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Abstract

Geological characterizations typically produce detailedgeocellular models that display

high degrees of heterogeneity and geological complexity. These models are in general too

detailed for direct use in reservoir simulators. For this reason, some type of coarsening pro-

cedure must be applied to obtain the flow model from the detailed geological model. This

work addresses the generation of accurate coarse models that are able to capture complex

reservoir geometries and at the same time preserve the basicflow response of the detailed

model. This requires the use of unstructured gridding techniques and the application of

specialized averaging or upscaling methods to capture subscale permeability heterogene-

ity. A computationally efficient flow-based diagnostic, capable of assessing the quality of

the coarse model, is also an important component of the overall methodology.

In this work, new capabilities in all of these areas are presented. The techniques devel-

oped are suitable for use with a multipoint unstructured finite volume numerical scheme.

The finite volume grid is formed as the dual of the underlying tetrahedral (in three dimen-

sions) or triangular (in two dimensions) primal grid. A streamline simulation technique

for the efficient modeling of flow and transport on unstructured grids is presented. This

tool can be used to provide the flow-based assessment of the coarse model. The streamline

method applied here considers unit mobility (tracer) displacements. The key to accurate
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streamline simulation on unstructured grids entails the determination of an appropriate ve-

locity interpolant. The technique presented here consistsof a local postprocessing of the

numerically calculated fluxes, leading to a consistent and flux-continuous piecewise con-

stant representation for the velocity defined on a subgrid oftetrahedra or hexahedra. The

resulting tracing acts to minimize the nonphysical swirling of the streamlines and is shown

to provide accurate results for several reference problems.

The effects of fine scale heterogeneity in the coarse model are captured through the use

of permeability or transmissibility upscaling. The permeability upscaling involves the local

calculation of an equivalent permeability tensor for each coarse scale control volume. The

transmissibility upscaling requires the calculation of the flow over the region correspond-

ing to two coarse simulation cells and the subsequent determination of the flow through

the interface between the two cells. The permeability upscaling is appropriate for use with

multipoint flux approximations while the transmissibilityupscaling is applicable within the

context of two-point flux approximations. For the problems considered here, the transmis-

sibility upscaling appears to be the superior technique, though more investigation of this

issue is required.

The unstructured grid can be adapted to both geological features as well as to specific

flow problems. Flow adaptation is accomplished through the use of single phase fine scale

flow solutions, which are used to generate target grid resolution maps. Grids can be adapted

to contain fine cells in regions of high flow or in regions leading to the early breakthrough

of injected fluid. The unstructured grid generation techniques have been implemented

in a Gocad-based software platform that allows for the construction of problem-specific

adapted grids. The accuracy of the overall methodology is demonstrated through applica-

tion to large synthetic reservoirs. Results are presented interms of global flow rates and
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water cut. It is shown that the new techniques are able to provide coarse scale descriptions

of reasonable accuracy even for very high levels of coarsening. It is further demonstrated

that the use of optimal cell aspect ratios and/or flow information can act to improve the

accuracy of the coarse scale model considerably.
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Chapter 1

Introduction

Reservoir simulation is an essential tool for the managementof oil fields. It can also be

used to quantify the effect of uncertainty in reservoir description. Reservoir engineers

are faced with the challenge of evaluating multiple flow scenarios on possibly multiple

realizations (or views) of the reservoir. With geological models exceeding current computer

capabilities for simulation purposes, significant coarsening of the reservoir description is

generally needed to obtain and process the flow simulation results in the required time. To

attain such coarsening, flexible (unstructured) grids provide an attractive solution to enable

the accurate and efficient modeling of the reservoir geometry and heterogeneity.

The work presented here aims at providing semi-automated tools to generate coarse

reservoir models. Highly detailed reservoir descriptionsare assumed to be available and

we consider the task of constructing, in an efficient manner,coarse grid models that “op-

timize” the number and distribution of the grid cells neededto accurately represent the

detailed model. In this approach, the coarse models constructed are intended to reproduce

flow simulation results obtained on the reference model under a set of particular bound-

ary conditions. Obtaining a match for displacement problems while considering multiple

1
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flow scenarios is also possible using the methodology presented. Streamline simulation is

the preferred tool to evaluate the match between coarse and fine models and also to obtain

valuable spatial flow related information. Various types offlow information are extracted

from these simulations and integrated in the gridding process.

An important contribution of this work is the extension of the streamline method to

three-dimensional unstructured grids. We also implement techniques for the modeling of

complex geological features of the reservoir and develop flow-based 3D upscaling for un-

structured grids. Key technologies are presented and used in a “coarse grid generation”

methodology. We describe the iterative construction of geologically complex coarse mod-

els that account for sub-scale heterogeneity and anisotropy and that exhibit similar flow

response as the reference model. Coarse models capture the fine scale heterogeneity in

the form of equivalent permeability tensors and/or upscaled transmissibilities for which

computation techniques are proposed and described in this work.

We review next the work of previous researchers in the area ofupscaling, reservoir

gridding and the use of unstructured grids in reservoir simulation. This literature review

highlights the need for a gridding framework that unifies theupscaling, flow adaptation,

and assessment of the grid quality and grid robustness procedures. The second chapter

presents approaches and results for two-dimensional flow based gridding. Flow-based full-

tensor permeability upscaling is extended to unstructuredgrids and some flow results are

presented. In Chapter 3, we extend the streamline method to 3Dunstructured grids. The

streamline method will then be used to measure efficiently the flow response mismatch due

to coarsening. Chapter 4 describes novel techniques for the flow-based upscaling of per-

meability and transmissibility on 3D unstructured grids, and presents the 3D coarse-grid

generation methodology. The tools used to achieve accuratecoarse grid generation are
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also described. Chapter 5 demonstrates the accuracy and robustness of the new streamline

method and the transmissibility upscaling. Chapter 6 illustrates the gridding methodology

implemented on synthetic reservoir examples. Finally, in Chapter 7, we draw some conclu-

sions and propose future directions for new investigationsand possible improvements.

1.1 Literature Review

This section reviews the relevant literature on three of thetopics addressed in this work: the

use of unstructured grids in reservoir simulation, the development of absolute-permeability

upscaling techniques, and existing approaches for the grid-adaptation of upscaled models.

For a literature review on the streamline method and streamline tracing, refer to Chapter 3.

1.1.1 Unstructured grids

Widely used in computational fluid dynamics and other scientific and engineering calcula-

tions, unstructured grids are growing in popularity in reservoir simulation (Palagi and Aziz,

1991; Verma and Aziz, 1997; Heinemannet al., 1991, 1998; Gunasekeraet al., 1998). A

major step in favor of their use was the development of flux-continuous numerical schemes

that provided a natural generalization of the well known finite-difference harmonic-mean

transmissibility approximation, while also accounting for full tensor permeabilities and grid

nonorthogonality (Verma and Aziz, 1997; Edwards and Rogers,1998; Aavatsmarket al.,

1998). These numerical schemes were combined with flow basedgridding (Edwards, 2002;

Pŕevost, 2002) to take advantage of the accuracy of flux-continuous full-tensor approxima-

tions while saving on the number of grid cells needed to capture the relevant features of the

reservoir. The petroleum engineering literature also provides many examples of the use of
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quadrilateral and hexahedral grids that rely on the structured nature of the grids while ben-

efiting from some degree of flexibility (Garciaet al., 1992; Edwardset al., 1998; Castellini

et al., 2000; Wenet al., 2003a). A possible compromise on the complexity on the gridcan

be achieved by the use of locally-structured / globally-unstructured grids where the domain

is subdivided into hexahedral blocks and structured grids are used in each block (Gunasek-

eraet al., 1998; Jennyet al., 2002). This avenue is promising but may lack generality when

considering very complex reservoirs where the definition ofthe blocks (sub-domains) com-

posing the model may be difficult to achieve. Sub-domain gridding may however prove to

be useful when new wells are introduced in the reservoir, therefore limiting the update of

the coarse model to one or a few sub-domains (Castelliniet al., 2000). A few authors also

suggest the use of hybrid (or “heterogeneous”) unstructured grids, composed of tetrahedra,

hexahedra, prisms and pyramids or, in a 2D context, composedof quadrilaterals and trian-

gles (Edwards, 2002). This approach was successfully applied in 2D but the benefit of the

structured grid in terms of solver time may be limited unlessspecial linear solution proce-

dures are applied. Finally, unless it is performed in an automated fashion, the 3D hybrid

gridding generally requires editing of the mesh in the regions where transition elements are

used (prisms and pyramids) between zones where tetrahedra and hexahedra are used.

The following review focuses on homogeneous unstructured grids, as opposed to locally-

structured / globally-structured or hybrid unstructured grids. Heinemannet al. (1991) and

Palagi and Aziz (1991) were among the first authors to apply Voronöı grids (also called

PEBI for perpendicular bisection) to simulate flow in petroleum reservoirs. Their applica-

tions for both homogeneous and heterogeneous 2D reservoirsaddressed many of the key

issues related to grid adaptation, namely: near well refinement, flux discretization, align-

ment of the grid to permeability trends, and effective permeability calculation (Palagi and
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Aziz, 1991). However, those authors relied on scalar permeability values and two-point

flux approximations for 2D PEBI grids. Their results demonstrated the benefits of using

unstructured grids for the reduction of grid orientation effects and an accurate well geom-

etry resolution.

Verma and Aziz (1997) extended the discretization schemes based on the multiple-point

flux approximation developed in Aavatsmarket al.(1998) and Edwards and Rogers (1998)

to tetrahedral elements. They applied the extended transmissibility calculation to the con-

trol volume finite element method on 2D and 3D unstructured grids, allowing full tensor

permeabilities and accurate multiple-point flux approximation that no longer depend on a

Voronöı or a K-orthogonality grid-criteria. Palagi (1992) exhibited a 2D PEBI grid gen-

eration technique based on the use of modules, which was later extended to 3D by Verma

(1996). This approach, called modular gridding, constructs the mesh in two steps: (a) the

superposition of grid modules, each characterized by user-defined vertex spatial distribu-

tions, and (b) the use of a Delaunay tesselation algorithm which connects the vertices,

hence defining the property distribution cells as the primalor dual cells. This technique

was completed in 2D with the capability of aligning dual cellboundaries with geological

features such as faults or internal boundaries. In that case, the geometrical (geological)

constraints are enforced in a postprocessing that shifts certain points of the dual grid. How-

ever, no indications are given on how the method works at fault intersections, for instance,

and a more general method to deal with complex faulting in 3D is still needed.

Gunasekeraet al. (1998) illustrated the use of the multiple-point flux approximation

(MPFA) for a general polyhedral grid. The mesh was composed of hexahedra and tetrahe-

dra. Standard two-point flux was used under the condition of near K-orthogonality. When
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MPFA was necessary, additional transmissibility coefficients were provided to the simula-

tor. The paper did not address the issue of grid generation, upscaling or adaptivity to flow

information.

Lévy and Pŕevost (2000) proposed a 2D gridding method based on the jointuse of mod-

ular gridding (Palagi, 1992; Verma, 1996) and user-defined grid density adaptation. Flow

information maps extracted from streamline simulations were used for the adaptation while

the gridding technique was based on a metric gridding approach developed by Borouchaki

et al. (1997). Applications included 2D structured and unstructured grids based on stream-

line density maps. Some of these results are discussed in Chapter 2.

Hale (2002) advocated the use of unstructured grids from theseismic interpretation to

the flow simulation. Combining image processing and optimization techniques, Hale pro-

posed to automatically align a lattice of points with horizons and faults in a 3D seismic

image. Connecting these points yields an unstructured grid that can be used both for seis-

mic interpretation and flow calculation. Depending on the type of mesh elements desired,

Hale aligned the lattice of “atoms” either on or alongside image features, hence providing

cells suitable for either cell- or point- distributed permeabilities. This technique generates

the grid in two distinct steps: the optimization of point location (based on point attrac-

tion/repulsion information provided by the seismic image)and the mesh generation using

a standard Delaunay algorithm. The resulting grid is not constrained in a topological sense

by the features on the image, yet the points are introduced sothat the cells (primal or dual)

conform to the image features. Although this is not illustrated in his paper, the density

of the grid can theoretically be adjusted to some information map by spatially varying the

value defining the attraction/repulsion potential of the vertices.

Lepage (2002) proposed a framework for gridding complex geological models using
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triangular and tetrahedral meshes. The steps of the gridding procedure are as follow. A

macro-topology that embeds the various geometrical constraints of the structural model is

first devised. A tetrahedral Delaunay refinement algorithm (Shewchuk, 1997, 1998) is then

employed to adapt the grid-density to a user-defined resolution constraint. This technique

entails solutions to the issues of grid cell quality, grid density and constraints to geological

surfaces. Many of the problems that arise in the grid-adaptation to geological features are

addressed in this paper. For instance, small angles that arise at pinch-out locations or fault

intersections are properly handled (Shewchuk, 2000). Also, grid density information can

be readily accounted for both at the surface and the volumetric levels. This technique is

different from Borouchaki’s metric gridding (Borouchakiet al., 1997) and in particular

does not feature its anisotropic adaptation capabilities.Nevertheless, it has proven to be

quite robust and is the method of choice for the 3D flow adaptedgridding addressed in

Chapter 4.

Cao and Kitanidis (1999) presented a methodology for high-accuracy computation of

flow in a heterogeneous isotropic formation, employing a dual-flow formulation and adap-

tive gridding. Their mesh-adaptation approach enhanced the accuracy of the numerical

flow solution for a given computational cost. Grid refinements were iteratively introduced

using ana posteriorierror estimator of the finite element solution. This technique specif-

ically addressed reduction in the numerical error. However, it is not guaranteed that the

final adapted solution actually converges to the reference solution as the coarse and ref-

erence problems (discrete coefficient distributions) are different. This is the case because

the cell permeabilities, determined via an upscaling of theunderlying geocellular model,

change as the grid changes. In the present work, our approachwill focus on refinements

that improve the definition of the coarse problem relative tothe fine description as opposed
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to reducing numerical errors, which are believed to be second order effects in many of the

cases that are of interest to us.

Most of the gridding techniques described above are practically applicable to obtain

reasonably accurate reservoir descriptions in 2D or (to a lesser extent) in 3D. However, only

the framework devised by Lepage (2002) (based on the work of Shewchuk, 1997) enables a

systematic accounting of both geological features and spatially varying grid quality criteria.

A significant flexibility of the grid adaptation is left to theuser and, as will be demonstrated,

several quality criteria can be devised and integrated in the gridding procedure. As a result

of this, the grid generation algorithms are tailored to produce quality flow models.

1.1.2 Upscaling

The most fundamental requirement of the coarse model is thatit should reproduce in an av-

erage sense the flow response of the fine model. Hence, a critical aspect of the coarsening

process is the accurate calculation of equivalent permeabilities or transmissibilities such

that the discretized coarse scale flow equations capture thesub-cell heterogeneity. This

subsection summarizes approaches used in the literature tocompute equivalent permeabil-

ity representations from detailed permeability descriptions. For comprehensive reviews,

refer to Renard and de Marsily (1997) and Wen and Gómez-Herńandez (1996). See He

et al.(2002) for the description of a permeability upscaling technique on general quadrilat-

erals using a mixed finite element solution. See Eek-Jensenet al. (1999) for applications

of a 3D upscaling technique on general quadrilaterals and Trykozkoet al. (2001) and Zijl

and Trykozko (2001) for recent developments in upscaling using nodal and mixed finite

element methods.
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General discussion of upscaling techniques

We now consider the determination of equivalent permeability coefficients for the pressure

equation. The equivalence of flow at the two different scalesis generally based on the

assumption of steady-state, uniform1, single-phase flow. In the following, the coarse scale

permeability is referred to as theeffectiveor equivalentpermeability while the permeability

from the detailed description is called thefinescale permeability.

Effective permeabilities can be viewed as “averaged” values. However, since perme-

ability is not an additive property, this analogy can be misleading. Several analytical re-

sults for the effective permeability are available. For flowin a layered reservoir, the effec-

tive permeability for flow across the layers is exactly the weighted harmonic mean of the

layer permeabilities. The arithmetic average is the resultfor flow along the layers. For an

isotropic checker board pattern or for an isotropic lognormal permeability distribution, the

effective permeability is equal to the geometric average. Also, Cardwell and Parson (1945)

proved that arithmetic and harmonic averages are respectively the upper and lower bounds

of the effective permeability. Based on this observation, Journelet al. (1986) and Deutsch

(1989) proposed a continuum of power-averaging methods ranging between the harmonic

and arithmetic extremes. Although very efficient computationally, power-averaging meth-

ods have some limitations. Specifically, the value of the power exponent is essentially

case-dependent and needs calibration. In addition, these methods cannot be expected to be

as accurate as numerically based procedures.

Because permeabilities at the fine scale are generally assigned to a volume-support

larger than the volumes of the measurement scale, the fine permeability is possibly already

a tensor. For spatially correlated media, effective permeability is generally a tensor even

1as opposed to radial for instance
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when the fine permeability is isotropic. The power-averaging methods do not solve for the

tensor principal directions but, if those are provided, power averaging can be applied to

calculate the components of the tensor.

Discussion of flow-based upscaling

Many upscaling methods (e.g., so-calledanalytical methods) make limiting assumptions

on either the non-tensorial aspect of the upscaled permeability (power averages, renormal-

ization) or on the periodic character of the fine permeability distribution (homogenization

theory). However, numerical experiments showed that from aflow perspective, the equiva-

lent permeability or transmissibility can depend on the boundary conditions applied on the

domain. This dependence is generally strongest for blocks of size comparable or smaller

than the correlation length of the fine permeability. This observation has led to a large

literature ofnumericalupscaling methods. These methods are based on the resolution

of the pressure equation on a domain including the block of interest for certain sets of

boundary conditions and are hence referred to asflow-basedmethods. Flow-based meth-

ods essentially differ from one another in the type of boundary conditions applied, the size

of the region simulated, and the way in which the upscaled property (e.g., permeability) is

computed from the fine scale simulation. Depending on the region considered in the flow

simulation compared to the target region for which the permeability is sought, flow-based

methods can be classified as either local, extended-local orglobal.

Warren and Price (1961) were the first to apply flow-based methods. They solved the

single phase flow problem to provide effective permeabilities in each direction of space.

White and Horne (1987) solved for the upscaled transmissibility by solving multiple global

fine flow problems and applying a linear least square regression to fine scale pressures



1.1. LITERATURE REVIEW 11

and fluxes. They appear to be the first researchers to considerthe full-tensor aspect of the

upscaled permeability.

Durlofsky (1991) proposed a method that solves for a generalpermeability tensor and

also guarantees that it is positive-definite. This propertycomes from the use of periodic

boundary conditions in the resolution of the pressure equation. Wenet al. (2000, 2003b)

showed that flow-based upscaling using either border-regions or a rotation of the domain

under study both produced improved results in some cases over the purely local upscaling

presented by Durlofsky (1991). Their idea makes use of the ‘skin’ introduced by previous

investigators but in a periodic boundary context. A possible limitation of the technique

is that the positive-definiteness of the equivalent permeability tensor is no longer guaran-

teed. This is recovered approximately through use of a leastsquare procedure (Wenet al.,

2003b).

He et al. (2002) proposed an upscaling technique for general quadrilateral cells. Their

method entails the mixed finite element solution of the localfine scale pressure equation

over the quadrilateral region. The heterogeneities internal to the quadrilateral are resolved

using triangular elements and periodic boundary conditions are applied. The resulting per-

meability tensor is computed via integration of the fine scale velocity and pressure gradi-

ents. The principal difficulty of the method lies in the application of periodic boundary

conditions on non-rectangular cells. For rectangles, quadrilaterals, or parallelograms, the

proposed method is equivalent to the one of Durlofsky (1991)which was shown to be im-

proved by the use of border regions (Wenet al., 2000, 2003b). The use of border regions or

alternate boundary conditions within the context of the method of Heet al. (2002) is also

possible.
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Edwards (2002) presented an application of the border-region upscaling for 2D unstruc-

tured grids by averaging velocities and pressure gradientsover a general polygon instead

of a rectangle. The resulting tensors were used in a flux-continuous numerical scheme for

unstructured grids.

Extension of the flow-based upscaling techniques to 3D unstructured grids does not

appear to have been reported in the literature. Extension ofthe approaches presented for

the 2D case is not trivial and may require sophisticated procedures to achieve an efficient

and accurate upscaling.

Many of the procedures described above can also be used to compute upscaled trans-

missibilities. In some cases, the use of upscaled transmissibility has been shown to provide

coarse scale simulation results of better accuracy than those obtained with upscaled per-

meability (e.g., Chenet al., 2003). To date, most transmissibility upscaling procedures

have been applied within a two-point flux context, though upscaled transmissibilities can

be used within a multi-point flux setting. In this work, we will apply both permeability and

transmissibility upscaling for 3D unstructured grids.

1.1.3 Grid adaptation

By grid adaptation, we mean the adaptation of the simulation grid based on information

related to static properties of the model (like permeability or internal boundaries) or dy-

namical flow-related information. In the latter case, we usethe term ‘flow-adaptation’. By

contrast, dynamic grids and dynamic local grid refinements that track saturation fronts and

evolve during the simulation arenot discussed in this work, as the ‘static’ grid approach is

still the norm in reservoir simulation.
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Flow adaptation

Several authors recognized that the quality of the reservoir model is affected by the orien-

tation of the reservoir features relative to the simulationgrid. Features that are not aligned

with thex, y, z axes of a Cartesian grid can be modeled in different ways, either by accu-

rately computing equivalent permeability tensors by locally rotating the grid for instance

(Wen et al., 2000), or by locally distorting the grid to ‘track’ the heterogeneity trends

(Verma and Aziz, 1997; Edwardset al., 1998; Castelliniet al., 2000; Wenet al., 2003a).

Verma and Aziz (1997) used streamlines as a curvilinear coordinate to construct a

structured quadrilateral grid. Edwardset al. (1998) further developed the technique of

streamline gridding by also including isopotential lines orthogonal to the streamlines. The

principal improvement offered by this gridding technique is the reduction in pressure dis-

cretization complexity resulting from diagonal permeability tensors in the local coordinate

system.

Castelliniet al. (2000) extended the technique introduced in Verma and Aziz (1997)

and Edwardset al. (1998) by performing the flow adapted gridding in a modular context.

The domain was decomposed into sub-domains (modules) such that the flow-based grid

generation could be performed locally. Unfortunately, thesub-domain definition is not

based on flow information and may artificially set non-K-orthogonal boundaries. As a

consequence, this technique may provide flow-results whichare inferior to those obtained

using a global technique.

Lévy and Pŕevost (2000) combined modular gridding approaches (Verma and Aziz,

1997; Palagi and Aziz, 1991) and user-defined density maps for structured and unstructured

flexible grids in 2D. Pŕevostet al. (2001) gave an example of the use of streamlines for

the generation of 2D adapted unstructured grids as an extension of previous structured



14 CHAPTER 1. INTRODUCTION

streamline grid generation (Verma and Aziz, 1997).

Coarsening procedure

Durlofskyet al.(1996, 1997) described a technique to use flow-rates obtained on the global

(or sub-global) domain to achieve the scale-up of layered reservoirs using nonuniform

coarsening. This technique exhibited reasonable robustness to well placements and con-

ditions while considerably reducing the computing time. The coarsening can be performed

in each direction of space in sequence and relies strongly onthe structured nature of the

grid and some degree of layering in the permeability field.

Li and Beckner (2000) proposed an uplayering method based on the iterative placement

of coarse layers. The criteria of optimality is based on a minimization of the variance of a

mean property computed layer-wise. They proposed using layer properties such as mean

permeability and static measures of the dispersion of multiphase flow. This method can be

extended in a straightforward manner to also account for mean flow rates within layers for

instance. However, the method as implemented did not use flowinformation.

Garciaet al.(1992) proposed an “elastic” grid adjustment method to generate structured

non-orthogonal grids. Developed both for 2D and 3D heterogeneous reservoir models, this

technique iteratively minimizes a measure of sub-grid heterogeneity in order to reduce the

impact of permeability upscaling, control the shape and sizes of the blocks, and achieve

grid refinement in specific regions of the reservoir. Alternate criteria can be used for the

minimization and the use of flow rates was suggested by Tran (1995) and Wen (1996).

Elastic gridding techniques provide the benefit of retaining the computationally-efficient

structured nature of the grid. Even though the restrictionsof i, j, k indexing of the grid

is somewhat relaxed by the use of corner point geometry (CPG) cells, the scheme still
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lacks full flexibility. Indeed, a greater cell-density in a given region can either be achieved

by “shifting” nodes from neighboring regions (constant grid size) or by inserting a new

plane of cells, therefore globally changing the grid. For instance, in 3D, an insertion of a

plane of cells in thei direction of ani × nj × nk grid results innj × nk additional cells.

These cells span over a region that is potentially much larger than the one targeted by the

refinement, thus impacting the effectiveness of the insertion. Other concerns may arise

from the distortion of the CPG cells, as the cell-vertices areallowed to move independent

of geometrical constraints.

Some guidelines for the generation of structured 3D coarse models exist in the lit-

erature. When coupled with an accurate upscaling procedure,these methodologies can,

in many cases, provide reasonable coarse models for variouswell configurations. Flow-

adapted unstructured-grid generation has been attempted (Pŕevostet al., 2001; Cao and

Kitanidis, 1999) for 2D models, though a general methodology for 3D unstructured grid

generation accounting for complex geometries and using accurate upscaling and flow re-

sponse quality control is still needed.

1.2 Statement of Purpose

It is recognized from the above literature review that thereis a strong need for a clear

procedure to generate coarse models that capture flow-relevant features and that is appli-

cable to complex reservoir geometries in 3D. Examples of such procedures were presented

above in the context of structured grids but the power of gridadaptation will only be com-

plete when used in conjunction with unstructured 3D grids. An important requirement for

coarse reservoir modeling is the prior description of a flow diagnostic for the reservoir.

This diagnostic must be efficiently obtained for both the finescale detailed reservoir and
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the generated coarse models. This flow-diagnostic providesthe limits of acceptable coarse

models and should capture the impact of the fine features on the flow-responses. Of course,

the notion of relevance of the reservoir features is relative to the type of displacements that

are to be modeled for the reservoir under study. As a consequence, some assessment of the

robustness of the proposed methodology is also needed.

This work proposes a methodology for coarse, unstructured-grid reservoir-model gen-

eration that includes:

1. the gridding procedures,

2. the calculation of equivalent coarse scale properties,

3. the efficient assessment of flow response for unstructuredgrids,

4. the ability to iterate through the grid-construction process.

Regarding the first point, gridding procedures have made significant progress in recent

years and advances in reservoir gridding are embodied in research tools such as theTGrid-

Lab plug-in from theGocad research consortium2. This work proposes to make direct use

of these new techniques, although the linkage of these methods with flow information has

not been established. This work will address this importantissue. Points (2) and (3) con-

cern technologies which are not available as of today. The present work proposes novel and

efficient solutions to these problems. Finally, the overallmethodology for building a coarse

model and iterating on its construction until acceptable results are obtained is presented as

a generalization of previous approaches for structured grids.

2The software platform used in this work is the “Gocad developer kit Release 2.0.7”, made available by
Earth Decision Sciences (http://www.earthdecisionsciences.com). Research plugins provided by the “Labo-
ratoire Infographie et Analyse des Données” (http://gocad.ensg.inpl-nancy.fr)



Chapter 2

2D Adapted gridding

2.1 Introduction

When handling complex geometry, reservoir simulation usingstructured grids can require

a large number of cells due to the difficulty of conforming to boundaries, faults and pinch-

outs as well as the constraints on grid-cell size variationswithin the model. Furthermore,

these limitations restrict the magnitude of upscaling thatis possible. The natural adaptivity

of unstructured grids in terms of shape and element sizes is agreat asset that is currently

underexploited in reservoir simulation. While several authors (Heinemannet al., 1991;

Palagi and Aziz, 1991; Verma and Aziz, 1997; Heinemannet al., 1998) have demonstrated

the use of unstructured grids to adapt to the geometry, we currently lack clear criteria for

adaptivity of the elements to boundary effects and underlying property distributions. The

accurate representation of the effects of sub-scale heterogeneity at the coarse grid level

is critical to the accurate approximation of the response ofthe fine scale model. Hence,

accurate computation of the effective (or equivalent) permeability as well as appropriate

grid-densification in important regions of the domain are needed.

17
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The first part of this chapter addresses the issues related togridding and grid-adaptivity.

Next, the generalization of the equivalent permeability tensor calculation for unstructured

grids, as well as the discretization scheme used in this work, are presented. This is fol-

lowed by the description of a fast flow-response evaluation,based on streamline simula-

tion. Finally, results are presented for several cases which demonstrate the applicability

and accuracy of the unstructured gridding and upscaling methodology in 2D.

2.2 Unstructured grids

Subdivision of a domain into cells is needed when discretizing the reservoir flow equa-

tions. This can be achieved via structured or unstructured grids. In the first case, the topol-

ogy that describes the neighborhood relationships betweenthe simulation cells is implicit.

The classici, j, k indexing scheme used in structured grids (Figure 2.1) provides banded

connectivity matrices resulting in efficient numerical methods. Furthermore, the geometry

of the cells can depart significantly from the strict Cartesian (or orthogonal) case to gain

some geometrical flexibility while retaining the indexing structure, as shown in Figure 2.2.

However, many limitations to the use of structured grids still exist, among which are the

difficulty to conform to exterior or interior boundaries andthe inherent lack of control of

cell sizes (Figure 2.3). For complex geometry domains or when a greater adaptivity of the

cell size is needed, a natural solution is to use unstructured grids. In that case, the adja-

cency relation between cells is completely general, resulting in greater domain boundary

conformity and cell size flexibility.
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i,j i+1,j

i,j+1

i,j-1

i-1,j

Figure 2.1: Implicit ordering scheme in a structured grid

i,j i+1,j

i,j+1

i,j-1

i-1,j

Figure 2.2: Logically rectangular grid which is non-Cartesian

Refinement

needed

Extra

refinement

obtained

Figure 2.3: The structured nature of Cartesian and corner point geometry grids can result
in unnecessary grid refinement
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2.2.1 Simplex, Duality and Tessellation

We use in this work some vocabulary borrowed from disciplines such as topology and

mesh generation. A simplicial grid designates a subdivision of space in the most ‘simple’

elements (simplex). In ann-dimension space, these elements haven + 1 vertices. A

tesselation refers to the construction of a simplicial gridfrom a given set of vertices. This

operation is always possible in 2D (Delaunay triangulationalgorithm) but may require the

extension of the original set of vertices in 3D. These additional points are called Steiner

points.

Generalization of the cell-centered structured grids to unstructured grids results in polyg-

onal (2D) and polyhedral (3D) cells. Polygonal and polyhedral grids can be viewed as the

dual grid obtained from a primal simplicial grid (Figure 2.4). The simplex, composed of

triangles in 2D and tetrahedra in 3D, can be obtained by a process called Delaunay tes-

sellation. Simplices obtained via Delaunay tessellation have several advantages including

the “empty sphere” and the “largest minimum-angle” properties that optimize the shape of

the elements of the grid among all possible tessellations for a given set of vertices. From

a flow simulation perspective, the dual grid plays an important role in the control-volume

finite-element method formulation. In some approximations, it defines the volume support

for the rock and fluid properties. For further explanation, refer to Section 3.2.2.

Tessellations can be constrained to honor exterior and interior boundaries to guaran-

tee that no edge (face in 3D) intersects such boundaries. Twoapproaches are commonly

considered when dealing with interior geometrical constraints. The first approach, called

constrained Delaunay tesselation, consists in honoring exactly the nodes of the constraints

without any further node insertion. In the case of 2D meshes,the constraints are lines and a
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Simulation cell

Primal node (triangle vertex)

Figure 2.4: Triangulation and corresponding Voronoı̈ dual grid

tesselation can always be obtained from the constraints anda given set of vertices. This pro-

cess does not require any point insertion but generally leads to non-Delaunay tesselations

and hence to the loss of the Delaunay properties around internal and external boundaries. A

second possible approach is called theconforming Delaunay tesselation. In this approach,

the vertices defining the constraints can be augmented to honor the constraint geometry

while also enforcing the Delaunay criteria (see Shewchuk, 1997; Lepage, 2002).

In 3D, the constraints involve triangulated surfaces and constrained tesselation consists

in honoring the geometry of the surfaces as well as the surface topology (a triangle on a

constraining surface must be a face of the tetrahedral mesh). However, constructing such a

tesselation is generally not possible without the insertion of Steiner points (see Section 4.3

for a discussion of 3D constrained gridding).
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2.2.2 Tessellation constrained by a metric

Constraints on the shape and area of the elements can also be enforced away from bound-

aries by performing the tessellation according to a metric (Borouchakiet al., 1997). A

scalar property map can, for instance, be used to constrain the element size (in that case we

will call it a target resolution). The points inserted in thegrid are then optimally selected

to match the density constraint. We will exploit this capability later in this chapter, when

we use flow maps to guide grid density. In addition to the control on the grid density, the

metric constraint can be used to control the anisotropy of the grid. This may result in el-

ements that are skewed but which may provide better condition numbers of the resulting

matrix and which may in turn lead to an overall reduction in computation. Furthermore,

the skewed shape of the elements may result in a more efficientdistribution of the cells,

hence reducing the problem size.

2.3 Full-tensor permeabilities

Accurate representation of the effect of the fine scale permeability on the coarse model is

important to reproduce essential flow-response characteristics. This requirement implies

the need for the accurate calculation of an equivalent permeability tensor for each coarse

grid cell. Accounting for the tensorial aspect of permeability entails the use of upscaling

techniques that compute the off-diagonal elements of the permeability tensor and the use

of finite volume stencils that are able to accommodate full-tensor permeabilities.
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2.3.1 Calculation of equivalent permeability tensors

Current methods to compute effective permeability values include power averaging, renor-

malization, and the solution of local flow problems (see Chapter 1 as well as Wen and

Gómez-Herńandez (1996) and Renard and de Marsily (1997) for reviews). Inthe case

of flow-based methods, for any given coarse grid cell a sub-domain of the fine model in-

cluding the target coarse cell is considered. A series of single-phase incompressible flow

problems are solved on this sub-model with appropriate boundary conditions. Finally, the

coarse level equivalent permeabilityk∗ is computed by requiring the same mean flow rate

for the same mean local pressure drop on the fine and coarse scales.

The two equations that describe steady-state, single-phase flow in porous media are

Darcy’s law and mass balance equations:

u = −Λk∇P

∇ · u = 0
(2.1)

wherek [m2] is the permeability tensor,Λ [1/Pa.s] is the fluid mobility (Λ = 1/µ where

µ is the viscosity),u [m/s] is the fluid velocity andP [Pa] is the pressure. Combining the

two equations of the system 2.1 leads to the single phase pressure equation:

∇ · Λk∇P = 0 (2.2)

Defining the equivalence between a fine heterogeneous mediumand homogeneous

medium at the coarse scale is only possible in a limited sense. A possible criteria of equiv-

alence is the equality of flow at the boundaries between the heterogeneous medium and



24 CHAPTER 2. 2D ADAPTED GRIDDING

the equivalent homogeneous media under the same pressure difference (Cardwell and Par-

son, 1945). We will prefer a volume average equivalence criteria proposed by Rubin and

Gómez-Hernand́ez (1990):

1

V

∫

V

u(x) dV(x) = −Λk
∗

(
1

V

∫

V

∇P (x) dV(x)

)

(2.3)

The use of periodic boundary conditions to solve the local problem (Durlofsky, 1991),

in conjunction with the use of a border region (Wenet al., 2003b) around the target cell,

was shown to capture the effects of anisotropy and connectivity with reasonable accuracy

in a number of cases. Other boundary conditions, or a local-global procedure (Chenet al.,

2003) can also be applied and may be preferable in some cases.

If we consider a periodic domain where the augmented cell is replicated in each coor-

dinate direction and further assume that the flow is periodic(which is often a reasonable

assumption away from sources / sinks), the flow in the interior of the original cell can be

obtained by solving a local flow problem with appropriate periodic boundary conditions.

Periodic boundary conditions impose the pressure field on the domain under study to be of

the form:

P = P0 + G · (x − x0) (2.4)

whereG = Gxix + Gyiy is an arbitrary constant vector,P0 an arbitrary pressure, andx0 is

a reference location.

In the case of a Cartesian coarse grid, following the notationof Wen et al. (2003b),

the border region is constructed by augmenting the initial (or target) system by a certain

number of rings. Each ring is composed of the fine cells contained in a layer of coarse cells

added around the central coarse block. An example with one such ring (r = 1) is shown in
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Figure 2.6.

The boundary conditions are then applied on this augmented system:

P (x, 0) = P (x, ly) − Gyly ony = 0 andy = ly

P (0, y) = P (lx, y) − Gxlx onx = 0 andx = lx

uy(x, 0) = uy(x, ly) ony = 0 andy = ly

ux(0, y) = ux(lx, y) onx = 0 andx = lx

(2.5)

wherelx andly designate the length of the augmented system (see also Figure 2.5).

In the case of an unstructured grid, the same technique is used and a border region

around the control volume can be generally defined as a rectangular subset of fine cells that

includes the target control volume. The notion of a border region can therefore be defined

for unstructured grids as a rectangular set of cells containing the triangles connected to the

center of the control volume (see Figure 2.7). The same boundary conditions as above can

be applied.

For both the structured and the unstructured cases, Equation 2.2 subject to the boundary

condition 2.5 must be solved twice over the extended region.In the first solution, we specify

G1
x = 1 andG1

y = 0 and in the second solutionG2
x = 0 andG2

y = 1. Then, as required

in Equation 2.3, we compute the average velocity and pressure gradients for each flow

problemj:

〈u〉j =
1

V

∫

V

u
j dV

〈∇P 〉j =
1

V

∫

V

(∇P )j dV
(2.6)

whereV refers to the volume of the target coarse cell;i.e., the center Cartesian cell in the

structured case or the control volume in the unstructured case.

The equivalent permeability tensork
∗ is therefore constrained by the following linear



26 CHAPTER 2. 2D ADAPTED GRIDDING

Gx.lx
p

y

u(0,y) u(lx,y)

u(x,ly)

u(x,0)

Figure 2.5: Periodic boundary conditions

Figure 2.6: Target coarse Cartesian cell (in gray) augmentedby anr = 1 border region

Figure 2.7: Target coarse cell (in gray) augmented by a border region
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system involving the simulated average flow properties and the unknown tensor compo-

nents:


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







〈∂P/∂x〉1 〈∂P/∂y〉1 0 0

0 0 〈∂P/∂x〉1 〈∂P/∂y〉1

〈∂P/∂x〉2 〈∂P/∂y〉2 0 0

0 0 〈∂P/∂x〉2 〈∂P/∂y〉2








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
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
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




= −1/Λ












〈ux〉1

〈uy〉1

〈ux〉2

〈uy〉2












(2.7)

In the general case, the resulting tensor is full (non-zero off-diagonal terms), even when

the fine scale permeability is a scalar or a diagonal tensor. Apossible drawback of the use

of a border region is the loss of guaranteed symmetry and positive definiteness. In addition

to the linear constraints, the full tensor defined via Equation 2.7 may also be constrained

to be positive definite and symmetric. Symmetry can be recovered by either averaging the

off-diagonal terms resulting from Equation 2.7, or by introducing an extra linear equation

forcing kxy = kyx and solving the overdetermined system in a least square sense (Wen

et al., 2003b). In this work, asymmetry is corrected by averaging.Positive definiteness

is in practice rarely an issue. If not satisfied, positive definiteness is trivially enforced by

re-performing the flow based upscaling without border regions on the smallest rectangular

domain enclosing the target control volume.

We note that valid permeability tensors can also be obtainedusing the same border

region method but by applying other boundary conditions. Which type of boundary condi-

tions, and how large should the border region be, remain somewhat open (and presumably

case dependent) questions. In many cases, however, the differences in results obtained from

the various boundary conditions are relatively slight.
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2.3.2 Full k discretization

Numerical schemes for the discretization of the pressure equation using finite difference

techniques with full tensor permeabilities were presentedon Cartesian and corner point

geometry grids by Edwards and Rogers (1998), Aavatsmarket al. (1996, 1998) and Lee

et al. (1998, 2002). Extensions to control volume finite elements generalize the notion

of flux-continuous schemes to triangular and tetrahedral meshes (Aavatsmarket al., 1996;

Verma and Aziz, 1997; Edwards and Rogers, 1998). The technique entails the solution of

local linear problems on the coarse grid enforcing pressureand flux continuity at the cell

interfaces. The unknowns of the linear systems are the cell-to-cell transmissibilities, which

are then used in the global solution. Below is a summary of the derivations leading to the

flux continuous CVFE scheme for 2D grids. Complete derivationsfor the 3D case can be

found in Verma and Aziz (1997).

Let us consider a triangleF (Figure 2.8). F can be divided into three regions cor-

responding to the three control volumes sharing its area. For each regioni, the pressure

P i(x, y) is assumed to vary linearly:

∇P i =






∂P i/∂x

∂P i/∂y




 (2.8)
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∇P 0 =






(xb − x0) (yb − y0)

(xc − x0) (yc − y0)






−1 




Pb − P0

Pc − P0




 (2.9a)

∇P 1 =






(xa − x1) (ya − y1)

(xc − x1) (yc − y1)






−1 




Pa − P1

Pc − P1




 (2.9b)

∇P 2 =






(xa − x2) (ya − y2)

(xb − x2) (yb − y2)






−1 




Pa − P2

Pb − P2




 (2.9c)

Using Darcy’s law, the piecewise constant expression for the velocity given a perme-

ability tensork is

ui = −Λki






∂P i/∂x

∂P i/∂y




 i ∈ {0, 1, 2} (2.10)

While pressure continuity is embedded in the system (one pressure defined ata, b, and

c), flux continuity must be enforced. This is accomplished by writing:







u0 · n̂b = u2 · n̂b

u0 · n̂c = u1 · n̂c

u1 · n̂a = u2 · n̂a

(2.11)

Combining Equations 2.8, 2.10 and 2.11, a3×3 linear system can be written expressing

the intermediate pressures as a function ofP0, P1 andP2.

For instance (using the notation shown in Figure 2.8), the flux continuity condition



30 CHAPTER 2. 2D ADAPTED GRIDDING
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Figure 2.8: The transmissibilities are obtained by introducing a piecewise linear pressure
in each regioni and enforcing both pressure continuity at the pointsa, b andc and flux
continuity across the edgesEa, Eb andEc

across the edgeEb reads:




k0






(xb − x0) (yb − y0)

(xc − x0) (yc − y0)






−1 




Pb − P0

Pc − P0






−k2




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


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−1 




Pa − P2

Pb − P2











T

· n̂b = 0

with ki, the permeability tensor at the node (control volume)i ∈ {0, 1, 2}.

Similar constraints for edgesEa andEc can be written and the system of flux continuity

is obtained:

A
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


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which must then be symbolically inverted. This leads to the following matrix form:









Pa

Pb

Pc









=









R00 R01 R02

R10 R11 R12

R20 R21 R22

















P0

P1

P2
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





(2.12)

Then, using Equations 2.9, the Darcy velocities in each region can be expressed as linear

combinations of the pressure at the triangle nodes (centersof the control volumes). For

instance, for regioni = 0:

u0 = −Λk
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Finally, the fluxesqa, qb andqc can be expressed in terms of the pressures, giving the

algebraic expression of the transmissibility coefficients:

qa =
2∑

i=0

TaiPi (2.13)

whereTai, i ∈ {0, 1, 2} are the transmissibility coefficients describing the flux across the

edgeEa.

2.4 Fast reservoir evaluation using streamline method

When considering a large detailed reservoir model, the coarse grid model should be able

to reproduce the essential fine model flow characteristics. For this purpose, it is critical to

be able to evaluate and compare flow responses of the coarse and fine reservoir models.
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Although a fine-scale multiphase flow simulation is not practical (that is precisely why the

upscaling step is needed), the resolution of a single (steady state) pressure solution may still

be affordable, using a parallel solver or domain decomposition if necessary. In that case,

it is possible to extract flow data such as total flow rates for given boundary conditions, as

well as displacement information such as production history and saturation maps. Using

streamline simulation, this information can be effectively and accurately obtained for both

structured and unstructured grids (Prévostet al., 2002).

Streamline simulation (Batyckyet al., 1997) decouples the pressure equation from

transport by summing the conservation equations, removing∆tS terms from the pressure

equation, and treating the saturation dependency of transmissibility explicitly. Moreover,

the transport equations are written in terms of one-dimensional problems along the stream-

lines. As a consequence, this formulation is somewhat analogous to the IMPES method

(see Breitenbachet al. (1969) and Coats (1979) for the derivation of the three-phaseIM-

PES equations).

A very advantageous speedup is obtained by assuming that thestreamlines vary slowly

in time (small effect of the change in saturation on the pressure distribution). In the case of

an incompressible tracer flow simulation (unit mobility ratio displacement), this assump-

tion is exact. Thus, the production history of every well canbe obtained using only one

pressure solve (assuming no change in operating conditions) as shown on Figures 2.9, 2.10

and 2.11. The producing tracer fractional flow at a given timeis equal to the fraction of

streamlines that have broken through to the producer at thattime.

From the above discussion, it is clear that streamline simulation provides a fast and

accurate means for assessing the accuracy of the coarse model relative to the reference

fine scale model. While the assumption of tracer flow does not incorporate the non-unit
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Figure 2.9: Permeability field and left to right flow simulation (streamlines and isovalues
of the time of flight)
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Figure 2.10: Water cut and saturation fields for the problem described in Figure 2.9
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Figure 2.11: The time of flight contours give the position of the tracer front at a given
simulation time

mobility ratio effects in the coarse to fine model comparison, it allows us to extract a first

approximation of the impact of the upscaling on the accuracyof the displacement calcula-

tion. This comparison is provided at the cost of a single pressure solution. The extension

of the streamline method to 2D and 3D unstructured grids is described in Chapter 3.

2.5 Application to two-dimensional grid generation

Unstructured grids, streamline simulation and flow-based upscaling can be used in com-

bination to generate coarse reservoir models. While the detailed description provides a

reference solution for a unit-mobility displacement, information maps obtained from fine-

scale flow information serve as an adaptation criterion for the coarse grid generation. The

coarse grid is hence chosen such that it “minimizes” the error introduced by the coarsening

for different boundary conditions. The current section presents two examples of coarse grid

adaptation to detailed flow results. In all the cases presented, streamline simulation is used

to assess the improvement of the adapted coarse grid over a uniform coarse grid. The first

example demonstrates the use of a simple refinement criterion to adapt the grid to the facies
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distribution in the reservoir. The second example shows theuse of a target grid resolution

to constrain the grid density to particular information (ordensity) maps. Here, two alterna-

tive maps are considered to minimize local discrepancies inthe production fractional flow

curves (water cut): a mean velocity map and a streamline breakthrough time map.

2.5.1 Facies adaptation using iterative refinement

Adaptation of the grid can be accomplished via the insertionof local grid refinement

patches (LGR) at specific locations. Refinement locations can be determined using var-

ious techniques, including the use of the cell shape, distance to a well or fault, and flow

maps. When using an information map, the criterion we proposefor inserting an LGR at a

given coarse cell location is to compare some function of theinformation map over the cell

to a given threshold. For instance, using a map of mean local velocities (obtained from a

global single-phase flow calculation), if the total flow ratethrough a particular cell exceeds

a given value, an LGR region is introduced at that location. This criterion provides a grid

that avoids a large proportion of the total flow going throughonly a small number of cells.

Alternatively, when using a permeability information map,calculating the variance of the

underlying fine scale permeability over the coarse cell allows the splitting of cells that span

very heterogeneous regions (as in the structured grid approach of Garciaet al., 1992).

This criterion is comparable to an edge-detection technique and can be used to accu-

rately capture the meandering geometry of a channel, as shown in Figure 2.12. A high

permeability channel is considered cutting through a low permeability background. The

permeability ratio is 100, and the variance of the permeability map is used to construct a

series of refined coarse grids (Figure 2.13). To assess the quality of the grids generated, a

simple unit-mobility ratio flow simulation with one injector and one producer on each side
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Figure 2.12: Two dimensional meandering channel. High-to-low permeability ratio is 100

of the channel is simulated. Flow results (Figures 2.14, 2.15 and 2.16) show that succes-

sive refinements improve the match of the total flow rate observed at the producing well in

addition to improving the match of the fractional flow curve.
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Figure 2.13: Successive triangular grids. The refinement criterion used is the variance of
the permeability over the coarse grid cells

Figure 2.14: Assessment of the quality of the grids in Figure2.13. Unit mobility-ratio flow
simulation with an injector and a producer as shown
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Figure 2.15: Total flow through the coarse model compared to the reference fine scale result
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Figure 2.16: Water cut for the reference and coarse models

2.5.2 Adaptation using a target resolution

Gridding can also be performed usinga priori knowledge of the grid density (as opposed to

grids obtained by successive grid refinements). In that case, the information map directly

serves as an indicator of the appropriate size of the grid cells at a given location.

Mean velocity map

Using a flow-rate map, a grid can be adapted to the local mean flow intensity under different

boundary conditions. Figure 2.17(a) shows two non-connected half layers of high perme-

ability on a low permeability background. Averaging the local velocities for top-to-bottom

and left-to-right flow gives the local mean flow-intensity map shown in Figure 2.17(b). The

geometry and the rock properties distribution of the problem can be described by a20× 20

Cartesian grid. However, because of numerical errors on sucha coarse grid, we will con-

sider the100×100 refined Cartesian grid as the reference solution. Tracer flow simulations

show for instance that water breaks through before0.5 PVI when using the refined model
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Figure 2.17: High permeability layer incompletely crossing a low permeability zone. A
local mean velocity map is obtained when flowing the model topto bottom and left to right

(Figure 2.18) while the coarse Cartesian model does not produce any water for that quantity

of pore volume injected (Figure 2.19).

Adapting the triangle sizes to the flow intensity map gives a triangulation (104 nodes)

that is naturally denser in high flow regions (Figure 2.20). Comparing the flow results of

the adapted coarse grid and a uniform equivalent-size grid to the reference model shows

that the adapted grid provides a much more accurate fractional flow curve (Figure 2.21),

particularly around breakthrough time. Figures 2.22 and 2.23 compare the water saturation

maps at different simulation times for the adapted grid and the uniform triangular grid.

The improved characterization of the breakthrough time demonstrates the benefit of the

integration of flow information in the gridding process.

Similar techniques can be applied for more realistic reservoir cross-sections, for in-

stance, the layered system shown in Figure 2.24. Those models are particularly challeng-

ing for the fractional flow curve reproduction, as thief layers lead to early breakthrough of

the water at the producer (see saturation profiles in Figure 2.25). Over-coarsening of these
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regions overestimates the breakthrough time, hence makingthe grid adaptation critical. Us-

ing the average flow rate map shown in Figure 2.26, a coarse grid is obtained (Figures 2.27

and 2.28). Flow results for this case are presented in Figure2.29. Only little improvement

of the breakthrough time characterization is achieved by the flow rate adaptation over the

equivalent-size uniform grid. Possible reasons for this may be (a) the modeling errors in-

troduced by the well models and (b) the inefficient use of the grid density where too many

cells are employed in high flow regions and not enough elsewhere. It is possible that a

better target grid density will improve the coarse grid simulations.

Other sources of information can be used to provide the grid size constraint. In the

following, we discuss the use of breakthrough time maps.

Breakthrough-time map

A useful quantity provided by the streamline simulation is the time of flight (TOF) of a

particle calculated along its path. This TOF serves as a curvilinear coordinate for the res-

olution of the 1D transport equation along the streamline inthe general case of multiphase

flow. In the case of tracer flow, the tracer concentration advances as a front at a velocity

uf , related to the total velocityut via.

uf =
ut

φ
(2.14)

Let τ be the time of flight along a streamline,

τ =

∫ l

0

φ

|ut|
dl (2.15)
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The time of breakthrough of the tracer front along streamline i is then simply equal to the

arrival time of the streamline:

tiBT = τ i
end (2.16)

At breakthrough time, each streamline brings an incremental rate of producing tracer equal

to its assigned total flow rate.

If the value of the streamline breakthrough time is assignedalong its whole length,

this data can be mapped to the 2D grid. We call this map a breakthrough-time map (BT-

map). The BT-map allows us to make an immediate correspondence between increments

on the producing fractional flow curve and the area of the reservoir that was swept by the

incremental tracer produced. In particular, it allows us toidentify, for a given configuration

of boundary conditions, what is the critical path that needsto be accurately captured by the

grid in order to be able to predict the correct breakthrough time using the coarse model.

Since the displacement also depends on the velocity, which depends in turn on the pressure

field, an accurate description of the area swept by early producing tracer does nota priori

guarantee that the breakthrough times match. Nevertheless, it turns out to be a useful source

of information to guide the refinement.

In the next example, the BT-map is used in the gridding adaptation using a target reso-

lution. Considering the incomplete high permeability streak shown in Figure 2.17(a), fine

tracer results can be obtained using streamline simulation. Time of flight contours, corre-

sponding to the tracer concentration front are shown in Figure 2.30. The breakthrough con-

tour map is shown in Figure 2.31 and identifies the region connecting the high permeability

layers swept by the tracer at early time in the displacement.We then use the BT-map to

compute a grid density map which is used in the metric gridding algorithm (see Borouchaki

et al., 1997). The resulting primal grid is shown in Figure 2.32 andcan be compared to
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Figure 2.20(a). The increased density has shifted from the high permeability layers to the

transition zone between the layers. As a consequence, the layer geometry (Figure 2.33)

is not as well captured as in the flow rate adapted grid shown inFigure 2.20(b). Flow re-

sults (Figure 2.34) exhibit an improvement over the uniformtriangular grid. However, the

breakthrough time match is not as good as the one obtained with the flow rate adapted grid

(Figure 2.21). From the separate use of flow-rate and breakthrough-time information maps,

we observed that grid adaptation has a favorable effect on the reproduction of the reference

water cut. While the flow rate information leads to an overall better representation of the

pressure distribution and therefore of the overallQ/∆P , the breakthrough time map does

not seem to bring as much gain in accuracy as flow rate, if used as a “stand alone” source

of information. However, as we will see in Chapter 6, it can be avaluable secondary source

of information.
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Figure 2.18: Saturation plot for the incomplete layer. Reference solution with100 × 100
Cartesian cells. PVI of 0.1, 0.3, 0.5 and 0.7
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Figure 2.19: Saturation plot for the incomplete layer. Coarse Cartesian solution with20×20
cells. PVI of 0.1, 0.3, 0.5 and 0.7
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Figure 2.20: Density-adapted coarse model using the mean velocity information. (a) The
triangular grid with 104 nodes and (b) corresponding permeability distribution
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Figure 2.21: For the left to right scenario, water cut is improved over the uniform grid, and
breakthrough time is exactly captured
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Figure 2.22: Saturation plot for the incomplete layer. Unstructured flow-rate adapted solu-
tion with 104 cells. PVI of 0.1, 0.3, 0.5 and 0.7
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Figure 2.23: Saturation plot for the incomplete layer. Unstructured uniform-grid solution
with 100 cells. PVI of 0.1, 0.3, 0.5 and 0.7
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Figure 2.24: Layered system. Permeability field on a log scale
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Figure 2.25: Layered system; fine scale saturation maps for PVI of 0.1, 0.2, 0.3, 0.4, 0.5
and 0.6. (from left to right and top to bottom)
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Figure 2.26: The flow rate map is obtained by flowing the model under different boundary
conditions and averaging the results (top-left is horizontal flow, top-right is vertical flow)



52 CHAPTER 2. 2D ADAPTED GRIDDING

Figure 2.27: Coarse triangular grid with 300 nodes generatedfrom the flow intensity infor-
mation

Figure 2.28: Coarse control volume grid generated from the flow intensity information
(permeability distribution)
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Figure 2.29: Water cut for the flow rate adapted grid shown in Figure 2.28. Marginal
improvement is observed for this case
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Figure 2.30: Contour of the TOF
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Figure 2.31: Contour of the total TOF (breakthrough map)

Figure 2.32: Primal grid obtained by TOF adaptation
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Figure 2.33: Dual grid obtained by TOF adaptation

Calibration of flow information maps

An important aspect of the grid adaptation using information maps is the fact that these

maps need to be scaled (or calibrated) to serve as a metric (ora target grid-size). For

instance, from a range of average flow-rates obtained on the fine model, different target

grid size maps can be inferred. Figure 2.36 shows two grids with equal number of vertices

that were obtained using the same flow-rate information map but different calibrations. The

correspondence between the information map and the target grid size can be imposed via

a calibration curve. The shape of this curve is not knowna priori and therefore needs

to be parameterized in order to allow for some case-specific tuning. An example of a

calibration curve is provided in Figure 2.37(a). The chosenparameters are the curve end

points and a ‘shape factor’. The end points determine the target grid sizes associated with

the high and low values of the map while the shape factor relates to the sharpness of the grid

size transition between the extreme values. In that respect, the histogram (Figure 2.37(b))

and spatial variability of the map provide valuable information as will be demonstrated in

Chapter 6.
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Figure 2.34: Flow result for the TOF adapted grid

2.6 Conclusions for 2D flow-based gridding

The section here above presented a methodology for coarse reservoir model generation

that preserves the essential flow characteristics of the fine-scale model. This framework

relies on the use of highly flexible unstructured grids, an efficient flow-based method to

control the grid quality, and an accurate flow-based permeability tensor upscaling. The

coarse grid quality was defined using single phase and tracerflow signatures of the reservoir

under different boundary conditions. The two characteristics chosen were (a) the total

flow rate across the model and (b) the producing fractional flow curve. It was shown that

streamline simulation provides a very effective means to evaluate these characteristics and

hence assess the quality of the coarse grid by comparison to the fine model results.

Coarse models generated using grid-density constraints obtained from information maps
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exhibited better flow reproduction than equivalent-size non-adapted coarse-models. In par-

ticular, the use of local mean flow intensity proved to be effective for capturing early water

production in layered reservoirs. The choice of the densitymap and calibration of the grid-

ding are critical to the adaptation process and to the overall grid quality (for a given number

of target coarse cells). Further investigation is needed tocreate composite criteria for the

grid adaptation.

In this chapter, we have seen how to construct 2D adapted models using flow informa-

tion. We also evaluated the effect of the model coarsening onthe flow curves using tracer

flow streamline simulation. To make the gridding procedure complete, two additional is-

sues should be addressed: the use of multiple flow scenarios in the flow diagnostic and the

calculation of the most effective target grid density from agiven flow information map.

Multiple flow scenarios (boundary conditions) may be considered in order to devise

flow diagnostics that assess the quality of the coarsening for a variety of flow patterns.

This type of flow information may contribute to the robustness of the gridding method-

ology. Furthermore, the automation of the gridding processis an important aspect of the

methodology. Given an information map and a diagnostic tool, the correspondence between

information map values and target grid densities must be established. Thiscalibrationpro-

cedure aims at obtaining the most effective grid density from the information map. These

issues are further considered in Chapter 6.
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Figure 2.35: Saturation plot for the layered model shown in Figure 2.17. BT-map adapted
grid. PVI of 0.1, 0.3, 0.5 and 0.7
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Figure 2.36: Two adapted grids obtained from the same information map (shown in Fig-
ure 2.26) but using different calibration. Number of vertices for both grids is 1027
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Figure 2.37: Calibration of the information map may be achieved via a parameterized curve
and considering extreme target grid size values and the information map statistics
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Chapter 3

Streamline Simulation on Unstructured

Grids

3.1 Introduction

A streamline tracing technique for incompressible flow in porous media on 2D and 3D un-

structured grids is presented. The technique entails a local velocity post-processing on a

pressure field calculated using a flux-continuous numericalscheme. The reservoirs consid-

ered are gridded using a primal grid composed of triangular (2D) or tetrahedral elements (in

3D). The solution of the pressure equation is obtained usinga control volume finite element

discretization where the pressure values are located at thevertices of the primal grid and

the rock properties are assumed to be constant over the dual cells surrounding the pressure

nodes. Fluxes recovered from the pressure distribution arethen used in a local system to

solve for the Darcy velocity on each dual cell. This post-processing involves the introduc-

tion of a local sub-grid on which a parameterized form of the velocity is determined using

different physical constraints. 2D and 3D techniques are developed, and different degrees

61
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of complexity of the form of the velocity are considered, compared and illustrated.

3.1.1 Previous Work

Accurate schemes for the tracing of particle trajectories is of great importance in model-

ing transport and multiphase flow in porous media. Two main applications for the trac-

ing of streamlines can be identified: Particle path tracing for visualization purposes, and

streamline tracing for displacement modeling problems where one dimensional transport

equations are solved on each streamline.

Streamline tracing in visualization

The tracing of a particle path produces a 3D trajectory (streamline) and the curvilinear

parameter called time of flight that locates the particle as afunction of the curvilinear

distance measured on the line. The trajectory often appearsas a secondary objective of a

numerical method. Hence the choices made to attain the primary objective (which could be

the calculation of a potential field for instance), may limitthe accuracy of the tracing. Our

interest lies in the tracing of streamlines given a pressurefield obtained from a lowest order

control-volume finite element method (CVFE). This method provides continuous fluxes but

it is not primarily devised to provide accurate velocities.

Several authors have proposed post-processing methods that operate on discrete (dis-

continuous) velocity fields to provide an improved tracing (see Cordes and Kinzelbach,

1992; Pokrajac and Lazic, 2002). However, these methods essentially concerned velocities

derived from finite element (FE) methods. Since FE methods are not locally conservative

over the primary grid (though mass conservation can be recovered; see Hugheset al., 2000),

the proposed post-processing method must include a component of conservation of mass.



3.1. INTRODUCTION 63

This was not done in Cordes and Kinzelbach (1992) or Pokrajac and Lazic (2002). There-

fore, the flow-rates assigned to the streamlines are not welldefined, making the streamlines

unsuitable for the purpose of transport modeling.

Cordes and Kinzelbach (1992) proposed a post-processing involving the calculation of

a piecewise constant velocity field on a refined grid. Their method gave satisfactory tracing

in two dimensions for velocities obtained using FE methods but as the authors’ intent was

primarily to exhibit meaningful tracing, they did not provide any displacement results.

Furthermore, in later work, Cordes and Kinzelbach (1994) state that it is not possible to

obtain post-processed velocities in 3D that satisfy both∇ ·u = 0 and∇×k
−1∇P = 0. In

particular, they argue that violating the second constraint leads to non-physical “swirling”

of the streamlines. This behavior was even observed for Pollock tracing on Cartesian grids.

In Section 3.3, the difficulty in obtaining an irrotational velocity field is acknowledged but

a solution to minimize this effect is proposed.

Streamline method

For applications that involve the mapping of a transport equation onto the pathlines as in

the streamline method (Batyckyet al., 1997), the computation of accurate trajectories is

critical. The nature of the streamline method permits a 1D semianalytical treatment along

streamlines for fluid transport, which minimizes dispersivity effects. As a consequence,

the transport solution strongly relies on the accurate computation of both streamline trajec-

tories and time of flight, which serves as a curvilinear coordinate for the transport equa-

tion. In 2D, the analogy between the streamline and the streamtube (Thiele, 1994) methods

highlights the need for accurate rate assignment to the streamlines. Hence, conservative nu-

merical schemes are generally preferred for the discretization of the pressure equation. For
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unstructured grids, flux-continuous control-volume finiteelement methods (CVFE) have

successfully been applied to the resolution of pressure using permeability that is piecewise

constant over the primal cells (Forsyth, 1990) or piecewiseconstant over the dual cells or

control volumes (Verma and Aziz, 1997), as described in Chapter 2.

An important family of flux-continuous methods was developed by Verma and Aziz

(1997), Aavatsmarket al. (1998), and Edwards (2002) for CVFE methods. Their trans-

missibility calculations generalize the flux-continuous permeability harmonic mean used

for Cartesian grids to unstructured grids. From now on, we consider the case of a pressure

field obtained on an unstructured grid using a CVFE method withthe aforementioned flux

continuous schemes. Two distinct permeability approximations (cell-centered or point dis-

tributed; Figure 3.1) can be considered in the CVFE, leading to different discrete models.

The point-distributed approximation (Settari and Aziz, 1972) is the most commonly ap-

plied approximation in reservoir simulation. Verma (1996)demonstrated that it also leads

to more accurate results. The Cordes and Kinzelbach (1992) patch recovery (initially de-

vised for a Galerkin FE method) is immediately applicable tothe CVFE method in the

case of a cell-centered permeability approximation (in which case the CVFE and Galerkin

methods provide identical pressure fields for the incompressible problem). Pŕevostet al.

(2002) extended the recovery method to the point-distributed permeability approximation.

The tracing method entails the use of an isoparametric mapping, followed by a bilinear

tracing in a reference domain.

3.1.2 Objective

The present chapter summarizes the velocity post-processing technique in 2D and its exten-

sion to 3D. Emphasis is put on the construction of a system of constraints that is physically
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Figure 3.1: Cell centered (left) and point distributed (right) permeability approximations.
Primal grid in solid line, dual grid in dashed line

meaningful and that is equal in size to the number of parameters defining the target velocity

interpolation. A discussion of possible system closure conditions is also included.

3.2 Two dimensional tracing

As indicated above, accurate streamline tracing and streamline simulation were obtained

by Pŕevost (2000) and Prévostet al. (2002) for CVFE pressure discretizations. Most of

the 2D formulation and results were presented by Prévost (2000) in MS work. This is

included here for completeness and to better elucidate the 3D case. Two tracing techniques

were presented, both based on a patch recovery technique as suggested by Cordes and

Kinzelbach (1992). This section summarizes the two tracingtechniques, one involving a

bilinear approximation of the velocity on an unstructured sub-quadrilateral grid, the other

involving a piecewise constant velocity approximation on asub-triangular grid.

3.2.1 Notation

The following table describes the notations used in the present section.
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Notation Definition

Roman

Nf Total number of triangular faces in the gridded domain

nf Number of faces connected to a node

ne Number of edges connected to a node

V
◦ Natural velocity for the region at the intersection of the

patchp and the trianglef

V
∗ Recovered velocity for the region at the intersection of the

patchp and the trianglef

F Triangle (face)

Q Quadrilateral

E Edge

M Midpoint of edge

C Barycenter of a face

p Vertex of the primal grid

n̂ Normal vector

t̂ Tangential vector

f Flux across an edge

Superscript

p Relative to a patch or equivalently to a nodep

f Relative to a triangle

continued on next page
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Notation Definition

◦ Refers to a quantity obtained directly from the numerical

approximation (without any post-processing)

∗ Refers to post-processed quantities

Subscript

m Index of a triangle within a patch

i Interior sub-triangle (always relative to a patch and a trian-

gle)

e Exterior sub-triangle (always relative to a patch and a trian-

gle)

a, b Adjacent quadrilaterals or triangles

x, y Physical space coordinates

ξ, η Reference space coordinates

3.2.2 Grids and numerical schemes

A common choice for the locations of the pressure unknowns are the vertices of the un-

structured grid. Alternate choices such as the center of thetriangle or the edge midpoints

(in 2D) will not be discussed. The grid connecting the pressure nodes will be referred to as

the primal grid. As mentioned above, the permeability can bechosen to be piecewise con-

stant either over the cells (triangles) or on the control volume surrounding the pressure node

(point distributed). From now on, we consider the case of point distributed permeabilities

for the CVFE method (Figure 3.2).

Let us consider the discretization of the pressure equationon a volumeV in integral
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form:
∮

ΓV

Λk∇P · n̂ ds = 0 (3.1)

whereΓV denotes the perimeter ofV .

Without loss of generality, we can uniquely define the flux on the segments ofΓV :

fm
j ≡

∫

Em
j

Λk∇P · n̂ ds with m ∈ {1, · · · , nf} and j ∈ {1, 2} (3.2)

whereEm
j is thejth segment of the control volume that belongs to the trianglem (see also

Figure 3.3).

The question of how the fluxes are approximated in Equation 3.2 leads to a variety

of flux-continuous schemes (Fung and Nghiem, 1990; Palagi and Aziz, 1991; Verma and

Aziz, 1997; Aavatsmarket al., 1998; Edwards, 2002). Verma and Aziz (1997) proposed

an approximation of the flux as a linear combination of pressures that preserves the flux

continuity in the case of control volume distributed properties. In this approximation (valid

for a general full permeability tensor), the pressure is assumed to vary linearly within each

quadrilateral composing the control volume (see Section 2.3.2 for details).

3.2.3 Natural velocity

Control-volumes can be sub-divided intonf quadrilaterals (Figures 3.2 and 3.3). In the

CVFE discretization, the fluxes on the perimeter of a control volumep are obtained as-

suming a linear pressure within each quadrilateralQ between the nodesp, M1 andM2 as

shown in Figure 3.4. Since the permeability is assumed constant over the control volume, it

follows that a Darcy velocityV◦ can be obtained for the quadrilateral such that it produces
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the same flux across the control volume edges (as defined in Figures 3.3 and 3.5):







V
◦ · n̂1 = f ◦

1 / |E1|

V
◦ · n̂2 = f ◦

2 / |E2|
(3.3)

This velocity is called the “natural velocity” because it directly derives from the linear

pressure assumption in the CVFE method (see also Figure 3.6).

Figure 3.2: Control volume

p

ΓV

Q

E1

E2

E3

E4

Figure 3.3: Definition of the edges ofQ

This natural velocity is, however, not satisfactory for tracing streamlines. In particular,

the normal component of the velocity is generally discontinuous across the edgesE3 andE4
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p

n̂1

n̂2

M1

M2

C

Figure 3.4: Definition of the points of the control volume andnormal vectorŝn1, n̂2

p

f ◦
1

f ◦
2

Figure 3.5: Fluxes directly obtained from the numerical method

of the quadrilateral. This discontinuity occurs because the flux continuity is only enforced

on E1 andE2 in the numerical scheme. This discontinuity results in non-conservation of

mass along the streamlines and incorrect tracing (see Figures 3.7 and 3.8) ifV◦ is used

directly.

3.2.4 Criteria for post-processed velocity

Three criteria are defined for the velocity fieldV in order to achieve an accurate streamline

tracing:

1. The velocity field must satisfy∇ · V = 0 at all points.

2. WhereV is not differentiable, the normal component ofV must be continuous across

each discontinuity, ensuring mass conservation along the streamline.

3. On each segmentΓj of a control volume,V must be consistent with the fluxf ◦ given
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V
◦

p

Figure 3.6: Natural velocity

Figure 3.7: Using the natural velocity to perform the tracing leads to incorrect results

by the solution of the pressure equation:

∫

Γj

V · n̂j dl = f ◦
j (3.4)

In addition, we note that Darcy’s law implies that for any subdomainγ over which perme-

ability is homogeneous, we have:

∫

γ

∇× V ds = −k

∫

γ

∇×∇P ds = 0 (3.5)

This property requires that the flow is locally irrotational(i.e., over regions of constant

permeability).
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Figure 3.8: Uniform triangular grid use to solve for the pressure on Figure 3.7

3.2.5 Recovered velocity

This section addresses the numerical determination of the unknown velocity, referred to as

V
∗, subject to the tracing-quality constraints defined in 3.2.4. Two possible parameterized

forms forV∗ are considered and a linear system enforcing the constraints is devised. Fi-

nally, closure of the system is discussed followed by comments on the uniqueness of such

a solution.

Two possible approximations

The problem of finding an expression for the velocity inside the control volume that also

satisfies the quality criteria defined in Section 3.2.4 is considered here. In the approach

that we propose, the velocityV∗ is parameterized on a sub-grid filling the control volume.

This sub-grid is called a patch. At least two approximations(and their corresponding patch

division) can be identified:

• a bilinear interpolation based on the quadrilateral defining the control volume,
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• a piecewise constant approximation based on sub-trianglesobtained by splitting the

aforementioned quadrilateral.

In the second case, the patch is a sub-triangular grid composed of2nf elements ifp is

not a boundary node (Figure 3.9).

V
∗
e = V

◦
V

∗
i =?

p

Figure 3.9: Consistency constraints completely determine the velocity in the external sub-
triangle

Consistency and continuity conditions

Given a choice for the form of the velocity (piecewise constant or piecewise linear) and the

corresponding sub-division of space (patch), the consistency and continuity constraints are

written respectively at the perimeter of the patch and at itsinterior boundaries.

In the case of a bilinear interpolation, there is one quadrilateral element per triangle

connected top. Each parameterized velocityV∗ is entirely defined by the values of the

four fluxes on the boundariesf ∗
j wherej ∈ {1, 2, 3, 4} and the geometry of the quadrilateral

(see Figure 3.10). Applying directly the consistency constraints, we immediately see that

f ∗
j must be equal tof ◦

j for j = 1 andj = 2. A divergence-free expression is achieved only

if we also require:
4∑

j=1

f ∗
j = f ∗

1 + f ∗
2 + f ∗

3 + f ∗
4 = 0 (3.6)

This is equivalent to

f ∗
3 + f ∗

4 = − (f ◦
1 + f ◦

2 ) (3.7)
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This condition is necessary to obtain a divergence-free expression forV∗, though it is not

sufficient. Pŕevostet al.(2001) showed that the use of an isoparametric mapping transforms

a divergence free expression for the velocity in reference space into a velocity in physical

space that approximates zero-divergence to first order.

p

f ∗
1

f ∗
2

f ∗
3

f ∗
4

Figure 3.10: Location of the fluxes to be obtained by post-processing

p

Fi
Fe

Figure 3.11: A sub-patch is composed of 2 sub-triangles, theinterior (Fi) and the exterior
(Fe)

p

n̂1

n̂2
n̂12

Figure 3.12: Normal vectors

The continuity constraints are enforced at each of thene interior boundaries of the

patch. For the two adjacent quadrilateralsQa andQb, we have (see also Figure 3.13):
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continuity constraints

Fb,e

Fb,i Fa,e

Fa,i

Figure 3.13: Continuity constraints between exterior and interior sub-triangles

f ∗
a,3 = −f ∗

b,4 (3.8)

For any nodep in the interior of the gridded domain, we have the important relation,

ne = nf (3.9)

p

f ∗
a,3

f ∗
b,4

Qb

Qa

Figure 3.14: Continuity conditions between quadrilateralsa andb
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which guarantees that there are as many linear constraints as degrees of freedom for the

expression of the velocity within the patch.

System closure

By summing all the equations obtained in Equations 3.7 and 3.8separately, we gather:







nf∑

m=1

f ∗
m,3 +

nf∑

m=1

f ∗
m,4 = −

nf∑

m=1

(
f ◦

m,1 + f ◦
m,2

)

nf∑

m=1

f ∗
m,3 +

nf∑

m=1

f ∗
m,4 = 0

(3.10)

As a consequence, the rank of the linear system is at bestnf − 1 (independent of the values

of the fluxes imposed on the boundary). We can identify two possible cases:

• the net flux vanishes, in which case there exists an infinite number of solutions,

• the net flux does not vanish, in which case there is no solutionsatisfying all condi-

tions and a different interpolant form must be employed for the tracing.

For the case of an incompressible flow, away from sinks and sources, we always have

an infinite number of solutions. In the general case (away from domain boundaries and

sources), the deficiency in the rank can be cured by adding oneextra equation to the system.

Cordes and Kinzelbach (1992) suggested the use of a linear equation enforcing the curl of

the velocity field to be zero in a weak sense:
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x
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+1

+1
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1

ξ

η

ξ

η

Figure 3.15: Isoparametric transform

∫∫

Ω

∇×∇P ds =

∫∫

Ω

∇× k
−1

V ds (3.11)

= k
−1

∮

Γ

V · t̂ dl

= 0

with Ω =
⋃

m Fp
m,i the union of all the interior sub-triangles in the patchp. This equation

provides closure for the system and uniqueness for the solution of recovered velocities.

The problem that arises when using a sub-quadrilateral gridfor the tracing is that the

analytical form ofV∗ on each sub-quadrilateral is only explicitly known in the unit square.

The path-line on which the circulation has to be calculated is composed of the outer edges

of the quadrilaterals. Mapping to a unit cell in(ξ, η) reference space gives:

∫

Ei

V
∗(x, y) · t̂ dl =

∫

V
∗(ξ, η) · t̂ |J | dl (3.12)

whereJ is the Jacobian of the isoparametric transformation of a point (ξ, η) in reference

space into a point in physical space(x, y), as shown in Figure 3.15.
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To avoid approximating Equation 3.11 in physical space, we choose a simpler solution

which consists in using a piecewise constant form of the velocity and analytically calcu-

late its circulation. Doing this, we avoid the calculation of J and a numerical integration

along the edge, or the possible errors introduced by the assumption J(ξ, η) = constant.

The drawback of this choice is that we need to introduce a new sub-division of the patch

and write the linear system expressing the velocity solution in terms of the new parame-

ters. Indeed, we need to rewrite the system of constraints from a formulation where the

unknowns are on the edges of the quadrilaterals to a formulation where the unknowns are

the two components of the velocity within sub-triangles. This technique is almost identical

to the one explained by Cordes and Kinzelbach (1992) with the exception that it is also

applicable to point distributed grids.

Fe

M1

M2

Figure 3.16: Closure of the system is obtained by setting the circulation of the piecewise
constant velocities to zero on the interior sub-triangles

Tracing on sub-triangles

Each quadrilateral of the patch is divided into two sub-triangles, one connected to the node

p (the interior sub-triangleFi) and one not connected top (the exterior sub-triangleFe)
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as shown in Figure 3.11. The velocity is assumed to be piecewise constant on the sub-

triangular grid composing the patch.

In the same fashion as for the quadrilateral case, the constraints are written for this

velocity expression.

• At each point not on any edge of the sub-triangular grid, we have∇ · V∗ = 0

• The consistency equations are written on the exterior sub-triangles only (two con-

straints perFe) and hence identify the post-processed velocity as the natural velocity

(Equation 3.13 and Figure 3.9).

V
∗
e = V

◦ (3.13)

• The only constraints that remain to be enforced are continuity constraints among ad-

jacent interior sub-triangles and continuity constraintsbetween interior and exterior

sub-triangles of the same sub-patch (see also Figure 3.13),







V
∗
m,i · n̂m

12 = V
∗
m,e · n̂m

12

V
∗
a,i · n̂a

1 = V
∗
b,i · n̂a

1

= −V
∗
b,i · n̂b

2

(3.14)

The same rank deficiency in the system as for the quadrilateral case is observed but

now the closure condition can readily be written,

nf∑

m=1

V
∗
m,i · xm

12 = 0 (3.15)

wherex
m
12 is the vector pointing fromM1 to M2 in the trianglem attached top
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(Figure 3.4).

Once the full-ranked system of equations is solved, the tracing can be performed on the

sub-triangular grid or the sub-quadrilateral grid.

Note that an alternate subdivision of the patch into triangles may be considered as

shown in Figure 3.17. This grid is obtained by splitting the quadrilateral composing the

control volume along the diagonal that contains the center of the patch. The post-processing

described above may be applied to this alternate velocity discretization. Similar sub-

division is used in the 3D case. It is discussed in Section 3.3.

Fi,1

Fi,2

p

Figure 3.17: Alternate construction of the sub-patch

Tracing on sub-quadrilaterals

The sub-triangular grid was used because it allowed us to write the closure condition of

the linear system in an expedient fashion. Once the piecewise expression forV∗ is known,

it can be projected on the edges of the quadrilaterals and thesub-quadrilateral tracing can

be employed. It is possible, however, to perform the tracingdirectly using the piecewise

constant velocity field. This solution requires us to store the topology of a considerably

larger triangular grid with five times as many elements as thequadrilateral grid.
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injector

producer

(a) 4 × 4 Cartesian grid (b) Equivalent triangular grid

Figure 3.18: Homogeneous quarter of five spot: simulation grids

3.2.6 Summary of tracing results

Comparison tests are presented for the implemented tracing methods. The tracing and pro-

duction curves for the tracer flow model are obtained using a CVFE pressure discretization

and compared to the well known Pollock tracing for equivalent Cartesian models. The two

tests considered are one homogeneous and one heterogeneousmodel of a quarter of a five

spot.

Homogeneous quarter of a five spot

First, a quarter of a five spot is considered with a4 × 4 Cartesian grid. The equivalent tri-

angular grid is constructed by splitting every Cartesian grid cell (square) into two triangles.

Cartesian grid well blocks were split into four in order to reproduce the same well locations

(see Figures 3.18(a) and (b)).

Streamlines obtained with bilinear interpolation of velocity with continuous post-processed

fluxes are shown in Figure 3.19(b) while Figure 3.19(a) showsthe tracing with piecewise
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(a) Tracing on a sub-triangular grid
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(b) tracing on a sub-quadrilateral grid

Figure 3.19: Cordes and Kinzelbach postprocessing, comparison of tracing types (from
Pŕevost, 2000)

 

entry 

exit 

δx≡0 

recovered fluxes 

tracing on sub-triangles (linear) 

tracing on sub-quadrilaterals (bi-linear) 

p 

r 

q 

Figure 3.20: Entry and exit points using the post-processedfluxes are identical when us-
ing a piecewise constant (sub-triangle) or linear (sub-quadrilateral) approximation for the
velocity
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(a) Sub-triangular tracing
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(b) Sub-quadrilateral tracing

Figure 3.21: Time of flight versus longitudinal distance to injector (Cordes and Kinzelbach
postprocessing applied to different tracing type)

constant velocity with the same post-processed fluxes. The two tracings are equivalent in

terms of entry and exit points as tests indicate differencesin exit and entry points coordi-

nates of the order of the precision of the machine floating point representation (ǫ = 10−9).

However, along each streamline, some small differences in time of flight (order1%) can be

observed between the two tracing methods as shown in Figures3.21(a) and (b). The graphs

were obtained by plotting for each streamline the curvilinear time of flight at a point as a

function of the point location, projected on thex = y axis (see also Figure 3.22).

The tracer flow front is plotted for different pore volume injected (PVI) in Figure 3.23

and shows a breakthrough time of0.7 after accounting for well spacing differences (on a

Cartesian grid, the well spacing is
√

2(L−∆x) instead of
√

2L, whereL is the side length

of the domain).

When running the same problem with a finer underlying Cartesiangrid (36 × 36), the

time of flight proved to be in excellent agreement with simulations on Cartesian grids and

the fractional flow curve matched the analytical solution with a dimensionless breakthrough

time of0.72.
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* streamline

distance proj. onx = y plane

injector

producer

Figure 3.22: Time of flight on Figures 3.21(a) and 3.21(b) is aprojection on thex = y
plane of time along the streamlines viewed as an elevation above the(x, y) plane

Figure 3.23: Tracer flow fronts at different pore volumes injected,tD = 0.15, 0.33, 0.40,
0.53 and0.66 (6 × 6 grid as shown in Figure 3.8)
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Figure 3.24: CVFE grid with cell based permeability is constructed to compare with an
equivalent sized Cartesian grid

Heterogeneous quarter of a five spot

In order to compare the conventional streamline method on a Cartesian grid with the cell

centered and point distributed permeability CVFE schemes ontriangles for heterogeneous

problems, a test case is carefully constructed such that theproblem remains invariant with

respect to each grid type.

The field consists of a uniformly high homogeneous isotropicpermeability, with three

square regions inserted with low permeability. The ratio between the high and low per-

meability regions is103. The corresponding grids and control volumes are shown in Fig-

ures 3.24 and 3.25.

Cell centered approximation The pressure equation is solved using the standard CVFE

discretization. After applying the flux postprocessing streamlines are traced using both

piecewise constant (sub-triangular grid) and bilinear (sub-quadrilateral grid) velocity inter-

polations.
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Figure 3.25: Dual CVFE grid. With cell based permeabilities,each control volume may
contain different permeability values

Figure 3.26: Streamline tracing for the cell distributed permeability case with flux postpro-
cessing using a piecewise constant (sub-triangular grid onleft image) or a bilinear (sub-
quadrilateral grid on right image) velocity interpolation



3.2. TWO DIMENSIONAL TRACING 87

Point distributed approximation To construct a point distributed grid that matches the

same permeability discontinuities as in the previous section, the primal grid (shown in

Figure 3.27(a)) is first introduced. Initially, the corresponding control volume grid (where

permeability is defined; see Figure 3.27(c)) is not aligned with the interior permeability

boundaries and mid-edge points are shifted (Figure 3.27(d)) to create a boundary aligned

grid with the correct distribution. Both sub-triangle tracing and the new flux continuous

sub-quadrilateral tracing are compared with Cartesian results.

Figure 3.28 shows that the proposed method respects the no flow boundaries and ex-

hibits the same overall streamline distribution across heterogeneities as the Cartesian model.

Plotting the fraction of streamlines breaking through against the dimensionless stream-

line arrival time gives the semi-analytical tracer fractional flow at the producing well (Fig-

ure 3.29). A non trivial difference in the breakthrough timeis observed. This difference is

attributed to the higher degree of refinement of the Cartesiangrid (three cells between het-

erogeneities, see Figure 3.27(b)), compared to the controlvolume grid (one control volume

cell only, see Figure 3.27(d)), which clearly favors the Cartesian solution.

3.2.7 Conclusions for 2D tracing

• For homogeneous and heterogeneous standard CVFE grids, in which permeabilities

are defined over the triangles, the results obtained by Cordesand Kinzelbach (1992)

using a sub-triangular grid were reproduced.

• Pŕevost (2000) noted that Cordes and Kinzelbach (1992) tracingcould not be directly

applied to the point distributed scheme, in which permeabilities are defined over

control volumes. To circumvent that limitation, tracing ona sub-quadrilateral grid

was proposed.
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(a) (b)

(c) (d)

Figure 3.27: (a) Primal (triangular) grid and (c) corresponding CVFE grid. To match Carte-
sian control volumes and reproduce the same permeability discontinuities as in (b), the
CVFE grid mid-edge points were shifted to give the grid in (d)



3.2. TWO DIMENSIONAL TRACING 89

Figure 3.28: Tracing obtained from Cartesian simulation (left) is correctly reproduced by
tracing on the sub-quadrilateral grid after flux post-processing (right)
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Figure 3.29: Tracer fractional flow. Cartesian numerical solution is compared to that ob-
tained by plotting streamlines arrival times for the sub-quadrilateral tracing
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• Tracing on a sub-quadrilateral grid (rather than using a sub-triangular grid) after

performing a flux post-processing allows us to use the generalization of Pollock’s

tracing for non-orthogonal cells. Entry and exit points on primal triangular grid edges

were unchanged and small differences were observed in termsof time of flight along

the streamlines. This tracing technique is satisfactory for both the point-distributed

and the cell-centered permeability approximations.

• An extension of Cordes and Kinzelbach (1992) sub-triangulartracing was proposed

here for use with the point distributed scheme. The technique assumes a sub-division

of the primal grid into six triangles, instead of four in the cell-centered approxima-

tion.

• For both the point-distributed and the cell-centered approximations, there exists both

sub-triangular and sub-quadrilateral grid tracing methods that provide accurate trac-

ing.

• Sub-triangular and sub-quadrilateral tracings are equivalent. Yet, the constant Ja-

cobian approximation in the mapping of quadrilaterals to unit squares introduces a

difference in the producing fractional flow curves.

3.3 Three dimensional tracing

This section generalizes the streamline technique to 3D. The method proposed introduces

a sub-grid for the tracing and a local postprocessing that solves for the velocity interpolant.

The postprocessing entails the resolution of an underdetermined linear system. System

construction, size, rank, and closure techniques are each described in the present section.
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3.3.1 Notation

The following notations are introduced to describe the post-processing:

CVFE Control volume finite element. Numerical method which consists in

• considering fluxes on the faces of a volume,

• expressing these fluxes as linear combination of unknown pressures,

• solving for these pressures by enforcing mass conservationwithin the volume.

Control volume Volume surrounding a pressure. Darcy fluxes are written at control vol-

ume boundaries.

Node Vertex of the primal grid. There is a one to one correspondance between nodes and

control volumes, hence they are both indexed by the same letterp.

Hexahedron The intersection between the control volumep and the tetrahedron connected

to the nodep.

Tetrahedron refers to an element of the primal simulation grid. The pressure variables are

located at the vertices of these elements.

Sub-division Each hexahedron is sub-divided into5 tetrahedra (called sub-tetrahedra).

Sub-patch Collection of all the sub-tetrahedra belonging to both a given control volume

and a tetrahedron (5 of them).

Patch Collection of all the tetrahedra lying in a control volume (5np
t of them).

Sub-tetrahedron Refers to an element of a patch.

The following table describes the notations used in the present section.
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Notation Definition

Roman

np
t Number of tetrahedra connected to the nodep (also seent)

nt Number of tetrahedra connected to a node

nf Number of triangular faces connected to a node

H Hexahedron

T Tetrahedron

F Triangular face

Q Quadrilateral face (face of a control volume)

E Edge

M Midpoint of edge

C Barycenter of a face

G Barycenter of a tetraheron

p Vertex of the primal grid

n̂ Normal vector

Superscript

p Relative to a patch or equivalently to a node or a control

volumep

t Relative to a tetrahedron

f Relative to a face

Subscript

continued on next page
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Notation Definition

m Index of a sub-tetrahedron within a patch

i, k Interior sub-tetrahedron numberk = 1, 2, 3 (always relative

to a patch and a tetrahedron)

e Exterior sub-tetrahedron (always relative to a patch and a

tetrahedron)

c Center sub-tetrahedron (always relative to a patch and a

tetrahedron)

x, y, z Physical space coordinates

ξ, η, ǫ Reference space coordinates

3.3.2 Patch hexahedron sub-division

Each vertexp of the primal grid (Figure 3.30) defines a control volume of the dual grid.

This control volume is comprised by the union ofnt hexahedra. Each hexahedron is defined

by the eight following vertices (see also Figure 3.31):

• the vertexp,

• the centroid of the tetrahedronG,

• the three centers of faces connected top: C1, C2 andC3,

• the three centers of edges connected top: M13, M12 andM23.

Fundamental relation

When looking for a representation of the velocity in 2D, we sawthat the number of degrees

of freedom was proportional to the number of triangles connected top, while the number
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p
F

1

F2

F
3

Figure 3.30: Definition of the tetrahedron faces (relative to p)

M12

M13

M23

C1

C2

C3

G
p

Figure 3.31: Definition of the points on the control volume (relative top)

of constraints was proportional to the number of connected edgesne. We took advantage

of the fact thatnf = ne to obtain a full-rank system.

In 3D, away from the boundaries, the following relation exists between the number of

faces and the number of tetrahedra connected to nodep:

3nt = 2nf (3.16)

The number of degrees of freedom of our expression for the velocity will be proportional

to nt, while the number of constraints will be proportional tonf .
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p

Figure 3.32: Sub-hexahedronH

p

n̂1

n̂2

n̂3
p

Q1

Q2

Q3

Figure 3.33: Fluxes on the control volume faces define the natural velocity

3.3.3 System of constraints

We can construct a system of equations similar to the one obtained for the 2D case. The

velocity is now assumed to be a trilinear function defined on the unit cube. Velocity for a

hexahedron in the physical coordinate system is again obtained via an isoparametric trans-

formation. There are six degrees of freedom (dof) associated with the velocity expression,

they are the values of the flux on each face of the hexahedron. The velocities on thent

hexahedra forming the patch centered around the nodep are constrained using:

• the3nt external fluxes (consistency constraints),

• thenf internal continuity constraints,

• nt constraints expressing that the node is neither a source or asink.
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A1

A2

add. constraints

x = b

Figure 3.34: System of constraints for the trilinear interpolation on hexahedra.A1 andA2

represent respectively the continuity and zero-sum constraints of the fluxes

The consistency constraints are identified to the corresponding dof’s in a straightfor-

ward manner. From the balancing of the dof’s and the constraints we see that there remains

a total of3nt dof’s andnt + nf constraints. Using Equation 3.16 we see that there are

nf − nt = nt/2 too many degrees of freedom (Figure 3.34).

To close the system of equations we can consider different options, some of which will

be discussed in Section 3.3.4. One option is to enforce that the velocity derives from a

potential in a weak sense by integrating(∇×V
∗) · n̂ on a series of surfaces. Again, for the

reasons stated earlier, it is convenient to work with an analytical expression ofV∗, hence

we choose to subdivide the patch further in order to use piecewise constant approximations

for V
∗.

Patch sub-tetrahedra division

Each hexahedron belongs to both a control volume (p) and a tetrahedronT . We divide each

hexahedron in the following manner:
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Te: the sub-tetrahedron connecting the center ofT (i.e., G) to

the centers of the three faces connected top (i.e., C1, C2 ,

andC3)

Tc: the sub-tetrahedron connectingp to the centers of the three

faces connected top

Ti,j, j ∈ {1, 2, 3}: three sub-tetrahedra completing the hexahedra

An illustration of the subdivision is provided in Figure 3.3.3.

Flux density

Each flux value on the face of the control volume acts as a consistency constraint for the

velocity expression in the sub-elements touching the face.This constraint translates into a

condition on the normal component of the velocity at the face. Assuming that the normal

component of the velocity is uniform on the face simplifies considerably the writing of the

system of constraints. Indeed, it decouples the system for each patch while still enforcing

continuity of the normal component of the velocity atall pointsacross all control volume

faces.

Using this assumption, we can define a face flux-density, equal by definition to the value

of the flux across the face divided by the area of the face. The consistency constraint now

reads “the normal component of the velocity equals the face flux density at each point”.

V
∗ · n̂ = f ◦/ |Q| (3.17)
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p

(a) Five sub-tetrahedra obtained fromH

p

(b) Five sub-tetrahedra obtained fromH (exploded view)

p

Ti,1

Ti,2

Ti,3
p

Tc
p

Te

(c) Five sub-tetrahedra obtained fromH

Figure 3.35: Subdivision of an hexahedronH into five subtetrahedra
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Consistency constraints on the sub-tetrahedra

From Figures 3.35(a) and (c), we see that each face of the control volume was split into

two triangles and and each of these triangles belongs to two distinct sub-tetrahedra (Te and

Ti,j). As anticipated, the flux on the control volume faceQj acts as a consistency constraint

on the value of the velocity in the two sub-tetrahedra:V
∗
e andV

∗
i,j. We need still to decide

how the flux constraint onQj is distributed on the two triangles. A reasonable assumption

is that the flux-density is the same on both triangles. Any other assumption might introduce

a coupling between velocities of different patches hence defeating the purpose of a local

post-processing.

Use of the natural velocity

The natural velocity is defined in the same way as in 2D; specifically, as the vector that

reproduces the numerically computed fluxes across the control volume faces. The natural

velocity is denotedV◦ and is reconstructed fromf ◦
j , (j = 1 : 3) using:







V
◦ · n̂1 = f ◦

1 / |Q1|

V
◦ · n̂2 = f ◦

2 / |Q2|

V
◦ · n̂3 = f ◦

3 / |Q3|

(3.18)

(see Figure 3.33 for notation).

The consistency constraints applied to the exterior sub-tetrahedronTe immediately give

V
∗
e = V

◦ (3.19)
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In addition to that, the velocities in the three interior sub-tetrahedra are constrained:

V
∗
i,j · n̂j = f ◦

j / |Qj| with j = 1 : 3 (3.20)

Continuity constraints

A sub-tetrahedral patch is composed ofnt sub-patches. Each sub-patch is composed of five

sub-tetrahedra. The velocity in the sub-tetrahedronTe is already determined (see Equa-

tion 3.19). The velocities in the three interior sub-tetrahedra (Ti,1, Ti,2, andTi,3) are con-

strained by one consistency equation each, corresponding to the face that lies on the control

volume envelope. Finally, the central sub-tetrahedronTc does not share any face with the

control volume envelope, and hence there are no consistencyconstraints on the central

sub-tetrahedron velocity.

Continuity of the normal component of the velocity must be enforced across each of

the sub-tetrahedra faces within the patch. For each sub-patch, there are

• 6 sub-tetrahedra faces on the outside of the sub-patch (Ti,j)

• 3 sub-tetrahedra faces connecting theTi,j to Tc

• 1 sub-tetrahedron face connecting theTc to Te

Hence in total for the patch, there are2nf + 4nt continuity constraints.

We summarize the number of unknowns and constraints for a patch:

Constraints Unknowns

consistency 3nt 4 · 3 · nt

continuity 2nf + 4nt = 12nt
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For a node in the interior of the gridded domain, using the relation betweennt andnf

(Equation 3.16), the size of the system is10nt × 12nt.

System of constraints

In order to write a matrix form of the system of constraints, we define the following un-

known compound-vector, comprised of all the velocities defined in the sub-tetrahedra of

the patch:

x =
[
x1, · · · , xnt

]T
(3.21)

with

xk =
[
xk

1, x
k
2, x

k
3, x

k
4

]T
k ∈ {1, · · · , nt} (3.22)

and 





xk
1 = V

∗,k
i,1

xk
2 = V

∗,k
i,2

xk
3 = V

∗,k
i,3

xk
4 = V

∗,k
c

(3.23)

The system of constraints is then written asAx = b (Figure 3.36).A is 10nt×12nt and

can separated into an upper part of size3nt × 12nt representing the consistency constraints

and a lower part of size7nt × 12nt representing the continuity constraints. The upper part

of b is composed of the right hand side of the consistency constraints (Equation 3.20) and

the lower part is zero as the continuity constraints do not introduce a right hand side.

The rank ofA is necessarily less than10nt. Because one consistency constraint is

redundant, the rank is at most10nt − 1. As a consequence, the rank deficiency ofA (equal

to the dimension of its null space) is equal to at least2nt + 1. Numerical tests showed

that the rank is (in general) exactly equal to10nt − 1. To solve the system, one possibility
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Aconsistency

Acontinuity

add. constraints

x =
b

Figure 3.36: System of constraints for the piecewise constant interpolation on sub-
tetrahedra. Additional constraints may be added to close the system

is to remove one consistency constraint from the system and impose2nt + 1 additional

constraints in order to complete the system and obtain a fullrank matrix. Alternatively,

the system can be solved in a least square sense. These alternatives are discussed in the

following section.

3.3.4 Remarks

System size, square system

If we also assume that the velocity in the sub-tetrahedronTc is known and equal to the

natural velocity (V∗
c = V

◦), then the system of constraints becomes:

Constraints Unknowns

consistency 3nt 3 · 3 · nt

continuity 2nf + 3nt = 9nt
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Aconsistency

Acontinuity

x = b

Figure 3.37: System of constraints for the piecewise constant interpolation on sub-
tetrahedra. Although the system appears to be closed, it is actually incompatible

For a node in the interior of the gridded domain, using the relation betweennt andnf

(Equation 3.16), the size of the system becomes9nt × 9nt. Its rank, however, can vary and

is not in general9nt − 1.

Moreover, numerical tests showed that the system right-hand side (containing the flux

density values) does not usually lie in the image of the matrix, leading to an incompatible

system (no solution). The shape of the system is summarized in Figure 3.37. The assump-

tion V
∗
c = V

◦ is therefore not viable as it results in a linear system that generally does not

have a solution.

Closure of the system

For an interior point, the remaining2nt +1 degrees of freedom are used to further constrain

the solution. Consistent and continuous velocities may produce nonphysical results due to
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nonzero curl of the velocity, which is not automatically enforced. To illustrate the impor-

tance of zero curl velocities, we now set the value of the curlof the velocity to an arbitrary

nonzero value. In Figure 3.38, the curl of the velocity was forced to be large (of the or-

der of the velocity itself) in certain cells. This was achieved using Stoke’s theorem (given

below) and writing the circulation of the velocity on a closed line on the surface of the

patch, resulting in a linear constraint on the velocity components. The problem simulated

is a homogeneous, corner to corner flow and should therefore display smooth streamlines.

However, the corresponding streamline tracings exhibit swirling and nonphysical delays in

the time of flight. This illustrates the potential benefit of controlling the magnitude of the

curl of the postprocessed velocities. We now describe how this can be achieved.

Figure 3.38: Consistency and continuity constraints alone may produce nonphysical
swirling of the streamlines (here∇× u is artificially forced to be nonzero)

In the case where the underdetermined system of constraints3.36 is solved in a least
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square sense (no additional constraints added), numericaltests showed that the circulation

of the velocity interpolant along any given closed curve wasin geneneral nonzero. As a

consequence, and in order to prevent the possible nonphysical swirling of the streamlines

(comparable in nature to that exhibited in Figure 3.38 but generally much smaller in mag-

nitude), additional zero-curl constraints are added to thesystem.

BecauseV∗ is not differentiable everywhere, we only ensure it is weakly non-rotational

in the three coordinate directions. Using Stoke’s theorem

∫∫

∇× u · dn̂ =

∮

u · dt̂ (3.24)

for any vectoru, wheredt̂ is a elementary vector tangential to the oriented curve, we

can calculate the circulation ofV∗ on a set of closed curves on the surface of the patch.

This analytical expression is a linear function of the components of the velocities of the

sub-tetrahedra intersected by the curve.

Let us consider the three planesPu, (u ∈ {x, y, z}), defined as the planes of constant

coordinateu containing the centerp of the patch (see Figure 3.39). The intersections of

these planes with the control volume envelope define three curves that we use to enforce

the zero-curl constraints.

The remaining2nt − 2 degrees of freedom can be treated in different ways:

• Force the expression of the circulation of the velocity to bezero for additional curves

(Figure 3.40).

• Minimize the sum of the norms of the velocities.
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• Minimize the deviation ofV∗ from: V◦

nt∑

m=1

[
3∑

j=1

‖V∗,m
i,j − V

◦,m‖2 + ‖V∗,m
c − V

◦,m‖2

]

(3.25)

Figure 3.39: Closure conditions can be obtained by setting the circulation of the velocity
on some path on the surface of the patch to zero
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Figure 3.40: In addition to the three paths obtained by intersecting the patch with thex, y
andz planes, other paths may also be considered

Including the three irrotational constraints plus the norm-minimization objective con-

straint leads to the system shape shown in Figure 3.41. The resulting tracings are satisfac-

tory and displacement data agree with the reference solution for tracer flow on a quarter of
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Aconsistency

Acontinuity

zero circulation in 3 directions
norm minimization

x =
b

Figure 3.41: System of constraints for the piecewise constant interpolation on sub-
tetrahedra. Irrotational constraints are added to close the system and the remaining degrees
of freedom are used to minimize the deviation betweenV

∗ andV
◦

a nine spot (Figure 3.42). Detailed results for the streamline tracings will be presented in

Chapter 5.

Solution of the system

If the system of linear constraints is underdetermined or nearly singular, special care must

be taken in the inversion procedure. As explained in the current section, a full rank system

of constraints is constructed in order to impose physicallymeaningful constraints on the ve-

locity representation. However, in some cases, redundant or even incompatible constraints

may be imposed on the system, leading to rank deficient matrices. As a consequence, solu-

tion methods that are more sophisticated than standard Gauss inversion or iterative methods

are needed. Common methods for inverting underdetermined systems include orthogonal

factorization and singular value decomposition methods. The use of these methods intro-

duces an extra cost to the inversion, but provides critical control on the norm of the solution
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Figure 3.42: Enforcing modified system of constraints givesnon-swirling streamlines

and permits the generation of meaningful results for nearlysingular systems. We describe

here two methods that can be used to solve an underdeterminedsystem of constraints in

a least square sense, the QR factorization method and the singular value decomposition

(SVD) method. Both methods provide a solution that minimizesthe 2-norm among possi-

ble solutions of the underdetermined system. Comparative benefits of the two methods are

discussed as well as an assessment of computational costs.

QR factorization The QR factorization of anm × n matrix is given by

A = QR (3.26)
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whereQ ∈ Rm×m is orthogonal (QT Q = QQT = I) andR ∈ Rm×n is upper triangular

(here we assumem ≥ n). If A has full column rank, then the firstn columns ofQ form

an orthogonal basis for the range ofA. The computation hence amounts to determining an

orthonormal basis for a set of vectors. Several techniques can be used for the factorization;

e.g., Householder factorization or Gram-Schmidt factorization. If A is underdetermined

(m < n), then some factorization algorithm can provide the minimum 2-norm solution. If

we compute the QR factorization,

AT = QR = R






R1

0




 (3.27)

with R1 ∈ Rm×m, thenAx = b becomes

(QR)T x =

[

RT
1 0

]






z1

z2




 = b (3.28)

where

QT x =






z1

z2




 z1 ∈ Rm, z2 ∈ Rn−m (3.29)

z1 is therefore uniquely defined andz2 can take an arbitrary value. Settingz2 = 0 will then

minimize the 2-norm ofx because

‖QT x‖2
2

= ‖x‖2
2 = ‖z1‖2

2 + ‖z2‖2
2

The least square solution is then

xLS = RT
1

−1
b (3.30)
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Singular Value Decomposition (SVD) The SVD can also be used to compute the mini-

mal norm solution of an underdeterminedAx = b problem. For a realm × n matrix, there

exist orthogonal matrices,

U = [u1, · · · , um] ∈ Rm×m and V = [v1, · · · , vn] ∈ Rn×n (3.31)

such that

UT AV = diag(σ1, · · · , σp) ∈ Rm×n p = min{m,n} (3.32)

whereσ1 ≥ σ2 ≥ . . . ≥ σp ≥ 0.

Theσi are thesingular valuesof A and the vectorsui andvi are theith left singular

vectorand theith right singular vectorrespectively.

The SVD reveals important information about the structure of the matrix. In particular

it gives the rankr of the matrix as the number of nonzero singular values,

σ1 ≥ · · · ≥ σr > σr+1 = · · · = σp = 0 (3.33)

Then,

rank(A) = r

null(A) = span{vr+1, · · · , vn}

range(A) = span{u1, · · · , ur}

(3.34)

and we have the SVDexpansion

A =
r∑

i=0

σiuiv
T
i (3.35)

When dealing with rounding errors in the matrix, SVD is very useful in determining
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whether the rank is numerically deficient by defining theǫ-rank:

rank(A, ǫ) = min
‖A−B‖2≤ǫ

rank(B) (3.36)

An interesting property is that, ifrǫ = rank(A, ǫ), then

σ1 ≥ · · · ≥ σrǫ
> ǫ ≥ σrǫ+1 ≥ · · ·σp p = min{m,n} (3.37)

Theǫ-rank simply corresponds to the number of singular values that are greater than some

toleranceǫ.

Finally, the SVD provides a compact expression for the leastsquare solution

xLS =
r∑

i=1

uT
i b

σi

vi (3.38)

wherer is typically anǫ-rank. Note that ignoring small singular values amounts to setting

1/σi to zero, therefore improving the numerical stability of thesolution.

Cost comparison Cost comparisons of the QR factorization and SVD are given below

(Golub and Van Loan, 1996) for a square full system1

Method Flops

Gauss Elimination 2n3/3

QR (Householder Orthogonalization)4n3/3

Singular Value Decomposition 12n3

1also assuming that the right-hand side is available at the time of factorization
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SVD is about nine times more costly than QR factorization. Therefore, QR factorization

is the preferred method for post-processing the velocity. Nevertheless, SVD provided very

valuable information for the analysis of the problem and forthe determination of the most

appropriate patch subdivision.

Nodes on the boundary

For nodes on the boundary, Equation 3.16 does not hold and thenumber of additional

degrees of freedom can drop below three. In that case, the solution space of the system

can be found analytically (using SVD for instance) and the solution of the problem can be

obtained by performing a minimization of the norm of the curl. For instance, if the number

of additional degrees of freedom is equal to two, then

x = x0 + λ1vn−1 + λ2vn (3.39)

wherevn−1 andvn are the(n − 1)th andnth right singular vectors ofA andλ1 andλ2 are

arbitrary real numbers.

The algebraic expressions of the three components of the curl of the velocity on the

intersecting curves (Figure 3.39) can be written as before.Because the rank deficiency

is only two, the three linear expressions cannot all be forced to zero. The solution we

consider here is the plane-minimization of the norm of the computed algebraic curl vector.

An alternative solution is to enforce zero curl on only two curves.

Closure on the sub-hexahedra system

We saw from Figures 3.34 and 3.36 that the system size increases from3nt to 12nt because

threea priori unknown vector components are introduced in 4 sub-tetrahedra instead of
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just 3 fluxes in the sub-hexahedral grid. This significant increase in computational expense

could be avoided if we could directly write closure conditions as linear combinations of

the fluxes in the sub-hexahedra. This requires the transformation of the expression of the

circulation from the reference cube to physical space. Thistransformation is complicated

because it requires the inversion of a nonlinear expressionof the Jacobian of the transform.

A substantial speed up of the velocity postprocessing will be obtained if this is achieved.
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Chapter 4

3D Flow based upscaling and gridding

This chapter generalizes and extends to 3D the methods developed in Chapter 2 for the 2D

case. Implementation of the 3D flow-based upscaling of both permeability tensors and two-

point transmissibilities for unstructured grids is presented. As discussed below, the overall

methodology is much more robust when two-point (as opposed to multiple-point) fluxes

are used. Tracer-flow streamline simulation (as developed in Chapter 3) is then applied to

provide flow diagnostics and to extract flow information for 3D models.

The significant increase in reservoir complexity when goingfrom 2D to 3D models

calls for more sophisticated gridding tools and algorithms(Mallet, 2002). These algorithms

must provide grids that conform to complex geological features such as faults, pinchouts

and seismic horizons (e.g., Figure 4.1). Extra complexity also arises from the need to model

nonconventional wells with varying trajectories and multilaterals.

This work makes use of gridding and visualizations tools developed by the LIAD1

within the context of theGocad consortium. In particular, recent advances of theGocad

group in conforming tetrahedrization has made new tools available. We have extended

1Laboratoire Infographie et Analyse des Données
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Figure 4.1: “Y” fault structural model (part of the Xingu structural model, courtesy of
Gocad)

these tools to fit the specific requirements for the construction of 3D reservoir models suit-

able for reservoir simulation.

The first section of this chapter presents the extension of the flow based permeability

tensor upscaling. Section 4.2 applies similar techniques to the upscaling of two-point trans-

missibilities. Section 4.3 describes theStanLab software development platform which is

based on aGocad kernel, as well as the different extensions developed by theLIAD that

we use in this work, and a brief description of the gridding algorithms used in theTGrid-

Lab plug-in (one of the extensions toGocad). Section 4.4 describes the grid construction

and adaptation methodology. This entails the definition of aparameterized grid resolution

constraint obtained from flow information maps.



4.1. FLOW BASED UPSCALING 117

4.1 Flow based upscaling

The permeability upscaling procedure described in Section2.3.1 can be generalized to 3D

unstructured grids, as we now describe. The upscaled permeability will in general be a full

tensor quantity which will require a multipoint approximation. We assume for simplicity

that the underlying geocellular model is defined on a uniformCartesian grid.

4.1.1 Procedure

We now require three sets of flow problems to determine the equivalent permeability tensor.

The upscaling procedure is as follows:

For each vertexp of the primal tetrahedral grid,

1. Consider the list
{
T p

j , j ∈ 1, · · · , np
t

}
of the tetrahedra connected top

2. Identify thetarget region as the subset of the fine cells that are enclosed withinthe

control volume centered onp

3. Construct the extended Cartesian region (target cell plus border region)R(I, J,K)

whereI = [imin, imax], J = [jmin, jmax] andK = [kmin, kmax] are index intervals

4. Solve the single phase pressure equation on the extended region using appropriate

boundary conditions. Three such solutions, with pressure drop specified in each of

the coordinate directions are required

5. Computek∗ from the average velocities and average pressure gradientsover the tar-

get volume

6. Enforce positive definiteness if necessary
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Target region

The target region is defined as the collection of fine grid cells that are used in the volume

averaging for the determination ofk
∗ (Equation 2.7). This region is a subset of the extended

region over which the pressure equation is solved. A naturalchoice for the target region is

the ensemble of all fine grid cells that are within the controlvolume considered. Because

the exact geometry of the control volume can be very complex as shown in Figure 4.2(a),

the procedure of identifying these cells (known as rasterization) can be very costly. This

procedure is even more complex because of the fact that the control volume is in general

non-convex.

An alternative to the exact determination of the target region is to approximate the

control volume by an ellipsoid. Once an ellipsoid is fit to thecontrol volume, all the fine

Cartesian cell centers of the extended region can be transformed into the local principal

coordinate axes of the ellipsoid. Testing whether or not thecenter points of the fine cells

fall within the ellipsoid is straightforward. The determination of the ellipsoid entails finding

its principal axes, which are not assumed to be parallel to thex, y or z axes.

Ellipsoid fitting

The technique used for the fitting of an ellipsoid around the control volume is based on

principal component analysis (PCA). Considering a sampled spatial random variable, PCA

finds the direction of maximum and minimum dispersion of the distribution in space (John-

son and Wichern, 1988). The principal axes of the ellipsoid are given by the eigenvalues of
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(a) Non-convex dual polyhedral cell (b) Ellipsoid fit to the geometry of the en-
velop

Figure 4.2: Approximation of the averaging volume for the calculation ofk∗

the covariance matrix:

R =


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(4.1)

where

σ2
u,v =

1

N

∑

i

(ui − 〈u〉)(vi − 〈v〉), (u, v) ∈ {x, y, z}2 (4.2)

Assuming that the variable follows a trivariate Gaussian distribution, the lengths of the

three axes of the ellipsoid are defined as1.96 times the standard deviation in the respective

directions, so as to include95% of the sampled data along each axis.

In order to fit the control volume surface, we consider all thepoints defining the surface

and perform a PCA. Clearly, the assumption of a Gaussian distribution does not apply to

the distribution of the control volume points. Therefore, the center of the control volume

is added to the point distribution with a weight equal to the number of points on the en-

velop. This approach gives excellent results and returns the exact solution if the points

were originally distributed on an ellipsoid (see Figure 4.3for a 2D illustration).
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(a) General 2D curve fit (b) Exact ellipse is recovered

Figure 4.3: Example fit of a 2D ellipse using PCA

“Is-inside” test

Performing the rasterization of the ellipsoid is significantly easier than rasterizing the orig-

inal control volume. Ellipsoid principal directions are given by the eigenvectors of the

correlation matrix:

R = V ΣV T (4.3)

with

V = [v1, v2, v3] ∈ R3×3 (4.4)

and

Σ = diag(σ1, σ2, σ3) ∈ R3×3 (4.5)

The coordinate transform from rectangular to ellipsoid principal components is

x′ = Σ−1V T x (4.6)

wherex is the column vector of the original rectangular coordinates andx′ is the column
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(a) Ellipsoid is fitted using principal com-
ponent analysis

(b) Fine cells composing the approximated target region

Figure 4.4: Approximation of the target region

vector of the coordinates in the ellipsoid principal axes system.

The center point of each cell of the extended region is transformed into the ellipsoid

principal-axes coordinate-system and the cell is considered to be inside the target region if

(
x′

1

a1

)2

+

(
x′

2

a2

)2

+

(
x′

3

a3

)2

≤ 1

whereai (i ∈ {1, 2, 3}) are the ellipsoid axes lengths defined asai = 1.96σi. Figure 4.4

shows an example of a rasterization performed on a ellipsoid.

Extended region

Similarly to what was done in 2D, we define the extended regionas the smallest rectangular

subset of cells that includes all the tetrahedra connected to p. The extended region is easily

identified on the fine grid by the sub-indice intervals[imin, imax]×[jmin, jmax]×[kmin, kmax],
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where for instanceimin is the minimum Cartesian ordering index of all the vertices con-

nected to the nodep via a tetrahedron edge.

4.1.2 Complications arising from multipoint flux approximation

The MPFA transmissibility calculations proposed by Verma (1996) and summarized in

Section 2.3 provide a rigorous handling of both the full tensor permeability and general

grids. However, as will be demonstrated in Chapter 5, pressure equation discretization

using MPFA leads, under some circumstances, to inaccurate control-volume flux values.

This is due to the poor conditioning of the linear system of equations. In these cases, it is not

possible to transport fluid via the streamline simulation orusing traditional finite volume

approximations. To circumvent these difficulties, we propose an approach for upscaling

within the context of a two-point flux approximation for the discretization of the pressure

equation. This approach is presented in the next section. The two-point transmissibility

upscaling (which we designateT ∗-TPFA) will be shown to be much more robust than the

k
∗-MPFA described previously, while preserving (and often improving) the accuracy of the

coarse scale solution.

4.2 Transmissibility upscaling

In the previous section, we considered a flow-based technique for upscaling the permeabil-

ity tensor. An alternative to this permeability upscaling is to directly compute upscaled

transmissibility. In this approach, the transmissibilitycoefficients between cells are di-

rectly derived from extended local fine scale calculations rather than being computed from

the upscaled tensors (as described in Section 2.3.2). Transmissibility upscaling has been
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investigated by many authors within local, extended local,global and quasi-global contexts

(see Durlofsky (2003) for a review and Chenet al. (2003) for recent developments).

In this work, we focus on the development of an extended localtransmissibility upscal-

ing technique. The quantity upscaled is a scalar value representing the flow rate induced

by a pressure drop imposed between two primal nodes across a dual surface. The method

is referred to as a two-point flux approximationT ∗ upscaling. The influence of neighbor-

ing pressure nodes (present in the multiple-point approach) is therefore neglected. This

approximation would be expected to be accurate if the numerical discretization minimizes

multipoint contributions (such as in methods using ak-PEBI dual grid). In the context of

general anisotropy, two-pointT ∗ upscaling also proves to be a reasonable approximation,

as we will show in Chapter 5.

4.2.1 Problem definition forT ∗ calculation

Let us consider an interior face of the dual grid and the two corresponding adjacent cells

(as shown in Figure 4.5). The two cells are general polyhedraand the face is a general

polygonal surface which, in the case of a CVFE dual grid for instance, is in general non-

planar.

In TPFA, the flux across a face of the dual grid is written in terms of the difference

between pressure values at the center of the dual cells (nodes of the primal grid). Denoting

Fij as the face between cellsi andj, the fluxqij acrossFij can be written as:

qij = −Tij(Pj − Pi) (4.7)

whereTij is the two-point flux transmissibility coefficient.
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(a) Interior face of the dual (b) Corresponding dual cells

(c) Left cell (d) Right cell

Figure 4.5: Flow across a dual face involves the value of the pressure at the center of the
two adjacent cells
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A relatively simple approach is to attempt to directly approximate the permeability at

the face as a function of the permeabilities at the pointsi andj. This approach does not

account for anisotropy and can lead to significant inaccuracies. In the following section,

we propose a more accurate approximation forTij which entails obtaining values forqij,

Pi andPj via fine scale flow simulations over the extended local domaincontaining cellsi

andj.

4.2.2 T ∗ calculation

From a single phase flow calculation over an appropriate fine grid region, we can compute

average values for the pressures in the cellsi andj, designated〈Pi〉 and〈Pj〉. An average

Darcy velocityuij can also be calculated in a volume includingFij. Then, the average flux

〈qij〉 is obtained acrossFij in a straightforward manner, and the upscaled transmissibility

is computed via:

T ∗
ij = − 〈qij〉

〈Pi〉 − 〈Pj〉
(4.8)

As in the case of permeability upscaling, the choices of the extended local domain, the

type of boundary conditions used in the flow calculation and the averaging method must be

addressed.

Extended region

Numerical tests showed that failing to align the extended region (and therefore the pres-

sure gradient) with the direction of the line connecting thenodes noticeably reduced the

accuracy of the calculation ofT ∗. Therefore the extended region must not only include the

two relevant polyhedral cells associated with the transmissibility nodes, but must also be

aligned with the vector connecting these two nodes (Figure 4.6).
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(a) Region aligned with the Cartesian grid axes

(b) Region aligned with the line connecting the nodes

Figure 4.6: Aligning the extended region with the line connecting the nodes as in (b),
proved to give superior results than simply using the alignment with the Cartesian grid
axes as in (a)
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The extended region is obtained by first determining the principal axes of the ellipsoid

formed by the union of the two polyhedral cells. The permeability distribution is then

transformed from the original Cartesian grid to the rotated system. As a consequence of

this rotation, the volume support of the permeability distribution may be distorted and

a resampling of the fine scale permeability may be necessary.Figures 4.7(a)-(c) show

how a 2D extended domain containing the two target regions isextracted from the fine

model. Figures 4.7(e)-(f) illustrate the approximation ofthe original permeability (shown

in Figure 4.7(d)) using two different resampling frequencies. Section 5.2.3 demonstrates

the benefit of using a resampling frequency greater than one in some cases.

It should be noted that this permeability rotation can be performed without further cal-

culations only when the background (geocellular) permeability is isotropic. If this is not

the case, a tensor rotation must be applied to map the fine scale permeability to the rotated

system.

Boundary conditions

Again, different boundary conditions can be employed to obtain the flow variables (pres-

sure and velocity) needed to evaluate Equation 4.8 on the rotated system. The principal

flow direction is determined based on the principal axes of the extended region (which is

aligned with the segment connectingi to j). In that direction, a periodic boundary condition

(subject to a jump in pressure) is applied. In the two other directions, periodic boundary

conditions (without pressure drop) are applied.
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(a) Fine grid and dual cells (b) Extracted extended region (c) Sampled permeability

(d) Full domain (e) Resampling frequency is 1 (f) Resampling frequency is 2

Figure 4.7: The extended region is rotated to be aligned withthe connection direction;
different resamplings of the permeability may affect theT ∗ calculation
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Averaging technique

Two types of averaged values need to be computed to determinethe transmissibility: (a) av-

erage pressure over the polyhedral cells and (b) average flowrate across the polygonal

interface.

We again introduce an approximation for the volume over which we wish to compute

the average values. In Section 4.1, we discussed a techniqueto approximate〈∇P 〉 for poly-

hedral cells. The extension of this approach to the determination of〈P 〉 is straightforward.

In order to approximate the average flux〈qij〉 across the polygonal face, we first compute

the average velocity vector〈u〉 for the fine cells representing the face. Then, we compute

the corresponding flux across the face. If the face is planar,we simply have:

〈qij〉 = AFij
〈u〉 · nFij

(4.9)

whereAFij
is the area of the face connectingi andj. For the general case in whichFij is

not planar, it is decomposed into a piecewise planar representation. We then compute〈qij〉

via

〈qij〉 =

(
nt∑

k=1

Ak
Fij

n
k
Fij

)

· 〈u〉 (4.10)

wherent is the number of tetrahedra connected to the edge[i, j].

The target region can either be approximated by a parallelepiped or by an ellipsoid as

shown in Figure 4.8. The rasterization of the face is slightly complicated by the fact that

the ellipsoid degenerates to an ellipse. In this work we chose to average velocity over the

box fitting the face. Once the average pressures and flow rate are computed,T ∗ can be

calculated using Equation 4.8.
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(a) Average pressures are computed
on the ellipsoid fitting the cell

(b) Average velocity is computed on
the ellipsoid fitting the face

Figure 4.8: Target region approximated by an ellipsoid

4.2.3 Use ofT ∗ in the streamline simulation

The discretization of the pressure equation is simplified bythe use of TPFA. In particular,

the preprocessing proposed by Verma (1996) is no longer required to derive flux continuous

transmissibilities. Indeed, the transmissibility value derived from theT ∗ calculation can be

readily input to the transmissibility matrix.

Nevertheless, for the purpose of tracing streamlines, we need to recover fluxes on the

faces of the CVFE grid. The TPFA only provides the ‘total’ flux across the faces connecting

two given primal nodes. The ambiguity of the definition of theflux on each individual

face is resolved by apportioning the total flux based on the face area. It should be noted

that a simplified streamline tracing method may result from the use of the two-point flux

approximation. Such simplifications were, however, not investigated.

4.2.4 Advantage over MPFA

The validation of theT ∗-TPFA is presented Chapter 5. In Section 5.2 it is shown that

theT ∗-TPFA compares favorably with flow based MPFA (usingk
∗ upscaling) in cases for

which MPFA works. The present section investigates additional advantages of the TPFA
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over MPFA, particularly regarding the problem-matrix conditioning number.

Transmissibility matrix and condition number

Once the matrix is formed for the single phase incompressible problem (before any bound-

ary conditions are applied), the matrix conditioning can bestudied. The condition number

reflects how near to singular the matrix is. It is also a measure of the sensitivity of the

solution to perturbations of the matrix or right hand side coefficients. For a nearly singular

matrix, direct methods generally lead to zero pivots and overwhelming numerical errors.

In the case of iterative methods, the solution may not converge at all.

Strongly diagonal-dominant matrices usually lead to better condition numbers. Because

MPFA tends to weaken diagonal dominance, putting more weight on off-diagonal terms,

the condition number of matrices obtained using MPFA is generally greater than that of

matrices obtained using TPFA discretizations.

Table 4.1 shows condition number values for different gridsand transmissibility ap-

proximations. The cell shape is fixed and dimensions in thex andy directions are approx-

imately 5 times greater than in thez direction. Two fine (reference) permeability distri-

butions are considered, a homogeneous medium (k = 10 md), and a heterogeneous model

described in Section 6.2. Both models are comprised of200 × 100 × 50 cubic Cartesian

cells. Two types of grids are considered, a uniform coarse tetrahedral grid containing 726

nodes and an adapted grid containing 468 nodes and obtained using fine scale flow rate

information. Two different transmissibility approximations are considered: (a) the flow

based upscaled TPFA (T ∗-TPFA), and (b) the flow based upscaled MPFA (k
∗-MPFA). The

condition number of the problem matrix is calculated for allof the cases.
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Permeability distribution
Homogeneous Heterogeneous

Discretization
k
∗ MPFA 1.4 × 103 1.3 × 105

type T ∗ TPFA 1.1 × 103 1.7 × 104

Table 4.1: Condition number for different grid types and transmissibility approximations

Results show that the condition number of the homogeneous andheterogeneous prob-

lems considered are clearly reduced using TPFA compared to MPFA. Further investigation

is however required to determine why the MPFA method fails toprovide acceptable results

in some cases. For comparisons of flow results betweenT ∗-TPFA andk∗-MPFA, refer to

Section 5.2

4.3 Grid generation tool

4.3.1 Gocad development platform

We now describe how the techniques discussed above were implemented into a research

software platform that aims at investigating problems related to adapted grid generation.

This platform, calledStanLab, is based on a software development kernel and other tools

provided by theGocad research consortium. TheGocad consortium2 is an academic con-

sortium whose goal is to develop new computer-aided approaches for the modeling of ge-

ological objects. Key interests of the consortium include structural modeling, reservoir

modeling and topology. The consortium produced a geomodeler calledGocad, now com-

mercialized by a third party company3. TheGocad software serves as a licensed platform

for all the research projects conducted within theGocad consortium. Extensions to the

2http://gocad.ensg.inpl-nancy.fr
3http://www.earthdecision.com
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Gocad kernel

FlowLab TopoLab TGridLab

StanLab

Figure 4.9: Organization of theGocad plug-ins and plug-in developments

Gocad tools are called ‘plug-ins’ and can be independently developed by companies or

universities. The following key plug-ins are used in the present work:

TopoLab, used for the construction of general polyhedral meshes. Allows the user to

construct, edit and visualize complex cells such as controlvolumes as well as their

associated properties.TopoLab was developed by Levy (1999) at the LIAD.

TGridLab, used for the generation of 2D/3D simplex meshes from structural informa-

tion and resolution constraints. This is the principal toolwe use for grid adaptation.

TGridLab was developed by Lepage (2003) at the LIAD.

The hierarchical structure of the plug-ins allows for the development of new function-

alities on top of existing plug-ins. In this work, the following plug-ins were developed (see

Figure 4.9):

FlowLab, enables flow simulation for unstructured grids.FlowLab allows us to perform

two phase flow simulation as well as fast streamline simulation for tracer flow.FlowLab

is partially based on the unstructured black oil simulatorFlex developed by Verma

(1996). TheFlowLab functionalities available through theStanLab plugin include

MPFA transmissibility calculations, unstructured streamline or black-oil simulations.
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StanLab, generates grids constrained to flow response. It includes the creation of flow

information maps, flow-based upscaling, flow diagnostics using streamline simula-

tion on both structured and unstructured grids (viaFlowLab) and adapted gridding

procedures viaTGridLab. StanLab also provides an interface for all of the plugins

mentioned above in one single convenient tool.

A more detailed description of theStanLab software is presented in the Appendix.

4.3.2 Constrained gridding algorithm

We now describe the gridding algorithms used to construct 3Dreservoir models. The typi-

cal steps in the model construction are:

1. Construct a structural model from faults, horizons and other geological data. Define

contacts between surfaces and surface intersections.

2. Construct a grid model that defines the topological constraints of the grid elements

(tetrahedra). Examples of these constraints are:

• Cell faces to conform to surfaces

• Cell edges to conform to lines

3. Generate information maps via single phase or tracer flow calculations.

4. Incorporate the grid geometrical constraints such as:

• Cell-shape quality control

• Cell size constraints from spatial maps

5. Construct the grid, honoring the topological and geometrical constraints.
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In our approach, the initial steps of the reservoir construction are performed using the

Gocad structural modeling tools. Then, the topological constraints derived from the struc-

tural model are embedded into a macro-topological framework usingTGridLab. This model

is called awire frame model(see Lepage, 2002). The wire frame model (WFM) is the start-

ing point for the domain tesselation. Flow information maps(obtained viaStanLab) are in-

cluded in the WFM where they serve as grid resolution constraints. The grid construction

proceeds as follows:

1. Construct an initial discretization of all the lines of themodel. These lines are topo-

logically connected line constraints that may be the resultof the intersection of fault

and horizon constraints.

2. Construct a conforming triangulation of all the surfaces:

• Obtain the initial constrained grid using aconformingapproach, allowing the

insertion of Steiner points on the constraint lines (see Figure 4.10).

• Apply Delaunay refinement algorithm to account for shape quality criteria as

well as grid resolution constraints on the surfaces.

3. Construct a conforming tetrahedral grid. The same two steps as described above are

applied to the tetrahedral grid:

• Obtain an initial conforming grid (Steiner points on constraint surfaces).

• Apply Delaunay refinement algorithm.

The Delaunay refinement algorithm of Lepage (2002) follows the algorithmic frame-

work of Shewchuk (1998). Extensions introduced by Lepage (2002) include the ability to
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constraint

tesselation

nodes

Steiner points

Constrained tesselation Conforming tesselation

Figure 4.10: Two approaches to Delaunay tesselation: constrained and conforming. The
conforming approach may require the insertion of Steiner points, though it preserves the
Delaunay criteria globally

handle curvilinear boundaries and to impose grid resolution constraints anywhere in the

mesh.TGridLab enables the user to take into account any number of resolution constraints

in combination with a constraint on the shape of the elements.

4.4 General methodology

The grid generation may be viewed as an iterative process in which gridding parameters are

estimated, tested, and updated until a satisfactory flow diagnostic is obtained. Each cycle

of the grid generation relies on three key stages: (a) generate/adapt the unstructured grid,

(b) calculate effective (upscaled) properties on that grid, (c) obtain the flow responses of

the coarse model and compare with reference solutions for selected boundary conditions.

Reference flow responses for the problems included in the diagnostic, and any fine flow

information needed in the grid adaptation, must be computedprior to the grid adaptation

process. We first review the gridding capabilities ofTGridLab. Next we detail the formu-

lation of the gridding parameters and their selection, and describe how they determine the

adapted grid.
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4.4.1 Grid generation/adaptation

Among other functionalities,TGridLab allows for the construction of constrained tetrahe-

dral grids, using geometrical constraints (such as faults,boundaries and lines), and grid-

resolution constraints.

As indicated above, the construction of an adapted grid is divided into two basic steps:

(a) build an initial tesselation that honors a collection ofgeometrical constraints, (b) itera-

tively insert points in the tesselation and update the topology. The point insertion is done

according to a grid quality criterion that can either be related to the shape or the size of

the tetrahedral elements. The tesselation is modified by insertion of points at locations that

improve the quality of the cells. This requires the definition of a cell quality function and

a global threshold below which tetrahedra are subject to an update. The update consists of

a point insertion at the tetrahedron circumcenter and a local modification of the grid topol-

ogy that enforces the Delaunay criterion while also preserving the geometrical constraints.

After each iteration, the quality of the cells influenced by the insertion is recomputed. The

iterations are performed until the quality of all tetrahedra is above the specified threshold.

4.4.2 Resolution constraint

Definition

As mentioned previously, the quality of a tetrahedron can bea function of its shape and/or

size. The case of grid adaptation using a shape quality criterion is not investigated in this

work; for further details on this approach, refer to Lepage (2002). In the case of a size

quality criterion, the quality of the tetrahedron is determined by its size and the value of a
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resolution constraint. The resolution constraint determines the maximum size of any tetra-

hedra in the grid. The size of a tetrahedron is defined as the radius of its circumscribed

sphere. The resolution constraint can either be a fixed valuefor the entire domain, or, more

commonly, a spatially varying quantity. The size quality ofany tetrahedron is therefore

computed as the ratio of the value of the resolution constraint in the region in which the

tetrahedron lies to the radius of its circumscribed sphere.If the ratio is smaller than a spec-

ified threshold, the tetrahedron is subject to an update (as explained in the next subsection).

Resolution constraint and grid anisotropy

A noticeable restriction of this procedure is that it forcesthe grid being constructed to

satisfy the Delaunay criterion in a Euclidean sense. This limits the amount of geomet-

rical anisotropy the grid can have because the Delaunay “empty sphere” property forces

connections to closest neighbors (Figure 4.11). This limitation could be circumvented by

evaluating the size quality criteria in a “metric” sense instead of a Euclidean sense. The

sphere radius would then be evaluated in a transformed space. This would require the use

of a (potentially spatially varying) tensor field serving asthe metric. The capability of im-

posing geometrical anisotropy along these lines is not an available feature of the current

version ofTGridLab. We will see in Section 6.2 that some grid anisotropy can still be

obtained, which allows us to take advantage of the layered character of a reservoir model.

Resolution constraint and information maps

The resolution constraint can be viewed as a 3D map that we useto impose a given grid size

at different locations of the model. As we will see in Chapter 6, some benefit may result

from using fine scale flow information as a resolution constraint. The principal challenge
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(a) Delaunay criterion in the Euclidian
space

(b) Delaunay criterion in a metric space

Figure 4.11: Enforcing the Delaunay criterion in a metric space (b) rather than in the Eu-
clidean space (a) allows the user to impose anisotropy to thegrid

in grid adaptation using a resolution constraint is the optimal construction of the constraint.

In reservoir simulation, the main benefit expected from gridadaptation is the reduction

of the number of unknowns in the discretized flow equations, as this number is a linear

function of the number of nodes (dual cells) in the grid. Gridadaptation allows us to use

a given number of nodes (unknowns) more efficiently. The efficiency is measured in terms

of accuracy of the flow calculations obtained on the adapted grid with respect to reference

solutions obtained on the fine model.

The fine solution is usually not available, hence the necessity of constructing the resolu-

tion constraint using information that (a) is affordable soit can be obtained on the fine grid,

and (b) is meaningful to the physics of the problem that will be modeled on the adapted

grid. We suggest in this work the derivation of information maps from tracer flow simula-

tions on the fine model. These simulations are often affordable since they require only one

pressure solution (for a given set of boundary conditions) and can provide single phase as

well as displacement information such as total flow rate and time of flight.
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4.4.3 Information maps

We now discuss two types of flow information provided by tracer flow simulations that

can be used to construct a resolution constraint. These property fields, called flow-rate and

breakthrough-time maps, were already introduced in a 2D context in Chapter 2. They are

reintroduced here for completeness as their computation can now be accomplished though

the gridding tool that we developed. Flow information maps are applied to the simulations

presented in Chapter 6.

Mean flow-rate map

We obtain a mean flow-rate map in a straightforward manner. Itis the weighted aver-

age of the local velocity norm obtained from one or more single phase flow simulations.

The simulations differ based on the boundary conditions applied. For instance we may

consider three face-to-face flow simulations (left-to-right, front-to-back and top-to-bottom)

with fixed pressures so that the average pressure gradient isequal to 1 in all solutions. As a

consequence, the flow rates calculated are “normalized” fora unit pressure gradient. This

is achieved for instance on a 1D reservoir of lengthL by applying fixed pressures on each

side with valuesP0+L andP0 respectively. Other boundary conditions and other averaging

methods may be considered. For instance some special well configuration may be of inter-

est. Also, assigning a larger weight to flow rates in thez direction may enhance vertical

flow connection features, which will then be better capturedby the resolution constraint.

Breakthrough-time map

The breakthrough time map draws a correspondence between time values on the PVI axis

and regions of the reservoir that are completely swept by theinjected fluid at that time.
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The map is obtained by assigning to each streamline the valueof the time at which a par-

ticle tracked on that streamline would break through. For each cell of the reservoir, a

breakthrough time value is calculated by the weighted average of the values carried by the

streamlines crossing the cell. Enforcing that all cells be traversed by at least one streamline

requires that many streamlines be traced. Instead of this, we trace a fixed number of stream-

lines from the injector to the producer, then trace other streamlines from the producer back

to the injector. The breakthrough time values at cells that are not traversed are estimated

through a kriging technique.

The breakthrough time map is meant to be used in the resolution constraint as a way to

capture important events in the fractional flow curve (such as water breakthrough) and to

introduce grid refinement in appropriate regions of the model.

4.4.4 Grid adaptation parameters

We now discuss our choices for the adapted gridding parameters. The grid adaptation

is basically determined by the choice of three elements: (a)the flow-information maps,

(b) the resolution constraint (which transforms the flow information into a target grid size),

and (c) the flow diagnostic which assesses the quality of the grid.

Resolution constraint

Let us consider the case of grid adaptation using only one flow-information map. The

property at each fine scale Cartesian cell is mapped to a point target grid resolution (size)

as shown in Figure 4.12. Thea andb parameters relate to what proportion of the domain

will be refined. Figure 4.13 shows thata andb can be chosen so thatPa percent of the

information map specifies a grid size of at mostsa and(100 − Pb) percent specifies a grid
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Figure 4.12: Function transforming the property map into a pointwise target resolution

size of at mostsb. Assuming the shape of the resolution function is fixed as shown in

Figure 4.12, we then have four parameters (Pa, Pb, sa andsb) for the grid adaptation.

The criterion used to determine the target size of a tetrahedron can be obtained using

any of the following procedures:

• Look-up the point value of the grid resolution at the circumcenter of the tetrahedron

• Average the point values over the volume spanned by the sphere circumscribed to the

tetrahedron

• Select the minimum value of the point grid resolution over the volume spanned by

the sphere circumscribed to the tetrahedron

For continuous information maps such as mean flow rates, it ispreferable to use the

minimum criterion as the other criteria may not allow us to capture thin coherent structures

from the information map.
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Figure 4.13: Parametersa andb are used to specify which proportion of the domain is to
be refined

Small-to-large grid size ratio

Instead of using the values ofsa andsb to characterize the resolution constraint, we prefer

to use the ratiosa/sb andN , the number of nodes in the grid. We callsa/sb the small-to-

large grid size ratio. For a given small-to-large ratio, we can select different pairs of(sa, sb)

values, resulting in different adapted grids of sizeN (function ofsa andsb).

Aspect ratio

We define the grid anisotropy of a tetrahedral cell as the aspect ratio of the box circum-

scribed to the tetrahedron vertices and aligned with the coordinate axes. The aspect ratio

is specified viaax × ay × az and is defined up to a multiplicative constant. For instance,a

10 × 10 × 2 aspect ratio is equivalent to5 × 5 × 1 and expresses that the size of a cell in

thex andy directions is 5 times greater than in thez direction.

Reservoir property models often exhibit large degrees of statistical anisotropy. How-

ever, the current functionalities ofTGridLab (discussed in Section 4.4.1) do not permit us

to constrain the grids to approximately reproduce a user defined anisotropy. Nevertheless,
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some grid anisotropy can be obtained by performing the grid adaptation in a transformed

space.

In order to introduce grid anisotropy in the tetrahedral elements, we modify the space

in which the Delaunay criterion is evaluated. This is achieved by stretching the coordinate

axes of the fine model containing the resolution constraint information. Once the adapted

grid is obtained, the coordinates of the grid nodes are mapped back into the original coor-

dinate system without modifying the topology. The grid is therefore generally no longer

Delaunay in physical space. Figure 4.14 illustrates the transformation steps. Note that flow

related equivalent quantities such as permeability and transmissibility are computed in the

original (physical) coordinate system.

Flow diagnostic

The flow diagnostic is defined as the quantitative level of agreement between the flow

results obtained on the coarse and fine (reference) grids. The flow diagnostic may involve

one or more flow scenarios to ensure some level of robustness of the grid to changes in

boundary conditions. A flow scenario is defined by the type of displacement modeled and

the boundary conditions applied in the simulation. In this work, we only consider tracer

flow to assess the flow response of a model, as it can be obtainedin an efficient manner

for both the fine and coarse models. The type of boundary conditions applied are ‘face-

to-face’ fixed pressure conditions. Pressure is fixed on opposite faces of the model and

no-flow conditions are applied on all other boundaries. The methodology however is in no

way restricted to this particular choice of boundary conditions.

The quantities chosen for comparing the tracer flow simulations are: (a) the total flow

rate observed across the model and (b) theL1 norm of the error in the fractional flow curve
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(a) Cartesian grid in stretched space (target grid
resolution)

(b) Tetrahedral grid in stretched space, adapted
using the resolution constraint in (a)

(c) Cartesian grid in original space (target grid
resolution)

(d) Tetrahedral grid in original space

Figure 4.14: The target anisotropy ratio is introduced by stretching the physical space and
then performing an isotropic meshing in the transformed space
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taken between 0 and 1 PVI. The error introduced by the coarsening is therefore measured

by the pair:

error(grid, flow problem) = (Qerr, L1err) (4.11)

with:

Qerr =
(Q/∆P )c

(Q/∆P )f
and L1err =

∫ 1

0

|F c
w − F f

w| dt̃

∫ 1

0

|F f
w| dt̃

(4.12)

whereFw designates the water cut as a function of PVI (t̃) and thef andc superscripts

refer respectively to fine and coarse quantities.



Chapter 5

Validation of methods

This chapter presents validation tests for the techniques developed in Chapters 3 and 4.

The first section demonstrates the accuracy of the unstructured grid streamline simulator.

We next illustrate the accuracy of theT ∗-TPFA and its superior robustness compared to

k
∗-MPFA for heterogeneous cases. We also include a brief discussion on why and when

MPFA may fail to provide accurate fluxes for streamline tracing and transport modeling.

5.1 Streamline method

This section tests the streamline method described in Chapter 3 on 3D unstructured grids.

The first series of tests demonstrates that the method correctly reproduces analytical solu-

tions for simple problems. We then provide comparisons between the streamline method

and established techniques for more complex problems.

147
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Figure 5.1: Streamline simulation on a homogeneous isotropic model

5.1.1 Homogeneous model

We investigate here the flow results produced by the streamline simulator for a homoge-

neous case. The test case used is a fully 3D unstructured model with homogeneous isotropic

permeability. Boundary conditions were prescribed to give a1D flow. The unstructured

grid used for the streamline simulation is shown in Figure 5.1(a). Two fixed pressures were

applied on the left and right faces of the model to produce a flow in thex direction. The

total flow rate in this case is given by:

Q =
k∆PLyLz

µLx

, (5.1)

whereLx, Ly, Lz are the dimensions of the model,k is the permeability andµ is the

viscosity of the fluid displaced. Breakthrough of injected fluid should occur at̃t = 1 PVI.

The analytical total flow rate was recovered exactly by the unstructured pressure solver and

the streamline tracing reproduced the expected water cut curve very closely, as shown in

Figure 5.1(b).
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5.1.2 Layered model

We now test our streamline method on a 3D layered case. The model is composed of four

layers of equal thickness as shown in Figure 5.2(a). Because of the general shape of the

unstructured dual grid, the permeability distribution is only approximately captured by the

unstructured model (as shown in Figure 5.3(a)). The boundary conditions considered are

fixed pressure on opposite faces, creating a linear flow parallel to the layers. The total flow

rate is given by:

Q =
k∆PA

µL
, (5.2)

wherek is the arithmetic mean of the layer permeabilities,L the length of the model, and

A is its cross sectional area. The fraction of the total flow in each layeri is given by:

qi

Q
=

1

4

ki

k
. (5.3)

The breakthrough time of each layer is given by:

BTi = k/ki. (5.4)

The oil cut comparison is shown in Figure 5.3(b). The curve exhibits the correct break-

through time and overall shape but does not reproduce the sharp piston-like effect of the

analytical solution. This is due to the fact that the layer geometry is only approximate, as

we now demonstrate.

When considering a series of unstructured grids with increasing resolution, the repre-

sentation of the layer geometry improves, as shown in Figure5.4. The flow results converge
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k = 45

p = 1 p = 0

(a) Layered model

i ki qi/Q BTi

1 45 0.662 0.378
2 5 0.073 3.4
3 8 0.112 2.125
4 10 0.147 1.70

(b) Analytical results

Figure 5.2: Layered model, analytical rates and breakthrough times

(a) Side views of the unstructured dual grid (note the approximate geometry)
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Figure 5.3: Grid and flow results on the unstructured grid
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toward the analytical solution both in terms of oil-cut and total flow rate, as shown in Fig-

ure 5.5.

5.1.3 3D flow in a homogeneous cube

We now consider a cubic model with a homogeneous isotropic permeability. The unstruc-

tured streamline simulator is tested against a commercial Cartesian streamline simulator

(3dsl). Fixed pressures are applied at diagonally opposite corners and tracer flow is again

considered. The grid used for the unstructured simulation contains 1728 nodes and is shown

in Figure 5.6. The flow result is shown in Figure 5.7. Agreement between the Cartesian

streamline simulator and our unstructured simulator is excellent. For comparison, the so-

lution obtained using a standard finite difference simulator with upstream weighting is also

shown on the plot1. The finite difference result shows an earlier breakthrough, which is

likely due to the effects of numerical diffusion. These effects are not present in the stream-

line simulations.

5.1.4 General heterogeneous test

We finally consider a general heterogeneous case. The model is a cube of side lengthL,

populated with a log-normally distributed permeability field. The variogram model is stati-

cally isotropic with rangeL/3. The permeability distribution is shown in Figure 5.8(a). We

consider a tracer simulation imposing fixed pressures at opposite corners of the model (as

in the previous example). We wish to compare the flow results for the streamline simulation

and a Cartesian finite difference simulation. A finer (30× 30× 30 cell) Cartesian grid was

introduced for this comparison and the permeability distribution was resampled onto this

1The program used here isGPRS (Cao, 2002)
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grid 1

grid 2

grid 3

Figure 5.4: Different 3D grids used to approximate the layered mode (side views)
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Figure 5.5: Flow results obtained using the grids shown in Figure 5.4

Figure 5.6: Grid used in the 3D comparison between unstructured and Cartesian streamline
methods
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Figure 5.7: Comparison between unstructured and Cartesian streamline methods (perme-
ability is homogeneous)

fine grid as shown in Figure 5.8(b). We considered a 1728-nodeunstructured grid to per-

form the streamline simulation. The pressure discretization used MPFA. The permeability

model used for that case is shown on the dual grid in Figure 5.9.

The flow results are presented in Figure 5.10. The unstructured streamline solution now

shows an earlier breakthrough time when compared to the Cartesian streamline simulation.

This difference is likely caused by the difference in geometry of the permeability distri-

bution (see Figures 5.8(a) and 5.9). The finite difference simulator again shows an earlier

breakthrough presumably, as a result of numerical diffusion effects.

We now consider the permeability distribution shown in Figure 5.9 and compare the

results obtained using our streamline simulator to those ofGPRS. In this case,GPRS

treats the system as unstructured (through the use of a connection list). The transmissibility

coefficients are exactly the same in both simulations, only the method for the solution

of transport differs. Figure 5.11 exhibits a reasonably close agreement between the two

methods. Again, the finite volume results display the effects of numerical diffusion, which
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(a) Coarse permeability model (b) Permeability model used in the finite difference
simulation

Figure 5.8: Permeability models used in the heterogeneous case comparing unstructured-
streamline to finite difference simulation

are absent in the streamline simulation.

In this section, we demonstrated the accuracy of the unstructured 3D streamline sim-

ulator. Homogeneous models showed close agreement with analytical results and results

from a commercial streamline simulator. For heterogeneouscases, the method exhibited

good agreement, but only when the geometry of the heterogeneity was approximated with

sufficient accuracy. This feature is not a consequence of thestreamline method itself but is

rather due to differences in the pressure solutions for different geometrical representations

of the heterogeneity.

5.2 Comparison of TPFA and MPFA

For high grid aspect ratios (resulting in high grid anisotropy), and for high permeability

anisotropy, tests showed that the MPFA discretization could give nonphysical results. For
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Figure 5.9: Permeability model used in the CVFE streamline simulation
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Figure 5.10: Flow results comparing the Cartesian-streamline, Cartesian-finite-difference
and unstructured-streamline simulations (heterogeneouscase)
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Figure 5.11: Flow results comparing the unstructured streamline method to finite volume
simulation using the same grid (heterogeneous case)
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example, for a horizontal-to-vertical aspect ratio of 10 to1, streamline simulations per-

formed on a homogeneous permeability field produced nonphysical swirling streamlines.

In some heterogeneous cases, the problem matrix even becamesingular. These difficulties

appear to result from high degrees of anisotropy. In such cases, the contribution from a

point k may dominate the flux from celli to j. This is, however, a tentative explanation;

more investigation is required to determine practical criteria for the use of MPFA. It is also

possible that alternate MPFA stencils may provide more robust results.

Due to the occasional failure of MPFA, we designed an alternate upscaling technique

that provides coefficients for a two-point flux approximation as described in Section 4.2.

We now compare flow responses using the two-point fluxes (T ∗-TPFA) and the multiple-

point fluxes (k∗-MPFA) for both homogenous and heterogeneous systems.

5.2.1 Comparison for a homogeneous medium

This case compares TPFA and MPFA approximations for a homogeneous system. The

model is a parallelepiped with dimensions ofLx = 1, Ly = 0.5 andLz = 0.25. The

unstructured grid used in the comparison is shown in Figure 5.12(a). In order to calculate

two-point transmissibility coefficients, a fine Cartesian grid (200 × 100 × 50) was popu-

lated with uniform permeabilities and “upscaled” to the coarse tetrahedral grid using our

T ∗ calculation. The permeability used in the MPFA calculations was set to be the known

permeability and was not obtained via flow-based upscaling.A tracer flow simulation was

performed using both the MPFA and the TPFA with the “upscaled” transmissibilities. Our

streamline simulator was used in order to avoid numerical diffusion effects. A total of 726

nodes was used. Figure 5.12 shows the comparison of the simulated water cuts. These

results show good agreement between MPFA and TPFA discretizations, though the TPFA
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Figure 5.12: Comparison of MPFA and TPFA for a homogeneous isotropic model (1D
flow)

results are slightly more diffused (due to the “upscaling” step). The total flow rate mis-

match observed was only about5% for this case (other homogeneous simulations showed

similar errors). This suggests that the two-point approximation may be adequate in terms

of providing results in reasonable agreement with MPFA calculations.

5.2.2 Comparison for heterogeneous medium

We now consider more general permeability distributions where upscaling is performed

before applying either TPFA or MPFA. The fine model is a200× 100× 50 Cartesian model

with a layered, log-normally distributed permeability field. This model will be described

in more detail in Section 6.2; it is shown in Figure 5.13. The comparison is performed

considering fixed pressure boundary conditions on oppositefaces of the model and no-flow

and the other four faces. Two series of tests are conducted with the following boundary

conditions: (1) left-to-right flow and (2) front-to-back flow. For each flow problem, we

consider three different grid aspect ratios (as defined in Section 4.4) and two different

coarse model sizes.
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Figure 5.13: Layered reservoir,log k

For the two flow problems, the fine Cartesian tracer flow response is calculated using

a streamline simulator2. For each grid tested (6 in total), the unstructured streamline sim-

ulator provides the flow response for both theT ∗ andk
∗ flux approximations. The flow

results are compared in terms of: (a) errors on the totalQ/∆P and (b)L1 norm of the

differences in fractional flow curves between 0 and 1 PVI (seeEquation 4.12 and discus-

sion in Section 4.4.4 for details). The coarse models testedrepresent an upscaling factor of

approximately 1000. Figures 5.14 and 5.15 show the flow comparisons for bothT ∗-TPFA

andk
∗-MPFA for the left-to-right and front-to-back flow problemsrespectively.

A first observation is that for a given number of nodes in the coarse model, some aspect

ratios perform better than others (the aspect ratio1 × 1 × 1 is the worst). However, our

primary concern here is not the absolute accuracy of the coarse flow results with respect

2implemented in theStanLab platform
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Figure 5.14: Comparison ofT ∗-TPFA andk
∗-MPFA upscalings for different uniformly

upscaled coarse models (left-to-right flow)
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Figure 5.15: Comparison ofT ∗-TPFA andk
∗-MPFA upscalings for different uniformly

upscaled coarse models (front-to-back flow)
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to the reference solution, but rather the study of the relative accuracy when going from

k
∗-MPFA to T ∗-TPFA. The results show that theT ∗ upscaling usually performs better in

terms of totalQ/∆P and the accuracy of the water cut curves.

For the left-to-right flow problem, theT ∗-TPFA reduces the relative error inQ/∆P

from about30% to less than6% for all anisotropic grids (Figures 5.14(a)-(d)). For approxi-

mately isotropic grids (aspect ratio equal1×1×1), the same improvement is not observed.

In particular, the results in Figure 5.14(f) show that the flow rate prediction significantly

deteriorates usingT ∗-TPFA. This however occurs at a level of agreement with the reference

where neither theT ∗-TPFA or thek∗-MPFA are particularly good. This may indicate that

the grid is too coarse and/or the aspect ratio is inappropriate to capture the fine model flow

characteristics with the local upscaling methods proposed.

For the front-to-back flow, none of the grids considered demonstrates a close agreement

in terms of bothQ/∆P and the fractional flow curve. Results for the anisotropic grids

are shown in Figures 5.15(a)-(d) and demonstrate about the same level of performance

of T ∗-TPFA andk∗-MPFA in terms ofQ/∆P . The fractional flow curve is nevertheless

always improved usingT ∗-TPFA, in particular for the10 × 5 × 1 aspect ratio as shown in

Figures 5.15(a) and (b). For the isotropic grid case shown inFigures 5.15(e) and (f), we

cannot draw clear conclusions as to which method performs better.

The results presented above indicate that theT ∗-TPFA method often performed better

than thek∗-MPFA for anisotropic grids. For isotropic grids,k
∗-MPFA generally performed

better. The TPFA approach nonetheless demonstrated a high level of robustness to general

anisotropy in all the cases of grid adaptation considered inthis work. This represent a

significant advantage over the less robust MPFA discretization considered here.
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5.2.3 Remark on permeability resampling

In Section 4.2 detailing theT ∗ calculation, we described the rotation needed in order to map

the permeability field onto an extended Cartesian region aligned with the direction of the

transmissibility being calculated. This operation introduces a grid effect that may distort

the geometry of the underlying permeability distribution (see Figure 4.6). The dimensions

of the Cartesian cells in the rotated region can be the same or afraction of the dimensions

of the cell in the original grid. This defines what we call the resampling frequency. A

resampling frequency equal to 2 therefore means that the cells in the rotated grid are half

the size of those in the original grid.

We now illustrate the benefit of using a resampling frequencygreater than 1. The

reservoir model considered here is an oriented system of dimensionsLx = 1, Ly = 1 and

Lz = 0.5 and contains100× 100×50 Cartesian cells. The permeability distribution shown

in Figure 5.16 is oriented relative to the coordinate system. We consider a left-to-right flow

pattern where pressures are fixed atx = 0 andx = Lx. Two grids are considered in the

comparison: (a) a uniform unstructured grid and (b) an adapted grid obtained using fine

scale flow rate information.

Uniform grid

The grid is composed of 5120 nodes and each building cube has an aspect ratio of5×5×2

and represents a cubic region of the fine model containing7 × 7 × 3 Cartesian cells. The

impact of the grid rotation on the quality of the upscaling can be observed in Figure 5.17

where the transmissibility upscaling was performed both with and without permeability

resampling. In the case with resampling, the resampling frequency was chosen to be two

(s = 2). Results show that the relative error ofQ/∆P is reduced from10.5% to 0.3%. The
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Figure 5.16: Permeability model of the oriented system (log scale)

fractional flow curve is not affected by the resampling in that case.

Adapted grid

This grid, shown in Figure 5.18, was obtained by adapting thegrid density to a mean flow

rate map calculated on the fine model. It contains 1891 nodes.The flow results again

show an appreciable improvement of the globalQ/∆P results from the resampling: the

Q/∆P relative error is reduced from5.3% to only0.5%, while the water cut curve is again

essentially unchanged. Note that the errors observed usingTPFA with resampling on the

adapted grid are comparable to those on the coarse uniform grid. Yet, the number of nodes

of the adapted grid is about one third of the number of nodes ofthe uniform grid, illustrating

the benefit of using flow rate information in the grid adaptivity. The potential benefits of

grid adaptivity will be further illustrated in the next chapter.
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(a) Primal grid
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Figure 5.17: Resampling of the permeability with a frequencygreater than one provides a
more accurate transmissibility upscaling (uniform grid, left-to-right flow)
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Figure 5.18: Improvement of globalQ/∆P using a resampling with a frequency of 2
(adapted grid, left-to-right flow)



Chapter 6

Flow based gridding results

This chapter presents examples of flow-adapted grid generation. The tools developed and

tested in previous chapters are used in a general methodology that aims at generating coarse

reservoir models that preserve the essential flow characteristics of a fine Cartesian grid. The

coarse grids generated are composed only of tetrahedra. We calculate the upscaled perme-

abilities or transmissibilities using the flow-based approach described in Chapter 4. Then,

we test the models generated using the new streamline based unstructured simulator, as-

suming tracer flow, and using the upscaled permeabilities ortransmissibilities. The exam-

ples presented illustrate the effects of gridding parameters for the flow adaptation such as

flow information maps, grid aspect ratio and the parameterized grid resolution constraint.

The first section considers the selection of parameters for the grid adaptation. Next, we

apply the overall methodology on a synthetic case. The example presented is a one million

cell layered reservoir for which we propose an adapted grid that accurately captures the

fine scale flow response for a particular flow pattern.

167
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6.1 Parameter selection

We discuss here the strategy applied for selecting “optimized” parameters for the grid adap-

tation.

6.1.1 Aspect ratio

For the sake of reducing the number of optimization parameters, the ‘target’ grid anisotropy

is first determined on uniformly coarsened grids. For this purpose, tracer flow simulation is

used on different sized models for each aspect ratio. The error introduced by the coarsening

is measured for different flow problems. The optimum aspect ratio is defined as the aspect

ratio that provides the most accurate coarse models (relative to the reference solution).

Then, when we consider unstructured grid adaptation, we preserve this optimal aspect ratio

of the tetrahedral cells.

The optimum target aspect ratio is selected by first considering several possible aspect

ratios and performing flow simulations on uniform grids of different sizes. Then the ob-

served errors are plotted for each aspect ratio as a functionof the grid size and the optimum

value is selected. Figure 6.1 shows an example of the selection of the optimum aspect ratio.

The model considered is introduced in Section 6.2. The problem used for the comparative

convergence study is a left-to-right flow. It appears that the 10 × 5 × 1 ratio is the best of

the three possible ratios considered in this case. Specifically, using 1701 nodes, the error

in Q/∆P is 0.3% and the error inFw is 6.2%. Note that the error does not always decrease

monotonically (e.g., Figure 6.1(b)); this is not unusual for upscaled models.
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(a) aspect ratio is1 × 1 × 1

250 500 750 1000 1250 1500 1750 2000
0

5

10

15

20

25

30

35

number of grid nodes

re
la

tiv
e 

er
ro

r

Q/∆ p (%)
Fw (%)

(b) aspect ratio is10 × 5 × 2
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Figure 6.1: Comparison of flow response mismatch between uniform coarse tetrahedral
grid and reference Cartesian grid for different aspect ratios (left-to-right flow)
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6.1.2 Proportion of refined cells

The resolution constraint is assumed to have the simplified form discussed in Section 4.4.

It will be used in practice to transform information map values such as flow rates into an

indicator of whether a point insertion is needed for a given tetrahedron. The resolution

constraint is defined by the information map and the four parametersPa, Pb, sa andsb. For

flow rate adaptation, our choice was to use values ofPa andPb corresponding to the25th

and75th percentiles. In some cases, we also considered theP75 andP100 in order to tailor

the grid adaptation toward capturing very high flow regions.

For breakthrough-time adaptation, the shape of the resolution constraint function de-

pends on which time interval of the map we wish to consider forthe “fine” grid. If we are

interested specifically in characterizing the breakthrough time, the shape proposed earlier

for the resolution constraint is appropriate. We then usePa = P0 andPb = P5.

The results presented in Sections 6.2 use these conjectureswithout any sensitivity study.

Further investigations are required to determine more systematically optimalP values.

These values are, however, likely to be case dependent.

6.1.3 Grid iteration

In order to perform the adaptation, an initial tesselation must be provided. It is constructed

using three parameterss◦i (i ∈ {1, 2, 3}) that define the size of the elements of dimensioni

(s◦1 for edges,s◦2 for triangles. . . ). We now enumerate the steps involved in the construction

of the adapted reservoir grid from the fine Cartesian information map:

1. Construct a reservoir model bounded (constrained) by intersecting surfaces (in trans-

formed space)
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2. Discretize the intersection lines with an initial grid sizes◦1

3. Perform a triangulation of all the constraint surfaces, possibly with a target uniform

sizes◦2

4. Perform a tetrahedrization of the model, possibly with a target uniform sizes◦3

5. Create a resolution constraint that assigns the relation between the value of the infor-

mation map in the vicinity of a tetrahedron and its target size (radius of its circum-

scribed sphere)

6. Enforce the resolution constraint: identify all the tetrahedra violating the resolution

constraints, then

(a) Insert new vertices, creating new tetrahedra

(b) Evaluate the new tetrahedra quality, possibly adding them to the list of tetrahe-

dra to be refined

(c) Iterate

Note that the initial grid resolution (s◦3) should be greater or equal to the largest grid

size prescribed by the resolution constraint (s◦3 ≥ smax).

6.1.4 Example

We first give some illustration of the capabilities of the gridding methodology. The exam-

ples presented here were generated using theStanLab plug-in. We consider a simple geom-

etry reservoir intersected by a single slanted fault. In addition to the structural constraints

(Figure 6.2), we wish to adapt the grid density to the property distribution (Figure 6.3). A
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Figure 6.2: Three dimensional structural model of a faultedreservoir

Figure 6.3: Three-dimensional model of permeability (40 × 40 × 20 cells)

flow map is obtained (Figure 6.4) from the permeability distribution by averaging the veloc-

ities of three flow problems (flow driven by pressure drops in each coordinate direction). A

correspondence between flow rate and the desired grid resolution range is established (Fig-

ure 6.5). The corresponding resolution constraint is addedto the unstructured grid model

and a 3D tetrahedral grid is obtained. Finally, the upscaledpermeabilities are calculated on

the dual grid as explained in Section 4.1. The norms of the resulting permeability tensors

are shown in Figures 6.6 and 6.7 for different views of the reservoir.
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Figure 6.4: Local average flow velocities (average of three flow solutions)
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Figure 6.5: Prescribed correspondence between calculatedaverage flow velocity and grid
size

Figure 6.6: Top view of the upscaled model (dual grid) of the faulted reservoir (|k∗|)
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Figure 6.7: Side view of the upscaled model (dual grid) of thefaulted reservoir (|k∗|)
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Figure 6.8: Layered reservoir,log k

6.2 Layered reservoir

The reservoir considered in this application is a200 × 100 × 50 cell model populated with

a log-normally distributed permeability field (σlog = 1, µlog = 0). Here,Lx = 1, Ly = 0.5

and Lz = 0.25. Permeability is characterized by a spherical variogram with principal

directions aligned with the coordinates axes and with the following dimensionless ranges:

γx = 1, γy = 0.75 andγz = 0.2 (with γx nondimensioned byLx, γy by Ly, andγz by

Lz). A view of the reservoir is provided in Figure 6.8. In this section, we investigate grid

generation using single phase flow rate and breakthrough time maps obtained from tracer

streamline simulations.
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Figure 6.9: The uniform unstructured grids are constructedby splitting each Cartesian cell
into five tetrahedra

6.2.1 Optimum target aspect ratio

As it is often the case for reservoir property models, the permeability distribution con-

sidered here exhibits a large degree of statistical anisotropy. A greater correlation of the

permeability exists in the horizontal directions than in the vertical direction. We therefore

anticipate that the grid resolution should be greater vertically than areally in the coarse

reservoir representation. The first step of the gridding process is to determine an optimum

cell aspect ratio for the unstructured grid.

We consider here three different aspect ratios for the uniform coarse grids. The coarse

grid is unstructured, but obtained from a Cartesian coarse grid where each cell is split

into five tetrahedra (see Figure 6.9). In view of the permeability correlations, we consider

the three aspect ratios:1 × 1 × 1, 10 × 5 × 2 and10 × 5 × 1. For each aspect ratio,

several uniform grids of different sizes are considered. For each, tracer flow simulation is

performed. Pressures are fixed on thex = 0 andx = Lx faces (‘left to right’ flow). Each

flow response is compared to the reference solution in terms of the relative error of global
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Left to right flow
Aspect ratio Number of nodes Error inQ/∆P (%) Error inFw (%)
1 × 1 × 1 17 × 9 × 5 = 765 -26.7 33.1

21 × 11 × 6 = 1386 -31.6 23.7
31 × 16 × 11 = 6528 -21.1 13.9

10 × 5 × 2 8 × 8 × 10 = 640 -4.9 17.9
9 × 9 × 11 = 891 -1.3 16.4
11 × 11 × 13 = 1573 -2.4 12.8

10 × 5 × 1 6 × 6 × 13 = 468 -5.9 16.8
8 × 8 × 18 = 1152 -1.2 7.6
9 × 9 × 21 = 1701 -0.3 6.2
11 × 11 × 26 = 3146 0.8 3.5

Table 6.1: Relative errors between fractional flow curves (L1-norm) andQ/∆P for the
layered system using uniformly coarsened tetrahedral grids of different aspect ratios (‘left-
to-right’ flow)

Q/∆P and theL1 norm of the error in the fractional flow curve, taken between 0and 1

PVI.

The results are summarized in Table 6.1. We considered gridswith a number of nodes

varying between 468 and 6528. For a grid aspect ratio of1×1×1, the errors measured are

quite large for the coarser grids (about30% error inQ/∆P andFw for about 1000 nodes).

When the number of nodes increases, the errors slowly reduce (21% error forQ/∆P and

14% error forFw for a 6528 node grid). This aspect ratio introduces a non-optimal node

distribution, as a greater density of nodes should be used inthe vertical direction than in

the horizontal directions.

Improved overall results can be observed for the10 × 5 × 2 aspect ratio. The error in

Q/∆P is reduced to a few percent for 1573 nodes, while the error inFw is 13%. For an

aspect ratio of10 × 5 × 1, the results are improved over the results obtained with similar

grid sizes but different aspect ratios. The error inQ/∆P drops below1% with 1701 nodes

while the error inFw is about6%. The10 × 5 × 1 aspect ratio also exhibited the best rate
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of convergence toward the reference results in terms of bothglobalQ/∆P and water cut.

From now on for this case, we fix the aspect ratio of all grids generated to10× 5× 1. This

can only be achieved in an approximate sense as explained in the following section.

6.2.2 Adaptation

Target aspect ratio

In this work, the 3D grid adaptation is performed by iterative insertion of points and local

updating of the grid topology. The insertion criteria are provided by a grid resolution map

and the updating is done in a way that forces the new grid to be strongly Delaunay1 (in

Euclidean space). In order to control the cell aspect ratio,the grid adaptation is performed

in a transformed space (along the lines described in Section6.1). In our example, where an

aspect ratio of10 × 5 × 1 is used, thex-coordinate is left unchanged, they-coordinate is

stretched by a factor 2, and thez-coordinate is stretched by a factor of 10 in the transformed

space.

6.2.3 Flow-rate adaptation

Resolution constraint

We first adapt the grid generation of the layered model using amean flow-rate map obtained

from single phase flow calculations. At each point in the Cartesian model, the value of the

map is equal to the average norm of the local velocity vectorsobtained by the three flow

solutions. Boundary conditions were applied in each fine scale simulation so that the global

pressure drop(P i
1 − P i

0)/L
i is constant and equal to one for each simulation.

1this means the Delaunay “empty sphere” property is satisfiedfor all nodes, including those with geomet-
rical constraints
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(a) log k on the Cartesian grid

(b) log |k∗| on the dual grid

Figure 6.10: Fine and upscaled permeability fields
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Because we wish to assign a smaller grid size to high flow regions, the grid resolution

constraint is a piecewise-linear decreasing function oflog V , whereV is the mean velocity

norm obtained from the three flow problems. The parametersa and b are chosen to be

respectively theP75 andP25 values. We are considering an upscaling factor of about 1000

(i.e., 1000 times fewer nodes in the coarse model than in the fine), therefore coarse model

sizes may vary from a few hundred to a few thousand nodes.

Small-to-large ratio

In the present study, the largest-to-smallest grid size ratio (sb/sa) is fixed and tracer flow

simulations are performed for models of different sizes (number of nodes). The error in the

coarse grid simulations is then measured. The rate of reduction of the error as a function of

the number of cells is then assessed and an optimumsa/sb is determined.

Optimum parameters

Table 6.2 shows the flow simulation results obtained by varying the number of grid cells

N for a given small-to-large ratiosa/sb. This is done for three different values ofsa/sb:

1/2, 1/3 and1/4. The ratiosa/sb = 1/3 gives the fastest rate of convergence of the errors.

In particular, with 1394 nodes, the flow-rate adapted grid leads to an error inQ/∆P of

only 0.3% and an error inFw of 5.2%. The value chosen forsa/sb andN are respectively

sa/sb = 1/3 andN = 1400

6.2.4 Breakthrough-time adaptation

As discussed for 2D adapted gridding in Chapter 2, the grid canbe adapted to attempt to

capture the breakthrough time of a particular flow problem. Using the arrival time of each
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Left to right flow
sa/sb Number of nodes Error inQ/∆P (%) Error inFw (%)
1/2 449 nodes -0.8 13.4

775 nodes -0.7 9.4
1580 nodes -1.7 5.2

1/3 428 nodes -4.4 14.7
1394 nodes 0.3 5.2

1/4 405 nodes -2.3 15
1326 nodes 0.2 6.8

Table 6.2: Relative errors between fractional flow curves (L1-norm) andQ/∆P for the
layered system using flow-rate adapted tetrahedral grids with different ‘small-to-large’ grid
size ratios (‘left-to-right’ flow)

Left to right flow
sa/sb Number of nodes Error inQ/∆P (%) Error inFw (%)
1/2 832 nodes 1.1 12.4

1907 nodes 5 8.2
1/3 511 nodes 0.7 15.7

1140 nodes 12.9 10.3

Table 6.3: Relative errors between fractional flow curves (L1-norm) andQ/∆P for the
layered system using breakthrough-time adapted tetrahedral grids with different ‘small-to-
large’ grid size ratios (‘left-to-right’ flow)

streamline and assigning its value to all traversed grid cells, a breakthrough time map can

be generated and used as a grid adaptation property map. For the ‘left-to-right’ problem,

the breakthrough time map is shown in Figure 6.11.

The grid construction is then adapted to capture regions of the reservoir swept by wa-

ter at early time, corresponding to small values of the breakthrough-time map (see Fig-

ure 6.11). Table 6.3 summarizes the flow results obtained foradapted grids usingsa/sb

ratios of1/2 and1/3. The target grid aspect ratio was fixed to10 × 5 × 1 as previously.

Values for the error inQ/∆P are acceptable but deteriorate as we increase the number of

nodes. The error inFw is still significant, but the breakthrough time is captured accurately

(see, for example, Figure 6.12, in which breakthrough time is perfectly captured by a 511
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(a) log of the breakthrough time map

(b) Histogram of thelog of the breakthrough time map

(c) First quartile of the log of the breakthrough map

Figure 6.11: Small values of the breakthrough-time map can be used to highlight regions
of the reservoir swept by water at early time
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Figure 6.12: Using breakthrough time map can significantly improve the breakthrough time
in the upscaled model

node adapted grid although there is subsequent error inFw). In addition to an accurate

breakthrough time, theQ/∆P is also captured accurately (less than1% error).

6.2.5 Breakthrough-time and flow-rate adaptation

Finally, use of both the flow rate map and the breakthrough-time map may provide better

results than those using only a single map. For a fixed number of grid nodes, this amounts to

shifting vertices from high flow rate regions to low breakthrough time regions. Figure 6.13

shows that when using breakthrough time information in addition to flow rate, the match

of the fractional flow curve can be improved. The agreement inQ/∆P degrades slightly,

though it is still quite accurate. Further investigations are required to determine how these

two flow information maps can be combined in an optimal manner.
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Figure 6.13: Using a resolution constraint that combines flow-rate and breakthrough time
may reduce theFw error (compared to using flow rate only)

6.2.6 Discussion

The flow adaptation was performed in three steps: (1) determine the optimum target aspect

ratio from uniformly coarsened grids, (2) determine the optimum large-to-small cell size

ratio, (3) select the grid size (number of cells) to achieve the desired level of accuracy

(based on the flow diagnostics).

Both flow rate and breakthrough time adaptation were tested. Flow rate adaptation

allowed us to improve the flow results for the left-to-right flow problem when compared to

a uniform grid with the same number of nodes. The breakthrough time, however, did not

exhibit systematic improvements. The left-to-right tracer problem proved to be captured

accurately with only 1400 nodes using a flow-rate adapted grid (less than 1% error in the

fractional flow curve and within 5% of the total flow rate) as shown in Figure 6.14. Such a

match could not be achieved with comparable grid sizes usinguniform grids. Figure 6.15
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(a) Left-to-right

Figure 6.14: Best flow rate adapted grid (1394 nodes); aspect ratio is 10 × 5 × 1 and
sa/sb = 3

shows a uniformly coarsened grid obtained after “guessing”a grid aspect ratio of2×2×1.

Similar results for a1 × 1 × 1 aspect ratio are shown in Figure 6.16.

Finally, we consider a different flow problem using the grid established for the left to

right flow scenario. For flow from front-to-back, we obtain the results shown in Figure 6.17

for (a) a uniform grid and (b) the flow-adapted grid determined for left-to-right flow. The

uniform grid provides an accurate estimate ofQ/∆P , though there is a noticeable error in

Fw. The flow rate adapted grid, by contrast, provides accurateFw but shows substantial

error in Q/∆P . This illustrates that the optimal grid for one flow scenariomay not be

optimal for other flow scenarios. We note that, for this problem, errors for front-to-back

flow were generally higher than those for left-to-right flow.This was found to be the

case using bothk∗-MPFA andT ∗-TPFA. It may also be possible that the large amount
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Figure 6.15: Flow results for a uniformly coarsened grid with 2541 nodes and an “intuitive”
aspect ratio
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Figure 6.16: Flow results for a uniformly coarsened grid with 6528 nodes and an aspect
ratio of1 × 1 × 1 (left-to-right flow)
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(a) uniformly coarsened grid with 2541
nodes
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(b) Grid selected based on the left-to-right
match

Figure 6.17: Front-to-back flow problem proved not to be captured by grids selected using
the left-to-right flow diagnostic

of upscaling we considered (a factor of 1000) is only appropriate for the left-to-right case.

A significantly greater number of nodes may be needed to capture the front-to-back flow

problem accurately.
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Chapter 7

Conclusions and future directions

This work proposed a methodology for constructing accuratecoarse reservoir models from

detailed geocellular representations. The solutions developed allow for the resolution of

complex reservoir geometries by optimizing the match between the coarse and fine model

flow responses for a collection of flow problems. To achieve this, three key technologies

were integrated into a general framework: flexible unstructured gridding, flow-based up-

scaling and streamline simulation. New developments in each of these domains have been

accomplished and their accuracy and robustness have been demonstrated. The principal

technical contributions of this work include: (a) a novel extension of flow based upscal-

ing techniques for permeability tensors and transmissibilities on unstructured grids, (b) a

streamline simulator based on control volume solutions on unstructured grids, and (c) a

methodology for generating grids based on flow information.

189
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7.1 Summary and conclusions

Unstructured grids are naturally suited for capturing complex geometries and resolving

specific regions of the reservoir. Recent developments in thearea of constrained grid gener-

ation have introduced new capabilities to coarse reservoirmodeling as general geometrical

constraints can now be resolved in a more efficient manner than via the use of structured

corner point geometry grids. The development of streamlinesimulation techniques now

broadens the field of applications for unstructured grids. This may in particular open the

way for extensions of existing reservoir characterizationtechniques based on streamline

simulation.

The principal challenge we encountered in developing the unstructured streamline sim-

ulator was the accurate reconstruction of the velocity fieldfrom the fluxes computed from

the CVFE solution. The method proposed entails a local velocity postprocessing that in-

volves the resolution of a system of constraints that guarantees continuity and consistency

with the numerically obtained fluxes. This required furtherdiscretization of the unknown

velocity field in order to obtain a system of minimum size thatallowed us to enforce all

the constraints. This solution introduces a tetrahedra sub-grid for the tracing. The postpro-

cessing and the sub-grid tracing lead to a considerable increase of computational time and

data storage when compared to simulations performed on equivalent-size Cartesian mod-

els. In this work, no special investigations were directed toward reducing cost, although

we believe that it can be reduced significantly by improving the algorithms of the subgrid

construction and storage. In particular one should take advantage of the primal grid struc-

ture to access the subgrid topology, via a hierarchical griddata structure for instance, as

explained in the next section.

New flow-based upscaling methods were developed in this work. The extended local
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transmissibility upscaling proved to be very efficient at capturing subscale permeability

heterogeneity and anisotropy. It was also shown that it is often more accurate and generally

more robust than the multiple-point flux approximation coupled with extended local per-

meability upscaling. A significant benefit of theT ∗-TPFA is that it bypasses the (multiple-

point) transmissibility calculation, hence saving the computational effort that is required

for a sophisticated flux-continuous scheme. As theT ∗-TPFA does not rely on any partic-

ular topology of the primal grid, it may be applicable to evenmore general unstructured

grids, that may for example combine hexahedral cells, prisms, tetrahedra and/or pyramids.

The flow-based gridding examples demonstrated the potential benefits of the use of

flow information in the grid adaptation process. The grid adaptation was presented in a

parameterized form using a resolution constraint. A parameter selection method and a

step by step procedure were also presented. The synthetic reservoir model considered was

upscaled by a factor of about 1000 and showed good flow agreement with the fine model.

This close agreement was due to the combined use of flow based transmissibility upscaling

and flow rate grid adaptation. Further study of the quantitative benefits of the adaptation as

well as default values for the gridding parameters are needed. Also, the robustness of the

grid adaptation must be further investigated when simulating more complex displacements.

Finally, most of the tools used in this work have been integrated into a software de-

velopment platform combining reservoir simulation specific functionalities as well as state

of the art geomodeling, gridding and visualization capabilities. This platform, based on a

Gocad kernel, allows us to perform all the tasks comprised in our grid generation method-

ology in a single environment. Thus, structural modeling, reservoir property construction,

fine scale flow simulations (tracer), adapted gridding, upscaling and assessment of diag-

nostics (via unstructured tracer simulations) can all be performed within the same software
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environment.

7.2 Future directions

The key future research directions include the enhancementand further testing of the tech-

niques developed in this work. The speed of the streamline simulation and upscaling rou-

tines needs to be improved in order to be able to consider systems with larger numbers of

grid nodes. Specific suggestions for future development areas follows.

7.2.1 Gridding

In the flow based gridding examples, we observed the important impact of the aspect ratio

of the grid cells on the accuracy of the flow response. We proposed a simplified mapping

approach to include some geometrical anisotropy in the grids generated. However, a more

general solution is needed. We suggest that the resolution constraint be a tensor field instead

of a scalar value, and that the cell quality criteria be evaluated in the corresponding metric

space. This will provide variable grid anisotropy in a very natural and general fashion.

This work introduced two flow information maps (flow rate and breakthrough time

maps). These information maps are not the only useful sources of information for the

grid adaptation. The distance of a cell to a fault or a well mayalso be of some interest. A

combination of average flow information and problem-specific distance maps may improve

the gridding strategy.
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7.2.2 Streamline simulation

Our implementation of the streamline simulator can be improved in several ways. Unstruc-

tured streamline simulation introduces a sub-grid for the tracing. The topology construction

and storage needs to be improved considerably for this to be apractical tool. Velocity in-

terpolants are constructed locally on a control volume basis. The current sub-grid topology

does not take advantage of this aspect. A substantial speed up may be obtained on the sub-

grid construction if it is stored as a hierarchical structure. In that case the sub-grid topology

would have two levels: one local to the control volume and oneglobal, connecting the

control volumes together (the latter topology is already embedded in the primal grid and

therefore need not be recomputed).

The use of the two-point flux approximation considerably simplifies the definition of

the flux on the faces of the dual cells. Indeed, the flux betweentwo nodes only depends

on the pressure at these two nodes and does not involve the pressures at the vertices of

other tetrahedra sharing the edge connecting the two nodes.As a consequence, the flux

continuity constraints imposed on the postprocessed velocity become much simpler. In

addition, their number reduces from6nt to ne, wherent is the number of tetrahedra and

ne is the numbed of edges in the grid. For a uniform grid for instance, this represents a

reduction of a factor 5. This reduction in the number of constraints may be used to reduce

the number of unknowns characterizing the velocity field, therefore significantly speeding

up the postprocessing and the tracing itself when the two-point flux approximation is used.

7.2.3 Upscaling, MPFA and TPFA

Further investigations are required to determine practical criteria that identify cases when

the current MPFA fails for the solution of the discretized pressure equation. It will be
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useful to determine relationships between the conditioning of the matrix and the grid and

permeability field.

It may be possible to extend theT ∗-TPFA upscaling into a local-global procedure (along

the lines of Chenet al., 2003). This will require the use of the global pressure obtained

from the coarse scale solutions and iterations of the upscaled transmissibilities until a self

consistent solution is achieved.



Nomenclature

Notation Definition

Roman

ai Length of theith principal axis of an ellipsoid

C Barycenter of a face

dl Element of length

ds Element of surface

dV Element of volume

E Edge

f Flux (flow rate)

Fw Producing water fraction (water-cut)

F Triangular face

Fij Face between the two dual cellsi andj

G Pressure gradient

G Barycenter of a tetraheron

H Hexahedron

continued on next page
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Notation Definition

k Permeability tensor

k
∗ Upscaled permeability tensor

l Dimensionless correlation length or length of augmented

system

L System length

M Midpoint of edge

N Total number of grid nodes

n̂ Normal vector

nt Number of tetrahedra connected to a node

nf Number of triangular faces connected to a node

P Pressure or percentile

p Vertex of the primal grid

Q Total producing rate

q Flow rate

Q Quadrilateral face (face of a control volume)

r Number of rings in the border region

Sw Water saturation

sa, sb Minimum and maximum values of the target grid size

T Transmissibility coefficient

T ∗ Upscaled transmissibility

t̂ Tangential vector

continued on next page
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Notation Definition

t Time

t̃ Simulation time expressed in PVI

T Tetrahedron

u Darcy velocity

u Spatial direction (u ∈ x, y, z)

V Particle velocity interpolant

V
◦ Natural velocity

V
∗ Recovered velocity

V Volume

x Cartesian coordinate vector

x, y, z Physical space coordinates

Greek

γ Dimensionless range

Λ Fluid mobility

λ Eigenvalue

µ Fluid viscosity

µlog Mean of the log of a distribution

σ Singular value

σlog Standard deviation of the log of a distribution

φ Rock porosity

τ Time of flight

continued on next page
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Notation Definition

ξ, η, ν Reference space coordinates

Operators

〈 · 〉 Spatial average

· Arithmetic mean

| · | Area of a surface

diag(v1, . . . , vn) Diagonal matrixA with A(i, j) = vi

null(·) Null space of a matrix

range(·) Range (image space) of a matrix

rank(·) Rank of a matrix, dimension of the image space

ǫ − rank Numerical rank, number of singular values greater thanǫ

Abbreviations

CVFE Control volume finite element

FE Finite element

IMPES Implicit pressure explicit saturation

MPFA Multiple-point flux approximation

PVI Pore volume injected

TPFA Two-point flux approximation



Bibliography

Aavatsmark, I., Barkve, T., Boe, O., and Mannseth, T. (1996). Discretization on non-

orthogonal curvilinear grids for inhomogeneous, anisotropic media.Journal of Compu-

tational Physics, 127(1), pp 2–14.

Aavatsmark, I., Barkve, T., Boe, O., and Mannseth, T. (1998). Discretization on unstruc-

tured grids for inhomogeneous, anisotropic media. Part I: Methods. SIAM Journal on

Scientific Computing, 19, pp 1700–1716.

Batycky, R. P., Blunt, M. J., and Thiele, M. R.(1997). A 3D field-scale streamline-based

reservoir simulator.SPE Reservoir Engineering, 12(4), pp 246–254.

Borouchaki, H., George, P.-L., Hecht, F., Laug, P., and Saltel, E. (1997). Delaunay mesh

generation governed by metric specifications. 1. Algorithms. Finite Elements in Analysis

and Design, 25(1-2), pp 61–83.

Breitenbach, E. A., Thurnau, D. H., and Van Poolen, H. K. (1969). The fluid flow simula-

tion equations.SPE Journal, 2(9), pp 155–169.

Cao, H. (2002).General Purpose Research Simulator, Reference Manual.

Cao, J. and Kitanidis, P. (1999). Adaptive-grid simulation of groundwater flow in hetero-

geneous aquifier.Advances in Water Resources, 22(7), pp 681–696.

199



200 BIBLIOGRAPHY

Cardwell, W. T. and Parson, R. L. (1945). Averaging permeability of heterogeneous oil

sands. Transactions of the American Institute of Mining Metallurgical and Petroleum

Engineers, 160, pp 34–42.

Castellini, A., Edwards, M. G., and Durlofsky, L. J. (2000). Flow based modules for grid

generation in two and three dimensions. In7th European Conference on the Mathematics

of Oil Recovery, Baveno, Italy.

Chen, Y., Durlofsky, L. J., Gerritsen, M., and Wen, X. H. (2003). A coupled local-global

upscaling approach for simulating flow in highly heterogeneous formations.Advances

in Water Resources, 26, pp 1041–1060.

Coats, K. H. (1979).Elements of Reservoir Simulation. Lecture Notes, University of Texas,

reprinted by Intercomp Resources Development and Engineering Inc., Houston, Texas.

Cordes, C. and Kinzelbach, W. (1992). Continuous groundwater velocity fields and path

lines in linear, bilinear, and trilinear elements.Water Resources Research, 28(11), pp

2903–2911.

Cordes, C. and Kinzelbach, W. (1994). Can we compute exact pathlines in 3D ground

water flow models? InTenth International Conference on Computational Methods in

Water Resources, pp 225–232, Universität Heidelberg, Germany.

Deutsch, C. V. (1989). Calculating effective absolute permeability in sandstone/shale se-

quences.SPE Formation Evaluation, 3(4), pp 349–348.

Durlofsky, L. J. (1991). Numerical calculation of equivalent grid block permeability tensors

for heterogeneous porous media.Water Resources Research, 27(5), pp 699–708.



BIBLIOGRAPHY 201

Durlofsky, L. J. (2003). Upscaling of geocellular models for reservoir flow simula-

tion: A review of recent progress. In7th International forum on reservoir simulation,
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Appendix A

The StanLab plugin

The simulation, upscaling and grid generation techniques described in this work have been

implemented into a software development platform called the “Gocad developer kit”. This

platform is used for the development and maintenance ofGocad itself but also for various

functionality extensions called “plugins”. This appendixdescribes theGocad programming

environment, the structure that guides the implementationof a plugin, and the specific

functionalities that were implemented into theStanLab plugin.

A.1 Gocad programming environment

Gocad is a geomodeler with applications in several areas of earth sciences. It allows

(among other tasks) one to perform structural modeling of reservoirs, seismic interpre-

tation, integration of well-logs, geostatistical simulation and reservoir simulation grid gen-

eration. Although it is commercially distributed,Gocad has been designed not only to be

extendable in a proprietary manner, but also to be open to other extensions performed by

Gocad users, or by a third party. We now describe theGocad software from the perspective

209



210 APPENDIX A. THE STANLAB PLUGIN

of a research application, client of a robust scientific library and visualization kernel.

A.1.1 Gocad products licensing

TheGocad program was written in the mid 1990s at the LIAD. It was written in C++ and

supports several computer architectures.Gocad is now sold and maintained by Earth Deci-

sion Sciences (formerly known as TSurf).Gocad plugins may be of two types: commercial

or research. Commercial plugins are sold through aGocad licensing agreement while re-

search plugins are usually developed at the LIAD1 and made available to the consortium

affiliate members. In the latter case, aGocad license is still required to use the plugin, as

Gocad acts as a kernel for the plugin application. Also note that research plugins may or

may not come in a readable source-code format. In that case however, their functionalities

are still accessible by concurrent plugins.

A.1.2 Gocad world, external developer perspective

TheGocad window application includes:

• a 3D view of theGocad world that contains rendered views ofGocad objects,

• various menu bars and icons,

• a tree ofGocad objects that can be manipulated and passed as parameters of various

functions.

1TheStanLab plugin developed in this work is an exception
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During the implementation of aGocad plugin, two principal developments can be consid-

ered: the addition of new visualization capabilities, and/or the addition of new functionali-

ties that use existingGocad objects2.

Several object types (e.g., wells, surfaces, geometrical constraints) are already imple-

mented inGocad. However, new objects may be created for which “views” or aspect

attributes may be specified. These objects enrich the set ofGocad object types and can be

displayed and edited. This can be seen for instance in theTopoLab plugin where polyhe-

dral cells (not present in theGocad kernel) and associated properties can be visualized and

edited. This important aspect of theGocad programming environment is used in this work

via the absorption of theTopoLab functionalities in theStanLab plugin.

The addition of new functionalities to theGocad interface can be performed in a rather

efficient way if basic guidelines are followed. New functionalities are made available

through a sequence of programming steps that involve the creation of different layers of

interface. As described further in this appendix, existingstandalone programs (such as a

flow simulator) can be called from theGocad window using an appropriate data format

conversion (filter). Also, new functionalities (such as streamline simulation on structured

grids and upscaling techniques) can be implemented using existing Gocad objects. The

principal benefit is that simulation or upscaling results can be displayed onGocad grids,

saving the usual postprocessing of simulation results files.

A.1.3 Programming structure

Developing applications based on theGocad environment has three principal advantages:

(a) it provides a large number of routines and data structures conveniently grouped into

2By Gocad object, we mean objects that the user manipulates through the 3D view, not internal pro-
gramming object types
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libraries, (b) it guides the application programming usingdifferent levels of interfacing

that allow one to create graphical input of parameters as well as display of results, and (c) it

allows for cooperative developments via standardized communication between plugins.

Programming layers

Gocad uses several layers of programming interface which allow for different levels of

interaction with the elements of the program. For instance,a routine accessible from the

graphical user interface offers a different number of parameters than the programmer may

have originally provided. Between the user and the programmer levels, there is therefore a

“stack” of interfaces that simplifies and partially specifies the parameterization for a partic-

ular functionality. This not only appears as a filter that hides some of the complexity of the

routines to the user, but also expands the possible applications of a functionality as there

are a number of points of entry to the functionality. To each level of entry may correspond

a different “client”.

Interface Client

Graphical interface User

Application programming interface (API)Customization of the plugin

Library interface Plugin developer

The following subsections describe the layers of programming interfaces from the highest

to the lowest level.

Command line interpreter

The command line interpreter (CLI) and graphical command line interpreter (XCLI) form

the highest level of interaction with theGocad kernel and plugins. The CLI consists of
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a string parser that transforms a user message into a parameterizedGocad action. This

is useful for keeping a log of the commands during aGocad session where each of the

user inputs can be summarized as a series of character strings that can be fed back to

Gocad during a later session, or to automate a series of actions that need to be repeated

in sequence. This aspect allows the user the highest level ofGocad programming and is

used in particular to generate “workflows”. The XCLI is the graphical counterpart of the

CLI. It is comprised of dialogue boxes, pull-down menus and contextual help. It can be

viewed as a convenient proxy for generating strings interpretable by the CLI. Because the

write-up of the CLI and XCLI routines is rather tedious and repetitive, Gocad provides its

own language for generating the CLI and XCLI source code. This language, called gencli,

allows one to generate CLI, XCLI codes and the appropriate “wiring” in an expedient and

automated fashion.

Gocad application programming interface

TheGocad application programming interface (gapi) is a set of functions that can be called

from the client interface. The structure of this interface is very simple. Functions that

belong to the same category are grouped within the same subsystem or “namespace”3.

Functions of the gapi may create, destroy or editGocad objects, thus updating views in

the principal application window. Within the layered structure of the programming in-

terfaces, the function calls tend to go “downward”,i.e., functions tend to use other func-

tions from the same level or lower. Plugin routines (non-gapi) may call functions from

the gapi, though this tends to be a poor programming design. For instance, the stream-

line simulator may create (stream) lines to be drawn on the screen using the gapi function

iline::create_iline_from_points(...).
3This is achieved in C++ by the implementation of “static” members of a common class
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Gocad library programming

This is where most of the actual plugin programming tends to go. At this level, no reference

is made to theGocad session or objects. Many of the data types that are defined at this

level can be used at all locations in the plugins. For instance, a list or an event-notification

mechanism can be used in graphical or reservoir simulation routines.

A.2 StanLab Plugin functionalities

This section describes the functionalities available in the StanLab plugin via the graph-

ical user interface. These functionalities fall into threemain categories: structured grids,

upscaling, and unstructured grids. Because these functionalities are directed toward the cre-

ation of an upscaled unstructured reservoir simulation model, the simulation-model data-

structure is also discussed.

A.2.1 Structured grids

Structured grids are the starting point of the unstructuredgrid generation methodology

proposed in this work. For that purpose, the following operations need to be performed on

any given structured grid:

• reference single phase and tracer flow simulations,

• generation of flow information maps,

• single phase flow calculations for upscaling permeabilities.



A.2. STANLAB PLUGIN FUNCTIONALITIES 215

Structured streamline flow simulation

Tracer flow simulation may be performed on aGocad structured grid (called a Voxet) for

the purpose of (a) calculating a water cut that will serve as areference solution to be com-

pared with the solutions obtained on unstructured grids, and (b) generating information

maps such as flow-rate and/or total breakthrough-time maps.Also, the display of some of

the streamlines used in the calculation may be beneficial to understanding the overall flow

pattern. The function “Perform Tracer Flow Simulation”, accessible through the Voxet

Property menu, allows one to perform such a simulation for simple types of boundary con-

ditions and creates the desired results as new properties attached to theGocad Voxet model.

The dialogue box gives the following options:

• select the Voxet,

• select the type of boundary conditions (left-to-right, front-to-back or top-to-bottom)

and the value of the pressure drop across the model,

• select the Voxet property fields to be created (flow-rates, time of flight, total time of

flight, and the fraction of the streamlines traced to be output).

Note that in the current version of the plugin, the resultingfractional flow curve is not

displayed as aGocad window but is rather output as a text file in the application current

directory. The file contains three columns for each of the streamlines traced sorted by

increasing breakthrough time: the breakthrough time (in PVI), the associated flow rate, the

cumulative rate fraction (between 0 and 1).

Furthermore the option of performing a single phase flow simulation on the grid is

offered. This calculation is faster than the tracer simulation and also includes the additional

option of using periodic boundary conditions (with fixed pressure drop along one direction).
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Flow information maps

After a streamline simulation, the Voxet property fields generated can be used to create

flow information maps.

For a flow-rate map, one possibility is to average flow rates obtained for different

boundary conditions. The resulting map is then obtained viatheGocad property menu:

1. create the flow rate map using “Create New Property”

2. average the flow rates using the “Apply Script” function and

v̄ = α|vx| + β|vy| + γ|vz| (A.1)

whereα, β andγ are scaling coefficients andvu is the velocity vector obtained by

applying a pressure drop in theu ∈ {x, y, z} direction.

For the total breakthrough time, a complication may arise due to the fact that not all

simulation blocks are crossed by a streamline. A possibly large fraction of the cells there-

fore does not have a value. The solution we suggest is to:

• perform the streamline simulation in theu+ direction,

• perform the streamline simulation in theu− direction,

• merge the two property fields,

• interpolate the values at unsampled cells using theGocad kriging capabilities.

Map calibration

Statistics on the information map may be obtained withinGocad using the “Spatial Data

Analysis” wizard. This tool provides histograms, percentiles and directional variograms.
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Modifications of the map may again be obtained usingGocad property scripts, but one

may also use the end-point and shape-factor parameterization of the resolution constraints

available fromTGridLab, as discussed in Section A.3.

A.2.2 Upscaling

Upscaling capabilities were implemented in the context of unstructured polyhedral grids.

As polyhedral grids are not accounted for in the current version of Gocad (2.0.7), the up-

scaling functionality requires the use of theTopoLab plugin. In our context, polyhedral

grids would typically be obtained as the dual of a tetrahedral mesh, although this is not

necessarily the case. Indeed, Cartesian or corner-point grids can be converted to theTopo-

Lab polyhedral data structure (using existing menus) and our upscaling routines can then

be applied to all types of grids.

Polyhedral grids are called “PSolid” inTopoLab. The upscaling routines were added

(in StanLab) under the PSolid menu. Two types of upscaling are considered: transmissibil-

ity upscaling, which calculates a two-point transmissibility coefficient associated with any

polygonal face of the PSolid, and permeability upscaling, which allows for the calculation

of a full tensor for any polyhedral cell. For a given cell, theprocedure fits an ellipsoid

through points of the surface and extracts a 3D subset of the underlying Cartesian model

(extended region). The extended region is used to perform the single phase flow calcula-

tions, while the ellipsoid is used to approximate the average pressure gradients and flow

rates on the polyhedral cell. The flexibility of the PSolid grid property management allows

values to be associated with any dimension of the grid: points, edges, faces or volumes.
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A.2.3 Unstructured grid

Two types of unstructured grids can be handled inStanLab: (a) simplicial unstructured

grids comprised of tetrahedra and for which theTGridLab plugin offers advanced grid gen-

eration capabilities, and (b) polyhedral grids formed in the TopoLab plugin that can be

converted from other grid types (such as structured or tetrahedral grids) or generated as the

dual of another grid. We now discuss the grid generation using TGridLab, the unstructured

grid flow simulation using theFlowLab library, and the creation of simulation runs from

theStanLab interface.

The TGridLab plugin

TheTGridLab plugin generates simplicial grids constrained to user defined data. There are

two types of constraints: topological and grid resolution constraints.

Topological constraints such as internal faults, horizonsor reservoir boundaries are

provided by a constrained structural model. The constraints of the model represent the

type of contacts between intersecting surfaces. For instance in the case of a “Y” fault,

the branches of the fault rarely exactly intersect due to geometrical approximations. It is

critical not to insert any artificial gap between faults, as the gridding algorithm will honor

the fictitious gap geometry, introducing many unnecessary grid nodes. Whenever surfaces

intersect or are in contact, explicit constraints must therefore be set in the model. In the

case of the “Y” fault, a “Border on Surface” constraint “attaches” the antithetic (small)

fault to the synthetic (large) one. Also, to ensure that the contact between the faults covers

the entire width of the fault, an additional constraint mustbe set on the fault contact line.

This constraint is of type “Border Extremity on Border”. The construction of the surface

constraints may be automated to a certain extent when using aGocad “Reservoir Model”
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object. Indeed, the creation of an intermediate reservoir model4 from intersecting surfaces

automatically introduces constraints based on distance criteria. The updated surfaces can

then be used by theTGridLab plugin, as we now explain.

To construct a simplicial grid usingTGridLab, a “Wireframe Model” must first be con-

structed. An instance of a wireframe model is aTGridLab object that synthesizes the grid

information for objects of different dimensions (volumes,surfaces and lines). It also em-

beds the topological constraints to ensure that gridded objects are consistent,i.e., that grids

conform to their constraints. For instance, two intersecting surfaces may be independently

triangulated but their intersection must have a unique 1D discretization. The wireframe

model ensures this consistency. Once the wireframe model isconstructed, an initial con-

strained tetrahedral grid can be constructed. This is done by first choosing a 1D discretiza-

tion for lines, then a target triangle size for each surface,and finally a target tetrahedron size

for volumes. Finally, resolution constraints may be specified and the grid may be adapted.

The resolution constraint is provided by a property server that may be that of a surface

(TSurf), a tetrahedral grid (TSolid) or more generally of a structured grid (Voxet).

Resolution constraints may be used to control the node density of either the surfaces

that were imbedded in the wireframe model or of the 3D grid itself. This is done via the

Wireframe Model menu “Add Resolution Constraints”. We can then adapt the surfaces

using the 2D constraints (this automatically updates the tetrahedrization). Finally the 3D

grid is adapted using the 3D constraints, and the last operation exports the tetrahedrization

to theGocad window, converting it from the wireframe to a standardGocad TSolid format.

Note that theTGridLab plugin contains many more functionalities than those discussed

in this appendix.

4The Gocad “Reservoir Model” should not be confused with theStanLab “Reservoir Simulation
Model” described later in this appendix
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From Flex to FlowLab

StanLab allows us to perform basic flow calculations on unstructuredgrids. The function-

alities ofFlex were carried over toFlowLab, a stand alone library package that can be linked

to theStanLab plugin. The new libraries introduce several enhancements.The use of the

Standard Template Library data types and algorithms was generalized. New boundary con-

ditions were added such as fixed BHP/block pressure for the well controls or a numerical

aquifer. Also,FlowLab is able to perform 3D streamline simulations. In summary,StanLab

allows one to run unstructured grid simulations either as a stand alone program that reads

a text-based input, or directly fromStanLab where data for the grid, permeability field,

transmissibility coefficients and wells are converted fromthe Gocad to theFlowLab data

type. The data structure that allows us to create a flow simulation model is now explained.

A.2.4 Simulation data structure

In order to integrate the assessment of the unstructured grid quality to the adapted grid

generation workflow, we implemented the capability of running a tracer flow simulation

directly from theStanLab window. This option calls routines from theFlowLab library.

Hence, all data needed for the simulation must be acquired orgenerated byStanLab and

transferred toFlowLab. The data we need to transfer are:

• the primal grid, comprised of

– the coordinates of vertices of the grid

– the topology (connections between the nodes)

• a distribution of rock properties given as a list of:
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– 3D points

– associated permeability

– porosity

• the upscaled transmissibilities which, in the case of the two-point flux approximation,

are given as a list of triplets that contains:

– the index of the two connected nodesi, j

– the associated transmissibility coefficientTi,j

• the fluid PVT properties

• the boundary condition definitions (wells and aquifers)

• various controls such as time stepping, well conditions,etc.

• some tuning parameters

Some of these data can be automatically generated byStanLab such as the PVT data for

a tracer flow; others are entered by the user (e.g., wells) or are stored as a result of an

internal calculation (transmissibility upscaling for example). The reservoir simulation data

are stored in the following three macro structures:

• ‘Simulation Grids’

• ‘Boundary Conditions’

• ‘Rock Model’

We now discuss each of these structures in more detail.
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Simulation Grids

This structure handles the primal and dual grids and their correspondence. This complexity

is motivated by the fact that we want to be able to pass connectivity lists to the simulator

and because we need to handle two different grid-types. Whilethe upscaled transmissi-

bility coefficients are calculated on the faces of the dual grid, the simulator needs to know

between which of the primal nodesi, j the flow connection is to be created. This structure

therefore keeps track of the correspondence between a polyhedral cell and the dual vertex

it originated from. Note that it is possible to create an upscaled permeability tensor field

on any polyhedral grid, but that transmissibility upscaling requires that both the primal and

dual grids be stored in the Simulation Grid structure.

Boundary Conditions

The “Boundary Condition” structure stores the list of the reservoir features that interact

with the reservoir model. Each feature (well or aquifer) hasthree different aspects (or

views): a geometry, a control logic, and a numerical model.

The geometry of a boundary condition can have different specifications. Specifically,

it can be a 2D or 1D object and can be represented by a discretized object or an analytical

expression. Below is a table that summarizes these cases:

Dimension

1D 2D

Parameterization
Discrete a well a 3D aquifer

Analytical 2D aquifer (not used)

Note that the geometry of the boundary condition is independent of the grid. The same
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structure is therefore used for storing the simulation dataof both structured and unstruc-

tured runs. The simulator introduces the connection between the general geometry of the

boundary condition and the grid provided. The control of theboundary condition allows

relatively little flexibility: fixed BHP or total flow rate for wells, and fixed pressure for the

aquifers. The fixed pressure aquifer was used to simulate face-to-face flow in the results

presented in this thesis.

The numerical model view specifies the way the boundary condition interacts with the

reservoir numerical model. In the case of a well, it is through a well index, in the case

of a fixed pressure aquifer, the block pressure unknowns are “linked” to a fixed pressure

value. When multiphase flow is considered, it is this part of the model that decides how the

mobility of the fluid should be calculated (in the case of an injecting well for instance), or

what fluid should be injected into the reservoir (in the case of a fixed pressure aquifer).

Rock Model

The Rock Model stores all the results from the upscaling procedures. This includes the

porosity values, permeability tensors, and transmissibility coefficients. These fields are

stored in the embedding of the PSolid (either on the 3D or 2D cells).

A.3 Grid generation workflow

This section describes a step by step procedure to generate an adapted unstructured simula-

tion run usingStanLab. The three principal steps are the data preparation, adapted gridding,

and reservoir simulation modeling.
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A.3.1 Data preparation

We now describe briefly how to construct the fine model property distribution and structural

information.

Voxet

TheGocad structured grid (Voxet) is created using “Voxet→ New→ From Step Vectors”.

Properties are assigned usingGocad geostatistical capabilities. First, a variogram is con-

structed using the “Application→ Spatial Data Analysis”, then we perform a kriging using

“Geostatistics→ Unconditional SGS”. Finally, we create the basic structural information

using the following steps:

1. “Surface→ Create From Object Box” (use the Voxet) creates one surface with 6 parts

2. “Surface→ Create From Surface Part” creates 6 surfaces. At this stage, no constraints

exist between them

3. “Surface→ Model3D→ New From Surfaces” creates copies of the surfaces on which

the appropriate constraints are introduced

Flow information map

We then perform tracer flow simulations throughStanLab menus: “Voxet→ Property→

Flow→ Tracer Simulation” using the permeability/porosity modelcreated earlier. The re-

sulting flow property fields are attached to the Voxet, while the fractional flow curve is

saved in an ASCII file. Running similar single phase flow problems using different bound-

ary conditions, we generate an average flow-rate map using Equation A.1 in the menu

“Voxet→ Compute→ Apply Script on Object”.



A.3. GRID GENERATION WORKFLOW 225

A.3.2 Adapted Gridding

We now use theTGridLab functionalities to generate an unstructured grid adapted to the

flow rate information. We follow the steps below:

1. create the frame model via “Framemodel→ Create from Surfaces” (or “Model3D”)

2. initialize the 1D, then 2D, then 3D tesselations using “Framemodel→ Create Tesse-

lation. . . ”

3. install the grid resolution constraint via “Framemodel→ Constraints→ Add 3D Con-

straint”. The window application allows one to choose the conversion between the

flow-rate values and the target grid resolution

4. update the tesselation using the resolution constraint “Framemodel→ Refine Grid→

With Constraints”

5. export the grid under a format thatGocad can handle (TSolid): “Framemodel→

Export→ TSolid from Tesselation”

Statistics on the number of tetrahedra and vertices can be obtained in the “Info” property

of the TSolid created.

A.3.3 Reservoir simulation model

Instead of creating the dual grid directly from the “Psolid→ Create from Dual” menu of

StanLab, we create a Reservoir Simulation Model. The steps are as follows:

1. create a TFlowSimulation from “Reservoir Simulation→ Create from Primal Grid”
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2. compute the dual grid using “Reservoir Simulation→ Update Dual Grid” (the corre-

sponding PSolid dual grid is created in theGocad world)

3. perfom the desired upscaling (permeability and optionally transmissibility; perme-

ability may still be required for the well index calculations)

4. add boundary conditions

5. create a tracer simulation run “Reservoir Simulation→ Export→ Create a Simulation

Deck”

The user is then prompted for a directory location to which all the data are transferred to

execute the simulation. A default fluid model file is also generated for the tracer flow case.

An alternative to the last step is to directly execute the simulation run from theStanLab

window. However, this option is limited in the current version of the plugin since the results

are not transferred back to the dual grid. This extension however can be achieved easily.


