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Abstract

Geological characterizations typically produce detaigcellular models that display
high degrees of heterogeneity and geological complexines€ models are in general too
detailed for direct use in reservoir simulators. For thesan, some type of coarsening pro-
cedure must be applied to obtain the flow model from the d=tageological model. This
work addresses the generation of accurate coarse modebr¢hable to capture complex
reservoir geometries and at the same time preserve theflmgicesponse of the detailed
model. This requires the use of unstructured gridding teglas and the application of
specialized averaging or upscaling methods to capturecaléopermeability heterogene-
ity. A computationally efficient flow-based diagnostic, abfe of assessing the quality of

the coarse model, is also an important component of the bneethodology.

In this work, new capabilities in all of these areas are presk The techniques devel-
oped are suitable for use with a multipoint unstructureddinblume numerical scheme.
The finite volume grid is formed as the dual of the underlyigigahedral (in three dimen-
sions) or triangular (in two dimensions) primal grid. A stneline simulation technique
for the efficient modeling of flow and transport on unstruetligrids is presented. This
tool can be used to provide the flow-based assessment of éingeecmodel. The streamline

method applied here considers unit mobility (tracer) dispments. The key to accurate
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streamline simulation on unstructured grids entails therdgination of an appropriate ve-
locity interpolant. The technique presented here consissslocal postprocessing of the
numerically calculated fluxes, leading to a consistent amddbntinuous piecewise con-
stant representation for the velocity defined on a subgrigtodhedra or hexahedra. The
resulting tracing acts to minimize the nonphysical swglof the streamlines and is shown

to provide accurate results for several reference problems

The effects of fine scale heterogeneity in the coarse modedagtured through the use
of permeability or transmissibility upscaling. The periidity upscaling involves the local
calculation of an equivalent permeability tensor for eagairse scale control volume. The
transmissibility upscaling requires the calculation & flow over the region correspond-
ing to two coarse simulation cells and the subsequent detetion of the flow through
the interface between the two cells. The permeability upsgé appropriate for use with
multipoint flux approximations while the transmissibilitpscaling is applicable within the
context of two-point flux approximations. For the problemssidered here, the transmis-
sibility upscaling appears to be the superior techniquaydgh more investigation of this

issue is required.

The unstructured grid can be adapted to both geologicalrfesias well as to specific
flow problems. Flow adaptation is accomplished through 8eaf single phase fine scale
flow solutions, which are used to generate target grid réisolmaps. Grids can be adapted
to contain fine cells in regions of high flow or in regions lewylto the early breakthrough
of injected fluid. The unstructured grid generation teche&g|have been implemented
in a Gocad-based software platform that allows for the constructibproblem-specific
adapted grids. The accuracy of the overall methodology nsahestrated through applica-

tion to large synthetic reservoirs. Results are presenteerins of global flow rates and

Vi



water cut. It is shown that the new techniques are able tageaoarse scale descriptions
of reasonable accuracy even for very high levels of coangerit is further demonstrated
that the use of optimal cell aspect ratios and/or flow infdromacan act to improve the

accuracy of the coarse scale model considerably.
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Chapter 1

Introduction

Reservoir simulation is an essential tool for the managermkat fields. It can also be
used to quantify the effect of uncertainty in reservoir dggion. Reservoir engineers
are faced with the challenge of evaluating multiple flow sc&s on possibly multiple
realizations (or views) of the reservoir. With geologicalaels exceeding current computer
capabilities for simulation purposes, significant coairsgof the reservoir description is
generally needed to obtain and process the flow simulatsuiteein the required time. To
attain such coarsening, flexible (unstructured) grids iplean attractive solution to enable
the accurate and efficient modeling of the reservoir gegneatd heterogeneity.

The work presented here aims at providing semi-automaiald to generate coarse
reservoir models. Highly detailed reservoir descriptians assumed to be available and
we consider the task of constructing, in an efficient manceayse grid models that “op-
timize” the number and distribution of the grid cells neededccurately represent the
detailed model. In this approach, the coarse models cansttare intended to reproduce
flow simulation results obtained on the reference model uadget of particular bound-

ary conditions. Obtaining a match for displacement prollevhile considering multiple

1
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flow scenarios is also possible using the methodology ptedeStreamline simulation is
the preferred tool to evaluate the match between coarsemadddels and also to obtain
valuable spatial flow related information. Various typedlofv information are extracted

from these simulations and integrated in the gridding pssce

An important contribution of this work is the extension oethtreamline method to
three-dimensional unstructured grids. We also implemestirtiques for the modeling of
complex geological features of the reservoir and develop-Based 3D upscaling for un-
structured grids. Key technologies are presented and umsaddoarse grid generation”
methodology. We describe the iterative construction olagioally complex coarse mod-
els that account for sub-scale heterogeneity and anigottod that exhibit similar flow
response as the reference model. Coarse models capturedahscéile heterogeneity in
the form of equivalent permeability tensors and/or upstalansmissibilities for which

computation techniques are proposed and described in trls w

We review next the work of previous researchers in the areapetaling, reservoir
gridding and the use of unstructured grids in reservoir &atien. This literature review
highlights the need for a gridding framework that unifies tipscaling, flow adaptation,
and assessment of the grid quality and grid robustness guioe® The second chapter
presents approaches and results for two-dimensional fleedbgridding. Flow-based full-
tensor permeability upscaling is extended to unstructgrets and some flow results are
presented. In Chapter 3, we extend the streamline method tin3Ductured grids. The
streamline method will then be used to measure efficiendyltw response mismatch due
to coarsening. Chapter 4 describes novel techniques foranebihised upscaling of per-
meability and transmissibility on 3D unstructured gridsd gresents the 3D coarse-grid

generation methodology. The tools used to achieve accucatese grid generation are
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also described. Chapter 5 demonstrates the accuracy argtmebs of the new streamline
method and the transmissibility upscaling. Chapter 6 iaiss the gridding methodology
implemented on synthetic reservoir examples. Finally, iaglér 7, we draw some conclu-

sions and propose future directions for new investigatans possible improvements.

1.1 Literature Review

This section reviews the relevant literature on three ofdpéecs addressed in this work: the
use of unstructured grids in reservoir simulation, the tigyment of absolute-permeability
upscaling techniques, and existing approaches for theagiagtation of upscaled models.

For a literature review on the streamline method and strieantacing, refer to Chapter 3.

1.1.1 Unstructured grids

Widely used in computational fluid dynamics and other sdierdnd engineering calcula-
tions, unstructured grids are growing in popularity in rgse simulation (Palagi and Aziz,
1991; Verma and Aziz, 1997; Heinemaanal,, 1991, 1998; Gunasekeed al., 1998). A
major step in favor of their use was the development of fluxtiomous numerical schemes
that provided a natural generalization of the well knowntédifference harmonic-mean
transmissibility approximation, while also accountingfidl tensor permeabilities and grid
nonorthogonality (Verma and Aziz, 1997; Edwards and RodEd93; Aavatsmarlet al.,
1998). These numerical schemes were combined with flow lgagting (Edwards, 2002;
Prevost, 2002) to take advantage of the accuracy of flux-coatis full-tensor approxima-
tions while saving on the number of grid cells needed to aaphe relevant features of the

reservoir. The petroleum engineering literature also iples many examples of the use of
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guadrilateral and hexahedral grids that rely on the stredtnature of the grids while ben-
efiting from some degree of flexibility (Garce al., 1992; Edwardgt al,, 1998; Castellini
et al, 2000; Weret al,, 2003a). A possible compromise on the complexity on the caia
be achieved by the use of locally-structured / globallytruretured grids where the domain
is subdivided into hexahedral blocks and structured gridsiaed in each block (Gunasek-
eraet al, 1998; Jennget al,, 2002). This avenue is promising but may lack generalitynwhe
considering very complex reservoirs where the definitiotmefblocks (sub-domains) com-
posing the model may be difficult to achieve. Sub-domaindynig may however prove to
be useful when new wells are introduced in the reservoirgfoee limiting the update of
the coarse model to one or a few sub-domains (Castelliai., 2000). A few authors also
suggest the use of hybrid (or “heterogeneous”) unstrudtgriels, composed of tetrahedra,
hexahedra, prisms and pyramids or, in a 2D context, compafsgaladrilaterals and trian-
gles (Edwards, 2002). This approach was successfullyeppli2D but the benefit of the
structured grid in terms of solver time may be limited unlggscial linear solution proce-
dures are applied. Finally, unless it is performed in anraated fashion, the 3D hybrid
gridding generally requires editing of the mesh in the regiwhere transition elements are

used (prisms and pyramids) between zones where tetrahedteeaahedra are used.

The following review focuses on homogeneous unstructureld gas opposed to locally-
structured / globally-structured or hybrid unstructureidlgy Heinemanret al. (1991) and
Palagi and Aziz (1991) were among the first authors to apphp™ grids (also called
PEBI for perpendicular bisection) to simulate flow in petustereservoirs. Their applica-
tions for both homogeneous and heterogeneous 2D reseadiressed many of the key
issues related to grid adaptation, namely: near well refemgnflux discretization, align-

ment of the grid to permeability trends, and effective paaimigy calculation (Palagi and
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Aziz, 1991). However, those authors relied on scalar pebitigavalues and two-point
flux approximations for 2D PEBI grids. Their results demoaistd the benefits of using
unstructured grids for the reduction of grid orientatiofeefs and an accurate well geom-

etry resolution.

Verma and Aziz (1997) extended the discretization schemgsdon the multiple-point
flux approximation developed in Aavatsmagkal. (1998) and Edwards and Rogers (1998)
to tetrahedral elements. They applied the extended trasduility calculation to the con-
trol volume finite element method on 2D and 3D unstructuredsgmllowing full tensor
permeabilities and accurate multiple-point flux approxiorathat no longer depend on a
Vorona or a K-orthogonality grid-criteria. Palagi (1992) exhdsd a 2D PEBI grid gen-
eration technique based on the use of modules, which waseteiended to 3D by Verma
(1996). This approach, called modular gridding, conssrtice mesh in two steps: (a) the
superposition of grid modules, each characterized by distned vertex spatial distribu-
tions, and (b) the use of a Delaunay tesselation algorithnectwbonnects the vertices,
hence defining the property distribution cells as the prioradlual cells. This technique
was completed in 2D with the capability of aligning dual dedlundaries with geological
features such as faults or internal boundaries. In that, ¢heegeometrical (geological)
constraints are enforced in a postprocessing that shiftgingoints of the dual grid. How-
ever, no indications are given on how the method works at fatdrsections, for instance,

and a more general method to deal with complex faulting inS§till needed.

Gunasekerat al. (1998) illustrated the use of the multiple-point flux appmation
(MPFA) for a general polyhedral grid. The mesh was compo$éexahedra and tetrahe-

dra. Standard two-point flux was used under the conditioreaf iK-orthogonality. When
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MPFA was necessary, additional transmissibility coeffitsevere provided to the simula-
tor. The paper did not address the issue of grid generatmstaling or adaptivity to flow

information.

Lévy and Pevost (2000) proposed a 2D gridding method based on theysabf mod-
ular gridding (Palagi, 1992; Verma, 1996) and user-definedidgnsity adaptation. Flow
information maps extracted from streamline simulationsanesed for the adaptation while
the gridding technique was based on a metric gridding agprdaveloped by Borouchaki
et al. (1997). Applications included 2D structured and unstrredigrids based on stream-

line density maps. Some of these results are discussed inézizap

Hale (2002) advocated the use of unstructured grids fronsesmic interpretation to
the flow simulation. Combining image processing and optitioretechniques, Hale pro-
posed to automatically align a lattice of points with horngaand faults in a 3D seismic
image. Connecting these points yields an unstructured lgaidcan be used both for seis-
mic interpretation and flow calculation. Depending on thgetpf mesh elements desired,
Hale aligned the lattice of “atoms” either on or alongsidag® features, hence providing
cells suitable for either cell- or point- distributed peabéities. This technique generates
the grid in two distinct steps: the optimization of point dion (based on point attrac-
tion/repulsion information provided by the seismic imagayl the mesh generation using
a standard Delaunay algorithm. The resulting grid is nostramed in a topological sense
by the features on the image, yet the points are introducéabsthe cells (primal or dual)
conform to the image features. Although this is not illutgdain his paper, the density
of the grid can theoretically be adjusted to some infornmatr@p by spatially varying the

value defining the attraction/repulsion potential of theiges.

Lepage (2002) proposed a framework for gridding compleXaggcal models using
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triangular and tetrahedral meshes. The steps of the ggdaliocedure are as follow. A
macro-topology that embeds the various geometrical canssrof the structural model is
first devised. A tetrahedral Delaunay refinement algoritBimefvchuk, 1997, 1998) is then
employed to adapt the grid-density to a user-defined rasalgbnstraint. This technique
entails solutions to the issues of grid cell quality, grichsiéy and constraints to geological
surfaces. Many of the problems that arise in the grid-adiapt#o geological features are
addressed in this paper. For instance, small angles tisat @rpinch-out locations or fault
intersections are properly handled (Shewchuk, 2000). ,Ajsd density information can
be readily accounted for both at the surface and the voluenetrels. This technique is
different from Borouchaki’'s metric gridding (Borouchadt al., 1997) and in particular
does not feature its anisotropic adaptation capabilitisvertheless, it has proven to be
quite robust and is the method of choice for the 3D flow adagtéttling addressed in

Chapter 4.

Cao and Kitanidis (1999) presented a methodology for hightacy computation of
flow in a heterogeneous isotropic formation, employing d-floav formulation and adap-
tive gridding. Their mesh-adaptation approach enhancedaticuracy of the numerical
flow solution for a given computational cost. Grid refinensaewere iteratively introduced
using ana posteriorierror estimator of the finite element solution. This techeigpecif-
ically addressed reduction in the numerical error. Howekeas not guaranteed that the
final adapted solution actually converges to the refereptgisn as the coarse and ref-
erence problems (discrete coefficient distributions) #@ferént. This is the case because
the cell permeabilities, determined via an upscaling ofuhéderlying geocellular model,
change as the grid changes. In the present work, our appwiddbcus on refinements

that improve the definition of the coarse problem relativéh&ofine description as opposed
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to reducing numerical errors, which are believed to be s¢ooder effects in many of the

cases that are of interest to us.

Most of the gridding techniques described above are pedltiapplicable to obtain
reasonably accurate reservoir descriptions in 2D or (teseleextent) in 3D. However, only
the framework devised by Lepage (2002) (based on the workefvBhuk, 1997) enables a
systematic accounting of both geological features andadlyatarying grid quality criteria.

A significant flexibility of the grid adaptation is left to thiser and, as will be demonstrated,
several quality criteria can be devised and integrateddargtidding procedure. As a result

of this, the grid generation algorithms are tailored to maquality flow models.

1.1.2 Upscaling

The most fundamental requirement of the coarse model isttstabuld reproduce in an av-
erage sense the flow response of the fine model. Hence, alkasipect of the coarsening
process is the accurate calculation of equivalent perrigedior transmissibilities such
that the discretized coarse scale flow equations captursubxeell heterogeneity. This
subsection summarizes approaches used in the literataoatpute equivalent permeabil-
ity representations from detailed permeability desasimdi For comprehensive reviews,
refer to Renard and de Marsily (1997) and Wen arah®z-Herandez (1996). See He
et al. (2002) for the description of a permeability upscaling t@ghie on general quadrilat-
erals using a mixed finite element solution. See Eek-Jeasah (1999) for applications
of a 3D upscaling technique on general quadrilaterals apkioEko et al. (2001) and Zijl
and Trykozko (2001) for recent developments in upscalinggueodal and mixed finite

element methods.
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General discussion of upscaling techniques

We now consider the determination of equivalent permeaglubefficients for the pressure
equation. The equivalence of flow at the two different scédegenerally based on the
assumption of steady-state, unifdrrsingle-phase flow. In the following, the coarse scale
permeability is referred to as tledfectiveor equivalenfpermeability while the permeability

from the detailed description is called tfiee scale permeability.

Effective permeabilities can be viewed as “averaged” \&@ludowever, since perme-
ability is not an additive property, this analogy can be gasling. Several analytical re-
sults for the effective permeability are available. For fiova layered reservoir, the effec-
tive permeability for flow across the layers is exactly theghieed harmonic mean of the
layer permeabilities. The arithmetic average is the rdsultiow along the layers. For an
isotropic checker board pattern or for an isotropic lograrpermeability distribution, the
effective permeability is equal to the geometric averageoACardwell and Parson (1945)
proved that arithmetic and harmonic averages are respgctive upper and lower bounds
of the effective permeability. Based on this observationydel et al. (1986) and Deutsch
(1989) proposed a continuum of power-averaging methodsgngrbetween the harmonic
and arithmetic extremes. Although very efficient compotadily, power-averaging meth-
ods have some limitations. Specifically, the value of the groexponent is essentially
case-dependent and needs calibration. In addition, theti®oals cannot be expected to be
as accurate as numerically based procedures.

Because permeabilities at the fine scale are generally @&skigna volume-support
larger than the volumes of the measurement scale, the finesjadility is possibly already

a tensor. For spatially correlated media, effective pebiligais generally a tensor even

las opposed to radial for instance
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when the fine permeability is isotropic. The power-averggirethods do not solve for the
tensor principal directions but, if those are provided, ppaveraging can be applied to

calculate the components of the tensor.

Discussion of flow-based upscaling

Many upscaling method®(g, so-calledanalytical methods) make limiting assumptions
on either the non-tensorial aspect of the upscaled periitggpower averages, renormal-
ization) or on the periodic character of the fine permeahdistribution (homogenization
theory). However, numerical experiments showed that frdlovaperspective, the equiva-
lent permeability or transmissibility can depend on therumtary conditions applied on the
domain. This dependence is generally strongest for blotk&ze comparable or smaller
than the correlation length of the fine permeability. Thiservation has led to a large
literature ofnumericalupscaling methods. These methods are based on the resolutio
of the pressure equation on a domain including the block t&rést for certain sets of
boundary conditions and are hence referred taag-basedmethods. Flow-based meth-
ods essentially differ from one another in the type of boupdanditions applied, the size
of the region simulated, and the way in which the upscaleggny .9, permeability) is
computed from the fine scale simulation. Depending on thmnegpnsidered in the flow
simulation compared to the target region for which the peainiigy is sought, flow-based
methods can be classified as either local, extended-locabbal.

Warren and Price (1961) were the first to apply flow-based ousthThey solved the
single phase flow problem to provide effective permeabditin each direction of space.
White and Horne (1987) solved for the upscaled transmiggiby solving multiple global

fine flow problems and applying a linear least square regredsi fine scale pressures
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and fluxes. They appear to be the first researchers to conbiléull-tensor aspect of the

upscaled permeability.

Durlofsky (1991) proposed a method that solves for a germpenatheability tensor and
also guarantees that it is positive-definite. This propedmes from the use of periodic
boundary conditions in the resolution of the pressure eguatVenet al. (2000, 2003b)
showed that flow-based upscaling using either border-nsgio a rotation of the domain
under study both produced improved results in some caseslw/eurely local upscaling
presented by Durlofsky (1991). Their idea makes use of tie"stroduced by previous
investigators but in a periodic boundary context. A possibhitation of the technique
is that the positive-definiteness of the equivalent perntigatensor is no longer guaran-
teed. This is recovered approximately through use of a Epsire procedure (West al,

2003D).

He et al. (2002) proposed an upscaling technique for general qaaelrdl cells. Their
method entails the mixed finite element solution of the Idiced scale pressure equation
over the quadrilateral region. The heterogeneities ialdmthe quadrilateral are resolved
using triangular elements and periodic boundary conditame applied. The resulting per-
meability tensor is computed via integration of the fine saadlocity and pressure gradi-
ents. The principal difficulty of the method lies in the apption of periodic boundary
conditions on non-rectangular cells. For rectangles, diaéerals, or parallelograms, the
proposed method is equivalent to the one of Durlofsky (19&iixh was shown to be im-
proved by the use of border regions (Watral., 2000, 2003b). The use of border regions or
alternate boundary conditions within the context of thehuodtof Heet al. (2002) is also

possible.
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Edwards (2002) presented an application of the bordepnagpscaling for 2D unstruc-
tured grids by averaging velocities and pressure gradmrésa general polygon instead
of a rectangle. The resulting tensors were used in a fluxioomiis numerical scheme for

unstructured grids.

Extension of the flow-based upscaling techniques to 3D ucired grids does not
appear to have been reported in the literature. Extensidnec&pproaches presented for
the 2D case is not trivial and may require sophisticatedgmares to achieve an efficient

and accurate upscaling.

Many of the procedures described above can also be used fout®mpscaled trans-
missibilities. In some cases, the use of upscaled trangntityshas been shown to provide
coarse scale simulation results of better accuracy thasetbbtained with upscaled per-
meability €.g, Chenet al, 2003). To date, most transmissibility upscaling procedur
have been applied within a two-point flux context, thoughcapesd transmissibilities can
be used within a multi-point flux setting. In this work, we Wapply both permeability and

transmissibility upscaling for 3D unstructured grids.

1.1.3 Grid adaptation

By grid adaptation, we mean the adaptation of the simulatih lzgased on information
related to static properties of the model (like permeabdit internal boundaries) or dy-
namical flow-related information. In the latter case, we theeterm ‘flow-adaptation’. By
contrast, dynamic grids and dynamic local grid refinemdmstrack saturation fronts and
evolve during the simulation aret discussed in this work, as the ‘static’ grid approach is

still the norm in reservoir simulation.
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Flow adaptation

Several authors recognized that the quality of the resemodel is affected by the orien-
tation of the reservoir features relative to the simulaggod. Features that are not aligned
with the z, y, z axes of a Cartesian grid can be modeled in different waysgelih accu-
rately computing equivalent permeability tensors by Iycedtating the grid for instance
(Wen et al,, 2000), or by locally distorting the grid to ‘track’ the hebgeneity trends
(Verma and Aziz, 1997; Edward al,, 1998; Castellinet al., 2000; Weret al.,, 2003a).

Verma and Aziz (1997) used streamlines as a curvilineardinate to construct a
structured quadrilateral grid. Edwards al. (1998) further developed the technique of
streamline gridding by also including isopotential linghogonal to the streamlines. The
principal improvement offered by this gridding technigeehe reduction in pressure dis-
cretization complexity resulting from diagonal permeipiiensors in the local coordinate

system.

Castelliniet al. (2000) extended the technique introduced in Verma and AG87)
and Edwardet al. (1998) by performing the flow adapted gridding in a modulamtest.
The domain was decomposed into sub-domains (modules) bathhie flow-based grid
generation could be performed locally. Unfortunately, sid-domain definition is not
based on flow information and may artificially set non-K-ogbnal boundaries. As a
consequence, this technique may provide flow-results wdmiehnferior to those obtained
using a global technique.

Léevy and Pevost (2000) combined modular gridding approaches (VemubAziz,
1997; Palagi and Aziz, 1991) and user-defined density mas$ricctured and unstructured
flexible grids in 2D. Pevostet al. (2001) gave an example of the use of streamlines for

the generation of 2D adapted unstructured grids as an eaten$ previous structured
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streamline grid generation (Verma and Aziz, 1997).

Coarsening procedure

Durlofskyet al. (1996, 1997) described a technique to use flow-rates olataim¢he global
(or sub-global) domain to achieve the scale-up of layeresgr®irs using nonuniform
coarsening. This technique exhibited reasonable robsstmewell placements and con-
ditions while considerably reducing the computing timee Tlarsening can be performed
in each direction of space in sequence and relies strongthestructured nature of the
grid and some degree of layering in the permeability field.

Li and Beckner (2000) proposed an uplayering method basetkaterative placement
of coarse layers. The criteria of optimality is based on aimiration of the variance of a
mean property computed layer-wise. They proposed usirgy lagoperties such as mean
permeability and static measures of the dispersion of phdse flow. This method can be
extended in a straightforward manner to also account fonrflea rates within layers for
instance. However, the method as implemented did not usariffonmation.

Garciaet al.(1992) proposed an “elastic” grid adjustment method to gerestructured
non-orthogonal grids. Developed both for 2D and 3D hetanegas reservoir models, this
technique iteratively minimizes a measure of sub-grid togfeneity in order to reduce the
impact of permeability upscaling, control the shape andssif the blocks, and achieve
grid refinement in specific regions of the reservoir. Altéeneriteria can be used for the
minimization and the use of flow rates was suggested by Tr@@5)land Wen (1996).
Elastic gridding techniques provide the benefit of retajriime computationally-efficient
structured nature of the grid. Even though the restrictioing j, k£ indexing of the grid

is somewhat relaxed by the use of corner point geometry (Cl{E, ¢the scheme still
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lacks full flexibility. Indeed, a greater cell-density in &gn region can either be achieved
by “shifting” nodes from neighboring regions (constantdgsize) or by inserting a new
plane of cells, therefore globally changing the grid. Fatamce, in 3D, an insertion of a
plane of cells in the direction of an; x n; x n; grid results inn; x n;, additional cells.
These cells span over a region that is potentially much fafgm the one targeted by the
refinement, thus impacting the effectiveness of the inm@rtiOther concerns may arise
from the distortion of the CPG cells, as the cell-verticesai@ved to move independent
of geometrical constraints.

Some guidelines for the generation of structured 3D coarsdets exist in the lit-
erature. When coupled with an accurate upscaling procethwee methodologies can,
in many cases, provide reasonable coarse models for vasiellgonfigurations. Flow-
adapted unstructured-grid generation has been attemptedoétet al, 2001; Cao and
Kitanidis, 1999) for 2D models, though a general methodplfmy 3D unstructured grid
generation accounting for complex geometries and usingrate upscaling and flow re-

sponse quality control is still needed.

1.2 Statement of Purpose

It is recognized from the above literature review that thiera strong need for a clear
procedure to generate coarse models that capture flonardléyatures and that is appli-
cable to complex reservoir geometries in 3D. Examples di puocedures were presented
above in the context of structured grids but the power of gddptation will only be com-
plete when used in conjunction with unstructured 3D grids.ilAportant requirement for
coarse reservoir modeling is the prior description of a flomgdostic for the reservoir.

This diagnostic must be efficiently obtained for both the Boale detailed reservoir and



16 CHAPTER 1. INTRODUCTION

the generated coarse models. This flow-diagnostic provigekmits of acceptable coarse
models and should capture the impact of the fine featuresaihot-responses. Of course,
the notion of relevance of the reservoir features is redativthe type of displacements that
are to be modeled for the reservoir under study. As a consegueome assessment of the
robustness of the proposed methodology is also needed.

This work proposes a methodology for coarse, unstructgretireservoir-model gen-

eration that includes:
1. the gridding procedures,
2. the calculation of equivalent coarse scale properties,
3. the efficient assessment of flow response for unstructndsd,
4. the ability to iterate through the grid-constructiongess.

Regarding the first point, gridding procedures have madefgignt progress in recent
years and advances in reservoir gridding are embodied @arels tools such as thesrid-
Lab plug-in from theGocad research consortiumThis work proposes to make direct use
of these new techniques, although the linkage of these metadh flow information has
not been established. This work will address this imporssue. Points (2) and (3) con-
cern technologies which are not available as of today. Tesgnt work proposes novel and
efficient solutions to these problems. Finally, the ovarathodology for building a coarse
model and iterating on its construction until acceptabseiits are obtained is presented as

a generalization of previous approaches for structuretkgri

2The software platform used in this work is th@écad developer kit Release 2.0.7”, made available by
Earth Decision Sciences (http://www.earthdecisionsmsrcom). Research plugins provided by the “Labo-
ratoire Infographie et Analyse des Dares” (http:/gocad.ensg.inpl-nancy.fr)



Chapter 2

2D Adapted gridding

2.1 Introduction

When handling complex geometry, reservoir simulation ustngctured grids can require
a large number of cells due to the difficulty of conforming tuhdaries, faults and pinch-
outs as well as the constraints on grid-cell size variatisitisin the model. Furthermore,
these limitations restrict the magnitude of upscaling thabssible. The natural adaptivity
of unstructured grids in terms of shape and element sizegiiea asset that is currently
underexploited in reservoir simulation. While several awh(Heinemanret al., 1991;
Palagi and Aziz, 1991; Verma and Aziz, 1997; Heinemanal., 1998) have demonstrated
the use of unstructured grids to adapt to the geometry, weratly lack clear criteria for
adaptivity of the elements to boundary effects and undeglyiroperty distributions. The
accurate representation of the effects of sub-scale lggreaty at the coarse grid level
is critical to the accurate approximation of the responstheffine scale model. Hence,
accurate computation of the effective (or equivalent) pahility as well as appropriate

grid-densification in important regions of the domain aredes.
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The first part of this chapter addresses the issues relatgaitiing and grid-adaptivity.
Next, the generalization of the equivalent permeabilityste calculation for unstructured
grids, as well as the discretization scheme used in this wamk presented. This is fol-
lowed by the description of a fast flow-response evaluati@sed on streamline simula-
tion. Finally, results are presented for several caseshwti@monstrate the applicability

and accuracy of the unstructured gridding and upscalingpodetiogy in 2D.

2.2 Unstructured grids

Subdivision of a domain into cells is needed when discrggizhe reservoir flow equa-
tions. This can be achieved via structured or unstructuneid gin the first case, the topol-
ogy that describes the neighborhood relationships bettfeesimulation cells is implicit.
The classic, j, k indexing scheme used in structured grids (Figure 2.1) des/banded
connectivity matrices resulting in efficient numerical hmads. Furthermore, the geometry
of the cells can depart significantly from the strict Cartegiar orthogonal) case to gain
some geometrical flexibility while retaining the indexirtgueture, as shown in Figure 2.2.
However, many limitations to the use of structured gridé sxist, among which are the
difficulty to conform to exterior or interior boundaries atieé inherent lack of control of
cell sizes (Figure 2.3). For complex geometry domains omadngreater adaptivity of the
cell size is needed, a natural solution is to use unstrudtgriels. In that case, the adja-
cency relation between cells is completely general, regulh greater domain boundary

conformity and cell size flexibility.
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Figure 2.3: The structured nature of Cartesian and cornet geometry grids can result
in unnecessary grid refinement
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2.2.1 Simplex, Duality and Tessellation

We use in this work some vocabulary borrowed from discigisach as topology and
mesh generation. A simplicial grid designates a subdimisiospace in the most ‘simple’
elements (simplex). In an-dimension space, these elements have 1 vertices. A

tesselation refers to the construction of a simplicial grian a given set of vertices. This
operation is always possible in 2D (Delaunay triangulatitgorithm) but may require the
extension of the original set of vertices in 3D. These adddl points are called Steiner

points.

Generalization of the cell-centered structured grids &iuctured grids results in polyg-
onal (2D) and polyhedral (3D) cells. Polygonal and polyla¢édrids can be viewed as the
dual grid obtained from a primal simplicial grid (Figure R.4rhe simplex, composed of
triangles in 2D and tetrahedra in 3D, can be obtained by aggsocalled Delaunay tes-
sellation. Simplices obtained via Delaunay tessellatiavehseveral advantages including
the “empty sphere” and the “largest minimum-angle” projsrthat optimize the shape of
the elements of the grid among all possible tessellationa fgiven set of vertices. From
a flow simulation perspective, the dual grid plays an impdrtale in the control-volume
finite-element method formulation. In some approximatjagngefines the volume support

for the rock and fluid properties. For further explanatiaier to Section 3.2.2.

Tessellations can be constrained to honor exterior andionteoundaries to guaran-
tee that no edge (face in 3D) intersects such boundaries.appmaches are commonly
considered when dealing with interior geometrical comstsa The first approach, called
constrained Delaunay tesselatiaronsists in honoring exactly the nodes of the constraints

without any further node insertion. In the case of 2D mestiesgonstraints are lines and a
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—- Primal node (triangle vertex)

Figure 2.4: Triangulation and corresponding Vorbmiwal grid

tesselation can always be obtained from the constrainta given set of vertices. This pro-
cess does not require any point insertion but generallysléaton-Delaunay tesselations
and hence to the loss of the Delaunay properties arounchaitend external boundaries. A
second possible approach is called ¢baforming Delaunay tesselatiom this approach,
the vertices defining the constraints can be augmented torliba constraint geometry

while also enforcing the Delaunay criteria (see Shewch@R7iLepage, 2002).

In 3D, the constraints involve triangulated surfaces am$trained tesselation consists
in honoring the geometry of the surfaces as well as the saitf@mology (a triangle on a
constraining surface must be a face of the tetrahedral meisiwever, constructing such a
tesselation is generally not possible without the insertibSteiner points (see Section 4.3

for a discussion of 3D constrained gridding).
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2.2.2 Tessellation constrained by a metric

Constraints on the shape and area of the elements can alséobesedraway from bound-
aries by performing the tessellation according to a meBarguchakiet al, 1997). A
scalar property map can, for instance, be used to conshaielément size (in that case we
will call it a target resolution). The points inserted in tiped are then optimally selected
to match the density constraint. We will exploit this cafigblater in this chapter, when
we use flow maps to guide grid density. In addition to the adrun the grid density, the
metric constraint can be used to control the anisotropy @fgtid. This may result in el-
ements that are skewed but which may provide better conditionbers of the resulting
matrix and which may in turn lead to an overall reduction impaotation. Furthermore,
the skewed shape of the elements may result in a more effidistntoution of the cells,

hence reducing the problem size.

2.3 Full-tensor permeabilities

Accurate representation of the effect of the fine scale pability on the coarse model is
important to reproduce essential flow-response charatitsri This requirement implies
the need for the accurate calculation of an equivalent palortity tensor for each coarse
grid cell. Accounting for the tensorial aspect of permeagbéntails the use of upscaling
techniques that compute the off-diagonal elements of tihe@ability tensor and the use

of finite volume stencils that are able to accommodate arikbr permeabilities.
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2.3.1 Calculation of equivalent permeability tensors

Current methods to compute effective permeability valuekigde power averaging, renor-
malization, and the solution of local flow problems (see Céaafptas well as Wen and
Gbmez-Herandez (1996) and Renard and de Marsily (1997) for reviews)théncase

of flow-based methods, for any given coarse grid cell a subaio of the fine model in-
cluding the target coarse cell is considered. A series gflsiphase incompressible flow
problems are solved on this sub-model with appropriate 8agnconditions. Finally, the
coarse level equivalent permeabillty is computed by requiring the same mean flow rate

for the same mean local pressure drop on the fine and coatss.sca

The two equations that describe steady-state, singleepth@s in porous media are
Darcy’'s law and mass balance equations:

u = —-AkVP
(2.1)

Veu = 0
wherek [m?] is the permeability tensory [1/Pa.$ is the fluid mobility (\ = 1/u where
w is the viscosity)u [m/g] is the fluid velocity andP [P4 is the pressure. Combining the

two equations of the system 2.1 leads to the single phassyseesquation:

V-AkVP =0 2.2)

Defining the equivalence between a fine heterogeneous meaiuhhomogeneous
medium at the coarse scale is only possible in a limited sefpessible criteria of equiv-

alence is the equality of flow at the boundaries between thkerdgeneous medium and
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the equivalent homogeneous media under the same presBarerdie (Cardwell and Par-
son, 1945). We will prefer a volume average equivalencerisitproposed by Rubin and

Gomez-Hernanglz (1990):
%/Vu(x) dV(x) = —Ak” (%/VVP(X) dV(X)) (2.3)

The use of periodic boundary conditions to solve the locablgm (Durlofsky, 1991),
in conjunction with the use of a border region (Wetnal,, 2003b) around the target cell,
was shown to capture the effects of anisotropy and connigctiwth reasonable accuracy
in a number of cases. Other boundary conditions, or a locdlad)procedure (Cheet al.,,

2003) can also be applied and may be preferable in some cases.

If we consider a periodic domain where the augmented cedipigated in each coor-
dinate direction and further assume that the flow is peri@dituch is often a reasonable
assumption away from sources / sinks), the flow in the intexfdhe original cell can be
obtained by solving a local flow problem with appropriateipeic boundary conditions.
Periodic boundary conditions impose the pressure field @emldmain under study to be of
the form:

P:P0+G'(X—X0) (24)

whereG = G,i, + G,i, is an arbitrary constant vectar, an arbitrary pressure, ang is

a reference location.

In the case of a Cartesian coarse grid, following the notatiowen et al. (2003b),
the border region is constructed by augmenting the initaltdrget) system by a certain
number of rings. Each ring is composed of the fine cells corthin a layer of coarse cells

added around the central coarse block. An example with octersog (- = 1) is shown in
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Figure 2.6.

The boundary conditions are then applied on this augmenyttdrms:

P(z,0) = P(z,l,) — G,l, ony=0andy =1,
P0,y) = P(l,,y) — G.l, onx=0andz=1[,

(0,y) = P(ls,y) 25)
uy(2,0) = uy(z, 1) ony = 0andy =1,

uz(0,y) = ug(le, y) onz =0andz =1,

wherel, and!, designate the length of the augmented system (see alseFRdy)r

In the case of an unstructured grid, the same technique & ars& a border region
around the control volume can be generally defined as a iga@rsubset of fine cells that
includes the target control volume. The notion of a bordgrome can therefore be defined
for unstructured grids as a rectangular set of cells comgitine triangles connected to the
center of the control volume (see Figure 2.7). The same ayrabnditions as above can

be applied.

For both the structured and the unstructured cases, Equafsubject to the boundary
condition 2.5 must be solved twice over the extended rediothe first solution, we specify
G, = landG, = 0 and in the second solutiofi? = 0 andG}; = 1. Then, as required

in Equation 2.3, we compute the average velocity and presgtadients for each flow

problemj:

(u)! = V/ uw dV
R j 2.6)
(VPP =2 /V (VPY dv

whereV refers to the volume of the target coarse ced; the center Cartesian cell in the
structured case or the control volume in the unstructured.ca

The equivalent permeability tenskt is therefore constrained by the following linear
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Figure 2.5: Periodic boundary conditions

Figure 2.6: Target coarse Cartesian cell (in gray) augmemtethr = 1 border region
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T

Figure 2.7: Target coarse cell (in gray) augmented by a lboedgon
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system involving the simulated average flow properties &edunknown tensor compo-

nents:
(or/or)! (9P /0y)" 0 o] [k ()
0 0 (OP/0x)" (OPfoy)'| |kz, _ 1A (uy)! 2.7)
(OP/0x)* (OP[oy)? 0 0| |Hi fuz)*
0 0 (@P/dx)* (0P/0y)?] |k, ] ()]

In the general case, the resulting tensor is full (non-zérdiagonal terms), even when
the fine scale permeability is a scalar or a diagonal tens@ogsible drawback of the use
of a border region is the loss of guaranteed symmetry andiyodifiniteness. In addition
to the linear constraints, the full tensor defined via Equal.7 may also be constrained
to be positive definite and symmetric. Symmetry can be raeavBy either averaging the
off-diagonal terms resulting from Equation 2.7, or by imtuging an extra linear equation
forcing k., = k,, and solving the overdetermined system in a least square g&ven
et al, 2003b). In this work, asymmetry is corrected by averagiRgsitive definiteness
is in practice rarely an issue. If not satisfied, positive efhess is trivially enforced by
re-performing the flow based upscaling without border negion the smallest rectangular

domain enclosing the target control volume.

We note that valid permeability tensors can also be obtairs#ay the same border
region method but by applying other boundary conditions. dilype of boundary condi-
tions, and how large should the border region be, remain atiaieopen (and presumably
case dependent) questions. In many cases, however, tedides in results obtained from

the various boundary conditions are relatively slight.
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2.3.2 Full k discretization

Numerical schemes for the discretization of the pressuvatean using finite difference
techniques with full tensor permeabilities were presemedCartesian and corner point
geometry grids by Edwards and Rogers (1998), Aavatsratelt. (1996, 1998) and Lee
et al. (1998, 2002). Extensions to control volume finite elememsegalize the notion
of flux-continuous schemes to triangular and tetrahedrahee (Aavatsmarét al., 1996;
Verma and Aziz, 1997; Edwards and Rogers, 1998). The tecaraqtails the solution of
local linear problems on the coarse grid enforcing presandeflux continuity at the cell
interfaces. The unknowns of the linear systems are tha@eill transmissibilities, which
are then used in the global solution. Below is a summary of ¢hevations leading to the
flux continuous CVFE scheme for 2D grids. Complete derivationshe 3D case can be

found in Verma and Aziz (1997).

Let us consider a triangl& (Figure 2.8). F can be divided into three regions cor-
responding to the three control volumes sharing its area.e&oh region, the pressure

Pi(x,y) is assumed to vary linearly:

_ OP'/0x
VP!

2.8)
OP'/dy
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- -1

vpY — (o —20) (Yo — o) b, — F (2.9a)

(%—%) (yc—yo) P.—F
- _71 - -—

a a Pa_P
ypr — |Temm) emw) ' (2.9b)

($C_I1) (yc_yl) PC_PI

— _71 — -

Ty — T " — P,— P
VP o— ( 2) (Yo — o) 2 (2.9¢)

(xp —x2)  (yp — Y2) P, — P

Using Darcy’s law, the piecewise constant expression fernlocity given a perme-
ability tensork is
OP"/0x

w, = —Ak; i€ {0,1,2) (2.10)
oP" /oy

While pressure continuity is embedded in the system (onespreslefined at, b, and

¢), flux continuity must be enforced. This is accomplished biting:

Upg- N — Uy Ip
e = u;-fe (2.11)
up - 1';la = Uz ﬁa

Combining Equations 2.8, 2.10 and 2.18,»a3 linear system can be written expressing

the intermediate pressures as a functioQfP; and P.

For instance (using the notation shown in Figure 2.8), the ¢lontinuity condition
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Figure 2.8: The transmissibilities are obtained by intidg a piecewise linear pressure
in each region and enforcing both pressure continuity at the pointé andc and flux
continuity across the edgé€s, &, and&,

across the edgg, reads:

—1
(zy —w0) (Yo — Yo) P, —F

ko
(%—xo) (yc—yo) P.—F
-1 T
Lg — T ya_y Pa_P
o, ) e w) 1) s
(xp — z2)  (yp — Y2) Py — Py

with k;, the permeability tensor at the node (control volume){0, 1, 2}.

Similar constraints for edge% and€. can be written and the system of flux continuity

is obtained:
Py P,

Alp|=B|p

Py P.
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which must then be symbolically inverted. This leads to tik#ing matrix form:

P, Rooy Ro1 Roz| | Fo
Pyl = |Rio Ruu R P (2.12)
P, Ryy Ro1 Roa| |

Then, using Equations 2.9, the Darcy velocities in eacltoregan be expressed as linear
combinations of the pressure at the triangle nodes (ceatatse control volumes). For

instance, for region = 0:

-1 PO

Ty — T — Ro—1 R R
uoz—Ak (b 0) (yb yo) 10 11 12 P,

(e —20) (Ve — Yo) Ryo—1 Ry Ra
P

Finally, the fluxesy,, ¢, andgq. can be expressed in terms of the pressures, giving the
algebraic expression of the transmissibility coefficients
2

Qo = Z TaiPi (213)

whereT,;, i € {0,1,2} are the transmissibility coefficients describing the fluroas the

edge’,.

2.4 Fast reservoir evaluation using streamline method

When considering a large detailed reservoir model, the eognid model should be able
to reproduce the essential fine model flow characteristiosthts purpose, it is critical to

be able to evaluate and compare flow responses of the coatdearreservoir models.
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Although a fine-scale multiphase flow simulation is not pratt(that is precisely why the
upscaling step is needed), the resolution of a single (gt&tate) pressure solution may still
be affordable, using a parallel solver or domain decomjawsif necessary. In that case,
it is possible to extract flow data such as total flow rates feergboundary conditions, as
well as displacement information such as production hyséord saturation maps. Using
streamline simulation, this information can be effectivahd accurately obtained for both

structured and unstructured grids éRostet al., 2002).

Streamline simulation (Batycket al., 1997) decouples the pressure equation from
transport by summing the conservation equations, remayffyterms from the pressure
equation, and treating the saturation dependency of tiasgniity explicitly. Moreover,
the transport equations are written in terms of one-dinogradiproblems along the stream-
lines. As a consequence, this formulation is somewhat goal®to the IMPES method
(see Breitenbachkt al. (1969) and Coats (1979) for the derivation of the three-plsise
PES equations).

A very advantageous speedup is obtained by assuming thstré@amlines vary slowly
in time (small effect of the change in saturation on the pressdistribution). In the case of
an incompressible tracer flow simulation (unit mobilityioadlisplacement), this assump-
tion is exact. Thus, the production history of every well ¢enobtained using only one
pressure solve (assuming no change in operating conditasrshown on Figures 2.9, 2.10
and 2.11. The producing tracer fractional flow at a given timmequal to the fraction of

streamlines that have broken through to the producer atithat

From the above discussion, it is clear that streamline sitiaal provides a fast and
accurate means for assessing the accuracy of the coarse reladige to the reference

fine scale model. While the assumption of tracer flow does rarporate the non-unit
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Figure 2.9: Permeability field and left to right flow simutati (streamlines and isovalues
of the time of flight)

Figure 2.10: Water cut and saturation fields for the problescdbed in Figure 2.9
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Figure 2.11: The time of flight contours give the position lo¢ tracer front at a given
simulation time

mobility ratio effects in the coarse to fine model comparjsballows us to extract a first
approximation of the impact of the upscaling on the accutddiie displacement calcula-
tion. This comparison is provided at the cost of a single guessolution. The extension

of the streamline method to 2D and 3D unstructured gridsssriteed in Chapter 3.

2.5 Application to two-dimensional grid generation

Unstructured grids, streamline simulation and flow-bagestaling can be used in com-
bination to generate coarse reservoir models. While theleetdescription provides a

reference solution for a unit-mobility displacement, imh@tion maps obtained from fine-
scale flow information serve as an adaptation criteriontierdoarse grid generation. The
coarse grid is hence chosen such that it “minimizes” therémtooduced by the coarsening
for different boundary conditions. The current sectiorsprés two examples of coarse grid
adaptation to detailed flow results. In all the cases presestreamline simulation is used
to assess the improvement of the adapted coarse grid ovéioaniicoarse grid. The first

example demonstrates the use of a simple refinement criteriadapt the grid to the facies
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distribution in the reservoir. The second example showsiieeof a target grid resolution
to constrain the grid density to particular information density) maps. Here, two alterna-
tive maps are considered to minimize local discrepanciéisarproduction fractional flow

curves (water cut): a mean velocity map and a streamline&ktimeaugh time map.

2.5.1 Facies adaptation using iterative refinement

Adaptation of the grid can be accomplished via the insertbhocal grid refinement
patches (LGR) at specific locations. Refinement locations eadebermined using var-
ious techniques, including the use of the cell shape, distém a well or fault, and flow
maps. When using an information map, the criterion we propmsiaserting an LGR at a
given coarse cell location is to compare some function ofrtfegmation map over the cell
to a given threshold. For instance, using a map of mean |adatities (obtained from a
global single-phase flow calculation), if the total flow réteough a particular cell exceeds
a given value, an LGR region is introduced at that locationis Triterion provides a grid
that avoids a large proportion of the total flow going throegly a small number of cells.
Alternatively, when using a permeability information maplculating the variance of the
underlying fine scale permeability over the coarse cellxalthe splitting of cells that span
very heterogeneous regions (as in the structured grid approf Garciaet al., 1992).

This criterion is comparable to an edge-detection tectenmpud can be used to accu-
rately capture the meandering geometry of a channel, asrsihowigure 2.12. A high
permeability channel is considered cutting through a lowrgability background. The
permeability ratio is 100, and the variance of the permégbitap is used to construct a
series of refined coarse grids (Figure 2.13). To assess #igygof the grids generated, a

simple unit-mobility ratio flow simulation with one injeatand one producer on each side
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i,

Figure 2.12: Two dimensional meandering channel. Higletopermeability ratio is 100

of the channel is simulated. Flow results (Figures 2.145 21d 2.16) show that succes-
sive refinements improve the match of the total flow rate akeskat the producing well in

addition to improving the match of the fractional flow curve.
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Figure 2.13: Successive triangular grids. The refinemetdrion used is the variance of

the permeability over the coarse grid cells

Figure 2.14: Assessment of the quality of the grids in Figlie3. Unit mobility-ratio flow

simulation with an injector and a producer as shown
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Figure 2.15: Total flow through the coarse model comparelddodference fine scale result
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Figure 2.16: Water cut for the reference and coarse models

2.5.2 Adaptation using a target resolution

Gridding can also be performed usiagriori knowledge of the grid density (as opposed to
grids obtained by successive grid refinements). In that, daeanformation map directly

serves as an indicator of the appropriate size of the grld aeh given location.

Mean velocity map

Using a flow-rate map, a grid can be adapted to the local mearrftensity under different
boundary conditions. Figure 2.17(a) shows two non-cormebalf layers of high perme-
ability on a low permeability background. Averaging thedbeelocities for top-to-bottom
and left-to-right flow gives the local mean flow-intensityprehown in Figure 2.17(b). The
geometry and the rock properties distribution of the probéan be described by2a x 20

Cartesian grid. However, because of numerical errors on awdarse grid, we will con-
sider thel 00 x 100 refined Cartesian grid as the reference solution. Tracer flowlations

show for instance that water breaks through befosePVI1 when using the refined model
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@) (b)

Figure 2.17: High permeability layer incompletely crogsan low permeability zone. A
local mean velocity map is obtained when flowing the modetédpottom and left to right

(Figure 2.18) while the coarse Cartesian model does not peoaily water for that quantity

of pore volume injected (Figure 2.19).

Adapting the triangle sizes to the flow intensity map givesangulation (104 nodes)
that is naturally denser in high flow regions (Figure 2.20)mparing the flow results of
the adapted coarse grid and a uniform equivalent-size gritié reference model shows
that the adapted grid provides a much more accurate fradtitow curve (Figure 2.21),
particularly around breakthrough time. Figures 2.22 a8 2ompare the water saturation
maps at different simulation times for the adapted grid duniform triangular grid.
The improved characterization of the breakthrough time atestrates the benefit of the

integration of flow information in the gridding process.

Similar techniques can be applied for more realistic resemross-sections, for in-
stance, the layered system shown in Figure 2.24. Those sadebparticularly challeng-
ing for the fractional flow curve reproduction, as thief legyéead to early breakthrough of

the water at the producer (see saturation profiles in Figi2®) 20ver-coarsening of these
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regions overestimates the breakthrough time, hence méiéngyid adaptation critical. Us-
ing the average flow rate map shown in Figure 2.26, a coardesgobtained (Figures 2.27
and 2.28). Flow results for this case are presented in Fg@®& Only little improvement

of the breakthrough time characterization is achieved byflttw rate adaptation over the
equivalent-size uniform grid. Possible reasons for thiy tma(a) the modeling errors in-
troduced by the well models and (b) the inefficient use of the density where too many
cells are employed in high flow regions and not enough elsevhi is possible that a

better target grid density will improve the coarse grid dations.

Other sources of information can be used to provide the gziel ®onstraint. In the

following, we discuss the use of breakthrough time maps.

Breakthrough-time map

A useful quantity provided by the streamline simulationhis time of flight (TOF) of a
particle calculated along its path. This TOF serves as alowear coordinate for the res-
olution of the 1D transport equation along the streamlindégeneral case of multiphase
flow. In the case of tracer flow, the tracer concentration adea as a front at a velocity

uy, related to the total velocity, via.
Uf = — (214)
Let 7 be the time of flight along a streamline,

!
_ [ 9
T_/O ‘ut’dl (2.15)
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The time of breakthrough of the tracer front along streaenliis then simply equal to the
arrival time of the streamline:

thT = 7—énd (2.16)

At breakthrough time, each streamline brings an increnheaitia of producing tracer equal

to its assigned total flow rate.

If the value of the streamline breakthrough time is assigaedg its whole length,
this data can be mapped to the 2D grid. We call this map a brealgh-time map (BT-
map). The BT-map allows us to make an immediate correspordagteveen increments
on the producing fractional flow curve and the area of thervegethat was swept by the
incremental tracer produced. In particular, it allows uslamtify, for a given configuration
of boundary conditions, what is the critical path that ngedse accurately captured by the
grid in order to be able to predict the correct breakthrougie tusing the coarse model.
Since the displacement also depends on the velocity, wiapkrts in turn on the pressure
field, an accurate description of the area swept by earlyymiad tracer does nat priori
guarantee that the breakthrough times match. Neverthdlasss out to be a useful source

of information to guide the refinement.

In the next example, the BT-map is used in the gridding adiaptatsing a target reso-
lution. Considering the incomplete high permeability strehown in Figure 2.17(a), fine
tracer results can be obtained using streamline simulafione of flight contours, corre-
sponding to the tracer concentration front are shown inr€i@u30. The breakthrough con-
tour map is shown in Figure 2.31 and identifies the region eoting the high permeability
layers swept by the tracer at early time in the displaceméfd.then use the BT-map to
compute a grid density map which is used in the metric grigldigorithm (see Borouchaki

et al, 1997). The resulting primal grid is shown in Figure 2.32 aad be compared to
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Figure 2.20(a). The increased density has shifted from igjie fermeability layers to the
transition zone between the layers. As a consequence, e dgaometry (Figure 2.33)
is not as well captured as in the flow rate adapted grid showigare 2.20(b). Flow re-
sults (Figure 2.34) exhibit an improvement over the uniforiangular grid. However, the
breakthrough time match is not as good as the one obtainbdhvatflow rate adapted grid
(Figure 2.21). From the separate use of flow-rate and breakgh-time information maps,
we observed that grid adaptation has a favorable effecterefproduction of the reference
water cut. While the flow rate information leads to an overattér representation of the
pressure distribution and therefore of the ovefyllA P, the breakthrough time map does
not seem to bring as much gain in accuracy as flow rate, if used‘stand alone” source
of information. However, as we will see in Chapter 6, it can valaable secondary source

of information.
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Figure 2.18: Saturation plot for the incomplete layer. Refiee solution withl00 x 100
Cartesian cells. PVI 0f 0.1, 0.3, 0.5 and 0.7
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Figure 2.19: Saturation plot for the incomplete layer. Ce&artesian solution witk0 x 20
cells. PVI 0f0.1,0.3,0.5and 0.7
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Figure 2.20: Density-adapted coarse model using the mdanityeinformation. (a) The
triangular grid with 104 nodes and (b) corresponding pebiigadistribution
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Figure 2.21: For the left to right scenario, water cut is ioyad over the uniform grid, and
breakthrough time is exactly captured
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Figure 2.22: Saturation plot for the incomplete layer. Winstured flow-rate adapted solu-
tion with 104 cells. PVI of 0.1, 0.3, 0.5 and 0.7
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NN

Figure 2.23: Saturation plot for the incomplete layer. Winstured uniform-grid solution
with 100 cells. PVI 0f 0.1, 0.3, 0.5 and 0.7
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log(k)

Figure 2.24: Layered system. Permeability field on a logescal

49
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Figure 2.25: Layered system; fine scale saturation maps\fbof0.1, 0.2, 0.3, 0.4, 0.5
and 0.6. (from left to right and top to bottom)
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Figure 2.26: The flow rate map is obtained by flowing the modelen different boundary
conditions and averaging the results (top-left is horiabfibw, top-right is vertical flow)
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Figure 2.27: Coarse triangular grid with 300 nodes geneffabed the flow intensity infor-
mation

Figure 2.28: Coarse control volume grid generated from the ftdgensity information
(permeability distribution)
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Figure 2.29: Water cut for the flow rate adapted grid shownigufe 2.28. Marginal
improvement is observed for this case

Figure 2.30: Contour of the TOF
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Figure 2.31: Contour of the total TOF (breakthrough map)

Figure 2.32: Primal grid obtained by TOF adaptation
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Figure 2.33: Dual grid obtained by TOF adaptation

Calibration of flow information maps

An important aspect of the grid adaptation using infornratisaps is the fact that these
maps need to be scaled (or calibrated) to serve as a metree f@nget grid-size). For
instance, from a range of average flow-rates obtained on tikeenfiodel, different target
grid size maps can be inferred. Figure 2.36 shows two gritls @jual number of vertices
that were obtained using the same flow-rate information nuagifferent calibrations. The
correspondence between the information map and the tangesige can be imposed via
a calibration curve. The shape of this curve is not kn@wvpriori and therefore needs
to be parameterized in order to allow for some case-spedcifimg. An example of a
calibration curve is provided in Figure 2.37(a). The chogarameters are the curve end
points and a ‘shape factor’. The end points determine tlgetayrid sizes associated with
the high and low values of the map while the shape factoreglatthe sharpness of the grid
size transition between the extreme values. In that resghechistogram (Figure 2.37(b))
and spatial variability of the map provide valuable infotioa as will be demonstrated in

Chapter 6.
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Figure 2.34: Flow result for the TOF adapted grid

2.6 Conclusions for 2D flow-based gridding

The section here above presented a methodology for coaseevoe model generation
that preserves the essential flow characteristics of thesfiake model. This framework
relies on the use of highly flexible unstructured grids, dicienht flow-based method to
control the grid quality, and an accurate flow-based perihgatensor upscaling. The
coarse grid quality was defined using single phase and tilagesignatures of the reservoir
under different boundary conditions. The two charactegsthosen were (a) the total
flow rate across the model and (b) the producing fractional dorve. It was shown that
streamline simulation provides a very effective means &duate these characteristics and

hence assess the quality of the coarse grid by comparisbe fine model results.

Coarse models generated using grid-density constrairagaokfrom information maps
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exhibited better flow reproduction than equivalent-size-adapted coarse-models. In par-
ticular, the use of local mean flow intensity proved to becfie for capturing early water
production in layered reservoirs. The choice of the demsdyp and calibration of the grid-
ding are critical to the adaptation process and to the dwgidlquality (for a given number
of target coarse cells). Further investigation is needett@¢ate composite criteria for the
grid adaptation.

In this chapter, we have seen how to construct 2D adaptedImuosiag flow informa-
tion. We also evaluated the effect of the model coarsenintpefiow curves using tracer
flow streamline simulation. To make the gridding procedwmplete, two additional is-
sues should be addressed: the use of multiple flow scenaribe flow diagnostic and the
calculation of the most effective target grid density fromiven flow information map.

Multiple flow scenarios (boundary conditions) may be coesad in order to devise
flow diagnostics that assess the quality of the coarsening feariety of flow patterns.
This type of flow information may contribute to the robuswes$ the gridding method-
ology. Furthermore, the automation of the gridding progess important aspect of the
methodology. Given an information map and a diagnostic thelcorrespondence between
information map values and target grid densities must tabéshed. Thisalibration pro-
cedure aims at obtaining the most effective grid densitynftbe information map. These

issues are further considered in Chapter 6.
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Figure 2.35: Saturation plot for the layered model shownigufe 2.17. BT-map adapted
grid. PVl of 0.1, 0.3, 0.5and 0.7
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Figure 2.36: Two adapted grids obtained from the same irdtion map (shown in Fig-
ure 2.26) but using different calibration. Number of vestidor both grids is 1027

grid 5 800
size % i
coarse | 600
400
200
fine | :
i .
- > 0
v (flow rate) 0 1 log(v) 3 4
(a) Correspondence between flow rate map (b) Histogram of the flow rate map shown
and grid size in Figure 2.26

Figure 2.37: Calibration of the information map may be achikvia a parameterized curve
and considering extreme target grid size values and thennatoon map statistics
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Chapter 3

Streamline Simulation on Unstructured

Grids

3.1 Introduction

A streamline tracing technique for incompressible flow imqus media on 2D and 3D un-
structured grids is presented. The technique entails & \@tacity post-processing on a
pressure field calculated using a flux-continuous numesdatme. The reservoirs consid-
ered are gridded using a primal grid composed of triang@aj or tetrahedral elements (in
3D). The solution of the pressure equation is obtained wusicantrol volume finite element
discretization where the pressure values are located atetttiees of the primal grid and
the rock properties are assumed to be constant over the elisssarrounding the pressure
nodes. Fluxes recovered from the pressure distributionhare used in a local system to
solve for the Darcy velocity on each dual cell. This posteassing involves the introduc-
tion of a local sub-grid on which a parameterized form of teluity is determined using

different physical constraints. 2D and 3D techniques aveldped, and different degrees

61
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of complexity of the form of the velocity are considered, @ared and illustrated.

3.1.1 Previous Work

Accurate schemes for the tracing of particle trajectorsesfigreat importance in model-
ing transport and multiphase flow in porous media. Two mapliegtions for the trac-

ing of streamlines can be identified: Particle path tracmgvisualization purposes, and
streamline tracing for displacement modeling problemsretome dimensional transport

equations are solved on each streamline.

Streamline tracing in visualization

The tracing of a particle path produces a 3D trajectory &stiae) and the curvilinear
parameter called time of flight that locates the particle dsn&tion of the curvilinear
distance measured on the line. The trajectory often ap@saassecondary objective of a
numerical method. Hence the choices made to attain the priotgective (which could be
the calculation of a potential field for instance), may lithié accuracy of the tracing. Our
interest lies in the tracing of streamlines given a presBel@obtained from a lowest order
control-volume finite element method (CVFE). This method/mtes continuous fluxes but
it is not primarily devised to provide accurate velocities.

Several authors have proposed post-processing methddspiiate on discrete (dis-
continuous) velocity fields to provide an improved tracisgd Cordes and Kinzelbach,
1992; Pokrajac and Lazic, 2002). However, these metho@siakly concerned velocities
derived from finite element (FE) methods. Since FE methoésat locally conservative
over the primary grid (though mass conservation can be eredysee Hughex al,, 2000),

the proposed post-processing method must include a compoheonservation of mass.
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This was not done in Cordes and Kinzelbach (1992) or Pokrajdd.azic (2002). There-
fore, the flow-rates assigned to the streamlines are nodeéted, making the streamlines

unsuitable for the purpose of transport modeling.

Cordes and Kinzelbach (1992) proposed a post-processiotying the calculation of
a piecewise constant velocity field on a refined grid. Theithmé gave satisfactory tracing
in two dimensions for velocities obtained using FE methadgsals the authors’ intent was
primarily to exhibit meaningful tracing, they did not prde any displacement results.
Furthermore, in later work, Cordes and Kinzelbach (1994gdtaat it is not possible to
obtain post-processed velocities in 3D that satisfy Bdthu = 0 andV x k'VP = 0. In
particular, they argue that violating the second condttaads to non-physical “swirling”
of the streamlines. This behavior was even observed foo&otracing on Cartesian grids.
In Section 3.3, the difficulty in obtaining an irrotationalacity field is acknowledged but

a solution to minimize this effect is proposed.

Streamline method

For applications that involve the mapping of a transportagign onto the pathlines as in
the streamline method (Batyclet al, 1997), the computation of accurate trajectories is
critical. The nature of the streamline method permits a liiaealytical treatment along
streamlines for fluid transport, which minimizes dispdtgieffects. As a consequence,
the transport solution strongly relies on the accurate agatn of both streamline trajec-
tories and time of flight, which serves as a curvilinear cowte for the transport equa-
tion. In 2D, the analogy between the streamline and therstrdze (Thiele, 1994) methods
highlights the need for accurate rate assignment to tharstiees. Hence, conservative nu-

merical schemes are generally preferred for the discteirzaf the pressure equation. For
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unstructured grids, flux-continuous control-volume firelement methods (CVFE) have
successfully been applied to the resolution of pressureggysermeability that is piecewise
constant over the primal cells (Forsyth, 1990) or piecewagstant over the dual cells or
control volumes (Verma and Aziz, 1997), as described in Gireht

An important family of flux-continuous methods was develbjpy Verma and Aziz
(1997), Aavatsmarlet al. (1998), and Edwards (2002) for CVFE methods. Their trans-
missibility calculations generalize the flux-continuowempeability harmonic mean used
for Cartesian grids to unstructured grids. From now on, wesictan the case of a pressure
field obtained on an unstructured grid using a CVFE method thighaforementioned flux
continuous schemes. Two distinct permeability approxionat(cell-centered or point dis-
tributed; Figure 3.1) can be considered in the CVFE, leadingjfterent discrete models.
The point-distributed approximation (Settari and Aziz729is the most commonly ap-
plied approximation in reservoir simulation. Verma (1989émonstrated that it also leads
to more accurate results. The Cordes and Kinzelbach (19%&) pacovery (initially de-
vised for a Galerkin FE method) is immediately applicabléhite CVFE method in the
case of a cell-centered permeability approximation (inchtuase the CVFE and Galerkin
methods provide identical pressure fields for the incongioéss problem). Revostet al.
(2002) extended the recovery method to the point-distetbyiermeability approximation.
The tracing method entails the use of an isoparametric mgppollowed by a bilinear

tracing in a reference domain.

3.1.2 Obijective

The present chapter summarizes the velocity post-prowegsthnique in 2D and its exten-

sion to 3D. Emphasis is put on the construction of a systemomdtcaints that is physically
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Figure 3.1: Cell centered (left) and point distributed (t)gbermeability approximations.
Primal grid in solid line, dual grid in dashed line
meaningful and that is equal in size to the number of parammdtdining the target velocity

interpolation. A discussion of possible system closureddg@mns is also included.

3.2 Two dimensional tracing

As indicated above, accurate streamline tracing and stieasimulation were obtained
by Prevost (2000) and Rwostet al. (2002) for CVFE pressure discretizations. Most of
the 2D formulation and results were presented b§vBst (2000) in MS work. This is
included here for completeness and to better elucidate@=a8e. Two tracing techniques
were presented, both based on a patch recovery techniqugggsested by Cordes and
Kinzelbach (1992). This section summarizes the two trataetpniques, one involving a
bilinear approximation of the velocity on an unstructuraf-sjuadrilateral grid, the other

involving a piecewise constant velocity approximation sub-triangular grid.

3.2.1 Notation

The following table describes the notations used in thegmiesection.
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Notation | Definition
Roman

Ny Total number of triangular faces in the gridded domain
ny Number of faces connected to a node

Ne Number of edges connected to a node
A% Natural velocity for the region at the intersection of the

patchp and the trianglef
Vv* Recovered velocity for the region at the intersection of the
patchp and the trianglef

F Triangle (face)

Q Quadrilateral

& Edge
M Midpoint of edge

C Barycenter of a face

P Vertex of the primal grid

n Normal vector

t Tangential vector

f Flux across an edge

Superscript
D Relative to a patch or equivalently to a ngde
f Relative to a triangle

continued on next page
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Notation | Definition

o Refers to a quantity obtained directly from the numerical

approximation (without any post-processing)

* Refers to post-processed quantities
Subscript
m Index of a triangle within a patch

[ Interior sub-triangle (always relative to a patch and atria
gle)

e Exterior sub-triangle (always relative to a patch and antria
gle)

a,b Adjacent quadrilaterals or triangles

x,y Physical space coordinates

&n Reference space coordinates

3.2.2 Grids and numerical schemes

A common choice for the locations of the pressure unknowadla vertices of the un-
structured grid. Alternate choices such as the center difridguegle or the edge midpoints
(in 2D) will not be discussed. The grid connecting the presswdes will be referred to as
the primal grid. As mentioned above, the permeability canhmesen to be piecewise con-
stant either over the cells (triangles) or on the contralir@é surrounding the pressure node
(point distributed). From now on, we consider the case ofifpdistributed permeabilities

for the CVFE method (Figure 3.2).

Let us consider the discretization of the pressure equatioa volumel” in integral
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form:

]{ AKVP -rds = 0 (3.1)
'y

wherel'y, denotes the perimeter &f.

Without loss of generality, we can uniquely define the fluxloemsegments dfy :
fi" z/ AKVP -fids with m e {l,--- ,ns} and je {1,2} (3.2)
&

wheref" is the jth segment of the control volume that belongs to the trianglsee also

Figure 3.3).

The question of how the fluxes are approximated in Equati@neads to a variety
of flux-continuous schemes (Fung and Nghiem, 1990; Palatjifeniz, 1991; Verma and
Aziz, 1997; Aavatsmarlet al., 1998; Edwards, 2002). Verma and Aziz (1997) proposed
an approximation of the flux as a linear combination of pressthat preserves the flux
continuity in the case of control volume distributed prdsr. In this approximation (valid
for a general full permeability tensor), the pressure isia&sl to vary linearly within each

guadrilateral composing the control volume (see Secti8r2Zor details).

3.2.3 Natural velocity

Control-volumes can be sub-divided intg quadrilaterals (Figures 3.2 and 3.3). In the
CVFE discretization, the fluxes on the perimeter of a contodime p are obtained as-
suming a linear pressure within each quadrilat€ddetween the nodes M; and M, as
shown in Figure 3.4. Since the permeability is assumed aahstrer the control volume, it

follows that a Darcy velocity ° can be obtained for the quadrilateral such that it produces
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the same flux across the control volume edges (as definedundsi@.3 and 3.5):

Ve.n, = f7/|&]
Vehy = f7/]&|

(3.3)

This velocity is called the “natural velocity” because itaditly derives from the linear

pressure assumption in the CVFE method (see also Figure 3.6).

Figure 3.2: Control volume

Figure 3.3: Definition of the edges ¢J

This natural velocity is, however, not satisfactory foictrey streamlines. In particular,

the normal component of the velocity is generally discantims across the edgé€sand&,
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Figure 3.5: Fluxes directly obtained from the numericalmoelt

of the quadrilateral. This discontinuity occurs becausgsflix continuity is only enforced
on & and&; in the numerical scheme. This discontinuity results in monservation of
mass along the streamlines and incorrect tracing (seedsddii7 and 3.8) iV° is used

directly.

3.2.4 Criteria for post-processed velocity

Three criteria are defined for the velocity fiddin order to achieve an accurate streamline

tracing:
1. The velocity field must satisfy - V = 0 at all points.

2. WhereV is not differentiable, the normal componenfdimust be continuous across

each discontinuity, ensuring mass conservation alongttaarsline.

3. On each segment; of a control volumeV must be consistent with the flyk given
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Figure 3.7: Using the natural velocity to perform the trgdieads to incorrect results

by the solution of the pressure equation:

/ Vfydl = f7 (3.4)
¥

In addition, we note that Darcy’s law implies that for any datmain~y over which perme-

ability is homogeneous, we have:
/Vdes:—k/VxVPds:() (3.5)
Y o

This property requires that the flow is locally irrotatior{aé., over regions of constant

permeability).
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Figure 3.8: Uniform triangular grid use to solve for the g@® on Figure 3.7

3.2.5 Recovered velocity

This section addresses the numerical determination ofrtkeawn velocity, referred to as
V*, subject to the tracing-quality constraints defined in8.2wo possible parameterized
forms for V* are considered and a linear system enforcing the condraintevised. Fi-

nally, closure of the system is discussed followed by contmen the uniqueness of such

a solution.

Two possible approximations

The problem of finding an expression for the velocity inside tontrol volume that also
satisfies the quality criteria defined in Section 3.2.4 isstgred here. In the approach
that we propose, the velociy* is parameterized on a sub-grid filling the control volume.
This sub-grid is called a patch. At least two approximati@rsl their corresponding patch

division) can be identified:

¢ a bilinear interpolation based on the quadrilateral defjnive control volume,
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e a piecewise constant approximation based on sub-triangkesned by splitting the

aforementioned quadrilateral.

In the second case, the patch is a sub-triangular grid cospai2n ; elements ifp is

not a boundary node (Figure 3.9).

VI* :? // \\
’ \
* o
y ViV
\
/, \
\
b // N
g - - - - - .

Figure 3.9: Consistency constraints completely deterntinevelocity in the external sub-
triangle

Consistency and continuity conditions

Given a choice for the form of the velocity (piecewise consta piecewise linear) and the
corresponding sub-division of space (patch), the consigtand continuity constraints are
written respectively at the perimeter of the patch and antexior boundaries.

In the case of a bilinear interpolation, there is one quatiihl element per triangle
connected tgp. Each parameterized velociy* is entirely defined by the values of the
four fluxes on the boundarigi wherej € {1,2, 3,4} and the geometry of the quadrilateral
(see Figure 3.10). Applying directly the consistency craists, we immediately see that
J; must be equal tg; for j = 1 andj = 2. A divergence-free expression is achieved only

if we also require:
4

N E=h =0 (3.6)
j=1

This is equivalent to

s+ fi=—(+ 1) (3.7



74 CHAPTER 3. STREAMLINE SIMULATION ON UNSTRUCTURED GRIDS

This condition is necessary to obtain a divergence-freeesgon forV*, though it is not
sufficient. Pevostet al.(2001) showed that the use of an isoparametric mappingitnans
a divergence free expression for the velocity in referepees into a velocity in physical

space that approximates zero-divergence to first order.

Figure 3.11: A sub-patch is composed of 2 sub-trianglesintieeior (;) and the exterior
(Fe)

Figure 3.12: Normal vectors

The continuity constraints are enforced at each ofsthenterior boundaries of the

patch. For the two adjacent quadrilater@sand Q,, we have (see also Figure 3.13):
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Z continuity constraints

Figure 3.13: Continuity constraints between exterior ameriar sub-triangles

foz=—Tra (3.8)

For any node in the interior of the gridded domain, we have the importafation,

Ne =Ny (39)

Figure 3.14: Continuity conditions between quadrilatetiadsdb
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which guarantees that there are as many linear constrardsegrees of freedom for the

expression of the velocity within the patch.

System closure

By summing all the equations obtained in Equations 3.7 and&parately, we gather:

ny

ng nf

Y o Fast Y Fna = = (far+fos)

ot et m=1 (3.10)
Z f:n,?) + Z f:n,él =0

m=1 m=1

As a consequence, the rank of the linear system is atestl (independent of the values

of the fluxes imposed on the boundary). We can identify twesitdes cases:

e the net flux vanishes, in which case there exists an infinitelrar of solutions,

e the net flux does not vanish, in which case there is no solg#bisfying all condi-

tions and a different interpolant form must be employed liertracing.

For the case of an incompressible flow, away from sinks anccesuwe always have
an infinite number of solutions. In the general case (awas fdmmain boundaries and
sources), the deficiency in the rank can be cured by addingxireeequation to the system.
Cordes and Kinzelbach (1992) suggested the use of a lineatieqenforcing the curl of

the velocity field to be zero in a weak sense:
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+1 3

Figure 3.15: Isoparametric transform

//VxVPds = / V xk'Vds (3.11)
Q

Q
= k‘I]{V-Edl
T
0

with Q@ =, ffjm the union of all the interior sub-triangles in the pagchThis equation
provides closure for the system and uniqueness for theigolat recovered velocities.
The problem that arises when using a sub-quadrilateralfgrithe tracing is that the
analytical form ofV* on each sub-quadrilateral is only explicitly known in thetsiguare.
The path-line on which the circulation has to be calculasecbmposed of the outer edges

of the quadrilaterals. Mapping to a unit cell(i&y n) reference space gives:

/V*(x,y)-fdzzfv*(g,n)-f |J| dl (3.12)
&;

where J is the Jacobian of the isoparametric transformation of atg@i ») in reference

space into a point in physical space v), as shown in Figure 3.15.
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To avoid approximating Equation 3.11 in physical space, immese a simpler solution
which consists in using a piecewise constant form of theoigl@and analytically calcu-
late its circulation. Doing this, we avoid the calculationband a numerical integration
along the edge, or the possible errors introduced by thergssn J(£,n) = constant.
The drawback of this choice is that we need to introduce a ndadssision of the patch
and write the linear system expressing the velocity saluioterms of the new parame-
ters. Indeed, we need to rewrite the system of constraiota & formulation where the
unknowns are on the edges of the quadrilaterals to a forranlathere the unknowns are
the two components of the velocity within sub-trianglesisttechnique is almost identical
to the one explained by Cordes and Kinzelbach (1992) with xcemion that it is also

applicable to point distributed grids.

Figure 3.16: Closure of the system is obtained by setting iticellation of the piecewise
constant velocities to zero on the interior sub-triangles

Tracing on sub-triangles

Each quadrilateral of the patch is divided into two subrgias, one connected to the node

p (the interior sub-triangleF;) and one not connected fo(the exterior sub-trianglé)
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as shown in Figure 3.11. The velocity is assumed to be pisegevonstant on the sub-
triangular grid composing the patch.
In the same fashion as for the quadrilateral case, the @ntstrare written for this

velocity expression.
e At each point not on any edge of the sub-triangular grid, weeRa- V* = 0

e The consistency equations are written on the exterior sabgles only (two con-
straints petFe) and hence identify the post-processed velocity as thealatelocity

(Equation 3.13 and Figure 3.9).

Vi=V° (3.13)

e The only constraints that remain to be enforced are conyimainstraints among ad-
jacent interior sub-triangles and continuity constralsgsnveen interior and exterior

sub-triangles of the same sub-patch (see also Figure 3.13),

* amo * am
Vm,i "y, = Vm,e D)
* na * na
Voi-ny = Vg -nj (3.14)
_ * ~b
= —V;,;-ny

The same rank deficiency in the system as for the quadrilatase is observed but

now the closure condition can readily be written,

ny
> Vi xl =0 (3.15)
m=1

wherex{} is the vector pointing fromM; to M, in the trianglem attached tgp
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(Figure 3.4).

Once the full-ranked system of equations is solved, thergazan be performed on the
sub-triangular grid or the sub-quadrilateral grid.

Note that an alternate subdivision of the patch into trieaghay be considered as
shown in Figure 3.17. This grid is obtained by splitting the&drilateral composing the
control volume along the diagonal that contains the ceritieqpatch. The post-processing
described above may be applied to this alternate velocsgretization. Similar sub-

division is used in the 3D case. It is discussed in Section 3.3

Figure 3.17: Alternate construction of the sub-patch

Tracing on sub-quadrilaterals

The sub-triangular grid was used because it allowed us tewhe closure condition of
the linear system in an expedient fashion. Once the pieesswgression foV* is known,

it can be projected on the edges of the quadrilaterals ansuirguadrilateral tracing can
be employed. It is possible, however, to perform the tradingctly using the piecewise
constant velocity field. This solution requires us to stére topology of a considerably

larger triangular grid with five times as many elements agjtrerilateral grid.
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producer

injector
(a) 4 x 4 Cartesian grid (b) Equivalent triangular grid

Figure 3.18: Homogeneous quarter of five spot: simulaticsgr

3.2.6 Summary of tracing results

Comparison tests are presented for the implemented tractigoats. The tracing and pro-
duction curves for the tracer flow model are obtained using BREpressure discretization
and compared to the well known Pollock tracing for equival@artesian models. The two
tests considered are one homogeneous and one heterogemeaelof a quarter of a five

spot.

Homogeneous quarter of a five spot

First, a quarter of a five spot is considered with a 4 Cartesian grid. The equivalent tri-
angular grid is constructed by splitting every Cartesiad gell (square) into two triangles.
Cartesian grid well blocks were split into four in order tonaguce the same well locations
(see Figures 3.18(a) and (b)).

Streamlines obtained with bilinear interpolation of vetgevith continuous post-processed

fluxes are shown in Figure 3.19(b) while Figure 3.19(a) shihnegracing with piecewise
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(a) Tracing on a sub-triangular grid (b) tracing on a sub-quadrilateral grid

Figure 3.19: Cordes and Kinzelbach postprocessing, cosganf tracing types (from
Prévost, 2000)

- - - < - - > tracing on sub-triangles (linear)

— . —%— - —» tracing on sub-quadrilaterals (bi-linear)

Figure 3.20: Entry and exit points using the post-procedise@s are identical when us-
ing a piecewise constant (sub-triangle) or linear (subdglageral) approximation for the
velocity
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(a) Sub-triangular tracing (b) Sub-quadrilateral tracing
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Figure 3.21: Time of flight versus longitudinal distancertjector (Cordes and Kinzelbach
postprocessing applied to different tracing type)

constant velocity with the same post-processed fluxes. Whdracings are equivalent in
terms of entry and exit points as tests indicate differemcexit and entry points coordi-
nates of the order of the precision of the machine floatingtpeipresentatione(= 10~°).
However, along each streamline, some small differencasmaf flight (order1%) can be
observed between the two tracing methods as shown in Figwzé&) and (b). The graphs
were obtained by plotting for each streamline the curvdinigme of flight at a point as a
function of the point location, projected on the= y axis (see also Figure 3.22).

The tracer flow front is plotted for different pore volumedojed (PVI) in Figure 3.23
and shows a breakthrough time @t after accounting for well spacing differences (on a
Cartesian grid, the well spacing&(L — Az) instead of/2L, whereL is the side length
of the domain).

When running the same problem with a finer underlying Cartegieth(36 x 36), the
time of flight proved to be in excellent agreement with sintiolas on Cartesian grids and
the fractional flow curve matched the analytical solutiotive dimensionless breakthrough

time of 0.72.
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Figure 3.22: Time of flight on Figures 3.21(a) and 3.21(b) {@ajection on ther = y
plane of time along the streamlines viewed as an elevationeathe(x, y) plane

Figure 3.23: Tracer flow fronts at different pore volume®atgd,tp = 0.15, 0.33, 0.40,
0.53 and0.66 (6 x 6 grid as shown in Figure 3.8)
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Figure 3.24: CVFE grid with cell based permeability is consted to compare with an
equivalent sized Cartesian grid

Heterogeneous quarter of a five spot

In order to compare the conventional streamline method onregesian grid with the cell
centered and point distributed permeability CVFE schemdsiamgles for heterogeneous
problems, a test case is carefully constructed such thagtréidem remains invariant with
respect to each grid type.

The field consists of a uniformly high homogeneous isotrggemeability, with three
square regions inserted with low permeability. The ratioMeen the high and low per-
meability regions is0®. The corresponding grids and control volumes are showngn Fi

ures 3.24 and 3.25.

Cell centered approximation The pressure equation is solved using the standard CVFE
discretization. After applying the flux postprocessingainlines are traced using both
piecewise constant (sub-triangular grid) and bilineab{guadrilateral grid) velocity inter-

polations.
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Figure 3.25: Dual CVFE grid. With cell based permeabilitieach control volume may
contain different permeability values

J

Figure 3.26: Streamline tracing for the cell distributedpeability case with flux postpro-
cessing using a piecewise constant (sub-triangular griébrimage) or a bilinear (sub-
guadrilateral grid on right image) velocity interpolation
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Point distributed approximation To construct a point distributed grid that matches the
same permeability discontinuities as in the previous sactihe primal grid (shown in
Figure 3.27(a)) is first introduced. Initially, the corresgling control volume grid (where
permeability is defined; see Figure 3.27(c)) is not alignéith whe interior permeability
boundaries and mid-edge points are shifted (Figure 3.2T¢d)reate a boundary aligned
grid with the correct distribution. Both sub-triangle tmragiand the new flux continuous
sub-quadrilateral tracing are compared with Cartesiariteesu

Figure 3.28 shows that the proposed method respects themddiondaries and ex-
hibits the same overall streamline distribution acrossiogteneities as the Cartesian model.
Plotting the fraction of streamlines breaking through agaithe dimensionless stream-
line arrival time gives the semi-analytical tracer frantbflow at the producing well (Fig-
ure 3.29). A non trivial difference in the breakthrough tim@bserved. This difference is
attributed to the higher degree of refinement of the Cartegian(three cells between het-
erogeneities, see Figure 3.27(b)), compared to the cordhaine grid (one control volume

cell only, see Figure 3.27(d)), which clearly favors the €sigin solution.

3.2.7 Conclusions for 2D tracing

e For homogeneous and heterogeneous standard CVFE gridsiah pdgrmeabilities
are defined over the triangles, the results obtained by Camnid&inzelbach (1992)

using a sub-triangular grid were reproduced.

e Prévost (2000) noted that Cordes and Kinzelbach (1992) trawuotyl not be directly
applied to the point distributed scheme, in which permé#dsl are defined over
control volumes. To circumvent that limitation, tracing arsub-quadrilateral grid

was proposed.
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(a) (b)

© bt (d)

Figure 3.27: (a) Primal (triangular) grid and (c) corresgiog CVFE grid. To match Carte-
sian control volumes and reproduce the same permeabibgodtinuities as in (b), the
CVFE grid mid-edge points were shifted to give the grid in (d)
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Figure 3.28: Tracing obtained from Cartesian simulatioft)(le correctly reproduced by
tracing on the sub-quadrilateral grid after flux post-pesteg (right)

EF, .

ool —— Cart. numerical solution &

ost o Sl arrival time (sub-quad)
o7t
osf
osf
oaf
0.3
0af

0.1r

Figure 3.29: Tracer fractional flow. Cartesian numericalisoh is compared to that ob-
tained by plotting streamlines arrival times for the suladyilateral tracing
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e Tracing on a sub-quadrilateral grid (rather than using atgabgular grid) after

performing a flux post-processing allows us to use the gématian of Pollock’s
tracing for non-orthogonal cells. Entry and exit points omal triangular grid edges
were unchanged and small differences were observed in tertimse of flight along
the streamlines. This tracing technique is satisfactoryo@h the point-distributed

and the cell-centered permeability approximations.

An extension of Cordes and Kinzelbach (1992) sub-triangudaning was proposed
here for use with the point distributed scheme. The tecleapsumes a sub-division
of the primal grid into six triangles, instead of four in thellecentered approxima-

tion.

For both the point-distributed and the cell-centered agprations, there exists both

sub-triangular and sub-quadrilateral grid tracing meshih@t provide accurate trac-

ing.

Sub-triangular and sub-quadrilateral tracings are etpriva Yet, the constant Ja-
cobian approximation in the mapping of quadrilaterals td squares introduces a

difference in the producing fractional flow curves.

3.3 Three dimensional tracing

This section generalizes the streamline technique to 3B.riéthod proposed introduces

a sub-grid for the tracing and a local postprocessing tHaésdor the velocity interpolant.

The postprocessing entails the resolution of an undem@ted linear system. System

construction, size, rank, and closure techniques are essdritded in the present section.
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3.3.1 Notation
The following notations are introduced to describe the qpostessing:

CVFE Control volume finite element. Numerical method which caissis

e considering fluxes on the faces of a volume,
e expressing these fluxes as linear combination of unknowsspres,

e solving for these pressures by enforcing mass conservaitbim the volume.

Control volume Volume surrounding a pressure. Darcy fluxes are written atrobvol-

ume boundaries.

Node Vertex of the primal grid. There is a one to one corresponedmatween nodes and

control volumes, hence they are both indexed by the sanes jett

Hexahedron The intersection between the control volupgnd the tetrahedron connected

to the nodep.

Tetrahedron refers to an element of the primal simulation grid. The pressariables are

located at the vertices of these elements.
Sub-division Each hexahedron is sub-divided iritéetrahedra (called sub-tetrahedra).

Sub-patch Collection of all the sub-tetrahedra belonging to both agigentrol volume

and a tetrahedrorb (of them).
Patch Collection of all the tetrahedra lying in a control volunie{ of them).

Sub-tetrahedron Refers to an element of a patch.

The following table describes the notations used in thegmiesection.
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Notation | Definition
Roman
ny Number of tetrahedra connected to the npdalso see,)
n Number of tetrahedra connected to a node
ng Number of triangular faces connected to a node
H Hexahedron
T Tetrahedron
F Triangular face
Q Quadrilateral face (face of a control volume)
& Edge
M Midpoint of edge
C Barycenter of a face
g Barycenter of a tetraheron
P Vertex of the primal grid
n Normal vector
Superscript
P Relative to a patch or equivalently to a node or a control
volumep
t Relative to a tetrahedron
f Relative to a face
Subscript

continued on next page
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Notation | Definition

m Index of a sub-tetrahedron within a patch
ik Interior sub-tetrahedron numbkr= 1, 2, 3 (always relative

to a patch and a tetrahedron)

e Exterior sub-tetrahedron (always relative to a patch and a
tetrahedron)

C Center sub-tetrahedron (always relative to a patch and a
tetrahedron)

x,y,z | Physical space coordinates

&m e Reference space coordinates

3.3.2 Patch hexahedron sub-division

Each vertexp of the primal grid (Figure 3.30) defines a control volume & ttual grid.
This control volume is comprised by the uniongthexahedra. Each hexahedron is defined

by the eight following vertices (see also Figure 3.31):
e the vertexp,
e the centroid of the tetrahedrgh
e the three centers of faces connectegd:t6,, C; and(s,

e the three centers of edges connecteg td 1,5, M, and M,;.

Fundamental relation

When looking for a representation of the velocity in 2D, we slaat the number of degrees

of freedom was proportional to the number of triangles cotegktop, while the number
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Figure 3.30: Definition of the tetrahedron faces (relatog)t

Figure 3.31: Definition of the points on the control volumeldtive top)

of constraints was proportional to the number of connectiEgeen.. We took advantage

of the fact that»; = n. to obtain a full-rank system.

In 3D, away from the boundaries, the following relation éxisetween the number of

faces and the number of tetrahedra connected to pode

3ny = 2ny (3.16)

The number of degrees of freedom of our expression for thecitglwill be proportional

to n,, while the number of constraints will be proportionakbigp



3.3. THREE DIMENSIONAL TRACING 95

Figure 3.33: Fluxes on the control volume faces define therabvelocity

3.3.3 System of constraints

We can construct a system of equations similar to the onergatdor the 2D case. The
velocity is now assumed to be a trilinear function definedr@nunit cube. Velocity for a

hexahedron in the physical coordinate system is againreddaiia an isoparametric trans-
formation. There are six degrees of freedom (dof) assatiatth the velocity expression,

they are the values of the flux on each face of the hexahedrbe.vélocities on the:,

hexahedra forming the patch centered around the p@de constrained using:
o the3n,; external fluxes (consistency constraints),
e then, internal continuity constraints,

e 1, constraints expressing that the node is neither a sourceinka
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Ay

As

 add. constraints Co

________________ L | [E—

Figure 3.34: System of constraints for the trilinear intdapion on hexahedrad; and A,
represent respectively the continuity and zero-sum caims$r of the fluxes

The consistency constraints are identified to the corredipgrdof’s in a straightfor-
ward manner. From the balancing of the dof’s and the comtgrare see that there remains
a total of3n, dof’s andn; + n; constraints. Using Equation 3.16 we see that there are

ng — ny = ny/2 too many degrees of freedom (Figure 3.34).

To close the system of equations we can consider differeidreg some of which will
be discussed in Section 3.3.4. One option is to enforce keavelocity derives from a
potential in a weak sense by integratifg x V*) - 1 on a series of surfaces. Again, for the
reasons stated earlier, it is convenient to work with anyaitall expression oV*, hence
we choose to subdivide the patch further in order to use pisesconstant approximations

for V*.

Patch sub-tetrahedra division

Each hexahedron belongs to both a control volum@id a tetrahedroi. We divide each

hexahedron in the following manner:
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Te. the sub-tetrahedron connecting the centef’di.e., G) to
the centers of the three faces connected (oe., C;, C, ,
andcCs;)

7T the sub-tetrahedron connectipgo the centers of the three
faces connected {o

Ti;, j €4{1,2,3}: three sub-tetrahedra completing the hexahedra

An illustration of the subdivision is provided in Figure 33

Flux density

Each flux value on the face of the control volume acts as a stmly constraint for the
velocity expression in the sub-elements touching the fabes constraint translates into a
condition on the normal component of the velocity at the faggsuming that the normal
component of the velocity is uniform on the face simplifieasiderably the writing of the
system of constraints. Indeed, it decouples the systemaidr patch while still enforcing
continuity of the normal component of the velocityadlt pointsacross all control volume

faces.

Using this assumption, we can define a face flux-density,léyudefinition to the value
of the flux across the face divided by the area of the face. ©hsistency constraint now

reads “the normal component of the velocity equals the facedénsity at each point”.

Via= /(9 (3.17)
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(c) Five sub-tetrahedra obtained frd

Figure 3.35: Subdivision of an hexahedrannto five subtetrahedra
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Consistency constraints on the sub-tetrahedra

From Figures 3.35(a) and (c), we see that each face of theotmalume was split into
two triangles and and each of these triangles belongs to istioct sub-tetrahedre/{ and

7 ;). As anticipated, the flux on the control volume fa@gacts as a consistency constraint
on the value of the velocity in the two sub-tetrahedvg; and V7' ;. We need still to decide
how the flux constraint o), is distributed on the two triangles. A reasonable assumptio
is that the flux-density is the same on both triangles. Angioassumption might introduce
a coupling between velocities of different patches hendeatimg the purpose of a local

post-processing.

Use of the natural velocity

The natural velocity is defined in the same way as in 2D; spadifi as the vector that
reproduces the numerically computed fluxes across thealariume faces. The natural

velocity is denotedv° and is reconstructed frofff, (j = 1 : 3) using:

Vo = f7/1Q
Vedy = f3/|Q (3.18)
Veeng = f3/]Qs

(see Figure 3.33 for notation).

The consistency constraints applied to the exterior strbttedrorZ, immediately give

Vi=V° (3.19)
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In addition to that, the velocities in the three interior ¢atrahedra are constrained:

Vi;ony=f7/1Q; with j=1:3 (3.20)

Continuity constraints

A sub-tetrahedral patch is composedptub-patches. Each sub-patch is composed of five
sub-tetrahedra. The velocity in the sub-tetrahedrfpis already determined (see Equa-
tion 3.19). The velocities in the three interior sub-tet@ta (; ;, 7; ., and7; 3) are con-
strained by one consistency equation each, corresporulthg face that lies on the control
volume envelope. Finally, the central sub-tetrahedfodoes not share any face with the
control volume envelope, and hence there are no consistntstraints on the central
sub-tetrahedron velocity.

Continuity of the normal component of the velocity must beoecéd across each of

the sub-tetrahedra faces within the patch. For each subvphiere are
¢ G sub-tetrahedra faces on the outside of the sub-pdfch (
¢ 3 sub-tetrahedra faces connecting theto 7
¢ 1 sub-tetrahedron face connecting theo 7,

Hence in total for the patch, there ae; + 4n, continuity constraints.

We summarize the number of unknowns and constraints forcpat

Constraints Unknowns

consistency 3n; 4-3-n,

continuity | 2n; + 4n, = 12n,
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For a node in the interior of the gridded domain, using thatieh betweem, andn

(Equation 3.16), the size of the system (s, x 12n;.

System of constraints

In order to write a matrix form of the system of constraintg define the following un-

known compound-vector, comprised of all the velocitiesrdstiin the sub-tetrahedra of

the patch:
xr = [xl, e ,:U”t}T (3.21)
with
zF = [x]f,xlg,xlg,wif ke {l, - n} (3.22)
and )
k= Vif’lk
xé” = Vi’j (3.23)
k= V:f
:L"Z = Vz’k

\

The system of constraints is then writtenss = b (Figure 3.36).4 is 10n, x 12n, and
can separated into an upper part of sime x 12n, representing the consistency constraints
and a lower part of sizén; x 12n, representing the continuity constraints. The upper part
of b is composed of the right hand side of the consistency can&réEquation 3.20) and
the lower part is zero as the continuity constraints do nobduce a right hand side.

The rank of A is necessarily less thardn,. Because one consistency constraint is
redundant, the rank is at malgin, — 1. As a consequence, the rank deficiencyldiequal
to the dimension of its null space) is equal to at least+ 1. Numerical tests showed

that the rank is (in general) exactly equallty:, — 1. To solve the system, one possibility
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Aconsistency

Acontinuity

add. constraints

_____________________________________________________________ L

Figure 3.36: System of constraints for the piecewise comstaerpolation on sub-
tetrahedra. Additional constraints may be added to closeyktem

is to remove one consistency constraint from the system mpadse2n; + 1 additional
constraints in order to complete the system and obtain adak matrix. Alternatively,
the system can be solved in a least square sense. Thesataresrare discussed in the

following section.

3.3.4 Remarks

System size, square system

If we also assume that the velocity in the sub-tetrahediois known and equal to the

natural velocity ¥ = V°), then the system of constraints becomes:

Constraints Unknowns

consistency 3n; 3-3-mny

continuity | 2n; 4 3n, = 9n,




3.3. THREE DIMENSIONAL TRACING 103

Aconsistency

Acontinuity

Figure 3.37: System of constraints for the piecewise comstaerpolation on sub-
tetrahedra. Although the system appears to be closed,dtualéy incompatible

For a node in the interior of the gridded domain, using thatieh betweem, andn
(Equation 3.16), the size of the system becomesx 9n,. Its rank, however, can vary and

is notin generabn; — 1.

Moreover, numerical tests showed that the system righttisade (containing the flux
density values) does not usually lie in the image of the maleading to an incompatible
system (no solution). The shape of the system is summanizEdjure 3.37. The assump-
tion V! = V°is therefore not viable as it results in a linear system tleaegally does not

have a solution.

Closure of the system

For an interior point, the remainiriy, + 1 degrees of freedom are used to further constrain

the solution. Consistent and continuous velocities mayymedonphysical results due to
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nonzero curl of the velocity, which is not automatically emed. To illustrate the impor-

tance of zero curl velocities, we now set the value of the alithe velocity to an arbitrary

nonzero value. In Figure 3.38, the curl of the velocity wazéad to be large (of the or-
der of the velocity itself) in certain cells. This was aclidwsing Stoke’s theorem (given
below) and writing the circulation of the velocity on a cldskne on the surface of the
patch, resulting in a linear constraint on the velocity comgnts. The problem simulated
is a homogeneous, corner to corner flow and should therefspéagt smooth streamlines.
However, the corresponding streamline tracings exhibilis\gy and nonphysical delays in
the time of flight. This illustrates the potential benefit ohtrolling the magnitude of the

curl of the postprocessed velocities. We now describe hactn be achieved.

Figure 3.38: Consistency and continuity constraints alorsy mroduce nonphysical
swirling of the streamlines (hef@ x u is artificially forced to be nonzero)

In the case where the underdetermined system of constfaBfisis solved in a least
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square sense (no additional constraints added), numezatalshowed that the circulation
of the velocity interpolant along any given closed curve wageneneral nonzero. As a
consequence, and in order to prevent the possible nonglhgsiirling of the streamlines
(comparable in nature to that exhibited in Figure 3.38 buiegally much smaller in mag-

nitude), additional zero-curl constraints are added tcttstem.

Becaus&v* is not differentiable everywhere, we only ensure it is wgakin-rotational

in the three coordinate directions. Using Stoke’s theorem

//vXu-dﬁ:]{u-dE (3.24)

for any vectoru, wheredt is a elementary vector tangential to the oriented curve, we
can calculate the circulation &f* on a set of closed curves on the surface of the patch.
This analytical expression is a linear function of the comgrus of the velocities of the

sub-tetrahedra intersected by the curve.

Let us consider the three plan®s, (v € {x,y, z}), defined as the planes of constant
coordinateu containing the centey of the patch (see Figure 3.39). The intersections of
these planes with the control volume envelope define threeesuhat we use to enforce

the zero-curl constraints.

The remainin@n, — 2 degrees of freedom can be treated in different ways:

e Force the expression of the circulation of the velocity taem for additional curves

(Figure 3.40).

e Minimize the sum of the norms of the velocities.
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e Minimize the deviation oV* from: V°

ne 3
> [Z V3" = Vo2 + v — V°’m\|2] (3.25)

m=1

j=1

N

NN

Figure 3.39: Closure conditions can be obtained by settiagiftulation of the velocity
on some path on the surface of the patch to zero

Figure 3.40: In addition to the three paths obtained by s&eting the patch with the, y
andz planes, other paths may also be considered

Including the three irrotational constraints plus the nenmimization objective con-
straint leads to the system shape shown in Figure 3.41. Hudtirey tracings are satisfac-

tory and displacement data agree with the reference soltdidracer flow on a quarter of
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Aconsistency

Acontinuity

zero circulation in 3 directions
norm minimization

............................................................. L]

Figure 3.41: System of constraints for the piecewise comstaerpolation on sub-
tetrahedra. Irrotational constraints are added to claseyhtem and the remaining degrees
of freedom are used to minimize the deviation betw¥erandV°

a nine spot (Figure 3.42). Detailed results for the streaariacings will be presented in

Chapter 5.

Solution of the system

If the system of linear constraints is underdetermined arlgesingular, special care must
be taken in the inversion procedure. As explained in theectiigection, a full rank system
of constraints is constructed in order to impose physicakaningful constraints on the ve-
locity representation. However, in some cases, redundauwem incompatible constraints
may be imposed on the system, leading to rank deficient reatri&s a consequence, solu-
tion methods that are more sophisticated than standards@awssion or iterative methods
are needed. Common methods for inverting underdetermirgdrsg include orthogonal
factorization and singular value decomposition methodse Use of these methods intro-

duces an extra cost to the inversion, but provides criticatrol on the norm of the solution
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Figure 3.42: Enforcing modified system of constraints gives-swirling streamlines

and permits the generation of meaningful results for nesingular systems. We describe
here two methods that can be used to solve an underdetersysezin of constraints in
a least square sense, the QR factorization method and thelairvalue decomposition
(SVD) method. Both methods provide a solution that minimib&s2-norm among possi-
ble solutions of the underdetermined system. Comparatinefiie of the two methods are

discussed as well as an assessment of computational costs.

QR factorization The QR factorization of am x n matrix is given by

A=QR (3.26)
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where@ € R™™ is orthogonal Q”Q = QQT = I) andR € R™*" is upper triangular

(here we assumer > n). If A has full column rank, then the firat columns of@) form

an orthogonal basis for the range4f The computation hence amounts to determining an

orthonormal basis for a set of vectors. Several technigae®e used for the factorization;
e.g., Householder factorization or Gram-Schmidt factiron. If A is underdetermined
(m < n), then some factorization algorithm can provide the mimm+norm solution. If

we compute the QR factorization,

T R
A" =QR=R (3.27)
0
with R; € R™*™, thenAx = b becomes
21
(QR)"x = [R{ o} b (3.28)
22
where
T . _ 1 m n—m
Q x= z71€ R 2z e R (3.29)
22

21 is therefore uniquely defined ang can take an arbitrary value. Setting= 0 will then

minimize the 2-norm of because
2 2 2 2
1QTz|ly” = [lzlla” = [lz1ll2” + [l 22|z

The least square solution is then

215 = RT'b (3.30)
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Singular Value Decomposition (SVD) The SVD can also be used to compute the mini-
mal norm solution of an underdetermindd = b problem. For a real. x n matrix, there

exist orthogonal matrices,

U=lu, - ,up] € R™™ and V =[vy, - ,v,) € R (3.31)

such that
UTAV =diagoy, -+ ,0,) € R™" p=min{m,n} (3.32)
wheres; > 0y > ... > 0, > 0.

The o; are thesingular valuesof A and the vectors; andwv; are the:ith left singular

vectorand theith right singular vectorespectively.

The SVD reveals important information about the structdrne matrix. In particular

it gives the rank- of the matrix as the number of nonzero singular values,

01> 20, >0 =--=0,=0 (3.33)
Then,
rankA) = r
null(4) = spafv,41,--- ,vn} (3.34)

rangéA) = spafuy,---,u.}

and we have the SVBxpansion
A= Z ouvl (3.35)
=0

When dealing with rounding errors in the matrix, SVD is vergfus$ in determining
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whether the rank is numerically deficient by defining thrank:

rankA,e) = min rankB) (3.36)

[A—Bll2<e

An interesting property is that, if. = rank(A, ¢), then
01> >0, >€> 0,41 >0, p=min{m,n} (3.37)

Thee-rank simply corresponds to the number of singular valuasdhe greater than some
tolerance:.

Finally, the SVD provides a compact expression for the lsgsare solution

r

T
P L (3.38)

O'.
i=1 ¢

wherer is typically ane-rank. Note that ignoring small singular values amountsttrsy

1/0; to zero, therefore improving the numerical stability of gzdution.

Cost comparison Cost comparisons of the QR factorization and SVD are giveavbel

(Golub and Van Loan, 1996) for a square full system

Method Flops

Gauss Elimination 2n3/3

QR (Householder Orthogonalizationyn®/3

Singular Value Decomposition | 12n3

lalso assuming that the right-hand side is available at the ¢f factorization
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SVD is about nine times more costly than QR factorizatiorer€fore, QR factorization
is the preferred method for post-processing the velocigvdxtheless, SVD provided very
valuable information for the analysis of the problem andtf@ determination of the most

appropriate patch subdivision.

Nodes on the boundary

For nodes on the boundary, Equation 3.16 does not hold anduhmer of additional

degrees of freedom can drop below three. In that case, thii@olkpace of the system
can be found analytically (using SVD for instance) and tHatgmn of the problem can be
obtained by performing a minimization of the norm of the c&dr instance, if the number

of additional degrees of freedom is equal to two, then

T =xg+ )\11),1,1 -+ )\Q'Un (339)

wherev,_; andv,, are the(n — 1)th andnth right singular vectors oft and\, and\, are
arbitrary real numbers.

The algebraic expressions of the three components of tHetthie velocity on the
intersecting curves (Figure 3.39) can be written as bef@ecause the rank deficiency
is only two, the three linear expressions cannot all be fbrtcezero. The solution we
consider here is the plane-minimization of the norm of thegoted algebraic curl vector.

An alternative solution is to enforce zero curl on only twovas.

Closure on the sub-hexahedra system

We saw from Figures 3.34 and 3.36 that the system size iresdéamn3n, to 12n, because

threea priori unknown vector components are introduced in 4 sub-tetrahedtead of
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just 3 fluxes in the sub-hexahedral grid. This significantease in computational expense
could be avoided if we could directly write closure condisoas linear combinations of
the fluxes in the sub-hexahedra. This requires the transttwmof the expression of the
circulation from the reference cube to physical space. hissformation is complicated
because it requires the inversion of a nonlinear expressgitre Jacobian of the transform.

A substantial speed up of the velocity postprocessing wilbbtained if this is achieved.
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Chapter 4

3D Flow based upscaling and gridding

This chapter generalizes and extends to 3D the methodsogeekin Chapter 2 for the 2D
case. Implementation of the 3D flow-based upscaling of betmpability tensors and two-
point transmissibilities for unstructured grids is prasen As discussed below, the overall
methodology is much more robust when two-point (as opposeadultiple-point) fluxes
are used. Tracer-flow streamline simulation (as developé&hiapter 3) is then applied to
provide flow diagnostics and to extract flow information f& Sodels.

The significant increase in reservoir complexity when gdimmgn 2D to 3D models
calls for more sophisticated gridding tools and algorittiMallet, 2002). These algorithms
must provide grids that conform to complex geological feegusuch as faults, pinchouts
and seismic horizon®(g, Figure 4.1). Extra complexity also arises from the needadeh
nonconventional wells with varying trajectories and niatgrals.

This work makes use of gridding and visualizations toolsetigyed by the LIAD
within the context of th&socad consortium. In particular, recent advances of Guead

group in conforming tetrahedrization has made new tooldabla. We have extended

1L aboratoire Infographie et Analyse des Dées
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Figure 4.1: “Y” fault structural model (part of the Xingu sttural model, courtesy of
Gocad)

these tools to fit the specific requirements for the constmaif 3D reservoir models suit-

able for reservoir simulation.

The first section of this chapter presents the extensioneofltiiv based permeability
tensor upscaling. Section 4.2 applies similar technigoiéisg upscaling of two-point trans-
missibilities. Section 4.3 describes tBanLab software development platform which is
based on &ocad kernel, as well as the different extensions developed by IA® that
we use in this work, and a brief description of the griddingogithms used in th&Grid-
Lab plug-in (one of the extensions teocad). Section 4.4 describes the grid construction
and adaptation methodology. This entails the definition pdmeterized grid resolution

constraint obtained from flow information maps.
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4.1 Flow based upscaling

The permeability upscaling procedure described in Se&i8ri can be generalized to 3D
unstructured grids, as we now describe. The upscaled pbrimewill in general be a full
tensor quantity which will require a multipoint approxinmat. We assume for simplicity

that the underlying geocellular model is defined on a unif@antesian grid.

4.1.1 Procedure

We now require three sets of flow problems to determine thevalgmt permeability tensor.
The upscaling procedure is as follows:

For each vertex of the primal tetrahedral grid,

=

. Consider the lis{7”,j € 1,--- ,n{ } of the tetrahedra connected;io

2. ldentify thetargetregion as the subset of the fine cells that are enclosed viltkin

control volume centered gn

3. Construct the extended Cartesian region (target cell gudeb region)R (7, J, K)

wherel = [inin, imax)s J = [Jmins Jmax] @NAK = [knin, kmax] are index intervals

4. Solve the single phase pressure equation on the exteedexhrusing appropriate
boundary conditions. Three such solutions, with pressup dpecified in each of

the coordinate directions are required

5. Computek* from the average velocities and average pressure gradreatshe tar-

get volume

6. Enforce positive definiteness if necessary



118 CHAPTER 4. 3D FLOW BASED UPSCALING AND GRIDDING

Target region

The target region is defined as the collection of fine gridscilat are used in the volume
averaging for the determination kf (Equation 2.7). This region is a subset of the extended
region over which the pressure equation is solved. A natiaice for the target region is
the ensemble of all fine grid cells that are within the com@ume considered. Because
the exact geometry of the control volume can be very compteshawn in Figure 4.2(a),
the procedure of identifying these cells (known as rasttion) can be very costly. This
procedure is even more complex because of the fact that titeot@olume is in general

non-convex.

An alternative to the exact determination of the targetaegs to approximate the
control volume by an ellipsoid. Once an ellipsoid is fit to ttantrol volume, all the fine
Cartesian cell centers of the extended region can be tramstbinto the local principal
coordinate axes of the ellipsoid. Testing whether or notcenger points of the fine cells
fall within the ellipsoid is straightforward. The deterration of the ellipsoid entails finding

its principal axes, which are not assumed to be parallelda tly or > axes.

Ellipsoid fitting

The technique used for the fitting of an ellipsoid around thet| volume is based on
principal component analysis (PCA). Considering a samplatiadpandom variable, PCA
finds the direction of maximum and minimum dispersion of tisrdbution in space (John-

son and Wichern, 1988). The principal axes of the ellipsoédgiven by the eigenvalues of



4.1. FLOW BASED UPSCALING 119

(a) Non-convex dual polyhedral cell (b) Ellipsoid fit to the geometry of the en-
velop

Figure 4.2: Approximation of the averaging volume for thicatation ofk*

the covariance matrix:

2, 2, o
R = O'Z’x giy giz 4.1)
2, 2, o
where
7%=y S — ()~ (), (w,0) € {9, 2)° (4.2)

Assuming that the variable follows a trivariate Gaussiastriiution, the lengths of the
three axes of the ellipsoid are definedla® times the standard deviation in the respective

directions, so as to includ&% of the sampled data along each axis.

In order to fit the control volume surface, we consider allgbents defining the surface
and perform a PCA. Clearly, the assumption of a Gaussianhlisish does not apply to
the distribution of the control volume points. Therefotteg tenter of the control volume
is added to the point distribution with a weight equal to thuenber of points on the en-
velop. This approach gives excellent results and returas#act solution if the points

were originally distributed on an ellipsoid (see Figure #:3a 2D illustration).
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(a) General 2D curve fit (b) Exact ellipse is recovered

Figure 4.3: Example fit of a 2D ellipse using PCA

“Is-inside” test

Performing the rasterization of the ellipsoid is signifitgeasier than rasterizing the orig-
inal control volume. Ellipsoid principal directions arevgn by the eigenvectors of the

correlation matrix:

R=vxVT (4.3)

with
V = [v,v9,v3) € R¥? (4.4)

and
Y= diag(al, 09, 0'3) e R33 (45)

The coordinate transform from rectangular to ellipsoisch@pal components is

="y (4.6)

wherex is the column vector of the original rectangular coordisaadz’ is the column
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(a) Ellipsoid is fitted using principal com- (b) Fine cells composing the approximated target region
ponent analysis

Figure 4.4: Approximation of the target region

vector of the coordinates in the ellipsoid principal axestesn.

The center point of each cell of the extended region is taansd into the ellipsoid

principal-axes coordinate-system and the cell is consttiey be inside the target region if

7'\ 2 70\ 2 75\ 2
@) =) () =
ay a2 as
whereq; (i € {1,2,3}) are the ellipsoid axes lengths defineduas= 1.960,. Figure 4.4

shows an example of a rasterization performed on a ellipsoid

Extended region

Similarly to what was done in 2D, we define the extended reggtie smallest rectangular
subset of cells that includes all the tetrahedra conneotgdTfhe extended region is easily

identified on the fine grid by the sub-indice intervalS,,, imax) X [Jmin, Jmax) X [Fmin, Kmax)s
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where for instancé,,;, is the minimum Cartesian ordering index of all the vertices-co

nected to the nodevia a tetrahedron edge.

4.1.2 Complications arising from multipoint flux approximation

The MPFA transmissibility calculations proposed by Vermi896) and summarized in
Section 2.3 provide a rigorous handling of both the full engermeability and general
grids. However, as will be demonstrated in Chapter 5, pressguation discretization
using MPFA leads, under some circumstances, to inaccucatieot-volume flux values.
This is due to the poor conditioning of the linear system afampns. In these cases, itis not
possible to transport fluid via the streamline simulatiousing traditional finite volume
approximations. To circumvent these difficulties, we pigan approach for upscaling
within the context of a two-point flux approximation for thescretization of the pressure
equation. This approach is presented in the next sectioe. tWh-point transmissibility
upscaling (which we designai&-TPFA) will be shown to be much more robust than the
k*-MPFA described previously, while preserving (and oftepiiaving) the accuracy of the

coarse scale solution.

4.2 Transmissibility upscaling

In the previous section, we considered a flow-based techri@uupscaling the permeabil-
ity tensor. An alternative to this permeability upscalisgto directly compute upscaled
transmissibility. In this approach, the transmissibilityefficients between cells are di-
rectly derived from extended local fine scale calculati@tker than being computed from

the upscaled tensors (as described in Section 2.3.2). Missibility upscaling has been
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investigated by many authors within local, extended loglalbal and quasi-global contexts

(see Durlofsky (2003) for a review and Chetal. (2003) for recent developments).

In this work, we focus on the development of an extended lwaabmissibility upscal-
ing technique. The quantity upscaled is a scalar value septag the flow rate induced
by a pressure drop imposed between two primal nodes acrass swtface. The method
is referred to as a two-point flux approximati@h upscaling. The influence of neighbor-
ing pressure nodes (present in the multiple-point approectherefore neglected. This
approximation would be expected to be accurate if the nurakdiscretization minimizes
multipoint contributions (such as in methods using-BEBI dual grid). In the context of
general anisotropy, two-poift* upscaling also proves to be a reasonable approximation,

as we will show in Chapter 5.

4.2.1 Problem definition for 7* calculation

Let us consider an interior face of the dual grid and the twoesponding adjacent cells
(as shown in Figure 4.5). The two cells are general polyhadchthe face is a general
polygonal surface which, in the case of a CVFE dual grid fotanse, is in general non-
planar.

In TPFA, the flux across a face of the dual grid is written inmterof the difference
between pressure values at the center of the dual cellsgmmddiee primal grid). Denoting

F,; as the face between cellsindj, the fluxg;; acrossF;; can be written as:

qij = —T;;(P; — P) (4.7)

whereT}; is the two-point flux transmissibility coefficient.
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LS

(a) Interior face of the dual (b) Corresponding dual cells

(c) Leftcell (d) Right cell

Figure 4.5: Flow across a dual face involves the value of tkegure at the center of the
two adjacent cells
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A relatively simple approach is to attempt to directly apgnaoate the permeability at
the face as a function of the permeabilities at the pairstisdj. This approach does not
account for anisotropy and can lead to significant inacéesadn the following section,
we propose a more accurate approximationfgrwhich entails obtaining values fat;,
P; and P; via fine scale flow simulations over the extended local dornairtaining cells

andj.

4.2.2 T* calculation

From a single phase flow calculation over an appropriate filterggion, we can compute
average values for the pressures in the dedisdj, designated ;) and(P;). An average
Darcy velocityu;; can also be calculated in a volume includiiig. Then, the average flux
(gij) is obtained across;; in a straightforward manner, and the upscaled transmiisgibi
is computed via:

w (%‘j)
5=~y — ) (48)

As in the case of permeability upscaling, the choices of #tereled local domain, the
type of boundary conditions used in the flow calculation dredaveraging method must be

addressed.

Extended region

Numerical tests showed that failing to align the extendejiore (and therefore the pres-
sure gradient) with the direction of the line connecting tloeles noticeably reduced the
accuracy of the calculation @f*. Therefore the extended region must not only include the
two relevant polyhedral cells associated with the transimiity nodes, but must also be

aligned with the vector connecting these two nodes (Figug 4
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(a) Region aligned with the Cartesian grid axes

(b) Region aligned with the line connecting the nodes

Figure 4.6: Aligning the extended region with the line coctitey the nodes as in (b),
proved to give superior results than simply using the alignthwith the Cartesian grid
axes asin (a)
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The extended region is obtained by first determining thecjpal axes of the ellipsoid
formed by the union of the two polyhedral cells. The permigghdistribution is then
transformed from the original Cartesian grid to the rotatgstesn. As a consequence of
this rotation, the volume support of the permeability disttion may be distorted and
a resampling of the fine scale permeability may be necesdagures 4.7(a)-(c) show
how a 2D extended domain containing the two target regiomxtiacted from the fine
model. Figures 4.7(e)-(f) illustrate the approximatiorttod original permeability (shown
in Figure 4.7(d)) using two different resampling frequesci Section 5.2.3 demonstrates

the benefit of using a resampling frequency greater thanroseme cases.

It should be noted that this permeability rotation can béquared without further cal-
culations only when the background (geocellular) permlis isotropic. If this is not
the case, a tensor rotation must be applied to map the fine geaheability to the rotated

system.

Boundary conditions

Again, different boundary conditions can be employed taivbthe flow variables (pres-
sure and velocity) needed to evaluate Equation 4.8 on tledsystem. The principal
flow direction is determined based on the principal axes efektended region (which is
aligned with the segment connectifi j). In that direction, a periodic boundary condition
(subject to a jump in pressure) is applied. In the two othexations, periodic boundary

conditions (without pressure drop) are applied.
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(a) Fine grid and dual cells (b) Extracted extended region (c) Sampled permeability
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(d) Full domain (e) Resampling frequency is 1 (f) Resampling frequency is 2

Figure 4.7: The extended region is rotated to be aligned thighconnection direction;
different resamplings of the permeability may affect ffiecalculation
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Averaging technique

Two types of averaged values need to be computed to detetn@iansmissibility: (a) av-
erage pressure over the polyhedral cells and (b) averagerditevacross the polygonal

interface.

We again introduce an approximation for the volume over Wwhie wish to compute
the average values. In Section 4.1, we discussed a techiwigpproximateV P) for poly-
hedral cells. The extension of this approach to the detextioin of ( P) is straightforward.

In order to approximate the average fl{#;) across the polygonal face, we first compute
the average velocity vect@n) for the fine cells representing the face. Then, we compute

the corresponding flux across the face. If the face is plamasimply have:
<Qij> - AF17<u> "N, (49)

whereAr,; is the area of the face connectingnd;. For the general case in whidh; is
not planar, it is decomposed into a piecewise planar reptasen. We then computg; ;)
via
(4is) = (Z A’%n’%) - (u) (4.10)
k=1
wheren, is the number of tetrahedra connected to the édge

The target region can either be approximated by a paraipedpor by an ellipsoid as
shown in Figure 4.8. The rasterization of the face is slightimplicated by the fact that
the ellipsoid degenerates to an ellipse. In this work we elosaverage velocity over the
box fitting the face. Once the average pressures and flow ratecanputed;/™ can be

calculated using Equation 4.8.
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o

(a) Average pressures are computetb) Average velocity is computed on
on the ellipsoid fitting the cell the ellipsoid fitting the face

Figure 4.8: Target region approximated by an ellipsoid

4.2.3 Use ofl™ in the streamline simulation

The discretization of the pressure equation is simplifiedheyuse of TPFA. In particular,
the preprocessing proposed by Verma (1996) is no longeirsstjio derive flux continuous
transmissibilities. Indeed, the transmissibility valwegided from thel™ calculation can be
readily input to the transmissibility matrix.

Nevertheless, for the purpose of tracing streamlines, veel h@ recover fluxes on the
faces of the CVFE grid. The TPFA only provides the ‘total’ fliecr@ss the faces connecting
two given primal nodes. The ambiguity of the definition of fhex on each individual
face is resolved by apportioning the total flux based on the &aea. It should be noted
that a simplified streamline tracing method may result frben use of the two-point flux

approximation. Such simplifications were, however, noéstigated.

4.2.4 Advantage over MPFA

The validation of thel™-TPFA is presented Chapter 5. In Section 5.2 it is shown that
theT*-TPFA compares favorably with flow based MPFA (uskigupscaling) in cases for

which MPFA works. The present section investigates aduifi@dvantages of the TPFA
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over MPFA, particularly regarding the problem-matrix ciiwhing number.

Transmissibility matrix and condition number

Once the matrix is formed for the single phase incompresgitdblem (before any bound-
ary conditions are applied), the matrix conditioning carstuglied. The condition number
reflects how near to singular the matrix is. It is also a measdithe sensitivity of the
solution to perturbations of the matrix or right hand sidefGoients. For a nearly singular
matrix, direct methods generally lead to zero pivots andwlielming numerical errors.

In the case of iterative methods, the solution may not cayevat all.

Strongly diagonal-dominant matrices usually lead to beteadition numbers. Because
MPFA tends to weaken diagonal dominance, putting more weigloff-diagonal terms,
the condition number of matrices obtained using MPFA is gahegreater than that of

matrices obtained using TPFA discretizations.

Table 4.1 shows condition number values for different gadd transmissibility ap-
proximations. The cell shape is fixed and dimensions incthady directions are approx-
imately 5 times greater than in thedirection. Two fine (reference) permeability distri-
butions are considered, a homogeneous medium (0 md), and a heterogeneous model
described in Section 6.2. Both models are comprise2D0fx 100 x 50 cubic Cartesian
cells. Two types of grids are considered, a uniform coarnsattedral grid containing 726
nodes and an adapted grid containing 468 nodes and obtasiagl fine scale flow rate
information. Two different transmissibility approximatis are considered: (a) the flow
based upscaled TPFA'{(-TPFA), and (b) the flow based upscaled MPERA-MPFA). The

condition number of the problem matrix is calculated foradithe cases.
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Permeability distribution
Homogeneous Heterogeneous
k* MPFA 1.4 x 103 1.3 x 10°

T TPFA 1.1 x 10? 1.7 x 10*

\*2ZJ

Discretization
type
Table 4.1: Condition number for different grid types and srarssibility approximations

Results show that the condition number of the homogeneoubetedogeneous prob-
lems considered are clearly reduced using TPFA comparedPféAVIFurther investigation
is however required to determine why the MPFA method failsravide acceptable results
in some cases. For comparisons of flow results betW&enhPFA andk*-MPFA, refer to

Section 5.2

4.3 Grid generation tool

4.3.1 Gocad development platform

We now describe how the techniques discussed above werermepted into a research
software platform that aims at investigating problemsteglao adapted grid generation.
This platform, calledStanLab, is based on a software development kernel and other tools
provided by theGocad research consortium. Ti@&ocad consortiun is an academic con-
sortium whose goal is to develop new computer-aided appesafor the modeling of ge-
ological objects. Key interests of the consortium incluttecural modeling, reservoir
modeling and topology. The consortium produced a geomodaltedGocad, now com-
mercialized by a third party compahyThe Gocad software serves as a licensed platform

for all the research projects conducted within thecad consortium. Extensions to the

2http://gocad.ensg.inpl-nancy.fr
Shttp://www.earthdecision.com
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StanLab

FlowLab TopoLab TGridLab

Gocad kernel

Figure 4.9: Organization of th@ocad plug-ins and plug-in developments

Gocad tools are called ‘plug-ins’ and can be independently dgyedoby companies or

universities. The following key plug-ins are used in theserd work:

TopoLab, used for the construction of general polyhedral meshesowalithe user to
construct, edit and visualize complex cells such as contiimes as well as their

associated propertieSopoLab was developed by Levy (1999) at the LIAD.

TGridLab, used for the generation of 2D/3D simplex meshes from stratinforma-
tion and resolution constraints. This is the principal teel use for grid adaptation.

TGridLab was developed by Lepage (2003) at the LIAD.

The hierarchical structure of the plug-ins allows for thgelepment of new function-
alities on top of existing plug-ins. In this work, the follovg plug-ins were developed (see

Figure 4.9):

FlowLab, enables flow simulation for unstructured griddowLab allows us to perform
two phase flow simulation as well as fast streamline simutefor tracer flow.FlowLab
is partially based on the unstructured black oil simuldtex developed by Verma
(1996). TheFlowLab functionalities available through thi&anLab plugin include

MPFA transmissibility calculations, unstructured stréiamor black-oil simulations.
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StanLab, generates grids constrained to flow response. It includesrdation of flow

information maps, flow-based upscaling, flow diagnostigegistreamline simula-
tion on both structured and unstructured grids (i@wLab) and adapted gridding
procedures vidGridLab. StanLab also provides an interface for all of the plugins

mentioned above in one single convenient tool.

A more detailed description of ti&anLab software is presented in the Appendix.

4.3.2 Constrained gridding algorithm

We now describe the gridding algorithms used to construatedervoir models. The typi-

cal steps in the model construction are:

1. Construct a structural model from faults, horizons an@iogfeological data. Define

contacts between surfaces and surface intersections.

Construct a grid model that defines the topological comsgaf the grid elements

(tetrahedra). Examples of these constraints are:

e Cell faces to conform to surfaces

e Cell edges to conform to lines
Generate information maps via single phase or tracer fadeutations.
Incorporate the grid geometrical constraints such as:

e Cell-shape quality control

e Cell size constraints from spatial maps

Construct the grid, honoring the topological and georoatconstraints.
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In our approach, the initial steps of the reservoir consitbncare performed using the
Gocad structural modeling tools. Then, the topological constsaderived from the struc-
tural model are embedded into a macro-topological framkewsingTGridLab. This model
is called awire frame mode{see Lepage, 2002). The wire frame model (WFM) is the start-
ing point for the domain tesselation. Flow information mépstained vieStanLab) are in-
cluded in the WFM where they serve as grid resolution comgail he grid construction

proceeds as follows:

1. Construct an initial discretization of all the lines of thedel. These lines are topo-
logically connected line constraints that may be the resfithe intersection of fault

and horizon constraints.

2. Construct a conforming triangulation of all the surfaces:

e Obtain the initial constrained grid usingcanformingapproach, allowing the

insertion of Steiner points on the constraint lines (seeiég.10).

e Apply Delaunay refinement algorithm to account for shapdityueriteria as

well as grid resolution constraints on the surfaces.

3. Construct a conforming tetrahedral grid. The same twosstsplescribed above are

applied to the tetrahedral grid:
e Obtain an initial conforming grid (Steiner points on coasit surfaces).

e Apply Delaunay refinement algorithm.

The Delaunay refinement algorithm of Lepage (2002) folloles @lgorithmic frame-
work of Shewchuk (1998). Extensions introduced by Lepa@®@22 include the ability to
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- = = constraint

@ tesselation
nodes

O Steiner points

\ ) ) \

Constrained tesselation Conforming tesselation
| |
.

Figure 4.10: Two approaches to Delaunay tesselation: @nstl and conforming. The
conforming approach may require the insertion of Steinentppthough it preserves the
Delaunay criteria globally

handle curvilinear boundaries and to impose grid resatutionstraints anywhere in the

mesh.TGridLab enables the user to take into account any number of resolatinstraints

in combination with a constraint on the shape of the elements

4.4 General methodology

The grid generation may be viewed as an iterative proceshkichvgridding parameters are
estimated, tested, and updated until a satisfactory flogndistic is obtained. Each cycle
of the grid generation relies on three key stages: (a) geladapt the unstructured grid,
(b) calculate effective (upscaled) properties on that,dié)l obtain the flow responses of
the coarse model and compare with reference solutions kecteel boundary conditions.
Reference flow responses for the problems included in thendsig, and any fine flow
information needed in the grid adaptation, must be compptex to the grid adaptation
process. We first review the gridding capabilitiesT@fridLab. Next we detail the formu-
lation of the gridding parameters and their selection, agtdbe how they determine the

adapted grid.
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4.4.1 Grid generation/adaptation

Among other functionalitiesTGridLab allows for the construction of constrained tetrahe-
dral grids, using geometrical constraints (such as fabttsndaries and lines), and grid-

resolution constraints.

As indicated above, the construction of an adapted gridvisi€ld into two basic steps:
(a) build an initial tesselation that honors a collectiorgebmetrical constraints, (b) itera-
tively insert points in the tesselation and update the tagppl The point insertion is done
according to a grid quality criterion that can either be tedato the shape or the size of
the tetrahedral elements. The tesselation is modified @rtiog of points at locations that
improve the quality of the cells. This requires the defimtad a cell quality function and
a global threshold below which tetrahedra are subject topalate. The update consists of
a point insertion at the tetrahedron circumcenter and d foodification of the grid topol-
ogy that enforces the Delaunay criterion while also prasgrthe geometrical constraints.
After each iteration, the quality of the cells influenced bg insertion is recomputed. The

iterations are performed until the quality of all tetraledrabove the specified threshold.

4.4.2 Resolution constraint
Definition

As mentioned previously, the quality of a tetrahedron caa henction of its shape and/or
size. The case of grid adaptation using a shape qualityriorités not investigated in this
work; for further details on this approach, refer to Lepag@0@). In the case of a size

guality criterion, the quality of the tetrahedron is detered by its size and the value of a
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resolution constraint. The resolution constraint detagsithe maximum size of any tetra-
hedra in the grid. The size of a tetrahedron is defined as thieg®f its circumscribed
sphere. The resolution constraint can either be a fixed ¥afube entire domain, or, more
commonly, a spatially varying quantity. The size qualityanly tetrahedron is therefore
computed as the ratio of the value of the resolution condtraithe region in which the
tetrahedron lies to the radius of its circumscribed sphéthe ratio is smaller than a spec-

ified threshold, the tetrahedron is subject to an updatexf@aiaeed in the next subsection).

Resolution constraint and grid anisotropy

A noticeable restriction of this procedure is that it for¢ke grid being constructed to
satisfy the Delaunay criterion in a Euclidean sense. Tistdi the amount of geomet-
rical anisotropy the grid can have because the Delaunay tiesghere” property forces
connections to closest neighbors (Figure 4.11). This étidh could be circumvented by
evaluating the size quality criteria in a “metric” sensetéasl of a Euclidean sense. The
sphere radius would then be evaluated in a transformed spacewould require the use
of a (potentially spatially varying) tensor field servingthe metric. The capability of im-
posing geometrical anisotropy along these lines is not ailadble feature of the current
version of TGridLab. We will see in Section 6.2 that some grid anisotropy cat Isél

obtained, which allows us to take advantage of the layeradacter of a reservoir model.

Resolution constraint and information maps

The resolution constraint can be viewed as a 3D map that W uisgose a given grid size
at different locations of the model. As we will see in Chaptes@me benefit may result

from using fine scale flow information as a resolution comstrarhe principal challenge
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~ —_— —

(@) Delaunay criterion in the Euclidian (b) Delaunay criterion in a metric space
space

Figure 4.11: Enforcing the Delaunay criterion in a metrias (b) rather than in the Eu-
clidean space (a) allows the user to impose anisotropy tgride

in grid adaptation using a resolution constraint is theropticonstruction of the constraint.

In reservoir simulation, the main benefit expected from gddptation is the reduction
of the number of unknowns in the discretized flow equatiossthes number is a linear
function of the number of nodes (dual cells) in the grid. Grdthptation allows us to use
a given number of nodes (unknowns) more efficiently. Theiefficy is measured in terms
of accuracy of the flow calculations obtained on the adaptiebvgth respect to reference

solutions obtained on the fine model.

The fine solution is usually not available, hence the negestconstructing the resolu-
tion constraint using information that (a) is affordablatszan be obtained on the fine grid,
and (b) is meaningful to the physics of the problem that wéllmodeled on the adapted
grid. We suggest in this work the derivation of informatioaps from tracer flow simula-
tions on the fine model. These simulations are often affdedsibce they require only one
pressure solution (for a given set of boundary conditions) @an provide single phase as

well as displacement information such as total flow rate and of flight.
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4.4.3 Information maps

We now discuss two types of flow information provided by traftew simulations that

can be used to construct a resolution constraint. Thesepyojelds, called flow-rate and
breakthrough-time maps, were already introduced in a 2Desbim Chapter 2. They are
reintroduced here for completeness as their computatiomoa& be accomplished though
the gridding tool that we developed. Flow information mapsapplied to the simulations

presented in Chapter 6.

Mean flow-rate map

We obtain a mean flow-rate map in a straightforward manners tlhe weighted aver-
age of the local velocity norm obtained from one or more @rglase flow simulations.
The simulations differ based on the boundary conditiondieghp For instance we may
consider three face-to-face flow simulations (left-tdatigront-to-back and top-to-bottom)
with fixed pressures so that the average pressure gradies to 1 in all solutions. As a
consequence, the flow rates calculated are “normalized famit pressure gradient. This
is achieved for instance on a 1D reservoir of lenfthy applying fixed pressures on each
side with valued?, + L and F, respectively. Other boundary conditions and other avatagi
methods may be considered. For instance some special wigjacation may be of inter-
est. Also, assigning a larger weight to flow rates in théirection may enhance vertical

flow connection features, which will then be better capturgthe resolution constraint.

Breakthrough-time map

The breakthrough time map draws a correspondence betweervélues on the PVI axis

and regions of the reservoir that are completely swept byirtjeeted fluid at that time.
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The map is obtained by assigning to each streamline the il time at which a par-
ticle tracked on that streamline would break through. Faheeell of the reservoir, a
breakthrough time value is calculated by the weighted @esod the values carried by the
streamlines crossing the cell. Enforcing that all cellsrbedrsed by at least one streamline
requires that many streamlines be traced. Instead of tkeisrage a fixed number of stream-
lines from the injector to the producer, then trace otheyastilines from the producer back
to the injector. The breakthrough time values at cells that®t traversed are estimated
through a kriging technique.

The breakthrough time map is meant to be used in the resolotiostraint as a way to
capture important events in the fractional flow curve (sushvater breakthrough) and to

introduce grid refinement in appropriate regions of the rhode

4.4.4 Grid adaptation parameters

We now discuss our choices for the adapted gridding paramefeEhe grid adaptation
is basically determined by the choice of three elementsth@)flow-information maps,
(b) the resolution constraint (which transforms the flovomfiation into a target grid size),

and (c) the flow diagnostic which assesses the quality oftiide g

Resolution constraint

Let us consider the case of grid adaptation using only one-ifidvmation map. The
property at each fine scale Cartesian cell is mapped to a @ogettgrid resolution (size)
as shown in Figure 4.12. Theandb parameters relate to what proportion of the domain
will be refined. Figure 4.13 shows thatandb can be chosen so th&t, percent of the

information map specifies a grid size of at mgsand (100 — P,) percent specifies a grid
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Figure 4.12: Function transforming the property map int@afvise target resolution

size of at mosts,. Assuming the shape of the resolution function is fixed asvehio
Figure 4.12, we then have four parametefrs, (P, s, ands,) for the grid adaptation.

The criterion used to determine the target size of a tetramecan be obtained using

any of the following procedures:

e Look-up the point value of the grid resolution at the circemier of the tetrahedron

e Average the point values over the volume spanned by the sgireumscribed to the

tetrahedron

e Select the minimum value of the point grid resolution over Wolume spanned by

the sphere circumscribed to the tetrahedron

For continuous information maps such as mean flow rates,piteferable to use the
minimum criterion as the other criteria may not allow us tptoae thin coherent structures

from the information map.
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Figure 4.13: Parametersandb are used to specify which proportion of the domain is to
be refined

Small-to-large grid size ratio

Instead of using the values ef ands, to characterize the resolution constraint, we prefer
to use the ratis, /s, and N, the number of nodes in the grid. We call/ s, the small-to-
large grid size ratio. For a given small-to-large ratio, \aa select different pairs ¢, s,)

values, resulting in different adapted grids of sig€function of s, ands).

Aspect ratio

We define the grid anisotropy of a tetrahedral cell as theaspéio of the box circum-
scribed to the tetrahedron vertices and aligned with thedioate axes. The aspect ratio
is specified viau, x a, x a, and is defined up to a multiplicative constant. For instaace,
10 x 10 x 2 aspect ratio is equivalent ox 5 x 1 and expresses that the size of a cell in
thex andy directions is 5 times greater than in théirection.

Reservoir property models often exhibit large degrees aistital anisotropy. How-
ever, the current functionalities 0fGridLab (discussed in Section 4.4.1) do not permit us

to constrain the grids to approximately reproduce a usenel@fanisotropy. Nevertheless,
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some grid anisotropy can be obtained by performing the gtaptation in a transformed
space.

In order to introduce grid anisotropy in the tetrahedratredats, we modify the space
in which the Delaunay criterion is evaluated. This is achely stretching the coordinate
axes of the fine model containing the resolution constraiimrmation. Once the adapted
grid is obtained, the coordinates of the grid nodes are nthppek into the original coor-
dinate system without modifying the topology. The grid isrfore generally no longer
Delaunay in physical space. Figure 4.14 illustrates thesfamation steps. Note that flow
related equivalent quantities such as permeability amsingssibility are computed in the

original (physical) coordinate system.

Flow diagnostic

The flow diagnostic is defined as the quantitative level okagrent between the flow
results obtained on the coarse and fine (reference) gridsfldlw diagnostic may involve
one or more flow scenarios to ensure some level of robustrigbe grid to changes in
boundary conditions. A flow scenario is defined by the typeigldcement modeled and
the boundary conditions applied in the simulation. In thrky we only consider tracer
flow to assess the flow response of a model, as it can be obtairedefficient manner
for both the fine and coarse models. The type of boundary tondiapplied are ‘face-
to-face’ fixed pressure conditions. Pressure is fixed on sippdaces of the model and
no-flow conditions are applied on all other boundaries. Tle¢hmdology however is in no
way restricted to this particular choice of boundary cands.

The quantities chosen for comparing the tracer flow simutatiare: (a) the total flow

rate observed across the model and (b)theorm of the error in the fractional flow curve
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(a) Cartesian grid in stretched space (target grid (b) Tetrahedral grid in stretched space, adapted
resolution) using the resolution constraint in (a)

(c) Cartesian grid in original space (target grid (d) Tetrahedral grid in original space
resolution)

Figure 4.14: The target anisotropy ratio is introduced Ipgtshing the physical space and
then performing an isotropic meshing in the transformeaspa
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taken between 0 and 1 PVI. The error introduced by the comgéntherefore measured
by the pair:
error(grid, flow problem) = (Qerr, Lierr) (4.11)

with:
1

|F¢ — FI|dt

0
1
/ \FJ | dt
0

where F,, designates the water cut as a function of P¥lgnd thef andc superscripts

(Q/AP)

4.12
(@Q/AP)! (442

and Ligrr =

Qerr=

refer respectively to fine and coarse quantities.



Chapter 5

Validation of methods

This chapter presents validation tests for the technigeesldped in Chapters 3 and 4.
The first section demonstrates the accuracy of the unstaectyrid streamline simulator.
We next illustrate the accuracy of tH&-TPFA and its superior robustness compared to
k*-MPFA for heterogeneous cases. We also include a brief ssson on why and when

MPFA may fail to provide accurate fluxes for streamline tngcand transport modeling.

5.1 Streamline method

This section tests the streamline method described in Chapte 3D unstructured grids.
The first series of tests demonstrates that the method tgrreproduces analytical solu-
tions for simple problems. We then provide comparisons beiwthe streamline method

and established techniques for more complex problems.

147
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Figure 5.1: Streamline simulation on a homogeneous ismtropdel

5.1.1 Homogeneous model

We investigate here the flow results produced by the streansimulator for a homoge-
neous case. The test case used is a fully 3D unstructured mitidleomogeneous isotropic
permeability. Boundary conditions were prescribed to gividaflow. The unstructured
grid used for the streamline simulation is shown in Figudg&). Two fixed pressures were

applied on the left and right faces of the model to producew iifothe x direction. The

total flow rate in this case is given by:

o FAPL,L: 5.1)

whereL,, L,, L. are the dimensions of the modédil,is the permeability ang. is the
viscosity of the fluid displaced. Breakthrough of injecteddishould occur at = 1 PVI.
The analytical total flow rate was recovered exactly by th&tuctured pressure solver and

the streamline tracing reproduced the expected water cué aery closely, as shown in

Figure 5.1(b).
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5.1.2 Layered model

We now test our streamline method on a 3D layered case. Thelnsocbmposed of four
layers of equal thickness as shown in Figure 5.2(a). Becaue @eneral shape of the
unstructured dual grid, the permeability distribution mdyoapproximately captured by the
unstructured model (as shown in Figure 5.3(a)). The boyndamnditions considered are
fixed pressure on opposite faces, creating a linear flowlpatalthe layers. The total flow

rate is given by:

kAPA
Q:

T (5.2)

wherek is the arithmetic mean of the layer permeabilitieghe length of the model, and

Ais its cross sectional area. The fraction of the total flowaatelayer: is given by:

1k

qi
=== 5.3
017 (5.3)
The breakthrough time of each layer is given by:
BT = k/k". (5.4)

The oil cut comparison is shown in Figure 5.3(b). The curvkilgts the correct break-
through time and overall shape but does not reproduce the giston-like effect of the
analytical solution. This is due to the fact that the layesrgetry is only approximate, as

we now demonstrate.

When considering a series of unstructured grids with inenga®solution, the repre-

sentation of the layer geometry improves, as shown in FigureThe flow results converge
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(a) Layered model (b) Analytical results

Figure 5.2: Layered model, analytical rates and breaktrdimes
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Figure 5.3: Grid and flow results on the unstructured grid
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toward the analytical solution both in terms of oil-cut antht flow rate, as shown in Fig-

ure 5.5.

5.1.3 3D flow in a homogeneous cube

We now consider a cubic model with a homogeneous isotropim@ability. The unstruc-
tured streamline simulator is tested against a commercigk§lan streamline simulator
(3dsl). Fixed pressures are applied at diagonally opposite coiared tracer flow is again
considered. The grid used for the unstructured simulatotains 1728 nodes and is shown
in Figure 5.6. The flow result is shown in Figure 5.7. Agreetimtween the Cartesian
streamline simulator and our unstructured simulator isksot. For comparison, the so-
lution obtained using a standard finite difference simulatith upstream weighting is also
shown on the pldt The finite difference result shows an earlier breakthrowgfich is
likely due to the effects of numerical diffusion. These effeare not present in the stream-

line simulations.

5.1.4 General heterogeneous test

We finally consider a general heterogeneous case. The nodatube of side length,
populated with a log-normally distributed permeabilitydieThe variogram model is stati-
cally isotropic with rangd./3. The permeability distribution is shown in Figure 5.8(a)e W
consider a tracer simulation imposing fixed pressures abgifgcorners of the model (as
in the previous example). We wish to compare the flow resaitde streamline simulation
and a Cartesian finite difference simulation. A fing & 30 x 30 cell) Cartesian grid was

introduced for this comparison and the permeability distiion was resampled onto this

1The program used hered@Rs (Cao, 2002)
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grid 2
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Figure 5.4: Different 3D grids used to approximate the laganode (side views)
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Figure 5.5: Flow results obtained using the grids shown gufeé 5.4
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methods
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Figure 5.7: Comparison between unstructured and Cartesizangine methods (perme-
ability is homogeneous)

fine grid as shown in Figure 5.8(b). We considered a 1728-nod&uctured grid to per-
form the streamline simulation. The pressure discretrnatised MPFA. The permeability

model used for that case is shown on the dual grid in Figure 5.9

The flow results are presented in Figure 5.10. The unstredtsireamline solution now
shows an earlier breakthrough time when compared to the STamtstreamline simulation.
This difference is likely caused by the difference in geamef the permeability distri-
bution (see Figures 5.8(a) and 5.9). The finite differenoeukator again shows an earlier

breakthrough presumably, as a result of numerical diffusifects.

We now consider the permeability distribution shown in Feg6.9 and compare the
results obtained using our streamline simulator to thos&RRS. In this case GPRS
treats the system as unstructured (through the use of actiomést). The transmissibility
coefficients are exactly the same in both simulations, ohé/ rmethod for the solution
of transport differs. Figure 5.11 exhibits a reasonablyselagreement between the two

methods. Again, the finite volume results display the efe¢thumerical diffusion, which
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(a) Coarse permeability model (b) Permeability model used in the finite difference
simulation

Figure 5.8: Permeability models used in the heterogeneases comparing unstructured-
streamline to finite difference simulation

are absent in the streamline simulation.

In this section, we demonstrated the accuracy of the uristedt 3D streamline sim-
ulator. Homogeneous models showed close agreement witytiaahresults and results
from a commercial streamline simulator. For heterogeneasss, the method exhibited
good agreement, but only when the geometry of the heterdgemas approximated with
sufficient accuracy. This feature is not a consequence dttbamline method itself but is
rather due to differences in the pressure solutions foewdfit geometrical representations

of the heterogeneity.

5.2 Comparison of TPFA and MPFA

For high grid aspect ratios (resulting in high grid anispyrp and for high permeability

anisotropy, tests showed that the MPFA discretizationatgite nonphysical results. For



156 CHAPTER 5. VALIDATION OF METHODS

Figure 5.9: Permeability model used in the CVFE streamlineukition
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Figure 5.10: Flow results comparing the Cartesian-stremnlCartesian-finite-difference
and unstructured-streamline simulations (heterogenemsss)

= Unstructured streamline
= = Unstructured finite volume
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Figure 5.11: Flow results comparing the unstructured stli@& method to finite volume
simulation using the same grid (heterogeneous case)
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example, for a horizontal-to-vertical aspect ratio of 1QLtestreamline simulations per-
formed on a homogeneous permeability field produced nomgddyswirling streamlines.
In some heterogeneous cases, the problem matrix even bagaguoéar. These difficulties
appear to result from high degrees of anisotropy. In sucbks;ake contribution from a
point £k may dominate the flux from cellto ;. This is, however, a tentative explanation;
more investigation is required to determine practicakcidt for the use of MPFA. It is also
possible that alternate MPFA stencils may provide moresbimsults.

Due to the occasional failure of MPFA, we designed an alternpscaling technique
that provides coefficients for a two-point flux approximat@s described in Section 4.2.
We now compare flow responses using the two-point flu¥&sTPFA) and the multiple-

point fluxes k*-MPFA) for both homogenous and heterogeneous systems.

5.2.1 Comparison for a homogeneous medium

This case compares TPFA and MPFA approximations for a honemes system. The
model is a parallelepiped with dimensionsof = 1, L, = 0.5 andL, = 0.25. The
unstructured grid used in the comparison is shown in Figut2(&). In order to calculate
two-point transmissibility coefficients, a fine CartesiaiddR00 x 100 x 50) was popu-
lated with uniform permeabilities and “upscaled” to the rseatetrahedral grid using our
T™ calculation. The permeability used in the MPFA calculatiovas set to be the known
permeability and was not obtained via flow-based upscaligacer flow simulation was
performed using both the MPFA and the TPFA with the “upscalethsmissibilities. Our
streamline simulator was used in order to avoid numeridaision effects. A total of 726
nodes was used. Figure 5.12 shows the comparison of theadedulvater cuts. These

results show good agreement between MPFA and TPFA disatietis, though the TPFA
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Figure 5.12: Comparison of MPFA and TPFA for a homogeneousogc model (1D
flow)

results are slightly more diffused (due to the “upscalinggpd. The total flow rate mis-
match observed was only abdij for this case (other homogeneous simulations showed
similar errors). This suggests that the two-point appr@tion may be adequate in terms

of providing results in reasonable agreement with MPFAWdat@ons.

5.2.2 Comparison for heterogeneous medium

We now consider more general permeability distributionemhupscaling is performed
before applying either TPFA or MPFA. The fine model i&)a x 100 x 50 Cartesian model

with a layered, log-normally distributed permeability éielThis model will be described
in more detail in Section 6.2; it is shown in Figure 5.13. Tloenparison is performed
considering fixed pressure boundary conditions on oppfzites of the model and no-flow
and the other four faces. Two series of tests are conductidtiae following boundary

conditions: (1) left-to-right flow and (2) front-to-back Wo For each flow problem, we

consider three different grid aspect ratios (as defined cti@e 4.4) and two different

coarse model sizes.
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Figure 5.13: Layered reservoiog k

For the two flow problems, the fine Cartesian tracer flow respasalculated using
a streamline simulatér For each grid tested (6 in total), the unstructured strzsngim-
ulator provides the flow response for both the andk* flux approximations. The flow
results are compared in terms of: (a) errors on the @Qtah P and (b) L; norm of the
differences in fractional flow curves between 0 and 1 PVI (sgeation 4.12 and discus-
sion in Section 4.4.4 for details). The coarse models tagf@esent an upscaling factor of
approximately 1000. Figures 5.14 and 5.15 show the flow coisgas for both7™-TPFA
andk*-MPFA for the left-to-right and front-to-back flow problemsspectively.

A first observation is that for a given number of nodes in th@rse model, some aspect
ratios perform better than others (the aspect ratiol x 1 is the worst). However, our

primary concern here is not the absolute accuracy of thesedéow results with respect

2implemented in th&tanLab platform
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Figure 5.14: Comparison df*-TPFA andk*-MPFA upscalings for different uniformly
upscaled coarse models (left-to-right flow)
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Figure 5.15: Comparison df*-TPFA andk*-MPFA upscalings for different uniformly

upscaled coarse models (front-to-back flow)
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to the reference solution, but rather the study of the redadiccuracy when going from
k*-MPFA to T*-TPFA. The results show that the* upscaling usually performs better in

terms of totak) /A P and the accuracy of the water cut curves.

For the left-to-right flow problem, th&*-TPFA reduces the relative error ip/AP
from about30% to less thar6% for all anisotropic grids (Figures 5.14(a)-(d)). For app+o
mately isotropic grids (aspect ratio equat 1 x 1), the same improvement is not observed.
In particular, the results in Figure 5.14(f) show that thevflate prediction significantly
deteriorates using*-TPFA. This however occurs at a level of agreement with tfereace
where neither thd*-TPFA or thek*-MPFA are particularly good. This may indicate that
the grid is too coarse and/or the aspect ratio is inapprigpreacapture the fine model flow

characteristics with the local upscaling methods proposed

For the front-to-back flow, none of the grids considered destrates a close agreement
in terms of both@ /AP and the fractional flow curve. Results for the anisotropidgri
are shown in Figures 5.15(a)-(d) and demonstrate aboutaime $evel of performance
of T*-TPFA andk*-MPFA in terms ofQ)/AP. The fractional flow curve is nevertheless
always improved usin@™*-TPFA, in particular for the 0 x 5 x 1 aspect ratio as shown in
Figures 5.15(a) and (b). For the isotropic grid case showrigares 5.15(e) and (f), we

cannot draw clear conclusions as to which method perforrtierbe

The results presented above indicate thatffhd PFA method often performed better
than thek*-MPFA for anisotropic grids. For isotropic grids;-MPFA generally performed
better. The TPFA approach nonetheless demonstrated adwglolf robustness to general
anisotropy in all the cases of grid adaptation consideretthisywork. This represent a

significant advantage over the less robust MPFA discretizatonsidered here.
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5.2.3 Remark on permeability resampling

In Section 4.2 detailing th€* calculation, we described the rotation needed in order {@ ma
the permeability field onto an extended Cartesian regiomatigvith the direction of the
transmissibility being calculated. This operation intods a grid effect that may distort
the geometry of the underlying permeability distributiceé Figure 4.6). The dimensions
of the Cartesian cells in the rotated region can be the saméractson of the dimensions
of the cell in the original grid. This defines what we call tlesampling frequency. A
resampling frequency equal to 2 therefore means that theioehe rotated grid are half
the size of those in the original grid.

We now illustrate the benefit of using a resampling frequeg@ater than 1. The
reservoir model considered here is an oriented system afrrans., = 1, L, = 1 and
L, = 0.5and containg00 x 100 x 50 Cartesian cells. The permeability distribution shown
in Figure 5.16 is oriented relative to the coordinate systéfa consider a left-to-right flow
pattern where pressures are fixedcat 0 andx = L,. Two grids are considered in the
comparison: (a) a uniform unstructured grid and (b) an asthgtid obtained using fine

scale flow rate information.

Uniform grid

The grid is composed of 5120 nodes and each building cubenrespect ratio 0 x 5 x 2
and represents a cubic region of the fine model contaifirgr x 3 Cartesian cells. The
impact of the grid rotation on the quality of the upscaling t& observed in Figure 5.17
where the transmissibility upscaling was performed botthwaind without permeability
resampling. In the case with resampling, the resamplinguieacy was chosen to be two

(s = 2). Results show that the relative error@f A P is reduced from0.5% t0 0.3%. The
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Figure 5.16: Permeability model of the oriented syster ¢cale)

fractional flow curve is not affected by the resampling int ttese.

Adapted grid

This grid, shown in Figure 5.18, was obtained by adaptinggtickdensity to a mean flow
rate map calculated on the fine model. It contains 1891 nodée. flow results again

show an appreciable improvement of the glo@alA P results from the resampling: the
Q /AP relative error is reduced from3% to only 0.5%, while the water cut curve is again
essentially unchanged. Note that the errors observed U$Ré with resampling on the
adapted grid are comparable to those on the coarse unifadm¥gt, the number of nodes
of the adapted grid is about one third of the number of nodéssadiniform grid, illustrating

the benefit of using flow rate information in the grid adapyiviThe potential benefits of

grid adaptivity will be further illustrated in the next chtap



166 CHAPTER 5. VALIDATION OF METHODS

15 x 15 x 19 uniform grid

1
— reference
TPFA__
- s=2
0.8} TPFA__
s=1
Cd
<
’4‘
0.6} 7
i
5 ¢
- !’ ‘ L1 rel. error Q rel. error
0.4} 4
] TPFA_,| 41%  03%
’
; TPFA_. | 45%  -10.5%
02f [« s=1
i
!
§
0 ‘ ‘ ‘ ‘
0 0.2 0.4 py 06 0.8 1
(a) Primal grid (b) Fractional flow comparison

Figure 5.17: Resampling of the permeability with a frequegi@ater than one provides a
more accurate transmissibility upscaling (uniform gredi-to-right flow)

1
— reference -
osl |==TPPAL, ﬂ“’"'_ﬂ-ﬂ
' TPFA_, e
= P
Ii/
0.6 ,’&
LLB y.o
S
0.4f
4
/i L1 rel. error Q rel. error
0.2} 1
N TPFA_,| 9.6% -0.5%
H TPFA_,|  9.8% -5.3%
0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
PVI
(a) Primal grid (b) Fractional flow comparison
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Chapter 6

Flow based gridding results

This chapter presents examples of flow-adapted grid geaerakhe tools developed and
tested in previous chapters are used in a general methgdiblagaims at generating coarse
reservoir models that preserve the essential flow charsiitsrof a fine Cartesian grid. The
coarse grids generated are composed only of tetrahedraalMidate the upscaled perme-
abilities or transmissibilities using the flow-based aptodescribed in Chapter 4. Then,
we test the models generated using the new streamline basadictured simulator, as-
suming tracer flow, and using the upscaled permeabiliti¢saosmissibilities. The exam-
ples presented illustrate the effects of gridding pararedt® the flow adaptation such as

flow information maps, grid aspect ratio and the paramegdrgrid resolution constraint.

The first section considers the selection of parametersiéogtid adaptation. Next, we
apply the overall methodology on a synthetic case. The el@aprpsented is a one million
cell layered reservoir for which we propose an adapted dpad &ccurately captures the

fine scale flow response for a particular flow pattern.

167
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6.1 Parameter selection

We discuss here the strategy applied for selecting “opgdiiparameters for the grid adap-

tation.

6.1.1 Aspect ratio

For the sake of reducing the number of optimization pararegtiee ‘target’ grid anisotropy
is first determined on uniformly coarsened grids. For thigppsee, tracer flow simulation is
used on different sized models for each aspect ratio. Tloe imtroduced by the coarsening
is measured for different flow problems. The optimum aspetad is defined as the aspect
ratio that provides the most accurate coarse models (rel&ti the reference solution).
Then, when we consider unstructured grid adaptation, weepve this optimal aspect ratio

of the tetrahedral cells.

The optimum target aspect ratio is selected by first consigeseveral possible aspect
ratios and performing flow simulations on uniform grids offelient sizes. Then the ob-
served errors are plotted for each aspect ratio as a funoftibve grid size and the optimum
value is selected. Figure 6.1 shows an example of the seeattithe optimum aspect ratio.
The model considered is introduced in Section 6.2. The prohlsed for the comparative
convergence study is a left-to-right flow. It appears thatlthx 5 x 1 ratio is the best of
the three possible ratios considered in this case. Spdbifioaing 1701 nodes, the error
in @/AP is0.3% and the error inf,, is 6.2%. Note that the error does not always decrease

monotonically é.g, Figure 6.1(b)); this is not unusual for upscaled models.
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6.1.2 Proportion of refined cells

The resolution constraint is assumed to have the simplibed discussed in Section 4.4.
It will be used in practice to transform information map &dwsuch as flow rates into an
indicator of whether a point insertion is needed for a givetnahedron. The resolution
constraint is defined by the information map and the fourmpatarsP,, P,, s, ands,. For
flow rate adaptation, our choice was to use valueg,odnd P, corresponding to thesth
and75th percentiles. In some cases, we also considere@thand Py, in order to tailor
the grid adaptation toward capturing very high flow regions.

For breakthrough-time adaptation, the shape of the resaolgbnstraint function de-
pends on which time interval of the map we wish to considettier‘fine” grid. If we are
interested specifically in characterizing the breakthlotige, the shape proposed earlier
for the resolution constraint is appropriate. We thenBse- P, andP, = F.

The results presented in Sections 6.2 use these conjeuiitinesit any sensitivity study.
Further investigations are required to determine moreesyatically optimalP values.

These values are, however, likely to be case dependent.

6.1.3 Grid iteration

In order to perform the adaptation, an initial tesselatiarstibe provided. It is constructed
using three parametes$ (: € {1, 2, 3}) that define the size of the elements of dimension
(s$ for edgesss for triangles. .. ). We now enumerate the steps involvederctinstruction

of the adapted reservoir grid from the fine Cartesian infolmnanap:

1. Construct a reservoir model bounded (constrained) bysetting surfaces (in trans-

formed space)
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2. Discretize the intersection lines with an initial gridess;

3. Perform a triangulation of all the constraint surfacessibly with a target uniform

sizess
4. Perform a tetrahedrization of the model, possibly witarget uniform sizes

5. Create a resolution constraint that assigns the relagomeen the value of the infor-
mation map in the vicinity of a tetrahedron and its targe¢ gradius of its circum-

scribed sphere)

6. Enforce the resolution constraint: identify all the &kedra violating the resolution
constraints, then
(a) Insert new vertices, creating new tetrahedra

(b) Evaluate the new tetrahedra quality, possibly addiegtho the list of tetrahe-

dra to be refined
(c) lterate

Note that the initial grid resolutions{) should be greater or equal to the largest grid

size prescribed by the resolution constra#jt® smax).

6.1.4 Example

We first give some illustration of the capabilities of thedgling methodology. The exam-
ples presented here were generated usingtidre.ab plug-in. We consider a simple geom-
etry reservoir intersected by a single slanted fault. Intamdto the structural constraints

(Figure 6.2), we wish to adapt the grid density to the prgopeidtribution (Figure 6.3). A
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Figure 6.2: Three dimensional structural model of a fautesgrvoir

Figure 6.3: Three-dimensional model of permeability & 40 x 20 cells)

flow map is obtained (Figure 6.4) from the permeability disttion by averaging the veloc-
ities of three flow problems (flow driven by pressure dropsaalecoordinate direction). A
correspondence between flow rate and the desired grid tesofange is established (Fig-
ure 6.5). The corresponding resolution constraint is addele unstructured grid model
and a 3D tetrahedral grid is obtained. Finally, the upscpérdcheabilities are calculated on
the dual grid as explained in Section 4.1. The norms of theltieg permeability tensors

are shown in Figures 6.6 and 6.7 for different views of themesr.
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Figure 6.4: Local average flow velocities (average of three Holutions)
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Figure 6.5: Prescribed correspondence between calcudstgdge flow velocity and grid
size

Figure 6.6: Top view of the upscaled model (dual grid) of talted reservoir|k*|)
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Figure 6.7: Side view of the upscaled model (dual grid) offthéted reservoir|k*|)
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Figure 6.8: Layered reservolng k

6.2 Layered reservoir

The reservoir considered in this application @08 x 100 x 50 cell model populated with
a log-normally distributed permeability field(, = 1, ju,, = 0). Here,L, =1, L, = 0.5
and L, = 0.25. Permeability is characterized by a spherical variograrti \principal
directions aligned with the coordinates axes and with tleviing dimensionless ranges:
Y = 1,7, = 0.75 andy, = 0.2 (with 7, nondimensioned by.,, v, by L,, and~, by
L.). A view of the reservoir is provided in Figure 6.8. In thix8en, we investigate grid
generation using single phase flow rate and breakthroughriaps obtained from tracer

streamline simulations.
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Figure 6.9: The uniform unstructured grids are construbiesplitting each Cartesian cell
into five tetrahedra

6.2.1 Optimum target aspect ratio

As it is often the case for reservoir property models, themgability distribution con-

sidered here exhibits a large degree of statistical amippirA greater correlation of the
permeability exists in the horizontal directions than ia tkertical direction. We therefore
anticipate that the grid resolution should be greater e@iyi than areally in the coarse
reservoir representation. The first step of the griddingess is to determine an optimum

cell aspect ratio for the unstructured grid.

We consider here three different aspect ratios for the umifoarse grids. The coarse
grid is unstructured, but obtained from a Cartesian coargkvgnere each cell is split
into five tetrahedra (see Figure 6.9). In view of the permégluorrelations, we consider
the three aspect ratios: x 1 x 1, 10 x 5 x 2 and10 x 5 x 1. For each aspect ratio,
several uniform grids of different sizes are considered.eaeh, tracer flow simulation is
performed. Pressures are fixed on the 0 andx = L, faces (‘left to right’ flow). Each

flow response is compared to the reference solution in tefrtieeaelative error of global
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Left to right flow
Aspect ratio| Number of nodes | Errorin@QQ/AP(%) | Errorin F,, (%)
Ix1x1 |17Tx9x5 = 765 -26.7 33.1
21 x 11 x 6 =1386 -31.6 23.7
31 x 16 x 11 =6528 -21.1 13.9
10xb5x2 | 8x8x10 = 640 -4.9 17.9
9x9x11 = 891 -1.3 16.4
11 x 11 x 13=1573 -2.4 12.8
10xbx1 |6x6x13 = 468 -5.9 16.8
8x 8x 18 =1152 -1.2 7.6
9x9x21 =1701 -0.3 6.2
11 x 11 x 26 = 3146 0.8 3.5

Table 6.1: Relative errors between fractional flow curvesiform) and@ /AP for the
layered system using uniformly coarsened tetrahedras grfidifferent aspect ratios (‘left-
to-right’ flow)

/AP and theL; norm of the error in the fractional flow curve, taken betweesnd 1

PVI.

The results are summarized in Table 6.1. We considered gittlsa number of nodes
varying between 468 and 6528. For a grid aspect ratio>ot x 1, the errors measured are
quite large for the coarser grids (abd0ts error in@QQ /AP andF,, for about 1000 nodes).
When the number of nodes increases, the errors slowly redugedrror for@ /AP and
14% error for F,, for a 6528 node grid). This aspect ratio introduces a nom@btnode
distribution, as a greater density of nodes should be usé#ukeiwertical direction than in

the horizontal directions.

Improved overall results can be observed forthe< 5 x 2 aspect ratio. The error in
/AP is reduced to a few percent for 1573 nodes, while the errdt,ins 13%. For an
aspect ratio ofl0 x 5 x 1, the results are improved over the results obtained witlilaim
grid sizes but different aspect ratios. The errofinA P drops belowl % with 1701 nodes

while the error inF,, is about6%. Thel0 x 5 x 1 aspect ratio also exhibited the best rate
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of convergence toward the reference results in terms of glotbal ) /A P and water cut.
From now on for this case, we fix the aspect ratio of all gridsegated td0 x 5 x 1. This

can only be achieved in an approximate sense as explainkd foltowing section.

6.2.2 Adaptation
Target aspect ratio

In this work, the 3D grid adaptation is performed by iteratimsertion of points and local
updating of the grid topology. The insertion criteria areided by a grid resolution map
and the updating is done in a way that forces the new grid taroagly Delaunay (in
Euclidean space). In order to control the cell aspect ritmgrid adaptation is performed
in a transformed space (along the lines described in Se6tignIn our example, where an
aspect ratio ofl0 x 5 x 1 is used, ther-coordinate is left unchanged, thecoordinate is
stretched by a factor 2, and thecoordinate is stretched by a factor of 10 in the transformed

space.

6.2.3 Flow-rate adaptation
Resolution constraint

We first adapt the grid generation of the layered model usmgan flow-rate map obtained
from single phase flow calculations. At each point in the Gaate model, the value of the
map is equal to the average norm of the local velocity veatbtained by the three flow
solutions. Boundary conditions were applied in each fineessiatulation so that the global

pressure dropP} — Pi)/L" is constant and equal to one for each simulation.

lthis means the Delaunay “empty sphere” property is satigfieall nodes, including those with geomet-
rical constraints
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(b) log |k*| on the dual grid

Figure 6.10: Fine and upscaled permeability fields
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Because we wish to assign a smaller grid size to high flow regithve grid resolution
constraint is a piecewise-linear decreasing functiclo@¥’, whereV is the mean velocity
norm obtained from the three flow problems. The parameteasdb are chosen to be
respectively the”;; and P»5 values. We are considering an upscaling factor of about 1000
(i.e, 1000 times fewer nodes in the coarse model than in the finedetore coarse model

sizes may vary from a few hundred to a few thousand nodes.

Small-to-large ratio

In the present study, the largest-to-smallest grid size (a§/s,) is fixed and tracer flow
simulations are performed for models of different sizesr{har of nodes). The error in the
coarse grid simulations is then measured. The rate of riesuct the error as a function of

the number of cells is then assessed and an optimur is determined.

Optimum parameters

Table 6.2 shows the flow simulation results obtained by vayyhe number of grid cells
N for a given small-to-large ratie,/s,. This is done for three different values f/ s,
1/2,1/3 and1/4. The ratios,/s, = 1/3 gives the fastest rate of convergence of the errors.
In particular, with 1394 nodes, the flow-rate adapted gratiteto an error i) /AP of
only 0.3% and an error irF,, of 5.2%. The value chosen for, /s, and N are respectively

Sa/Sy =1/3 andN = 1400

6.2.4 Breakthrough-time adaptation

As discussed for 2D adapted gridding in Chapter 2, the gridbeaadapted to attempt to

capture the breakthrough time of a particular flow problersing the arrival time of each
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Left to right flow
sq/sp | Number of nodes Errorin@Q/AP (%) | Errorin F,, (%)
1/2 449 nodes -0.8 13.4
775 nodes -0.7 9.4
1580 nodes -1.7 5.2
1/3 428 nodes -4.4 14.7
1394 nodes 0.3 5.2
1/4 405 nodes -2.3 15
1326 nodes 0.2 6.8

Table 6.2: Relative errors between fractional flow curvesrform) and@ /AP for the
layered system using flow-rate adapted tetrahedral grittsdifferent ‘small-to-large’ grid
size ratios (‘left-to-right’ flow)

Left to right flow

Sq/sp | Number of nodes Errorin@Q/AP (%) | Errorin F,, (%)
1/2 832 nodes 11 12.4
1907 nodes 5 8.2
1/3 511 nodes 0.7 15.7
1140 nodes 12.9 10.3

Table 6.3: Relative errors between fractional flow curvesrform) and@ /AP for the
layered system using breakthrough-time adapted tetrahgdds with different ‘small-to-
large’ grid size ratios (‘left-to-right’ flow)

streamline and assigning its value to all traversed grit$ calbreakthrough time map can
be generated and used as a grid adaptation property maphd-teft-to-right’ problem,
the breakthrough time map is shown in Figure 6.11.

The grid construction is then adapted to capture regionseofdéservoir swept by wa-
ter at early time, corresponding to small values of the kiteakigh-time map (see Fig-
ure 6.11). Table 6.3 summarizes the flow results obtainecddapted grids using, /s
ratios of1/2 and1/3. The target grid aspect ratio was fixedli® x 5 x 1 as previously.
Values for the error i) /AP are acceptable but deteriorate as we increase the number of
nodes. The error i, is still significant, but the breakthrough time is captureduaately

(see, for example, Figure 6.12, in which breakthrough tisngerfectly captured by a 511
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(a) log of the breakthrough time map

L B B O B B B B B L B B B B L B B B L B B
a L 2z 3

(b) Histogram of thdog of the breakthrough time map

(c) First quartile of the log of the breakthrough map

Figure 6.11: Small values of the breakthrough-time map @anded to highlight regions
of the reservoir swept by water at early time



6.2. LAYERED RESERVOIR 183

1
08}t — reference
= = BT time adapted
o
-
0.6 .~ -
o
LL; - -
.
04 B ~ -
V4
,/ L1 rel error= 15.7%
02} ’ Q rel error=0.7%
O 1 1 1 1
0 0.2 0.4 PV 0.6 0.8 1

Figure 6.12: Using breakthrough time map can significamtigriove the breakthrough time
in the upscaled model

node adapted grid although there is subsequent erréf,)n In addition to an accurate

breakthrough time, th@ /AP is also captured accurately (less théh error).

6.2.5 Breakthrough-time and flow-rate adaptation

Finally, use of both the flow rate map and the breakthrougietmap may provide better
results than those using only a single map. For a fixed nunflggidonodes, this amounts to
shifting vertices from high flow rate regions to low breaktigh time regions. Figure 6.13
shows that when using breakthrough time information in @aidito flow rate, the match
of the fractional flow curve can be improved. The agreemen} it P degrades slightly,
though it is still quite accurate. Further investigations @equired to determine how these

two flow information maps can be combined in an optimal manner
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Figure 6.13: Using a resolution constraint that combines-fiate and breakthrough time
may reduce thé’,, error (compared to using flow rate only)

6.2.6 Discussion

The flow adaptation was performed in three steps: (1) deterthie optimum target aspect
ratio from uniformly coarsened grids, (2) determine theraptn large-to-small cell size
ratio, (3) select the grid size (number of cells) to achidwe desired level of accuracy
(based on the flow diagnostics).

Both flow rate and breakthrough time adaptation were testddw Fate adaptation
allowed us to improve the flow results for the left-to-riglil problem when compared to
a uniform grid with the same number of nodes. The breakthrdinge, however, did not
exhibit systematic improvements. The left-to-right tnapeoblem proved to be captured
accurately with only 1400 nodes using a flow-rate adaptedi ((gss than 1% error in the
fractional flow curve and within 5% of the total flow rate) a®wsim in Figure 6.14. Such a

match could not be achieved with comparable grid sizes usimifgrm grids. Figure 6.15
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(a) Left-to-right

Figure 6.14: Best flow rate adapted grid (1394 nodes); aspéictis 10 x 5 x 1 and
Sa/Sp =3

shows a uniformly coarsened grid obtained after “guessagyid aspect ratio af x 2 x 1.

Similar results for d x 1 x 1 aspect ratio are shown in Figure 6.16.

Finally, we consider a different flow problem using the gredadlished for the left to
right flow scenario. For flow from front-to-back, we obtaiettesults shown in Figure 6.17
for (a) a uniform grid and (b) the flow-adapted grid deterrdifier left-to-right flow. The
uniform grid provides an accurate estimatedfA P, though there is a noticeable error in
F,,. The flow rate adapted grid, by contrast, provides accufgtbut shows substantial
error in Q/AP. This illustrates that the optimal grid for one flow scenamay not be
optimal for other flow scenarios. We note that, for this peob] errors for front-to-back
flow were generally higher than those for left-to-right flowhis was found to be the

case using botk*-MPFA andT*-TPFA. It may also be possible that the large amount
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Figure 6.17: Front-to-back flow problem proved not to be gegt by grids selected using
the left-to-right flow diagnostic

of upscaling we considered (a factor of 1000) is only appeaterfor the left-to-right case.
A significantly greater number of nodes may be needed to capie front-to-back flow

problem accurately.
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Chapter 7

Conclusions and future directions

This work proposed a methodology for constructing accurasgse reservoir models from
detailed geocellular representations. The solutionsidped allow for the resolution of
complex reservoir geometries by optimizing the match betwide coarse and fine model
flow responses for a collection of flow problems. To achievs, ttinree key technologies
were integrated into a general framework: flexible unstred gridding, flow-based up-
scaling and streamline simulation. New developments il e@Athese domains have been
accomplished and their accuracy and robustness have bemmseated. The principal
technical contributions of this work include: (a) a novetemsion of flow based upscal-
ing techniques for permeability tensors and transmisgéslon unstructured grids, (b) a
streamline simulator based on control volume solutions mstructured grids, and (c) a

methodology for generating grids based on flow information.
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7.1 Summary and conclusions

Unstructured grids are naturally suited for capturing claxmeometries and resolving
specific regions of the reservoir. Recent developments iarde of constrained grid gener-
ation have introduced new capabilities to coarse resemodeling as general geometrical
constraints can now be resolved in a more efficient manner\festhe use of structured
corner point geometry grids. The development of streangineulation techniques now
broadens the field of applications for unstructured gridsis Thay in particular open the
way for extensions of existing reservoir characterizatechniques based on streamline

simulation.

The principal challenge we encountered in developing tlsruatured streamline sim-
ulator was the accurate reconstruction of the velocity fiedth the fluxes computed from
the CVFE solution. The method proposed entails a local viglgostprocessing that in-
volves the resolution of a system of constraints that guaesncontinuity and consistency
with the numerically obtained fluxes. This required furtdescretization of the unknown
velocity field in order to obtain a system of minimum size thlwed us to enforce all
the constraints. This solution introduces a tetrahedreagsigbfor the tracing. The postpro-
cessing and the sub-grid tracing lead to a considerableaserof computational time and
data storage when compared to simulations performed owagnot-size Cartesian mod-
els. In this work, no special investigations were directagard reducing cost, although
we believe that it can be reduced significantly by improvimg &lgorithms of the subgrid
construction and storage. In particular one should takaradge of the primal grid struc-
ture to access the subgrid topology, via a hierarchical daih structure for instance, as

explained in the next section.

New flow-based upscaling methods were developed in this . wbhie extended local
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transmissibility upscaling proved to be very efficient aptcaing subscale permeability
heterogeneity and anisotropy. It was also shown that itenahore accurate and generally
more robust than the multiple-point flux approximation dedpwith extended local per-
meability upscaling. A significant benefit of th&-TPFA is that it bypasses the (multiple-
point) transmissibility calculation, hence saving the pomational effort that is required
for a sophisticated flux-continuous scheme. AsTHelPFA does not rely on any partic-
ular topology of the primal grid, it may be applicable to eveore general unstructured

grids, that may for example combine hexahedral cells, @jsetrahedra and/or pyramids.

The flow-based gridding examples demonstrated the poldgizefits of the use of
flow information in the grid adaptation process. The grid@daon was presented in a
parameterized form using a resolution constraint. A patamgelection method and a
step by step procedure were also presented. The synthetivor model considered was
upscaled by a factor of about 1000 and showed good flow agreenmith the fine model.
This close agreement was due to the combined use of flow baseshtissibility upscaling
and flow rate grid adaptation. Further study of the quamntédienefits of the adaptation as
well as default values for the gridding parameters are reedkso, the robustness of the

grid adaptation must be further investigated when simngatiore complex displacements.

Finally, most of the tools used in this work have been intesgtanto a software de-
velopment platform combining reservoir simulation spediiinctionalities as well as state
of the art geomodeling, gridding and visualization capaéd. This platform, based on a
Gocad kernel, allows us to perform all the tasks comprised in oud generation method-
ology in a single environment. Thus, structural modelimgervoir property construction,
fine scale flow simulations (tracer), adapted gridding, afasg and assessment of diag-

nostics (via unstructured tracer simulations) can all béopmed within the same software
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environment.

7.2 Future directions

The key future research directions include the enhanceamehturther testing of the tech-
niques developed in this work. The speed of the streamlmelation and upscaling rou-
tines needs to be improved in order to be able to consideemsgstith larger numbers of

grid nodes. Specific suggestions for future developmenasifellows.

7.2.1 Gridding

In the flow based gridding examples, we observed the impbirtgract of the aspect ratio
of the grid cells on the accuracy of the flow response. We mepa simplified mapping
approach to include some geometrical anisotropy in thesgyaherated. However, a more
general solution is needed. We suggest that the resolutimsti@int be a tensor field instead
of a scalar value, and that the cell quality criteria be esvad in the corresponding metric

space. This will provide variable grid anisotropy in a veatural and general fashion.

This work introduced two flow information maps (flow rate anedkthrough time
maps). These information maps are not the only useful seuwténformation for the
grid adaptation. The distance of a cell to a fault or a well rabp be of some interest. A
combination of average flow information and problem-spediistance maps may improve

the gridding strategy.
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7.2.2 Streamline simulation

Our implementation of the streamline simulator can be im@ddn several ways. Unstruc-
tured streamline simulation introduces a sub-grid for taeihg. The topology construction
and storage needs to be improved considerably for this togradical tool. Velocity in-
terpolants are constructed locally on a control volumeshadie current sub-grid topology
does not take advantage of this aspect. A substantial spemy be obtained on the sub-
grid construction if it is stored as a hierarchical struetun that case the sub-grid topology
would have two levels: one local to the control volume and global, connecting the
control volumes together (the latter topology is alreadyedued in the primal grid and
therefore need not be recomputed).

The use of the two-point flux approximation considerablyifies the definition of
the flux on the faces of the dual cells. Indeed, the flux betvweennodes only depends
on the pressure at these two nodes and does not involve thsupes at the vertices of
other tetrahedra sharing the edge connecting the two noles consequence, the flux
continuity constraints imposed on the postprocessed iglbecome much simpler. In
addition, their number reduces froémn, to n., wheren; is the number of tetrahedra and
n. is the numbed of edges in the grid. For a uniform grid for ine& this represents a
reduction of a factor 5. This reduction in the number of craists may be used to reduce
the number of unknowns characterizing the velocity fieldréfiore significantly speeding

up the postprocessing and the tracing itself when the twotflax approximation is used.

7.2.3 Upscaling, MPFA and TPFA

Further investigations are required to determine pralcticteria that identify cases when

the current MPFA fails for the solution of the discretizeggsure equation. It will be
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useful to determine relationships between the conditgpwinthe matrix and the grid and
permeability field.

It may be possible to extend tlH&-TPFA upscaling into a local-global procedure (along
the lines of Cheret al,, 2003). This will require the use of the global pressure ioleth
from the coarse scale solutions and iterations of the upddehnsmissibilities until a self

consistent solution is achieved.



Nomenclature

Notation | Definition
Roman

a; Length of theith principal axis of an ellipsoid
C Barycenter of a face

dl Element of length

ds Element of surface
av Element of volume

& Edge

f Flux (flow rate)

F, Producing water fraction (water-cut)
F Triangular face
Fij Face between the two dual celland;
G Pressure gradient

g Barycenter of a tetraheron

H Hexahedron

continued on next page
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Notation | Definition

k Permeability tensor

k* Upscaled permeability tensor

[ Dimensionless correlation length or length of augmented
system

L System length
M Midpoint of edge
N

Total number of grid nodes

n Normal vector

Ny Number of tetrahedra connected to a node

ny Number of triangular faces connected to a node
P Pressure or percentile

P Vertex of the primal grid

Q Total producing rate

q Flow rate

Q Quadrilateral face (face of a control volume)

r Number of rings in the border region

Sw Water saturation

Say Sb Minimum and maximum values of the target grid size

T Transmissibility coefficient
T Upscaled transmissibility
t Tangential vector

continued on next page



NOMENCLATURE

Notation

Definition

(S

VO
V*

T, Y, <

Greek

Hlog

(0}

Olog

¢

T

Time

Simulation time expressed in PVI
Tetrahedron

Darcy velocity

Spatial directionq € x, vy, z)
Particle velocity interpolant
Natural velocity

Recovered velocity

Volume

Cartesian coordinate vector

Physical space coordinates

Dimensionless range

Fluid mobility

Eigenvalue

Fluid viscosity

Mean of the log of a distribution

Singular value

Standard deviation of the log of a distribution
Rock porosity

Time of flight

continued on next page
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NOMENCLATURE

Notation Definition
& v Reference space coordinates
Operators
(+) Spatial average
- Arithmetic mean
| - | Area of a surface
diag(vy, . ..,v,) | Diagonal matrixA with A(i, j) = v;
null(-) Null space of a matrix
range-) Range (image space) of a matrix
rank(-) Rank of a matrix, dimension of the image space
e — rank Numerical rank, number of singular values greater than

Abbreviations
CVFE
FE
IMPES
MPFA
PVI
TPFA

Control volume finite element
Finite element

Implicit pressure explicit saturation
Multiple-point flux approximation
Pore volume injected

Two-point flux approximation
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Appendix A

The StanLab plugin

The simulation, upscaling and grid generation techniqesstibed in this work have been
implemented into a software development platform called‘@ocad developer kit”. This
platform is used for the development and maintenancgoohd itself but also for various
functionality extensions called “plugins”. This appendescribes th&ocad programming
environment, the structure that guides the implementatioa plugin, and the specific

functionalities that were implemented into tBeanLab plugin.

A.1 Gocad programming environment

Gocad is a geomodeler with applications in several areas of eantmeses. It allows
(among other tasks) one to perform structural modeling sémeirs, seismic interpre-
tation, integration of well-logs, geostatistical simigatand reservoir simulation grid gen-
eration. Although it is commercially distributeGocad has been designed not only to be
extendable in a proprietary manner, but also to be open &r etktensions performed by

Gocad users, or by a third party. We now describe @wzad software from the perspective
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of a research application, client of a robust scientificdifgrand visualization kernel.

A.1.1 Gocad products licensing

The Gocad program was written in the mid 1990s at the LIAD. It was writia C++ and
supports several computer architectu@scad is now sold and maintained by Earth Deci-
sion Sciences (formerly known as TSui@ocad plugins may be of two types: commercial
or research. Commercial plugins are sold througboaad licensing agreement while re-
search plugins are usually developed at the L1ADd made available to the consortium
affiliate members. In the latter caseGacad license is still required to use the plugin, as
Gocad acts as a kernel for the plugin application. Also note thatagch plugins may or
may not come in a readable source-code format. In that casemeo, their functionalities

are still accessible by concurrent plugins.

A.1.2 Gocad world, external developer perspective

The Gocad window application includes:

e a 3D view of theGocad world that contains rendered views®bcad objects,

e various menu bars and icons,

e atree ofGocad objects that can be manipulated and passed as parameteirsoofsv

functions.

1The StanLab plugin developed in this work is an exception
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During the implementation of @ocad plugin, two principal developments can be consid-
ered: the addition of new visualization capabilities, andAe addition of new functionali-
ties that use existinGocad objects.

Several object types(g, wells, surfaces, geometrical constraints) are alreaghtam
mented inGocad. However, new objects may be created for which “views” oregsp
attributes may be specified. These objects enrich the sebad object types and can be
displayed and edited. This can be seen for instance indpeLab plugin where polyhe-
dral cells (not present in th@ocad kernel) and associated properties can be visualized and
edited. This important aspect of tl®cad programming environment is used in this work
via the absorption of th&poLab functionalities in theStanLab plugin.

The addition of new functionalities to tf@ocad interface can be performed in a rather
efficient way if basic guidelines are followed. New functaiies are made available
through a sequence of programming steps that involve tregioreof different layers of
interface. As described further in this appendix, exisst@ndalone programs (such as a
flow simulator) can be called from th@ocad window using an appropriate data format
conversion (filter). Also, new functionalities (such asatnline simulation on structured
grids and upscaling techniques) can be implemented usiistjrexGocad objects. The
principal benefit is that simulation or upscaling resulta ba displayed oiGocad grids,

saving the usual postprocessing of simulation results files

A.1.3 Programming structure

Developing applications based on tBecad environment has three principal advantages:

(a) it provides a large number of routines and data strustao@veniently grouped into

2By Gocad object, we mean objects that the user manipulates throwgBEhview, not internal pro-
gramming object types
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libraries, (b) it guides the application programming usdifferent levels of interfacing
that allow one to create graphical input of parameters alsaselisplay of results, and (c) it

allows for cooperative developments via standardized comeation between plugins.

Programming layers

Gocad uses several layers of programming interface which allowditierent levels of
interaction with the elements of the program. For instaaceutine accessible from the
graphical user interface offers a different number of pai@ns than the programmer may
have originally provided. Between the user and the progranhenels, there is therefore a
“stack” of interfaces that simplifies and partially spedfiee parameterization for a partic-
ular functionality. This not only appears as a filter thatdsidome of the complexity of the
routines to the user, but also expands the possible apgphsadf a functionality as there
are a number of points of entry to the functionality. To easlel of entry may correspond

a different “client”.

Interface Client

Graphical interface User
Application programming interface (AP|) Customization of the plugin

Library interface Plugin developer

The following subsections describe the layers of programynmterfaces from the highest

to the lowest level.

Command line interpreter

The command line interpreter (CLI) and graphical commane iimierpreter (XCLI) form

the highest level of interaction with theéocad kernel and plugins. The CLI consists of
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a string parser that transforms a user message into a pamediGocad action. This
is useful for keeping a log of the commands durinG@cad session where each of the
user inputs can be summarized as a series of characterssthagcan be fed back to
Gocad during a later session, or to automate a series of actionhé&®l to be repeated
in sequence. This aspect allows the user the highest lev@badd programming and is
used in particular to generate “workflows”. The XCLI is thegmecal counterpart of the
CLI. It is comprised of dialogue boxes, pull-down menus andtextual help. It can be
viewed as a convenient proxy for generating strings inetgtnle by the CLI. Because the
write-up of the CLI and XCLI routines is rather tedious and téje, Gocad provides its
own language for generating the CLI and XCLI source code. Hmguage, called gencli,
allows one to generate CLI, XCLI codes and the appropriateifigyirin an expedient and

automated fashion.

Gocad application programming interface

TheGocad application programming interface (gapi) is a set of funresi that can be called
from the client interface. The structure of this interfasevery simple. Functions that
belong to the same category are grouped within the same stebsyor “namespacg”

Functions of the gapi may create, destroy or @titad objects, thus updating views in
the principal application window. Within the layered stiwe of the programming in-
terfaces, the function calls tend to go “downwardg,, functions tend to use other func-
tions from the same level or lower. Plugin routines (nonigagay call functions from

the gapi, though this tends to be a poor programming design.inStance, the stream-
line simulator may create (stream) lines to be drawn on theescusing the gapi function

iline::create_iline_frompoints(...).

3This is achieved in C++ by the implementation of “static” mwars of a common class
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Gocad library programming

This is where most of the actual plugin programming tend®toAd this level, no reference
is made to theSocad session or objects. Many of the data types that are definddsat t
level can be used at all locations in the plugins. For insgaadist or an event-notification

mechanism can be used in graphical or reservoir simulatiotines.

A.2 StanLab Plugin functionalities

This section describes the functionalities available | 3kanLab plugin via the graph-

ical user interface. These functionalities fall into threain categories: structured grids,
upscaling, and unstructured grids. Because these funtitiesare directed toward the cre-
ation of an upscaled unstructured reservoir simulationehdtle simulation-model data-

structure is also discussed.

A.2.1 Structured grids

Structured grids are the starting point of the unstructged generation methodology
proposed in this work. For that purpose, the following ofiers need to be performed on

any given structured grid:
¢ reference single phase and tracer flow simulations,
e generation of flow information maps,

¢ single phase flow calculations for upscaling permealslitie



A.2. STANLAB PLUGIN FUNCTIONALITIES 215

Structured streamline flow simulation

Tracer flow simulation may be performed oGacad structured grid (called a Voxet) for
the purpose of (a) calculating a water cut that will serve esference solution to be com-
pared with the solutions obtained on unstructured gridsd, (&) generating information
maps such as flow-rate and/or total breakthrough-time malgs, the display of some of
the streamlines used in the calculation may be beneficiaiderstanding the overall flow
pattern. The function “Perform Tracer Flow Simulation”cassible through the Voxet
Property menu, allows one to perform such a simulation fopg types of boundary con-
ditions and creates the desired results as new propertaehat to th&ocad Voxet model.

The dialogue box gives the following options:

e select the Voxet,

e select the type of boundary conditions (left-to-right,nfrdo-back or top-to-bottom)

and the value of the pressure drop across the model,

e select the Voxet property fields to be created (flow-ratesg of flight, total time of

flight, and the fraction of the streamlines traced to be aitpu

Note that in the current version of the plugin, the resultiragtional flow curve is not
displayed as &ocad window but is rather output as a text file in the applicatiorrent
directory. The file contains three columns for each of theastilines traced sorted by
increasing breakthrough time: the breakthrough time (i) R¥e associated flow rate, the
cumulative rate fraction (between 0 and 1).

Furthermore the option of performing a single phase flow &timn on the grid is
offered. This calculation is faster than the tracer simafaind also includes the additional

option of using periodic boundary conditions (with fixedgsere drop along one direction).
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Flow information maps

After a streamline simulation, the Voxet property fields gi@ted can be used to create
flow information maps.
For a flow-rate map, one possibility is to average flow ratemiobd for different

boundary conditions. The resulting map is then obtainedhe&ocad property menu:

1. create the flow rate map using “Create New Property”

2. average the flow rates using the “Apply Script” functiomlan

U= o[V + BV + 4|V (A.1)

whereq, (3 and~y are scaling coefficients and' is the velocity vector obtained by

applying a pressure drop in thec {x,y, z} direction.

For the total breakthrough time, a complication may arise wuthe fact that not all
simulation blocks are crossed by a streamline. A possilogeléraction of the cells there-

fore does not have a value. The solution we suggest is to:

e perform the streamline simulation in the- direction,
e perform the streamline simulation in the- direction,
e merge the two property fields,

e interpolate the values at unsampled cells usingabead kriging capabilities.

Map calibration

Statistics on the information map may be obtained withatad using the “Spatial Data

Analysis” wizard. This tool provides histograms, perclestiand directional variograms.
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Modifications of the map may again be obtained usBwgad property scripts, but one
may also use the end-point and shape-factor parametenizaitthe resolution constraints

available fromTGridLab, as discussed in Section A.3.

A.2.2 Upscaling

Upscaling capabilities were implemented in the contextrftiuctured polyhedral grids.
As polyhedral grids are not accounted for in the currentigarsf Gocad (2.0.7), the up-
scaling functionality requires the use of tiepoLab plugin. In our context, polyhedral
grids would typically be obtained as the dual of a tetraheah@sh, although this is not
necessarily the case. Indeed, Cartesian or corner-podg gan be converted to tfiepo-
Lab polyhedral data structure (using existing menus) and oscalpg routines can then

be applied to all types of grids.

Polyhedral grids are called “PSolid” ifopoLab. The upscaling routines were added
(in StanLab) under the PSolid menu. Two types of upscaling are congidé&r@nsmissibil-
ity upscaling, which calculates a two-point transmisgipitoefficient associated with any
polygonal face of the PSolid, and permeability upscalinigiclv allows for the calculation
of a full tensor for any polyhedral cell. For a given cell, focedure fits an ellipsoid
through points of the surface and extracts a 3D subset ofridlerlying Cartesian model
(extended region). The extended region is used to perfoensitigle phase flow calcula-
tions, while the ellipsoid is used to approximate the avenaggssure gradients and flow
rates on the polyhedral cell. The flexibility of the PSolidbdgsroperty management allows

values to be associated with any dimension of the grid: ppedges, faces or volumes.
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A.2.3 Unstructured grid

Two types of unstructured grids can be handledtanLab: (a) simplicial unstructured
grids comprised of tetrahedra and for which Ti@&idLab plugin offers advanced grid gen-
eration capabilities, and (b) polyhedral grids formed ia ThpoLab plugin that can be
converted from other grid types (such as structured orhiettel grids) or generated as the
dual of another grid. We now discuss the grid generationgis@ridLab, the unstructured
grid flow simulation using th&lowLab library, and the creation of simulation runs from

the StanLab interface.

The TGridLab plugin

TheTGridLab plugin generates simplicial grids constrained to user ddfoata. There are
two types of constraints: topological and grid resolutionstraints.

Topological constraints such as internal faults, horizonseservoir boundaries are
provided by a constrained structural model. The conssafitthe model represent the
type of contacts between intersecting surfaces. For instamthe case of a “Y” fault,
the branches of the fault rarely exactly intersect due targgdcal approximations. It is
critical not to insert any artificial gap between faults, lae gyridding algorithm will honor
the fictitious gap geometry, introducing many unnecessadyrgpdes. Whenever surfaces
intersect or are in contact, explicit constraints mustdfae be set in the model. In the
case of the “Y” fault, a “Border on Surface” constraint “atias” the antithetic (small)
fault to the synthetic (large) one. Also, to ensure that th@act between the faults covers
the entire width of the fault, an additional constraint moistset on the fault contact line.
This constraint is of type “Border Extremity on Border”. Thenstruction of the surface

constraints may be automated to a certain extent when usBwgad “Reservoir Model”
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object. Indeed, the creation of an intermediate reservoutefi from intersecting surfaces
automatically introduces constraints based on distanterier The updated surfaces can
then be used by theGridLab plugin, as we now explain.

To construct a simplicial grid usingGridLab, a “Wireframe Model” must first be con-
structed. An instance of a wireframe model i$GridLab object that synthesizes the grid
information for objects of different dimensions (volumesrfaces and lines). It also em-
beds the topological constraints to ensure that griddegbtdbpre consisteritg., that grids
conform to their constraints. For instance, two intersgrtiurfaces may be independently
triangulated but their intersection must have a unique 14aerdiization. The wireframe
model ensures this consistency. Once the wireframe modaeinstructed, an initial con-
strained tetrahedral grid can be constructed. This is dgriiedt choosing a 1D discretiza-
tion for lines, then a target triangle size for each surfaod,finally a target tetrahedron size
for volumes. Finally, resolution constraints may be spedind the grid may be adapted.
The resolution constraint is provided by a property seriat may be that of a surface
(TSurf), a tetrahedral grid (TSolid) or more generally otraistured grid (Voxet).

Resolution constraints may be used to control the node geofsgither the surfaces
that were imbedded in the wireframe model or of the 3D gridlitsThis is done via the
Wireframe Model menu “Add Resolution Constraints”. We camtleapt the surfaces
using the 2D constraints (this automatically updates ttraliedrization). Finally the 3D
grid is adapted using the 3D constraints, and the last aparexports the tetrahedrization
to theGocad window, converting it from the wireframe to a stand@akad TSolid format.

Note that therGridLab plugin contains many more functionalities than those dised

in this appendix.

4The Gocad “Reservoir Model” should not be confused with ti&anLab “Reservoir Simulation
Model” described later in this appendix
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From Flex to FlowLab

StanLab allows us to perform basic flow calculations on unstructueds. The function-
alities ofFlex were carried over tBlowLab, a stand alone library package that can be linked
to theStanLab plugin. The new libraries introduce several enhanceméiits. use of the
Standard Template Library data types and algorithms wasrgéred. New boundary con-
ditions were added such as fixed BHP/block pressure for thiecartrols or a numerical
aquifer. AlsoFlowLab is able to perform 3D streamline simulations. In summatgnLab
allows one to run unstructured grid simulations either amadsalone program that reads
a text-based input, or directly fro®tanLab where data for the grid, permeability field,
transmissibility coefficients and wells are converted fribaGocad to the FlowLab data

type. The data structure that allows us to create a flow stmnlanodel is now explained.

A.2.4 Simulation data structure

In order to integrate the assessment of the unstructureldoglity to the adapted grid
generation workflow, we implemented the capability of rungna tracer flow simulation
directly from theStanLab window. This option calls routines from thdowLab library.
Hence, all data needed for the simulation must be acquirggtioerated bystanLab and

transferred td-lowLab. The data we need to transfer are:

¢ the primal grid, comprised of

— the coordinates of vertices of the grid

— the topology (connections between the nodes)

e a distribution of rock properties given as a list of:
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— 3D points
— associated permeability

— porosity

the upscaled transmissibilities which, in the case of theepint flux approximation,

are given as a list of triplets that contains:

— the index of the two connected nodieg

— the associated transmissibility coeffici@nt

the fluid PVT properties

the boundary condition definitions (wells and aquifers)

various controls such as time stepping, well conditiats,

some tuning parameters

Some of these data can be automatically generatestdnt ab such as the PVT data for
a tracer flow; others are entered by the useg,(wells) or are stored as a result of an
internal calculation (transmissibility upscaling for exale). The reservoir simulation data

are stored in the following three macro structures:

e ‘Simulation Grids’

¢ ‘Boundary Conditions’

o ‘Rock Model’

We now discuss each of these structures in more detail.
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Simulation Grids

This structure handles the primal and dual grids and therespondence. This complexity
is motivated by the fact that we want to be able to pass coiwitgdists to the simulator
and because we need to handle two different grid-types. Whdeupscaled transmissi-
bility coefficients are calculated on the faces of the dual,dhe simulator needs to know
between which of the primal nodés; the flow connection is to be created. This structure
therefore keeps track of the correspondence between agqubbicell and the dual vertex
it originated from. Note that it is possible to create an apst permeability tensor field
on any polyhedral grid, but that transmissibility upscgliequires that both the primal and

dual grids be stored in the Simulation Grid structure.

Boundary Conditions

The “Boundary Condition” structure stores the list of the rese features that interact
with the reservoir model. Each feature (well or aquifer) bage different aspects (or
views): a geometry, a control logic, and a numerical model.

The geometry of a boundary condition can have differentifipattons. Specifically,
it can be a 2D or 1D object and can be represented by a disxulailziect or an analytical

expression. Below is a table that summarizes these cases:

Dimension
1D 2D
Discrete a well a 3D aquifer

Parameterization

Analytical | 2D aquifer| (not used)

Note that the geometry of the boundary condition is indepandf the grid. The same



A.3. GRID GENERATION WORKFLOW 223

structure is therefore used for storing the simulation ddtiaoth structured and unstruc-
tured runs. The simulator introduces the connection betwiee general geometry of the
boundary condition and the grid provided. The control of eeindary condition allows
relatively little flexibility: fixed BHP or total flow rate for wills, and fixed pressure for the
aquifers. The fixed pressure aquifer was used to simulatettatace flow in the results

presented in this thesis.

The numerical model view specifies the way the boundary ¢mmdinteracts with the
reservoir numerical model. In the case of a well, it is thioagwell index, in the case
of a fixed pressure aquifer, the block pressure unknownsleretl” to a fixed pressure
value. When multiphase flow is considered, it is this part efrtfodel that decides how the
mobility of the fluid should be calculated (in the case of gedting well for instance), or

what fluid should be injected into the reservoir (in the casfixed pressure aquifer).

Rock Model

The Rock Model stores all the results from the upscaling moes. This includes the
porosity values, permeability tensors, and transmissildefficients. These fields are

stored in the embedding of the PSolid (either on the 3D or 28)ce

A.3 Grid generation workflow

This section describes a step by step procedure to generatiapted unstructured simula-
tion run usingStanLab. The three principal steps are the data preparation, adiggtiding,

and reservoir simulation modeling.
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A.3.1 Data preparation

We now describe briefly how to construct the fine model propdigtribution and structural

information.

Voxet

The Gocad structured grid (Voxet) is created using “VoxetNew— From Step Vectors”.
Properties are assigned usi@gcad geostatistical capabilities. First, a variogram is con-
structed using the “Applicatiop Spatial Data Analysis”, then we perform a kriging using
“Geostatistics» Unconditional SGS”. Finally, we create the basic strudtur@rmation

using the following steps:
1. “Surface— Create From Object Box” (use the Voxet) creates one surfateBytrts

2. “Surface— Create From Surface Part” creates 6 surfaces. At this stagenstraints

exist between them

3. “Surface~ Model3D— New From Surfaces” creates copies of the surfaces on which

the appropriate constraints are introduced

Flow information map

We then perform tracer flow simulations througtanLab menus: “Voxet> Property—

Flow— Tracer Simulation” using the permeability/porosity modedated earlier. The re-
sulting flow property fields are attached to the Voxet, while fractional flow curve is
saved in an ASCII file. Running similar single phase flow proldersing different bound-
ary conditions, we generate an average flow-rate map usiogtBg A.1 in the menu

“Voxet— Compute— Apply Script on Object”.
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A.3.2 Adapted Gridding

We now use th&GridLab functionalities to generate an unstructured grid adapietie

flow rate information. We follow the steps below:

1. create the frame model via “FramemodeCreate from Surfaces” (or “Model3D”)

2. initialize the 1D, then 2D, then 3D tesselations usingatiemodel- Create Tesse-

lation...”

3. install the grid resolution constraint via “FramemodeConstraints- Add 3D Con-
straint”. The window application allows one to choose thavession between the

flow-rate values and the target grid resolution

4. update the tesselation using the resolution constremariemodel Refine Grid—

With Constraints”

5. export the grid under a format th@bcad can handle (TSolid): “Framemode}

Export— TSolid from Tesselation”

Statistics on the number of tetrahedra and vertices canta@el in the “Info” property

of the TSolid created.

A.3.3 Reservoir simulation model

Instead of creating the dual grid directly from the “PselidCreate from Dual” menu of

StanLab, we create a Reservoir Simulation Model. The steps are as\vsil

1. create a TFlowSimulation from “Reservoir SimulatiorCreate from Primal Grid”
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2. compute the dual grid using “Reservoir Simulatietpdate Dual Grid” (the corre-

sponding PSolid dual grid is created in #Aecad world)

3. perfom the desired upscaling (permeability and optigriehnsmissibility; perme-

ability may still be required for the well index calculaten
4. add boundary conditions

5. create a tracer simulation run “Reservoir SimulatioBxport— Create a Simulation

Deck”

The user is then prompted for a directory location to whitkhal data are transferred to
execute the simulation. A default fluid model file is also gated for the tracer flow case.
An alternative to the last step is to directly execute theusition run from theStanLab
window. However, this option is limited in the current vensiof the plugin since the results

are not transferred back to the dual grid. This extensionevewcan be achieved easily.



