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Abstract

Given the substantial costs and potential rewards associated with oil and gas field de-
velopment and management, it is essential that these operations be performed as close
to optimally as possible. In this work, we consider the computational optimization
of general oil field development problems. Techniques are devised to simultaneously
determine the optimal number and type of new wells, the sequence in which they
should be drilled, and their locations and time-varying controls. The general opti-
mization is posed as a mixed-integer nonlinear programming (MINLP) problem and
involves categorical, integer-valued, and real-valued variables. Our new formulation
handles bound, linear, and nonlinear constraints. The latter are treated using filter-
based techniques. Noninvasive, derivative-free and easily-parallelizable approaches
are applied for the optimizations. Methods considered include Mesh Adaptive Direct
Search (MADS, a local pattern search method), Particle Swarm Optimization (PSO,
a heuristic global search method), a PSO-MADS hybrid, and Branch and Bound
(B&B, a rigorous global search procedure that requires relaxation of the categorical

variables). The filter-based treatment of nonlinear constraints is extended to PSO
and to the PSO-MADS hybrid.

Example cases involving well control optimization, joint well placement and control,
and generalized full-field development problems are presented. The well control op-
timization example highlights the positive features of the filter constraint handling
treatments. For the joint well placement and control optimization examples, the PSO-
MADS hybrid is shown to consistently outperform the standalone MADS and PSO
procedures. The joint optimization approach is also observed to provide superior per-
formance relative to the sequential procedure, in which the well placement and well

control problems are solved separately. For the field development optimization cases



that involve the optimization of well number in addition to well locations and control,
there are two examples in which B&B is applied. In these examples, the PSO-MADS
hybrid is shown to provide solutions comparable to those from the more established
B&B approach, but at much lower computational cost. This is significant since B&B
provides a near-exhaustive search in terms of the categorical variables. A full-field
development example is presented where the number, type, drilling schedule, location
and control of wells are optimized. This case demonstrates the broad capabilities of

the new optimization framework.

We also implement an approach for field development optimization with two con-
flicting objectives. For this problem, a single-objective product formulation for the
biobjective optimization procedure is applied. Three biobjective field development
examples, including one that highlights the applicability of biobjective techniques to
optimization under geological uncertainty, are presented. Our overall conclusion from
this work is that, although they can be demanding in terms of computation, the opti-
mization methodologies presented here appear to be applicable for realistic reservoir

development and management problems.
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Chapter 1
Introduction

Optimization problems frequently arise in engineering applications when the goal is to
find a set of design and/or control variables that minimize or maximize some function
that measures the cost or merit of the design or control scheme. Typically, there are
also constraints in these problems, which limit the values the variables can have.
An important class of optimization problems, mixed-integer nonlinear programming
(MINLP) problems, are characterized by nonlinear objective and constraint functions
with both discrete and continuous variables. In the absence of discrete variables, the

problems are referred to as nonlinear programming (NLP) problems.

Our interest here is in the design of an optimal development and production plan for
a petroleum field. This optimal plan should maximize a measure of merit such as net
present value (NPV) of the project or cumulative field production. Field development

optimization constitutes a challenging MINLP problem, as it may include:

e different types of variables (categorical, integer and/or continuous) to define the

number of wells, well types, drilling schedule, well locations and well controls;

e different types of constraints (bound and linear constraints on the optimization
variables and nonlinear constraints on simulator output) to ensure physical and

economic limits are enforced;

e uncertainty in the reservoir description, leading to optimization over multiple

realizations;
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e multiple conflicting optimization objectives, e.g., we may seek to maximize NPV

while minimizing the water injected.

In addition to these complexities, field development optimization is in general com-
putationally demanding since the objective function evaluation requires a reservoir

simulation, which is expensive for large models.

The development of computational optimization procedures for oil field operations has
been an area of active research in recent years. Optimization techniques have been
developed for several types of field development and operational decisions, including
the determination of the optimal type and location of new wells and the optimal
operation of existing wells. Traditionally, the optimization of well location has been
considered separately from the optimization of well operation (the latter is often
referred to as well control optimization). However, recent work has demonstrated
that, as would be expected, the optimal well location depends on how the well is
to be operated. Thus, the optimization of well position and well control should be
considered as a joint optimization problem, rather than as two separate (sequential)

optimization problems.

In addition to well locations and controls, it is also of interest in field development
planning to determine the optimal number of wells to drill, the type of wells, and
their drilling schedule. Physical and economic constraints as well as the presence
of uncertainty in the reservoir description should also be taken into account. In
general, all of these issues must be considered in order to obtain truly optimal field

development plans.

1.1 Literature Review

Most of the previous work in this general area has focused on the development of
optimization approaches for the separate well control and well placement problems.
There has, however, been some recent work on the solution of the joint problem, and a
few studies have addressed multiobjective optimization for oil field problems. In this
section we present a survey of relevant work in the areas of well control optimization,

well placement optimization, joint well placement and control, optimization under
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uncertainty, and multiobjective optimization in the petroleum field development and

production optimization literature.

1.1.1 Well Control Optimization

The well control problem involves determining the optimal values for continuous op-
erating variables, such as well rates or bottomhole pressures (BHPs), in order to
maximize an objective such as NPV or cumulative oil produced. A wide variety of
computational optimization techniques have been applied. These methods can be
broadly classified as gradient-based or derivative-free approaches. We now discuss

these two classes of procedures.

Gradient-based Approaches

Gradient-based methods that have been applied to the well control optimization
problem include the steepest descent, conjugate gradient and sequential quadratic
programming (SQP) methods [90]. These methods are efficient and known to exhibit
fast convergence when the gradient of the objective function with respect to the con-
trol variables is available. Different methods for computing this gradient have been
used and can be classified into three categories: numerical gradients computed using
finite-difference (FD) techniques [2, 82, 121, 124], ensemble-based gradients computed
using multiple realizations [25, 112], and adjoint techniques based on optimal control
theory [20, 66, 100, 104, 105]. The advantage of using the numerical and ensemble-
based gradients is that the simulator can be treated as a ‘black box” with the gradients
computed from function evaluations. The adjoint method is far more efficient, but

requires access to and detailed knowledge of the reservoir simulator source code.

The literature on the use of gradient-based optimization methods for oil field problems
includes the following studies. Aitokhuehi [2] and Aitokhuehi and Durlofsky [3] used
the conjugate gradient and Levenberg-Marquardt algorithms with numerical gradients
for the real-time optimization of smart wells. They coupled these optimizations with
geological model updating. Carroll [24] demonstrated the use of Newton’s method,
also with numerical gradients, for the optimization of production systems. Kumar

(73] applied the conjugate gradient method, with numerically computed gradients, to
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optimize well settings with the goal of maximizing residually trapped CO, in geologic
carbon sequestration. Wang et al. [120, 121] used SQP with numerical gradients to
solve the production optimization problem, and Litvak et al. [82] applied the method
to the Prudhoe Bay E-field. Yeten et al. [124] used a conjugate gradient method for
the optimization of smart well controls. Wang et al. [118] compared the steepest as-
cent method with FD gradients, simultaneous perturbation stochastic approximation
(SPSA [110]) gradients, and ensemble-based gradients for a production optimization
problem. They showed that the steepest ascent method with FD gradients was the
most efficient of the three methods, if a small perturbation size was used. Chaudhri
et al. [25] demonstrated the use of an improved ensemble-based gradient approach
for production optimization using the conjugate gradient method. The use of numer-
ical gradients decreases the efficiency of these gradient-based optimization methods
because the number of function evaluations (simulations) typically scales with the
dimension of the parameter space, i.e., with the number of optimization parameters.
These methods do, however, parallelize naturally since the various simulations can be

performed simultaneously on separate processors.

The use of adjoint procedures, which derive from optimal control theory, reduces com-
putational requirements by efficiently providing the gradient of the objective function
with respect to the controls. These gradients are obtained by solving an adjoint
problem that uses the Jacobian matrices and other information computed during the
forward simulation. Sarma et al. [104, 105] and Jansen and Brouwer [20, 67] have
demonstrated the effectiveness of adjoint procedures for production optimization and
closed-loop reservoir management. Earlier investigators who applied optimal control
theory for enhanced oil recovery include Ramirez and co-workers [83, 87, 100], Asheim
[6] and Virnovsky [116]. Adjoint-based procedures have also been widely applied for
history matching; see, e.g., Li et al. [80].

The preceding authors did not include consideration of nonlinear constraints. Sarma
et al. [104, 107] described a feasible direction algorithm for handling nonlinear path
constraints. The nonlinear inequality constraints in production optimization are path
constraints because they need to be satisfied at every time step during the reservoir

simulation. Sarma distinguished between two types of algorithms for dealing with
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nonlinear path constraints: algorithms that solve the path constraints implicitly to-
gether with the dynamic system (presupposes full access to the forward model or simu-
lator), and algorithms that calculate the path constraints explicitly after the dynamic
system has been solved. The algorithm in [104] and [107] is a constraint handling
method of the first type. It entails a feasible direction algorithm that uses lumped
constraints and a feasible line search. Some iteration to achieve feasible controls at
each time step of the forward simulation is also required. Sarma et al. [104, 107] pre-
sented promising results for certain types of nonlinearly constrained problems, but the
method does not yet handle all types of relevant nonlinear constraints. The nonlinear
constraint handling techniques presented in this work are of the second type, which
treat the simulator as a black box. This enables us to handle any type of nonlinear

constraint that can be put in a functional form.

Derivative-free Approaches

Gradient-free methods do not require the calculation of objective function gradi-
ents, as they use just the objective function values obtained from function evalu-
ations (reservoir simulation plus economic model evaluation for calculating NPV).
Derivative-free methods can be further classified into deterministic (e.g., polytope or
Nelder-Mead simplex method [74, 89]) and stochastic methods, including genetic algo-
rithms (GAs) and tabu search. Carroll [24] used the polytope method for production
systems optimization and showed that it is an effective alternative to gradient-based
methods. Cullick et al. [31] used a global optimizer based on tabu search to optimize
production strategies while accounting for risk. Harding et al. [59] used a GA with
problem-specific crossover operators to select optimal well rates for the maximiza-
tion of NPV. Almeida et al. [4] used the GA for production optimization with smart
wells. They also accounted for technical uncertainties, such as the risk of valve fail-
ure. It should be noted that none of the works discussed above addressed nonlinear

constraint handling.

There are many other derivative-free methods that have been applied in other con-
texts. Of particular note are the so-called direct search methods, which are stencil or
frame-based optimization techniques. Kolda et al. [71] and Conn et al. [30] presented

excellent reviews of these methods, including their history and convergence theory.
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Direct search algorithms have been in existence for many years. Hooke and Jeeves
[60] introduced their direct search method in 1961. Audet and Dennis [7] presented a
more general version of pattern search methods (called Generalized Pattern Search)
and Marsden et al. applied these methods to optimization problems in aeroacoustics
[85] and medicine [84]. For the well control optimization problem, Isebor [63] and
Echeverria et al. [40, 41] applied both gradient-based and derivative-free methods
with different nonlinear constraint handling techniques. They provided comparisons
between the different methods and showed that the use of pattern search methods
with filter constraint handling is an effective approach for well control optimization

problems.

1.1.2 Well Placement Optimization

The well placement optimization problem involves maximizing an objective function
by varying well types (e.g., injector or producer, vertical or horizontal) and well loca-
tions. Due to the effects of reservoir heterogeneity, these problems can display very
rough (discontinuous) optimization surfaces, with multiple local minima [94]. Well
placement problems are therefore frequently solved using stochastic search procedures
(which avoid getting trapped in some local optima), though some investigators have

applied gradient-based approaches to this problem.

Gradient-based Approaches

Gradient-based methods applied to the well placement problem include approaches
that calculate gradients using SPSA (Bangerth et al. [15]), ensemble-based techniques
(Leeuwenburgh et al. [77]), and adjoint methods (Sarma and Chen [106], Zandvliet et
al. [127] and Zhang et al. [128]). In the SPSA algorithm [110], starting from a current
iterate in some iteration, the required gradient is approximated by first generating a
random direction from the current iterate. This random direction is used to generate
two new points at which the objective function is evaluated. Using these function
evaluations, a direction of decrease (for minimization problems) can be determined.
Unlike finite-difference methods, which provide more accurate gradients, the SPSA

gradient computation is independent of the number of variables in the optimization
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problem as only two function evaluations are required (as opposed to O (n) evalua-
tions, where n is the number of optimization variables, for FD). Bangerth et al. [15]
compared gradient-based optimization methods, with gradients computed using FD
and SPSA, with some derivative-free optimizers, including a genetic algorithm, fast
simulated annealing and the Nelder-Mead simplex algorithm. They found that the
SPSA algorithm outperformed the other methods. The SPSA algorithm does entail
some challenges, however, including the choice of the step size for calculating new so-
lutions. Leeuwenburgh et al. [77] optimized well placement using gradients calculated

from ensemble-methods, as was done for well control problems in [25, 112].

Several authors have applied adjoint-based gradients for well placement optimization
[106, 127, 128]. The main advantage over FD or SPSA methods is that the adjoint-
based gradient methods accurately compute improving directions for all wells in only
one forward (reservoir) and one backward (adjoint) simulation. In order to use these
techniques, the optimization problem with discrete well placement variables is re-
placed with an equivalent problem with continuous variables from which a gradient
can be calculated. For problems with two-dimensional reservoir models, Zandvliet
et al. [127] used an approach that places a ‘pseudowell’ in the eight grid blocks that
surround the well whose location is to be optimized. These pseudowells produce or
inject at a very low rate and thus have a negligible influence on the overall flow. Using
an adjoint method, Zandvliet et al. [127] calculated the gradients of NPV with respect
to the rates of the pseudowells over the lifespan of the reservoir. Subsequently, these
gradients were used to approximate an improving direction (one of eight possible di-
rections, based on the surrounding grid blocks) in which to move the wells to achieve

an increase in NPV.

Sarma and Chen [106] presented a technique similar to that of Zandvliet et al. [127]. In
their method, potential well locations are surrounded by pseudowells whose geometric
well indices are weighted by spatial integrals of a continuous (Gaussian) function,
which itself is a function of the areal locations of the original wells. Due to the
continuous functional relationship, adjoints and standard gradient-based optimization
algorithms can be applied to optimize the well locations. The main advantage of this

approach compared to that of Zandvliet et al. [127] is that the actual gradient with
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respect to the well location variables is obtained (as opposed to gradients with respect
to pseudowell rates), and thus any arbitrary search direction is possible. By contrast,
the method of Zandvliet et al. [127] is limited to the eight directions associated with
neighboring grid blocks.

Derivative-free Approaches

As noted above, gradient-based techniques have been applied to the well placement
problem. However, due to the effects of reservoir heterogeneity, these problems can
display very rough optimization surfaces, with multiple local optima. For this reason
they are more commonly solved using derivative-free stochastic search procedures.
The most popular of these are evolutionary strategies such as GAs, which have been
used to optimize the locations of vertical wells [13, 15, 56, 96, 114] and nonconventional
wells [5, 92, 103, 125]. Another evolutionary strategy that has received some atten-
tion is the covariance matrix adaptation evolution strategy (CMA-ES) [19], which has
been shown to give superior performance when compared with GAs for this problem.
Particle Swarm Optimization (PSO), which mimics the social interaction patterns of
animal groups such as flocks of birds or swarms of fish, has also been used for well
location optimization. Onwunalu and Durlofsky [94] presented applications of PSO
to the optimization of vertical and nonconventional well placement. In their com-
parisons, PSO was found to outperform GA for these problems. Another stochastic
search family of note is simulated annealing (SA). These methods have been applied

for optimal well scheduling and placement by Beckner and Song [16].

In the preceding studies, the authors sought to optimize the locations of individual
wells. For large-scale problems with tens to hundreds of wells, this approach becomes
increasingly expensive using stochastic search methods. Therefore, for optimizing well
configuration in large-scale problems, well pattern optimization procedures have been
devised [81, 93, 95, 97, 98]. Pan and Horne [98] and Ozdogan et al. [97] approached
large-scale well placement by optimizing well spacing with fixed well patterns. Onwu-
nalu and Durlofsky [93, 95] performed large-scale well placement by optimizing the
type and orientation of well patterns, and Litvak and Angert [81] applied these ideas
to actual (giant) oil fields. In this thesis, we do not consider the optimization of well

patterns as all of our example cases have no more than ten wells, but the methods
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noted above could be incorporated into our general optimization framework.

As previously noted, because the optimization surfaces for well placement problems
are rough, these problems are commonly approached using stochastic search proce-
dures such as GAs. However, the use of varying amounts of local optimization hy-
bridized with stochastic search procedures has been applied in order to accelerate the
convergence of the stochastic search methods. For example, Yeten et al. [125] applied
GA hybridized with a local hill climber algorithm to optimize the type and location
of nonconventional wells. They demonstrated that the hybrid approach provides ad-
vantages relative to the use of only GA. Other authors have hybridized GA with the
local polytope algorithm (see, e.g., Badru and Kabir [13], Guyaguler et al. [57], and
Ozdogan and Horne [96]). In Chapter 2 we present our hybrid approach which com-
bines the global stochastic PSO method with the local Mesh Adaptive Direct Search
(MADS) method. Our hybrid procedure is similar to the PSwarm technique of Vaz
and Vicente [115].

1.1.3 Joint Well Placement and Well Control

When well placement optimization is performed, various treatments can be used for
the well controls, including fixed rates or bottomhole pressures, or the so-called ‘reac-
tive’ control approach. In the latter case, production wells are closed (shut in) when
the well water cut exceeds a specified limit [127]. Recent work has demonstrated
that, as would be expected, the optimal well locations depend on how the wells are
to be operated [17, 78, 127]. Thus, the optimization of well position and well control
should be considered as a joint optimization problem, rather than as two separate

problems, because a purely sequential approach will in general be suboptimal.

There have been some studies on joint well placement and control, which we now dis-
cuss. Wang et al. [117] and Forouzanfar et al. [51] applied gradient-based methods for
optimizing well controls. They included an injection or production well in every grid
block of the reservoir model and then eliminated wells that did not meet certain cri-
teria, with the intent of determining the number of wells, their locations and controls.
Their use of gradient methods might result in convergence to local optima, especially

for a sizeable problem with many grid blocks. Their approach precludes the use of
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derivative-free methods because the inclusion of a well in every grid block will lead
to far too many variables for derivative-free techniques. It is also important to note
that these studies did not explicitly define the well location variables but approached
the joint well placement and control problem heuristically, by solving only a control

problem.

Other investigators considered combined well placement and control using formula-
tions that explicitly define variables for the different parts of the problem. Li and
Jafarpour [78] applied a sequential iterative procedure for the combined problem in
which they alternated between the well placement and well control optimization prob-
lems. They used a coordinate descent random search method for the well placement
part and a gradient-based procedure for the well control optimization. Bellout et
al. [17] considered the two optimization problems in a nested fashion, where the ob-
jective function for well placement entails optimization of the control problem. They
used derivative-free direct search methods for the well placement optimization and an
adjoint-based gradient procedure for the well control problem. Both of these studies
demonstrated that improved results can be achieved by solving the joint optimiza-
tion problem compared to a sequential optimization procedure (with an assumed well

control strategy during well placement optimization).

Humphries et al. [62] also compared the use of sequential and joint optimization tech-
niques for well placement and control. In contrast to the studies noted above, they
did not find the joint approach to consistently provide superior results relative to
their sequential procedure. This may be due to the fact that they included some
heuristics for well control in their well placement optimizations, or to some other al-
gorithmic treatments. Humphries et al. [62] applied a modified version of the PSwarm
hybrid procedure [115] for their optimizations, which is similar to the hybrid PSO-
MADS technique developed in this work. Cameron and Durlofsky [21] implemented a
Hooke-Jeeves direct search for the joint optimization of well placement and control for
geological carbon storage problems. Comparisons with a sequential procedure were

not performed in that work.

As discussed earlier, the generalized field development problem (which involves de-

termining the optimal number of wells, their type and drilling sequence, in addition
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to well location and control) is a MINLP problem with categorical, integer and con-
tinuous variables. There have been some previous studies that have approached parts
of the field development problem by including different types of variables. Gunnerud
and Foss [55] approached oil production optimization using mixed-integer linear pro-
gramming (MILP). Kosmidis et al. [72] and Litvak et al. [82] applied mixed-integer
nonlinear programming (MINLP) for well scheduling and for optimizing a production
system, respectively. In [55, 72, 82|, simplified models of the reservoir and facilities
were used in place of complex simulation models. Echeverria et al. [39] used MINLP
formulations both for selecting wells from a given set and simultaneously optimizing
well controls subject to general constraints, and for optimizing well type and loca-
tions. The MINLP methods they considered include an open-source software package
for general gradient-based optimization (see Bonami et al. [18]) that is supported
by convergence theory and is compatible with simulation-based optimization prob-
lems. These methods, however, unlike the derivative-free techniques applied in this
work, require gradient information. As noted earlier, in many cases gradients are not
available, and to construct them using an adjoint procedure requires access to (and

detailed knowledge of) simulator source code.

A variety of constraints (bound, linear and nonlinear) enter the field development
optimization problem. Even though previous investigators incorporated some amount
of constraint treatment, none of the studies discussed above handled the full set of
constraints that can appear in these problems. For the generalized field development
and control problem, in addition to satisfying bound constraints on BHP ranges
(which arise when BHPs are the continuous well control variables), we also need
to satisfy practical constraints including well-pair distance constraints, well rate and
facility constraints, water cut constraints, and constraints on the number of wells. The
most common methods for handling these types of constraints are to simply discard
infeasible points from consideration [81] or to use penalty methods [40, 57, 63]. In our
work, we introduce a general treatment based on filter methods. In our earlier work,
this approach was shown to provide comparable or better performance than penalty
methods for the well control problem [40, 63].
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1.1.4 Optimization Under Geological Uncertainty

The reservoir models used for field development planning have several sources of
uncertainty, including geological uncertainties in property distributions (e.g., per-
meability), fluid property uncertainties, etc. It is of interest to incorporate these
uncertainties in the optimization process in a manner that provides solutions that
are robust given the uncertainties. This entails optimization over multiple realiza-
tions (which characterize the uncertainty) where the goal is to optimize a robust

performance measure such as the expected value of NPV.

Yeten et al. [123] optimized well controls, incorporating the risk of inflow control valve
failure, over five geological realizations. Aitokhuehi and Durlofsky [3] and Sarma [104]
also optimized well controls over a set of realizations in their optimization and model
updating procedures. Several authors have performed well placement optimization
over multiple realizations with the goal of maximizing expected NPV. For example,
Guyaguler and Horne [56] and Yeten et al. [125] used hybrid GAs, Onwunalu and
Durlofsky [94] applied PSO, and Nwankwor et al. [91] used a hybrid differential evo-
lution and PSO method. Cameron and Durlofsky [22] addressed joint well placement
and control optimization, but for geologic carbon storage problems. They used the
PSO algorithm to minimize the expected value of injected CO, mobility over a set of
realizations by optimizing the placement and injection rates of horizontal CO injec-
tion wells. In our work, we mostly consider optimization over a single realization, but
the techniques developed here can be applied to optimizing over multiple realizations

in order to incorporate geological uncertainty.

Optimization over multiple realizations is computationally expensive. However, the
larger the number of realizations, the better we expect the characterization of the
uncertainty to be. Therefore it is important to have techniques that reduce the com-
putational expense in these problems by properly selecting a set of representative
realizations, or to have methods that reduce the number of simulations required for
a set of realizations. Artus et al. [5] used statistical proxies based on cluster analysis
to reduce the number of models that required full simulation. They applied GA and
their proxy-based technique to optimize the placement of monobore and dual-lateral

wells and demonstrated that by simulating 10 to 20% of the scenarios, they obtained
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results close to those achieved by simulating all cases. Wang et al. [119] applied a
Retrospective Optimization (RO) framework that solves a sequence of optimization
subproblems using an increasing number of realizations. They showed that, by using
the RO procedure with cluster sampling, the computational expense of well placement
under uncertainty was reduced by about an order of magnitude compared with opti-
mizing using the full set of realizations at all iterations. Li et al. [79] performed joint
well location and control optimization under uncertainty. They reduced the number
of computations required by using a randomly selected subset of realizations at each
iteration to approximate the expected NPV over all realizations. The procedures dis-
cussed here for reducing the computational demands in optimizations with multiple
realizations are, again, compatible with the optimization framework developed in this

work.

1.1.5 Multiobjective Optimization

Typically in engineering problems, a goal is to resolve conflicting objectives and obtain
a design that represents an acceptable balance of all objectives. In practical field
development problems, decisions may depend on multiple conflicting criteria. For
example, in a waterflood we might seek to maximize oil recovery while minimizing
water production, which are conflicting objectives. There is a clear trade-off in such
a case, and the field of multiobjective optimization enables the solution of problems
of this nature. In general there is no single solution to a multiobjective optimization
problem, but rather a set of optimal solutions that define a Pareto front, which

represents the optimal trade-off between the different objectives [101].

There are two broad categories of multiobjective optimization methods, depending
on the goal of the decision maker. The first set of methods requires prior articulation
of designer preferences. These approaches then solve the problem to find a single
point on the Pareto front after some aggregation of the objectives, depending on
the specified preferences. These methods require assigning weights or goals to each
objective function to obtain a single aggregate objective. They have the advantage
of using existing single objective optimization algorithms to approach problems with

multiple objectives. These approaches include min-max formulations, weighted sums,
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nonlinear approaches [111], goal programming [69] and the lexicographic method
where objectives are ranked in order of importance and optimized in sequence with

other objectives set as constraints [111].

The second set of methods require a posterior articulation of designer preferences.
These techniques solve the multiobjective problem to generate an approximation to
the Pareto front, using single or multiple optimization runs. These methods include
weighted sums [34, 70], where the weights of the objectives are varied such that mul-
tiple points in the Pareto front can be generated; the widely used population-based
or evolutionary methods that attempt to sample the entire front (using GA [37], PSO
[29], SA [14], etc.); normal boundary intersection [35], which attempts to generate
equally distributed points along the Pareto front using a sequence of optimizations;
and recent ideas on the use of direct search methods to solve a sequence of single
objective optimization problems. These approaches generate progressively improving
Pareto approximations [10]. There are also recently devised direct search methods
that attempt to sample the entire front in a singe optimization run [32]. Later in this
dissertation, we present results comparing the weighted sums approach [34] and the
approach for multiobjective optimization through a series of single-objective formu-
lations [10], for field development and production problems involving two conflicting

objectives.

Applications of multiobjective optimization in the petroleum engineering literature
are most common in the area of history matching, where different algorithms have
been used to minimize different measures of misfit. The algorithms for multi-criteria
history matching include multiobjective versions of Differential Evolution (DE) [26,
58], PSO [26, 88] and GAs [48, 109]. The applications of multiobjective optimization
approaches to field development optimization include the following. Gross [54] used
a decision analysis framework to determine the optimal number of producer wells
and gas plateau production rates in order to maximize the recovery factor and the
duration of plateau rate production. In another case he optimized the number of
producers and injectors, their plateau rates and minimum producer BHPs in order
to maximize discounted NPV, estimated ultimate recovery (EUR) and breakthrough

times. Awotunde and Sibaweihi [11] used the weighted sum approach to perform



1.2. SCOPE OF WORK 15

multiobjective optimization, with the covariance matrix adaptation evolution strat-
egy (CMA-ES) and differential evolution (DE) algorithms as the single objective
optimizers. They applied their approach to optimize the location of vertical wells
with the objectives of maximizing NPV and voidage replacement ratio. None of the
preceding studies considered multiobjective optimization with general constraints, as

will be considered in Chapter 6 of this dissertation.

1.2 Scope of Work

Our intent in this work is to develop and apply new procedures for the generalized
field development optimization problem. The underlying optimization techniques con-
sidered are noninvasive (with respect to the simulator) derivative-free methods that
naturally parallelize. Noninvasive (also known as black-box) methods are required
when one does not have access to simulator source code. One of the motivations for
using derivative-free methods is that the different types of variables (particularly the
categorical variables) in the problem are not well suited for gradient-based optimiza-
tion methods. In addition, the objective function surfaces to be optimized can be
rough (with discontinuities) and in general display multiple local optima. This sug-
gests the use of global search techniques, which are derivative-free in nature. Echev-
errfa et al. [41] illustrated the applicability of noninvasive derivative-free optimization

methods to well control, well placement and history matching problems.

Our solution of the generalized field development problem entails the use of Mesh
Adaptive Direct Search (MADS), which is a local optimization technique with es-
tablished convergence theory, and Particle Swarm Optimization (PSO), a stochastic
global search procedure. A hybrid PSO-MADS procedure that combines the positive
features of these two methods will be developed and tested. The methodology pre-
sented in this work also includes a treatment for general (nonlinear) constraints in the
optimization. These are handled using a filter approach, as described in [40], in which
the constrained problem is essentially viewed as a biobjective optimization where the
two objectives are the maximization of NPV (for example) and the minimization of
the aggregate constraint violation. We also introduce problem formulations that in-

clude drill/do not drill binary variables, or drill an injector/drill a producer/do not



16 CHAPTER 1. INTRODUCTION

drill ternary variables, that are associated with each well. This allows the procedure
to add or eliminate wells and thus optimize the number of wells, subject to a speci-
fied maximum, along with the well type (producer or injector). Finally, we consider

biobjective optimization subject to general constraints.

The key research objectives for this work are:

e Develop a general framework for addressing MINLP problems with categorical,
integer and continuous variables. Different methods, including MADS, PSO
and a PSO-MADS hybrid, will be implemented and compared with a traditional
MINLP method, Branch and Bound (B&B), for use as the optimization engine
in our framework. General constraint handling approaches will be incorporated

in the framework.

e Highlight the capabilities of the novel PSO and PSO-MADS filter-based con-

straint handling procedures for well control optimization problems.

e Evaluate the performance of the optimization framework for the joint solution
of the well placement and control optimization problem. The optimization
problem at this stage is NLP rather than MINLP, as we do not include any
categorical variables. The proposed joint approach will be compared to more
common sequential treatments in order to investigate the importance of coupling

between the well placement and well control problems.

e Address the full petroleum field development problem, stated as a true MINLP
problem, where in addition to well location and control, the number of wells,
the well types and their drilling schedule are also optimized. Compare the

performance of the various algorithms, including B&B, for this problem.

e Develop and test an approach for performing field development optimization
where we have two conflicting objectives together with general constraints.
Evaluate the biobjective optimization implementation for a variety of cases,

including those with geological uncertainty.
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1.3 Dissertation Outline

This research entails the development and implementation of optimization methods
for MINLP problems and application to generalized petroleum field development op-
timization. In Chapter 2 we pose the general optimization problem and describe
the underlying derivative-free optimization methods used in our solution framework:
Mesh Adaptive Direct Search (MADS) [9, 76], Particle Swarm Optimization (PSO)
[38] and the PSO-MADS hybrid method, which is a variant and extension of the
PSwarm algorithm introduced by Vaz and Vicente [115]. We also describe filter-based
techniques for handling nonlinear constraints for each of these different methods. The
description of a traditional MINLP solution approach, Branch and Bound (B&B), is
also presented. This technique is used to provide reference solutions when we compare
results from MADS, PSO, and PSO-MADS for field development problems.

In Chapter 3, we consider a generally constrained well control problem with only
continuous variables to demonstrate the performance of the MADS, PSO and PSO-
MADS algorithms with their respective filter-based constraint treatments. The re-
sults from this example illustrate the advantages of the filter constraint treatment
and show that it provides quantitative information on the sensitivity of the optimal
solution to the specified constraints. In addition to an optimized control scheme,
the constraint sensitivity information can be very useful to decision makers for sizing

facilities, determining the most restrictive constraints, etc.

In Chapter 4 we present the application of our framework to the joint well placement
and well control problem. The optimization problem at this stage includes integer
well location and continuous well control variables. We also present results using
the more common sequential approach for well placement and well control, where
the two problems are addressed separately. Optimization results for example cases
with increasing complexity are shown. We consider a case with a two-dimensional
reservoir model and only bound constraints, a case with the same model but that
additionally includes nonlinear constraints, and finally a nonlinearly constrained case
in which we also determine the optimal number of wells. Our results demonstrate
that the PSO-MADS hybrid approach is consistently superior to standalone PSO or
MADS for optimization of the joint problem, and that the joint approach has clear
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advantages over the sequential procedure. The last example provides a motivation
for extending our formulation to handle categorical variables in order to determine

the number of wells, a topic that is fully studied in Chapter 5.

Chapter 5 presents the application of the MADS, PSO, PSO-MADS hybrid, and
B&B approaches to the full field development and production problem, where we
optimize the number of wells, well type and drilling schedule, in addition to the well
location and controls. We describe our treatments for binary and ternary categorical
variables within the MINLP framework. We then present two approaches for the
categorical variable relaxations that are necessary for the B&B approach. The first
two example cases involve constrained field development and control optimization
of channelized fields with varying degrees of heterogeneity. These cases utilize the
binary categorical MINLP formulation. The results from these cases again display
the superiority of the PSO-MADS hybrid over its component methods. They also
demonstrate that PSO-MADS, with our extensions for handling categorical variables,
provides solutions that are comparable to the B&B approaches, but with much less
computational effort. The third case involves a three-dimensional reservoir model
and includes the optimization of both vertical and horizontal well locations. The
fourth case utilizes the ternary MINLP formulation. In this example, we demonstrate
the applicability of our framework to the solution of the full field development and

production problem.

In Chapter 6, we present formulations for performing biobjective optimization and
apply them to field development problems with two conflicting objectives and general
constraints. The approaches considered include the linear weighting method (LWM)
and the approach for biobjective optimization through a series of single-objective
optimizations, as formulated by Audet et al. [10]. Audet et al. utilized MADS in
their formulations, while we apply PSO-MADS in this work (for a framework we
term BIPSOMADS). We will demonstrate that we achieve superior results compared
to the BIMADS of Audet et al. [10] and the linear weighted approach, by which we
mean that BIPSOMADS provides better approximations of the Pareto front.
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Chapter 7 concludes this dissertation. In addition to summary and conclusions, we
also provide recommendations for future work. These recommendations include im-
proving the efficiency of the optimization framework, improving the treatments for
optimization under uncertainty, and creating a multiobjective framework that can

handle more than two objectives.

Our newly developed PSO with filters and PSO-MADS hybrid (described in Chapter
2), and some of the joint well placement and control optimization results presented
in Chapter 4, have been published in [64]. The generalized field development results
presented in Chapter 5 have been published in [65].
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CHAPTER 1.

INTRODUCTION



Chapter 2

Derivative-free Optimization

Approaches

In this chapter, we present the general optimization problem and then provide de-
scriptions of the derivative-free optimization methods used to solve it. These include
Mesh Adaptive Direct Search (MADS, a local pattern search method) [9, 76], Particle
Swarm Optimization (PSO, a global search method) [38], and our new PSO-MADS
hybrid method, a variant of the PSwarm algorithm introduced by Vaz and Vicente
[115], that combines the positive features of the two preceding methods. We also
describe filter techniques for handling nonlinear constraints for each of these differ-
ent methods. The description of a traditional MINLP solution technique, Branch and
Bound (B&B), is also presented. This technique is used to provide reference solutions

for MINLP example cases in Chapter 5.

2.1 Problem Statement

We now present the optimization problem for generalized field development and pro-

duction, which can be posed as a mixed-integer nonlinear programming (MINLP)
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problem. This MINLP problem (P) can be stated as follows:

ey, ip .. fleuv,z),
(P) subject to g(p,u,v,z) =0, (2.1)

c<p7 u7v7 Z) S 0’

where f is the objective function to be optimized (e.g., to maximize net present value,
NPV, f = —NPV), ¢ € R™ is the vector of m nonlinear constraint functions (e.g.,
well water cuts, facilities constraints such as field-level injection limits, etc.), and the
system of equations g = 0 refers to the reservoir simulation equations that must be
solved to evaluate f and c. This constraint ensures that the governing flow equations
are satisfied. It is enforced by using a reservoir simulator in the objective function
evaluation. In this work, we use Stanford’s General Purpose Research Simulator
(GPRS) for all our simulations. Refer to [23, 68, 129] for details about GPRS, and

to [12, 53, 42] for general discussions of reservoir simulation.

The vector p in (P) represents the dynamic state variables of the model (pressure
p and saturation S at all grid blocks in an oil-water problem). The bounded sets
V=_{vez"; vi<v<v,}and U= {u e R™; u <u<u,} define the allowable
values for the discrete well placement variables v (the set V' could define possible
drilling locations within the reservoir) and continuous well control variables u (the set
U could define allowable BHP ranges). There are n; optimization variables associated

with well locations and n, optimization variables associated with well controls.

Even though the actual well locations are real-valued, the well placement variables
are modeled as integers because most simulators, including GPRS, require well loca-
tions to be defined in terms of discrete grid blocks. In all but one of our examples,
the wells are assumed to be vertical, with locations stated in terms of discrete areal
(x,y) coordinates. Thus, we have n; = 2 (N; + Np), where N; and Np are the num-
ber of injection and production wells, respectively. In more general cases involving
deviated or multilateral wells, additional variables are required to describe well loca-

tions/trajectories. The well controls are represented by piecewise constant functions
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in time with N; intervals. Thus, ny = N; (N; + Np). The vector z € Z™ repre-
sents the vector of n. categorical variables that make (P) a true MINLP problem.
In Chapter 5, we present formulations that include binary and ternary categorical

variables.

Reservoir models are characterized by many uncertain parameters, perhaps most
notably the geological property distributions. In order to incorporate geological un-
certainty in the optimization process, the objective function f is not based on the
response of one model but on the responses of a set of models that characterize the
uncertainty. In this case the objective function could be the expected value of NPV
over all models considered, i.e., f = —E[NPV]. This implies that in light of the
geological uncertainty, we wish to optimize the expected return from the reservoir
development project. Here we focus mainly on optimizing with a single geological
model, though we do include an example case of optimization over multiple models.
It is important to note that the procedures described in this chapter can be applied
for optimization over an arbitrary set of geological models, where we minimize, for
example, f = —E[NPV], but the number of simulations required will increase sub-

stantially.

We focus on derivative-free optimization techniques. These are an important class of
optimization methods that are applicable to problems where gradients are either not
available, difficult/expensive to obtain, or cannot be properly defined, as is the case
in the generalized field development problem. Echeverria et al. [41] have illustrated

the applicability of such methods to problems in oil field development and operation.

In the next two sections, the two derivative-free optimization techniques used in this
work are discussed. We then present a hybrid approach based on the two meth-
ods. In order to streamline the descriptions in these sections, we express the general

optimization problem presented in (2.1) in the following simplified form:

mig f(x), subject to c(x) <0,
PSS

with Q ={xeR" : x, <x <x,}. (2.2)

Here we do not write the explicit dependence of f and c on the dynamic states p
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because, given a set of locations and controls, the dynamic states are determined
by performing a reservoir simulation (meaning g = 0) for the function evaluation.
Assuming that the categorical variables can be treated as simple integer variables, we
note that the vector x now contains both discrete and continuous variables, i.e., we

use x here in place of (u,v,z) in (2.1) to simplify the presentation.

The dimension of x varies with the number of wells and control periods and, for
the examples considered, is less than 100. The derivative-free methods presented
here may not yet be suitable for field development problems with many hundreds or
thousands of optimization variables because the computational expense, which scales
with the number of variables, would be excessive for a current (typical) computer
cluster. However, as cluster sizes increase in coming years, the use of these methods
for problems with more optimization variables will become feasible. We now describe

the Mesh Adaptive Direct Search and Particle Swarm Optimization methods.

2.2 Local Derivative-free Method: Mesh Adaptive

Direct Search

2.2.1 MADS Method Description

Pattern search algorithms are a family of optimization methods based on polling,
which is the local exploration of the objective function surface around the current
iterate. Polling is illustrated in Figure 2.1 and proceeds as follows. At any iteration
k, a polling stencil is centered at the current best solution x; (the poll center), as
depicted in Figure 2.1(a). The stencil comprises a set of directions, of which at least
one is a descent direction, and a poll stencil size, A?. The objective function is
evaluated at all of the stencil end points. If one or more of these trial poll points
leads to an improvement in the objective function over that of the current poll center,
the center of the stencil is moved to the point with the most improvement for the
next iteration k + 1. See Figure 2.1(b) for a sequence of polling iterations with
improvements. If no stencil poll point yields improvement, the stencil size is reduced,

as illustrated in Figure 2.1(c), and polling continues with the smaller stencil size.
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(a) Initial polling stencil (b) Successive polling iterations (¢) Contraction of stencil

Figure 2.1: Illustration of a polling sequence in R2. The red star designates a local
optimum, the blue curves are contours of the objective function, the red circles are
poll centers around which the polling stencil for the current iteration is defined (with
polling stencil size A}), the blue circles are poll points to be evaluated at each itera-
tion, and the black circles indicate the sequence of previously evaluated poll centers.

If the stencil orientation is fixed (e.g., as shown in Figure 2.1) at every iteration, the
resulting method is essentially Generalized Pattern Search (GPS) [7]. However, if the
stencil orientation varies from iteration to iteration, in a manner such that polling is
done in an asymptotically dense set of directions, we have the Mesh Adaptive Direct
Search (MADS) algorithm [9]. A key difference between GPS and MADS is that in
MADS we have an underlying mesh with mesh size A}*, on which the poll points
must lie and A" < AP whereas in GPS we have a single stencil size with A7 = A?.
At unsuccessful iterations, by allowing A" to decrease faster than Af, the MADS

algorithm is able to access more possible polling directions.

The possible progression of the MADS algorithm (showing the MADS stencil and
mesh size changes) is illustrated in Figure 2.2 for a problem with two optimization
variables. Figure 2.2(a) shows a MADS polling stencil at some iteration k with A} =8
units and A}® = 4 units. If polling at iteration k is unsuccessful, i.e., none of the
identified poll points is better than the poll center, then both the mesh and poll sizes
are reduced to produce the polling stencil for use in iteration £+1, as shown in Figure
2.2(b). If the polling at iteration k + 1 is also unsuccessful, we could then have the
polling stencil at iteration k + 2 shown in Figure 2.2(c). This stencil again displays
reduced mesh and poll sizes. This progression of stencils with iteration shows the
variability of the MADS stencil and the fact that the underlying mesh has a mesh
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size A" that decreases faster than A? (note that the mesh size is halved and the poll
size is reduced by a factor of /2 in this progression). This procedure enables a richer
set of polling directions than are used in GPS, as shown in Figure 2.2(d). In fact, in
the limit, MADS can access an infinite number of directions. Consistent with this,
Audet and Dennis [9] presented results indicating that MADS yields better solutions
than GPS for constrained problems. Thus, we apply MADS in this work.

Ay " A A

16 \ 16 }
0 \ 16 0 4 16

(a) MADS stencil at iteration &k (b) MADS stencil at iteration k + 1
(A} = 8 units, A7 = 4 units) (AY = 5.66 units, A7 = 2 units)
P
A ﬂH?
16 16T ;
3 Ql/
" ‘\ "'-._ -T_'".__
o mp , O
\H—0 O™ 3 0
o 7
q X
0 i6 0 AT
(¢c) MADS stencil at iteration k + 2 (d) Union of stencils

(A} =4 units, A7* = 1 units)

Figure 2.2: TIllustration of MADS stencil changes with iteration. The red circles
indicate poll centers around which the current poll stencil is defined (with polling
stencil size A}). The blue circles indicate poll points, which lie on a mesh defined by
MADS mesh size A}".
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In MADS (and also GPS), at iteration k of the optimization process, each trial point

lies on a mesh defined as
My ={x+AD¢ : x€V;, (€N} CR", (2.3)

where V,, C R", or the cache, is the set of all points evaluated before the current
iteration, A" € R, is the mesh size parameter, and D is a fixed matrix in R"*"?
composed of np columns representing directions. The matrix D must satisfy some
conditions but typically corresponds to [A B] with A = —B = I,,, with I,, the identity

matrix in dimension n, and np = 2n.

Pattern search algorithms such as MADS often include provision for an optional
search step, in addition to the poll step. The search step enables great flexibility as
it allows the use of any method to generate a finite number of search points in each
iteration (these points could be generated anywhere in the same mesh as the polling
points in an attempt to ‘globalize’ the optimization process). See Figure 2.3 for an
illustration of possible search, S = {s1, s2,s3}, and poll points, P, = {p1, P2, P3, P4},

generated at some iteration k, for an optimization with two variables.

Dy
.51 2
4
3 ?SB»
AR AL

Figure 2.3: Example of MADS directions in the case n = 2, at iteration k of the
algorithm, where underlying mesh M, has mesh size A}* and the polling stencil size
is A}.
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As the algorithm progresses, the independent evolution of the mesh and poll size
parameters is designed such that the set of MADS poll directions becomes dense
in the space of optimization variables, meaning that potentially every direction can
be explored [9]. For discrete (integer) variables, the mesh is modified such that the
coordinates corresponding to these variables are constrained to have discrete points.
Note that the MADS polling process parallelizes naturally since, at every iteration, the
objective function evaluations at the poll points can be accomplished in a distributed
fashion. The basic MADS algorithm is summarized in Figure 2.4 (see [9] for further
details).

Initialization: Let xq be the initial guess such that f (xg) is finite and let M be
the mesh defined over the solution domain with initial mesh size Af* = Af = Ay > 0.

For £k =0,1,2,..., perform the following:

1. Search: Use some finite strategy to seek an improved mesh point, i.e., X1 €
Mj, defined by A7, such that f (xx41) < f (X), for minimization.

2. Poll: If the search step was unsuccessful, evaluate f at points in the poll set
defined by a stencil, with random poll directions, of size A} centered at xy, in
order to find an improved mesh point, x;.

3. Update: If in the search or poll steps an improved mesh point is found,
update xj to X411 and set A}, = A} /¢, and AP, = AP if AY | > Ag else
AT, = AY/0. Otherwise, set xpy1 = X3, A}, = ¢0A}, and A}, = A" if
AY 1 > Ag else A = OA], with contraction parameters 0 < 6 < ¢ < 1.

Figure 2.4: MADS algorithm, with a search-poll paradigm.

Later we will describe the use of PSO for the search step, which leads to significant
global exploration of the solution space. The MADS poll step ensures theoretical local
convergence and is based on poll directions that vary with iteration. In each iteration,
after the search and poll steps, a final update step is performed. To accomplish
this update, the algorithm must first determine if the iteration is a success or a
failure. In the unconstrained case (i.e., nonlinear constraints are absent), a successful
iteration occurs when the objective function is improved. For problems with nonlinear

constraints, a filter method [50], as described below, is used for this assessment.
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In our MADS implementation, we use contraction parameters § = 0.5 and ¢ =
1/v/2 = 0.707. The poll size is always increased by a factor of /2 after successful
iterations and decreased by a factor of 0.707 after unsuccessful iterations. The mesh
size on the other hand is doubled, up to the initial mesh size Ay, at successful it-
erations, and halved at unsuccessful iterations. This ensures that A? > AT for all
k.

Different stopping criteria for terminating MADS can be considered. In our imple-
mentation, the optimization is terminated if the mesh or poll size parameters, A}
or A7, which are reduced at every unsuccessful iteration, decrease beyond specified
thresholds, or if a specified maximum number of iterations is reached. In pattern
search methods, it can be seen that the convergence of the mesh or stencil sizes to
zero implies the convergence of the gradient of the cost function to zero [71]. In all
of the examples presented in this work, the mesh size criterion terminates the MADS

optimization process.

2.2.2 Constraint Treatment in MADS

The bound constraints on the variables in (2.2) are enforced by performing the fol-

lowing coordinate-wise projection of trial points onto €2:

xy, iz <y,

projq (i) = 4§ @, if ;> 24, (2.4)

7

x; otherwise.

For nonlinear constraints, the filter method is used. Filter methods [40, 50| are step-
acceptance mechanisms that seek to avoid the robustness issues that may exist with
penalty function methods and other more traditional constraint handling approaches.
The use of filters can be seen as an add-on to an optimization algorithm. Instead of
combining the objective function and constraint violation into a single function, as
is done when using penalty functions, the problem in (2.2) is viewed as a biobjective

optimization in which we aim at minimizing both the objective function f (x) and an
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aggregate constraint violation function, defined as:

m 1/2
h(x) = [Z (max (¢ <x>,o>>2] , (2.5)

Jj=1

where the elements of ¢ (x) in (2.2) have been normalized. Specifically, constraints of

the form ¢; (x) < ¢pax become:
)= 9™ o (2.6)

and those of the form ¢; (x) > ¢pin become:

) =1- 9% o (2.7)

Cmin

where ¢ and ¢y, represent the constraint limits.

The second objective of minimizing h (x) is preferred over optimizing f (x) because
the solution determined by the optimization algorithm must be feasible. Using ter-
minology from multiobjective optimization, a point x, is said to dominate another
point x, (written as x, < x,) if and only if f(x,) < f(xp) and h(x,) < h(xp), with
at least one of these being a strict inequality. A filter is defined as a list of pairs
(h(xy), f (xf)) such that no pair dominates another pair. An iterate x;, is considered
to be acceptable, or ‘unfiltered,” if (h (xx), f (Xxx)) is not dominated by any pair in the
filter. Refer to [50] and [90] for more detailed discussions of the filter method, and
to [40] for its application to generally constrained production optimization problems
with continuous variables. We now describe the use of the filter method with MADS
(this discussion follows that given by Audet and Dennis [8] for GPS).

In adapting the filter method for MADS, a filter at iteration k is defined as the
set of infeasible points that are not dominated by any other points evaluated in the
optimization process up to iteration k. The evaluated feasible points are considered
separately and are not strictly part of the definition of a filter. At iteration k, two
types of solutions are defined, as illustrated in Figure 2.5(a): the best feasible solution
(0, 1 ) and the closest-to-feasible or least infeasible solution in the filter, (hi, fi )
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(a) Filter at the start of itera- (b) Search or poll points evalu- (c) Updated filter at iteration
tion k ated during iteration k k+1

Figure 2.5: Illustration of the progression of a filter from iteration k to k + 1.

During polling in the MADS algorithm, either one of these solutions can be used as
the poll center, with preference given to the best feasible solution. We will refer to
the best feasible solution as the primary poll center, and to the least infeasible point
as the secondary poll center. Even if there is a best feasible solution, it can still be
useful to poll around the least infeasible point in the filter. This enables the algorithm

to explore a different, and possibly more promising, part of the parameter space.

In our implementation, a MADS iteration that generates an unfiltered point is con-
sidered a successful iteration. If no feasible point has been found up to the current
iteration, the polling is performed around the least infeasible point in the filter. If
feasible points have been found, and if an iteration in which we poll around the best
feasible point (primary poll center) is unsuccessful, in the next iteration the polling
stencil size is reduced and the secondary poll center is considered. Polling around the
secondary poll center continues until an unsuccessful iteration, after which the stencil
size is reduced and we return to polling around the primary poll center. We use the
least infeasible point as the secondary poll center rather than another filter point
(with better objective function value) because the minimization of h is preferred over

the optimization of f to ensure feasible solutions.

The filter is updated at successful iterations as there are new unfiltered points that
dominate some of the current filter points, as shown in the sequence of illustrations
in Figure 2.5. At unsuccessful iterations, the mesh and poll size parameters, A}* and

A}, are decreased and the filter remains the same since there are no new unfiltered
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points. It is interesting to note that, at the end of the optimization (and at no extra
cost), the points of the final filter give a quantitative indication of the sensitivity of

the objective function to the constraints. This will be illustrated in Chapter 3.

Filter methods, when compared to techniques that simply discard infeasible points,
have the advantage of using infeasible points to enrich the search for an optimal
solution. Filter methods have been combined with gradient-based methods [50] as well
as with derivative-free algorithms [8, 40]. For more details on the MADS algorithm

and the filter constraint treatments used in this work, please refer to [8] and [76].

2.3 Global Derivative-free Method: Particle Swarm

Optimization

2.3.1 PSO Method Description

Particle Swarm Optimization (PSO) algorithms are a family of global stochastic
search procedures introduced by Eberhart and Kennedy [38]. They are population-
based methods and entail a ‘swarm’ (population) of ‘particles’ (potential solutions)
that move through the solution space with certain ‘velocities.” The PSO method
has been applied in many application areas, including well placement optimization
[94]. The behavior of PSO algorithms is dependent on a few parameters. Ferndndez
Martinez et al. [43, 44, 45, 46, 47| analyzed the stability properties of various PSO
algorithms, and their work provides guidelines for choosing parameters that result in

particular behaviors (e.g., more explorative versus exploitative).

The PSO algorithm involves a swarm of S particles (S is the population or swarm
size). Each particle has a location in the search space and a velocity. The new position

of particle j in iteration k + 1, denoted here as xi 41, is determined as follows:
X =X, +Vvi At Vjie{l,..., S}, (2.8)

where Vi 41 1s the velocity of particle j in iteration k+1, and At is a ‘time’ increment.

Consistent with standard PSO implementations [27], we set At = 1. The velocity
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vector associated with each particle j is given by

J J 1 J J 2 o~ J
viga= wvy, + oDy (yi—x1) + oDl (yi—x), (2.9)
v (. ~ / (. ~
inertial term cognitive term social term

where w, ¢; and ¢y are called the inertial, cognitive and social parameters, respectively.
The matrices D, and Dj,, are diagonal, with elements randomly drawn from a
uniform distribution with range [0, 1]. The inertial term tends to move the particle
in the direction it was previously moving, with the idea of continuing in a promising
search direction. The cognitive term causes particle j to be attracted to its own
previous best position, yi. The social term causes each particle j to also be attracted
to the best position, y;, found through iteration k by any particle in its ‘neighborhood’
(the definition of ‘best’ for cases with and without constraint violation will be provided
below). In our work, we use the PSO parameters recommended by Clerc [27] (w =

0.729, ¢; = ¢ = 1.494), which were shown to perform well for a suite of test problems.

The concept of ‘neighborhood’ is used within PSO to specify the set of particles that
particle j ‘sees’; i.e., the particles to which it has information links. In a global
neighborhood topology, each particle ‘sees’ all other particles. In this case, there is a

single (global best) yi, given by

vy = argmin f(¢). (2.10)

Ce{yi,yi}

In this work we use a random neighborhood topology [28], where particle j is linked
to a probabilistically determined subset of the swarm. The linkages are altered (ran-
domly) after iterations where there is no improvement in the best solution. This
approach was found to be robust and to provide satisfactory performance for well
placement problems by Onwunalu [93]. This reference should be consulted for fur-

ther discussion of PSO neighborhood topologies.

Different stopping criteria can be used in the PSO algorithm. In our implementation,
the optimization process is terminated after a given number of iterations is reached or
when the norm of the velocities for all particles is smaller than a specified threshold.

If all of the velocities are sufficiently small, this usually indicates that the diversity
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between the particles has been lost, meaning the swarm has collapsed.

As is the case with MADS, the PSO algorithm is easily parallelizable since, at each
iteration, the evaluation of all particles in the swarm can be performed concurrently.
We note that all variables in our PSO implementation are treated as continuous.
We round to the nearest integer to provide discrete variables when necessary. It is
worth observing that even though the PSO algorithm attempts to search globally and
does have a stochastic component (which enables it to avoid poor local optima), we
cannot realistically expect to include enough particles to ‘cover’ a high-dimensional
search space. Thus, PSO should be viewed as an algorithm capable of providing some

amount of global exploration in the optimization search space.

Ferndndez Martinez and Garcia Gonzalo [45] showed that our choice of PSO parame-
ters (w = 0.729, ¢; = ¢ = 1.494) lies in the region of second-order stability in the PSO
parameter space. This implies that the PSO particles have stable trajectories in the
optimization space and that the swarm will eventually collapse. Ferndndez Martinez
and Garcia Gonzalo [44] presented a variety of PSO families, each with different
stability regions and exploratory and convergence characteristics. In many of these
PSO families, different parameters are used for different particles in the swarm. In
one such algorithm [47], PSO parameters (w, ¢, ¢2) are selected from ‘clouds’ within
stability regions, which avoids the need to perform parameter tuning. This cloud
algorithm was applied by Suman [113] for the joint inversion of time-lapse seismic

and production data for reservoir model updating.

2.3.2 Constraint Treatment in PSO

To satisfy bound constraints, the coordinates of a PSO-generated point that are
outside the bounds are projected using (2.4), and the corresponding coordinates of
the velocity vector for that particle are set to zero. For treating general (nonlinear)
constraints, global stochastic search methods typically employ techniques that either
discard infeasible solutions (and thus only consider feasible solutions), as in [61], or
they apply penalty function approaches, as in [36] and [99]. In our work, we use filters

for each PSO particle, as we now describe.
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For problems without nonlinear constraints, the previous best position for PSO par-
ticle 7 and the neighborhood best solution, YZ; and y; in (2.9), are determined based
only on the objective function value. If the problem has nonlinear constraints, a filter
is constructed from the history of each particle, as illustrated in Figure 2.6. When
particle j is evaluated at a new position, its filter is updated if the new position is
‘unfiltered.” The modification to the original PSO method is mainly in the manner
in which we define the previous best position for each particle and the neighborhood
best, for use in (2.9). If particle j has been feasible in previous iterations, yi is the
feasible point with the best objective function value. If particle 7 has not occupied
any feasible position, then yi is taken to be the least infeasible point in the filter
for particle 7, as indicated by the red circles in Figure 2.6. The neighborhood best
position is defined analogously, as the best feasible yi (in terms of objective function
value) or, if there are no feasible previous positions, as the least infeasible point from
all filters in the neighborhood. In Figure 2.6, the neighborhood best for the three
particles would be the least infeasible point in the filter for Particle 2, since h for this

point is the minimum observed.

f Particlel f Particle 2 5 Particle3

h h h

Figure 2.6: Illustration of filters for three particles in a PSO swarm at iteration k,
with the least infeasible point in each filter highlighted.

2.4 Hybrid PSO-MADS Procedure

Pattern search techniques such as MADS are local methods that are designed to
achieve convergence (from arbitrary starting points) to points that satisfy local op-

timality conditions. Although the use of a large initial stencil size enables some
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amount of global search, the MADS method is not expected to provide the same
degree of global exploration as a population-based stochastic search procedure such
as PSO with a reasonable swarm size. Therefore, in this work we exploit the global
search nature of PSO, and the rigorous convergence to stationary points provided by
MADS, by creating a PSO-MADS hybrid. PSO is incorporated into the algorithm as
the search step of the MADS procedure.

The hybrid method used in our work is essentially an extension of the PSwarm al-
gorithm [115], which was developed for bound constrained problems. Our hybrid
implementation is different from PSwarm in that we use MADS instead of coordi-
nate search during the polling process, and we treat nonlinear constraints using the
filter-based approaches described previously. Also, we use a random neighborhood
topology in the PSO stage with particle links updated after unsuccessful iterations.
Figure 2.7 illustrates the overall workflow of the PSO-MADS hybrid algorithm, and

Figure 2.8 presents a detailed description.

. Population size, stopping criteria (tolerance and maximum number of iterations)
e e Initial mesh size and initial guess x; (optional)

l Initialization I Randomly generate PSO particle positions and velocities

SEARCH (PSO) POLL (MADS) -
Explore space globally Poll around best filter point
(advance all particles) (advance best particle)
Update main and ;th‘ia:_é]l?mﬁiﬂd
: est particle filters
prsachsleny Output best solution
and main filter
no
yes
no_Aq

top? -
\/ Reduce mesh and poll sizes

Figure 2.7: Flowchart of PSO-MADS hybrid implementation (grey arrows indicate
optimization within the PSO or MADS components and red arrows indicate termi-
nation of the algorithm or coupling between the different components of the hybrid).
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Initialization: Choose swarm size S, stopping tolerances Ao > 0 and vy > 0, and initial
mesh and poll sizes AJ" = Af > 0.

Initialize number of PSO searches, | = 0, specify a maximum number of PSO search it-
erations, lmax, and a maximum number of total iterations in the hybrid algorithm, ki .x.
Randomly generate initial PSO particle information links (random neighborhood topology)
initial swarm positions x{, and small velocities v} with ||v{|| > vio V j € {1,...,S}. Eval-

uate f (X()) and h ( 0), and set y0 = XO Vje{l,...,S} with yo being the best feasible

y{, or least infeasible y, if there are none feasible.

Initialize particle filters 77 using each initial particle position, xé, and a main filter Fmain
using x} V j € {1,...,S}.

For k=0,1,2,.. .,kmax, do:

1. Search: Skip if previous poll step was successful, lemax HViH < Vtol, OF I > lmax.
J

90y

[ + 41 (increment number of PSO searches). Randomly generate new PSO particle
information links if prev1ous step is unsuccessful.

Compute ka and x; | using equations (2.8) and (2.9). Evaluate f <Xi+1) and

h(xk+1) Vje{l,...,S}. Set yii1 = Y-
For j=1,2,...,5, do:

o If xiﬂ is unfiltered w.r.t. F7, update F7, and if w.r.t. F™an ypdate Fmain,
then

— se‘; yi 41 to the best feasible point for particle j or least infeasible point in
F7 if no feasible points for particle j.

—if yj4 < ¥4, then set y;., = y;_; (update neighborhood best; only
deem search step and iteration successful if global best, y, gets updated).

e Otherwise set yi = yi (deem search step unsuccessful).

2. Poll: Skip if successful search step performed. Choose ¥ as the poll center and
evaluate f and h at all poll points.

e If there exists a MADS poll direction dj such that yj + Aidk is unfiltered w.r.t
fmain’ then
— if g + APdy < yi, then set yr41 = yi + ALdy (update the global best
particle position).
— update filters F™a" and FJ, where j is the index of the global best PSO
particle.
— set A" | > A" and Aﬁ a2 Aﬁ (optionally expand mesh and poll sizes in
the manner Shown in Figure 2.4; deem poll step and iteration successful).

e Otherwise, if all poll points y;, + Aldy, V dj, are filtered, then
— set Yry1 = V-
— set Xgp1 = xg, Al = AT and Ak+1 ¢Az with contraction parameters

0 <6 < ¢ <1 (contract mesh and poll sizes; deem poll step and iteration
unsuccessful).

3. If A% < Agol, then stop. Otherwise, k <— k + 1 and go to Step 1.

Figure 2.8: Details of PSO-MADS hybrid algorithm.
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The hybrid search method begins with an initial swarm of particles, including one or
more user-defined initial guesses if provided, and it then applies one iteration of PSO
(using (2.8) and (2.9)). Consecutive iterations where the search step is successful are
equivalent to consecutive iterations of the standalone PSO algorithm. In the hybrid
implementation, for a PSO swarm with S particles, there are S particle filters built
from the history of each particle, and a main filter (denoted F™*" in Figure 2.8)
constructed from all points evaluated in the optimization process. Note that the least

infeasible point from all particle filters is the least infeasible point in the main filter.

A PSO search step is designated as successful if the global best position improves,
implying generation of a new global best position that dominates the previous global
best in terms of objective function f or constraint violation h. This definition of
success is different than that used for MADS, where an iteration is deemed successful
if any unfiltered points are found. This stricter PSO criterion is applied to avoid
performing many PSO iterations during which the filter of the best particle remains
unchanged (i.e., the best particle does not improve), even though the filter of a
clearly suboptimal particle continues to change. This treatment acts to accelerate the
convergence of the overall hybrid algorithm. Note that, as indicated in Figure 2.8,
in the search step PSO uses a random neighborhood topology with neighborhood
best positions y? (which appears in the social term of the PSO velocity equation).
The definition of a successful PSO iteration is, however, based on improvement of
the global best position, y, since subsequent MADS polling will be performed around
this point.

When the search step is not successful (i.e., does not provide improvement), the
MADS poll step is performed, centered on the global best position from the swarm
(least infeasible point or best feasible point computed for any of the particles). The
polling continues as long as consecutive poll steps are successful (i.e., better feasible
points or unfiltered points in F™#" are generated). Thus the position of the best PSO
particle changes, due to MADS polling, while the positions of the other particles in
the swarm remain the same. During polling, we consider F™#" rather than the filter
associated with the best particle because F™a" contains more complete information

on the progress of the overall search.
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Consecutive iterations where the poll step is successful are equivalent to consecutive
iterations of the standalone MADS algorithm (polling only, without a search step).
At these successful MADS iterations, F™4" and the particle filter corresponding to
the best PSO particle, around which polling is being performed, are updated with
the new unfiltered poll points. When polling is unsuccessful, the mesh and poll sizes
are reduced and the hybrid algorithm returns to the PSO search with the modified
position (and particle filter) for the best PSO particle (around which polling was
performed), and all other PSO particles in the swarm are unchanged from the most
recent PSO iteration. The PSO stage of the hybrid algorithm terminates when the
particle velocities are smaller than a prescribed tolerance vy (this normally indicates
that the swarm has collapsed), or when a maximum number of PSO iterations lyax
is reached. The hybrid algorithm terminates when the mesh size decreases below a

given tolerance A, or when a maximum number of hybrid iterations k. is reached.

(a) PSO iteration k (b) PSO iteration k + 1 (c) MADS iteration

Figure 2.9: Ilustration of PSO-MADS iterations for an optimization problem with
two variables.

Figure 2.9 illustrates the PSO-MADS procedure explained above for a search in two
dimensions. In this figure, the contours represent the objective function we seek to
minimize (note that in addition to the global optimum indicated by a red star, there
is also another local optimum with higher cost function value). Figure 2.9(a) shows a
five-particle PSO swarm (green points) after iteration k. The particles are advanced,
using PSO, to iteration k£ + 1. If at iteration k£ + 2, no improvement is obtained
with PSO, the best particle (red point in Figure 2.9(b)) is identified and used as the
current iterate for MADS polling iterations (Figure 2.9(c)). It is evident that the
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MADS iteration provides improvement in this case, so that in the subsequent PSO

search, the position of the best PSO particle will have changed.

This and the two preceding sections present derivative-free optimization methods
together with filter treatments for handling general constraints. The filter method
for use with MADS was introduced by Audet and Dennis Jr. [8, 9]. Their group
implemented a C++ code called NOMAD [1, 76] from which we run MADS with
filter constraint treatment. Starting from the NOMAD base code, we built the PSO-
MADS search-poll framework. This framework is used to run standalone MADS and
PSO, as well as the PSO-MADS hybrid. The filter-type constraint handling in PSO,
as described in Section 2.3.2, is novel and enables consistent switching between the
PSO and MADS stages of the hybrid.

2.5 Branch and Bound

As discussed earlier, besides optimizing ordered integer and continuous variables, true
MINLP problems include variables of a categorical nature. The general optimization

problem presented in (2.2) is modified for this case as follows:

min  f(x,z), subject to c(x,z) <0,

zEN, xXEN
with Q@ ={x e R" : x; <x <x,},
and A={ze€Z" : z,<z<z,}. (2.11)

Here we separate the vector of n. categorical variables z from the other variables x.
In a field development problem, the categorical variables could for example indicate

whether to drill a well or not.

Branch and Bound (B&B) is a general solution strategy proposed by Land and Doig
[75] for optimization problems with discrete-valued variables. The method is based
on the observation that the enumeration of all candidate integer solutions has a
tree structure. For example, in a problem with five categorical binary variables, the
complete enumeration of all variable combinations entails a tree with 2° ‘leaf nodes.’

Since the full enumeration tree will be too large to evaluate for real problems with
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even a moderate number of variables, the B&B approach avoids evaluating the entire
tree, and proceeds by discarding large subsets of poor solutions. This is accomplished
by using estimated upper and lower bounds of the cost function. Specifically, the
algorithm determines which nodes are the most promising by estimating a bound on
the best value of the objective function that can be obtained by ‘growing’ the subtree
from the node. The branching occurs when a node is selected for further growth
and the next generation of ‘children nodes’ is created from that parent node. The
bounding refers to determining a bound for the best value that can be attained by

growing from a given node.

If the bound associated with a particular node is deemed poor (by techniques we
will describe shortly), the node is not expanded further and is pruned (i.e., none
of the nodes in its subtree is evaluated). At the end of the B&B process, only a
very small fraction of the full enumeration tree is actually evaluated. The remainder
of the tree is not considered to be attractive in terms of the cost function. It is
important to note that the success of the B&B approach is contingent upon effectively
approximating upper and lower bounds for the actual solution to the MINLP problem.
These accurate bounds are required to avoid pruning nodes whose subtrees contain
the true MINLP solution.

For the maximization of a cost function with integer-valued variables, B&B proceeds
as follows. First, upper and lower global bounds for the cost function are estimated for
the complete optimization space. The upper bound can be obtained by maximizing
the cost function with all integer variables relaxed to real-valued variables. The
lower bound can be taken as the cost function evaluated at a point in the (discrete)
optimization space. If the upper and lower bounds coincide, then the point used for
determining the lower bound is the optimal solution, since no other point (even in
the relaxed space) can be expected to improve the bound. In this case, the search
is terminated and optimal solution reported. Otherwise, the optimization space is
divided in two, and for each of these two regions we proceed as for the complete space
(branching the search space if needed, and terminating the search in the corresponding

region if the global bounds coincide).

The process can be accelerated when the upper bound for a region is lower than
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the lower bound for another region. In that case, we can eliminate (prune) the first
region from the search, since the best cost function that can be expected in that region
(according to the bound provided) is worse than the cost function already determined
for the other region. Because the B&B algorithm relies strongly on the quality of
the global upper bounds computed (for maximization problems), the solution of each
relaxed problem should be performed with a method with global exploration features.
In this work, we use the hybrid PSO-MADS for that purpose.

We now illustrate B&B on a simple problem with eight binary variables. The op-
timized continuous variables in the problem are designated by u*. This example
illustrates the B&B process for the unconstrained version of the first MINLP prob-
lem studied in the Chapter 5. The tree explored in this B&B process is illustrated
in Figure 2.10. The first node (labeled with the index zero) represents the solution
of the relaxed problem for the complete optimization space, which yields an upper
bound for the cost function of 25.98. From this node, we should in principle explore
the 2% elements in the search space representing all the different combinations of the
binary variables. It should be noted that some of the components of this relaxed so-
lution are real-valued. Rather than determining a lower bound (since we are unlikely,
at this preliminary search stage, to find an optimal solution), we proceed with the

branching.

The branching is achieved by setting one of the binary variables first to zero and then
to one (this yields two new search regions, each with seven binary variables). The
variable selected for the branching is the one that is closest to 0.5 in the optimized
relaxed solution (fourth component, zy4, of the solution at node 0 in Figure 2.10). This
selection is motivated by the fact that this variable is the most ‘undecided,” in the

sense that it is the variable furthest from an integer value.

We then perform optimizations with z4 set to 0 (node 1) and with z4 set to 1 (node 2).
This gives the two upper bounds shown in Figure 2.10. There are now two subregions
that need to be explored. Given a number of regions at any iteration, we select the
region with highest upper bound, since that may be the most promising in terms
of cost function. In the example in Figure 2.10, this region is the subtree (with 27

elements) expanding from node 2. We proceed as for node 0, and we first define
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(10,006 00.250.03 0 1 0, u*)
UB = 25.98

'-:i =1 I = 1

(10.006 0 10.030 1 0, u*)
UB = 23.05

2 =1
10005011010, u)
UB = 19.96

(100060340001 00930, u*)
UB = 20.10

(1K0.0060 10010, u*)
UB = 22.88

(10010010, u*)

(11011010, u*)
[UB = 22.77 = LB]

LB = 15.90

Figure 2.10: Hlustration of B&B for a maximization problem with eight binary cate-
gorical and eight continuous variables (only values of binary variables shown).

optimization subproblems for nodes 3 and 4 by setting the fifth variable z5 to 0 and
1. After branching from node 3 (with respect to the second integer variable z3), we

solve and obtain solutions for the subproblems in nodes 5 and 6.

At this point the complete search can be terminated based on the following observa-
tions. First, nodes 5 and 6 yield upper bounds that are obtained with integer-valued
variables (in spite of having performed the optimization in a relaxed space of five
real-valued variables). Therefore, we can find lower bounds for these two nodes that
coincide with the upper bounds (by just selecting the solutions shown in the figure).
Since the upper/lower bound for node 5 is larger than the upper/lower bound for
node 6, we can eliminate node 6 from the search. Additionally, since the lower bound
for node 5 is larger than the upper bound for nodes 1 and 4, we can also prune the
subtrees expanding from these two nodes. Consequently, and consistent with the
global upper bound, the integer-valued solution found at node 5 is the global maxi-
mum for all of the 2% possible configurations. We note that the computational cost
for the overall process in this case is equivalent to the solution of seven (relaxed)

optimizations.
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B&B can be easily extended to true MINLP problems. Whenever an upper bound
is required, both relaxed and (actual) real-valued variables are jointly optimized.
Lower bounds for the integer search can be computed by selecting a group of integer-
valued variables, and optimizing for the remaining real-valued variables. Although
B&B is relatively straightforward conceptually, its implementation entails the use
of some heuristics (based on several decades of B&B usage) that may accelerate
the optimization considerably. In the results shown later, we use our own B&B
implementation. It is possible that improved results could be obtained if we used a

highly tuned B&B implementation.

It is evident that the computation required by B&B can increase very quickly as
the number of integer variables increases. This is because the number of potential
nodes that must be evaluated will be larger, and because the complexity of each
relaxed optimization problem will be higher. In the examples presented in Chapter 5,
we observe performance deterioration with B&B for a problem with only ten binary
variables. More heuristic methods such as PSO, by contrast, can be very useful in
practical applications where it is not essential to explore rigorously the complete

discrete space, but rather to simply perform some amount of global search.



Chapter 3
Well Control Optimization

In this chapter we consider a generally constrained well control example with only
continuous (well control) variables. This example illustrates the performance of the
MADS, PSO and PSO-MADS approaches applied to a continuous problem and high-
lights the effectiveness of the new PSO and PSO-MADS filter treatments. We also
illustrate the constraint sensitivity information that can be obtained from the trial

points evaluated during the course of the optimization run.

3.1 Problem Setup

The MADS, PSO and PSO-MADS methods presented in Chapter 2 will now be
applied to solve a constrained well control problem. The reservoir is modeled using a
two-dimensional model with 40 x 40 grid blocks. The channelized permeability field
is depicted in Figure 3.1 (note that k designates permeability, which is assumed to be
isotropic). This and many of the geological models used in this work were generated
using the Stanford Geostatistical Modeling Software (SGeMS) [102]. The sand-shale
facies model was generated with the object-based simulation program (TetrisTiGen)
in SGeMS, while the different facies were populated with permeability values using

sequential Gaussian simulation, also in SGeMS.

For the well control optimization problem, the well locations are fixed at the positions

indicated in Figure 3.1. The well bottomhole pressures (BHPs) will be optimized in

45
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Figure 3.1: Permeability field (log,, k, with k& in md) used for well control example,
showing locations of injection and production wells (in blue and red respectively).

order to maximize undiscounted NPV. For this case, the MINLP optimization problem

presented in (2.1) reduces to the following NLP:

Il?el[r}f (p7 u) = —-NPV (p7 u) = _poQo (p? u) + prpr (p> u) + Ciw@iw (p7 11) 5

subject to g(p,u) =0, c(p,u) <0, (3.1)

where p,, ¢,y and c;,, are the price of oil, cost of handling produced water and cost
of water injection, respectively (all in $/STB), and Q,, Qp, and Q;, are the total
produced oil, produced water and injected water (all in STB) obtained from the
reservoir simulator. The simulation model involves two-phase oil-water flow. The oil
and water relative permeability curves are shown in Figure 3.2. Other simulation and

optimization parameters are summarized in Table 3.1.

The reservoir is simulated for 10 years (3650 days), with BHPs updated every 730
days, implying five control periods. As there are three injectors and two produc-
ers in the model, the total number of optimization variables for this problem is 25

(5 wells x 5 control periods). The bound constraints (injection and production BHP
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Figure 3.2: Relative permeability curves for the oil and water phases.

Table 3.1: Simulation and optimization parameters for well control example
Grid cell dimensions 60 ft x 60 ft x 10 ft
Initial pressure p;, at datum 5080 psi at 8500 ft
o and fi,, at p; 1.9 and 0.325 cp
po and p, 54.0 and 58.0 1bm /ft?
B, and B, at p; 1.00 RB/STB
Doy Cpw a0 Ciyy $80, $10 and $5/STB
Drilling cost $5 million per well

Injection BHP range
Production BHP range
Maximum water injection rate
Minimum oil production rate
Maximum fluid production rate
Maximum well water cut

6000 - 10000 psi
500 - 4500 psi
600 STB/day
200 STB/day
600 STB/day
0.7

ranges) and nonlinear constraints (rate and water cut constraints) are given in Ta-
ble 3.1. The latter constraints are nonlinear because our control variables are BHPs,
so the values for rates and water cuts are only obtained after the reservoir simulation,

which is a nonlinear function evaluation procedure, is performed.

For this case, the MADS, PSO and PSO-MADS methods are applied to determine the
BHPs that maximize NPV while satisfying all specified constraints. The parameters
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used for the different algorithms are as follows. In standalone MADS, a 2n-polling
stencil is used, implying a maximum of 2n function evaluations per MADS iteration
(2n = 50 for this case). It should be noted that the evaluation of some of the poll
points can be avoided if these points have already been visited in previous iterations
and the objective and constraint values are saved in cache memory. The initial MADS
mesh and poll sizes are set to 1000 psi (recall that all optimization variables are BHPs).
In standalone PSO, a swarm size of 50 is used, implying a maximum of 50 function
evaluations per PSO iteration (fewer if some positions have been previously evaluated

and saved). The same parameters used for the standalone PSO and MADS iterations
are considered in the PSO-MADS hybrid method.

The function evaluations in all three methods are parallelized using a computing
cluster. For these runs, we typically had about 50 processors available, meaning the
iterations were fully parallelized. To convert from total simulations (proportional to
total computational time) to equivalent simulations (proportional to actual elapsed
time), the number of total simulations should be divided by 50. Note that the over-
head in the parallelization process, which leads to a true speedup that is slightly less

than 50, is not accounted for in this conversion.

3.2 Optimization Results

Considering the stochastic nature of these algorithms, each of the three methods is
run five times starting from different initial guesses. The NPVs for the five initial
guesses, together with their mean and standard deviation, designated <NPV> and
o, are shown in Table 3.2. The amount of normalized constraint violation, A (u),

associated with each initial guess is also presented.

The first initial guess has all of the wells operating at the average BHP within the
specified range, i.e., all injectors are set to 8000 psi and producers to 2500 psi. The
remaining four initial guesses are randomly generated from a uniform distribution
within the BHP ranges. From Table 3.2 we see that all of the initial guesses are

infeasible since they all have nonzero constraint violation values.
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Table 3.2: NPVs and constraint violations from the five initial guesses used in the
optimizations (best NPV is italicized)

Run Initial guess Constraint
# NPV (u) [$ MM] violation & (u)
1 21.59 0.563
2 20.95 0.616
3 26.51 0.915
4 23.17 0.948
5 22.67 0.912
<NPV> 22.98 0.791
o 2.16 0.185
48;
46¢
S 44
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—PSO-MADS
38O 5000 10000 15000

Number of simulations

Figure 3.3: Evolution of mean NPV for the five runs.

Figure 3.3 displays the evolution of mean NPV for the feasible solutions for the
PSO, MADS and PSO-MADS methods. Table 3.3 summarizes the final NPVs from
all runs. The curves in Figure 3.3 are not plotted until about 1000 simulations
have been performed because the initial guesses and the earlier simulations lead to
infeasible solutions. The results in Table 3.3 for the five runs for each method do
not show much distinction between the performance of the different methods. All
three methods perform well and increase the average NPV of the initial guesses by
about 100%, while satisfying the specified rate and water cut constraints. The 15
runs yield final NPVs that are within 2% of the best NPV obtained by the second
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Table 3.3: Final NPVs from five runs for the three different methods (best values are
italicized)

Run PSO MADS PSO-MADS
# NPV [$ MM] NPV [$ MM] NPV [$ MM]
1 46.64 46.04 46.50
2 46.8/ 46.10 46.63
3 46.50 46.67 46.72
4 46.79 46.71 46.73
5 46.51 46.12 46.69
<NPV> 46.66 16.33 46.65
o 0.16 0.33 0.09

PSO run. These results display the effectiveness of the new PSO with filter and the
hybrid PSO-MADS with filter. The fact that these algorithms give results that are
comparable to those from the more established MADS with filter method suggests
that our implementation is reasonable. In later chapters, where we increase the
complexity of the optimization problem by including integer and categorical variables,
we will see that the PSO-MADS hybrid provides the best results, which motivates
the search-poll hybridization strategy.

Figure 3.4 shows the best optimized BHP solutions for each of the different optimiza-
tion methods (solutions are from PSO Run 2, MADS Run 4 and PSO-MADS Run 4).
The results show that there are similarities between the different solutions, e.g., all
three methods keep Injector 2 at the lower bound until 1460 days and have Producer
1 at its lower bound for the entire ten years of simulation. Note, however, that even
though all three optimized NPVs are within 0.3% of the best solution of $46.84 mil-
lion, the optimal controls do show differences. This observation is significant because
it supports the hypothesis that, even for cases with general constraints, instead of
a single optimal solution, we may have a ‘ridge’ of optimal (or near-optimal) solu-
tions for the well control problem. Jansen et al. [67] had similar observations in their
waterflooding examples, which did not include nonlinear constraints. They observed
that significantly different waterflooding schemes resulted in nearly the same NPV,

and attributed this to the use of more optimization variables than are necessary.
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Figure 3.4: Comparison of the best optimized BHP controls for the three injection
and two production wells, from the three different methods.



92 CHAPTER 3. WELL CONTROL OPTIMIZATION

— 15 : : 15 ‘ ‘
g “““ Best initial guess "N | Best initial guess
—Best PSO % || —BestPsO

= s

z s

S c

-'8 B .9

= N 8

= e =

o 05/ P 205

2 7

—_ >

= g

R Y 5
S g ‘ ‘ S | | |
0 730 1460 2190 2920 3650 0 730 1460 2190 2920 3650
Time [days] Time [days]
(a) Cumulative oil (red) and water (blue) pro- (b) Cumulative water injection
duction
X X

40

i 30
. 40

(c) Final oil saturation, initial guess Run 3 (d) Final oil saturation, PSO Run 2

Figure 3.5: Comparison of the cumulative production and injection profiles, and final
oil saturation maps (red indicates oil and blue water), for the best initial guess (Run
3) and best optimized solution (PSO Run 2).

We now examine the optimization results further to see the effect of the optimized
controls on the reservoir performance. Figure 3.5 shows comparisons of the cumulative
fluid production and injection profiles, as well as the final oil saturation maps, for the
best initial guess (Run 3) and the best solution achieved (PSO Run 2). From Figure
3.5(b), we see that the optimized control scheme injects just as much water over the
course of ten years as the best initial control scheme. However, the optimized control

scheme leads to a 28% increase in cumulative oil produced and a 41% reduction in
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cumulative water produced. Figures 3.5(c) and 3.5(d) illustrate the improvement in

sweep efficiency of the optimal control scheme over the best initial guess.

Recall that for this well control problem we have four different types of nonlinear
constraints (last four rows of Table 3.1). Figure 3.6 shows the field rate and water
cut results for the best initial guess, together with the constraint limits. From the
plots in this figure we observe that the initial guess control scheme leads to violation
of the maximum field injection, minimum oil production, and maximum water cut in

Producer 2 constraints.

Figure 3.7 presents analogous information for the optimized control scheme. Note
that the rates show spikes at the start of the simulation (¢ < 1 day), which are a
result of the instantaneous application of the BHP controls. We only include data for
t > 1 day in our calculation of A (u), so this behavior is not considered a constraint
violation. From the plots in Figure 3.7, we see that all specified constraints are thus
satisfied in the optimal solution. This demonstrates the ability of the filter approach
to satisfy the nonlinear constraints during optimization. Note that the field injection
and production rates in Figures 3.7(a) and 3.7(b), as well as the water cut for Producer
2 in Figure 3.7(e), reach their constraint limits. This indicates that these constraints

are active at the constrained optimal solution.

3.3 Constraint Sensitivity Analysis

One of the advantages of the filter constraint handling approach is that we can extract
additional information about the optimization process and the optimal solution that
is not available from other constraint handling techniques. For example, the final
filter provides the sensitivity of the objective function to the constraint violations. It
depicts how much the objective function can be improved by allowing a certain level
of constraint violation. In petroleum field development, this may be relevant to the

sizing of facilities, as these sizes determine the maximum flow rate constraints.

The final filters from the best optimization run for each method (PSO Run 2, MADS
Run 4 and PSO-MADS Run 4) are shown in Figure 3.8. Recall that h(u) entails

aggregation of the individual normalized constraint violations, ¢; in (2.5). Consistent
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Figure 3.6: Field rates and well water cuts for the best initial guess (Run 3). Con-

straint limits shown as red dashed lines.
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Figure 3.8: Final filters from best PSO, MADS and PSO-MADS runs, excluding
points dominated by best feasible solution.

with the values in Table 3.3, the best feasible solution for PSO shown in Figure 3.8(a)
is $46.84 million (intersection of green dashed line with y-axis of plot). The green
points in the plot constitute actual control schemes that are infeasible and that define
the filter. The filters for all three methods clearly illustrate the tradeoff between the
objective function, f = —NPV in (3.1), and the aggregate constraint violation, h in
(2.5). For instance, it is evident from Figure 3.8(a) that the objective function value
can be improved by 1.5%, to $47.55 million, by allowing an aggregate constraint
violation of 10%, and by 1.9%, to $47.73 million, by allowing a constraint violation
of 20%. Interestingly, PSO-MADS has found a point for which a 20% constraint
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violation leads to an NPV of $48 million (see Figure 3.8(c)).

The sensitivity of the optimal objective function value to the individual constraints is
also of interest. In order to obtain this information, we must post-process the results
from the optimization procedure. This post-processing, which introduces negligible
computational cost, is as follows. During the optimization, all evaluated search or poll
points are saved. For each evaluated point, x*, the objective function and normalized

constraint values are also saved, as follows:
x! — [f (x’) C1 (XZ) Ca (XZ) .o Cm (x’)} , (3.2)

where m is the number of nonlinear constraints. The point x’ is feasible if ¢; (x') <
0V je{1,2,...,m} and infeasible if any ¢; (x*) > 0. During post-processing, for
each constraint ¢; we plot points in objective function versus constraint space that are
feasible in terms of every other constraint ¢, such that k£ # j. That is, when creating
the sensitivity plot for constraint j, we plot points (f (x%),¢; (x%)) for all saved x’
such that ¢ (x") <0V k # 5.

We thus obtain, for PSO Run 2, the four constraint sensitivity plots presented in
Figure 3.9. For each plot in Figure 3.9, the red dots are the points for the particular
constraint when all other constraints are feasible. The blue points show the set
of nondominated points that dominate all other points in the space. These blue
points quantify the explicit tradeoff of the objective function value and a particular
constraint. The black dots identify the optimal solution (in this case the solution that
yields an NPV of $46.84 million). The vertical black lines designate the feasibility
boundary for each constraint (where ¢; = 0). The points to the left of these lines
(¢; < 0) are feasible for all constraints, and the points to the right of the lines (¢; > 0)
are feasible for all other constraints except constraint j. Since the points to the left
of the lines indicate feasibility for all constraints, all plots have the same number of
points to the left of the constraint boundaries, i.e., all the feasible points generated
during the optimization process. Tightening a specific constraint would imply moving
the feasibility boundary (black line) to the left, while relaxing the constraint would
imply moving the feasibility boundary to the right.
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Figure 3.9: Plots displaying information about objective function sensitivity to the
different specified constraints (set of nondominated points shown in blue and all other
evaluated points in red).

Significant information can be gleaned from the sensitivity plots in Figure 3.9. First,
we can easily identify the active constraints at the optimal solution as the constraints
with plots where the optimal solution (black dot) is aligned with the constraint bound-
ary (black line). Here, we see that the water injection, oil production and well water
cut constraints are the active constraints, consistent with Figure 3.7. Second, we
can obtain information about the ease with which the optimizer was able to satisfy
each constraint. The plots with more points to the left of the constraint boundary

indicate that particular constraint was easier to satisfy. This implies that the total
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fluid production rate constraint, Figure 3.9(c), was relatively easy to satisfy, while

the oil production rate constraint, Figure 3.9(b), was more difficult to satisfy.

Third, and perhaps most importantly, we can see the sensitivity of the optimal ob-
jective function to each constraint. With reference to the primal-dual formulation of
constrained optimization problems [90], the slope of the curve approximated by the
set of nondominating points at the optimal solution corresponds to the Lagrange mul-
tiplier, A, for that constraint. The Lagrange multiplier represents the quantitative
sensitivity of the optimal objective function value to the specified constraint limit
(Cmax OF Cmin i (2.6) or (2.7)). Specifically, the Lagrange multiplier for the water
injection constraint is the slope of the tangent line depicted in Figure 3.9(a). This
Lagrange multiplier, which is only nonzero for active constraints and can be obtained
from some gradient-based optimizers, is important because it shows how the opti-
mal objective function value will change with changes to the constraint limit (e.g.,

increasing or decreasing the 600 STB/day maximum water injection constraint limit).

The plots in Figure 3.9 provide more information than is available from the Lagrange
multiplier, however, since they give an explicit description of the objective function
sensitivity to the constraint over a range, rather than just at the optimal solution.
In addition, constraints in which the set of nondominating points and the optimal
solution are to the left of the feasibility boundary (Figure 3.9(c)) can be tightened
without changing the optimal solution. In our case, for example, the maximum
total fluid production constraint can be tightened by 5%, from the specified 600
STB/day to 570 STB/day, without changing the optimal solution. This knowledge

might conceivably enable some facilities to be resized.

Plots that have some points in the nondominating set (blue dots) to the right of the
feasibility boundary indicate where we might achieve improvements in the objective
function value by relaxing the constraint. We see here that the 1.5% increase in NPV
can be achieved by relaxing the maximum water injection constraint (Figure 3.9(a))
by 10% from 600 STB/day to 660 STB/day. Figure 3.9(b) shows that we cannot
improve the objective function by relaxing the oil production constraint, but we can
quantify the decrease in NPV, e.g., we would reduce the NPV to $45 million if we
tightened this minimum constraint by 10%, requiring oil production of 220 STB/day
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instead of the specified 200 STB/day.

From this analysis we see that, in addition to an optimal control scheme, we can obtain
some potentially useful information from our optimizations regarding constraint sen-
sitivities. This information could affect development decisions. We emphasize that
these sensitivities are obtained at essentially no cost since the constraint plots are

generated from points that are evaluated and saved during the optimization process.



Chapter 4

Joint Well Placement and Control

In Chapter 3, we presented a well control example with only continuous variables that
represented the BHP control scheme for a reservoir with wells that have already been
drilled. In this chapter, we present results using our optimization framework, which
includes the MADS, PSO and PSO-MADS methods, for the joint well placement and

well control problem.

In order to motivate our use of derivative-free optimization methods with global search
capabilities, consider the following well placement optimization problem. We have
four production wells fixed at the corners of a reservoir as shown in Figure 4.1, and
we seek to optimize the location of the single injection well. This well location problem

will be solved for each of the four different reservoir models shown in Figure 4.2.

X

Figure 4.1: Problem schematic — fixed production wells (red) and injection well (blue)
with location to be determined.

61
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Figure 4.2: Permeability fields (log;,k, with £ in md) for four different reservoir
models.

The BHPs of the four existing production wells and the injection well to be placed
are all fixed. The location of the injection well is fully described by two variables
(x and y grid-block indices), and these are the only variables in the optimization
problem (i.e., the search space is two-dimensional). Note that if the grid blocks were
numbered from 1 to N, x N, where N, and N, represent the number of grid blocks
in the x and y directions, we would have only one optimization variable, though the
size of the search space in that single dimension would of course be larger. Thus
for Models 2 — 4, there are only 3596 possible injection well locations (the models
are 60 x 60 and there are four production wells), so we can construct the entire NPV
surface with 3596 simulations (note Model 1 is 40 x 40 and requires 1596 simulations).
These are the objective function surfaces that the optimization algorithm would need

to explore.
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Figure 4.3: Resulting NPV surfaces for the injection well location problem using the
four different reservoir models depicted in Figure 4.2.

The NPV surfaces for the four models are shown in Figure 4.3. From these plots, we
see that even for a simple well placement problem with only two variables, we obtain
very complex objective function surfaces, which the optimization algorithm will have
to navigate. These surfaces are discontinuous due to the heterogeneity in the geolog-
ical models, and they display multiple local optima. The objective function surfaces
may change significantly when we consider multiple wells and the joint optimization
of well location and control. We still expect complex and potentially discontinuous
objective function surfaces, however. This motivates the use of derivative-free opti-

mizers with global search capabilities that still provide local convergence. Thus our
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selection of the MADS (for local convergence) and PSO (for global search character)
methods, and the creation of the PSO-MADS hybrid, seem to be appropriate for this

problem.

4.1 Optimization Problem and Solution Approaches

The optimization problem considered here entails the determination of the optimal
locations of some number of injection and production wells together with their optimal
well settings (time-varying BHPs). The MINLP optimization presented in (2.1) thus
reduces to the NLP problem given by:

Ni+Np Nr  Ng
_ § ' j E E _
uegngevf(p,u v)=-NPV(pu,v) @ 1 k=1 i C—’_mqjk P V)
Jj=

water injection cost

drilling costs

Ni+Np N
D DAt oty (01, v) - G}y (P, V) |,
J=NI+1 k=1 oil revenue water disposal cost
subject to g(p,u,v) =0, c(p,u,v) <0, (4.1)

where C7 is the cost to drill well j, IV, is the number of time steps in the reservoir
simulation, Atj represents the time step size at time step k, ¢;,, and ¢, are the costs
per barrel of injected and produced water, and p, is the sale price of the produced oil.
The terms qff , q]{;’j and ¢/* represent the rates of injected and produced water, and
produced oil, from well ;7 in time step k. These rates are functions of the optimization
variables and are obtained from the reservoir simulator. Note that, in the examples

in this chapter, we seek to optimize undiscounted NPV.

4.1.1 Sequential Solution Approach

The well placement and control problems have traditionally been addressed in a

decoupled manner, with the well placement part solved first and the well control
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optimization solved second, in contrast to the joint optimization in (4.1). Using a
sequential procedure, the well placement variables are optimized with an assumed

control strategy by solving
vy = arg Hli‘I/l f(ug,v), subject to c(ug,v) <0, (4.2)
ve

where ug € U defines the assumed control strategy. Possible control strategies include
using constant BHPs (typically set at the bounds, implying wells injecting or produc-
ing at maximum rates) or the potentially more effective ‘reactive’ control strategy,
which is used in this work when we perform sequential optimizations. Under the reac-
tive control strategy considered here, injection wells always operate at their maximum
BHP bounds. Production wells operate at their minimum BHP bounds until a pre-
scribed limit is reached. This limit can be defined in terms of a maximum allowable
fraction of water in the produced fluid, or (analogously) when the water production
cost (Cpu@l) exceeds oil production revenue (pogs*) for the well. Although it can give
reasonable results in some cases, reactive control represents a heuristic treatment that
will, in general, be suboptimal. After the solution of (4.2), the well locations are fixed

at v and the following well control optimization problem is solved:
ug = argmi{r} f(u,vg), subject to c(u,vg) <O0. (4.3)
uc

As discussed in the Chapter 1, a number of different optimization techniques — both

gradient-based and derivative-free — have been applied for the problems defined by
(4.2) and (4.3).

4.1.2 Joint Solution Approach

The sequential approach defined above has the advantage of solving two smaller prob-
lems (well placement, of dimension n;, and well control, of dimension ns) instead of
one large problem (of dimension n; 4+ ny). As shown by Bellout et al. [17] and Zand-
vliet et al. [127], the controls applied during the well placement optimization affect
the optimized well locations. Thus, any approach that does not optimize the loca-
tion and control variables simultaneously can be expected to be suboptimal. This

motivates the joint optimization of the problem defined in (4.1).
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As noted in Chapter 1, joint optimization approaches have been developed previously.
Bellout et al. [17] presented an approach based on a nested bi-level optimization. In
that method, well placement is the master problem, and in order to evaluate the
objective function associated with a particular configuration of wells, the well con-
trols are optimized to a certain degree. This approach allows the use of different
optimization methods for the two problems, and in the Bellout et al. [17] implemen-
tation, the well placement optimization was accomplished using derivative-free direct
search procedures, while the well control subproblem was addressed with an efficient
adjoint-based gradient technique. Li and Jafarpour [78] used an iterative procedure
in which they alternated between optimizing well placement and well control. Again,
different optimization approaches were used for the two problems. The results pre-
sented in both studies demonstrated the advantages of joint optimization compared

to sequential procedures.

Our approach can be seen as an alternative to these earlier treatments, but we also
introduce several important extensions. We solve the joint well placement and control
problem with a single optimization method, in contrast to the earlier procedures that
addressed the joint problem but used different treatments for the two subproblems.
We also include general (nonlinear) constraints in our framework (which do not appear
to have been considered previously for the joint problem), and present results using
our PSO-MADS hybrid optimization procedure.

4.2 Example Cases

The methods described in Chapter 2 will now be applied to solve the optimization
problem defined by (4.1) for a synthetic field subject to waterflooding. The geological
model is represented on a two-dimensional 60 x 60 grid. The permeability field is
shown in Figure 4.4, together with an initial guess for the locations of the five wells
(two injection and three production wells) used in the examples. Figure 4.5 shows
the relative permeability curves used in the simulations, and Table 4.1 presents other

key simulation and optimization parameters.
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Figure 4.4: Geological model (log;, of isotropic permeability field, with permeability
expressed in md) used for all Chapter 4 examples, showing initial-guess injection (in
blue) and production (in red) well locations.
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Figure 4.5: Relative permeability curves for the oil and water phases.

The permeability field shown in Figure 4.4 is the same as that used by Bellout et
al. [17] in their example cases, though other aspects of the problem are different. The
production time frame is 2,920 days, with the well BHPs updated every 584 days, for

a total of five control intervals. The BHP is held constant over each control interval.
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Table 4.1: Simulation and optimization parameters for joint well placement and con-
trol examples

Grid cell dimensions

Initial pressure p;, at datum
tro and fu, at p;

po and py,

B, and B, at p;

DPos Cpw and Ciw

Drilling cost

Injection BHP range
Production BHP range
Maximum water injection rate
Minimum oil production rate
Maximum fluid production rate
Maximum well water cut

130 ft x 130 ft x 20 ft
4012 psi at 8620 ft
0.5 and 0.3 cp

53.1 and 62.4 1bm/ft3
1.00 RB/STB

$80, $10 and $5/STB
$20 million per well
4100 - 6000 psi

1000 - 3500 psi

9000 STB/day

4000 STB/day

9000 STB/day

0.7

1300 ft

Minimum well-to-well distance

Results for three cases will be presented. The first case involves only bound con-
straints, the second case additionally incorporates the nonlinear constraints listed in
Table 4.1 (last five rows), and the third case includes the nonlinear constraints plus
binary optimization variables that allow us to also determine the optimum number
of wells. The total number of optimization variables n for Cases 1 and 2 is 35 (two
areal location variables and five control variables for each of the five wells), while in

the third case there are 40 (an additional binary variable for each well).

4.2.1 Case 1: Bound Constraints Only

For this case, the nonlinear field rate and well water cut constraints are not included
in the optimization. Thus, the problem involves only the bound constraints on well
BHPs. The MADS, PSO and PSO-MADS methods are applied to this problem. For
each MADS iteration, a maximum of 2n = 70 function evaluations is performed in
the polling process (fewer if previously evaluated points have been saved). The initial
MADS mesh sizes correspond to 20% of the variable ranges. In the standalone PSO
iterations, a swarm size of 50 particles is used, which means that a maximum of 50

function evaluations is performed in each PSO iteration. The same parameters used
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for the standalone PSO and MADS iterations are applied for the hybrid PSO-MADS
method. The function evaluations in all three methods are parallelized using a com-
puting cluster with sufficient cores to perform all function evaluations concurrently

at each iteration.

Considering the stochastic nature of these algorithms and the fact that the optimiza-
tion surface is expected to contain multiple optima, each of the three methods is run
five times starting from five different initial guesses. The NPVs for the five initial
guesses, together with their mean and standard deviation, designated <NPV> and
o, are shown in Table 4.2. The first of these runs has as the initial guess the well
locations indicated in Figure 4.4, with the injection well BHPs at their upper bounds
(6000 psi) and production well BHPs at their lower bounds (1000 psi). The remaining
four initial guesses are randomly generated from a uniform distribution within the

bounds of the problem.

Table 4.2: NPVs from the five initial guesses used in the optimizations (best value is
italicized)

Run Initial guess

# NPV (u,v) [$ MM]

1 1015

2 554

3 283

4 -663

5 580
<NPV> 354

o 626

The optimization results for the three derivative-free methods are summarized in
Figure 4.6 and Table 4.3. Figure 4.6 shows the NPV evolution of the best solution
versus the number of simulations, averaged over the five runs, for the three methods.
From this figure, we see that the PSO-MADS hybrid (red curve) outperforms its
component methods. Table 4.3 presents the final optimized NPVs for all of the runs,
together with the mean and standard deviation of the optimized NPVs over the five
runs. The best NPV from each method is italicized in the table.
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Figure 4.6: Evolution of mean NPV for the five runs (Case 1).

Table 4.3: Final NPVs from five runs for the three different methods (Case 1, best
values are italicized)

Run PSO MADS  PSO-MADS
# NPV [$MM] NPV [$ MM] NPV [$ MM]
1 1283 1297 1304
2 1257 1083 1247
3 1263 1262 1289
4 1239 1247 1262
5 1169 1289 1244
<NPV> 1242 1236 1269
o 44 88 26

Figure 4.6 and Table 4.3 highlight some of the characteristics of the three methods.
As a result of its global search nature, PSO is able to avoid poor local optima and
provide fairly robust solutions (evident from the relatively small ¢ in Table 4.3).
However, in contrast to MADS, the PSO algorithm is not guaranteed to converge
to a local minimum, although we do expect eventual ‘convergence’ to the so-called
center of attraction [45]. MADS results, on the other hand, can depend strongly

on the initial guess, and because of its local search nature, MADS may converge to
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poor local optima, as is the case for the second run. Since the PSO-MADS hybrid
combines some of the advantages of the PSO and MADS algorithms, it displays
strong convergence to better quality solutions than standalone MADS and PSO, along
with better robustness features than PSO, which is evident from the smaller o for
PSO-MADS. We note additionally that, even though the total number of simulations
required for these optimizations is around 10,000 (see Figure 4.6), the number of
equivalent simulations using 50 processors, which gives an indication of elapsed time,

is ideally only around 200. This represents a manageable level of computation.

Figure 4.7 shows the optimal well locations with the final oil saturation map, together
with the injection and production well BHP controls, and resulting injection and
production well rates for the best PSO-MADS solution (Run 1 with NPV of $1304
million). Comparing Figure 4.7(a) to Figure 4.4 we see that the optimized well
locations are close to the initial guess locations, implying that the initial guess was
quite reasonable (note that the best NPVs for all three methods correspond to the
runs with this initial guess). The slight shifts in well locations, together with the
modifications to the well controls shown in Figures 4.7(c) and 4.7(d), account for the

observed 17% improvement in NPV from the initial guess.

The results presented in Figure 4.6 and Table 4.3 are obtained by solving the combined
well placement and control problem in the joint fashion proposed in (4.1). In order
to compare our joint approach to a sequential procedure, we also solve the problem
sequentially. In this case we first address the well placement problem (4.2), using
reactive controls (wells operate at their BHP limits, with production wells closed
when water cut exceeds an economic limit of 0.9) and PSO-MADS with the same
parameters as used for the joint solution. Then, with the optimized locations from
(4.2), we solve the well control problem (4.3), again using PSO-MADS. We run the
sequential approach five times with the same initial guesses as were used for the joint

optimizations.

Figure 4.8 displays the average performance from the sequential and joint approaches,
while Table 4.4 presents the final optimized NPVs for all five runs, together with the
mean and standard deviation of the optimized NPVs. Since the sequential method

involves solving two smaller optimization problems (the well placement problem has
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Figure 4.8: Evolution of mean NPV from five PSO-MADS runs for sequential and

joint procedures (Case 1).

Table 4.4: Final NPVs from five runs for sequential and joint procedures (Case 1,

best values are italicized)

Run PSO-MADS PSO-MADS

# seq. NPV [$ MM] joint NPV [$ MM]

1 1290 1504

2 1235 1247

3 1132 1289

4 1205 1262

) 1245 1244
<NPV> 1221 1269

o 59 26

10 variables and the control problem has 25 variables, compared to 35 variables for

the joint approach), it exhibits faster overall convergence (see Figure 4.8). Despite the

faster convergence, the solutions from the sequential procedure display lower NPVs

on average than those from the joint approach. This is because, in contrast to the

joint procedure, the sequential approach does not completely capture the coupling

between the well placement and well control problems. In addition, the sequential

approach appears to be less robust, as is evident from the larger o in Table 4.4.

Our observation that the joint approach provides better solutions than the sequential
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procedure is consistent with the results of Bellout et al. [17] and Li and Jafarpour [78],

and we expect this to be the case in other problems as well.

Although our joint optimization procedure differs in several respects from that ap-
plied by Bellout et al. [17], it is nonetheless instructive to compare our results with
theirs. In the second example in their paper, a problem very similar to that considered
above was addressed (they used the permeability field shown in Figure 4.4, though
they specified smaller grid block sizes, higher costs for produced and injected water,
and they used more control steps). We modified our problem specification to enable
solution of the same problem using our joint PSO-MADS hybrid optimization proce-
dure. Bellout et al. [17] ran their optimization using different direct search procedures
for well placement (the best results, in terms of average objective function value, were
achieved using the Hooke-Jeeves direct search method) and an adjoint-based gradient
technique for well control. Their results for nine optimization runs (using different
initial guesses) show a mean NPV of $363 million and a standard deviation of $27
million over the nine runs. For the same case we achieved a mean NPV of $361 mil-
lion and a standard deviation of $19 million (again over nine runs). Thus, the two
procedures appear to be quite comparable in terms of the quality of results. Both of
these mean NPVs are well above the mean NPV of about $300 million reported for

sequential optimization in this example [17].

Bellout et al. [17] required about 4,000 simulations for each of their optimization
runs, whereas we use around 30,000 simulations for our runs (note that this problem
contains 10 control steps, resulting in 60 optimization variables, which is more than
the 35 optimization variables in Case 1). Their approach requires fewer runs because
they apply an efficient gradient-based procedure for the well control optimization,
with gradients computed using the adjoint technique of Sarma et al. [108]. Although
it is very efficient, the adjoint approach is simulator invasive and does not easily
parallelize. This means that part of their nested approach can be parallelized (the well
placement part, solved with direct search procedures) and part of it cannot (the well
control part, solved with a gradient-based technique). Our method, by contrast, is
fully parallelizable and would effectively lead, if 50 computing cores were available on

a cluster, to about 600 equivalent simulations instead of 30,000. Therefore, there are
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clearly relative advantages and disadvantages between the approach used by Bellout
et al. [17] and that applied here, and the method of choice will depend on the number
of cores available, on access to simulation source code, and on the ability to implement

and maintain an adjoint-based gradient computation code.

4.2.2 Case 2: Nonlinear Constraints

Case 1 above dealt with only bound constraints. We now treat a case that also in-
cludes nonlinear constraints, which render the problem more difficult. The nonlinear
constraints considered are the well distance, field rate and well water cut constraints
listed in Table 4.1. The rate and water cut constraints are nonlinear in nature be-
cause the relationship between individual well BHPs (the control variables) and the
field rates and well water cuts involve reservoir simulation (i.e., nonlinear function
evaluations). We use the same PSO, MADS and PSO-MADS parameters as in Case
1. The three algorithms, together with the filter constraint handling techniques im-
plemented for each method (as described in Chapter 2), are applied to solve the joint
well placement and control problem. We again run each method five times using
the same initial guesses as in Case 1 (recall that one initial guess involves the well

locations shown in Figure 4.4).
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Figure 4.9: Evolution of mean NPV for the five runs (Case 2).
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Table 4.5: Final NPVs from five runs for the three different methods (Case 2, best
values are italicized)

Run PSO MADS PSO-MADS
# NPV [$MM] NPV [$ MM] NPV [$ MM]
1 1225 1143 1206
2 1060 1032 1228
3 1063 972 1154
4 1138 1076 1200
5 1134 1157 1120
<NPV> 1124 1076 1182
o 68 77 44

Figure 4.9 displays the evolution of mean NPV for the feasible solutions for the three
methods tested, and the results for all runs are summarized in Table 4.5. The curves
in Figure 4.9 do not appear until several thousand simulations have been performed
because the initial guesses and the earlier simulations lead to infeasible solutions
(i.e., solutions that violate the nonlinear constraints). From the results in Figure 4.9
and Table 4.5, it is again apparent that the PSO-MADS procedure outperforms its
component methods. Note that the optimized NPVs achieved in this case are lower,
for all runs, than those for Case 1 (shown in Table 4.3). This is consistent with the

fact that this case involves a more constrained problem.

It is important to note that, even though the early solutions using all three methods
are infeasible, through use of the filter method we improve the objective function value
and reduce the constraint violation simultaneously. Hence, by the time a feasible
solution is found, its NPV is already relatively high. Specifically, for this case the
mean NPV for the five initial guesses (all of which are infeasible) is $354 million, while
for all three algorithms, the mean NPV when feasible solutions appear (after about
4000 simulations) is in the range of $950-$1100 million. This observation highlights

the effectiveness of the filter constraint handling techniques applied in this work.

The final filter from the best PSO-MADS joint optimization run is shown in Fig-
ure 4.10. Consistent with Table 4.5, the best feasible solution has an NPV of $1228
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Figure 4.10: Final filter, excluding points dominated by the best feasible solution,
from the best PSO-MADS joint optimization run (Case 2).

million. The points in the plot constitute the infeasible points that define the filter.
This filter illustrates the tradeoff between the objective function, f (u,v), and the
aggregate constraint violation, h (u,v). It quantifies how much the constraints need
to be relaxed in order to improve the objective function by a certain amount. In this
example, for most of the filter points with small h (u,v) values, only the minimum
field oil production is violated. The filter in Figure 4.10 shows that if we are able
to accommodate a constraint violation of about 20% (i.e., we allow the minimum oil
production rate to be relaxed from 4000 STB/day to 3200 STB/day), there is a field
development scenario where the NPV increases to $1245 million while satisfying the

relaxed constraints.

As in Case 1, we also performed sequential (rather than joint) optimizations for Case
2, using the same optimization parameters. The PSO-MADS procedure was applied
for both the well placement and well control stages. Figure 4.11 and Table 4.6 provide
comparisons of the joint and sequential approaches. Four of the five sequential runs
yield feasible solutions, with a mean NPV of $1105 million and a standard deviation
of $116 million. This is inferior in terms of average performance and robustness to
the results achieved using the joint approach (<NPV> of $1182 million, o of $44
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million). In addition, the best of the five solutions for the joint approach has an NPV
that is 3.5% higher than that from the best solution for the sequential approach.
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Figure 4.11: Evolution of mean NPV from five PSO-MADS runs for sequential and
joint procedures (Case 2).

Table 4.6: Final NPVs from five runs for sequential and joint procedures (Case 2,
best values are italicized)

Run PSO-MADS PSO-MADS

# seq. NPV [$ MM] joint NPV [$ MM]

1 1187 1206

2 - 1228

3 1107 1154

4 941 1200

> 1186 1120
<NPV> 1105 1182

o 116 44
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Figure 4.12: Final oil saturation maps (red indicates oil and blue water) and well
configurations from the best PSO-MADS solutions for the sequential and joint ap-
proaches (Case 2).

In Figure 4.12 we present maps of the final oil saturation from the best solutions for
both approaches. The well configurations are different between the two solutions, and
it is evident that the solution for the joint approach provides slightly better overall

sweep (compare, e.g., the saturation fields in the upper right corners in both figures).

The well BHP controls and the resulting individual well rates for the best PSO-
MADS solution for the joint approach are presented in Figure 4.13. The well BHPs
display some similarities with the BHPs for the case without nonlinear constraints
(Figures 4.7(c) and 4.7(d)), though there are clear differences in the detailed profiles.
Figure 4.13(c) shows the well rates for the two injection wells in Figure 4.12(b), and
Figure 4.13(d) displays the oil production (solid lines) and water production (dashed
lines) rates for the three production wells. From these rate plots, we see that the
two injection wells operate at similar rates, whereas the production well rates vary

significantly.
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Figure 4.13: Well BHPs and resulting injection and production rates for the best
PSO-MADS solution for the joint approach (Case 2).

4.2.3 Case 3: Determination of Optimal Number of Wells

It is evident from the results in Figure 4.13 that some wells operate at higher rates

than others. This leads us to question whether all five wells are required, and suggests

that we optimize the number of wells along with well locations and controls. We thus

consider a more general problem, as defined in (2.1) in Chapter 2, which includes

binary variables (drill/do not drill) to enable the determination of the optimal number

of wells. Here we treat the binary variables as regular integers (specifically, we round

continuous values to either 0 or 1 in PSO and use only {0, 1} mesh points in MADS).
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Case 3, which we now consider, is identical to Case 2 in terms of problem specification
and bound and nonlinear constraints, but it also includes binary categorical variables.
We now have a total of 40 optimization variables: 10 integer well location variables,
25 continuous well control variables, and 5 binary categorical variables. The three
joint optimization algorithms (PSO, MADS and PSO-MADS) are again each run five
times from different initial guesses (one user-supplied and four randomly generated,

which are different from those used in Cases 1 and 2 as we now have binary variables).
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Figure 4.14: Evolution of mean NPV for the five runs (Case 3).

The results from these runs are presented in Figure 4.14 and Table 4.7. In this table,
in addition to the final NPVs, we also show the optimized number of wells for each
run. We again see that the PSO-MADS hybrid outperforms its component methods
in terms of mean NPV and best solution, while providing similar robustness as PSO.
In addition, it is interesting to note that the best results are obtained when only four
wells are drilled instead of five, leading us to believe that for this case the optimal
number of wells is indeed four (two injectors and two producers). Of the five runs
for each method, the MADS algorithm converges to a solution with four wells once,
the PSO algorithm twice, and the hybrid PSO-MADS method four times. This again
highlights the superiority of PSO-MADS relative to its component methods. The

inclusion of the binary variables leads to a more difficult optimization problem, as
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Table 4.7: Final NPVs from five runs for the three different methods (Case 3, best
values are italicized). Number of wells for each run shown in parentheses

Run PSO MADS PSO-MADS
# NPV [$MM] NPV [$ MM] NPV [$ MM]
(# of wells)  (# of wells)  (# of wells)

1 1138 (5) 1223 (4) 1247 (4)

2 1197 (4) 1127 (5) 1162 (4)

3 1151 (4) 1073 (5) 1158 (4)

4 1111 (5) 1194 (5) 1143 (5)

5 1096 (5) 991 (5) 1161 (4)
<NPV> 1139 1122 1174

o 39 04 41

is evident from the fact that about 2-3 times more simulations are required than in
Case 2 (20,000-30,000 simulations versus 10,000, as can be seen from Figures 4.9 and
4.14). This is perhaps not surprising since we are adding significant complexity to an

already challenging problem.

The well BHP profiles and resulting injection and production rates for the best PSO-
MADS solution (Run 1) are shown in Figure 4.15. Comparing the well controls and
rates in Figure 4.15 to those in Figure 4.13 (five-well case), we see that the four-
well solution has some attractive features; i.e., the wells operate close to their BHP
bounds and the resulting well rates are less variable. In addition, water breakthrough

is significantly delayed.

The optimized well configurations, with final oil saturation maps, for the worst, me-
dian and best PSO-MADS solutions, together with the initial guess configurations
used for these runs, are presented in Figure 4.16. From these figures, we can see
that even with an initial guess that leads to poor sweep and NPV, the PSO-MADS
procedure is able to optimize the number of wells and their associated locations and
controls to provide reasonable results. Comparing Figure 4.16(f) to Figure 4.12(b),
we see that by including the binary variables in the optimization, we obtain a four-

well solution that is comparable to the five-well solution in Case 2, except that one
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Figure 4.15: Well BHPs and resulting injection and production rates for the best

PSO-MADS solution (Case 3).

of the production wells in the upper right portion of the model has been eliminated.

Nonetheless, the sweep in the two cases appears quite comparable.

The NPV from the best PSO-MADS solution improves from $1228 million for Case
2 (five wells) to $1247 million for Case 3 (four wells). This increase in NPV of $19
million corresponds closely to the cost of drilling one well ($20 million). For Case 2,
the best PSO-MADS solution yields a cumulative oil production of 17.9 million STB

and cumulative water injection of 18.7 million STB; for Case 3, the corresponding

values are 17.8 million STB of oil production and 18.5 million STB of water injection.
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Figure 4.16: Well configurations, NPVs and final oil saturation maps (red indicates

oil, blue indicates water) from the initial guesses and optimized solutions for the
worst, median and best PSO-MADS runs (Case 3).
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Thus, the fluid injection and production volumes for the two cases are quite similar,
though the solution in Case 3 accomplishes this oil recovery with one less well. This
example illustrates the benefits that can be achieved by optimizing the number of wells
along with the location and control variables. This represents a first assessment of
the applicability of our optimization framework to the full MINLP field development
and production problem where we determine the optimal number of wells, in addition
to their locations and controls. This problem, together with more traditional MINLP

solution approaches, will be further studied in Chapter 5.

4.3 Summary

In this chapter we presented applications of the MADS, PSO and PSO-MADS nonin-
vasive derivative-free methods to the joint optimization of well locations and controls
(BHPs). We presented three example cases of increasing complexity involving multi-
ple vertical wells, several well control periods, and different types of constraints. All
of the optimizations were performed in a distributed computing environment. For
all cases, the PSO-MADS hybrid method was shown to outperform the standalone
MADS and PSO approaches, both in terms of average NPV and standard deviation
of NPV over multiple runs, demonstrating that the hybrid algorithm does indeed
improve upon its component methods. For the first two examples, we included com-
parisons against a sequential method (where we first optimize well locations and then
well controls), and the joint approach was shown to provide superior results. The
last example was a nonlinearly constrained problem that additionally dealt with the
determination of the optimum number of wells. In this case, the optimization pro-
vided an improvement in NPV by eliminating one of the production wells that was

included in the previous examples (where the number of wells was fixed).

Our treatment for optimizing the number of wells in this chapter represents an initial
approach to the general MINLP problem. In the following chapter, this problem
is studied in more detail. Specifically, in Chapter 5 we generalize our optimization
framework and also explore the use of an existing MINLP approach, Branch and
Bound (B&B) [18], to solve the MINLP problem given by (2.1).
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Chapter 5

Optimization Results for

Generalized Field Development

In Chapter 4, we applied the MADS, PSO and PSO-MADS derivative-free methods
introduced in Chapter 2 to solve combined well placement and control problems. In
this chapter, we approach the full field development problem, where in addition to
optimizing well locations and controls, we seek to determine the optimal number of

wells, their type (injector or producer), and the drilling schedule.

5.1 Problem Formulation

Recall from Chapter 2 that the generalized field development problem can be posed

as the following MINLP problem (repeated here for convenience):

uel, Jg\l/{lzelnc f (p’ w Vs Z) ’
(P) subject to g(p,u,v,z) =0, (5.1)
c(p,u,v,z) <0,
where f = —NPV is the objective function. The optimization variables are comprised

of categorical variables z that determine the number, type and drilling schedule of
wells, integer variables v that prescribe the well locations, and continuous variables

u that define the well controls.

87
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5.1.1 Binary Categorical MINLP Formulation

We first consider a formulation where in addition to the well placement and control
decisions, we also determine the optimal number of wells to drill, given a maximum
number of possible wells. This is accomplished by including binary categorical vari-
ables for each well. These ‘drill/do not drill” binary categorical variables, together
with the discrete well location and continuous well control variables, form the basis

for a mixed-integer nonlinear optimization problem.

We consider a waterflooding field development case, with a maximum number of wells
K, par some of which are specified to be injectors and some producers. The goal is to
determine the K < K,,,, wells to drill, along with their locations and controls, such

that we maximize NPV. This problem can be stated as:

( : all Atrciwqh (0, v)
wtiz, . ~NPV(pu,v,2) = Zl ziCj + ; Ao |
j
Ni\fp .0 Z Atk poqjk u,v) — cpwquc (U,V))]
J t /T )
j=Nr+1 <1 _'_ b) k/
<]5) subject to g (p,u,v,z) =0, (5.2)
c(p,u,v,z) <0,
Nr+Np
Z Zj S Kmaza
j=1

sz{O,l} ijl,...,N[—f—Np,

\

where C is the cost of drilling well j, NV, is the number of time steps in the reservoir
simulation, t; and At represent the time and time step size at time step k, b is
the fractional discount rate, 7 provides the appropriate normalization for ¢, (e.g.,
T = 365 days), ¢, and ¢, are the costs of injected and produced water, and p, is
the sale price of produced oil. The variables q] o qu;; and g7, are the rates of injected
and produced water and produced oil from well j in time step k. The binary variable
z; prescribes whether or not a well is drilled (the well is drilled when z; = 1 and not
drilled when z; = 0). We do not incur the well cost and there are no injected or

produced fluids for well j if z; = 0.



5.1. PROBLEM FORMULATION 89

5.1.2 Binary Categorical Variable Relaxation Approaches

Some of the optimization methods (specifically PSO, MADS and PSO-MADS) dis-
cussed in Chapter 2 can address the optimization problem (15) directly and do not
require categorical variable relaxations. Many other MINLP methods, however, such
as Branch and Bound (also discussed in Chapter 2), typically do require the relaxation

of the categorical variables.

L

Figure 5.1: Two-dimensional illustration of a discrete optimization surface and its
underlying continuous relaxation.

The main idea behind variable relaxation is illustrated in Figure 5.1. The dots in
the figure show feasible solutions for the integer programming (IP) problem, with
the red dots representing the integer-optimal solutions. The blue contours in the
figure denote the underlying continuous nonlinear programming (NLP) problem with
optimal solution depicted by the red star. Relaxing the integer problem entails solving
the underlying continuous NLP. Figure 5.1 shows a situation where a single continuous
global optimum is obtained from an integer problem with two local integer optima.
It is important to notice (consistent with the example in Figure 5.1) that simply
solving the continuous NLP and rounding the final solution to the nearest integer
point does not in general yield integer optimal solutions. Thus, relaxations must be

applied within a framework that judiciously combines the use of NLP solvers with a
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systematic search for integer solutions. Such a framework is provided by the Branch
and Bound (B&B) method.

We now describe two binary variable relaxation approaches for the MINLP problem
stated in (]3) The first approach is based on the linear constraints that correspond to
the well controls u. A relaxed optimization problem (pT) is obtained by eliminating
the restriction that the elements of z should be binary (i.e., z; € {0,1} V j =
1,...,N;+ Np), and replacing the continuous well control bound constraints, u; <

u < u,, with the following linear constraints:

Uy < U < uy + 25 (uuj _Ulj) Vel
qu+2j (ulj —qu) S Uj S uuj \V/] € P,
0< z <1 VjelUP, (5.3)

where [ and P refer to the sets of injection and production wells, respectively. With
this relaxation, for an injection well j, as z; approaches zero, the well controls u;
approach the lower BHP bound, effectively shutting off the well (provided the lower
BHP bound is close to the well-block pressure). On the other hand, as z; approaches
one, the well controls can vary fully between the lower and upper bounds. The bounds
for production wells are modified analogously. It should be noted that the drilling

costs in the objective function in (P) are scaled consistent with z; being a real-valued

variable.

The second binary relaxation approach considered in this work entails modification
of the well index. For multiphase flow between well-block ¢ and well j (which is

perforated in block i), the well rate qf for phase p is now given by:
Q? = [Zj WIij] /\f (pi - pj) ) (5-4)

where W1;; is the well index for well j in block i, A? is the mobility of phase p in
block i, p; is the grid-block pressure, and p; is the BHP for well j (note that capillary
pressure effects are neglected). It is evident that, as z; varies from 0 to 1, the ‘effective’
well index (and hence gf) varies in accordance. This second relaxation is simpler than

the first from an optimization perspective since there are no additional constraints.
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5.1.3 Ternary Categorical MINLP Formulation

Given a maximum number of injection and production wells, in addition to optimizing
the well locations and controls, the binary MINLP formulation above optimizes the
number of wells by selecting a subset of wells to be drilled. In order to also optimize
the well type and drilling schedule, we extend this formulation and create a ternary
categorical MINLP formulation. The categorical variable now associated with each
well can take values of {—1,0,1}. These three values correspond to drilling an in-
jection well (-1), not drilling (0), and drilling a production well (1). Note that we
have introduced a logical ordering in this categorical variable, which will be useful in
the optimization algorithm; i.e., not drilling can be interpreted as an action between
injecting and producing fluid from the reservoir. As in the binary MINLP formulation

above, we still need to specify the maximum number of wells to be drilled, K.

Additionally, the order in which the K., categorical variables appear in the decision
vector z determines the drilling sequence. Each of the K,,,, wells has a drilling time
t; associated with it. This time is specified by the user, and may be related to the
minimum amount of time needed to drill a well. Therefore, the well corresponding to
variable z; is drilled first, at time ¢;, the well corresponding to z, is drilled at time
t2, and so forth. If z; = 0, no action is taken at time ¢;. The optimization problem

can now be represented as:

"

X ‘Zj|0j il Atkczwq;ué (ua V)
min —NPV (p,u,v,z) = Z T Z N, —
uel, vev, z el (1 + b) 3l T — (1 + b) k/T
Z B |ZJ’CJ i Atk (pOQ;,k (11, V) - prQ?;::} (u’ V))
jeP (1 + b)tj/T k=1 (1 + b)tk/T ’

(P) subject to g (p,u,v,z) =0,

c(p,u,v,z) <0,
Kmaz

Z |Z]| S Kmaa:v
j=1

Zj € {_17071} Vi=1,..., Knaz,

\

(5.5)

where [ is the set of injection wells (wells for which z; = —1) and P is the set of
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production wells (wells for which z; = 1). With this formulation, the optimization
algorithm determines the optimal number of wells, drilling sequence, well type (injec-
tor or producer), well locations, and well controls (for a maximum of K,,,, wells). In
this work we do not consider relaxation schemes for this ternary categorical MINLP
formulation, and therefore we only optimize it using methods that do not require
relaxation. This is in part motivated by the fact that our implementation of B&B,
although robust in terms of performing a global search, is computationally expensive.
This is the case even for the binary MINLP formulation, which is somewhat simpler

than the ternary categorical problem.

5.1.4 Categorical Variable Treatments

Recall from Chapter 2 that the integer variables are handled by using an underlying
integer mesh for the MADS polling stencil and by rounding the PSO particles to
the nearest integer mesh point in PSO. The integer polling stencil works for integer
variables such as well locations where there is an inherent order in the variable values
and a well-defined neighborhood structure (e.g., 1 is closer to 2 than it is to 3). This
neighborhood structure is needed to guarantee convergence of the algorithms to an
optimal solution that is better than all other neighboring solutions. With categorical
variables, the integers do not necessarily have an implicit ordering or neighborhood
structure. With categorical variables that have more than two categories, it may
be difficult to define an appropriate neighborhood structure. Thus, even though we
can still treat the variables as simple integers during the MADS polling process, this

approach would introduce a heuristic component into the optimization.

A variant of this approach, which was implemented in this work, is to replace the
usual MADS integer polling stencil with a stencil that evaluates all of the categories
for each categorical variable. This is similar to a one-factor-at-a-time experimental
design approach [33]. Figure 5.2 illustrates this approach for a two-dimensional op-
timization problem with categorical variables z; (with six categories) and zo (with
eight categories). In the figure, the poll center is depicted by the red dot. Using the
standard approach, the MADS poll stencil at the current iteration might consider the
yellow points, with the point with the black dashed circle being the next poll center.
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Figure 5.2: Illustration of extended stencil for treatment of categorical variables dur-
ing polling in MADS and PSO-MADS.

With the proposed treatment, we replace the integer polling stencil with a stencil
that evaluates all of the categories coordinate-wise. This gives the stencil depicted by
the blue points. Note that this stencil does not suppose any neighborhood structure
since it simply evaluates all categories. The new poll center in this case will be the
blue point with the red dashed circle around it. We will show in Section 5.2.4 that for
problems with categorical variables, with more than two categories, the proposed ap-
proach on average outperforms the original integer mesh polling procedure. The new

approach will, however, be expensive for categorical variables with many categories.

5.2 Example Cases

The optimization methods and approaches described in Chapter 2 and Section 5.1
will now be applied to four example cases. In the first two cases, we utilize the
binary categorical formulation to optimize the number of wells and their locations
and controls. We assess the performance of standalone PSO, standalone MADS, the
PSO-MADS hybrid, and B&B with two different relaxation procedures. These first

two cases involve two-dimensional reservoir models. In the third case, we optimize
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the development of a three-dimensional reservoir model with vertical injection and
horizontal production wells. Due to the computational expense of running three-
dimensional simulations, only the PSO-MADS hybrid is applied. In the fourth case,
we additionally optimize the well type and drilling schedule using the ternary cate-
gorical formulation. PSO, MADS and PSO-MADS are considered for this case.

(a) Geological model used in Cases 1 and 4 (b) Geological model used in Case 2

Figure 5.3: Two-dimensional geological models used in Cases 1, 2 and 4 (log,, of per-
meability, with permeability in md, is shown). Some injection (blue) and production
(red) wells are also shown.

The geological models used in the examples are depicted in Figures 5.3 and 5.4. All
models correspond to fluvial depositional systems and were generated using SGeMS
[102]. The model in Figure 5.3(a), used in Cases 1 and 4, was also applied in [39, 40].
It contains 40 x 40 grid blocks and displays about two orders of magnitude variation
in permeability (a moderate degree of heterogeneity). The second model, used in
Case 2, is larger (100 x 100 grid blocks) and represents a complex channel-levee-
shale fluvial system. This model displays about four orders of magnitude variation in
permeability, and is thus referred to as highly heterogeneous. The three-dimensional
model (50 x 50 x 5) in Figure 5.4, used in Case 3, also represents a channel-levee-shale
fluvial system. For all of the models, areal permeability is isotropic, fluid relative
permeability curves are as shown in Figure 3.2, and porosity is constant at 20%.

Table 5.1 presents other simulation parameters common to all of the cases considered.
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(d) Layer 4 (e) Layer 5

Figure 5.4: Three-dimensional geological model used in Case 3 (log;, of permeability,
with permeability in md, is shown). Some vertical injection (blue) and horizontal
production (red) wells are shown.

Table 5.1: Simulation parameters common to all four example cases

Initial pressure p;, at datum 5080 psi at 8100 ft
Rock compressibility cg 0.5 x107 1/psi

Oil and water viscosity, p, and p,, at p; 1.20 and 0.325 cp

Oil and water density, p, and p,, 54.0 and 58.0 1bm /ft3

Formation volume factors, B, and B, at p; 1.00 RB/STB

5.2.1 Case 1: Development of a Moderately Heterogeneous

Channelized Reservoir

In this first case, we seek to optimize the field development and control plan for the
channelized reservoir depicted in Figure 5.3(a). The production time frame is 3000
days. We consider a single control period (this implies that the well BHP value is kept
constant throughout the complete production time frame). Additional simulation and

optimization parameters particular to this case are provided in Table 5.2.
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Table 5.2: Simulation and optimization parameters (Case 1)

Grid size 40 x 40

Grid cell dimensions 50 ft x 50 ft x 15 ft
Doy Cpw and Cyy $80, $36 and $18/STB
Well drilling cost $4 million per well
Fractional discount rate b6 0

Injection BHP range 6000 - 9000 psi

Production BHP range 2500 - 4500 psi
Max. water injection rate 270 STB/day
Min. oil production rate 200 STB/day
Max. fluid production rate 320 STB/day
Max. well water cut 0.5

The BHP ranges define the bound optimization constraints for the continuous well
controls (BHPs). The field level injection and production constraints, along with the
well water cut constraints, constitute the nonlinear optimization constraints, which
can only be evaluated after a reservoir simulation has been performed. Note that
the simulation parameters and constraint values were chosen to make the resulting
MINLP field development and control problem challenging to solve over the time
frame considered (3000 days). In practice, we might (for example) operate for longer

periods and use higher water cut constraints.

In this first example we initially do not consider the optimization of well placement.
Rather, we are given eight possible injection and production wells in the line drive
configuration depicted in Figure 5.3(a), and the goal of the optimization is to deter-
mine which of the eight wells to drill and how to control them. This optimization
entails solution of a MINLP problem with eight categorical binary variables (drill/do
not drill) and eight continuous control variables (well BHPs), for a total of 16 decision
variables. The problem is thus posed using a reduced version of the binary categorical

MINLP formulation presented earlier, with the well placement variables eliminated.

Since we have eight binary variables, there are 28 = 256 possible combinations of these
variables, meaning 256 possible well configurations. From a brute-force perspective,

this problem can be addressed by solving the 256 well control optimization problems
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that correspond to each of these configurations. We performed this exhaustive eval-
uation (using PSO-MADS for each of the 256 optimization runs) in order to better
assess the results obtained with our MINLP algorithms. Of the 256 configurations
assessed, only 16 yielded feasible solutions (i.e., optimal controls that satisfy all of
the constraints in Table 5.2).

Table 5.3: Best three well configurations and their associated NPVs (Case 1, wells at
fixed locations) obtained after exhaustive search
Ranking Well Configuration NPV [$ MM]

1 19.22
2 15.58
3 15.45

The best three (in terms of NPV) of the 16 feasible well configurations are shown in
Table 5.3. The best configuration has a categorical variable solution z = [1 0 1 0] for
the production wells and z = [1 0 0 1] for the injection wells. This corresponds to the
well configuration shown in the first row of Table 5.3. From our exhaustive search re-
sults, we see that the optimal MINLP solution for this problem is a four-well solution
with two producers and two injectors, yielding an optimal NPV of $19.22 million.

Assuming that we are indeed finding the global optimum (or a solution ‘close’ to this
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optimum) for the well control optimization problem corresponding to each configura-
tion of the eight binary variables, we would expect that the best configuration shown
in Table 5.3 represents the integer component of the global optimum of the MINLP

problem under consideration.

With the results of the exhaustive search as a reference, we now assess the performance
of the optimization techniques presented earlier. The standalone PSO and the PSO
stage in the PSO-MADS hybrid are run with a swarm of 30 particles (thus each
PSO iteration requires a maximum of 30 reservoir simulations; fewer if previously
evaluated points have been saved). The standalone MADS and the MADS stage
of PSO-MADS use polling stencils with 32 points (meaning each MADS iteration
entails a maximum of 32 reservoir simulations), which is twice the total number of
optimization variables. The PSO, MADS and PSO-MADS algorithms are run five
times each, starting from different initial guesses. The initial well configuration for
the first run is as shown in Figure 5.3(a) (the eight binary categorical variables are
all equal to one, meaning that all of the wells are drilled), while the other four runs
used randomly generated initial combinations. The B&B runs are performed with
the initial guess as shown in Figure 5.3(a), with the linear constraint (LC) relaxation
and the well index (WI) scaling relaxation, and using PSO-MADS for solution of the
relaxed problems at each B&B node. The B&B problems are each solved only once

due to the high computational cost.

The optimization results for the different methods are summarized in Table 5.4. In
the last column, for PSO, MADS and PSO-MADS, the upper NPV indicates the best
optimum found in the five runs, and the lower value is the average over the five runs.
In terms of <NPV >, we see that PSO-MADS consistently outperforms the standalone
procedures. Both B&B runs found the four-well configuration shown in Table 5.3 and
the (presumed) global optimum. All five PSO-MADS runs also obtained the four-well
configuration, but the standalone MADS and PSO runs each found this configuration

in only two of the five runs performed.

The second column in Table 5.4 indicates the number of iterations per run (recall
that PSO, MADS and PSO-MADS were run five times each, and the B&B runs were

performed once). In the third column of the table, we see the average number of
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Table 5.4: Optimization results from different methods (Case 1, wells at fixed loca-
tions)

Iterations Stmulations Best well NPV onax
Method or TUn (equiv. sims) confieuration <NPV>
P per run & [$ MM]

PSO 100 2423 (100) i“ <11‘22§>
MADS 68 1869 (68) i“ <112?)§>
PSO-MADS 114 2316 (114) Jﬂ : i <113'212>
B&B, LC 1059 23301 (1059) Jﬂ ¥ i 19.22
relaxation 05
B&B, WI 1329 31746 (1329) i ) 19.22
relaxation 03




100 CHAPTER 5. RESULTS FOR GENERALIZED FIELD DEVELOPMENT

simulations per run, together with the equivalent number of simulations (which ac-
counts for parallelization) per run in parentheses. Note that, since the swarm size in
PSO is comparable to the stencil size in MADS (in both methods around 30), the
computational cost associated with each iteration of these algorithms (and also of
PSO-MADS) is comparable and equivalent to around 30 simulations. Since B&B uti-
lizes PSO-MADS as its basic optimization method (NLP solver), every B&B iteration
also requires a similar computational cost. The elapsed time is essentially propor-
tional to the number of equivalent simulations. Since we fully distribute computations
on 32 cores for this case, the number of equivalent simulations is equal to the number
of iterations. The actual elapsed time would presumably be slightly greater due to

communication time and any inefficiencies related to the parallel implementation.

The global search capability of PSO may explain why the PSO-MADS method out-
performs MADS on average. Even though the best MADS run does find the optimal
well configuration, it apparently gets trapped in a local optimum, and does not con-
verge to the control values that yield an NPV of $19.22 million. It is worth reiterating
that both B&B runs identify the best well configuration, as might be expected given
the thorough search they perform. However, the computational cost of B&B is sig-
nificantly higher than that of PSO-MADS, even for this relatively simple problem.

We next consider a variation of the previous example. In this case we also include the
well location variables in the optimization. The problem now contains a total of 32
optimization variables. The size of the swarm for PSO, and the PSO stage of PSO-
MADS, is increased to 50 particles. The maximum number of poll points in MADS is
64 (2n). We again perform five runs from different initial guesses for the PSO, MADS
and PSO-MADS, and one run each for B&B with LC and WI relaxations.

The progression of the optimizations (for PSO, MADS and PSO-MADS) is shown in
Figure 5.5. Prior to the appearance of the curves in the figure, solutions are infeasible.
The optimization results for this case are summarized in Table 5.5. The fourth column
in this table shows, for each of the different methods, the well configuration from the
run with the highest final NPV. The well locations in all cases clearly differ from those
in the previous case. It is apparent that, by allowing the wells to move, the highest
NPV (obtained using B&B with WI relaxation) increases by 68%, from about $19
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Figure 5.5: Evolution of mean NPV for the five PSO, MADS and PSO-MADS runs
(Case 1).

million (Table 5.4) to $32 million. Additionally, the best configuration is now a three-
well solution (two injectors and one producer) instead of a four-well solution. We again
see that the PSO-MADS algorithm outperforms its component methods, and that it
is competitive in terms of solution quality with the B&B approaches (within 0.6% of

the best B&B solution), while requiring considerably less computational effort.

It is of interest to note that the two B&B runs (which use different binary variable
relaxations) perform very differently in this case. While B&B with W1 relaxation finds
a configuration similar to that from PSO-MADS, the B&B solution obtained with
LC relaxation contains an additional production well. Furthermore, B&B with LC
relaxation terminates the search after using only about 1/8 the number of iterations
used by B&B with WI relaxation. This difference may be due to the fact that the WI
relaxation introduces a nonlinear relationship between the binary variables z; and the
cost function and constraints, while in the LC relaxation, the dependence is only in
the constraints and it is linear. The additional nonlinearity associated with the WI

relaxation may complicate the search.
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Table 5.5: Optimization results from different methods (Case 1, well locations in-

cluded in the optimization)

Iterations Simulations Best well NPVinax
Method or TUn (equiv. sims) confieuration <NPV>
P per run & [$ MM]
i 30.89
PSO 100 4963 (100) i e
. 25.43
MADS 122 7401 (122) i o 00
bl
' 31.85
PSO-MADS 104 4419 (104) i 5%.90-
o |
B&B, LC 1001 42357 (1001) ? 3 i ) 30.21
relaxation 35 s
B&B, WI 8450 324526 (8450) 3 i 32.03
relaxation B
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The new linear constraints that arise in the LC relaxations are handled by means of
the filter method. Because the filter approach was devised for general constraints,
this treatment may cause the optimization algorithm to perform suboptimally. The
inclusion of linear constraints in MADS using the approach described in [71] will
likely enhance the performance of the B&B method. Although the careful treatment
of these linear constraints may improve B&B performance, we still expect it to require

significantly more function evaluations than the other methods.

Figure 5.6 displays simulation results from the best solution found by any of the
methods (B&B with WI relaxation). Figure 5.6(a) demonstrates the high degree
of reservoir sweep achieved with the optimal well configuration and BHP controls.
Figures 5.6(b) and 5.6(c) show the optimal well BHP profiles. The optimization
procedure places the wells far enough apart that the optimal BHP controls, which do
not vary in time since this example involves only a single control period, are at the
bounds. These well BHPs result in the optimal injection and production rates shown
in Figures 5.6(d) and 5.6(e). It is evident that the field-level constraints for water
injection and oil production (depicted by the dashed red lines in Figures 5.6(d) and
5.6(e)) are indeed satisfied at all times.

5.2.2 Case 2: Development of a Highly Heterogenous

Channelized Reservoir

In the second example, we consider the reservoir model shown in Figure 5.3(b). As in
Case 1, the production time frame is again 3000 days, but we consider three control
periods of 1000 days each (implying that we set the well BHPs at the start of the
run, at 1000 days and at 2000 days). The field development in this case can include a
maximum of five injectors and five producers. We seek to optimize the number of wells
(subject to these maxima) along with their corresponding locations and controls. The
ten possible wells imply ten binary variables, 20 areal (z,y) well location variables and,
since we include three control periods per well, 30 well control variables. Therefore,
the total number of optimization variables is equal to 60. In addition to the simulation
parameters presented in Table 5.1, we also have the simulation and optimization

parameters, including bound and nonlinear constraints, shown in Table 5.6.
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Figure 5.6: Simulation results from the solution obtained with B&B with WI relax-
ation (Case 1, with well locations optimized), showing the final oil saturation map,
well BHPs, and field rates with constraint limits (red dashed lines).
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Table 5.6: Simulation and optimization parameters (Case 2)

Grid size 100 x 100

Grid cell dimensions 50 ft x 50 ft x 15 ft
Doy Cpw and Ciy $80, $10 and $5/STB
Well drilling cost $5 million per well
Fractional discount rate b6 0

Injection BHP range 6000 - 9000 psi

Production BHP range 1500 - 4500 psi
Max. water injection rate 1200 STB/day
Min. oil production rate 500 STB/day
Max. fluid production rate 1200 STB/day
Max. well water cut 0.8

The PSO and PSO-MADS algorithms use the same PSO parameters as in Case 1
except for the swarm size, which is now set to 80 particles. The MADS polling stencil
size in this example is equal to 120, since there are 60 optimization variables. All of
the runs were parallelized using 40 computer cores. Therefore, one iteration of MADS
is equivalent in elapsed time to about three simulation runs, and one iteration of PSO
to about two simulation runs. The PSO, MADS and PSO-MADS methods are run
five times each, starting from different initial guesses. The configuration shown in

Figure 5.3(b) represents one initial guess; the others are randomly generated.

The optimization results for this case are summarized in Table 5.7, while the progress
of the PSO, MADS and PSO-MADS algorithms for this case are shown in Figure 5.7.
The fourth column of the table displays the well configuration for the run with the
highest objective function value. We see again that the PSO-MADS hybrid outper-
forms its component methods and yields solutions, in terms of objective function,
comparable to those obtained with B&B. Consistent with our previous finding, PSO-
MADS requires considerably less computational effort than the more rigorous B&B

approaches.

As was observed in the results for the second test in Case 1, B&B with LC relaxation
terminates the search after many fewer iterations than B&B with WI relaxation. We
also see that the best PSO-MADS configuration and the optimal B&B configurations

are very different from one another but still have about the same NPV. This is
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Table 5.7: Optimization results from different methods (Case 2)

Tterati Simulations Bost well NPV nax
Method eéf;;);ls (equiv. sims) confi ure;tion <NPV>
P per run & [$ MM]
L 156.6
PSO 200 15580 (400) ﬂ li0ae
H N
N 164.4
MADS 231 26089 (693) & s
N Y 174.3
PSO-MADS 157 12046 (381) - 6L
B&B, LC 4496 372254 (11958) b o ﬂ 172.2
relaxation Dty
/N
B&B, WI 25238 2353822 (72649) e 171.7
relaxation N
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Figure 5.7: Evolution of mean NPV for the five PSO, MADS and PSO-MADS runs
(Case 2).

consistent with our expectation that the objective function surface is very complex,

with multiple local optima.

Figure 5.8 displays simulation results for the best solution found using PSO-MADS.
It is important to note that this case is more challenging than Case 1 because per-
meability variation is much greater here, which makes it more difficult to achieve
complete reservoir sweep. Nonetheless, the optimization procedure places three wells
(two injectors and one producer) in the locations shown in Figure 5.8(a), with op-
timized BHP controls as shown in Figures 5.8(b) and 5.8(c), such that the oil in
the channel and levee sands is produced. The resulting field water injection and oil
production rates, together with their constraint limits, are shown in Figures 5.8(d)
and 5.8(e), where it can be observed that the constraints are satisfied at all times.
From the rate plots, the effects of the changes in well BHPs at 1000 and 2000 days

are evident.
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Figure 5.8: Simulation results from the best solution obtained with PSO-MADS (Case
2), showing the final oil saturation map, well BHPs, and field rates with constraint
limits (red dashed lines).
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5.2.3 Case 3: Development of a 3D Channelized Reservoir

This example involves the development of the three-dimensional reservoir model de-
picted in Figure 5.4. The production time frame for this case is 1500 days. There
are three control periods of 500 days each. The options for field development include
drilling a maximum of three vertical injection wells and three horizontal production
wells. The horizontal wells are constrained to be drilled in the y-direction. The binary
categorical variable formulation is utilized to decide which wells to drill. In addition
to the areal location of each vertical injection well, the completion interval for the
well is also optimized. Thus for each vertical well, we have four location variables: x
and y areal variables and the completion interval defined by the first and last layers
in which the well is open to flow (I; and ly). For each of the horizontal production
wells, we also have four location variables (z areal variable, the layer { in which the
well is drilled, and y; and y, defining the start and end of the well). The optimization
variables associated with the vertical injection and horizontal production wells are
illustrated in Figure 5.9. With the three BHP control periods for each well, there
are a total of 48 optimization variables in this example (one binary categorical, four

location and three control variables for each of the six possible wells).

Figure 5.9: Well location variables associated with vertical injection (blue) and hori-
zontal production (red) wells (Case 3).
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Table 5.8: Simulation and optimization parameters (Case 3)

Grid size 50 x 50 x 5

Grid cell dimensions 100 ft x 100 ft x 15 ft
k,/ky ratio 0.1

Doy Cpw and cjy, $80, $10 and $5/STB
Well drilling cost $80 million per well

Vertical completion costs $10000/ft
Horizontal completion costs $12000/ft

Fractional discount rate b 0
Injection BHP range 6000 - 9000 psi
Production BHP range 1500 - 4500 psi

Max. water injection rate 30000 STB/day
Min. oil production rate 10000 STB/day
Max. fluid production rate 30000 STB/day
Max. well water cut 0.75

In addition to the simulation parameters presented in Table 5.1, this case also includes
the simulation and optimization parameters shown in Table 5.8. Note that there are
now additional per-foot drilling, completion and perforation costs for vertical and
horizontal wells, in addition to the drilling cost associated with reaching the top of
the reservoir. For this example case, we perform the field development optimization
using only the PSO-MADS hybrid. The swarm size for the PSO stage is 50, and
the number of MADS poll points per iteration is 96. As in the Case 1 examples,
these function evaluations are fully parallelized. The PSO-MADS optimizer is run
five times, starting from different initial guesses. In the first initial guess, the well
configuration is as shown in Figure 5.4, where we have three fully penetrating injection
wells and three short horizontal producers drilled in the middle layer. The well
controls for this initial guess are set to 3000 psi for the producers and 7500 psi for the
injectors. The other four initial guesses were randomly generated within the bounds

of the problem.

Table 5.9 presents the NPVs for the initial guess and optimized solutions for the five
PSO-MADS runs. The evolution of the average objective function over the five runs
is shown in Figure 5.10. It should be noted that all initial guesses are infeasible, while

all of the optimized solutions are feasible. Table 5.9 also shows the number of vertical
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Table 5.9: Initial and final NPVs from five PSO-MADS runs (Case 3, best values
are italicized). Number of injection and production wells for each run shown in
parentheses

Run Initial NPV [$ MM] Total Optimized NPV [$ MM]
# (# injectors, # producers) iterations (# injectors, # producers)
1 586 (3,3) 213 1224 (2,1)
2 408 (2,2) 215 1157 (1,1)
3 -149 (0,2) 250 1111 (2,2)
4 58 (1,1) 235 1177 (2,1)
5 349 (2,2) 201 1217 (3,1)
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Figure 5.10: Evolution of mean NPV for the five PSO-MADS runs (Case 3).

injection and horizontal production wells, together with the number of total iterations
required in each optimization run. The results in this table illustrate the effectiveness
and robustness of the PSO-MADS algorithm in obtaining reasonable solutions, even
starting from poor initial guesses. The three best solutions, in terms of NPV, contain

one production well and two to three injection wells, suggesting that a three to four

well configuration is optimal.
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Figure 5.11: Best PSO-MADS solution, showing well locations and BHP profiles
(Case 3).

Figure 5.11 presents the best PSO-MADS solution (Run 1). The locations of the two
injection wells and one production well are shown Figures 5.11(a) to 5.11(e), and their
BHP controls are displayed in Figures 5.11(f) and 5.11(g). Injector 2 is completed in
the first four layers of the reservoir (note that it does not appear in Figure 5.11(e)),
while Injector 3 penetrates all layers. Producer 1 is drilled in layer 1 along the left
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side of the reservoir. The optimized well configuration thus entails waterflooding from

right to left through the reservoir.
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Figure 5.12: Simulation results from best PSO-MADS solution (Case 3), showing
final oil saturation maps and field rates with constraint limits shown as red dashed
lines.

Figure 5.12 displays simulation output for the best PSO-MADS solution. Figures 5.12(a)

to 5.12(e) show the final oil saturation maps for the five layers of the reservoir. These
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maps illustrate the effective right-to-left sweep. Figures 5.12(f) and 5.12(g) present
the resulting field rates, together with their constraint limits. Only two constraints

are shown, but all specified constraints are satisfied by all of the optimized solutions.

5.2.4 Case 4: Full Field Development of a Moderately

Heterogenous Channelized Reservoir

In this example, in addition to determining the optimal number of wells together with
their locations and controls, we will also optimize the well type and drilling schedule
using the ternary MINLP formulation. The ternary variable for each well specifies
if the well is drilled as an injector, a producer, or not drilled at all. Each of these
ternary variables has an associated predefined drilling time, ¢;. As in Cases 1 and 2,
the production time frame for this reservoir is 3000 days. However, here we consider
nine control periods (the first eight are 210 days each and the last is 1320 days).
Although the geological model is the same as in Case 1 (see Figure 5.3(a)), some of
the optimization parameters have been modified, as noted in Table 5.10 (e.g., a 10%

discount rate is now used in the NPV calculation).

Table 5.10: Simulation and optimization parameters (Case 4)

Grid size
Grid cell dimensions
Do, Cpw and Ciw

40 x 40
50 ft x 50 ft x 15 ft
$80, $36 and $18/STB

Well drilling cost $4 million per well
Fractional discount rate b 0.1

Injection BHP range 6000 - 9000 psi
Production BHP range 2500 - 4500 psi
Max. water injection rate 600 STB/day
Min. oil production rate 50 STB/day

Max. fluid production rate 600 STB/day
Max. well water cut 0.5

The maximum number of wells that can be drilled is equal to eight, which means
we have eight ternary categorical variables. There are nine control periods per well,
and the start times for the first eight periods coincide with the eight possible drilling

times ¢;. Thus a well can be drilled, if needed, every 210 days. Since there are two
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areal location variables per well, this problem would appear to have a total of 96
optimization variables. However, before well j is drilled, its controls for times before
t; are immaterial and are fixed to shut-in values. Therefore, the actual number of

optimization variables that must be determined is 68.

Because the B&B relaxations used in the first two example cases are not directly ap-
plicable to the ternary variables present in this example, and because of the high com-
putational cost associated with the B&B algorithms, we consider the use of MADS,
PSO and PSO-MADS in this case. We apply PSO-MADS with both the standard
MADS stencil and the extended categorical stencil discussed in Section 5.1.4. We
note, however, that if finding the best solution is of paramount importance regardless
of the computational cost, then B&B should also be considered. The swarm size in
PSO and PSO-MADS, and the stencil polling size in MADS and the hybrid method,
are now equal to 50 and 136, respectively. We distribute function evaluations over
70 computer cores. Thus, as in Case 2, one iteration of PSO (for which elapsed
time is equivalent to one simulation) is less expensive than one iteration of MADS
(elapsed time equivalent to two simulations). The four methods are run five times

each, starting from different initial guesses.

207
15¢
:
®. 10y
N
& 5
Z PSO
ol —MADS
— PSO-MADS
—PSO-MADS+EC$S
_5 I T T )
0 10 20 30 40

Number of simulations [thousands]

Figure 5.13: Evolution of mean NPV for the five PSO, MADS, PSO-MADS and
PSO-MADS+ECS (extended categorical stencil) runs (Case 4).
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Table 5.11: Optimization results from different methods (Case 4)

. Simulations . NPV ax
Method Ite;filsrris (equiv. sims) Best ;;eél Sceoriiilél(;atlon <NPV>
P per run d [$ MM]

1
o m e
1.5
-1
MADS 210 27124 (420) y i‘;éﬁ;
1.5
1
PSO-MADS 178 19658 (296) <1131'17?())>
PSO-MADS
with |
extended 297 30752 (534) y <12§2>
categorical ' :
stencil 0

The progress of the four optimization algorithms is shown in Figure 5.13. The op-
timization results are summarized in Table 5.11. The fourth column in the table
indicates the well configuration from the run with the highest NPV, with the wells
numbered according to their place in the drilling sequence (note that in the previ-

ous cases, the well numbers just indicated well names). For example, for the best
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PSO-MADS solution, the producer labeled 1 is drilled first, followed by the injector
labeled 2, etc. The results in Table 5.11 again show that the PSO-MADS hybrid
method outperforms its component methods both in terms of average performance
and the best solution obtained from the five runs. It is interesting to note that all
of the solutions shown in Table 5.11 have a production well drilled first, to begin oil
extraction as soon as possible, and an injection well drilled second to provide pres-
sure support, which seems intuitively reasonable. The best method, both in terms of
average performance and maximum NPV obtained, is PSO-MADS with the extended
categorical stencil. This result validates the extended stencil idea for variables with

multiple categories where a neighborhood structure is not evident.
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Figure 5.14: Best solution obtained using PSO-MADS with extended categorical
stencil (Case 4).
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Figure 5.14 presents simulation results for the optimization solution from the best
PSO-MADS with extended categorical stencil run. In Figure 5.14(b), we see oil
production from Producer 1, drilled at the beginning of the production time frame,
quickly decline due to decreasing reservoir pressure. Pressure support is provided at
210 days when the second well (Injector 2) is drilled (see Figure 5.14(c)). Production
from Producer 1 then increases, and additional support is provided by Injector 3,
which is drilled at 630 days. Producer 4 is drilled at 840 days to drain the oil
in the lower right portion of the reservoir model. Oil production decreases, though
relatively slowly, at later times. The reservoir sweep at the end of the run is displayed
in Figure 5.14(a).

This example demonstrates that, using the ternary MINLP formulation for petroleum
field development and control introduced in this work, along with our PSO-MADS
hybrid implementation with extension for categorical variables, we are able to simul-
taneously optimize the well configuration (number of wells, well type and locations),
the drilling sequence, and the well controls. Thus the methodology presented here

appears to be applicable for complicated and realistic field management decisions.

5.3 Summary

In this chapter we applied the general procedures described in Chapter 2 to simulta-
neously determine the optimal number and type of wells, their drilling sequence, and
the corresponding well locations and controls (e.g., time-varying BHPs). The field
development and control problem was posed as a mixed-integer nonlinear program-
ming (MINLP) problem with (binary/ternary) categorical variables, integer-valued
(‘pseudo-continuous’) location variables, and real-valued control variables. We also

introduced an extended MADS stencil for the categorical variables.

Four example cases were presented. Two different categorical variable relaxation
treatments were considered in the B&B procedures that were applied in the first two
cases. In these cases, the PSO-MADS hybrid algorithm was found to outperform
its component methods (standalone PSO and MADS) in all aspects. In addition,
although it contains some heuristic components, PSO-MADS provided solutions that
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were comparable, in terms of NPV, to the solutions obtained with B&B, a method that
performs a systematic categorical variable search. The computational cost associated
with PSO-MADS was in both cases significantly less than that for B&B. In the third
case, the PSO-MADS hybrid was used to optimize field development for a three-
dimensional model that contained vertical injection and horizontal production wells.
The optimizer obtained a solution with two injection wells and one production well,
while satisfying all specified constraints. In the last case, we optimized the number of
wells to be drilled, their type and drilling schedule, in addition to the well locations
and controls. For this case, we applied the standalone PSO and MADS algorithms, the
PSO-MADS hybrid used in the previous examples, and a new PSO-MADS algorithm
with an extended categorical stencil. This new PSO-MADS hybrid was shown to

provide the best performance for this general and challenging case.

Due to its solid theoretical foundations and exhaustive search capabilities, B&B may
still be an attractive choice for these problems. The performance of the two B&B
relaxation procedures considered in the first two cases differed significantly, especially
in terms of computational cost. This emphasizes the importance of the choice of cat-
egorical variable relaxation in B&B formulations, and suggests that other treatments
should be developed and assessed. In addition, the applicability of other MINLP
solution approaches, such as outer approximation [18], which requires gradient infor-

mation, should be considered for the generalized field development problem.
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Chapter 6
Biobjective Field Development

In field development and production planning, as in many other real-world engineering
problems, decisions can involve multiple, possibly conflicting, criteria. Two different
objectives are considered to be conflicting if designs or control schemes that improve
one objective worsen the other. The goal of optimization with multiple conflicting
objectives is to generate the so-called Pareto front, which is a representation of the
optimal trade-off between the different objectives. This leads to multiobjective opti-
mization, where instead of optimizing a singe objective f, as in the general MINLP

problem (P) in (2.1), we optimize the vector f as follows:

minf (x) = [fi (%), 2 (%), fo (%), (6.1)

xeN

where L is the number of objectives. Note that x, used here to simplify the presen-
tation, consists of discrete and continuous variables and replaces (u, v,z) in (2.1). In
this work we focus on formulations for optimizing just two objectives, i.e., we treat
the biobjective optimization problem, though much of our discussion is also relevant

for multiobjective optimization.

Similar to the filter method, described in Section 2.2.2, in multiobjective optimization,
optimal solutions are selected based on Pareto dominance. The dominance relation
[126] states that when comparing two points x, and X,, X, is said to dominate x,
(written as x, < xp) if and only if f;(x,) < fi(xy) Vi € {1,2,...,L}, with at

least one of these being a strict inequality. This dominance relation provides the

121
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definition of the Pareto optimal solutions for the multiobjective problem. The set of
nondominated points Xp that dominate all of the other points in the feasibility region
of the problem defines the Pareto front Yp (in our notation X indicates points in the

parameter space and Y indicates the mapping of those points to the objective-function

space).
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Figure 6.1: Tllustrations of biobjective Pareto fronts (in red) from optimizations with
conflicting and nonconflicting objectives. Green points indicate solutions computed
during the optimization.

Figure 6.1 presents biobjective minimization results for problems with nonconflicting
and conflicting objectives (these results are obtained using the procedure described
later in this chapter). In these plots, the green points approximate the range of each
problem (objective function values of points in the feasible region of the parameter
space or domain) and the red points depict the nondominated points in objective
space, which approximate the Pareto fronts for these problems. In Figure 6.1(a) we see
that the objectives are not conflicting because solutions that improve f; generally also
improve fy. Thus we could have optimized one of the objectives and the results would
be near-optimal for the other objective. As a result, we have a very small Pareto front
in this case. In Figure 6.1(b), by contrast, there is conflict between the two objectives
since, in general, solutions that improve f; worsen fs. This results in an extensive
Pareto front over the range of the problem. We next describe solution approaches for

multiobjective optimization problems that can be used to obtain Pareto fronts.
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6.1 Solution Approaches

As noted in Section 1.1.5, where we provided a brief review of multiobjective op-
timization approaches, there are two broad classes of approaches. The first type
of treatment requires an aggregation of the multiple criteria into a single objective.
Then a single-objective optimization algorithm is used to obtain a single Pareto point
that satisfies designer preferences. Here we focus on the second class of approaches,
which attempt to obtain the entire Pareto front. We present two methods in this
second class, a linear weighting method and a single-objective product formulation.
We then present a BIPSOMADS algorithm, which involves the single-objective prod-
uct formulation and is based on the BIMADS method of Audet et al. [10], but uses
PSO-MADS instead of MADS as the core optimization algorithm.

6.1.1 Linear Weighting Method

In the linear weighting method (LWM), the multiobjective optimization problem in
(6.1) is converted to a single-objective problem that involves a convex combination

of the objectives:

min Z w; fi (%), (6.2)

where w;, for all © = 1,2,..., L, are weights such that ZiLzl w; = 1. Any optimal
solution of (6.2) is a Pareto optimal solution of (6.1). Therefore, LWM attempts to
generate the Pareto front by solving (6.2) for different weight combinations. There
are, however, two drawbacks to this approach. The first is that even using uniform
distributions of the weight combinations, we often obtain clustered Pareto points
rather than the desired uniform distribution of points along the Pareto front. The
second concern with LWM is that it cannot produce Pareto points in the nonconvex

part of the front, which means portions of the solution are not computed.
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These drawbacks can be illustrated with the following biobjective example:

(21— 2)" + (z — 1)* +2

min f(x) = )
933'1 — (.1’2 — 1)
subject to:
i+ xd <225,
1 — 31’2 S —10,
—20 < zq, o < 20. (6.3)
207 : 200 w
Problem range
100 — True Pareto front
10 O LWM approximation ||
~~ Or
0 \Eg,
-100+
_10,
-200
_2% i i i i -
=20 -10 0 10 20 0 100 200 300
X ()
(a) Design space (feasible domain) (b) Objective space (range)

Figure 6.2: Results of LWM for the analytical biobjective optimization problem in
(6.3), showing the true Pareto front (blue line) and LWM approximation (blue circles).

Figure 6.2 shows the results of optimizing (6.3) using LWM. Every point in the feasible
design space depicted in Figure 6.2(a) has a corresponding point in the objective
function space shown in Figure 6.2(b). In obtaining the LWM Pareto approximation,
we optimize F' (x) = wfi (x) + (1 —w) fa (x), subject to the constraints in (6.3), by
setting w = 0,0.1,0.2,..., 1. The LWM Pareto points in Figure 6.2(b) are obtained by
solving the aggregated single-objective problem using the SQP optimization algorithm
in MATLAB® (fmincon function [86]). This figure clearly shows the drawbacks of
LWM. Specifically, we see the nonuniform distribution of the generated Pareto points

even when w is varied uniformly, and the lack of points in the nonconvex front section.
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6.1.2 Single-objective Product Formulation

There are several alternate formulations that avoid the drawbacks associated with
LWM (see [10] for a brief review of such methods). One such approach, which is the
method considered here, solves multiobjective problems through a series of so-called
single-objective product formulations (SOPFs). With this approach, each single-
objective optimization problem requires the identification of a reference point r in the
objective space. The idea is to place r in the interior of the objective space, and to
then generate points that dominate r such that the distances between these generated
solution points and r are maximized. These solution points can only extend as far as
the boundary of the feasible region and thus can identify subsets of the Pareto front.
By varying the position of r, different subsets of the Pareto front can be generated.

The method proceeds until the entire front is identified.

In SOPF, the problem in (6.1) is replaced with

min ¢y (x) = — [ [ (max{(r; — fi (x)),0})*, (6.4)

xeN
=1

where r € R’ is the reference point in objective space. By varying r, we solve a
sequence of problems that correspond to different v, (x). The first two optimizations

performed consider each objective individually.

The biobjective optimization procedure based on SOPF, described more formally in
Section 6.2, is illustrated in Figure 6.3 for the simple problem introduced in (6.3).
Figure 6.3(a) illustrates the first iteration of the procedure where the first objective
function f; is minimized, using PSO-MADS. All of the feasible points that are eval-
uated during this optimization (in green), as well as the set of nondominated points
(in red) which provide the current approximation of the Pareto front, are shown in
the figure. The nondominated point with the smallest f5 value is chosen as the initial
guess for the second iteration of the biobjective optimization procedure. This second
iteration entails minimizing f5, again using PSO-MADS. The evaluated points and

the Pareto approximation at this stage are shown in Figure 6.3(b).
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Figure 6.3: Ilustration of BIPSOMADS minimization procedure using SOPF and a
reference point r, for the problem presented in (6.3).

After the first two iterations (minimizing f; and then f5), each subsequent iteration
involves identifying a reference point r followed by the solution of a SOPF problem

(minimizing 1.). The SOPF corresponding to (6.3) is:

min —(max{r, — (z; — 2)> — (x5 — 1) — 2,0})?(max{ry — 9z, + (25 — 1)*,0})?,
subject to: 3 + x5 < 225, x; — 3z, < —10, —20 < 1z, 9 < 20. (6.5)

The reference point at each SOPF iteration is chosen such that the sparsest portion

of the current approximation of the Pareto front is in the dominance zone of r (region



6.1. SOLUTION APPROACHES 127

of objective space with solutions that dominate r). Within the dominance zone of r,

(6.5) can be expressed as:

min —(ry — (x; — 2)° — (23 — 1) — 2)%(ry — 921 + (22 — 1)°)2,
subject to: x? + 23 < 225, 2, — 3z < —10, —20 < 1, x5 < 20. (6.6)

This minimization seeks points that dominate r and are as ‘far’ from r as possible.
Solving the SOPF (using PSO-MADS) with r selected as shown in Figure 6.3(c) yields
the new Pareto points displayed in Figure 6.3(d). Thus after three PSO-MADS runs
(from the three iterations of the biobjective procedure), a reasonable approximation of
the true Pareto front has been generated. In order to obtain a better approximation of

the front, additional PSO-MADS runs, using different values of r, must be performed.
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Figure 6.4: Results for SOPF (using BIPSOMADS) and LWM for the biobjective
optimization problem (6.3), showing the true Pareto front (blue line), LWM approx-
imation (blue circles) and BIPSOMADS Pareto front after three PSO-MADS runs
(red diamonds).

Figure 6.4 shows the Pareto fronts computed using LWM and the BiPSOMADS
algorithm. It is evident from Figure 6.4(b) that by solving a series of SOPF problems,
we obtain a much better Pareto front than was obtained using LWM. We now describe
BiPSOMADS in detail.
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6.2 BiPSOMADS Algorithm

In this work, our focus is on problems with two objectives. Here we present a detailed
description of the algorithm for solving a series of SOPF's in which the location of r
is systematically varied to generate the Pareto front in a biobjective problem. The
algorithm presented is essentially the same as BIMADS introduced by Audet et al. [10]
except we use PSO-MADS instead of MADS to solve the single-objective subproblems
(note that we could also use standalone PSO or MADS in our implementation). PSO-
MADS handles nonlinear constraints using the filter treatment described in Chapter 2.

Our presentation here follows that of Audet et al. [10].

Figure 6.5 presents an outline of the BIPSOMADS algorithm. BiPSOMADS is an
iterative algorithm that constructs sets of points that approximate the Pareto optimal
set Xp. At each iteration, the current set of nondominated points, which dominate
all other points found thus far, is denoted X,. The mapping of X, under f to the
objective space is denoted Y, € R¥. Note that Y, defines the current approximation
of the Pareto front Yp.

In the first step of the BIPSOMADS algorithm, the following two single-objective

problems are solved:
min f; (x) and mig fa (x). (6.7)
XE

x€Q
We apply the PSO-MADS algorithm from a given initial guess xq € . A first list of
nondominated points, X, is obtained from the set of points evaluated during these
two optimization runs. The length of this list is J. The sets X, and Y, are sorted in
ascending order of f; value, which corresponds to a descending order in the f, value.
Gaps between nondominated points are quantified by computing Euclidean distances
between successive (ordered) solutions in Y. This strategy enables the determination
of the next reference point. It should be noted that the set of nondominated points
can be ordered in this manner in biobjective problems, but not in more general mul-
tiobjective problems. Since this ordering is essential for the BIPSOMADS algorithm,

problems with more than two objectives will require alternate solution strategies.

From Figure 6.5 it can be seen that each iteration of BIPSOMADS consists of three

steps. First, the ordered list Y, is used to identify a reference point r in the objective
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Initialization:
e Apply the PSO-MADS algorithm with initial guess xg to solve minkeq f1 (x) and

miﬂxeﬂ f2 (X)

o Let X, = {x!,x2,... ,x7 } be an ordered list of pairwise nondominated points such
that f; (Xl) < h (Xz) <...< f1 (XJ) and fo (Xl) > fo (X2) >...> fo (X‘]).
Initialize the weight w (x) =0V x € 2 and let § > 0.

Main Iterations: Repeat

e Reference Point Determination:

(7)) —£ (/1) 112+ (x9) —£ (1) |12
w(x?)+1

— It J > 2 let ) € argmax;_y ;4 8 = , and

define the reference point r = (f1 (xj+1 o (xj—l))_

)
— If J =2, let x) = x?, define r = (f1 (XQ) , fa (xl)), and & = w

—IfJ =1, let xI = x!, § = and apply the PSO-MADS algorithm

with initial guess x7 to solve minyeq f1 (x) and minyecq fo (x). Terminate PSO-
MADS when the mesh size parameter A" decreases below A (55) =0 (6j) and
continue to the step Update X .

e Single-objective Formulation Minimization:
Solve a single-objective product formulation mingecq ¥y (x) using the PSO-MADS
algorithm from initial guess x7. Terminate PSO-MADS when the mesh size parameter
A™ decreases below A (55) =0 (55) or if a maximum number of iterations is reached.

e Update X :
Add to X all nondominated points found in the current iteration, remove dominated
points from X, and order the resulting list of points.
Increase weights w (Xj) —w (xj) +1Vxe X,

Figure 6.5: The BIPSOMADS algorithm for biobjective optimization (after [10]).

space. If J > 2, the strategy considers the weighted sum §’ of squared distances
between each nondominated point f (x/) € Y, and its predecessor f (x/~1) and suc-
cessor f(x’™1) V j=23,...,J—1. The point f (xj) that maximizes the measure
& is identified from the list Y. If there are only two nondominated points (J = 2),
x7 is set to x2, r is set to (f1 (x?), fo (x')), and &7 is set to the weighted squared
distance between the two nondominated points. The weights are updated in a way

that reduces frequent definitions of r around the same point. This is accomplished
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by adding 1 to w (xj) at the end of the iteration. If J = 1, i.e., if a single point x!
dominates all other points evaluated thus far, then the algorithm again solves the two

single-objective problems in (6.7).

After the determination of the reference point, the second step of the BIPSOMADS
iteration entails the solution of the single-objective formulation mingeq ¥y (x) using
the PSO-MADS hybrid algorithm. Many of the points produced during this optimiza-
tion are expected to dominate r (recall Figure 6.3(c)). The PSO-MADS optimization
terminates when the mesh size parameter A™ drops below a specified threshold or
if a maximum number of iterations is reached. The final step of the BIPSOMADS
approach involves updating the set of nondominated points X, at the end of each

optimization run.

In our work, the algorithm is terminated after a fixed number of BIPSOMADS itera-
tions (PSO-MADS optimization runs). A termination criterion based on ¢’ reaching a
prescribed threshold could also be used. Any single-objective optimization algorithm
can be used to solve the SOPF subproblems, so the overall method is quite general.
We apply PSO-MADS because of its global search and local convergence character,
which was shown to be very useful in the field development examples in the preceding

chapters.

6.3 Example Cases

The optimization approaches presented in the preceding sections will now be ap-
plied to biobjective reservoir management and field development problems. In the
first example, we determine the optimal controls for water injection wells in order to
maximize both NPV and cumulative oil production (COP). In the second case, we
optimize the number of wells, their type, drilling sequence, locations and controls,
to again maximize both NPV and COP. This second case is essentially a biobjective
version of Case 4 in Chapter 5. In the last example, we utilize our biobjective pro-
cedure to optimize field development while considering geological uncertainty. The
goal in this case is to generate field development scenarios that are Pareto optimal
and robust in terms of both the expected NPV and the worst-case NPV.
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6.3.1 Case 1: Well Control Optimization

In this case, the objectives are to maximize both NPV and COP in a waterflooding
problem. The reservoir contains three production wells and two injection wells. The
reservoir model is the same as in Case 1 of Chapter 5. The simulation parameters
for the model are as shown in Tables 5.1 and 5.2, except for the following changes.
The oil price and water cost parameters here are p, = $80/STB, ¢,,, = $20/STB and
ciw = $15/STB. Water costs are set to very high values to emphasize the difference
between the two objective functions considered. There are no nonlinear constraints
specified for this problem. The producer BHPs are fixed at 2500 psi and the injector
BHPs can vary between 4000 psi and 9000 psi. The production time frame is 3000
days. This is divided into five control periods of 600 days each. The injection and

production wells are fixed in the locations shown in Figure 6.6.
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Figure 6.6: Geological model (log;, of isotropic permeability field, with permeability
in md), showing locations of injection (in blue) and production (in red) wells.

Only the injection well BHPs are optimized, so we have just ten optimization variables
(five BHP controls for each of the two injection wells). The LWM and BiPSOMADS
optimization approaches are applied to this biobjective well control problem. Both
approaches use PSO-MADS as the core optimization algorithm. The PSO swarm size
is ten particles and the maximum number of poll points for MADS is 20 (2n). The

function evaluations are fully parallelized.
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Figure 6.7: LWM Pareto front approximation and Pareto approximations from the
first three BIPSOMADS steps (Case 1).

The results of LWM and the first three steps of the BIPSOMADS procedure are shown
in Figure 6.7. Figure 6.7(a) presents the LWM Pareto approximation, obtained from
the maximization of F' (u) = wf; (u)+(1 — w) fa (u), where f; is NPV and f, is COP.
These results are generated by setting w = 0,0.1,0.2,...,1, implying 11 PSO-MADS
runs. Here the vector of continuous control variables u represents the injection well
BHPs. From Figure 6.7(a) we can observe one of the drawbacks of LWM, which is that
even for uniformly distributed w values, the resulting Pareto front is nonuniformly
distributed. This drawback in LWM, which is due to the use of a uniform distribution

of w values, can be alleviated by using the normal-boundary intersection method of
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Das and Dennis [35] or by using an adaptive weighted sum approach, as was done by

Kim and de Weck [70]. Neither of these approaches was considered in this work.

Figure 6.7(b) shows the results of the first step of the BIPSOMADS procedure, which
is the PSO-MADS optimization of f; = NPV. After this optimization, the nondomi-
nated point with the best COP value is selected as the initial guess for the next step,
which is the optimization of fo = COP. The results of this optimization are presented
in Figure 6.7(c). After the first two optimization steps, subsequent steps involve se-
lection of a reference point r, determined from the sparsest part of the current Pareto
approximation, and optimization of the corresponding SOPF. The results of the first
SOPF optimization (third PSO-MADS run) are illustrated in Figure 6.7(d). It should
be observed that the newly generated points in this figure are all in the dominance
zone of r as illustrated in Figure 6.7(c). Figure 6.7(d) shows the selection of r for the
next optimization run. This process of reference point selection and SOPF solution is

continued in order to obtain progressively better approximations of the Pareto front.

The final results, obtained after ten PSO-MADS runs in the BIPSOMADS procedure,
are illustrated in Figure 6.8. Figure 6.8(a) shows the final LWM and BiPSOMADS
Pareto front approximations. BIPSOMADS clearly provides a more uniform distribu-
tion of points along the Pareto front than LWM. Also, we see that for this problem,
the NPV and COP objectives are conflicting. The best NPV control scheme yields a
NPV of $27.95 million and COP of 0.9364 MMSTB (this represents a 17% decrease
from the maximum achievable cumulative oil recovery). The best COP control scheme
yields a COP of 1.122 MMSTB and a NPV of $18.45 million (a 34% decrease from

the maximum achievable NPV).

Figures 6.8(b) and 6.8(c) present the injection BHP profiles, and Figures 6.8(d) and
6.8(e) depict the resulting cumulative production and injection profiles, for the best
COP and best NPV control schemes. From these plots we observe that, in order to
maximize oil recovery, the best control scheme is to operate the injection wells at
their maximum allowable BHPs. This acts to inject as much water as possible into
the reservoir. However, due to the water handling costs, injecting too much water
will negatively affect NPV. Hence the best NPV solution varies the injection BHPs

to better manage water use, even though this results in the production of less oil.
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Figure 6.8: Pareto front approximations, together with the best BIPSOMADS COP
and NPV control schemes for injection well BHPs. Resulting cumulative production
and injection profiles from the two control schemes are also shown (Case 1).
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It is important to reiterate that every point in the LWM and BiPSOMADS Pareto
approximations corresponds to particular control schemes that provide specific NPV
and COP. The exact choice of which control scheme to implement will depend on

the preferences of the decision maker. This example demonstrates the utility of
BiPSOMADS for enabling this type of decision.

6.3.2 Case 2: Full Field Development

In this example, we consider the biobjective optimization of a field development case
that involves the optimization of the number of wells, their well type and drilling
sequence, and their locations and controls. This example is a biobjective extension
of Case 4 in Chapter 5, where the single objective was NPV. Here we address the
same problem but consider both NPV and COP as in the preceding case. The sim-
ulation and optimization parameters are as described in Section 5.2.4. Initially, we
do not include the nonlinear constraints in the biobjective optimization (they are
included later). This problem contains 68 optimization variables, with eight ternary
categorical variables (handled using the MADS extended polling stencil discussed in
Section 5.1.4). The same PSO-MADS parameters as were used in Section 5.2.4 are
used here (e.g., PSO swarm size of 50).

The results for the biobjective field development problem, without nonlinear con-
straints, are shown in Figure 6.9. The LWM Pareto approximation is again obtained
from maximizing the aggregate function F' (u,v,z) = wfi (u,v,z)+(1 — w) fo (u, v, z),
with w = 0,0.1,0.2,...,1 (11 PSO-MADS runs). Ten PSO-MADS optimizations are
again run in the BIPSOMADS procedure. The final Pareto approximation is shown
in Figure 6.9(a). The best COP solution entails a development plan with eight wells
(four injection and four production wells) drilled in the order and in the locations
shown in Figure 6.9(b). This plan yields 1.408 MMSTB of oil and a NPV of -$42.79
million. In this case, almost all of the accessible oil in the reservoir is produced, as is
evident in the nearly complete sweep in Figure 6.9(b). This scenario entails the use
of a very large amount of water, as can be seen in Figures 6.9(e) and 6.9(f). As a

result the NPV for this development plan is negative.
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The best NPV solution, by contrast, entails a three-well (two producers and one
injector) development plan, as depicted in Figure 6.9(c). This scenario provides $19.39
million in NPV and 0.8189 MMSTRB of recovered oil (42% less than the best achievable
COP). Figure 6.9(d) shows a possible ‘compromise’ solution selected from near the
bend in the Pareto front (see Figure 6.9(a)). This five-well development plan yields
18% more oil, while only sacrificing 8% in NPV, relative to the best NPV case.
From Figure 6.9 we see that, as would be expected, the compromise solution leads
to reservoir sweep and cumulative production and injection profiles that are between
the best COP and best NPV cases.
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Figure 6.10: Pareto fronts from SOPF biobjective procedure using PSO, MADS and
PSO-MADS as core optimization algorithms.

As noted earlier, any single-objective optimization algorithm can be used to solve the
single-objective subproblems within the biobjective optimization framework. Fig-
ure 6.10 presents a comparison of the resulting Pareto approximations, after ten
optimization runs in the biobjective procedure, using PSO, MADS and PSO-MADS
as the core optimization algorithms. Note that this usage of MADS corresponds to
the BIMADS algorithm of Audet et al. [10]. It is evident that the use of PSO-MADS
in the SOPF biobjective procedure leads to the best Pareto front approximation.
This observation is consistent with our earlier finding that the PSO-MADS hybrid

outperforms its component methods for general field development optimization.
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It should be noted that a large portion of the Pareto front in this problem corresponds
to negative NPVs. This is due to high water handling costs (see Table 5.10) and to
the fact that we have not included nonlinear constraints, such as a maximum field
water injection rate, in the problem. Thus the best COP solution involves injecting
and producing very large amounts of water. This issue can be addressed by including
the nonlinear constraints in Table 5.10 in the biobjective field development problem.
We accomplish this using the filter method, described in Chapter 2, for handling the
constraints in each single-objective subproblem of BiIPSOMADS.
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Figure 6.11: Pareto fronts from BiPSOMADS with and without nonlinear constraints
included in biobjective optimization problem (Case 2).

With this approach, for the nonlinearly constrained problem, we obtain the Pareto
front (after ten PSO-MADS runs) shown in Figure 6.11. It is clear from the figure that
the nonlinear constraints, especially the maximum field water injection constraint,
prevent the injection of excessive amounts of water into the reservoir. This leads
to positive NPVs at all points on the Pareto front. This result demonstrates that
we can utilize BIPSOMADS with the filter constraint treatment to optimize field

development cases with two objectives, subject to general constraints.
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6.3.3 Case 3: Biobjective Approach for Optimization Under

Uncertainty

The BiPSOMADS procedure is now applied to perform field development optimiza-
tion under geological uncertainty. This uncertainty is characterized by ten geological
realizations, depicted in Figure 6.12, which are assumed to be equally probable. We
will consider all of these realizations in the optimizations. Each realization is a 50 x 50
model of a fluvial reservoir, with meandering channel and levee sands predominantly
oriented in the y-direction. The realizations were generated using object-based sim-
ulation for creating the channel, levee and shale facies, followed by sequential Gaus-
sian simulation for the assignment of permeability. SGeMS [102] was applied for
both stages. The reservoir is to be produced by waterflooding. The simulation and
optimization parameters are the same as those used in Case 3 of Chapter 5. The
relative permeability curves for the reservoir fluids are as shown in Figure 3.2. The
other simulation and optimization parameters are as presented in Tables 5.1 and 5.8,
except here we have two-dimensional 50 x 50 models, a drilling cost of $10 million per
well, and we neglect nonlinear constraints. The production time frame is 1500 days
and there are three BHP control periods of 500 days each. The field development
optimization problem involves the determination of the optimal number, well type,
locations and controls for a maximum of six wells. There are thus a total of 36 opti-
mization variables in this problem (6 ternary categorical variables, 12 areal location
variables and 18 BHP control variables).

The goal of these optimizations is to generate optimal solutions that are ‘robust’
given the geological uncertainty. We consider the expected value of NPV (E[NPV])
and the worst-case NPV (min[N PV]) over the ten realizations. More specifically, we
apply BIPSOMADS to maximize f; (u,v,z) and f; (u,v,z) where

Ngr
1
—B[NPV] = — S NPV, (u,v,2),
fl (u7V7Z> [ V] Ng zzl Vv (ll v Z)

fo(u,v,z) =min [NPV] = min NPV, (u,v,z). (6.8)

ie{lv-"vNR}
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(i) Realization 9 (j) Realization 10

Figure 6.12: Ten geological realizations (log;, of isotropic permeability field, with
permeability expressed in md) of a fluvial reservoir (Case 3).
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Here N is the number of realizations (Ng = 10 in this case) and NPV, (u, v, z) repre-
sents the NPV that results from applying the development plan defined by (u, v, z) to
realization ¢. The motivation for this choice of f; and f5 is that, although we seek to
maximize the expected NPV, we also wish to protect against the worst-case scenario.
Note that, because this example includes ten realizations, the worst case corresponds
to the ‘P10’ result, where P10 refers to the p-value (10th percentile) on the cumula-
tive distribution function. In the PSO-MADS algorithm applied in the BIPSOMADS
procedure, the PSO swarm size is 50, and we use the extended categorical stencil in

MADS with a maximum of 72 poll points.
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Figure 6.13: Results of biobjective field development optimization under uncertainty.
BiPSOMADS used to optimize expected NPV and worst-case NPV from ten geolog-
ical realizations (Case 3).

Figure 6.13 presents the results from the BIPSOMADS optimization procedure after
ten PSO-MADS runs. Figure 6.13(a) shows that the expected NPV and worst-case
NPV are generally nonconflicting objectives. This seems reasonable since the field de-
velopment plan that maximizes the NPV for the worst-performing realization will also
usually improve performance for other realizations, which leads to improved E[N PV].
Despite this generally nonconflicting nature of the two objectives, Figure 6.13(b)
shows that it might still be useful to approach this problem in a biobjective fashion

in order to quantify the detailed trade-offs between the two objectives.
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From Figure 6.13(b) we observe that optimizing only expected NPV yields E[N PV] =
$183.9 million and min[N PV| = $136.3 million, while optimizing only the worst-case
NPV yields E[NPV] = $180.0 million and min[N PV| = $154.2 million. Thus there is
a slight trade-off in the expected NPV (2% variation in expected NPV between the two
cases), but a more significant trade-off in the worst-case NPV (12% variation between
the two cases). By selecting the compromise solution indicated in Figure 6.13(b), we
achieve E[N PV] of $182.3 million and min[N PV] of $152.0 million. This compromise
development plan is thus near-optimal in terms of expected NPV (within 1% of the
optimal expected NPV) while still mitigating the risk associated with the worst-case

scenario (within 1.5% of the optimal worst-case NPV).
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Figure 6.14: Comparison of NPV CDFs for the best expected NPV, best worst-
case NPV and the compromise solutions (the dashed lines indicate the mean values),
obtained from the ten realizations (Case 3).

Figure 6.14 presents the cumulative distribution functions (CDFs) of NPV over the
ten realizations, for the different development plans indicated in Figure 6.13(b). From
this figure we see that, by optimizing only expected NPV, we arrive at a field develop-
ment plan that has a substantial downside risk (specifically, there is a 10% probability
of achieving NPV of $136.3 million). We also see that optimizing only the worst-case
NPV leads to a decrease in expected performance compared to optimizing E[NPV],

though the decrease is small for this particular case. The compromise development
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plan provides better expected performance than the optimized min[N PV'| plan, while
still guarding against the worst-case scenario. This example demonstrates that, even
though the expected NPV and worst-case NPV are not in general conflicting objec-

tives, there is still benefit in approaching this problem in a biobjective fashion.

This example does not include nonlinear constraints. The handling of these con-
straints when optimizing under uncertainty requires some additional considerations.
For example, if we have a field-level water injection constraint, we need to decide
if this constraint must be satisfied by the development and production plan in all
model realizations or only in some specific fraction. Once a decision is made on this
issue, an aggregate constraint violation function h can be defined and then used in
the filter treatment of PSO-MADS. Some additional penalty associated with the re-
alizations that do not honor the nonlinear constraints could also be introduced into

the formulation.

6.4 Summary

In this chapter, we presented approaches for biobjective optimization. We described
the straightforward LWM approach and demonstrated its limitations. We then devel-
oped the BIPSOMADS procedure for the solution of optimization problems with two
objectives. The LWM and BiPSOMADS approaches were applied to three biobjective
field development example cases. The first case involved a well control optimization,
with NPV and COP as objectives, where the optimization variables were the in-
jection well BHPs. The second example entailed full field development, again with
NPV and COP as objectives, where the goal was to determine the optimal number
of wells, well types, locations and controls. The first two problems, which displayed
conflicting objectives, were successfully addressed with both the LWM and BiPSO-
MADS approaches. The BiPSOMADS procedure, however, provided significantly
better Pareto fronts than LWM. In the last example, we demonstrated the utility of
the biobjective optimization approach for field development under geological uncer-
tainty. Expected NPV and worst-case (P10) NPV were chosen as the two objectives.
Although these objectives are not strictly conflicting, our example demonstrated that

it can still be useful to apply a biobjective approach for this problem. This enabled us
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to maximize the expected NPV while reducing the risk associated with the worst-case

scenario.



Chapter 7

Summary, Conclusions and Future
Work

This work entailed the development and implementation of a derivative-free opti-
mization framework applicable to the solution of complex constrained mixed-integer
nonlinear programming (MINLP) problems. The target application area for this
framework is the optimization of oil field development and operation. These problems
typically involve categorical, integer and/or continuous variables, as well as bound,
linear and nonlinear constraints. Our general optimization framework includes the

following main components:

e The derivative-free optimization methods comprising the core framework in-
clude MADS, a local search optimization method; PSO, a global search algo-
rithm; a new PSO-MADS hybrid with both local convergence and global search
characteristics; and B&B, an optimization approach for conducting a systematic
tree-like search of the categorical variable combinations. We also introduced a
heuristic extension of the MADS stencil used in the PSO-MADS hybrid for

problems with categorical variables that have more than two categories.

e Nonlinear constraint handling techniques for use in optimization problems with
general constraints were introduced into the formulation. Filter methods were
applied for this purpose because of their versatility and because they do not

involve tuning parameters, as required by other constraint handling approaches
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such as penalty methods. The filter method had previously been implemented
for use with MADS. We extended this procedure to both the PSO and PSO-
MADS algorithms.

e A biobjective optimization procedure that utilizes PSO-MADS to solve a se-
quence of single-objective product formulations of the biobjective problem was
developed. The goal of this BIPSOMADS procedure is to generate an approxi-
mation of the Pareto front, which represents the optimal trade-off between the

two objectives being optimized.

The new optimization framework described above was applied to generalized field
development and reservoir management problems. These problems are true MINLP
problems with categorical variables that determine the optimal number of wells to
drill in addition to the well types and drilling sequence, integer variables that define
the locations of the wells in the reservoir, and continuous variables that represent well
controls (BHPs were used here but well controls could also be rates or choke settings).
Field development problems also include bound constraints that ensure that the wells
are located within the reservoir boundaries and that the BHPs are within specified
pressure ranges, and nonlinear constraints including well-to-well distance, field-level
water injection rate, oil production rate and total fluid production rate, and well

water cut constraints.

The key findings from this study are as follows:

e The filter methods used in conjunction with MADS, PSO and PSO-MADS were
shown to be effective constraint handling techniques that enable the generation
of feasible optimal solutions, even starting from infeasible initial guesses. In ad-
dition, these approaches provide information on the sensitivity of the objective

function to the specified constraints.

e For well control and well placement optimization, it was found that the joint so-
lution of the combined problem (i.e., simultaneous optimization) outperformed
procedures that address the two problems separately and in sequence for the

problems considered.
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e In all cases in which PSO-MADS was compared to standalone PSO and MADS,
the PSO-MADS hybrid was shown to provide better solutions than its compo-
nent PSO and MADS methods. This can be viewed as a validation of the

search-poll paradigm on which the hybrid optimization procedure is based.

e The extended MADS categorical stencil implemented for use in MADS and
PSO-MADS was also found to be quite effective. This procedure provided
improved results compared to those with the standard stencil, though it is more

expensive computationally.

e The BiPSOMADS optimization procedure was shown to be an effective solution
technique for problems with two objectives, such as NPV and cumulative oil
recovery. We demonstrated that it can also be used for performing optimiza-
tion under geological uncertainty, where the goal is to maximize the expected
performance of the reservoir development project while safeguarding against

downside risk.

The methods developed in this work entail substantial computational requirements.
However, because they naturally parallelize, the computational demands can be alle-
viated by distributed computing, as was done in this work. Our overall conclusion is
that the new optimization framework developed in this thesis is indeed applicable to

generalized field development and reservoir management problems.

The methodology introduced in this work is quite general but there are still issues
that should be investigated further. The following areas are suggested for future

research:

e Strategies should be developed to improve the computational efficiency of the
framework, especially for problems involving optimization under uncertainty.
These strategies could employ computationally efficient surrogate models to
replace some of the required reservoir simulations, or upscaling techniques to
reduce the run times of the reservoir simulations. Techniques for selecting sub-
sets of representative realizations in problems with multiple realizations should

also be implemented.
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e The use of other optimization methods should be considered, including differ-

ent PSO families [44] and the cloud PSO approach [47]. Since the framework
presented here is quite general, a wide range of global and local optimization
algorithms could be incorporated. Of particular interest are other MINLP ap-
proaches, besides Branch and Bound, for the rigorous treatment of problems
with categorical variables. Techniques that might be considered include outer
approximation approaches [49], methods based on generalized Benders decom-

position [52], and extended cutting plane procedures [122].

Other approaches for robust optimization under uncertainty should be assessed.
This investigation should focus on procedures to minimize computational ex-

pense, and on optimization under uncertainty with general constraints.

In reality, because the reservoir description is uncertain, as each new well is
drilled, more information about the reservoir is obtained. This new geological
information should be applied to update the reservoir description. This suggests
the use of a closed-loop field development strategy that entails a sequence of
wells and updated models. The use of the optimization algorithms developed

in this work within such a framework should be studied.

The optimization framework could be extended from biobjective to multiobjec-
tive problems to enable the treatment of cases with three or more objectives.
Extension of the BIPSOMADS single-objective formulation might be feasible,
though such an approach would likely entail a significant amount of compu-
tational effort. It could therefore be useful to investigate new strategies to
generate the multiobjective Pareto surface, such as methods based on MOPSO
[29] or NSGA-II [37].

The applications considered in this work involved the development of fields
under waterflood and the use of black-oil simulations. Application of the gen-
eral optimization framework to reservoir problems involving other recovery pro-
cesses, such as steam-assisted gravity drainage (SAGD), gas injection, etc.,

should be considered.
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e The methods developed in this work should be tested on real field applica-
tions. This will identify areas where enhancements are required. The use of
our optimization framework for MINLP problems in areas outside of petroleum

engineering should also be explored.
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Nomenclature

Abbreviations

B&B branch and bound

BHP bottomhole pressure

BiMADS biobjective optimization framework using MADS to solve a sequence

of single-objective formulations
BiPSOMADS biobjective optimization framework using PSO-MADS to solve a se-

quence of single-objective formulations

CDF cumulative distribution function

CMA-ES covariance matrix adaptation evolution strategy
COP cumulative oil production

FD finite difference

GA genetic algorithm

GPS generalized pattern search

LC linear constraint

LWM linear weighting method for biobjective optimization
MADS mesh adaptive direct search

MINLP mixed-integer nonlinear programming

MM million

NLP nonlinear programming

NPV net present value

<NPV> average net present value

E[NPV] expected value of net present value

min[N PV] worst-case NPV

PSO particle swarm optimization

151



152 NOMENCLATURE

PSO-MADS  hybrid of particle swarm optimization and mesh adaptive direct search

RB reservoir barrels

SGeMS Stanford Geostatistical Modeling Software

SOPF single-objective product formulation

SPSA simultaneous perturbation stochastic approximation
SQP sequential quadratic programming

STB stock tank barrels

WI well index

Greek Symbols
A MADS stencil size

e MADS mesh size at iteration k
A} MADS poll size at iteration k
W viscosity
Q bounded set defining allowable values of optimization variables
w PSO inertial parameter
10) poll size contraction parameter
P density
o standard deviation
T characteristic time
0 mesh size contraction parameter
Variables
B formation volume factor
b fractional discount rate
C well drilling cost
c cost per barrel
c1 PSO cognitive parameter
Co PSO social parameter

C vector of nonlinear constraint functions
d MADS polling direction

F filter
S

optimization objective function
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S I zoEE~>nom

3

N R

vector of multiple objectives

vector of reservoir simulation equations

aggregate normalized constraint violation function

set of indices for injection wells

iteration index or time interval index

relative permeability

number of objectives

underlying mesh in MADS

number of nonlinear inequality constraints

number of optimization variables

number of integer (pseudo-continuous) well placement variables
number of continuous well control variables

number of categorical variables

number of realizations

set of indices for production wells

price per barrel or pressure

vector of dynamic state variables of reservoir model

reference point in objective space, for use in BIPSOMADS algorithm
size of PSO swarm or saturation in grid block

bounded set defining allowable values for continuous well control vari-
ables

vector of continuous well control variables

bounded set defining allowable values for integer (pseudo-continuous)
well location variables

vector of integer (pseudo-continuous) well location variables, or veloc-
ity in PSO update equation

set of nondominated solutions

vector of general optimization variables

mapping of set of nondominated solutions in objective space

best position evaluated by PSO particle

categorical variable

vector of categorical variables
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Subscripts

0 initial

1 refers to set of injection wells
w injected water

k iteration index or time interval index
[ lower bound

0 oil

P refers to set of production wells
pw produced water

t refers to time intervals

tol tolerance

U upper bound

w water

Superscripts

F best feasible solution

1 least infeasible solution in filter
w injected water

m mesh

0 oil

P poll

pw produced water

*

refers to an optimized variable
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