  

t r a n s i e n t s  t h r o u g h  t h e  c o r e h o l d e r  c a n  b e  examined by c o n s i d-  

e r i n g  t h e  f o l l o w i n g  h e a t  t r a n s f e r  p rob lem:  

T (x,O) = 0, O<x<D 

--  
8 'I' 

- x v  ax + hf (Ti-T) 0, x = 0 ,  t > O  

. ( A . 1 )  

( A . 2 )  

( A .  3 )  

a T  + h T = 0 ,  x = D, t > O  ax e 
( A . 4 ) .  

- 1 4 8 -  
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T h i s  c o r r e s p o n d s  t o  t h e  p h y s i c a l  problem of  t h e  l i n e a r  con- 

d u c t i o n  o f  a n  i n p u t  s t e p  f u n c t i o n  t e m p e r a t u r e ,  Ti ,  t h r o u g h  

a v i t o n  s l a b  o f  t h i c k n e s s  I), t h e r m a l  d i f f u s i v i t y ,  K ,  t h e r m a l  

c o n d u c t i v i t y ,  A v ,  a n d  w i t h  s i m p l e  c o n v e c t i v e  h e a t  t r a n s f e r  

a t  t h e  b o u n d a r i e s  x = 0 a n d  D w i t h  c o e f f i c i e n t s  h f  and h e ,  

r e s p e c t i v e l y  (Carslaw and J a e g e r  (19591, p.  118). 

t i o n  t o  t h i s  i n i t i a l  boundary v a l u e  prob lem h a s  been e v a l u-  

a t e d  by Jaeger  and C l a r k e  (1947) for t h e  case o f  hf e f fec-  

t i v e l y  i n f i n i t e ,  or T ( O , t >  = Ti .  

s o l u t i o n  u s i n g  t h e  p a r a m e t e r s  and d imens ions  o f  t h e  v i t o n  i n  

t h e  c o r e h o l d e r  s y s t e m  c a n  b e  made. Such a n  examina t ion  i n d i -  

ca tes  t h a t  t h e  e f f e c t  o f  t h e  s t e p  f u n c t i o n  a t  x = 0 w i l l  o n l y  

beg in  t o  b e  f e l t  a t  x = D a f t e r  a t i m e  o f  a p p r o x i m a t e l y  one  

m i n u t e ,  w h i l e  s t e a d y  h e a t  c o n d u c t i o n  w i l l  b e  approached  a f t e r  

abou t  t e n  m i n u t e s .  

The s o l u -  

An e x a m i n a t i o n  of this 

Thus ,  i f  t e m p e r a t u r e  changes  i n  t h e  c o r e  a re  r a p i d  w i t h  

r e s p e c t  t o  a t i m e  s ca le  o f  t e n  m i n u t e s ,  t h e n  it would b e  ex- 

p e c t e d  t h a t  t h e r m a l  c a p a c i t a n c e  e f f e c t s  i n  t h e  c o r e h o l d e r  

sys t em will af fec t  t h e  t e m p e r a t u r e  p r o f i l e s  i n  t h e  c o r e .  

( 4 )  The r o c k  and  f l u i d  t h e r m a l  p r o p e r t i e s  o f  i n t e r e s t  

i n v o l v e  t h e  s p e c i f i c  h e a t s  o f  b o t h  t h e  l i q u i d  and s a t u r a t e d  

f o r m a t i o n ,  

i n t e r e s t  (as h i g h  as  5 0 0  p s i a ,  7OoF t o  4OO0F), t h e  s p e c i f i c  

h e a t  o f  water can  b e  app rox ima ted  b y :  

I n  t h e  ranges o f  p r e s s u r e  and t e m p e r a t u r e  o f  

-150- 



0 where  T i s  i n  

a n d  Keyes (19361, F i g .  5 ,  p .  7 9 ;  a n d  Keenan, e t  a 1 . ( 1 9 6 9 ) ,  

F i g .  2 ,  p .  120). To 200°F, t h e  s p e c i f i c  h e a t  o f  w a t e r  can 

F ,  and Cw i s  i n  BTU/(lb-'F) ( d a t a  from Keenan 

be c o n s i d e r e d  t o  have a v a l u e  o f  1 . 0 0  BTU/(lb-OF). The 

rnat ion  t h e r m a l  p r o p e r t i e s  o f  i n t e r e s t  a r e  t h e  fo rma t ion  

m e t r i c  s p e c i f i c  h e a t ,  M,, and t h e  r a t i o  of fo rma t ion  vo ... 
s p e c i f i c  h e a t  t o  l i q u i d  mass s p e c i f i c  h e a t ,  def  111 / d e w .  

f o r -  

vo lu-  

umet r i c  

These  

p r o p e r t i e s  c a n  b e  e s t2ma ted  using known p r o p e r t i e s  o f  water 

( s e e  r e f e r e n c e s  a b o v e )  and d r y  p o r o u s  media (Somerton,  19581. 

F i g .  A . l  p r e s e n t s  h l f ,  BTU/(f t3-OF) ,  v s .  t e m p e r a t u r e  for 

v a r i o u s  v a l u e s  o f  p o r , o s i t y ,  w h i l e  F i g .  A . 2  p r e s e n t s  d e f  111 / d e w ,  

3 f t  /lb, vs. t e m p e r a t u r e ,  OF, f o r  t h e  same p o r o s i t i e s .  

b o t h  M f  and def '"  /delJ v a r y  s l o w l y  w i t h  t e m p e r a t u r e ,  it would 

b e  e x p e c t e d  t h a t  t h e y  c a n  b e  c o n s i d e r e d  as c o n s t a n t  o v e r  

l i m i t e d  r a n g e s  o f  t e m p e r a t u r e .  

Because  

( 5 )  The assumpt ion  t h a t  d e n s i t y  i s  independen t  o f  t e m -  

p e r a t u r e  i s  n o t  s t r i c i 1 l y  c o r r e c t .  

t i o n  i n v o l v e s  c a n  be e s t i m a t e d  b y  a p p l y i n g  a one- dimens iona l  

m a s s  b a l a n c e  t o  t h e  c o r e  sys tem.  T h i s  g i v e s :  

The e r r o r  t h a t  t h i s  assump- 

where: w = l o c a l  m a s s  flow r a t e  

x = a x i a l  d i s t : a n c e  

A, = c r o s s - s e c t i o n a l  area  of core t o  f low 

@ = p o r o s i t y  

P = l o c a l  fluid d e n s i t y  

- 1 5 1-  
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T h e r e f o r e :  

E s t i n - a t i n g  aw/ax d u p i n g  t h e  h o t  water i n j e c t i o n  e x p e r i m e n t  

HUI-S-4 o f  A r i h a r a  (1974, p .  53): 

W P )  - a P  
aT - + p  Assuming @ = c o n s t a n t :  

Since t h e  t h e r m a l  e x p a n s i o n  c o e f f i c i e n t ,  13, i s  g i v e n  by :  

where Bw i s  t h e  formation volume f a c t o r  o f  t h e  water (Amyx, 

Bass, and Whi t ing  (19601, pp. 455-456); w e  h a v e :  

ABw 
a P  P = - -- B AT ' P W 

A t  100°€', this h a s  t he  a p p r o x i m a t e  n u m e r i c a l  v a l u e :  

(gi) = - ( 6 0  l b / f t 3 )  . (1.02-1.00) 
P (1. 0 f t 3 / f t 3 )  (70F") 

0 . 0 1 7  1b / f t3 -OF 
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where  ABw/AT i s  t a k e n  from c u r v e  A ,  F i g .  

and  Whi t ing  (1960). 

6- 3 ,  o f  Amyx, S a s s ,  

Thus : 
3 

TT f t ”  lb 
f t  ( 0 . 3  -1 ( 0 . 0 1 7  -1 ( 1 . 2 6  min) - (- aw - 

E -  1.44 f t 3  

l b  
min f t  = 1.40 

T h i s  i s  n e g l i g i b l e  r e l a t i v e  t o  a m a s s  i n j e c t i o n  r a t e  o f  1.6 
- 2  l b  Ib - 2 . 7  x 1 0  5 -  min . 

(6) T h e  assumpt ion  o f  o n e- d i m e n s i o n a l  f l u i d  f low is 

r e a s o n a b l e  f o r  t h e  e x p e r i m e n t a l  c o n d i t i o n s  of A r i h a r a .  I f  

t h e  L a u w e r i e r  assumpt  ion were s t r i c t l y  c o r r e c t  , and f l u i d  w a s  

i n j e c t e d  i n t o  a n d  wi thdrawn from t h e  c o r e  u n i f o r m l y ,  t h e r e  

would be no  t endency  f o r  v e r t i c a l  d e n s i t y  c o n t r a s t s  t o  cause  

g r a v i t y  o v e r r i d e  o r  c o n v e c t i o n  c u r r e n t s  i n  t h e  c o r e .  However, 

r a d i a l  t e m p e r a t u r e  d i s t r i b u t i o n s  i n  t h e  c o r e  a re  no t  un i fo rm,  

a n d  t h e r e  may be a t endency  f o r  c o n v e c t i o n  c u r r e n t s  t o  a r i s e .  

T h e  magn i tude  of t h i s  t e n d e n c y  may be  examined b y  c o n s i d e r i n g  

a s y s t e m  where in  t h e r e  may b e  a f l o w ,  rJX, i n  t h e  h o r i z o n t a l  

d i r e c t i o n  d r i v e n  b y  an e x t e r n a l l y  imposed p r e s s u r e  d r o p ,  and 

a l o c a l  f l o w ,  Wz, i n  t h e  v e r t i c a l  d i r e c t i o n  d r i v e n  by buoyancy 

f o r c e s .  The Darcy r a t e  e q u a t i o n s  r e l a t e  l o c a l  p r e s s u r e  and 

d e n s i t y  g r a d i e n t s :  

- 155-  



( A .  9 1 

where:  k = t h e  l o c a l  Darcy  p e r m e a b i l i t y  

y = t h e  l o c a l  v i s c o s i t y  

p = t h e  l o c a l  d e n s i t y  

g = t h e  l o c a l  a c c e l e r a t i o n  due t o  g r a v i t y  

= t h e  g r a v i t a t i o n a l  c o n s t a n t  i n  a p p r o p r i a t e  u n i t s  
gc 

The t e n d e n c y  for t h e  flow t o  b e  two- dimens iona l ,  t h a t  i s  t o  

have  a v e r t i c a l  component ,  may b e  e x p r e s s e d  as the  r a t i o  of  

v e r t i c a l  t o  h o r i z o n t a l  d r i v i n g  f o r c e s ,  F: 

Suppose  t h a t  t h e  f l u i d  h a s  a l o c a l  d e n s i t y ,  P,, and t empera -  

t u r e ,  To, and t h a t  it h a s  a c o n s t a n t  c o e f f i c i e n t  o f  t h e r m a l  

e x p a n s i o n  , f3 : 

P = Po (l-B(T-To) 

( a p / a z )  can  t h e n  b e  e x p r e s s e d :  

-156- 



Then, R can be  e x p r e s s e d  l o c a l l y  a s :  

E s t i m a t i n g  Ro for t h e  HWI-S-4' expe r imen t  o f  A r i h a r a  (1974): 

( - p  6 )  = (&I a 0 . 0 1 7  l b ~ n / f t ~ - ~ F ,  f rom s e c t i o n  5 0 '  P 

i n  t h e  p r e c e d i n g ;  

Ibf  

f t 2  f t 3  

2 
1 4 4  i n  

f t  = 30 x 1 4 4  - I b f  = 30 - 9 60 p s i a  
Ax 2 f t  2 i n  

2 

l b  f t  

g~ l b f  Sec 

0 . 0 1 7 ( l b / f t S - o F ) ( A T , o F )  . ( g f t / s e c  R =  -- 2 0 (30x144 l b f )  

= (4.0 x AT 

T h i s  i s  n e g l i g i b l e  for any r e a s o n a b l e  AT. 

(7) The a s sumpt ion  o f  l o c a l  t h e r m a l  e q u i l i b r i u m  i s  

e q u i v a l e n t  t o  a s suming  t h a t  t h e  (hA) p r o d u c t  be tween  t h e  

l i q u i d  and s a n d  g r a i n s  i s  i n f i n i t e .  

r e a s o n a b l e  a s s u m p t i o n  for f i n e  g r a i n e d  p o r o u s  media ( J e n k i n s  

and Aronofsky (1955); Rear ( 1 9 7 2 1 ,  p p .  6 4 6 - 6 4 7 1 ,  

T h i s  i s  known t o  h e  a 
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APPENDIX 8 

COMPUTATIONAL PROCEDURES USED TO 

CALCULATE TEMPERATURE PROFILES FOR 

TIME-DEPENDENT I N J E C T I O N  TEMPERATURE 

Two p r o c e d u r e s  were  u s e d .  The method of  c h a r a c t e r i s t i c s  

s o l u t i o n  ( E q s .  3 . 1 5  and 3 . 1 8 )  r e q u i r e d  t h e  t r a c k i n g  o f  p a r -  

t i c l e s  a l o n g  t h e i r  c h a r a c t e r i s t i c s  ( i n t e g r a t i n g  d x / d t ) ,  w h i l e  

a t  t h e  same t i m e  f o l l o w i n g  t h e i r  t e m p e r a t u r e  decav  ( s o l v i n g  

t h e  d T / d t  e q u a t i o n  for t h e  p a r t i c l e ) .  The two e q u a t i o n s  i n -  

volved  a re  weakly c o u p l e d  and weakly  n o n l i n e a r ,  and h e n c e  

t h e i r  n u m e r i c a l  s o l u t i o n  w a s  s t r a i g h t f o r w a r d .  

The c o n s t a n t  c o e f f i c i e n t  a n a l y t i c  s o l u t i o n s  were  d e v e l -  

oped f o r  t h e  case of c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e .  So lu-  

t i o n s  for t ime- dependen t  i n j e c t i o n  t e m p e r a t u r e  can b e  g e n e r-  

a t e d  by  u s i n g  s u p e r p o s i t i o n .  T h i s  c a n  be done e i t h e r  by 

u s i n g  Duhamel 's  t h e o r e m ,  o r  w i t h  a n  e x p l i c i t  s u p e r p o s i t i o n  

a l g o r i t h m .  

m e n t a l  i n j e c t i o n  t e m p e r a t u r e  d a t a  as a f u n c t i o n  o f  t i m e  t ha t  

might  n o t  be  a m n a b l e  t o  a compact and a c c u r a t e  a n a l y t i c  ex- 

p r e s s i o n ,  an  e x p l i c i t  s u p e r p o s i t i o n  a l g o r i t h m  w a s  d e v e l o p e d .  

The e x p e r i m e n t a l  i n j e c t i o n  t e m p e r a t u r e  h i s t o r y  was re- 

p o r t e d  by A r i h a r a  as a s e t  of  d i s c r e t e  p o i n t s .  I n t e r n e d i a t e  

v a l u e s  were o b t a i n e d  u s i n g  b o t h  l i n e a r  i n t e r p o l a t i o n  and  c u b i c  

Because many cases o f  i n t e r e s t  i n v o l v e d  e x p e r i -  



s p l i n e  i n t e r p o l a t i o n .  

smooth d e s c r i p t i o n  of  t h e  h i s t o r y  f o r  v a l u e s  be tween t h e  d i s -  

c re t e  p o i n t s ,  i f  t h e  i n j e c t i o n  t e m p e r a t u r e  d i d  n o t  change  

r a p i d l y ,  as was o f t e n  t h e  case. However, if t h e  d i s c r e t e  

p o i n t s  changed r a p i d l y ,  t h e  c u b i c  s p l i n e s  gave  o s c i l l a t i n g  

a n d  u n r e a l i s t i c  i n t e r m e d i a t e  v a l u e s .  I n  t h i s  case,  l i n e a r  

i n t e r p o l a t i o n  be tween  t h e  d a t a  p o i n t s  w a s  used .  

s u l t e d ,  however ,  i n  some c a l c u l a t e d  p r o f i l e s  m a n i f e s t i n g  d i s -  

c o n t i n u o u s  b e h a v i o r  i n  t h e  t e m p e r a t u r e  g r a d i e n t s .  These  d i s -  

c o n t i n u i t i e s  a r e  a c o n s e q u e n c e  of  t h e  c a l c u l a t i o n a l  p r o c e d u r e  

and  t h e  d i s c r e t e  n a t u r e  o f  t h e  i n p u t  d a t a  r a t h e r  t h a n  i n h e r e n t  

i n  t h e  m a t h e m a t i c a l  models .  

The l a t t e r  r e p r e s e n t a t i o n  gave  a 

T h i s  re-  

Method o f  C h a r a c t e r i s t i c s  C o m p u t a t i o n a l  P rocedure  

The problem w a s  t h a t  of  s i m u l t a n e o u s l y  i n t e g r a t i n g  Eqs. 

3 . 1 5  and 3 . 1 8 :  

A 
where: c1 = w/Ac, and may b e  a f u n c t i o n  of t i m e  

may b e  a f u n c t i o n  o f  t e m p e r a t u r e  
111 

ae f 
A 

c2 ( f i P ) / A c  may be a f u n c t i o n  o f  d i s t a n c e ,  x, 

Mf may b e  a f u n c t i o n  of t e m p e r a t u r e  

- 1 5 9 -  



The two e q u a t i o n s  w e r e  i n t e g r a t e d  s u c c e s s i v e l y  t o  t r a c k  

c h a r a c t e r i s t i c  p a r t i c l e s  i n j e c t e d  a t  r e g u l a r  t i m e  i n t e r v a l s  

a t  t e m p e r a t u r e s  c o r r e s p o n d i n g  t o  t h o s e  t i m e s .  E q .  B-1 w a s  

i n t e g r a t e d  f i r s t  u s i n g  t h e  E u l e r ,  or t w o- l e v e l ,  e x p l i c i t  

scheme. Eq. B- 2 w a s  n e x t  i n t e g r a t e d ,  u s i n g  the  most r e c e n t  

inf 'ormat ion  f r o m  E q .  B-1, w i t h  an i m p l i c i t  t w o - l e v e l  scheme 

, midway be tween t h e  two t i m e  l e v e l s  w r i t  t e n  a b o u t  T 
T'") and  T ( n + l ) .  

t h e  d e r i v a t i v e  w a s  u s e d ,  and a v a l u e  o f  T ( n + l )  i n  t h e  n o n l i n e a r  

t e r m  w a s  e s t i m a t e d  by  as suming  e x p o n e n t i a l  t e m p e r a t u r e  d e c a y  

from t h e  p r e v i o u s  t w o  t i m e  l e v e l s .  

T ( n + l )  w a s  t h u s  ( T ( n ) / T  ( n - 1 ) )  . , ( n )  

(n+-1/2  1 

The c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  t o  

The e s t i m a t e d  v a l u e  a t  

I n  a d d i t i o n  t o  a l l o w i n g  t h e r m a l  p r o p e r t i e s  t o  change  

w i t h  t e m p e r a t u r e ,  a n d  i n j e c t i o n  t e m p e r a t u r e  a f u n c t i o n  o f  

time, t h i s  p r o c e d u r e  c o u l d  a l s o  h a n d l e .  a n  a r b i t r a r y  i n i t i a l  

t e n l p e r a t u r e  d i s t r i b u t i o n  i n  t h e  c o r e ,  and  a h e a t  loss c o e f -  

f i c i e n t  a f u n c t i o n  of  d i s t a n c e .  

were  n o t  u s e d  e x t e n s i v e l y .  

These a d d i t i o n a l  c a p a b i l i t i e s  

E x t e n s i v e  n u m e r i c a l  e x p e r i m e n t s  u s i n g  d i f f e r e n t  t i m e  

s t e p  s i z e s  and r e a s o n a b l e  f u n c t i o n a l  d e p e n d e n c i e s  i n  E q s .  B-1 

and B- 2 gave  a n  e m p i r i c a l  d e m o n s t r a t i o n  o f  t h e  c o n v e r g e n c e  

and s t a b i l i t y  o f  t h e  c o m p u t a t i o n a l  scheme. 

A l g o r i t h m  - for G e n e r a t i n g  Time-DeDendent I n i  e c t  i o n  Tempera tu re  

S o l u t i o n s  by S u p e r p o s i t i o n  o f  C o n s t a n t  I n j e c t i o n  Tempera tu re  

S o l u t i o n s  

- 

L e t  t h e  v a r i a t i o n  o f  i n j e c t i o n  t e m p e r a t u r e  w i t h  t i m e ,  

T i ( t ) ,  be  a c o n t i n u o u s  f u n c t i o n  which may be monotonic  t o  some 
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t i m e ,  and c o n s t a n t  t h e r e a f t e r .  Let: t h i s  f u n c t i o n  be  a p p r o x i -  

mated i n  some f a s h i o n  b y  a s e r i e s  of  s t e p  f u n c t i o n s ,  u j ,  

o p e r a t i n g  a t  t i m e s  t 

i s  t h e  s o l u t i o n  t o  t h e  p a r t i c u l a r  p rob lem of  i n t e r e s t  f o r  

as shown i n  F i g .  €3-1. If T D ( x D , t D )  
j ’  

c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e ,  t h e n  t h e  s o l u t i o n  t o  t h e  

problem o f  c h a n g i n g  i n j e c t  i o n  t e m p e r a t u r e ,  Ti  ( t  , i s  g i v e n  

by : 

K O U N T  

j = 1  

The s u p e r p o s i t i o n  s o l u t i o n  i n c r e a s e s  i n  a c c u r a c y  as t h e  s t e p  

f u n c t i o n  a p p r o x i m a t i n g  f u n c t i o n s  more c l o s e l y  r e p r e s e n t  t h e  

T i ( t )  f u n c t i o n .  

T h i s  s e c t i o n  d e s c r i b e s  a n  a l g o r i t h m  for a p p r o x i m a t i n g  

t h e  c o n t i n u o u s  mono ton ic  or c o n s t a n t  f u n c t i o n ,  T i ( t ) ,  by  a 

s e r i e s  o f  s t e p  f u n c t i o n s ,  u j = 1, 2 ,  ..., K O U N T ,  where 

K O U N T  i s  t h e  number of s t e p  f u n c t i o n s  used  up t o  some r e a l  
j ’  

u j  ’ t i m e ,  t, or d i m e n s i o n l e s s  t i m e ,  tD.  The s t e p  f u n c t i o n s ,  

o p e r a t e  a t  r e a l  t i m e s ,  t and  d i m e n s i o n l e s s  t imes ,  t D j  I n  3 ’  
t h e  p r o c e d u r e  d e s c r i b e d  i n  t h i s  s e c t i o n ,  t h e  v a l u e  o f  t h e  i n -  

j e c t i o n  t e m p e r a t u r e  i s  t a k e n  r e l a t i v e  t o  t h e  da tum o f  i n i t i a l  

and e x t e r n a l  t e m p e r a t u r e ,  Te. Thus ,  i f  i n j e c t i o n  t e m p e r a t u r e  

i s  i n i t i a l l y  t h e  e x t e r n a l  t e m p e r a t u r e ,  t h e n  Ti ( C )  = 0 .  

The l o g i c  o f  t h e  s u p e r p o s i t i o n  a l g o r i t h m  i s  p r e s e n t e d  

i n  t h e  f l o w c h a r t  d i a g r a m s ,  F i g s .  B-2 and B- 3 ,  and  i s  d e s c r i b e d  

below. The b a s i c  p r o c e d u r e  ( F i g .  B - 3 )  is t o  advance  t h e  t e s t i n g  
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t i m e ,  TTEST, i n  i n c r e m e n t s ,  TEPS, u n t i l  t h e  a b s o l u t e  v a l u e  

of  Ti (TTEST)  e x c e e d s  t h e  c u r r e n t  a b s o l u t e  v a l u e  of  t h e  s u n ,  

USUM, o f  t h e  c u r r e n t l y  o p e r a t i n g  s t e p  f u n c t i o n s  by a n  amount 

g r e a t e r  t h a n  o r  e q u a l  t o  t h e  D a r a m e t e r  DELTA. When t h i s  oc- 

c u r s ,  KOUNT i s  i n c r e m e n t e d  by 1, and a s t e p  f u n c t i o n  o f  

s t r e n g t h  ( 2 * D E L T A )  o p e r a t i n g  a t  t h e  c u r r e n t  t i m e ,  TTEST,  

i s  added t o  t h e  s t e p  f u n c t i o n  a p p r o x i m a t i o n .  

The a l g o r i t h m  must  a c c o u n t  f o r  v a r i a t i o n s  i n  t h i s  p r o-  

c e d u r e  a t  t i m e  z e r o  i f  t h e  i n i t i a l  i n j e c t i o n  t e m p e r a t u r e  i S  

d i f f e r e n t  f rom i n i t i a l  c o r e  t e m p e r a t u r e ,  T e ,  and a t  l o n g e r  

times , i f  t h e  i n j e c t i o n  t e m p e r a t u r e  becomes c o n s t a n t .  I n  

t h e  fo rmer  case ,  t h e  f i r s t  s t e p  f u n c t i o n ,  ul, is s e t  e q u a l  

t o  Ti ( a ) ,  which i s  n o n z e r o ,  and o p e r a t e s  a t  a t i m e  t l  = tdl 

(see  Marker A ,  F i g .  B - 2 ) .  

p e r a t u r e  becoming c o n s t a n t ,  t h e  f i n a l  s t e p  f u n c t i o n  m u s t  b e  

s e t  s u c h  t h a t  t h e  s u m m t i o n  of a l l  s t e p  f u n c t i o n s ,  USUr", ,  is 

e q u a l  t o  t h e  c o n s t a n t  i n j e c t i o n  t e m p e r a t u r e  ( see  Marker  B ,  

F i g .  B- 3 ) .  

= o  

I n  t h e  l a t t e r  c a s e  o f  i n j e c t i o n  tem- 

When it i s  t i m e ,  NTIME(J1 ( s ee  Marker C ,  F i g .  E - 3 1 ,  t o  

e v a l u a t e  t h e  summation o f  t h e  e f f e c t s  o f  each s t e p  f u n c t i o n ,  

t h e  d i m e n s i o n l e s s  t i m e ,  tDsj ,  f o r  which  each s t e p  f u n c t i o n  

h a s  been  o p e r a t i n g  i s  c a l c u l a t e d  from t h e  d i f f e r e n c e s ,  6 t D j ,  

between t and tD Di , j - l '  

t D S l  = tD - 6t*1 

D j  
tDsj = t D S , j - l  - 6 t  

(Plarker  D ,  F i g .  B - 2 )  
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The p a r a m e t e r s  in t h i s  a l g o r i t h m  are t h e  t i m e  i n c r e -  

m e n t ,  TEPS,  and t h e  nominal  s t e p  f u n c t i o n  s t r e n g t h ,  DELTA. 

Numer ica l  e x p e r i m e n t s  u s i n g  a n  a n a l y t i c  approx imat ion  t o  

T i ( t )  t y p i c a l  o f  t h e  e x p e r i m e n t s  o f  Arihara were performed.  

Fig. B-4 p r e s e n t s  the form of  t h e  s t e p  f u n c t i o n  a p p r o x i m a t i o n  

t o  Ti (t) = 5 3 . 0  - 4 8 . 0  sc exp(-O.O387"t ) ,  where t i s  i n  min- 

u t e s ,  for v a l u e s  of  DELTA = 2 and 5 .  I t  can  be s e e n  t h a t  

w h i l e  b o t h  app rox ima t ions  l o o k  r e a s o n a b l e  a t  e a r l y  t imes 

when T .  ( t )  i s  c h a n g i n g  r a p i d l y ,  t h e y  becorte l e s s  s a t i s f a c t o r y  

a t  l o n g e r  t i m e s  when Ti ( t >  i s  c h a n g i n g  more s l o w l y .  A s  a 

result: o f  n u m e r i c a l  e x p e r i m e n t a t i o n  u s i n g  d i f f e r e n t  v a l u e s  

o f  DELTA and TEPS, it was c o n c l u d e d  t h a t  v a l u e s  of DELTA = 

0 . 5  and TEPS = 0 . 2 5  were needed  i n  o r d e r  t o  a s s u r e  n e g l i g i b l e  

d i s c r e t i z a t i o n  error i n  t e m p e r a t u r e  p r o f i l e s  such as t h e s e .  

F i g .  B . 5  compares t h e  t e m p e r a t u r e  p r o f i l e  which r e s u l t s  when 

using a v a l u e  of DELTA = 5 (and TEPS = l), t o  t h e  accurate 

base c a s e  u s i n g  DELTA = 0 . 5  ( and  TEPS = 0 . 2 5 ) .  Runs u s i n g  

1 

DEL,TA = 1 and 2 were much c l o s e r  to t he  b a s e  case,  b u t  t e n d e d  

t o  have o c c a s i o n a l  l o c a l i z e d  anomalous  b e h a v i o r  n e a r  t h e  i n -  

j e c t i o n  end o f  t h e  c o r e .  
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APPENDIX C 

ANALYSIS AND EVALUATION OF PROPOSED STEADY STATE EXPERIUENT 

FOR MEASURING FILM COEFFICIENTS BETWEEN 

THE CORE AND COREHOLDER 

If t h e  c o r e - c o r e h o l d e r  f i l m  c o e f f i c i e n t  depends on t h e  

mass v e l o c i t y ,  w , b y  a power r e l a t i o n  of t h e  form h - f -  

a (w I m ,  t h e n  t h e  r e l a t i o n s h i p  be tween  and  w i s :  

(C.1) 

If R i n t  and  ro/(rsohe) a re  known e x a c t l y ,  t h e n  a graph  of  

l o g  {l/E - R i n t  - r o / ( r s o h e ) j  v e r s u s  l o g  (w" ) w i l l  g i v e  a 

s t r a i g h t  l i n e  with s l o p e  ( - m >  and  i n t e r c e p t  ( l / a )  a t  W" = 1. 

The p a r a m e t e r  he  i n  t h e  o r d i n a t e  w i l l  depend on e x p e r l m e n t a l  

c o n d i t i o n s  e x t e r n a l  to the core. I t  must e i t h e r  be  measured 

e x p e r i m e n t a l l y ,  or e l s e  it must b e  e s t i n a t e d  u s i n g  a v a i l a b l e  

c o r r e l a t i o n s .  

c o n s e q u e n t l y  j e o p a r d i z e  t h e  v a l i d i t y  o f  t h e  i n t e r n a l  f i l m  co- 

e f f i c i e n t  c o r r e l a t i o n  o b t a i n e d .  A s  a result of  t h i s  o b s e r v a-  

t i o n ,  a s e r i e s  o f  s i m u l a t e d  n u m e r i c a l  e x p e r i m e n t s  were c a r r i e d  

o u t  i n  o r d e r  t o  examine t h e  s e n s i t i v i t y  o f  t h e  s t r a i g h t - l i n e  

g r a p h i c a l  method t o  e r r o r s  i n  e s t i m a t i n g  h e .  

were c a l c u l a t e d  as  a f u n c t i o n  o f  w" for t h e  g i v e n  p a r a m e t e r s  

a ,  m ,  he, and Rin t .  

Such est imates may b e  i n a c c u r a t e ,  and may 

Values o f  E 

Then t h e  v a l u e  o f  l o g  {l/E - ro/(rSo 
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( h e + & ) )  - R i n t  1 w a s  g raphed  v e r s u s  l o g  (w" ) for v a r i o u s  

v a l u e s  of t h e  e x t e r n a l  film c o e f f i c i e n t  e r r o r ,  E .  

These  n u m e r i c a l  e x p e r i m e n t s  were r u n  for t h r e e  cases 

shown in Table  C.l. These  cases c o r r e s p o n d  t o  t h e  r a n g e  

o f  p h y s i c a l  a n d  e x p e r i m e n t a l  p a r a m e t e r s  r e p o r t e d  by C r i c h -  

low (1972) a n d  A r i h a r a  (1974). 

o r d i n a t e  g r o u p i n g  v e r s u s  w" on l o g - l o g  p a p e r  a r e  p r e s e n t e d  

i n  F i g s .  C.l t o  C . 3 .  Examina t ion  o f  t h e s e  f i g u r e s  i n d i c a t e s  

t h a t  t h e  d e s i r e d  s t r a i g h t  l i n e  r e q u i r e s  a n  a c c u r a t e  v a l u e  

he# ,  

mated v a l u e s  of  he c o u l d  be  made. 

would g i v e  r e a s o n a b l y  a c c u r a t e  v a l u e s  for h e  as w e l l  as for 

(a:l and (m). 

F i g s .  C . l  t o  C . 3  i n d i c a t e  t h a t  t h e  s t r a i g h t  l i n e  becomes 

The r e s u l t i n g  g r a p h s  of  t h e  

f o r  

T h u s ,  a p a r a m e t r i c  g r a p h i c a l  s t u d y  u s i n g  v a r i o u s  e s t i -  

The b e s t  s t r a i g h t  l i n e  

more s e n s i t i v e  t o  a n  a c c u r a t e  v a l u e  of  h e  as h f  becomes larger 

t h a  h . T h i s  is i n d i c a t e d  m a t h e m a t i c a l l y  by t h e  fac t  t h a t  

when t h e r e  i s  an e r r o r  E i n  t h e  v a l u e  o f  h e ,  t h e  e x p r e s s i o n  

in t h e  o r d i n a t e  i s  r e a l l y :  

e 

l / h f  ( c o r r e c t  v a l u e  i n  t h e  o r d i n a t e  i n  t h e  a b s e n c e  of 
a n  e r r o r ,  E,  i n  h e )  

2 
+ (ro/r  so  ) ( € / h e  1, i f  € < < h e  ( e r r o r  i n  t h e  o r d i -  (C..h) 

n a t e  c a u s e d  by an e r r o r ,  
E ,  i n  t h e  e s t i m a t e d  v a l u e  
of  h e )  

= A  + B 

-170- 



T a b l e  C.l Physical and E x p e r i m e n t a l  P a r a m e t e r s  f o r  t h e  
S i m u l  a t  e d E xp e r i men t s 

Case 

I 

I1 

111 

liange of w" : 0.3-3.0 l b / m i n - f t  2 

BTU/hr- f t * - OF he 

1 

1 

5 

Fiange of 
h f ,  BTU/(hr-ft2-OF) 

5-18 

0.5-18 

0.5-18 

- 
a 

3 4 . 3 8  

3 . L i 3 8  

3 . 4 3 8  

rn - 

1.5 

1.5 

1.5 
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The r a t i o  of B to A i s :  

which g o e s  t o  z e r o  as E g o e s  t o  z e r o .  

a n o n z e r o  v a l u e  o f  E w i l l  l e a d  t o  a g r a p h  t h a t  is not a 

s t r a i g h t  l i n e .  

t h i s  g r a p h i c a l  method t o  e r r o r s  i n  he  i s  d i r e c t l y  p r o p o r t i o n a l  

t o  ( h f / h e 2 ) .  

t o  o b t a i n  v a l u e s  o f  h f  t h a t  a r e  l a r g e r  t h a n  ( h e 2 ) .  

The error c a u s e d  by  

For f i x e d  ro/rso, a n d  E ,  t h e  s e n s i t i v i t y  o f  

T h u s ,  i n  d e s i g n i n g  a n  e x p e r i m e n t ,  o n e  would t r y  

A l l  of  t h e  a b o v e  d i s c u s s i o n  a s sumes  t h a t  t h e  e r r o r s  i n  

e s t i m a t i n g  he d o m i n a t e  t h e  r e s u l t s ,  a n d ,  f u r t h e r m o r e ,  t h a t  

t h e  r e l a t i o n  hf = a ( w ”  Irn i s  v a l i d .  
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APPENDIX D 

A COYPARISON OF THE LUMPED PARAPIETEY MODEL 

1271~~ TEE FULLY AVALYTIC SOLUTIOY 

- F u l l y  A n a l y t i c  S o l u t i o n  

We a re  i n t e r e s t e d  i n  t h e  p r o p a g a t i o n  of  t r a n s i e n t s  

th:nough a c o r e h o l d e r  c o n s i d e r e d  t o  be  of uniform t h e r m a l  

d i f f u s i v i t y .  If t h e  t h i c k n e s s  o f  t h e  c o r e h o l d e r  i s  s m 2 . 1 1  

compared t o  t h e  c o r e  r a d i u s ,  t h e n  r ad i a l  h e a t  f low i n  t h e  

c o r e h o l d e r  c a n  be approx imated  as 

examine t h e  b e h a v i o r  o f  n o r m a l i z e d  t r a n s i e n t s  f o r :  

l i n e a r .  Thus ,  w e  wish  t o  

where :  v = normal ized  t e m p e r a t u r e  

K a = x v / p , c v  = v i t o n  t h e r m a l  d i f f u s i v i t y  

X v  = v i t o n  t h e r m a l  c o n d u c t i v i t y  

= v i t o n  d e n s i t y  PV 

C v  = v i t o n  s p e c i f i c  h e a t  

The b o u n d a r y  c o n d i t i o n s  o f  i n t e r e s t  c o r r e s p o n d  t o  t h e  p h y s i c a l  

s i t u a t i o n  of  f i l m  c o e f f i c i e n t s  h f  and he a t  x = 0 and D ,  r e s-  

p e c t i v e l y ,  w i t h  a normal ized  s t e p  f u n c t i o n  t e m p e r a t u r e  a t  

x = 0 ,  v (x=O) = v 

z e r o  a t  x = D :  

and n o r m a l i z e d  i n i t i a l  t e m p e r a t u r e  of  1’ 
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av - A v  ax + h f  (v-v, )  = 0 ,  x = 0 ;  t > O  ( D . 2 )  

a v  v = 0 ,  x n, t > O  l v  ax he 

The i n i t i a l  c o n d i t i o n  i s :  

(D.3) 

v ( X , O )  = 0 ,  O<x<D 

The s o l u t i o n  t o  t h i s  i n i t i a l  b o u n d a r y  v a l u e  may b e  o b t a i n e d  

w i t h  t h e  a i d  o f  C a r s l a w  a n d  J a e g e r  ( 1 9 5 9 ,  pp.  1 1 8 ,  126) as:  

v ( x , t >  = u (XI + w ( x , t >  ( D . 4 )  

u (XI i s  t h e  s o l u t i o n  t o  

2 
- -  - 0, O<x<D 
dx 2 

d u  
a x  1 - A v  - - + h f  (u -v  = 0, x = O  

a n d  i s  

X v  dx  du + he u = 0, x = L  

u ( X I  = A x t B 

where :  A = -h h v /a f e l  

B = h f v l  ( A v + D h e ) / c l  

c1 = Ahe + hf  ( A v + D h e )  
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w ( x , t )  i s  t h e  s o l u t i o n  t o :  

2 

V X 

a w  - - a , O<x<D, t > O  r a t -  a 2 

- X v  ax a b! + h f  w = 0, x = O ,  t > O  

w (x,O) = -u ( X I  = - AxtB , O<x<D 

and is 

w ( x , t >  = - cos (Brix) + h f  s i n  (Brix)/ e-KBn 2t 

n = l  
(D.8) 

where :  

'n - 

2 ( X v R n  2 2 +he 2 )  
- 

2 2  3 n e  f'[ v n e v e  
2 2  ( A v  B, +h r > ( x  2 B  2+ h 2)+X h + X $ f ( X v  f3 +h 2 ,  

XvA-hf (AD+B 
En = cos ( S n D )  1 + s i n  (B ,D)a  

'n 

and  8, a re  n o n- n e g a t i v e  r o o t s  t o  

B 
t a n  ( B D )  = - G  

( B 2 - F )  

where  F A = hfhe /Xv2 ,  and G A = ( h f + h e ) / X v  
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The b e h a v i o r  of t h i s  a n a l y t i c  s o l u t i o n  a t  v a r i o u s  t imes 

for p h y s i c a l  p a r a m e t e r s  s i m i l a r  to t h o s e  of t h e  v i t o n  i n  

t h e  c o r e h o l d e r  i s  shown i n  F i g s .  D.l and D . 2 .  

LumDed-Parame t e r  so l u t  i o n  

For h e a t  t r a n s f e r  p u r p o s e s ,  c o n s i d e r  t h e  c o r e h o l d e r  t o  

b e  s imply  a v i t o n  s l e e v e  whose t h i c k n e s s  i s  s u b s t a n t i a l l y  

l e s s  t h a n  its r a d i u s .  

model f o l l o w s  d i r e c t l y  i f  t h e  i n t e r n a l  t h e r m a l  r e s i s t a n c e  i n  

t h e  v i t o n  i s  smal l  compared t o  t h e  t h e r m a l  r e s i s t a n c e s  o f  

t h e  t w o  f i l m  c o e f f i c i e n t s  he and hf. I n  such a case ,  t h e  

t e m p e r a t u r e  of t h e  v i t o n  c a n  be  c o n s i d e r e d  t o  b e  a t  t h e  lumped 

t e m p e r a t u r e ,  

s y s t e m  and i t s  c o r r e s p o n d i n g  t h e r m a l  c i r c u i t  ne twork ( K r e i t h  

(19731, s e c t i o n  4-2) i s  shown i n  F i g .  D . 3 .  The a p p l i c a t i o n  

o f  a n  e n e r g y  b a l a n c e  t o  t h i s  sys tem g i v e s :  

The s i m p l i f i e d  s i n g l e  lumped-parameter  

A s c h e m a t i c  o f  t h e  s i m p l i f i e d  p h y s i c a l  
T k V *  

P V C V D  aTRv - fT f + eT e 
h,+h L e  h f+hc  a t  TRv - 

(D.10) 

where t h e  symbols  a r e  d e f i n e d  i n  t h e  Nomenclature s e c t i o n .  

Although t h e  f o r m a t i o n  t e m p e r a t u r e ,  Tf, v a r i e s  w i t h  t i m e ,  it 

i s  c o n s i d e r e d  t o  b e  c o n s t a n t  i n  t h i s  d i s c u s s i o n .  

i s  o f  t h e  f o l l o w i n g  form:  

T h i s  e q u a t i o n  

+ TQv = B a T R V  

a t  r l -  
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where  
P C D  

h f+he  
A v v  

r l =  

For n o n d i m e n s i o n a l  lumped t e m p e r a t u r e  and  t i m e :  

t h e  p r o b l e m  becomes 

v (tDT=O) = 1 

where  

T h i s  h a s  t h e  s o l u t i o n  

A h f  
h f + h  e 

r =  

(D.12) 

(D. 13) 

(D.14) 

A ComDarison o f  t h e  Lumped- Parameter  S o l u t i o n  t o  t h e  F u l l y -  

P n a l y t i c  S o l u t i o n  a t  x = 0 

Assuming t h a t  t h e r e  i s  a f i l m  c o e f f i c i e n t ,  h f ,  be tween  

c o r e  and c o r e h o l d e r ,  h e a t  l o s se s  from t h e  c o r e  t o  t h e  c o r e h o l d e r  

w i l l  b e  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  t e m p e r a t u r e  d i f f e r e n c e  
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a c r o s s  t h i s  c o n t a c t .  

t h e  c o r e  t e m p e r a t u r e ,  which i s  p a r t l y  c o n t r o l l e d  by h e a t  

l o s s e s  a t  t h e  c o r e- c o r e h o l d e r  boundary .  

compare hea t  l o s s e s  computed from t h e  lumped-parameter  model 

w i t h  t h o s e  computed f rom t h e  c o n t i n u u m  model ,  it i s  n e c e s s a r y  

We are i n t e r e s t e d  i n  t h e  b e h a v i o r  of  

Thus ,  i n  o r d e r  t o  

t o  compare t h e  lumped' t e m p e r a t u r e  r e s p o n s e  w i t h  t h e  tempera-  

t u r e  r e s p o n s e  o f  t h e  cont inuum a t  x = 0 .  

F i g s ,  D.l and D . 2  a l s o  show c a l c u l a t e d  t e m p e r a t u r e s  f o r  

t h e  lumped model ( E q .  D.12) for t h e  same p h y s i c a l  p a r a m e t e r s  

used  w i t h  t h e  f u l l y  a n a l y t i c  c a l c u l a t i o n s .  I t  i s  a p p a r e n t  

from t h e s e  f i g u r e s  t h a t  t h e  compar i son  o f  r e s u l t s  from t h e  

two m d e l s  is n o t  good. Al though b o t h  models b e g i n  w i t h  t h e  

same i n i t i a l  normal ized  t e m p e r a t u r e  o f  z e r o ,  t h e y  do  n o t  ap- 

p r o a c h  t h e  same s t e a d y - s t a t e  v a l u e .  T h i s  i s  a s e r i o u s  d i f -  

f e r e n c e ,  b e c a u s e  it means t h a t  a more complex model which 

i n c o r p o r a t e s  t h i s  lumped model o f  t r a n s i e n t s  th rough  t h e  

c o r e h o l d e r  w i l l  n o t  g i v e  c o r r e c t  s t e a d y - s t a t e  h e a t  l o s s e s  

i f  t r u e  p h y s i c a l  p a r a m e t e r s  a r e  u s e d .  T h i s  d i s c r e p a n c y  c a n  

be  e l i m i n a t e d  by f o r c i n g  t h e  lumped p a r a m e t e r  s o l u t i o n  ( E q .  

D.12) t o  h a v e  t h e  c o r r e c t  a s y m p t o t i c  b e h a v i o r .  Thus,  t h e  i 

c o n d i t i o n  o f  e q u i v a l e n t  s t e a d y - s t a t e  hea t  l o s s e s  for t h e  

f u l l  a n a l y t i c  and f o r c e d  lumped models  i s :  

I 

where h f R  i s  t h e  f i l m  c o e f f i c i e n t  a t  x = 0 i n  t h e  lumped 

model.  T h i s  l eads  t o  t h e  f o l l o w i n g  c o n d i t i o n  o f  e q u i v a l e n t  
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s t e a d y - s t a t e  t e m p e r a t u r e s  v ( 0  ) tDT4) = vI1 (tDT+=). F i r s t ,  

s p e c i f y  t h e  c o n s t r a i n t s :  

h f R  = hf  

where:  h f L  and h e b  a r e  t h e  m o d i f i e d  p a r a m e t e r s  used i n  t h e  

f o r c e d  lumped model. S o l v i n g  f o r  heR g i v e s  

- 'vhe 

e heR - Xv+Dh ( D . 1 5 )  

Thus l u  a f o r c e d  lumped s o l u t i o n  u s i n g  c o r r e c t  s o f  h f  and 

( p v C V D ) ,  and a n  e f f e c t i v e  m o d i f i e d  v a l u e  f o r  t h e  e x t e r n a l  

f i l m  c o e f f i c i e n t  o f  heR = Avhe/(Xv+Dhe) t o  f o r c e  t h e  s t e a d y  

s t a t e  match w i l l  be  d e s c r i b e d  b y :  

hf  
P "C"D Y )] V R  = y.[l - e x p  ( -  (D. 16) 

T h i s  b e h a v i o r  i s  shown as t h e  FAC=1.0 c u r v e  i n  F i g s .  D.4 t o  

D . 7 ,  which p r e s e n t  t r a n s i e n t  t e m p e r a t u r e  r e s p o n s e s  f o r  v a r i o u s  

models ,  and Cor resTond ing  t o  c o n d i t i o n s  o f  t h e  CWI-S e x p e r i -  

ments  o f  A r i h a r a .  

o f  lumped t e m p e r a t u r e  v s .  t i m e  on s e m i- l o g a r i t h m i c  g raph  

p a p e r  i s  f i x e d  by t h e  e x p o n e n t i a l  f u n c t i o n ,  it can be t r a n s -  

l a t e d  t o  t h e  l e f t  o r  r i g h t  by  modi fy ing  t h e  t h e r m a l  c a p a c i t a n c e  

Al though t h e  p r e c i s e  shape  o f  t h e  c u r v e  
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term, ( p v C v D ) ,  by a f a c t o r  FAC. 

c a u s i n g  b e h a v i o r  c o r r e s p o n d i n g  t o  a g r e a t e r  or l e s s e r  t h e r -  

m a l  c a p a c i t a n c e ,  and w i l l  slow down or speed up t h e  lumped 

t e m p e r a t u r e  r e s p o n s e .  

Thus ,  u s i n g :  

T h i s  h a s  t h e  e f f e c t  o f  

(1) a c o r r e c t  v a l u e  o f  h f t  = hf; ( 2 )  a 

v a l u e  of  h e &  = he  (l/y-l); and ( 3 )  a m o d i f i e d  t h e r m a l  c a p a c i -  

t a n c e ,  ( F A C )  e ( p v C V D ) ;  t h e  lumped model w i l l  have  t h e  b e h a v i o r :  

r 1 

The lumped p a r a m e t e r  r e s p o n s e  f o r  v a r i o u s  v a l u e s  o f  t h e  modi- 

f y i n g  f a c t o r ,  FAC,  i s  compared t o  t h e  f u l l y - a n a l y t i c  response 

f o r  v a r i o u s  c o m b i n a t i o n s  o f  h f  and h e  i n  F i g s .  D . 4  t o  D . 7 .  
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APPENDIX E 

ANALYTIC SOLUTION TO THE 

PSEUDO TWO-DIMENSIONAL MATHEMATICAL MODEL 

USING THE LAPLACE TRANSFORM METHOD 

The m a t h e m a t i c a l  problem i n  non-dimensional  form i s  

( s e e  E q s .  4 . 1 1  t h r o u g h  4 . 1 5 ) :  

( E .  1) 

a u  2 U  - +-  + w (u-VI = 0 ,  XD>0, t D > O  a XD 

u ( 0 , t D >  = 1, t D > O  

a v  - 6 , t D )  = - ( m , t  1 = 0 ,  t '0 
a XD a XD 

au 
D D 

u ( X D , 0 )  = v (x 0 )  = 0 ;  XD>0 D '  

(E. 2) 

( E .  3 )  

( E .  4) 

(E. 5 )  

Applying the L a p l a c e  t r a n s f o r m a t i o n  t o  E q s .  E . l  t o  E . 5 ,  with 

t h e  d e f i n i t i o n s :  
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WE: o b t a i n :  

- 
s v i -  v = : < u  

- -  - 
s u i - -  aii 

a XD 
+ w (u -v>  = 0 

1 u ( 0 , s )  = - 
S 

( E .  6 )  

( E .  7 )  

(E. 8 )  

The s o l u t i o n  f o r  u ( x D , s )  can  b e  o b t a i n e d  from E q s .  E . 6  t o  

E. .%.  

( E .  10 1 

Although E q .  E . 9  is n o t  needed t o  o b t a i n  t h e  s o l u t i o n  E.10, 

t h i s  s o l u t i o n  d o e s  s a t i s f y  t h e  c o n d i t i o n  E . 9 .  Ea_. E . 1 0  c a n  

b e  i n v e r t e d  as follows: 

- ( s -1 1 XD 0 C X D / S  
1 * e  

-uxn 
= e  * e  - tD . L-l 1 1  . e 

s-1 

-(t -x > 
. e  H ( t D - x D )  F (t -x (E.11) , 

-wxD = e .  D D  

w 6XD/  s 

3 where F ( tD> = L- 1 { &  - e e  

&- s-1 
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Fl (t,) i s  g i v e n  i n  C h u r c h i l l  ( 1 9 5 8 ,  Appendix 3 )  as  No. 3 8 :  

and F 2  (t,) i s  g i v e n  as No. 7 7 :  

The s o l u t i o n  for ? (x,,s), and h e n c e  v (x t D’ D could be 

o b t a i n e d  i n  a s imi la r  f a s h i o n  u s i n g  E q s .  E-6, E - 9 ,  and E - 1 0 .  

h 
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