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Abstract

This study investigated methods of characterizing areally heterogeneous reservoirs
through the interpretation of pressure data and tracer data. The analysis of pressure
data and the analysis of tracer data were studied both individually and simultane-
ously.

A nonlinear least square method was applied to interpret multiwell transient pres-
sure data from interference tests. Several models, including anisotropic reservoir,
circular discontinuity, no-flow linear boundary and interaction among multiple wells
were investigated. Their solutions were reformulated to fit into the nonlinear regres-
sion algorithm. Results showed that using multiwell data avoids inconsistent results
for the selected reservoir model, increases the tolerance to noise in the data, increases
the confidence of the interpretation and improves the convergence of the regression
search.

Analytical solutions to tracer flow were obtained for three cases: radial flow,
linearly varying dispersivity and linear flow in composite reservoir. Another semi-
analytical solution to tracer flow in two dimensional reservoirs based on the charac-
teristic method is presented.

The method of Green’s functions has been a powerful tool to solve unsteady flow
problems in homogeneous reservoirs. The application of the Green’s function method
was extended to diffusivity problems in heterogeneous reservoirs. A fundamental
formula was obtained to express the general pressure solution to the diffusivity equa-
tion with nonhomogeneous initial and boundary conditions in terms of Green’s func-
tions. Through practical examples, appropriate methods were suggested for obtaining
Green’s functions that are more difficult to find in heterogeneous problems than in
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homogeneous ones. Reciprocity is a basic and useful property which facilitates the
understanding to porous media flow problems. With the Green’s function method
developed, the conditions under which the Principle of Reciprocity holds in hetero-
geneous formation were studied. The application of the Green’s function method to
convection-dispersion equation and its limitations are also discussed.

After the analysis of pressure data and tracer data are described individually, di-
rect method is presented to simultaneously interpret pressure data and tracer data
from multiple wells to characterize the areal permeability distribution in heteroge-
neous reservoirs. Since tracer data are more sensitive to heterogeneity than pressure
data, integration of the two kinds of data should give a better description of the
reservoir. A correlation between permeability and dispersivity was investigated, and
used to reformulate the convection-dispersion equation and diffusion equation to a
system of first-order equations in permeability. The system of equations can then
be solved to yield the permeability distribution for appropriate boundary conditions.
Advantages and disadvantages of this new scheme are discussed. As an example, the
time function method was applied to the interpretation of pressure and tracer data
of a multiwell reservoir with a circular discontinuity.
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Chapter 1
Introduction

Pressure tests and tracer tests are used frequently to estimate parameters and identify
flow paths in geothermal reservoirs that are often controlled by the large heterogeneity
in permeability due to fractures.

The use of tracer tests to determine the nature of the flow paths in geothermal and
groundwater reservoirs was studied broadly in the 1980s. Jensen and Home (1983)
developed a matrix model to obtain the tracer returns from fractured reservoirs. A
similar model was used to forecast the thermal breakthrough from tracer test data by
Walkup and Horne (1982). A single well tracer test in fractured geothermal reservoirs
was studied by Kocabas and Home (1987). Due to the geometric complexity in
representing the fractures, all these models were applied only to systems with one or
two fractures. There has been little work done in solving the tracer problem for a
multiply fractured reservoir that also includes the geometric effects of the fractures.

Tracer tests are believed to be more sensitive to heterogeneity than pressure tests.
Pressure interference tests are good for determining directional permeability trends
and the average properties between two wells, while well-to-well tracer tests indi-
cate the extent of heterogeneity that is merely averaged in the pressure interference
tests. These two types of tests describe different characteristics of the reservoir.
Thus, running both tests may be helpful. In addition, obtaining both pressure and
tracer data should help in reducing the uncertainty or nonuniqueness in the solutions.
Nonuniqueness always arises with either tracer test analysis or pressure test analysis
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alone because the property identification problem is under-determined when the het-
erogeneity is represented as a spatial function. It is important to coordinate different
studies, such as geology, geophysics, coring, well logging, pressure testing and tracer
testing etc. so that the interpreted properties of the reservoir are compatible with
all the sources of information. The central emphasis of this work is on combining
pressure data and tracer data from multiple wells.

Among the efforts to integrate tracer data with other type of data, Hyndman (1993)
presented the Split Inversion Method to combine crosswell seismic and natural gra-
dient tracer tests data in a process-oriented parameter estimation algorithm. This
iterative method can estimate the location and shape of large-scale lithologic zones,
and the mean seismic velocity, hydraulic conductivity, and dispersivity within each
zone. Peters and Ajfzal (1992) made effort in other direction by using CT imaging
data of the media to estimate permeability and porosity distributions. The model
developed was for one-dimensional linear incompressible flow of stable displacement
in laboratory-scale porous media.

The convection-dispersion equation has been the model used most commonly to
describe transport phenomena in porous media. Bear (1961) considered the concen-
tration distribution, in two dimensions, resulting from a point tracer injection into a
uniform macro-flow and showed that an approximated variance of this concentration
distribution yields a tensorial coefficient of dispersions D;;, and that this tensor could
be related to a fourth rank dispersivity tensor a;;x, the components of which were de-
termined by geometrical characteristics of the porous medium only. De Jossenlin de
Jong and Bossen (1961) subsequently established a dispersion equation on this basis,
valid for three-dimensional convective tracer transport through an isotropic porous
medium. De Jossenlin de Jong and Bossen (1961) showed that the dispersion tensor
resulting from Bear’s analysis could be written

Di; + aplvléi; + (aL — GT)%- (1.1)

Abbaszadeh-Dehghani (1982) developed the analytical solutions to immiscible dis-
placements for a variety of repeated flooding pattern. The dispersion effects were
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considered by computing the concentration of the displacing fluid along the stream-
lines. For heterogeneity, Abbaszadeh-Dehghani (1982) studied a stratified model with-
out layer communication. These noncommunicating layered systems were further
investigated by Mishra (1987) together with both pressure and tracer data. The
result Mishra (1987) reached indicated that tracer data convey more information
than pressure data for describing layered systems. Mishra (1987) also introduced the
heterogeneity index crfn(k))\p defined as the product of permeability variance and a
dimensionless correlation length scale to describe the permeability difference. The
effects of large or small heterogeneity index on tracer flow were compared.

Yu (1984) studied a one-dimensional, uniform, vertical flow of radioactive nuclide
in a homogeneous, saturated porous medium with instantaneous adsorption and the
linear Freundlich isotherm. Linear and nonlinear least square methods were used to
estimate the parameters iteratively.

Compared to the tracer problem, pressure problems are usually easier to solve
analytically. There are a wide variety of analytical well test analysis models in the
literature. In particular, the Green’s function method has been found to be an effec-
tive analytical tool to construct pressure responses in homogeneous reservoirs.

Using the Green’s function method to solve linear ordinary and partial differen-
tial equations is not a new idea. However, many of the textbooks of mathematics
only cover the application of this method to simple equations. Starkgold (1979) and
Roach (1982) showed some examples how to use this method for equations of parabolic
and hyperbolic equations with constant coefficients. The method of Green’s func-
tions has been a powerful tool to solve unsteady flow problems for homogeneous
reservoirs in petroleum engineering. De Wiest (1969) used this method in a prob-
lem of water flowing through porous media. Gringarten and Ramey (1973) made
this approach practically useful in petroleum engineering by giving tables of Green’s
functions for pressure diffusion in homogeneous or anisotropic reservoirs. Ozkan and
Raghavan (1991) extended these tables and provided solutions in Laplace space, as
well as for naturally fractured reservoirs. Carslaw and Jaeger (1959) discussed the
Green’s function approach for problems of heat conduction; however, their definition
of Green’s function is less useful if applied to composite or heterogeneous regions.
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A subtle, yet important aspect of using Green's functions in heterogeneous prob-
lems is their dependence on the Principle of Reciprocity. By investigating the condi-
tions under which reciprocity holds, we were able to illustrate those problems whose
solutions are accessible by use of Green's functions.

The principle of reciprocity is also useful in understanding reservoir physics.
McKinley et al. (1968) investigated the effect of this property in the analysis of in-
terference well testing. Ogbe (1984) studied this principle in the presence of wellbore
storage and skin effect for infinite reservoirs. McKinley et al. (1968) proved that
this principle holds if the mobility and storativity are continuously distributed. We
were able to show that the principle can also be extended to discontinuous distribu-
tions of reservoir properties, and also investigated the influence of wellbore storage
on reciprocity.

Most studies of well test analysis start by solving the diffusivity equation in which
permeability or dispersivity and porosity are treated as coefficients. For instance, the
pressure equation is solved to yield pressure for specific boundary conditions. Once
this mathematical model is formed, the pressure response can be calculated for any
given permeability and porosity. The remaining work in the analysis is to compute
the correct pressure curve to match the real data and infer the needed permeability.
In computer-aided interpretation, an initial permeability value is estimated, then
the pressure response is obtained and compared with the observed pressure data.
Based on the difference, the estimate is adjusted iteratively. This iterative process is
referred to as the Output Error Criterion by Yeh (1986). When a large set of data
is involved, this approach will require a large amount of calculation and sometimes
becomes inefficient and impractical. One of the solutions to this problem is to put a
filter in front of the interpreter. The filter serves to choose a subset from the whole
set of data. The question then becomes which subset is a good representation and
how to avoid inconsistent results interpreted from different subsets. This problem
is not easy to solve either. Moreover, the minimization of an error criterion defined
on the difference between the computed and observed data may be associated with

multiple local convergences.
There also exist cases that defeat the output error procedure as shown by Falk (1983).
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Even though conditions can be specified to guarantee the unique determination of the
permeability k(z,y), the optimization approximations k;; do not necessarily converge
to the unique function k(z,y) as the grid spacing decreases. Nonetheless, for the
output error procedure, the possibility of using regularization method or constrained
optimization can make the methods attractive in some cases.

Besides this conventional approach, there have been some attempts to identify
the parameters by solving the diffusivity equation from the opposite direction. One
type of the parameter identification approach was called the Direct Method in aquifer
studies, e.g. Sagar et al. (1975), also referred to as the Equation Error Criterion by
Yeh (1986). In this approach, taking the equation

a%( %+ka—y)+—( ——+k—)=%" (1.2)
as an example, the permeability values are considered as dependent variables of pres-
sure in the form of a formal boundary value problem. If the pressure p is known
everywhere, then -gf, %’ %Z-’;! and g-Zg are also known, and the equation becomes a
linear first-order hyperbolic equation in terms of permeabilities. Yeh et al. (1983)
applied this method to an unsteady flow in a heterogeneous, isotropic, and confined
aquifer. There, kriging was used as a presampling filter for reconstruction and the
parameter was estimated by using a multiobjective optimization criterion to find the
optimum dimension.

Nelson (1968) presented a direct method for a steady flow system called the en-
ergy dissipation method which was based on the characteristic equation. This method
requires a boundary condition on permeability since the equation was reduced to a
first-order partial differential equation in the unknown permeability. For pressure
interpretation, the finite element method has also been employed in approximating
pressure and permeability, e.g. Frind et al. (1973) and Yeh et al. (1983). An alge-
braic method was developed by Sagar (1975) and its error bound was obtained by
Yakowitz (1976). This technique utilized the idea that the effect of the permeability
value at a location is uniquely determined by values of pressure in a neighborhood of
the location.

The direct approach has not yet been widely applied to the tracer equation. With
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the assumption that there is a correlation between dispersivity coefficientsand perme-
abilities, both the tracer equation and the pressure equation will have permeabilities
as parameters, then permeabilities could be solved directly as unknowns in both the
pressure and tracer equations. The interpretation of pressure data and tracer data
together should provide a better estimation of the permeability distribution in het-
erogeneous reservoirs.

The goal of this study was the interpretation of pressure data and tracer data for
multiwell systems. First, the multiwell pressure data were investigated for several
heterogeneous models with analytical pressure solutions. The methods for finding
solutions to tracer problems were studied with an emphasis on analytical methods.
Then, the Green’s function method was established for both diffusivity equation and
convection-dispersion equation with an investigation of the principle of reciprocity.
Finally, an approach to integrate pressure and tracer data to estimate areal perme-

ability distribution was investigated.



Chapter 2

Use of Pressure Data from
Multiple Wells

Considering the amount of data collected in well test analysis, there are two oppo-
site scenarios that require special attention: more data than necessary and insuffi-
cient data. In the first case, interpretation results by conventional methods may be
nonunique depending on the sufficient subset of data chosen and usually, it is difficult
to tell which answer is correct or better. One way to avoid the nonuniqueness in this
approach is to interpret all the applicable data sets simultaneously.

In this chapter, a nonlinear least square method is presented to analyze multiwell
transient pressure data for various reservoir models that have simple heterogeneities
such as anisotropy, circular discontinuity or no-flow boundary. In a multiwell system,
neighbor wells in production have influence on the buildup pressure data from ob-
servation wells. The interaction among multiple active and testing wells is discussed
in Section 2.3. Section 2.5 applies the nonlinear least square method to interpret
multiwell data from the Ohaaki geothermal field.

2.1 Multiwell Data of Anisotropic Reservoir

For an anisotropic formation, the directional permeabilities are the parameters of
interest as they play an important role on planning reservoir development such as fluid
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injection. In the 1960s, there appeared a series of papers on the well test analysis for
anisotropic aquifers in groundwater hydrology. The type-curve matching method for
multiple observation wells recommended by Papadopulos (1965)and Walton (1970)
averages the pressure-scale match points to avoid different pressure-scale matches
that may be found for various observation wells. Based on the observation that the
pressure scale in pounds per square inch is the same for all the sets of field data,
as indicated in the solution of anisotropic formation, Ramey (1975)outlined another
approach to simply align the pressure scale and adjust the time scale until all sets
of field data match. However, due to noise in real data, the pressure scale matched
from the pressure data of one well may not be the same as that matched from other
wells. Nonunique results may arise when the matching starts with the pressure data
of a different well. Furthermore, the method can only make use of pressure data from
three wells. Choosing a typical set of three wells from multiple wells is not easy.

2.1.1 Mathematical Considerations

The theory of fluid flow through an anisotropic medium has been well established.
Consider a well producing at a constant rate in an infinite anisotropic medium with
three permeability components as k.., ks, ky,. The thickness - and porosity ¢ of
the medium are constant.

Collins (1961) chose the permeability axes as the coordinates system axes. A

solution to the governing equation

0? d*p
kxxaz + kyya ; = U Ct (2.1)
for infinite-acting radial flow was obtained as
h(pi = Poy,t) 1. pucs (kxxy® + kyyz®)
/% M T fewl) 2 g~ .
xxkyy 141.2¢By g 7t 0.001056kx x kyyt (22)
where kx x and kyyare principal permeabilities. From the general governing equation
621’ 2
62p t k8% - 9
Ot op, = T RugR -y 0P |

Papadopulos (1965)der|ved another solution using Fourier transformation and Laplace

transformation
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h (Pi = Pews) = —2Fi [ —puc (kmy"’ T kyya? - Zkzyxy)] (2.4)

keckyy = k2y 141 908, 2 0.001056t koakyy — k2,
bxx = = [(kas + ky) + /(e — by )P + 4K2 2.5
XX'—§(M+ yy)+ (m— yy)+ Ty ()
1
by =5 [(km + kyy) = (ko — k) + 4kgy] (2.6)
kxx —k
6 =arctan (%) (2.7)

47
Though these two solutions are mathematically equivalent as shown in Appendix A,
the solution presented by Papadopulos (1965) is more convenient for the analysis of
observed pressure data since the permeabilities or permeability axes are unknowns in
well test analysis.

When more pressure data than needed are present, using all the sets of data
can be achieved by nonlinear least square regression. Estimating the directional
permeabilities is transformed as to minimize the following objective function

7%

j(@,8,y) = 2.(Api —pl) (2.8)

=1

, 1 141.2¢Bp ppucy ( 2, 2 o 2)
Pi—Z{ ha E{ 0.001056At;a? By + 2 — 2aiyiy/ By — o (2.9)

where a = /kzokyy — k2,, B =ker ,v = kyy and Ap;,At; are the measured pressure
and time; z;,y; are the positions of wells from which Ap;, At; are measured. There

exist many methods to solve nonlinear least square problems. Among them, the
Marquardt (1963) method works well for anisotropic formations if a restriction is
posed that By —a =0.001 when 3y —a <0.

2.1.2 Field Example

The field example presented by Ramey (1975) was interpreted in this section using
the nonlinear square approach.

In order to determine whether directional permeability would influence the pro-
duction in a watered out formation, an injection well test was run. Fig. 2.1 represents
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|-C(-470,430)
O

5-C(-455,0)
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Figure 2.1: Field well pattern in an anisotropic reservoir
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Table 2.1: Water-injection interference pressure rise above the initial pressure

[ Well 1-D | Well 1-E | Well 5-C Well 9-C | Well 9-D | Well 9-E

Ap | At | Ap | At | Ap |At [ Ap | At |Ap |At [Ap |AL [Ap

6.7 |275|3 |47 |10 |21 |4 24 | 4 235182 |21 |3
72 |47 |5 71 | 172147 |11 |47 |8 285|193 |47 |3
15 | 72 11 (94 |24 |72 |163|72 |13 |51 17 |71 |3

20 | 95 13 | 113|251 |94 | 212 |94 | 17.7| 75 232194 |10
95 |25 | 115 | 16 | 124 26 115| 22 11518 | 95 27.2 | 115| 125
125 | 16 122 | 25 126 | 18 | 120 | 27 125] 13

the well pattern where well 5-D served as a single injection well and the surrounding
wells (5-E, 1-E, 1-D, 1-C, 5-C, 9-C, 9-D and 9-E) were observation wells. The ris-
ing parts of the pressure(psi) and time(hours) are presented in Table 2.1. Table 2.1
represents a set of interference data from seven wells, which is more than required to
obtain a unique result since only three sets of the data are needed to determine k,,,

kyy, kyy and ¢c. Using Wells 5-E,1-E and 1-D, Ramey (1975) obtained by manual
type curve matching:

k., = 152 md
k, = 194 md
kyy = 312 md,

while for the same set of data, a nonlinear least square method gives the solution

kee = 1559 md
k, = 1959 md
key = 207 md

as shown in Fig. 2.2. The noticeable differenceis the k., value. The initial guesses

used in the nonlinear least square algorithm are:
k, =5
ky = 4
key =
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Figure 2.2: Using three sets of pressure data in an anisotropic reservoir example
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This set of initial guesses was used also in all the other matches described below.
When pressure data from all the seven wells are used, the matched curves are shown
in Fig. 2.3 and the permeability solution is

k, = 13.96 md
k,, = 18.60 md
k,, = 356 md

If another set of three wells, for example, Well 9-D, 5-C, 9-E are chosen, then the
kyz, kzy, K, solution to the nonlinear square problem is shown in Fig. 2.4

(, = 11.88 md
k = 16.30 md

vy

key = 450 md

The two results generated from the two sets of wells are modestly different. There is
no definite way to tell which one is the correct answer. If the residual is used as an
indicator of preference, Fig. 2.3 shows a better match to the data set of each well.
The small difference among the matching results from different well combinations
most likely means there is no strong heterogeneity present in this example. The
homogeneous anisotropic model is a good approximation to the reservoir. During the
matching process, if the data from some wells are believed to be affected by noise,
the data set that has the worst behavior can be identified by matching all the well
data except for one well each time.

Through the investigation of this field example, it can be seen that the nonlinear
least square method is useful for estimating the anisotropic permeabilities from mul-
tiple well interference data. Though the application is shown only for homogeneous
anisotropic formations here, it is not difficult to extend the nonlinear least square
method to other reservoir configurations, for instance, a reservoir with a circular

discontinuous region.
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2.2 Heterogeneity of the Circular Discontinuity
Type

Interference testing in geothermal fields is usually designed to estimate the mobility-
thickness product and the reservoir thickness-porosity-compressibility product (also
referred to as transmissivity and storativity, respectively), and to locate hydrologi-
cal heterogeneities, for instance, no-flow boundaries or different property subregions.
Heterogeneities in the hydrology of geothermal reservoirs can be caused by mineral
deposition, by changes of heat in the system, by crustal movements, by changes in
fluid compositions or by exploitation. The main disadvantage of interference testing
is that the magnitude of the pressure changes decreases as the observation well is
located farther away from the source well. When the pressure changes are small,
especially at the early-time, noises such as earth tide and barometric pressure fluctu-
ations may play a significant role and might lead to uncertainties in the estimation
of reservoir parameters.

If the history of the noise is known, the effect of noise may be reduced by correcting
the pressure data. An attractive and more practical alternative might be to use
multiwell data to increase the tolerance of the procedure to noise in pressure data
and decrease the uncertainty in parameter estimation.

The exponential integral solution introduced by Theis (1935) based on heat-
transfer analogy can be used for a reservoir with homogeneous properties. However,
if one treats the formation more elaborately, one may consider different property sub-
regions within the reservoir. Such subregions may take various geometric shapes as
in the case resulting from steam zones in geothermal reservoirs or shale lenses in oil
reservoirs. In this section the subregion will be represented as a circular discontinuity
in order to make mathematical consideration easier.

Many studies have appeared in the literature about composite reservoir systems
with circular discontinuities since the related work of heat conduction in composite
materials by Jaeger (1941 and 1944). Sageev (1983), also Grader and Home (1988)
investigated discontinuities that either have constant pressure (equivalent to infinite
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permeability of the model here) or have no-flow boundaries (equivalent to zero perme-
ability of the model here). A more recent study by Rosa (1991) developed theoretical
solutions without wellbore storage effect to both internal and external circular dis-
continuities though the numerical calculation of the pressure response was not robust.

This section focuses on the application of the composite model with and without
wellbore storage to the interpretations of multiwell pressure data through nonlinear
regression. The motivation was to examine the feasibility of estimating geometric
parameters as a function of the number of different locations at which the pressure
transients are maintained. This study formed a preliminary part of a broader study
to investigate the matching of multiple data streams of different types (for example,
pressure transient and tracer data).

2.2.1 Discontinuity Without Wellbore Storage

The pressure distribution in a reservoir with an external or internal discontinuity was
obtained by Rosa (1991). With a simpler approach of the two cases being handled
together and using the notation in Fig. 2.5, the solution function can be written for

first discontinuous region (r <a) as

Q, N
27rn [Ixo (n1R) + Zen—‘j—f (217") I, (217) cos (8 — 0 )} if a>r'

Ty = n=0
vy = zmm i 22r V1, (zlr)cos 60 I (2.10)
and for second region (r > a) as
T [ (z2R) + Zen n (227") IC, (27) cos (8 — 0’)] ifa <
Ty = w0 Yn
o e (2"”315 (22’")@3 (6 -0 P @10

n=0

where
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Observation Well FirstRegion

r

»

Active Well Second Region

Figure 2.5: Infinite reservoir with a circular discontinuity
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60—1,

en =2 (n>0),
/\l=§]1"
/\2=f§7

M= i,
772—$'£20;’
le\/.nz:l,

22 = %7

R2=r241"2—2rr'cos (0 - 0'),

Q= Az K (210) K] (22a) — My 21 K] (z10) K, (220),
D, = Aozoll (220) 1, (z1a) — Ay 211, (220) ] (z10),

U, = Mz Kp(z20)1] (210) — A22 K] (200) I, (21a).

The pressure drop for a constant surface flow rate g (without wellbore storage) in

Laplace space is

B 10,2, (2.12)

he, z

-A—p(T,e,Z) =

A computer program to evaluate the pressure drop was developed using the Ste-
hfest’s algorithm (Stehfest, 1970) to calculate the Laplace transformed expression.
Since K,, and I, appear together as a product, and since the product becomes of
type (0 - oco) when the argument or the order goes to infinity, it is not practical to
evaluate K,, and I, directly. In order to avoid the overflow and underflow of K, and
I,, e7*I,(z) and ¢* K, (z) are calculated in the program when n is not too large or X is
not so small. The convergence of the series was checked by the asymptotic expansions
for large orders of Bessel functions. It turns out that the summation of 50 terms of
the series is sufficient in practical calculation.

Figs. 2.6 to 2.12 show how the pressure drop responds as the parameters vary.
For some parameters, the pressure drop changes a great deal, which means it is easier
to estimate these parameters from pressure data. On the other hand, if the pressure
drop does not change much as the parameters vary, as in the case of the pressure
response of an observation well located in second region versus the compressibility
of the first region, it means that pressure response is not sensitive to this parameter
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and the parameter would not be well determined in a well test. This is likely to be
a problem in the interpretation of pressure data when the pressure data measured

include noise larger than five percent.

2.2.2 Discontinuity with Wellbore Storage

When the wellbore storage effect at the active well is considered, the sandface flow
rate g,y is no longer constant even though the surface flow rate q is constant. These
two flow rates are related by wellbore storage coefficient C,

B dp(ry,t) dAp(r.,t)
gus(t) = g+ O—= = g = C—— (2.13)
Hence
qsf(z) = % - CZKI;(T'WVZ) (214)

in Laplace space. The pressure drop caused by ¢,s(¢) is obtained by superposition
(Gringarten and Ramey, 1973)

t
Ap(t) = Z'CI'E /0 ass(t = T)(r,r", 0,0, 7)dr. (2.15)
Taking the Laplace transformation, the above equation becomes
AN / ’ _ J‘ —_— — ! !
Ap(r,r',8,0',z) = mqsf(z)x/(r,r , 8,0, z) (2.16)
__ q 1
Gsr(2) = or (2.17)

z1 + ¢c‘hv(7", 7"" 9, 0’) |T=T’+1‘w

—_— v(r,r', 0,60
Bp(r,1',0,0',2) = —= Tl

T ¢Cehz 1+ 3Z57(r, ", 0,0 )= i, (2.18)

where y(r 7,6, ¢',1) is the Green's function for the composite model,

7or<a
iz{ (2.19)

Uv; r>a
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and 77,73 are shown in EQ. 2.10 and Eq. 2.11. Fig. 2.13 shows the pressure response
as a function of time in an active well with the wellbore storage coefficient C' being
increased from zero to 0.5 bbl/psi. Wellbore storage affects the pressure response at
early time. These differences decrease with increasing time but may still be about
5 psi at 10 hours for C' = 0.15 bbl/ps.

Fig. 2.14 shows the pressure change at an observation well versus time for the
cases of C' =0 to 0.5 bbl/ps:. The observation well is located 100 feet away from the
active well. Neglecting the effect of wellbore storage at the active well will cause an
underestimation of the permeability of the reservoir.

2.2.3 Transformation of Coordinate System

All the equations discussed above are based on a coordinate system that has the
center of the circular discontinuity as the origin. However, when pressure data are
analyzed, the position of the discontinuity is unknown; it is among the parameters
to be obtained as part of the analysis. When field data are collected, the locations
of the observation wells are therefore given relatively to the position of the active
well. In other words, the locations of observation wells are represented in a Cartesian
coordinate system with the active well as the origin. In order to calculate the pressure
response in a reservoir of circular discontinuity, well locations need to be transferred
to the coordinate system used in the solution expressions.

The relationship between two coordinate systems is straightforward as shown in
Fig. 2.15, where (zy, y;) represents the field coordinate system and (z2,y2) represents
the coordinate system of the circular discontinuity. Assuming that the active well is r’
away from the center of discontinuity and is in ' direction, its Cartesian coordinates

in (z,,y2) are
/ /
T2ActWell = T cos & )
e (2.20)
Y2ActWell = T - S1INV .

If the coordinates of an observation well given in the real data system is (z,y;), its
Cartesian coordinates in system of circular discontinuity will be
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Figure 2.15: Transformation of two coordinate systems
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Table 2.2: Configuration of the formation

ky(md) 50 || ka(md) | 100 || cyy(psi~?) | 8.d-6 || cio(psi™) | 11.d-6
q(STB/D) | 110 || h(ft) |60 | u(cp) 3. ¢ 3
r'(ft) 9 | 0'(°) 0 | a(ft) 50

Ty = TopctWell + T1 = 21+ 7' - cos &
{ 2 24ctWell 1 1 (2.21)

Y2 = YoActwell + Y1 = 21 + 7' - sin§'.

Thus, from the coordinates of the observation well (zy, ¥, ), its polar coordinates (r, 8)
used in the solution expression can be obtained from the following equations

{ r?=(r'.cos0 tay)’ +(r'sing +y,)’ (2.22)

§ = arctan (M) )

r147’-cos§’

2.2.4 Objective Function

The estimation of reservoir parameters from multiwell observation responses can be
posed as to a nonlinear regression problem (Barua et al., 1988). In this study, a
weighted least squares method is employed. The objective function is the weighted
sum of squares of differences between the observed responses and the reservoir esti-

mated model responses:
E =3 wi[Ap — Ap(& AL, 2i,3:)]" (2.23)
1=1

where (At;, Ap;) are a set of n time-pressure data from observation wells located at
(z:,y:), @ is a set of unknown reservoir parameters such as ki, k2, ca, ¢, 7', 0, a
or C, and w; are the weighting set which emphasize the early time pressure data or

. . . ", Ap
small magnitude pressure data. In this formulation, w; = =52—,

Fig. 2.17, Fig. 2.18, Fig. 2.19 and Fig. 2.20 show the :ﬁapes of the objective
function E as a function of ' and @', with the the reservoir configuration shown in
Table 2.2. It can been seen that as more and more observation wells are used, the
shape of the objective function includes more character. So the minimum is easier to

obtain and local minimum can be avoided. Actually, if the data of two observation
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Distributions of Active Well and Observation Wells

Av
(-30,1 00
o @ (0.00)
o
(140,80)
@ ©50)
@ O
(-100,0) 0,0) (180,0)
(140,20)
® 0,100

Figure 2.16: Well pattern for an infinite reservoir with a circular discontinuity
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Figure 2.17: Objective function versus various position of active well
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2

Six Observation Wells, Scale 1:.

Surface Shape of the Objective Function

Figure 2.19: Objective function versus various position of active well
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wells are used, one located at (r = 5, § = 0), and the other located at (r = 125,
6 = 0), there will be more than one local minimum value. For any fixed 8’ between
(=50°,50°), v’ has three local minimum values, one lying in (0, 50), one located in (50,
130) and one beyond 130(c0), which stands for the homogeneous reservoir without
discontinuity. This brings a restriction on the initial guess of r* because if the guess lies
outside of (60,130), the global minimum cannot be reached by nonlinear regression.
In this case, three or more initial guesses need to be tried before the search process
reached the correct minimum.

There have been some powerful algorithms described in the literature for solving
nonlinear least square problems. In this implementation, a modified algorithm is
applied. The algorithm is based on a method proposed by Fletcher (1971). Let

fi = wi[Ap; — Ap(&, Ati, x4, y:)) (2.24)
f=0ffa o fa)t (2.25)

the algorithm is as follows:

1. From an initial guess & and a damping factor U, calculate D f, f, D fTDf and
D fT f, where D is the differential operator with respect to &.

2. Calculate E = fTf. If E < ¢, stop the iteration. In order to avoid false
convergence, some requirements can be put on the parameter change || DX|| or

on the number of iterations;

3. Solve equation system
(DfT-Df+UIDX = —DfT. f
to obtain D X ;

4. Calculate the value of E as E; at & T DX;

5. Calculate

E-E

k= DXT(—DfT-f)TUDXTDX
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o IfFR>.75let U =75 and if U <.001, let U =0. Go to 6,
o If . 25< R <.75, goto 6,
o If R>.25 then U =10"3if U =0, else U =U - V where

: -5
_V:21fV1:2+W(J——DfT—f)<2’
-V =10if V1 > 10and
-V=V1if2<V1<10.

Thengoto 3if £y >E;goto6if £ <E;

6. Substitute ag with ag +DX ,go to 2.

The matrix of derivatives D X is obtained by numerical differentiation with relative
step 0.001 and the initial value of damping factor U is 0.01.

It is easier to obtain estimates of the parameters of the second region k,, ¢;, because
the objective function is a strong function of the two parameters. The same is true in
the case of &k, ¢;p if there is one or more observation wells in the first region. However,
it is not possible to know the location of the discontinuity in advance in practice as
the position of the discontinuity is a unknown parameter.

It can be seen that the pressure data from the active well and one observation well
are not sufficient to estimate the position of the discontinuity; at least two observation
wells are needed in the example. Mathematically speaking, the more observation
wells, the more information about the discontinuity that may be included. Notice that
the active well and the observation wells should not be on a straight line, otherwise,

the estimates based on the pressure data are not unique.

2.2.5 Examples

Pressure data were generated artificially with random noise to see how the non-
linear least square approach would work and to determine which parameters can be
estimated successfully.

Example 1: Unknowns k2,7, ,a, ¢, C

Table 2.3 includes the pressure data generated with one percent noise and the

known reservoir properties used are shown in Table 2.4. The initial guess and the
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Positions (X, y) (0, 100) | (0, -100) | (100, 0) | (-100, 0)

At; Ap; At; Ap; Ap; Ap; Ap;
0.0013 | 0.0457 || 0.1148[ 0.0001 | 0.0002 | 0.0002 [ 0.0002
0.0016 | 0.0585 || 0.1318 | 0.0003 | 0.0003 | 0.0004 | 0.0004
0.0020 | 0.0743 || 0.1514 | 0.0004 | 0.0005| 0.0005| 0.0005
0.0025 | 0.0949 [[ 0.1738 | 0.0006 | 0.0007 | 0.0007 | 0.0007
0.0032 | 0.1208 || 0.1995 | 0.0008 | 0.0010 | 0.0011 | 0.0011
0.0040 | 0.1533[[ 0.2291 | 0.0010 [ 0.0017 | 0.0017 | 0.0017
0.0050 | 0.1942 [ 0.2630 [ 0.0014 | 0.0031| 0.0031| 0.0031
010063 | 0.2467 || 0.3020 | 0.0022 | 0.0059 | 0.0059 | 0.0059
0.0079 | 0.3134 || 0.3467 | 0.0040 | 0.0109| 0.0110 [ 0.0110
0.0100 | 0.3965 |[ 0.3981 | 0.0079| 0.0199 | 0.0202 | 0.0199
0.0126 | 0.4970 [ 0.4571 | 0.0155| 0.0347 | 0.0353 | 0.0348
0.0158 | 0.6290 || 0.5248 | 0.0291| 0.0585| 0.0595| 0.0591
0.0200 | 0.7982 [/ 0.6026 | 0.0525| 0.0949 | 0.0966 | 0.0958
0.0251 | 1.0079( 0.6918 | 0.0890 | 0.1481| 0.1523| 0.1508
0.0316 | 1.2693]| 0.7943 | 0.1453| 0.2253| 0.2324| 0.2299
0.0398 | 1.5889 | 0.9120 | 0.2280 | 0.3325| 0.3433 | 0.3392
0.0501 | 2.0089 || 1.0471| 0.3427| 0.4796| 0.4949 | 0.4872
0.0631 | 2.5366 || 1.2023| 0.4991| 0.6723| 06890 | 0.6851
0.0794 | 3.1567 || 1.3804 | 0.7086 | 0.9188 | 0.9504 | 0.9380
0.1000 | 3.9647 || 1.5849| 09742 | 1.2365| 1.2651| 1.2689
0.1259 | 4.9781 [ 1.8197| 1.3029| 1.6383| 1.6744| 1.6587
0.1585 | 6.2005 || 2.0893 | 1.7158| 2.1156 | 2.1485| 2.1515
0.1995 | 7.7146 || 2.3988 | 22126 | 26860 | 2.7238| 2.7065
02512 | 9.5244 || 2.7542 | 27680 | 3.3449 | 3.3924 | 3.3905
0.3162 | 11.7947 || 3.1623 | 3.4309 | 4.0913| 4.1293 | 4.1167
0.3981 | 14.4375| 3.6308 | 4.1656 | 4.9047 | 4.9511| 4.9638
0.5012 | 17.7034 || 4.1687 | 4.9930 | 5.8682| 5.8711| 5.9024
0.6310 | 21.3863 || 4.7863 | 5.8761| 6.8062 | 6.8165| 6.8714
0.7943 | 25.9568 || 5.4954 | 6.7674 | 7.9208 | 7.8794 | 7.9188
1.0000 | 30.9352 || 6.3096 | 7.7381| 8.9722| 89130 | 8.9863
1.2589 | 36.2503 || 7.2444 | 8.7613 | 10.1510 | 10.0283 | 10.1487

36
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Active well Observation Wells
At; Ap; At; Ap; Ap; Ap; Ap;
1.9953 48.7194 9.5499 | 10.9054 | 12.3914 | 12.2931 | 12.3826
2.5119 55.2196 10.9648 | 11.9544 | 13.5561 | 13.4564 | 13.5806
3.1623 61.6283 || 12.5893| 13.0069 | 14.6518 | 14.5340 | 14.6424
3.9811 67.2365 14.4544 | 14.0602 | 15.7939 | 15.6419 | 15.7799
5.0119 72.5952 16.5959 | 15.0836 | 16.9317 | 16.8066 | 16.8296
6.3096 77.0253 19.0546 | 16.1059 | 18.0142 | 17.7633 | 17.8972
7.9433 81.1865 | 21.8776 | 17.2182 | 19.1974 | 18.8317 | 18.9823
12.5893 87.3582 28.8403 | 19.3435 | 21.1629 | 20.9977 | 21.0232
15.8489 89.9176 | 33.1131 | 20.2165 | 22.2034 | 22.0172 | 22.1025
19.9526 92.2144 38.0189 | 21.2108 | 23.3209 | 23.1296 | 23.1424
25.1189 04,2082 || 43.6516 | 22.3442 | 24.3604 | 24.0744 | 24.2053
31.6228 95.7760 50.1187 | 23.2092 | 25.2624 | 25.0429 | 25.2406
39.8107 98.2806 57.5440 | 24.3699 | 26.4343 | 26.0535 | 26.1485
50.1187 99.5769 66.0693 | 25.3674 | 27.3163 | 27.1172 | 27.1443
63.0957 { 101.0565 i 75.8578 | 26.1800 | 28.5421 | 28.0381 | 28.1081
79.4328 | 102.8120 || 87.0964 | 27.1859 | 29.3354 | 29.0095 | 29.3468
100.0000 | 104.5314 || 100.0000 | 28.3910 | 30.2947 | 30.2034 | 30.2314

Table 2.4: Properties of the reservoir in Example 1

q

4

Tw

© | h

ky

Cn

110 bbl/day

0.3

0.4 ft

3.0 | 30 ft

50 md

8.e-6 1/ps1
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Table 2.5: Initial guess, matching result and true value

komd | r' ft | 8 ° |aft | cy (1/psi) | C (bbl/psi)
Initial Guess 50 5 | 50 | 50 | 8.x10°° .05
Matching Result | 110.0 | 79.8 | 81.5 | 49.1 Il.E-6 0.0998
True Values 110 80 80 50 11.E-6 .1

matching result are listed in Table 2.5. The matching started from the initial guess
of a homogeneous model k; = k; = 50(md) and can = ¢z = 8 x 107%(1/psi). The
residual of weighted squares was 0.357 and iteration number reached 40 to achieve
the absolute and relative errors for each parameter less than 10=%. In this example,
there is one observation well located in the discontinuity and the noise is only one
percent, so the result is encouraging. However if k; and c;; were unknown, the initial
guess ky =k, =7 =a =8 =70, cqy =cy = 1.x 107%, C = 0.05 resulted in
incorrect estimated values of k; = 159, k, = 104, »' =83, 8 = 125, a =58, ¢y =
10.4 x 1078, ¢, = 11.2 x 1076, C = 0.1 with the residual 38.0 after 11 iterations.
Example 2: Unknowns ky, ks, r',8',a,¢,¢2,C

This example also has one observation well located in the discontinuity region,
and the noise added in pressure data is 3 percent.

Table 2.6 and Table 2.7 include the pressure data and the property data of the
reservoir, respectively. The initial guess, matching result and the true parameter
values are shown in Table 2.8. The absolute and relative errors of each parameter
are within 10~® after 14 iterations, which gives 1.94 as the residual of the weighted

squares.

2.2.6 A Special Case — Concentric Active Well

If »* = 0, the active well is concentrically located in the discontinuous region. The
pressure drop in Laplace space can be simplified to be

k1hz Mz1 D (az1)Ko(az2)+ X222 1o (az1) K1 (azz) ~© = (2 26)
141.2qu.1 Al KQ(ZQT) .
kihaz Mz11i(az1)Ko(azz2)+A222I0(az1)K1 (az2)

K_ { 141.2¢Bu; [1(0(217‘) + A1z1Kl(a21)Ko(azg)—/\gnk’o(azl)l(l(azg)I (217‘)] r<a
p=

r > a.
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| Active Well | Observation Wells

Positions (X, y) (0, 100) | (0,-100)| (100,0)| (-100, 0)

At AP, At; AP; AP, AP, APF;
0.0013 0.0114 0.1148 0.0001 0.0000 0.0001 0.0001
0.0016 0.0146 0.1318 0.0001 0.0001 0.0001 0.0001
0.0020 0.0184 0.1514 0.0001 0.0001 0.0001 0.0001
0.0025 0.0238 0.1738 0.0002 0.0001 0.0002 0.0002
0.0032 0.0304 0.1995 0.0002 0.0002 0.0003 0.0004
0.0040 0.0385 0.2291 0.0004 0.0004 0.0004 0.0006
0.0050 0.0486 0.2630 0.0008 0.0008 0.0008 0.0012
0.0063 0.0621 0.3020 0.0015 0.0015 0.0015 0.0022
0.0079 0.0794 0.3467 0.0028 0.0027 0.0029 0.0039
0.0100 0.1005 0.3981 0.0051 0.0050 0.0053 0.0066
0.0126 0.1238 0.4571 0.0089 0.0086 0.0092 0.0111
0.0158 0.1574 0.5248 0.0149 0.0145 0.0154 0.0182
0.0200 0.2020 0.6026 0.0246 0.0234 0.0249 0.0285
0.0251 0.2560 0.6918 0.0379 0.0362 0.0396 0.0439
0.0316 0.3224 0.7943 0.0578 0.0555 0.0608 0.0662
0.0398 0.3998 0.9120 0.0867 0.0822 0.0903 0.0966
0.0501 0.5123 1.0471 0.1244 0.1205 0.1319 0.1384
0.0631 0.6560 1.2023 0.1760 0.1708 0.1830 0.1969
0.0794 0.8072 1.3804 0.2475 0.2358 0.2597 0.2727
0.1000 1.0257 1.5849 0.3373 0.3261 0.3474 0.3829
0.1259 1.3091 1.8197 0.4490 0.4501 0.4781 0.5088
0.1585 1.6415 2.0893 0.6031 0.6010 0.6265 0.6910
0.1995 2.0670 2.3988 0.8006 0.7955 0.8259 0.8938
0.2512 2.5662 2.7542 1.0177 1.0347 1.0751 1.1898
0.3162 3.2503 3.1623 1.3158 1.3264 1.3588 1.5002
0.3981 4.0275 3.6308 1.6669 1.6618 1.7037 1.9229
0.5012 5.0944 4.1687 2.1124 2.1444 2.1412 2.4485
0.6310 6.2746 4.7863 2.6261 2.6071 2.6113 3.0241
0.7943 8.0072 5.4954 3.1618 3.3025 3.2418 3.7343
1.0000 9.9207 6.3096 3.8377 3.9685 3.8791 4.5257
1.2589 12.0264 7.2444 4.6438 4.8734 4.6848 5.5402
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Active Well Observation Wells
At AP; At; AP; AP; AP, AP;
1.5849 | 15.1704 8.3176 | 5.6226 | 5.7772 | 5.5340 | 6.4860
1.9953 | 18.3564 9.5499 | 6.6476 | 6.7930 | 6.6091 | 7.7252
2.5119 | 22.4510 || 10.9648 | 7.7459 | 7.9858 | 7.7805 | 9.1468
3.1623 | 27.3059 || 12.5893 | 8.9455 | 9.1699 | 8.9129 | 10.4160
3.9811 | 32.2894 || 14.4544 | 10.2400 | 10.5519 | 10.2032 | 11.9558
5.0119 | 38.3868 || 16.5959 | 11.5512 | 12.0340 | 11.7111 | 13.3947
6.3096 | 44.6571 | 19.0546 | 12.9272 | 13.4882 | 12.8658 | 14.9518
7.9433 | 52.1126 || 21.8776 | 14.5845 | 15.2493 | 14.3186 | 16.6145
10.0000 | 59.4432 || 25.1189 | 16.1505 | 16.7536 | 15.9403 | 18.3905
12.5893 | 66.6974 || 28.8403 | 17.7758 | 17.9402 | 17.4309 | 19.6863
15.8489 | 73.8492 || 33.1131 | 18.8632 | 19.4461 | 18.8634 | 21.3972
19.9526 | 80.4117 || 38.0189 | 20.2719 | 21.1601 | 20.5391 | 22.9837
25.1189 | 85.8640 || 43.6516 | 22.0724 | 22.6550 | 21.7625 | 24.6182
31.6228 | 89.5990 || 50.1187 | 23.0581 | 23.7405 | 23.0253 | 26.1421
39.8107 | 95.4497 || 57.5440 | 24.9066 | 25.5720 | 24.3816 | 27.2351
50.1187 | 97.3391 || 66.0693 | 26.2379 | 26.5427 | 25.8681 | 28.5692
63.0957 | 99.3742 | 75.8578 | 26.9678 | 28.5011 | 26.9258 | 29.7714
79.4328 | 101.9808 || 87.0964 | 28.2723 | 29.1563 | 28.1063 | 31.8347
100.0000 | 104.3303 || 100.0000 | 30.1881 | 30.2841 | 29.9239 | 32.7357
q bbl/day | porosity | r, ft | viscosity | thickness
110.0000 | 0.3000 | 0.4000 | 3.0000 30.0000
Table 2.8: Initial guess, matching result and true value
kymd [ kymd |7 ft | 6° a ft i e 1/pst | C
Initial 50 50 50 50 50 5.E-6 5.E-6 1
Match | 238.66 | 100.35| 79.51 | 197.63| 61.02 | 18.6E-6 | 10.E-6 | 0.4
True 250 100 80 200 60 19.E-6 | 10.E-6 | 4

40
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From the approximate expressions for modified Bessel functions of small arguments:

Io((l‘) ~ 1,
(z = 0),
it follows that for a- 2z =~ 0
A : N
Aazy Ko(aze)h(az1) + Aaz2K1(aze)Io(az)
a ~ 2 2.27
/\1(121 . (—lnazg) . &%.‘L + )\2(122 . %22 -1 - A2, ( ' )
Alzllfl(azl)f(g(azz) - )\2221{0((121)]{1(&22)
K I R~
Co(z1m) + Mz i(az)Ko(azg) + Agzolo(azy ) Ki(azz) o(z17)
A A a
X:—ng(zgr) +(1- X;—)ln;. (2.28)
So for small radius a and large time (small z), the pressure drop becomes
— WML29Buw 1 (zor) + (2 — 1)In] r <
Rp(ryz)= | Jabe Ko(z2r) ¥ (5 = D)inf] r < (2.29)
—Zﬁ;ﬁzlﬁ’o(zy‘) r>a

and its Laplace transformation inversion is easy to obtain. From EqQ. 2.29, it can be
seen that the pressure drop outside the discontinuity is the same as the line source
solution (exponential integral solution) and the pressure drop inside discontinuity
should be the line source solution plus E%}?ﬁ(% — Dln 2. Therefore, a composite
reservoir with a centered source well can be treated in convention as a homogeneous
reservoir without the first region by introducing a skin factor

S=(Z~1)n-. (2.30)

However, this simplification is true only when the radius of the first region is not very
large and the time considered is not very small. Fig. 2.21 and Fig. 2.22 provide an
idea what a and ¢ should be. For a =50 (feet), t < 1 (hour), using the skin factor
approach will result in incorrect results as shown in Fig. 2.21.
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The same thing happens in Fig. 2.22 where a =100 feet, ¢ < 10 hours. For the
general concentric composite reservoir where the simplified skin factor approach does
not apply, the solution presented in Eq. 2.26 runs faster and is more suitable than
the solution presented in Egs. 2.10 and 2.11 in finding the unknown parameters such
as kq, k, and a as shown in Fig. 2.23 and Fig. 2.24.

In summary, for circular discontinuities, parameters such as permeability, com-
pressibility in both regions can be obtained in addition to the location and the range
of the discontinuous region if the noise in the pressure data are not large. The more
data that are used, the higher tolerance for noise that may be allowed in pressure
data for parameter identification. The wellbore storage coefficient in the active well
can also be estimated. If the active well is located in the center of the discontinuous
region, a skin factor may replace an explicit representation of the discontinuous region

under some restrictions.
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2.3 Analysis of Drawdown-Buildup Pressure Data
in Multiwell Systems

This section focuses on how the producing neighbor wells affect the buildup pressure
data in the testing well. The investigation started with the development of the so-
lutions in Laplace space and covered the system of both finite number of wells and
infinite number of wells. The system of an infinite number of wells can be used to
simulate the behavior of transient pressure in rectangular reservoirs.

Consider an infinite homogeneous reservoir with n + Lwells. All wells are labeled
with an integer. Well O is the observation well, well 1is the testing well producing
at a constant flow rate q at the beginning and at constant rate 0 after ¢,p, while
wells n (n > 1) are the neighbor wells producing at constant rate g at any time.
The producing neighbor wells in this configuration will have impact on the pressure
buildup on the observation well. The pressure data from shut-in test of well 1 cannot
be analyzed correctly without studying the effect of neighbor wells.

If the wellbore storage effect is taken into account, the pressure solution in Laplace
space for the multiwell system of finite number of wells can be obtained by superposing

finite sources in time and space,

Pb(ﬁD, 72Dy -y TnD, tpDv 3) =

(1 — e=*%2)Ko(ripy/s) + Ko(rapv/s) + Ko(rapy/s) + ... + Ko(rnp/s)
5% (K1(v/3) + Cpv/sKo(1/5))

or basing the time scale on ;%D; and using %5’2 as the parameter,
e eD

. (2.31)

p_D(rlD)r2D7 '"7TnD7tpD7 Z) =

repl(i=e~*»D/"eD) Ko (r1 p/%/ren)+Ko(ran V2 rep) 4 Ko(rapy/Z/rep)t -4 Ko(rapy/Z/rep)] (2.32)
2% (K1(V2/reD)+CpVZ[repKo(\VZ/TeD))

where Cp is the wellbore storage coefficient, and r;p is the distance between obser-

vation well 0 and well z.
When n = 1, this solution represents the interference case with one active well

and one observation well in an infinite homogeneous reservoir. The type curves for
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drawdown and buildup without wellbore storage are provided by Ramey (1981) as
shown in Fig. 2.25. In this special case, the pressures at any place are the same
except at early time if pp is plotted vs. fﬁ; with fﬁ;l as a parameter (rep =7mip =7rp)-
As can be seen from Fig. 2.26, Fig. 2.27 and Fig. 2.28, the pressure responses depend
greatly on the distance between testing well and observation well if wellbore storage
IS considered.

Fig. 2.29 and Fig. 2.30 show the pressure drawdown and buildup for a six-well
system, where the testing well is also the observation well. All the production wells
contribute to the drawdown curve. When the testing well is shut in, the buildup curve
eventually follows the curve corresponding to the production of all the neighboring
wells.

Fig. 2.31 and Fig. 2.32 show the buildup parts for the same system. For a fixed
shut-in time, pp will become larger than p(¢,p) at late time, so each curve reaches
below zero at some time. The shut-in time affects the buildup pressure data very
much as well as the wellbore storage effect as can be seen from Fig. 2.31.

If there are infinite number of wells, well 0 is the observation well, well 1 is the
testing well producing at constant rate ¢ first and at constant rate 0 after ¢,p, if all
the other neighboring wells are producing at the constant rate g all the time, and if
the wellbore storage effect is included, the pressure solution in Laplace space for the
infinite system can be written as

p_D(TlD7T2D’ '"7tpD7 Z) =

'reD(l - 6—thD/TzD)I(O(TID\/—Z—'/""eD) + ZI{O(rnD\/E/TeD)
n=2
(2.33)
2% (K1(v/Z/rep) + Cpv/z/repKo(\/Z/7eD))
where r.p is the distance between observation well 0 and well n.
To compare the effect of number of wells on the drawdown and buildup curves,

a six-well system and an infinite-well system shown in Fig 2.33 are considered as
an example, where the distances in X direction and y direction between any two
neighboring wells are 500ft, and the testing well and observation well are located at
(0,0). The pressure response due to the production of infinite neighboring wells is
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Drawdown and Buildup Type Curve for Six-Well System (finite source)
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Figure 2.30: Pressure response versus production time and wellbore storage effect



CHAPTER 2. USE OF PRESSURE DATA FROM MULTIPLE WELLS

PD-PpD

PD-PpD

(0]

I

Buildup Type Curve fc?r Six-Well System (finite source)

TrD/Re/Re

Testing Well at (0.0, 0.0)
Obsers Well at (0.0, 0. 0)
Neighboring Well at

Si9hboring Well a1 %88 E
Neighboring Well at
CD=100.0

Re=100
III}I|1] 1 lllilll] I

0.1
0.01

| gl Lol

0.1 1.

100 1000

(TD-Tpl%)(;/Re/Re
Figure 2.31: Pressure buildup response versus time after shut-in

Buildup Type Curve for Six-Well System (finite source)

by

10000

TpD/Re/Re

lll!ll

L

Testing Waell at (0.0, 0.0)
Obsers Well at (0.0, 0.0}
Neighboring Well at

NegREered el 88 2

Neighboring We I at

D:
Re-100
1 1 1 Illlll L Alllll[ L

H '
s gt TR A 1 TR TR L

0.01 0.1 1. 100 1000

10
(TD-TpD)/Re/Re

Figure 2.32: Pressure buildup versus time after shut-in and wellbore storage effect

52



CHAPTER 2. USE OF PRESSURE DATA FROM MULTIPLE WELLS
Six-well System

Figure 2.33: Configuration of six-well and infinite-well systems
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S S U () & Frmn) + o) + (o)

+ i [f("m,o) + f(r—m,o) + f(To,m) + f('l‘o,._m)]
where
frma) = = Koltma %/ ren)
’ 22(K1(vz/rep) + Cpv/z[rep Ko(VZ[TeD))
and

T = \/(ma —z,)2 t (nb—yw)z;:l—.

With a = b =500.0f¢, X, =y, =0.0ft and r,, =0.3ft as an example, Fig. 2.34
and Fig. 2.35 show the difference of drawdown and buildup curves between the two
systems with and without wellbore storage effect, while Fig. 2.36 and Fig. 2.37 show
only the buildup part of the response. The pressure in the infinite-well system drops
more rapidly at long time, indicating a higher rate of depletion.

The solution for a well in a closed rectangular reservoir is equivalent to that of the
infinite number of wells in an infinite reservoir. Eq. 2.32 can be extended to express
the pressure response (drawdown or drawdown and buildup) for a well in a rectangle
with closed boundary or constant pressure boundary.

For the drawdown case

(1 — e*tp )i.[(o(’f'np\/g)

ip(T1iD,T2Ds -, CD, 8) = =3 n=0 ) _
pp(ripsTap DsS) S (V5) + Co ViR T3)) (2.34)

For the drawdown and buildup case

T'eD(l - e‘ZtPD/TZD)ZKo(TnD\/z/"'eD)
p_D(rlDar2Da -~~7tpDacDaz) =3 n=d (235)

2% (K1(vz/rep) + Cpv/z/repKo(v/Z[TeD))’
where rgp is the distance between the testing well and the observation well, and r,,p
represents the distance between the observation well and any image well or neigh-
boring well. A similar expression could be written for a partial penetrating well in a
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Figure 2.35: Pressure response versus production time and wellbore storage effect
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reservoir with no flow or constant pressure boundary where superposition by imaging
is applicable. As an example, the pressure responses are calculated in Fig. 2.38 and
Fig. 2.39 for a rectangular reservoir of 800ft x 500f¢, thickness 50 ft, permeability
100md in radial direction and z direction. The testing well and observation well are
located at (100f¢, 100f¢) with well radius 0.3 f¢. The well penetrates the upper 60%
of the formation thickness and the pressure is measured both at the bottom of the
well and at the top of the completion interval. The difference in pressure responses
between the partial penetration and full penetration is noticeable in Fig. 2.38 and
Fig. 2.39 from early time through late time. In well test analysis, if the partial pene-
tration effect is not considered, the permeability of the reservoir will not be correctly

interpreted.
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2.4 No-Flow Linear Boundary

For an infinite homogeneous reservoir with a linear no-flow boundary of infinite length,
one method of locating the no-flow boundary is the Inference Ellipse method devel:
oped by Vela (1977). The Inference Ellipse method requires exactly two sets of
interference data to determine the position of the no-flow boundary. If more than
two sets of well pressure data are collected, as in most interference testing, using the
inference ellipse method can only provide rough estimates about the location of the
no-flow boundary and the result depends on which two sets of data are chosen. In this
section, the pressure expression is formulated in consideration of applying multiple
sets of the pressure data to locate the no-flow boundary position. The approach will
be applied to the field pressure data in following section.

If the wellbore storage effect is included at the active well, the pressure solution

in Laplace space would be

rip(1 = e~/ Ko(/3)
2% (K1(v/z/r1p) + Cpv/z/rip Ko(v/2/11D))

rop(1 — e=*0/"0) Ko (1/2) (2.36)
z%([{l(\/E/rw) + Cpv/z/rapKo(v/7/720))

Consider a reservoir configured as in Fig. 2.40, where one active well and three

pp(riD,T2p, 2) =

+

observation wells are present. The shapes of the least square residual objective func-
tion are shown in Fig. 2.41 and Fig. 2.42. Pressure data,from two wells are used in
Fig. 2.41 and the objective function has two local minima, leaving the interpretation
result nonunique. However, if more than two sets of pressure data are used, there
will be only one global minimum as in Fig. 2.42. This indicates that using multiwell
interference pressure data simultaneously is necessary in locating the position of the
no-flow boundary as well as in estimating permeability and storativity. The wellbore
storage in the interference test is not important except when Cp/r% becomes larger
than 10. It can be seen from Eq. 2.36 that small rp will contribute to the enlargement

of the wellbore storage effect.
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Figure 2.40: Well pattern for an infinite reservoir with a linear no-flow boundary
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2.5 Interpreting Multiwell Pressure Data of Ohaaki
Geotherrnal Field

This section shows the interpretation of a set of interference data from Ohaaki geother-
mal field using nonlinear regression. Multiple sets of pressure data were used. The
purpose was to identify how the no-flow boundary affects the result.

Using interference testing to evaluate reservoir heterogeneity and average trans-
missivity and storativity is a convenient and common method in geothermal fields.
Twelve interference tests were conducted in the Ohaaki geothermal field among six
wells at different times. Leaver et al (1988) analyzed these tests in a.neffort to iden-
tify a no-flow linear boundary using the inference ellipse method by Vela (1977). The
pressure data sets were matched only one pair at a time. The results were dominated
by the local transmissivity and storativity between or around the two wells; each
match gave a different local average. It is hard to determine which value can be used
as the average for the whole reservoir. Furthermore, the inference ellipse method
carries some uncertainty in deciding the location of linear boundary, since two pairs
of data provide two inference ellipses that are sufficient to determine the location of
linear boundary. A better approach is to match all the pairs simultaneously to give
consistent results.

The parameters matched were bulk transmissivity kh/u, storativity ¢c;h, the lo-
cation of linear boundary (two coordinate variables) and the initial pressures of each
active well. There are twelve sets of interference pressure data available, which means
we have sixteen parameters to be matched in our model. The theoretical drawdown
and buildup curves used in our analysis were similar to those developed by FEip-
per(1985), but the linear boundary effect has been included in the curves in order to
regress on all the parameters together. To make this possible, a Cartesian coordinate
was created with BR20 as the origin, so the location of each well is represented by a

pair of numbers (X y) as follows:
BR23 (0.0, 0.0)

BR13 (-1079.9, -1977.3)
BR23 (-527, -1230.31)
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BR31 (-1757.5, -878.8)
BR34 (-2680.3, -2636.4)
BR19 (-1318, -659.1)

We represented the linear boundary by another pair of (z,y), the coordinates of one
point on the boundary that are nearest to the origin of our Cartesian coordinates.
The algorithm used to solve this nonlinear regression problem is the same modified
Fletcher (1971) method discussed in Section 2.2.4.

The results from Leaver et al (1988) are presented in Fig. 2.43 and listed as follows
with an average set of values:

kh =250.0d ft éc:h =80.0 ft/psi x 10* x = —1494.0 ft y, = 2724.0 ft.

This interpretation gives a residual of 1.999 psi? per data point (there are 1969 data
points for all 12 wells). Starting from this result as an initial guess, after 11 iterations,
the algorithm found a solution as shown in Fig. 2.44:

kh = 547.92477 ¢c,h = 119.91531 z, = —1981.07651 y, = —1631.12899,

which gave an average residual of 1.4366 ps:® per point. Notice that tests B7 and
B8 are worse than before, because they have fewer points and contribute less to the
residual.

Adding the twelve initial pressures of the active wells as parameters, we were able
to reduce the residual to 0.97 psi? per data point as shown in Fig. 2.45 with estimated
parameter values as follows:

kh = 584.96150  dch = 47.34690 =z, = —3031.12267, y» = —2076.63377
pBl = —7.11689  pP? = 1050041 pP3 = —53.15206 pP* = 14.30722
pB® = —9.13517  pP7 = —117.83430 pf® = —67.89931 pB® = 297.20062
pBl0 = —32.76060 p{! = 3.36854 p¢? = —24.25505 pf3 = —6.17686

From Fig. 2.45, we see that four sets of data B6, B7, B8 and B9 are not well-
behaved. Excluding these four sets, we performed the matching again with the re-
maining eight sets of pressure data. Fig. 2.46 is the matching result without initial
pressures as parameters but with weights to emphasize the early data. The result is
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kh = 734.75503 ¢c:h = 52.16619 z = —1663.09485 y, = —2883.21636
With initial pressures as parameters without emphasis on early data, we have (Fig. 2.47):

kh = 659.31439  $ch = 32.35258 « = —5067.12074 y, = 18.74405
pPl = —4.88181 pP? = —2.75039 pP%= —54.73846 pP* = 14.38455

pB10 = —29.48337 pSl = 1212687 pf? = —14.24363 p¢® = 14.83868
With weights and initial pressures as parameters, we end up with

kh = 630.98879  ¢c,h = 33.71702 z, = —1506.85394 y, = 2749.59898
pBl = —4.41652 pP?=037996 pP%= —61.96414 pP*= 17.10718
pB10 = —34.01868 pfl =5.96005 pf?= —28.81102 p{® = 17.35140

as shown in Fig. 2.48. All the results were calculated with h =2297.0 ft and p¢ =
0.34 cp. Notice that in B3 of Fig. 2.46 we see the calculated type curve parallel above
the actual data and we can not shift the curve vertically without sacrificing other
matches. All the data affect each other here. When the initial pressures are allowed
to vary, the actual data of B3 are increased by the same amount, resulting in the
early data having a big jump in the log-log graphs as in Fig. 2.47 and Fig. 2.46.

The location of the linear boundary is sensitive to the sets of data used. It is more
likely that there is a northwest /southeast trend of faults, and we always had a higher
estimate of average permeability than the value 110 md as suggested by Leaver et
al (1988).
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Figure 2.45: Matching results with initial pressures as parameters
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Type-curve Match for Multi-well Pressure Data of Ohaaki Geothermal Field
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Figure 2.46: Matching results with weights emphasizing early data
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Figure 2.48: Matching results with weights and initial pressures as parameters



Chapter 3

Green’s Functions and the
Reciprocity Principle in
Heterogeneous Media

This chapter starts with the definition of the Green’s function for heterogeneous
reservoirs and the discussion of its properties. The general expression to represent
pressure in terms of Green’s functions is presented. Through some examples, it is
shown that the Green’s function method is still a helpful tool in finding analytical
pressure solutions for heterogeneous reservoirs even though it loses the useful Newman
product property.

The Principle of reciprocity is discussed next. The effect of wellbore storage and
skin on reciprocity is also included. Finally, using Green’s functions in tracer flow

problems is briefly discussed.

3.1 Definition of Green’s Functions

For pressure transient calculations in a homogeneous formation, the Green’s function
is usually defined as the pressure response at (z, y, z) at time ¢ due to an instantaneous
point source of unit strength generated at point (c:, y’, z) at time 7, with the reservoir
being initially at a constant pressure p;, and the boundary being kept without flow

12
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or at the same constant pressure p;. S0, the Green's function G(z,y, z,2',y’, 2, t — 1)

is the solution to the following equation,
9*°G N 0*°G *G _ dpc 0G
bt Oy T e T Tkt
G(z,y,z,2',y,2,0) = 8(z —2")é(y — ' )6(z — %) (3.2)

(3.1)

where é(z) is the Dirac function, which is handled algebraically as if it were an
ordinary function with the following properties,

6(z) =0 forx#0

/ F)éle —y)dy = f(2)

for every arbitrary continuous function ¢(z). However this definition of Green's func-
tion can not be used directly for heterogeneous reservoirs, since the coefficients of the
flow equation for heterogeneous reservoir are not constant.

There are two ways to define the Green's function for heterogeneous formations.
One treats the instantaneous source still as an initial condition and the time range
involved is [0,o0]:

0 k(z,y,2) 0G _(?_k(:t,y,z)@_G_f_ 0 k(z,y,z) 0G

9z u(z,y,2) 0z ' Oy u(z,y,2) Oy = Oz p(z,y,z) Oz

oG

= ¢(way7 Z)Ct(-'l',y,z)‘ét_ (33)
§(z — 2)8(y — y')é(z — )

¢($,7 ylv Z’)Ct(;l)', yla Z,)

G(z,y,2,2',y',2',0) = (3.4)

Another way treats the instantaneous source as a source with strength concentrated
at time 7, the time range as (—o0, o) and restricts the solution to be zero for t <.
So G(z,y,z,2',y',2',t —7) is a solution of the following equation:
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)+ _2(]‘:(‘73’3/’2) Qg) —

0 kay,2)0G, 0 k(z.y,2)9G
9z u(,y, z) 0z

537(#(1“ y,2) Ox ay(u(:v,y,Z) Oy

820, Jedzy,2) G = 8(z = #)5(y ~ y)8(= — )6t~ 7 (3.5)

G(z,y,z, 2"y, 2, t) =0for t < 7. (3.6)

IC, x, ¢ and ¢; above are all functions of (x,y,z),continuous throughout the reservoir,
or continuous within several subdomains of the reservoir and discontinuous on the
subdomains' boundaries along which additional conditions of continuous pressure
and material balance are maintained.

These two definitions are equivalent in some sense. Assume GG; and (7, are Green's
functions from the first and the second definitions respectively, then

G2(:cvy’z>ml>ylazl7t - T) =G1($,y, Z)a:/>y,az’at _T)H(t _T) (37)
where
1 ift>
H(t—7)={ nreT (3.8)
0 otherwise

If G, satisfies Egs. 3.3 and 3.4, then

d koG, 0 koG, 6G1
5z n e " o aw ) ) S e HE—)

olG1H(t — 7))

6G1 H(t—71)= ¢e; T — ¢c:G1(0)6(t — 7)

¢Ct

so (7, satisfies Egs. 3.5 and 3.6. We chose the first approach which is easier to
understand and has more obvious physical meaning. It defines the Green's function
as the pressure response due to an instantaneous source of a strength related to the
storativity at the source location, rather than due to an always unit strength as in
the homogeneous case.
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3.2 Properties of Green's Functions

From the definition, some properties can be inferred for Green's functions in hetero-
geneous reservoirs. Those properties will be applied to derive the expression for the

general pressure response in terms of Green's function.

1. Principle of reciprocity:
G(z,y,2,2,y, 2\t —7) = G(2',y', 7', Xy, 2, t = 7) (3.9)

Proof is included in Appendix C. Once we have this reciprocity for a Green's
function due to an instantaneous point source, it is not difficult to derive the
conditions of reciprocity for the general pressure due to any kind of source.

2. G(z,y,z,2',y',2',t —r) as a function of (z/,y’, 7', 7) satisfies:
0 Ka'\y'\2)9G | 0 Ka'y',2) 3Gy
oz’ u(z',y',2') 0z’ Ay p(a',y',2') Oy’

a k(z',y',2")0G y o n0G
82/ /L(J,", y,’ z,)‘a‘;,‘ = ¢Ct(:p 'Y 52 ) or (310)
3. The initial condition gives:
t-lirg /:/‘/;2 ¢ct(zla y/a Zl)f(xla y,, Z’)
G(z,y,z,2',y', 2"\t —7)d2'dy'dz' = f(z,y,2) (3.11)

4. If the outer boundary of domain 2 is closed or no-flow, then for t > 7:
/Q (]5(1',, yla Z,)Ct(x,a y,7 Z,)G(CE, Y,2, wl’ ylv Zlat - T)dQ =1 (312)

The Newman's product theorem presented by Newman (1936) does not hold in
heterogeneous reservoirs. This is a major limitation on the use of Green's functions
for heterogeneous problems. The Green's functions have to be found individually,
instead of being constructed from existing easier solutions. This restriction comes
from the fact that the domain can not be decomposed as in the homogeneous case,
for instance, a cubic region (three-dimensional) is no longer the product of three

one-dimensional intervals.
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3.3 Pressure in Terms of Green's Functions

The Green's function is the pressure response due to an instantaneous point source
in the reservoir with homogeneous boundary conditions. With that, we can derive
the pressure response due to any kind of source in the reservoir and with any non-
homogeneous boundary condition. Suppose that the distribution of pressure in the
reservoir is initially g(z,y,z), and the source in the reservoir is f(z,y,z2,t) at point
(Xy, z), at time t with a unit volume rate of injection per unit volume of reservoir,
then the pressure can be expressed in terms of the Green's function:

p(z,y,2,t) = //S#G%-i- ?~G—)d5'd7'

- / / G- fdz'dy'dz'dr + / $eiG(t) - gda'dy'dz’ (3.13)

The detailed derivation is included in Appendix B.

3.4 Examples of Green's Functions

Without the Newman product scheme it is more difficult to find the Green's func-
tion for a heterogeneous region. Appropriate mathematical method is needed for the
method to be successful in heterogeneous reservoirs. In this section, several mathe-
matical methods are presented with examples in finding Green's functions for some
interesting and practical distributions of permeability and porosity.

3.4.1 Case 1: Separation of Variables

In a one-dimensional finite region, usually the time variable t and the space variable
X can be separated. Consider the problem in region 0 < X < 1, with —% = €
#(z)c(z) = €” and a constant pressure boundary. We need to find the solution to:
8206, _ .06
oz aAx’ =~ ot
§(z — 2’
(—,) (3.15)

ez

0<z<l, t>0 (3.14)

G(z,2',0) =
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G(0,2',t) =G(1,2',t) =0 t >0. (3.16)

The corresponding Sturm-Liouville problem is:

d ,dX
X(0) =X(1) =0. (3.18)

The equivalent equation
X"tXx +Ax =0 (3.19)
gives

() Cre3(C1HVI=0)z o o3 (-1-VI=)z )
T)= 1
e"2%[Cy cos(@m) + C; sin(@x)] if A

where Cy, C; and XA are decided from the boundary condition (Eq. 3.18),

<1
1 (3.20)
>3

1
A =nPr?+ T n=12,.. (3.21)

with ¢y =0 and eigenfunction:
Gr(z,t) = Cre~ ™ H/=2/2 6jp iy (3.22)

Using the initial condition, multiplying by eZ sinnrz, then C, =2e~% sinnzz’, and
the Green’s function is:

! x (XJ‘ - -
G(z,a',t) =2e-F-1 3 e tsinnrz’ sinnre (3.23)
n=1

With the approach of variable separation, Green’s functions can be found for one-
dimensional flow problems with the following distributions of mobilities and storativ-
ities, where either could be scaled by a constant:

o k(z)/u(z) =x, ¢(z)Cy(z) =z in region [-1,1].
o k(z)/p(z) =1— 2%, ¢(z)Ci(z) =1 in region [-1,1].

o k(z)/pu(z) = e, ¢(z)Ci(z) = e in region (=00, 00).
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o k(z)/u(z) = ze™%, ¢(z)Ci(r) = €™ in region [0, 00).

o

k(z)/p(z) =1 —z)P~ 129, ¢(2)Ce(z) = (L—=z)P 929! whereq> 1,p —¢ >0
in region [—1,1].

k(z)/u(z) =a(z —b)%, é(z)Cy(z) = Lin region [0, o).

o

o

k(z)/p(z) =a(z —b)3, ¢(z)Ci(z) =x — D in region [0, o).

Special functions are involved in those solutions. Notice that we can not specify a
boundary condition at a place where mobility vanishes.

3.4.2 Case 2: Fourier Transformation

When the eigenvalue problem resulted from the separation of variables has a contin-
uous spectrum, Fourier transformation is a good choice.

Let us try to find the Green's function in a two-dimensional infinite reservoir with
a plane interface at X = 0 which separates the reservoir into two regions with different
properties of storativity and mobility.

Assume that the mobility and storativity are A; and 7; respectively for the half
space X => 0 and A, and 7, respectively for the other half z < 0. Without loss of
generality, the position of the instantaneous source can be taken to be at (z',0).

The free space Green's function in Laplace space is

i

= 5 Ko(z1\/(z — 2')? + 32) (3.24)

Assume in region 1lthat G = u, +w and in region 2 that G = v, then in Laplace

space we need to solve:

2,7 2,7

% + (Z% —zjw = for x >0 (3.25)
25 25

g—’;+%§—z§@=o forx <0 (3.26)
T

with boundary conditions:

WHw="0 atz=0 (3.27)
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Oz Oz

where z; =, /% and z, =, /ni.

Separation of variables x and y gives a continuous spectrum for this eigenvalue

ow
M= + 73);) =\ atz =0 (3.28)

problem, which suggests that a Fourier integral replace the eigenfunction expansion
theorem. An equivalent way is to use the Fourier transformation.
After Fourier transformation:

0*W -
8_:::\75 —(s**tz22) =0  forx >0 (3.29)
2 =
% ~ (s> t23)5=0 for x <0 (3.30)
with » =0 when x — —oo we see that:
B = Ae~ Vo +iT (3.31)
5 = BeV*it#e (3.32)

hh+®=9 atz=0 (3.33)
NN _
/\1(% + E) = /\26—:2 at x = 0 (334)

e—lx—x' .-2+22

1 - .
Substituting @; = 2V2rm —, /s4z— gives

(A1y/s2 + 2% — )\2\/32 + 22)em Vet (3.35)

- 22714/ s? + 2R ( M/ s + 2 + /\2\/52 + 22)

B Alme_mzl 3 36
V2rn(A1y/s2 + 22 4+ Agy/s% + 22) (3.36)

SO

= / 1
G = e VHak=2l 4
2V/27mn /8% + 23
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(A1y/s? + 2] — Aoy /s? + z%)e‘\/32+2?(w+x’) (337)
Ay/82 + 22 + Aay/s? + 22 .

for x >0, and
V21 (A \/32 + 22+ )\2\/32 + 22)

for x < 0. In Laplace space, the Green’s function is

(3.38)

G(z,y,z',2) = \/% /Ooo C——;(.’E, s,2',z) cos(ys)ds (3.39)

3.4.3 Case 3: Working in Laplace Space

For infinite reservoirs, working in Laplace space is a good idea since we can focus on
spatial variables without worrying about the time variable or the initial condition.
There are effective numerical methods that invert the solutions in Laplace space to
real space conveniently.

A good example is the pressure solution for an infinite homogeneous reservoir
with a circular discontinuity in properties as shown in Fig. 2.5. For this problem, it
is easier to work in Laplace space. In Laplace space, a function extended from the
homogeneous Green’s function was obtained by Rosa (1991). The key idea is a kind of
perturbation; adding a to-be-decided function to the already known solution for the
homogeneous reservoir without the discontinuity. The solution is assumed to be u;+v;
for region i (z =1, 2), where v, is the solution of homogeneous reservoir with the same
properties as region i and v; is the function to be decided. This idea was applied to
composite media for heat transfer by Carslaw and Jaeger (1959). In their approach,
the Green’s function was defined due to a unit strength source. This definition makes
the Green’s function lose the reciprocity property in heterogeneous reservoirs, and is
quite inconvenient when applied to continuous sources. In our definition, the Green’s
function in Laplace space for the first region (r <a)is
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%,\1 [z%en — I, (z17") I, (z17) cos (6 — ')
- + Ko (ZlR)] ifa>1r
7= L& K, (z2r) I (217) , (3.40)
73 3 cos (0 — 0')
\ ifa<r!
For the second region (r> a),it is
2mm [Z% (297") Ky, (227) cos (8 — €')
- +Bo (Z;»R)] ifa <7
Vg = A 0 ]n (217./) I{n (er) 08 (0 _ O') (341)
raofn T,
ifa >r'
where
Ep = 1,
e, =2 (n >0),
_ k
A= EJ;,
Ay = Zi’
= ¢uﬁm’
_ ko
12 = Fuzen
21 = \/%,
Z9 = 71_22’

R?=7r*477—-2rr'cos (0 -0,

O = Ma2oKn(z10) K| (220) — Mz1 K] (z10) K (220),

®, = Apzol)(220)In(z10) — Mz1ln(220) 1) (210),

U, = M 21 Ko (220) 1) (z10) — A222 K (230) 1, (210).
Notice that the two equations presented above are different from Eq. 2.10 and Eq. 2.11
because EQ. 2.10 and Eq. 2.11 are not actually Green's function for the circular
discontinuity problem.

The pressure drop for a constant surface flow rate q in Laplace space is

AP (r6,2) =22 1500,z (3.42)
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where

vy r<a

7(r,0,2) = {

U, T2a

3.4.4 Case 4: Decomposition

We do not have Newman's product theorem for Green's functions in heterogeneous
reservoirs, so generally we can not decompose a higher dimensional problem into
several lower dimensional problems that are easier to solve, except in some very
special cases, for example, when mobility and storativity have the same distributions
and are functions of only one of x,y or z.

Consider a closed rectangular reservoir in two dimensions with mobility and stora-
tivity varying linearly in the x direction only, as shown in Fig. 3.4.4. The Green's
function for this problem satisfies:

d oG 0 oG 0G
— —]+t = +5)—] = (ax tb) —
5o [t b) =] gyllaz TOI51 = (ax+b) (3.43)
which, after transformation with any constant c,
o =axtb
y' =ay tc (3.44)
t' =a%t

is equivalent to the following problem:

19, 0G 4 0°G _0G
s a2 — A (3.49)
witho0<a<x<band0<y <l
6z — x2N6(y —
G(z,2',y,y',0) = (e =)y =) (3.46)

:CI
This two-dimensional problem can be decomposed into two one-dimensional prob-

lems by assuming
G(z,2',y,y',t) = Gi(z,2",1)Ga(y, ¥, 1)

Substituting into Eq. 3.45, we obtain two subproblems,
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* Closed rectangular reservoir in two dimensions
* Mobility and storativity vary linearly in x direction

Figure 3.1: Distribution of mobility and storativity

83
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10 8G1 Gy

x0x oz rrake ot (3.47)
with 0 < a < x < band Gy(z,2',0) = #5%2, and

9°G dG2

i (3.4
with 0 <y <1 and Ga(y,y',0) =6(y - ¥').

The Green's function for Eq. 3.47 is

2 =, 1202 Y2 (anb)e %y, (2)y,(z')
I —_—
Gl(x,x )t) - {62 — a2 Z [1/1 (ana) Y2(an )} } (349)

n=1
where y,(z) = Ji(ana)Yo(anz)—Yi(ana)Jo(a,z). Detailed derivation for this solution
is in Appendix D.

Eq. 3.48 represents a one-dimensional homogeneous reservoir with a Green's func-
tion presented by Gringartenand Ramey (1973)

(1 +2i e~ " cos MY cos =2, (3.50)

Ga(y, 95t [ |

N,‘H

Therefore, the Green's function for our two-dimensional problem is

!

gt MY MY
Gz, a:,yyt)— 1+zze cos — cosﬁ

2 S rlorYi(enb)e My (2)ya (o)
e T & e Vel b] (3.51)

n=1

If we have one active well with production rate ¢(¢) at position (z',3’), then the
pressure response is

- = [ 2 ool y 't~ 1)d 3.52
pt—p(xayv )— o 7r2h (xvmayayv T) T ( )

3.5 Anisotropic and Heterogeneous Reservoirs

The general pressure equation for an anisotropic and heterogeneous reservoir can be

written as:
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9 ks(z,y,2)Op O ky(z,y,2 )517 0 k.(z,y,2)0p
0z po(z,y,2) 0z By py(z,y,2) By 8zuz(:v y,z) 0z

¢(z,y,2)e(z,y, 2 )gf (3.53)

Generally speaking, Green’s functions are not good for this kind of complicated prob-
lem. We will look at the problem with the following restriction,
ko(z,y,2) _ k()
pe(,y, 2)
ky(z,9,2) _ ky(y)
ty(2,9,2) /‘y(y)’
ko(2,y,2) _ ka(2)
(2)

pa(z,y,2)  pa(z

and

¢($ayaz)ct($aya Z) = (}50,5.
In such a case, this three-dimensional problem can be decomposed into three one-
dimensional problems provided that the domain of the three-dimensional problem
can be represented by the product of three one-dimensional intervals.

Suppose p;(z,t) is the solution of

0 ks(z) Op1 6P1

Oz g (z) Ox = ¢a (3.54)
p2(y,t) is the solution of

0 ky(y)Op2 _ , Opa

Oy uy(y) Oy ~ pe at (3.55)

and ps(z,t)is the solution of

a9 M_l@ﬂ'i (91)3
9z w.(z) 0z — P ar (3.56)

over the corresponding decomposed intervals, then it is true that

p(z,y,2) = pi(a,t)p2(y, 1)ps(2,1) (3.57)

is the solution of the three-dimensional problem.
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3.6 Principle of Reciprocity

Once we know that reciprocity holds for the Green's function, we can start to inves-
tigate under which conditions the pressure response is reciprocal. Suppose there are
two wells, well A produces at some rate, which causes a pressure response at well B.
Under which conditions, will the pressure response at well A be the same if well B is
produced at that rate? The pressure can be represented in terms of Green's function

as:

p(z,y,2,1) = // G)der

1
! / ! . !/ ' ]
- /0 /Q G- fdz'dy'dzdr + /Q $cG(t) - gda'dy'dz (3.58)

where f(z,y,z,t)is the source distribution and g(z,y,z) is the initial pressure.

In order to satisfy reciprocity, the second and last terms on the right hand side
have to be zero, i.e. the initial pressure is zero everywhere and boundary is no-flow or
kept at constant zero pressure. From this, considering the pressure drop instead of the
pressure response itself, we see that' reciprocity also holds for the pressure response
if the initial pressure is uniform and the boundary is kept at the initial pressure or
the boundary is no-flow. For infinite reservoirs, the boundary terms disappear, and
only the uniform initial pressure condition is required. Notice that these conditions
are also necessary conditions. So if the initial pressure distribution is not uniform, or
when there is a boundary at which the pressure is not kept at initial pressure, then

we do not have reciprocal pressure responses.

3.7 Effects of Wellbore Storage and Skin

The skin factor does not change reciprocity, since the reservoir is treated as a compos-
ite reservoir when skin is present. From the discussion above, we know that reciprocity
holds for the composite reservoir which is a special case of heterogeneity.

The wellbore storage coefficientis related to the sandface flow rate by

dpy,
%s(t) = Q + C=2 (3.59)
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dpy
¢ssp(tp) =1+ Cp c]l)tDD (3.60)

In Laplace space, it is

1
Gsip(s) = St Cp 8 PuD (3.61)

The derivation is true for any dimension, but we will show it only in two dimensions as
an example. Suppose there are two positions (z;,y;) and (z2,y2) and two correspond-
ing Green’s functions G1(zp,yp, 1D, ¥10,tp — 7p) and G2(Zp, YD, T2p, Y20, tD — D).
From the principle of reciprocity, we know that:

GI(CCZDyyZDyle? le’tD) - G2($1D7le>$2D9 yZD’tD) (362)
plD(ﬁDayDywlDﬂleftD) =

ip
/(; qst(tD)Gl(xD, Z/D,IlD,le,iD - 7»D)CZTD (363)

In Laplace space,

W(QJD,Z/D, Z1D, le,S) = m(s)Gl(ny YD, Z1D, leas) (364)
1 -
G/D(s) = B + Cp s Gi(z,p,Y-D, 21D, Y1D, S) (3.65)
SO
75(s) 1 (3.66)
s s) = = .
41D 3[1 + CDSGI (-TrDa YrD,ZT1D, Y1Ds 5)]

P10(2D, YD, 1D, Y1D, S) =

E@7yD7xlDale75) (3 67)
s[1 + CpsG;(1,D, Y1-D> T1D> Y1D, S)] '

Similarly,

pzp(rD,yD, I2D,s y2D,3) =

-G_Q(:L'D, YD,T2D,Y2D, S)
s[1 + CpsGy(z2,D, Y2rD; T2D, Y2, s)]

(3.68)
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Thus in order to make

P1D(%2D, Y20, T1D, Y1D, ) = D2D(Z1D, Y1D, T2D, Y2D, S)

we need

G_l(xera YirDs T1D,Y1D, 3) = G_2(1132,~D, Y2rDsT2D,Y2D, 5)' (369)

if Cp is not zero.
In infinite homogeneous reservoirs, this can always be satisfied since

G(zp,yp, 10, ¥10,8) = G(Tp — T1D, YD — V2D, 3)- (3.70)

For other cases, even in homogeneous reservoirs, the wellbore storage may invalidate
the reciprocity as shown by the following example.
For a one-dimensional homogeneous reservoir, with a no-flow boundary at x =0

and X =z., its Green’s function is

’

1 o0 _n21r2gt
Gz, 2"\t —71) = T—[l+2 dYoe 0522 cos
Ye n=lI

Te Te

nwx

]

For reciprocity to hold we require
G(-’Elw,fCl,t) = G(x?wa T, t)

or

NT Ty nmnry NT Ty nmwIoy

cos €0Ss =cos cos
:'Ee xe me me

Assuming zy,, = z; +x, and Lo =T +:1:w, then we would need:

nr(ry + T) nTT nr(zy + xy) nTTy
coS = €08 COS
IL'E xe xe xe
which is not true, hence reciprocity does not hold for this no-flow boundary reservoir.

CcoS

3.8 Green’s Functions for Tracer Flow Problems

This section considers the application of the Green’s function method in convection-

dispersion tracer problems.
Considering one-phase flow through a homogeneous porous media, the general

convection-dispersion equation is
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%(aﬁxm) + V(ptz;) = V(#Dip Vi) =0  i=1,..,n, (3.71)

Assuming no volume change on mixing, then Y BZi — 1, Denoting ¢; = pri, we have
‘ P

%(m) t(Fe) - v(Divea)=0 i=1,.,n (3.72)

z;
if V(QSDi;é ¥ p) is neglected. For one dimension and two components:

2
+ ac _gp2c +_dX —
("’)at [v - dééQ-}l]dx $D7= To-c=0. (3.73)
Multiplying on both sides by () which is yet to be determined:
0 d(¢D), dc 9% v

E@)8(a) 5 + E(@)o(a) - === — E(@)8(@) D5 +E(a)zme =0, (3.74)
We want to have:

e@lv@) - 2= L)) D(e)

§(@)[o(2) = (6D)Y] = =€(2)9(x) D(z) - E(x)(¢D)"

So the requirement is

g__v

£ 4D (3.75)

£(z) = e‘f ¢(‘§‘%7;1171 dz (3.76)
which gives

0 Jc av 0

5olE@)d(0)D(2) 5] — b5 = E@)d(a) 5. (3.77)
If v is constant, the convection-dispersion problem

2 e@10) D) 0] = 6@)s@) g = >0 (3.78)

with conditions ¢(z,0) = ¢; and ¢(0,t) = ¢, is the same as the pressure problem in

one dimension:
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R = sy >0 (3.19)
with conditions p(z,0) = p; and p(0,t) = p,. Thus the Green’s function also can
be used for the convection-dispersion equation in one dimension, or even for the
convection-dispersion equation with adsorption in a homogeneous reservoir.

For two-dimensional or three-dimensional dispersion problems, the Green’s func-
tion method can be applied too, but it will not so powerful as it is for pressure
problems. The difference comes from the fact that for dispersion problem, we usu-
ally have fixed concentrations at wells that are kinds of boundary conditions rather
than source constraints, and the Green’s function for boundary problems is more

complicated to derive analytically.



Chapter 4

Analytical Solutions to Tracer
Flow

Solving tracer problems analytically is challenging work. A classical analytical solu-
tion found by Aronofsky and Heller (1957) is the complementary error function for a
semiinfinite linear flow in a homogeneous reservoir:

c6,7) = yerse( TEEZ T 4 Lo YL T))

where c is the dimensionless normalized concentration, P, = ¢D is the Peclet number,
D is dispersion coefficient, v is the Darcy velocity, and L is the length of the flow.
The second term is small and usually is neglected in application except at very early
time. A general convection- dispersion equation in two dimensions is:
dc _ Z(D.. 2= 4D, 224 p. de
= ( zr + ya)+ ( am+ yyay)

(4.1)

ot 0z "9z
6 _aq

where the velocities v, and v, are related to pressure distribution, D;; are the com-
ponents of the hydrodynamic dispersion coefficients, ¢; is the concentration of the
source/sink, and q is the rate of injection and/or withdrawal in volume flux per unit

area.
The reasons this convection-dispersion equation is difficult to solve analytically

include:

91
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o The phase velocity (v.,v,) appears as a coefficient in the convection-diffusive

equation.

o The velocity is determined by the pressure distribution and depends on the well

pattern.
o Analytical expressions for velocity usually are complicated in two dimensions.

Even though the Green’s function method can be extended for convection-dispersion
equations as for the diffusive equations in heterogeneous reservoirs, the method is not
as effective because the condition at the injection well is a constant concentration
and a constant concentration can not be described as a source. On the other hand, if
the injection condition is treated as a constant boundary condition, the mathematical
domain becomes more complex and makes it virtually impossible to find the Green’s
function.

Due to these restrictions, analytical solutions for convection-dispersion equation
can be obtained only in some simplified situations. In this chapter, some of these
cases are discussed. The concentration expression in a one-dimensional composite
region with different constant dispersivities will be shown. Also shown is the solution
to linear tracer flow with linearly changing dispersivity. One-dimensional problems
are always easier to handle in seeking the analytical solution. Moving from one di-
mension to two dimensions requires more simplifications. A two-dimensional example
included in this chapter is the analytical solution to radial tracer flow that actually is
solved as a one-dimensional problem. At the end, a streamline semianalytic solution
based on characteristic method is presented for an infinite reservoir with a circular

discontinuity.
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4.1 Convection-Dispersion Equationwith Linearly
Changing Dispersivity

Denoting the fluid Darcy velocity by v, porosity by ¢ and dispersion coefficient by D,
for two-component, one-phase linear flow in a semiinfinite region, the tracer concen-
tration can be expressed in Laplace space as

= 1 we=a) ., v is
C(s,z) = =g 20 Wt (4.3)
S

This solution can be inverted analytically to real space.
For a one-dimensional system with linearly varying dispersion coefficient D(x) =

%lx, in a semiinfinite domain, the concentration equation is

ac__ avolc?ﬁ v 0C

at ~ oax qS ax ($ax (4.4)

with initial condition C(z,0) = 0(z > a), boundary conditions C(a,t) = 1(t > 0),
C(o0,t)=0(t>0). Taking the Laplace transform, it becomes

~ voz d*C v vg.dC

sC = i (25 - :b_)d:c (4.5)

C(z,0) =0 (z >a) (4.6)

C(a,s) = 51 4.7)

C(o00,s8) =0 (4.8)
The solution for this equation was worked out in Laplace space as

s,2) = L2y KV ) | (4.9)

K,(2¢/%2)

where v = -5’;

Using the Stehfest algorithm to invert the solution to real space will not yield
the correct answer. As can be seen in Fig. 4.1, numerical errors similar to Gibb’s
phenomena are present on two sides of the front zone indicating that the Stehfest
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Figure 4.3: Comparison of constant dispersivity and linearly changing dispersivity
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algorithm is not applicable here. A better approach for Laplace inversion in the
tracer problem is the algorithm developed by Crump (1976). Fig. 4.2 shows the
corresponding correct tracer concentrations recalculated by the Crump algorithm.
As a contrast to constant dispersivity, Fig. 4.3 shows the concentration profiles
at fixed points with different dispersivities in the media. The differences between
constant dispersivity and linearly changing dispersity solutions are not large though
the concentration of the latter cannot be matched well using the concentration from
the constant dispersivity solution. This implies that the concentration profile does
carry the nonconstant dispersivity information even though it is not reflected strongly.

4.2 Linear Tracer Flow in a Composite Reservoir

Consider a linear flow in a reservoir that has two regions of different dispersivities D,
and Dy as shown in Fig. 4.4. The two regions contact at X = a. Since the flow is
linear?the phase velocities in two regions are the same v.

301 62 C] \ 301

= - — 0 .
a0 D, a2 3 ax <r<a (4.10)
802 _ 8202 v 602
5 =D, o0z 4, bz r>a (4.11)

with initial condition C(z,0) =0 (x> 0) and two boundary conditions Cy(0,¢) =
1 (t>0),Cy(00,t) =0 (t>0). In order to completely define the problem, we need
two other conditions at X =a. One has to be the material balance at x = a, that flux
in due to convection and dispersion should be equal to flux out due to convection and
dispersion,

¢1D1§_Cil —C— $2D2 0Cy
v oz T 2 v Oz

The other condition can be posed to require continuity of concentration across z = a,

o loma (4.12)

Ci(a,t) — Ca(a,t) =0 (4.13)
The solutions in Laplace space are

Ci(a,s) = Aye’® T Byehee (4.14)
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»  Constant one-phase flow-rate

Two conditions at the interface:

1 Material balance
2 Continuity of concentration

Figure 4.4; Linear tracer flow in composite region
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3 2
with A = 5550 + \/4¢2DZ + p; and dp = 755 — \/ w0z T o;

and

Cy(z,s) = Are’n® T Bye’2® (4.15)

with Ao = 7% D +\/4¢?D2 D% and Ay = 2¢:D2 _\/4&,1)2 + 2
Applying boundary conditions to C; and C,, we obtain:
1

A, =0 (4.17)
e/\”a A12a _ Anaey _ A22a
+ By (e eM1%) = Bye (4.18)
A1a A1a
e + By(ehee — ety 1D Ape™® ¢ D1 By (A12€"2® — Apene)
Vs v
D,B,\
= By’ — $2D: 520 2v 2722 phaza (4.19)
This linear equation system gives:
e/\]ga __¢1D1 Alz + ¢2D2 )\22
h= (B2Ay — 22 Agp)ehne — (B, — 222 ) ) chize (4:20)
B - ehe @U&)\u — Q%Azz 491
R, AT — (BB, — BB o o
p, = o S (A = ) 4.22
a S (BP0 — 2202 ) pp)etiie — (202 — 9202 ) 5)eize (422

Therefore, we obtained tracer solutions in Laplace space for the composite one-

dimensional problem:

(¢1D1/\11 _ ¢2D2/\22)6/\11G+A12r _ (¢1D1)‘12 _ ¢2D2/\22)e/\12a+/\11x
s[(#1D1A11 — ¢2D2A02)€11% — (1 D1 A1z — 2 Do g;)et29]

¢1D1()\11 - )\22)6(}‘11+/\12—/\22)a+,\22x
s[(#1D1 11 — $2D2A52)e11% — (¢1 D1 A1g — $2D2Ag2)e?129]

Cilz,s) =

Co(z,s) = (4.23)
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10 Concentration Profile for Composite Regions
’ i Line Time(Seconds)
i 100000
i 300000
ol e 500000.
- S ~ . -~ —— —— 700000.
L \ \ \ \ N
\ \ X \ 900000.
= v \ \ Y v T 1100000.
L | \ 1 y \ -——-—1300000.
0.8{_ : \ \ H \
' \ d i \
i ! \ 1 H \ Bz 8
- ’ \ -I H \ v = 3.33e-3
r i ! I i i ]
S o6l H ‘l !I i 1 a'= 10000.
= t i \
£ r H 1 1 i \
c = H | K H i
2 i i 1 ! ] 1
S oa4f H L ! 4
o ] H \ ! 1 \
L i 1 ! i !
' \ 1 ; \
- : \ 1 i \
0.2}~ H \ H i \
- j \ !
4 \ \ K \
B . \ kY \
= | \ \-\ \
0.0 - =
-0.2 i TSN B! ol L Ly L T SR R RS

Figure 4.6: Tracer profile in one dimension with two different dispersivities

X(cm)

99



Concentration

CHAPTER 4. ANALYTICAL SOLUTIONS TO TRACERFLOW

12 Concentration Profile for Composite Regions
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This solution, again, cannot be inverted into real space correctly using the Stehfest
algorithm. Some profile curves are calculated by the Crump algorithm as shown in
Figs. 4.5-4.8. The change in dispersivities in the two regions affects the curves. The
differences between the figures are not so obvious, but are there and can contribute
significantly to the breakthrough curves.

Now let us consider a linear flow in a reservoir which has two regions of different
properties, with very small dispersion in one or both regions. This is a special case
of the convection-dispersion equation with some of the dispersion coefficients equal
to zero. However, the solution expressed in EQ. 4.23 does not apply to this special
case because D, and D, appear in the denominator of A’s. All other conditions are
set as before, namely: two regions contact at X = a; initial condition C(z,0) =
0(z > 0); boundary conditions C;(0,¢) = I(t 3 0), Cy(co,t) = O(t > 0); continuous
concentration C;(a,t) — Cy(a,t) =0; and material balance
¢1.D1 0C ¢o Dy 0C,

I P

There are three cases possible.

Cy —

1. Dispersion in Both Regions Neglected

If dispersion coefficients in both regions are set to zero, then we have
aCy v 00,

T + o oz =00<z<a

a0Cy v 0C,

— L b = = .

Y %, Or 0 x>a (4.24)
The solution in Laplace space is

_ 1 z

Ci(z,s) = < g (4.25)

ey 1 -— a x

Co(z, s) = ;e-“—"’ﬁ—w . (4.26)

These solutions can be inverted back to real space as

¢
0 t< &

4.27
1 t> 4z (4.27)

Cl(ill,t) = {
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d1—¢2)atdoz
0 1< loztlutes

C2(‘T’t) = { 1 t> !¢1—¢2!a+¢2z (428)

v

The tracer front moves at velocity ﬁ in the first region, and at velocity = in the
second region.

2. Dispersion in the First Region Neglected

For this case, the equations governing the tracer flow in two regions are:

9 _ - oo (4.29)

at 0l ax

0C, 9*C, v 0C,

o e T (4.30)

The solutions for this case can be worked out in Laplace space as

1 _#=,

Cr(z,s) = ¢4
S
- ]_ P1a -1——10 I—a —(.’L‘—a) v2 +.5_
02($’8) — _e—+se2¢2D2 \/ 4¢27D25 Dy
S

and both of these can be inverted analytically into real space.

bl

2. Dispersion in the Second Region Neglected

The second region has a very small dispersion coefficient D, = 0,

aCl 8201 v 80]

-87 = Dl—_6$2 — EE— O0<zr<a (431)
0C, v 0C

with the material balance condition Cl—%&%lma = (,. Transforming into Laplace

space, we have:

~ d*C v dC
SCl—Dl—j;?l-}-ad—xl I<z<a
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- v dCy

+ 24
802 ¢1 dx X>a

The general solutions are

01(111, S) = Ale’\“”” +Ble’\”z

Co(z,s) = Aze“gvﬁs

Applying boundary conditions

1
C}(O, S) = g,

Ci(a,s) = Cy(a,s)

and
- D, dC, -
Ci(a, s) — ¢1V - d_Xl =0
or
dC,
7{;‘ r=a — Oa
then
1
AeMi® 4 Biet2e = Aze'&vgs (4.34)
AlAlleAlla +B1)\126A12a =0 (435)

Solving linear equations Eq. 4.33, Eq. 4.34, and Eq. 4.35 to determine the coefficients

gives
A 1 /\126>‘12a
1= —=
S /\116)‘11'1 - )\126’\12‘1
1 Ane’\““
B, =

§ AjpeMia — Ajgeti2e
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1 (A — /\12)6(A11+A12)a+22“23

A2=—

S /\11€A11a - )\126)‘12'1

So, the solutions of tracer concentration in Laplace space for this case are

1 )\ e/\11a+/\121‘ )\126’\12‘”—)‘“2‘

Cl(x 8) S )\116’\“0‘ —_ )\126’\12‘1
A 1 (A1 — Alz)e““““)“m%:ﬂs
C2($’ S) - ; )\118)‘“0' — )\126’\12a
where
Vv v? s
All

= 9D, "\ 1gD? ' D,

and

AL s
M2 = 261 D \/4¢%D2+

104

(4.36)

(4.37)

These solutions cannot be inverted to real space analytically, so a numerical inversion

method like Crump algorithm should be used.

4.3 Radial Convection-Dispersion Tracer Flow In

Homogeneous Reservoir

This section deals with the tracer problem for radial flow in homogeneous reservoirs.

Denote the Peclet number by P, = where v is the Darcy velocity, L is the length of
the flow) ¢ is the porosity and D is the diffusion coefficient. For two-component, one
phase linear flow, the solution has been obtained by solving the following convection-

diffusion equation,

80 v 0C 0*C

+¢8m _&v_220'

(4.38)

The governing equation of tracer flow in the two-dimensional infinite domain is

8C  v,0C v,dC 9 _8C. 8 aC
9C _ 2%y 9 p%
ot o T oy 5P " P,

(4.39)
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Starting from Eq. 4.39, the equation for a radial system that satisfies

{ vy =7rcosf
vy, =rsind
can be derived as

oc 19 _ 15C
ot ror P, or?
Consider a model with simple initial condition and boundary conditions as an example

=0, (4.40)

C(r,0) =0
Cc(1,t)=1
Jim C(r, t) =0

The tracer solution to this model in Laplace space can be expressed in terms of
modified Bessel functions of real orders

- _ pIp(\/TD_;r) — I_,(\/P.sr)
) = (VP) = Ly o) (.41

where p = 1£F

After the superposition for the convection-dispersion equation in two-dimensional

tracer flow was investigated and found not to be true, it was realized that the concen-
tration distribution of tracer in multiwell system cannot be obtained by superposing
the separate radial flow solutions. The superposition is not true due to the specifica-
tion of concentration at each injection well that serves as a boundary condition.

4.4 Streamlines in an Infinite Reservoir with a
Circular Discontinuity

This section introduces a semianalytic method for generating streamlines in an in-
finite two-dimensional heterogeneous reservoir, where the local heterogeneity is ap-
proximated by a circular region with permeability and porosity different than the rest
of the reservoir. This semianalytic solution can serve as a basis to verify the general
numerical method that solves the tracer flow in reservoirs with blocks of heterogene-
ity. In this semianalytic method, the pressure equation is solved first, the velocity
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fields are obtained from the pressure distributions, and then the streamline is cal-
culated. Following enough number of streamlines from injection well to production
well simulates the tracer flowing between wells and will give the tracer concentration
in the production well, i.e., tracer return profile. It is believed that heterogeneity
has more effect on tracer flowing than dispersion. The dispersion effect, therefore, is
assumed to be very small in this discussion. With the dispersion effect neglected, the

tracer convection-dispersion equation
%—6 ( A ) ay( yy%)'k%(l)

o

gac

£

") + 5 (D 50)

cml<>
w2 |G

d(v:,C) 0(v,C) C'q

T dr 9y oh (4.42)
can be simplified to a first order equation
aC OC oC
— ty,— (4.43)

v —_— =
ot Oz Y by
where the velocity v, and v, are determined by pressure equation. The streamline is

calculated according to

de dy dt C
a_Y_Z_= (4.44)

v, v, 1 0

The pressure distribution for a reservoir with circular discontinuity can be ob-
tained exactly from the Green's function with superposition of the effects of the
injection wells and production wells. Fig. 4.9 shows the pressure distribution in a
configuration of one injection well and one production well in an infinite reservoir
with a circular discontinuity between the two wells. Streamlines in Fig. 4.10 are for
the reservoir without the discontinuity, while Figs. 4.11 and 4.12 show the streamlines
for different permeabilities in the discontinuity, lower than the reservoir in Fig. 4.11
and higher than the reservoir in Fig. 4.12. The example has just one production well
and one injection well. The scheme is applicable directly to multiwell system when
the pressure distribution is superposed using all wells.

The circular discontinuity does affect the shape of the streamlines. What is the
effect on the tracer breakthrough? To answer this, the tracer return profile should
be calculated. Following sufficient streamlines from the tracer injection well to the
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Figure 4.9: Pressure distribution of two wells in discontinuous reservoir
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Figure 4.10: Streamlines of two wells in a homogeneous reservoir
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150 Streamline in an infinite reservoir with discontinuity
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Figure 4.11: Streamlines of two wells with a discontinuity of lower permeability



Y(ft)

CHAPTER 4. ANALYTICAL SOLUTIONS TO TRACERFLOW 110

150 Streamline in an infinite reservoir with discontinuity
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Figure 4.12: Streamlines of two wells with a discontinuity of higher permeability
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tracer production well is an effectiveway to calculate the tracer concentration in the
production well or tracer profile. Weighting each streamline according to its velocity
upon the breakthrough time generates the solution to the tracer flow problem. The
implementation is a numerical method of characteristics.

Fig. 4.13and Fig. 4.14 compare the tracer return profiles for three permeabilities of
the circular disk. The locations of the circular disks in the two figures are different; one
lies between two wells (0°), 90 ft away from the injection well and the other lies 45°,
90 ft away from the injection well. In both figures, the system with the discontinuity
of smaller permeability has later breakthrough. This is easy to understand with
a physical explanation that the presence of the small permeability zone blocks the
flowing channel. The curves are distinguishable from each other, so a small area of
heterogeneity does yield different concentration profiles at the production well. On
the other hand, the difference present between curves probably is not large enough
to determine the permeability of circular discontinuity with confidence. More data
would be needed to reduce the ambiguity, for example, by combining pressure data
with the tracer data.

The tracer return profiles in both figures are calculated by following 500 stream-
lines from the injection well to the production well. Each streamline is assigned a
weight proportional to its in-flux, where the sum of the 500 weights is 1. When a
streamline breaks through, its weight is counted into the contribution of the tracer
concentration at the production well.

The streamlines actually are the projection of three-dimensional characteristic
curves defined in Eq. 4.44 onto the x-y plane. Along each characteristic curve, the
concentration C(¢,z,y) is a constant equal to the concentration Cy at the injection
well, Each characteristic curve starts from the injection well, and eventually reaches
into the production well. The time at which a characteristic curve intersects with the
production well is its breakthrough time.

In calculation of the streamlines, the time step for each iteration should be chosen
carefully so that the advances of tracer fronts during the time step along all the
streamlines are no more than a given distance. The time step should not be calculated
based on the average velocity at the current time, which causes problems because the
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advance of the fastest tracer front might be larger than the diameter of the production
well, and the front could escape from the detection of the breakthrough condition.

In this example, the velocity at the start point of each time step was used in
computing streamlines along a characteristic curve. Using the velocity at the start
point is just a first approximation. To be more accurate, a second approximation can
be applied. In the second approximation, the velocities are replaced by known mean
values over the advance arc along the characteristic curve. This second procedure can
be repeated iteratively until successive iterates agree to a specified number of decimal
places, and will usually yield a much better approximation.



Chapter 5

Using Tracer and Pressure Data
Simultaneously

The nonlinear least square regression method is an indirect method to obtain reser-
voir properties from observed data. It has been applied widely in well test analysis,
especially for interpreting transient pressure data. Based on the difference between
observed and calculated pressure data, the estimates of the parameters are adjusted
until the calculated response is sufficiently close to that of observations. This method
works for limited observations and is most successful if the objective function is con-
vex or has few local minima. However, as the number of observations increases, as in
the case of data from multiple wells, the calculation in the indirect method becomes
inefficient. Another disadvantage is that the optimization may converge to a local
minimum and hence the estimated result becomes dependent on the initial guess of

the parameters.

5.1 Dispersivity and Permeability Correlation

It has long been considered that heterogeneity is one of the causes of the disper-
sion effect and the coefficients of dispersion should be a function of permeability.
Harleman et al. (1963) conducted an experiment for uniform media and formulated
expressions relating intrinsic permeability and longitudinal dispersivity. Bear (1979)

114
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showed that the dispersivity of an isotropic porous medium can de defined by two
constants, the longitudinal dispersivity of the medium and the transverse dispersivity
of the medium. A more detailed study by Arya and Hewett (1988) introduced the
concepts of macroscopic dispersion and megascopic dispersion, and investigated how
the dispersions vary with heterogeneity, aspect ratio, and diffusion coefficient.
Including the molecular diffusion effect, a commonly used formula for dispersion

coefficients, is

1 (di + di)u} (di — dt)uquz
(D) = gl + 1% ‘<(d1_dt)ulu2 (d,+dt)u§) 51)

where u = (u1,uz) = —f v p is the Darcy velocity, |[u] = \/u'f’ +u2, 4, is the
molecular diffusion coefficient, and d; and d; are the magnitudes of longitudinal and

traverse dispersion. Since

Jul = y/u? +uf = \/8p2

dispersion coefficients can be expressed in term of permeability and pressure
dik d.k
L A+-——B (5.2)
|vplp | vplp

where matrices A and B are just of functions of pressure:

(Dy;(k)) = ¢dd +

_9pdp 2py2
Oz Oy dy

This expression transforms the convection-diffusion equation to an equation with
k as coefficient instead of D;j, which is the basis of the integrating tracer and pressure

data.
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5.2 Integrating Tracer and Pressure Data in Het-
erogeneous Reservoirs 14

Consider two-dimensional single phase flow in an isotropic reservoir, the pressure

governing equation at steady state is given by

op Ip, _ qp
k—— k=—)+ —(k— +k=—) = — .
2 5 550" 5 (k S thg) = (5.3)
and an example of a transport dominated convection-diffusionequation is given by
Jc 0 dc dc dc Jc

ot = %(Dm'a—l:‘"l)mya )+ By (Dyx +Dyya )

0 0 €19
._-é;vxc - %vyc - 9’5_}1, (5.4)

where the velocities

o =k op
Y fuox
and
__kop
T T oudy

are interstitial velocities, related to pressure distribution, D;; are the components of
dispersion coefficients as expressed in Egs. 5.1 and 5.2, ¢; is the concentration of the
source/sink, and q is the rate of injection and/or withdrawal in volume flux per unit

area.
The following are the steps in the direct approach for integrating tracer and pres-

sure data:

1. According to the data measured at multiple wells, generate tracer and pressure
distributions at various time on the whole reservoir by an interpolation scheme

such as spline or kriging.

2. After the pressure as a function of z,y is known, Eq. 5.3 becomes a first order
partial differential equation for &£(X,y).
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3. Apply a relationship between dispersion coefficients and permeability, so that
tracer equation has permeability as coefficients, too. The relationship could be
the correlation from the experiment.

Eq. 5.4 at this step becomes a first-order hyperbolic equation for &(z,y).

4. Discretize both first-order hyperbolic equations. They have permeabilities as
unknowns after discretization, and are solved by numerical methods to obtain
kij.

This scheme favors the multiwell data. When there are more observation wells,
the reconstruction of the pressure distribution and tracer distribution becomes more
accurate. Another useful feature of this approach is that including data from more
wells will not increase the amount of computation, which differs from the nonlinear
regression scheme of matching pressure data.

On the other hand, there are two steps of approximation in the approach. The
first approximation comes from the reconstruction of the pressure and tracer distri-
butions, which can be reduced by applying more data from more wells. The second
approximation comes from the numerical error introduced in solving the first-order
equations.

Other important factors need to be taken into consideration. For examples, how
to pose boundary conditions for the permeability in the discretized pressure equation.

This approach generally is not applicable to three dimensional problems because
the pressure and tracer data are not collected for different locations in the vertical
direction and so pressure or tracer data cannot be interpolated vertically.

5.3 Ill-posedness

The process of solving a partial differential equation numerically usually ends up as
the solution to a system of linear equations, such as

Ak =u, (5.5)
where A is a matrix and k and u are vectors. The problem of determining k from u
is called well-posed fif it satisfies the following three conditions:
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o for each u, there exists a solution k

e the solution is unique and

e the solution depends continuously on u (it is stable against small variations of
If one of the above conditions is not satisfied, then the problem is called ill-posed. As
an example of numerical demonstration for ill-posedness, look at the following system

of equations:

1 1 - 1
() (52) () 9

The solution of the system is kz. = 1,k,, =0.
Now, let us introduce one percent error into the right hand side as in measurement,

and see what effect the small error has on the solution. Solving

11 - 1
(1 1.01 ) (kw ) = (1.01 ) (5:)

yields k., = 0, k,, = 1. A small change in the right hand side has dramatically
changed the permeability solution.

The system of simultaneous equations that come up in performing inverse analyses
during parameter identification is often ill-posed. Basically, for the case of nonunique-
ness, there is no mathematical method that can do much in overcoming the difficulty.
The only way is to add more limitation or constraint to the solution, e.g. range,
smoothness. However, for instability, various mathematical methods have been intro-
duced. For example, the inverse problem of mathematical physics can be well-posedly
formulated based on the introduction of additional information about the sought-for
solution; the regularization method studied by Kravaris and Seinfeld (1985) can yield
stable approximate solutions to ill-posed problems in accordance with the accuracy
of the data.

The solution for the direct method of pressure equation is theoretically unique
under appropriate conditions provided that the pressure related terms are given ex-
actly anywhere. These appropriate conditions have been studied by Richter (October,
1981) for the steady state diffusion equation.
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As an example of ill-posed permeability identification, whose boundary conditions
are not appropriately posed, consider a rectangular reservoir of 0 <z <a,0<y < b
that has reached steady-state,

0 Op 0 p, _
7 k(@ y)50) + @(k(w,y)ay) =0 (5.8)
with boundary conditions

p(z,0) =100 0<z<a
p(0,y) =100 O0<y<b
g‘gly=b:0 0<z<a
Plea=0 0<y<b

(5.9)

Furthermore, the pressure data are measured at any location in the reservoir as

p(z,y) =100 O0<z<a, 0<y<b (5.10)

The permeability identification is not well-posed for the given boundary conditions
and the measured data because the permeability coefficient could take any value.
Since no fluid flow occurs in the reservoir, the measured pressure data do not carry
any information about the reservoir.

Ill-posedness is not a property of the direct method. It is associated with the
parameter identification problem itself. Ill-posedness could also exist in the nonlinear
least square regression approach; including noise in the pressure data can change the
nonlinear least square solution dramatically or introduce more local minima to the
objective function.

5.4 Permeability Constraints

Eqg. 5.3 with permeability as the unknown is a first order hyperbolic equation. To solve
it, permeability should be specified on a curve that intersects with each characteristic
curve as discussed by Nelson (1962). The following one-dimensional problem will help
understand the inverse nature of permeability.

Consider a finite section of linear flow bounded by z = 0 and x = 1 with a source
distribution ¢(z), 0 < = < 1 such that f; ¢(z)dz =0,
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d k(z)dp
— 1
p g(z) O0<z< (5.11)
with the boundary conditions
{ ~ 52y (0) = o
~Hlp (1) =

For such a one-dimensional problem, pressure p(z) as the unknown can be solved

(5.12)

easily as a function of k(). It is also easy to obtain k(z) as a result of interpretation
from the given p(z), ¢(x) and the boundary conditions in Eq. 5.12 if vy # 0 and v; # 0.
Will it be as easy if the boundary condition is changed to a no-flow boundary, e.g.
vg =v; =07 In this case, we have

d k(z) dp
—_— - —q(= < .
X Ox () 0<x<1 (5.13)
with boundary conditions
'0) =0
{ p,( ) (5.14)
p'(1) =0

Suppose the pressure distribution p(z) satisfying conditions p’(0) = p'(1) = 0 has
been solved or measured, can we infer k(z) uniquely from p(z)? Since it is a one-
dimensional equation, taking an integral of X on both sides will yield

k(z)dp(z)  [®
A /0 g(z)dz (5.15)
so at x where p’(z) # 0, k(z) can be obtained explicitly as
—_* [
o) == /0 ¢(z)de (5.16)

The observation from this discussion is that discretization and solution of Eq. 5.13
do not require any boundary condition for k(z) at x =0 or X = 1.

However, if the boundary condition is constant pressure p(0) = p(1) = 0, the
same discretized equation itself will not be sufficient to give k(z). A permeability
value specified anywhere makes the equation solvable uniquely. What is going on,
is k() not uniquely determined by p(z)? It is generally believed that different k(z)
will result in a different pressure distribution. To answer this question, it is helpful to
have a look at the analytical derivation. Treating p(z) as known, measured or solved,
solve for k(z) from Eq. 5.13 by integration
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k{z z z
—;—)dz;(x) :/0 q(z)dz +C (5.17)

where C is a constant. This constant is not free, however, it is related to the constant
pressure boundary condition.

) = /0 .];%(/Ox ¢(z)dz + C)dz + C (5.18)
To satisfy p(0) =p(1) =0, we have
C;=0 (5.19)
an
/ E(2) / z)dz + C)dz =0 (5.20)
dad
C= fo k(x}fo q(a) aax (5.21)
0 k(x)
Therefore,
k(x)dp(z)  [® Jo E(IL) Jo ¢(@)dadz
o dr /0 q(z)dz + e (5.22)

Eg. 5.22 is an integral equation, which suggests that permeability can not be ob-
tained by a simple finite difference method even though permeability is determined
uniquely. In this case, constraining permeability at any given point as suggested by
Nelson (1962) will make the finite difference method work. Similar discussion can
be extended to infinite linear flow and the flow in higher dimensions provided that
permeability is of value larger than zero. Richter (April, 1981) developed a modi-
fied upwind difference method to solve for permeability directly from the first order
hyperbolic equation. When certain conditions are met, this method has first order

convergence.
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5.5 Direct Method for Tracer Data

A traditional approach of interpreting field tracer data involves a history match-
ing procedure based on the nonlinear least square method, which in many cases is
time-consuming and may result in a nonunique solution. In this section, a direct
method is investigated for tracer data provided that the tracer distribution has been
reconstructed correctly. There are various schemes to reconstruct the concentration
distribution at any location in the reservoir at any time from the tracer data at pro-
duction wells and observation wells, such as cubic spline, finite difference, Lagrange
interpolations and kriging. Kriging interpolation is an exact method. Pan (1995)
studied kriging algorithm as an multivariate interpolation method. The smoothness
of the interpolated function was controlled by the highest degree of the representa-
tive polynomials in Kriging algorithm. Pan (1995) found that kriging interpolation is
more accurate than least square interpolation in capturing the optimal values of the
interpolated function.

In the following discussion, it is assumed that dispersion effect is small enough
to be neglected. The one-dimensional problem is studied first and then the two-
dimensional.

For the one-dimensional tracer equation without dispersion, the phase of fluid
carrying concentration ¢ moves at a constant average velocity u,

Oc u Jc

ey
where X is distance, tis time and ¢ is a non-constant porosity. As an easy example,

(5.23)

for
M@:{Z‘2§z<a (5.24)
2

where ¢, and ¢, are constant, the solution for the boundary condition that a constant

concentration ¢g is maintained at ¢ =0, is

co ut—¢12>0
t) = ,
(1) { 0 ut—z<0 (5.25)

for the region 0 <x <a, and



CHAPTER 5. TRACER AND PRESSURE DATA SIMULTANEOUSLY 123

oz, 1) = { Co ut=g1a=¢xz—a)>0 (5.26)

0 ut—¢ra—¢o(z—a)<0
for the region X > a.

This solution represents a piston-like displacement with a concentration disconti-
nuity varying from 0 to ¢o that propagates forward as shown in Fig. 5.1. This solution
will facilitate the understanding of the following recovery method for %-

Now, assume that the solution is given numerically, i.e., either there is a function
or a table to tell the concentration ¢ at any x > 0 and any t> 0, how to obtain % for
any X from this information? The most important information is the concentration
discontinuity position, at what time t the discontinuity reaches at position X. After
that time, the concentration at X will always be ¢5. The concentration at x before
that time is always 0. These values do not contribute to the recovery of % at all.
Through the given table or function, the time at which the discontinuity reaches z,

can be obtained

So the time for z, =x T dx is

ty = f(z2). (5.28)
With ¢, ¢, ; and z, available, then % can be calculated,

u o — I

- = . 5.29

¢ ta—t (5:29)

This expression actually is the difference form of the characteristic equation

dz _u

dt ¢

A similar scheme can be developed for two-dimensional tracer problem

‘:—: +vzg§ +vy—g§ =0. (5.30)
The characteristic curve for this first order hyperbolic equation is determined by

dz _dy _ dt

(5.31)

Vg Uy 1
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If the concentration distribution is reconstructed by the measured tracer data, then

vz and v, can be recovered as

= Az _ Bz
{ v.’l,‘ - t(x+A‘T1y)_t(x7y) - Atl’ (5 32)
vy = Y — Ay '
Y7 t(zy+Ay)—t(r,y) Aty

where t(z,y) is the time at which the concentration discontinuity reaches at location
(z,y).

As an example, consider the radial flow around an injection well in an infinite
reservoir. The injection flow rate is a constant gq. With the coordinates origin set at

injection well, the average phase velocity at (x,y) can be derived,

Ve (5.33)
Uy =

= ey

The tracer equation for this radial flow model without dispersion is

{ux_ x

Go, o, w o _
ot 7rh<;5\/(x2+y2)38$ ﬂ.hqg\/(wz_}_yz)aay

The solution to this equation with an injection well maintained at a constant concen-

(5.34)

tration ¢, starting at ¢ = 0 and a zero initial concentration can be obtained by the
characteristic method,
co 3mhot —2¢/(z2 +y2)3 >0
c(a,y )= @ FThot= 2yl v (5.35)
0 3mhot —2¢y/(z?2+y%)® <0
The surface consisting of all the characteristic curves originating fromz =0,y =0
and t =0 in space (x y,t) is plotted in Fig. 5.2. The equation defining this surface is
2q
t —_ 2 2 3’
(2:9) = 52V + ¥?)
which, actually, turns out to be the time function that plays an important role in
recovering u, u, Or ¢.
Once the pressure distribution is known and the velocity field is obtained, the

permeability distribution can be calculated by applying Darcy’s law. Notice that
there is no boundary difficulty in interpreting tracer data, which is different to the

direct interpretation of pressure data.
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Figure 5.2: x-y-t diagram showing characteristic surface for the concentration of radial
flow
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In the above discussion it was assumed that tracer flow has negligible dispersion
effect. In the case in which significant dispersion prevails, it remains true that the
concentration front data has more weight in contributing to the recovery of the areal

permeabilities.

5.6 Example

Consider a multiple well system in an infinite isotropic reservoir with a local region
of heterogeneity that can be approximated by a circular disk of different permeability
and porosity. The center of the circular discontinuity is chosen to be the origin of
coordinates system in order to make the pressure expression simple. Assume the
permeability of the circular discontinuity is

ki =50 md

and its radius is
a =50,

and the rest of the reservoir has permeability of
ky = 100 md.

There is an injection well located at (—100,0) with injection rate ¢ = 400. Four
production wells are located at

(100,0) with production rate q =150
(—300,0) with production rate g =50

(—100,200)  with production rate g = 100
(—100,—-200) with production rate q= 100

Furthermore, assume that the system has been in injection and production for a
long time. The solution for the pressure change for such a multiple well system can
be obtained as shown in Appendix E by superposition. Fig. 5.3 shows the pressure
distribution calculated from Eq. E.23 in Appendix E for this system, and Fig. 5.4 is

the corresponding pressure contour.
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To obtain the concentration semianalytically, assume that the dispersion effect is
small enough to neglect. With this assumption, convection-diffusion Eq. 5.4 becomes
Eq. 5.30, so the characteristic method can be applied here to show the idea.

As discussed in the previous chapter, the streamlines are actually the projection
of three dimensional characteristic curves defined in Eq. 5.31 onto the x-y plane.
Fig. 5.5 includes some streamlines for the multiple well example with the circular
discontinuity. As a comparison, Fig. 5.6 shows all the corresponding streamlines
in the homogeneous reservoir where the permeability of circular region is equal to
100 md.

The concentration front at each time step can be computed together with the
streamlines. Fig. 5.7 shows the shape of concentration fronts at various time for the
heterogeneous system while Fig. 5.8 shows the shape for the corresponding homoge-
neous reservoir. However, in order to obtain the velocity as expressed in EQ. 5.32, it
is necessary to determine the time function of (z,y) at which the concentration front
reaches the location (z,y). In real application, the time function is reconstructed from
the observed concentration data. Fig. 5.9 is an example of the three-dimensional plot
of this time function and Fig. 5.10 is the two-dimensional contour of the time function.
Once this time function is available, the velocity at each location can be obtained and
therefore the permeability is derived from applying Darcy’s law as pressure distribu-
tion is known. In a little more details, the recovery of permeability follows these
steps:

1. To obtain the permeability distribution, first the pressure distribution is gener-
ated by interpolation from observation wells, so the pressure gradient gﬂ , é°ﬂ)
z 7 By

can be calculated for any location (z,y);

2. Reconstruct the front time function #(z,y) at each location (z,y) from the
observed concentration data; so the time t(z,y) for tracer front to reach (z,y)

can be found;

3. Move a small distance dd along the opposite direction of pressure gradient

(%5,%;—) and find another time %44 tracer front takes to reach by interpolation;

4. Then, a formula that is derived from Eg. 5.32
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Figure 5.5: Streamline of multiwell system with a circular discontinuity
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Figure 5.6: Streamline of multiwell system but without the circular discontinuity
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Figure 5.7: Concentration front in the multiwell system with a circular discontinuity
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Figure 5.9: x-y-t diagram showing the time at which the concentration front arrives
as a function of (X,y)
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dd (5.36)
V= ————— .
tdd - t(ac,y)
is applied to obtain velocity value;
5. Finally, Darcy’s law
v
k=u (5.37)
(32)2 +(3)?

is used to obtain permeability.

The results of this calculation procedure for different numbers of observation points
for the example of circularly discontinuous reservoir are shown in Figs 5.11, 5.12 and
5.13. The number of observation points used in the three figures are 300x300,100x100
and 30x30, respectively.

Since a tracer test usually measures the cumulative concentration vs. time at
production well, it would be difficult to recover this entire permeability distribution
from observations of tracer returns at a limited number of locations. However, the new
technique of 4-D seismology has the ability to track the moving front of steam or tracer
in the reservoirs as discussed by Nur (1988) and Brzostowski and McMechan (1991).
With the help of 4-D seismology, the direct method using the time function will be a
practical method in the near future.
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Figure 5.11: Permeability distribution calculated using pressure and tracer data from
300 by 300 observation points
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Chapter 6

Conclusions

In this work, pressure test analysis and tracer test analysis in multiwell systems were
studied first individually and then together. The main contribution of this work will
be summarized in this chapter and the conclusions will be stated for each topic.

6.1 Analysis of Pressure Data from Multiple Wells

Several models were studied with an emphasis on how to use the pressure data from
multiple wells. The objective functions were formulated to avoid using just a subset
of the multiwell data. A nonlinear least square method was presented to find the
optimal solutions to the objective functions.

In the analysis of multiwell interference tests for anisotropic reservoirs, the nonlin-
ear regression method was proposed to utilize multiple sets of pressure data. A field
example from an injection interference test was interpreted using the new approach.
It can be concluded that:

o The nonlinear least square approach is a practical method for estimating the
anisotropic permeabilities - compared to the conventional approach, it makes
use of all the pressure data, avoids inconsistent results and increases the confi-
dence level of the estimates.

o The solution presented by Papadopulos (1965) is preferable to the one by Collins
(1961) in formulating the objective function.
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For the multiwell system whose heterogeneity is represented by a circular dis-
continuity, a robust procedure was developed to generate the pressure solution with
wellbore storage. Pressure-time curves were plotted to show how the pressure varies
with the parameters. Two coordinate systems were discussed to make nonlinear re-
gression possible. A modified Fletcher (1971) method was presented for solving the
nonlinear least square problems. The interpretation procedure was applied to some
simulated examples. The effect of the noise and the number of observation wells were
investigated. For this circular discontinuity model, the following conclusions can be
stated:

o If wellbore storage is not significant and the noise in the measured pressure
data is no greater than five percent, the transmissivity and storativity in both
reservoir and the circular discontinuity can be estimated. The position and
extent of the discontinuity are also obtainable.

e When wellbore storage effect is significant, all the properties for the circular
discontinuity can be obtained by analyzing the pressure data from the active
well and more than one observation well. However, the validity of the estimated
properties of the discontinuity depends on the locations of the observation wells.

o The larger the noise in the pressure data, the less accurate are the estimates of
the properties, the position and the range of the discontinuity.

o With more well data, the surface of the objective function is steeper and smoother,
and the parameters are easier to estimate. Adding more observation wells can

suppress the effect of noise in the pressure data.

o The skin factor approach for wellbore damage is applicable at the active well
when the following two conditions are satisfied: the damage area is not very
large and the measured data is not at very early time.

e Having some of the observation wells near or inside the discontinuity region can
make the objective function more sensitive to the properties, the position and

the extent of the discontinuity.
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In a multiple well system, neighbor wells may have impact on the interference
pressure behavior for a testing well if these neighbor wells continue production dur-
ing the test. The solution to the homogeneous system of any number of neighboring
wells was obtained through the application of the Laplace transformation and super-
position. Type curves of drawdown and buildup were presented for both finite well
systems and infinite well systems. The pressure solution for rectangular reservoirs
was derived by using an infinite number of imaging wells. From the results of these
investigations, the following conclusions can be reached:

e Pressure responses in drawdown and buildup tests depend greatly on the ob-
servation distance when wellbore storage is taken into consideration.

e In drawdown and buildup tests, the shut-in time and the wellbore storage effect
have large influence on the buildup part of the pressure data.

e The buildup pressure in a reservoir in which other wells are producing eventually
follows the pressure trend of the neighboring producing wells.

e Partial penetration effects need to be considered to make the pressure interpre-
tation accurate for the rectangular reservoirs with no-flow or constant pressure

boundaries.

The situation in identifying the position of a no-flow linear boundary in a ho-
mogeneous reservoir is similar to that of estimating permeabilities in an anisotropic
reservoir. The identification problem is over-specified in the sense of utilizing the
inference ellipse method. In order to apply multiple sets of pressure data, the nonlin-
ear least square method was used with the general pressure solution developed in the
Laplace space. Then the nonlinear regression was applied to interpret a real multiwell
interference test in a geothermal field. From the study, we can conclude that:

o Theoretically, more than two sets of observation data are required to locate the
position of a no-flow boundary uniquely.

o The wellbore storage effect is reduced in more distant observations. A closer
observation well sees more wellbore storage effect in the pressure data.
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e The Ohaaki geothermal field appears to have a northwest to southeast trend of
faults when all the interference pressure data are considered simultaneously.

6.2 The Green’s Function and Principle of Reciprocity in Heterogeneous
Problems

The Green’s function method, a powerful tool in finding analytical pressure transient
solutions, was extended to heterogeneous reservoirs in this study. The properties
of the Green’s function were derived and their application were discussed. As the
Newman’s product cannot be used for heterogeneous reservoirs, Green’s functions
are more difficult to find for heterogeneous problems of high dimension. Therefore,
some mathematical methods were presented through examples. The Green’s func-
tion method is still attractive for heterogeneous problems because finding the Green’s
function means that a set of pressure problems with various boundary conditions,
initial condition and well conditions are all solved. Even though the Green’s func-
tion method can be applied to tracer problems, it is not as powerful since the fixed
concentration at well is a boundary condition rather than a source constraint.

The reciprocal property is an interesting topic that turns out to be associated
with the Green’s function. With Green’s function theory extended, the Principle of
Reciprocity was investigated for practical cases in heterogeneous reservoirs including
those with discontinuous mobility and storativity. The cases where the Principle of
Reciprocity does not hold were also illustrated. In general, reciprocity holds for:

1. Heterogeneous reservoirs of uniform initial pressure with no-flow boundaries.

2. Heterogeneous reservoirs of uniform initial pressure with constant initial pres-

sure boundaries.
3. Heterogeneous infinite reservoirs of uniform initial pressure.
4. Homogeneous infinite reservoirs with wellbore storage.
Reciprocity does not hold for:

1. Reservoirs of nonuniform initial pressure.
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2. Reservoirs with nonzero flux across the outer boundary.

3. Reservoirs with wellbore storage where EQ. 3.69 is not true.

6.3 Analytical Solutions to the Convection-Dispersion Equation

The analytical solutions to the convection-dispersion equations of three simplified
tracer flow systems in heterogeneous reservoirs were derived using the Laplace trans-
formation approach. One of the objectives in developing these analytical solutions
was to help understand more about the tracer flow in heterogeneous reservoirs. A
semianalytic method was also discussed for calculating streamlines and tracer return
profiles.

o The Crump algorithm is more suitable than the Stehfest algorithm for inverting
the analytical tracer solution from Laplace space.

o Superposition does not apply to two-dimensional tracer flow. This means that
the concentration distribution in a multiwell system cannot be obtained by
superposing the solution of each single well system.

o The time step in the semianalytic method should be selected so that the advance
of the fastest tracer front will not be too big to escape from the detection of
breakthrough condition.

6.4 Simultaneous Analysis of Pressure and Tracer Data

Pressure data and tracer data were studied together for characterizing heterogeneous
reservoirs. The correlation between dispersion coefficients and permeabilities was dis-
cussed, and based on this correlation a scheme to integrate pressure data and tracer
data was proposed. The technique presented can be used to obtain the permeabil-
ity distribution as well as the storativity from interpreting tracer data and pressure
data simultaneously, and can be used directly in practice for well test analysis of
heterogeneous reservoirs with slight modification. The concept of ill-posedness was
investigated for the direct method of permeability identification. The need to con-
strain permeability when using the direct method to interpret pressure data was ex-
amined. Finally, the direct method was demonstrated as an example in a steady-state
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multiple well reservoir with a circular discontinuity. Tracer data and pressure data
were generated artificially, and then successfully inverted to estimate the permeability
distribution. The observations and conclusions reached from this study are:

o The direct method favors multiple well data.

e Permeability constraint is needed for the direct method to be applied to the
pressure equation if the simple finite difference method is used even though the
permeability is uniquely determined mathematically.

o The solution to the pressure equation from the direct method is unique un-
der appropriate conditions including that flow occurs at all locations and that
pressure can be estimated everywhere.

o No permeability constraint is required to apply the direct method to the tracer
equation.

o For tracer data, the concentration front data are of greater importance in re-

covering the areal permeability distribution.

o Unless the pressure and tracer data are collected vertically over depth, the direct
method is not applicable to three dimensional problems.

o The time function approach described here is a method by which 4-D seismic
data can be interpreted together with pressure data to yield estimates of the

permeability distribution.



Appendix A

Equivalence of two Anisotropic
Solutions

This appendix shows the equivalence between two equations used by Papadopu-
los (1965) and Collins (1961). The equation used by Collins (1961) will be derived
from the equation used by Papadopulos (1965).

Start with equation

5? 52 5
fpo ot P d g}t’ (A1)

ga T Mgy gy = ey

Rotate the (X y) coordinates by 6 degree to a new coordinates (¢, ), where § will be

determined later.

6=xeos€+ysin9 (A2)
= —zsinf T ycosd .
Under the new coordinates, the pressure derivatives are
Op 9pd§ Opon _Op dp .
—_— T ——— — —_——— T — 0 —_——
e~ 960z T omor o " gy oY : (A-3)
0%p . + . .
= pe SiNG COS€ T pg, cOs20 — pgy, SiN26 —p,, sinf cosh Ad
dxdy (A4)
gfi- = pee cos” O — pgy cOs8sind — pe, sind cos b +p,m sin2 6 (A.5)
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dp 9pdE  OpOn _ 9p Op

= === 4 S~ —=—sinf+ —cosb A.6
oy ~a€ay Tonay o€ " T oy < (A.5)
p —peesin® @ +pgn cos @ sind +pg.,, siné cosé '|'p,,7,7 cos® 9 (A7)

0%y
Substituting the pressure derivatives into Eq. A.1,

kyzpee c08% 0 — 2k gpey Sin 6 cos 0 + kg, sin® 0pe, + 2kgypee sin 0 cos 0
+2kyy Pey (cos® 6 —sin® 6) — 2k, ppy, sin 6 cos § T &y, pee sin® 0

d
+2k,ypen sin0 cos § t kyypy, cos? 0 = c;Spct—_a—;:— (A.8)

or in a simpler form,
(ks cos” 0 + 2k,, sin 6 cos 8 Tk, sin? 0)pee T 2[(cos® 8 — sin® 0)kyy

+(kyy — kzz) sinf cosflpe, T (keesin?6 — 2k, sinf cosd Tk, cos? O)p,,  (A.9)

dp
= PHeny,
In order to find the principal axis direction, choose a value of # that makes the
coefficient of p, disappear, i.e.

(cos?8 — sin? 8)k,, T (kyy — kyy) Sin cos6 = 0. (A.10)

Written in another form,

cos@singd kg

2 _ 2 - .
cos?f —sin“0 k., —ky,

(A.11)

So € has to satisfy

tan é
1 —tan?4

kzy

1
= =tan20 = ———.
2 Fow — ko

(A.12)

ks )
Denote —2— = A as a known term, then tan6 can be solved first from
zz— Ryy

tangd
1 —tan?6

This is a quadratic equation,

(A.13)
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Atan®’f+tanf—A=0 (A.14)

with solution

—1++1+4A?
tan0 = 1+ 2A+ , (A.15)

or

kyy - k:rz' + \/(er - kyy)2 + 4ka2cy
.

tanf = (A.16)

Now cosé and sinO can be expressed in terms of k.., k, and k,,. Denote B =
V (ko — kyy)? T 4k2,, then

1 4k2,
1 Ttan%6 — dky, + (kyy — koo +B)2’

(A.17)

cos’ ) =

(kyy "" kxz‘ + B)z
Akgy + (kyy — Koz + B)?

(A.18)

sin® 6 =
The coefficients of p¢e and p,,, can also be written in terms of k.., k., and k,, without
9,

kpg cos® 0 T2k, sindcosf Tk, sin6

A2 ke + 2kay(Ryy — koo + B)2ksy + (kyy — koo + A)ky,
o 4k2, — (kyy — kuz + B)?

_ 2Bkyy + 2k2, — 2koskyy +4K2,
- 2(B + kyy — kzz)

_ 2Bky, + B? — kI + k2,
B 2(B + kyy — kyz)

(B +kyy — ko) (Bt kyy T ko)
2B T kyy — k)

=kxx. (A.19)
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kyy sin® @ — 2k, sin 6 cos 6 +k, cos?d
= k:l:x + kyy - (k.’L‘.’L‘ COSZ 6 + 2kxy sinf cos @ + kyy SiIl2 0)

1
= k:v:c + kyy - §(B + kyy + kzx)

I

(kyy + krz‘ - B)

~ [N

yy- (A.20)

Therefore, in the new coordinates, Eq. A.9 becomes

d%p ’p Op
kxx;,%z-*Fkyya—nz = QS/LCt_a?- (A.21)



Appendix B

Pressure Expression in Green's

Function

Once the Green's function is worked out for the homogeneous equation, the solution
to the equivalent nonhomogeneous equation with a nonhomogeneous initial condition
and nonhomogeneous boundary conditions can be represented.
We start by defining a differential operator L:
kop 4 0 Kkdp\4 9 kp

[P} 6$(u8$) dy(#ay) 82(Maz) ¢t (B'l)
Its adjoint operator is then
d koG 6k6G+8 k@G_l_

S
@

L[G] = 5»’5’(# 57 ;) +@(;537) 5;7(;5;) peig—. (B.2)
Suppose p(z,y, z,t)is the solution to

Llp] = f(z,y,2,1) (B.3)
p(z,y,2,0) = g(z,y,2) (B.4)

with some well-posed boundary conditions and suppose that G(z,y, z, z’, ¥', 2',t — I)is
the Green's function to the corresponding homogeneous equation with homogeneous
boundary conditions, i.e. G(z,y,z,2',y’,2',t — 1) satisfies:

L[G] =0 (B.5)
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dz—2'y—y,z—2)
G $7 72’ xl’ ” z/’O = : . Bo6
(e Y ) o(e,y' 2 )2, y', ') (B.6)
, , oG
G(z,y,z, 2"y, 2',t —1)y=00r e+ =0 (z,y,2) € S. (B.7)

where S, denotes the boundary if there is. From Property 2 of the Green's function
that is listed in Section 3.2, G(z,y, x,2',y', 2/, t — 7) satisfies the adjoint equation as
function of variables (z',y',2',7)

L*[G] =0 (B.8)
8(z — —y,z—2)
G .T, ’Z’ :L'” y/, 2,70 B.9
(@ )= ¢(w’,y, ) (2, y, ) (B.9)
! ! ! aG ! ! /
G(z,y,z, 2,y , 2t — )—Oorgg:O (',y,2') € S.. (B.10)
Consider a general second order linear differential operator £
L= Za, f:bz-im (B.11)
1,7=1 ]8 8"’6.7 =1 afl?i
and its adjoint differential operator C*
Lv= i —6’2—((1z -v) — ii(l)ﬂ)) + cv (B.12)
i52107:0; ! =1 O
where a;;, b;, c are second order continuously differentiable functions of =4, z2, ... ,Tp,.
The Green's formula for these operators is:
/(vﬁu —ul*v)d§l = / Zplcos n,e;)dS, (B.13)

=1
where S, is the boundary of domain €2, n is the outward normal vector of S., ¢; =
(0,...,0,1,0,...,0) is the axis vector of z;, (n,e;) represents the angle between vectors

n and e; and
m Jdu 0
pi J§= [va; 3z, ~“Ba, (aijv)] T buv (B.14)

As for our operator L and its adjoint operator L*,
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oy = o 80 _ O0k) 4K

Oz Oz oz
a(k ok
Ou (kv) 4

P2 = vk“a‘; - uTy- ’U,’Ua—y

du d(kv) dk
p3 =vk— —u

0z 0z uvg

we can work out a Green's formula from the above

o1dq = [ 1B s — [ gc9(uv)
./Q(vLu_ULU)dQ_./s,[y(van uan]dSe /;) td; dQ

Now let v =G(z,y,z, 2y, 2"t —7), u =p(z’,y’,2',7), then
L'v =0
and

Lu =f(',y',2',7),

SO
roor ot rgotg E @ oG
/QG-f(a:,y,z,T)dzdydz _./CM(Gan—pan)dSe—
/¢Cta(pG)d$ldy/dZ,
Q or

Integrating 7 from 0 to ¢ gives:

/ ¢, G(t) - gdz'dy'dz" — p(z,y, 2,1)
Q
because of Egs. B.4, B.9 and

t OwG) | iy,
jofgqsct T 4o’ dy'ds'dr =

[ delpla’, 2, 0G(0) ~ b,y 2, 0)G(1)de'dy' d'
Q

Therefore the solution can be written as

149

(B.15)

(B.16)

(B.17)
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(2,y,2,1) = // G)deT

_ / / G- fdo'dy'dz'dr + / $cG(t) - gda'dy'dz’ (B.24)
If the domain is infinite and has no boundary, then the first term in the right hand
side will disappear.

Now we can apply this result to the production of a well at a flow rate q. Remember

in the material balance equation, Eq. B.3, the source term f(z,y,z,¢) has the unit
volume rate of injection per unit volume of reservoir, so

- inside the well

flz,y,2,t) = { Va i (B.25)

0 outside the well

if the source is uniform over the well volume. Assuming the boundary is no-flow, then

p(z,y,2,1) / 2 (z,y,z,2",y', 2/, t — 7)da'dy'dz'dr
w mr2 h

+ / de,G(t) - gdz'dy'd=’, (B.26)
where W is the region in the well, and €2 is the domain of reservoir. Now if the initial
pressure is constant p; everywhere, we have

2 p(&? ya < t)
’ ’ ! _ ! ! /!

/ W7Z"I‘2h G(z,y,z,2',y, 2',t — 7)dz'dy'dz'dr (B.27)
For three dimensions, if the well is approximated by a point source at position z’,y", 2/,
the solution becomes

tq(7) b
pi —p(e,y,z,t) = G(z,y,z, 2"y, 2t —71)dr (B.28)

0 wr2h

For two dimensions, if the well is approximated by a line source at z’,y’, the solution

IS
, _ [talr) -
pz—p(ﬂ:,y,t)—/0 WZ}hG(%y,:f:,y,t—f)dT (B.29)
For one dimension, if the well is approximated by a plane source at z’, the solution
is then
t g\t
Pi —p(z,t) = a(r) G(z,z',t = 7)dr. (B.30)

2
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Appendix C
Reciprocity of Green’s Function

For one dimension, we can easily show that Green’s function is symmetric to x and
z’. According to the definition, G(z,z',t) is the solution to

d k(z)dG oG

32l 3] = #@elelgp  a<e <band 1>0 (C.1)
G(z,2',0) = qf((;);(i?) (C.2)
G + a2%§- =0 atz=a (C.3)
G+ BT =0 at x=b ()

Assuming G(z,t) = T'(¢t)X(z), substituting into Eq. C.I, and separating variables,
then:
LX) )

u(z) _
d(x)c(z)X(2)  T(t) A (C.5)
which gives two equations
T'#) FAT(t) =0 or T(t)=be™ (C.6)
and
B (@)} + Ag(e)ed() X () = 0 (1)
() '
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with boundary conditions:

a X + a2£id—)x£ =0 at z=a (C.8)

dX
AX+Po-=0 at x=b (C.9)
which is a Sturm-Liouville boundary-value problem having eigenvalues ), and eigen-
functions X,,(z). The solution can be written in terms of the eigenfunction expansion:

G(z,t) = i boe " X, (). (C.10)

n=1

The initial condition requires:

6z — ' >
Gl = Sy ™ 2 e
Multiplying ¢(x)c;(z)X,.(z) and integrating x from a to b leads to
— b s 5($ - .'L',) _ /
b, = / B(2)ex() Xal0) e de = Xa(a')

if we normalize X, (z) to make [’ é(z)c,(z)X2(z)dz = 1. Therefore, the Green's

function is

G(z,z',t) = i e~ X, (2) Xn(2) (C.11)

n=1
which does have the symmetry for x and z’, and therefore assures the the principle
of reciprocity.

For higher dimensional or discontinuous coefficients, we cannot apply Sturm-
Liouville theory. However, the reciprocity for Green's function still holds, as can
be shown from calculus of variations. The following argument applies to Green's
function of any dimension, but for simplicity, we will consider the Green's function
for a two dimensional domain € with discontinuous mobility p(z,y) and storativity
p(z,y) on Q. In order to write the equations for the Green's function on this do-
main 2, we need to divide the domain into several subdomains ;, Q3, 3, ...,£, such
that p(z,y) and p(z,y) are continuous on each of the subdomains. On the boundary
between any two subdomains, the Green's function and its derivative needs to be
continuous because pressure and flux are continuous across any boundary. Denoting
the boundaries among the subdomains by I';, T, ..., T',,,, the Green's function satisfies
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0 oG 0 oG oG

8_2(17(‘7:7:9)'5;) + —B_y(p(x’ y)%) = p(x’y)_é?—t on Qla ° e '7Qn (012)

Sz —a',y —y)

G(z,y,2',y,0) = " C.13
(z,9,2",9',0) CRD (C.13)
oG

67+0G:O or G=0 onboundary T (C.14)

and also conditions that guarantee function's continuity and material balance (flux
continuity) along I'; (¢ = 1,...,m). So the Green's function is continuous in €2 and
has piecewise continuous first derivatives in 2.

By assuming G(z,y,z’,y’,t) = u(z,y)8(t) and separating variables, we have an

eigenvalue problem,

(puz)e + (puy)y + Apu=0 on Qs+ Q,
function continuity equation along I'y, 'z, - -, T (C.15)
flux continuity along I'y, Ty, - -+, T ‘

% 41 45G=0 or G=0 on boundary T

Reciprocity can be shown for the Green's function as in the one-dimensional case if
the eigenvalues A, and associated complete eigenfunctions u; for eigenvalue problem
(C.15) exist. This existence is obtained from its variational counterpart.

The associated variational eigenvalue problem is to find ¢ which minimizes the

following quadratic functional expression

Dig, ¢] = Dlo, 9] + [ pogids (C.16)
where
D[¢, ¢] = //Q p(43 + ¢)dzdy (C.17)

under the normal condition

Hs, ) = [[ po*dedy =1 (C.18)

and the orthogonality condition
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The existence of a solution to our minimum problem ¢ is discussed by Morrey [1966]
for piecewise continuous p(z,y) and p(z,y). This ¢ gives the next eigenfunction u,
of equation (C.15) with boundary condition %";5 +ou, =0 on I'; the associated
eigenvalue ), equals the minimum value Dlu,].

For the boundary condition u =0 on I', everything above applies except that one
more boundary condition ¢ =0 is added and D[¢, ¢] becomes D[4, 43

The proofs that those u, are also eigenfunctions for the differential equation prob-
lem (Eg. C.15) and that they are complete are similar to the discussions made by
Courant and Hilbert (1953), and so are omitted here.



Appendix D

Two-Dimensional Green’s
Functions in Problems with

Variable Perrneability

To obtain Gy(z,z’,t) for tte following equation,

10 06, _ac
3:3:8(3: Qx)_ at (D.1)

with0 < a<z <band Gyfz,z’',0) = ﬂ“’%ll, we try separating variables by assuming
G; = X (z)T(¢t), which in tirns gives two equations. The first one is

T +a*T=0 (D.2)

with solution T'(t) = be~*"t
The second equation is

XI
X"+t —ta2x =0
x _ (D.3)
which is a Bessel equation vith general solution
X(z) = aado(az) + Yo ax) (D.4)

Applying boundary conlitions,

155
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adi(aa) + c;Yi(aa) =0 D5

ClJl(bC{) + c;;Yl(ba) =0 ( ’ )
Denote a,, (n = 1,2, --) as the roots of

Ji(aa)Yi(ba) — J1(ba)Yi(aa) =0 (D.6)

then the solutions to Eq. D.3 are Xo(z) = Cy and X, (z) =C,hy, (n =1,2,.--) where
Yn = Ji(aa,)Yo(anz) — Jo(anz)Y1(aay) (D.7)

and C, (n=0,1,2,-.-) are constants to be decided.
So the eigenfunctions for Eq. D.I are

G]o(l?,t) = Co,
Gin(z,t) = Cre™*ty,(z)

and the Green's function we are looking for is

Gi(z,t) =Co+ Y Cne'o‘ityn(:v) (D.8)
n=1
where yo(z) =1 and C, (n=0,1,2,---) are determined by the initial condition
> b(r — 2’
Co+ 3" Cun(a) = 2T (9)

n=I

We can obtain C,, by the orthogonality of y,(z)

b
/ ZYn (2)ym(z)dz =0 m#mn; mn=0,1,2-- (D.10)
Multiplying by zy..(z) on both sides of Eq. D.9 and integrating on (a,b), we have

Jp wya(2)é(z —2)dz  ya(a')

C,= — .
o 2 ay2(z)dz P22 (2)dz (D.11)
Co can be worked out directly,
1 2
Co= - (D.12)

fPazde B —a?
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Therefore the Green’s function is

_ 2 = Yn(@)yn(2) o2,
Gi(z,t) = st }; [ og? (x)dze (D.13)

We can further simplify [’ zy2(z)dz (n>0) by applying the following five equa-

tions:

[ wa3(az)de = L 172(eb) F T2(00)] — & 72 (0a) + ()] (0.14)

[ 2 (ow)dz = V(o) T (ab)] - T1(0a) + ¥ (aa) (D.15)

a

b b
/a 2Yo(az)Jo(az)de = 5[Vi(ab)Ji(ab) +Yo(ab)Jo(ab)]

~2[¥i(aa)h(0a) + Yo(aa)Jo(aa)] (D.16)
T(@)Yo(a) ~ To@)Vi(x) = — (D.17)
Ji(ana)Yo(anz) — Yi(ana)do(anz) =0 (D.18)

We first expand y%(z) in the integral, then apply Egs. D.14, D.15 and D.16.
Through some algebraic manipulation, we get
2

/a ' ey (2)de = %[Jl(ana)YO(anb) ~ Yi(ana)Jo(anb)]?

— 5 i(ana)Yo(aa) - Yi(ana)Jo(ana)l’

Now, by Eq. D.17,

/b zyl(z)dz

a

N %Z[Jl(ana)%(anb) ~ V(o) Jo(anb)]? — —

20,2
2o

and by Eq. D.18,

b 2
/ zyZ(m)dm = —

a ELe%d
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b2Y12(ana)

T 1)) Yo(enb) = Yi(nb) o))

The last step is to apply Eq. D.16 again,
b 2
[ wi@de = ety

7202 Yi(anb)

Therefore, we end up with the Green’s function as

Gy(z,t) =

i_o: 2Y anb)yn( ,)yn(‘r)e—ait (D.lg)

2[¥(ana) — Y (anb)]



Appendix E

Pressure and Tracer Solutions for
a Multiwell Heterogeneous System

The pressure solution for a multiwell system in an infinite reservoir with a circular
discontinuity can be obtained by its Green’s function; the pressure change due to
multiwell production/injection is the superposition of pressure change due to pro-
duction/injection of each well. This transient pressure solution is costly to compute
because of the series of Bessel functions. For the tracer problem, what is needed from
this pressure expression is its late time solution, which is difficult to derive from the
transient pressure expression. However, the late-time pressure solution for a multiwell
system that has equal amounts of injection and production, can be closely approx-
imated by superposing pressure change of each well in steady state. This appendix
includes the derivation of the steady-state pressure solution for an infinite reservoir
with a circular discontinuity.

Denote the permeability, porosity of the circular region ki(z,y), ¢:1(z,y), the
permeability, porosity of the other region kz(z,y), ¢2(z,y). The first step in the
derivation is to find py(r,6) and p2(r,8) that satisfy the following two equations

Op1  10pi | 10°p

or2 r dr r? 06?

&py  10py 1 0%p,

or2  r dr 1% 06?
with the boundary conditions

=0 r<a (E.1)

=0 r>a (E.2)
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pi(a,0) = pa(a,0) (E-3)
op)  _ )\ Op2
/\1 —éTI'rza - AZ 87‘ I'r=a (E.4)

and the condition posed by a single well with flow rate q at position (r’,6’). Depending
on the value of ¢/, there are two cases:

1. Source well inside of circular discontinuity r’ <a

2. Source well outside of circular discontinuity ' > a.

Assume
{ p1=uU +v :%?\ElnR +v (E.5)
p2 =W

for Case 1land

{m:” | (E.6)

p2=u2+w=2—ﬂ?\ﬁlnR+w

€or Case 2, where R = \/r2 T2 —2rricos(d — 6'), while v are w are the functions
to be determined accounting for the existence of circular discontinuity, u; and wu,
are the well-known pressure solutions to the homogeneous reservoirs of A; and A,
respectively; they will take care of the well condition in the heterogeneous reservoir.
It is easy to see that v and w satisfy Eq. E.l and Eq. E.2. The general solution to
Eqg. E.1 and Eq. E.2 can be obtained by separating variables r and 6:

o0

p(r,0) = 3 (Cipr* + Copr*) sin k(6 — 6;) (E.7)

k=0

Because v is bounded at » =0 and w is bounded at r = oo,

v=> VirFcoskd + VarrF sin k6 (E.8)
k=0

w= > Wyr ¥ coskd T Woyr=* sin kg (E.9)
k=0

In order to apply the boundary conditions in Eq. E.3 and Eq. E.4, In R needs to
be expressed in Fourier series,



APPENDIX E. MULTIWELL HETEROGENEOQOUS SYSTEM 161

InR =Inr' ZﬂcoskH 6y r <y (E.IO)
00 ,,.Ik

InR=Inr - ——cosk(9-9) r>¢ (E.I1)
k=1kr

Since the derivations for both cases are very similar, discussion below will focus on
Case 2 as an example.
Applying boundary conditions, we obtain

k

L—— +
Vira 277)\ Tk €08 k0 T Wya™* (E.12)
& Ed*
Vora® = T3k sin k0 + Wya™F (E.13)
k-1 q at ! ’ —k-1
MVipd™ ™k = ~5.7 & oS k0" — Ao Wya ™k (E.14)
g ak—l
M Vora®F 1k = ——— cos kb — \gWyra %1k (E.15)
2rh r'k
Solving Eqgs. E.12, E.13, E.14 and E.15 yields
Vi = q cos k6’
BT T ek k(M + A
v q sin ko'
2k

Cwhr* k(A TA)

g a* coskd
ohr'® k(A T Ag)

Wik = (3. = 1)

Wy = ( s 1) q a®* sin kO’
2mhr'* k(M +)\2)

Substitute into Egs. E.8 and E.9, then

o) k

_ q r_ q T oy
U= Sy BT T 7O 1 ) k{—: T COS k(0 =) (E.16)

w= - cos k(6 —6') (E.17)
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Applying the Fourier seriesexpressionof In R in Eq. E.10, v(r,8, 7', ') and w(r, 8,r',6")

can be written as

q /\‘1 — ’\2 / q
= 1 _— .
Ry W WIS W s W W S b (E.18)
q M rr!
=————(——-1)n E.19
2rh(A + )‘2)()\2 at + r2r?2 — 2a2%rr' cos(f — ") (E.19)

Therefore, for a source well outside circular discontinuity (" > a), the pressure

change is
p(r.0) = —‘1—%“2 Inr’' + TROAT) —2—InR, r<a (E.20)
i MR+ 255 In(rr') - 555 InR, r>a

Similarly, for a source well inside circular discontinuity ( <a),we can obtain

4 _InR+4izhlayn gy 9 |ZRop g

_ ) Zzhn 2rhA o Imho

p(r,0) = { S dr g O R, s (E.21)
where

R = \/1'2 + 12 — 2rr cos(f — "),

R = y/a*+ r?r? — 2a%rr' cos(6 — ¢'),

a = (A= A)/(A1+ X)),

Moo= ki,

Ae = ko/pa.

Consider an infinite reservoir with an injection well and n production wells, where
each production well is located at (r;,8.) and has rate ¢;, (¢ = 1,...,n) and the

injection well has rate
> (E-22)
=1

and position (rg,8;). There is a circular discontinuity of radius a with mobility ;.
The long time pressure change for this system can be superimposed by the solution
in Eqgs. E.20 and E.21 for one single well,

qu (r,0,r;,6) (E.23)
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where

, 1
27rh/\21 M R T ) In R,

for well i outside the circular discontinuity and the observation well inside the circular

G(T 97 rz’ 01)

discontinuity, i.e. r <aandr' >a;

InR; + InR;

o
27rh/\2 27h), 27rh/\2
for well i outside the circular discontinuity and the observation well outside the cir-

G(r,0,r.,0)) =

R B

In(rrl) —

cular discontinuity, i.e. r >aand r’ >a;

(/\ )\z)a
o h/\l InFi+ 525, e +27rh/\1

for well i inside the circular discontinuity and the observation well inside the circular

InR;

G(r,0,r;,0)) =

y g

discontinuity, i.e. r <a and r’ < a;
1
G(r,0,r.,0. ——Inr4+ ——InRk;
(ry0,73,6) = 27rh/\2 RO o)
for well 1 inside the circular discontinuity and the observation well outside the circular

discontinuity, i.e. r >aand r' <a

R, = \/'r2 + 72 — 2rricos( — 6)
R: = \/;4 + r2ri2 — 2a?rr! cos(8 — 0.).

The pressure change for reservoirs of multiple injection wells and multiple produc-

tion wells can be formulated similarly. Notice that the pressure change observes the
principle of reciprocity.

In the above discussion, Darcy units were used. To use field units, just substitute
2rdx With 1%’%-9—5. Actually, the pressure change in EQ. E.23 is independent of the unit
of length; the steady-state model of an infinite reservoir with a circular discontinuity
is fully scalable. To verify this, it is sufficientto show that Eqgs. E.20 and E.21 will
be modified by the same amount when the unit of length is changed. Suppose the
old unit is the new unit times a factor C, then

Aold = Canew

Told = Ornew
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' ’
Told = Crnew
Rold = CRnew

2
72’01d =C 7?—nfyur

So the difference between the new expression and the old expression will be

o 2 InC

+ _— - InC-=
2rh), InC 2rh(A + A2) nC 21 h)y

for the expression of »' > a and r <a,

1 o 9 o
T s WAy

for the expression of " >aandr > a,

1 (A = Ao a ,  InC
=)oy o InC? =
s POt oo, O T S 97hAs

for the expression of ' <a and r <a, and

o 2 InC

+__ 2 Lc-
27y InC k(M + A9 ¢ 27 g

InC
2
€™ = OrhAy

for the expression of ' <a and r > a. Since
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(E.24)

(E.25)

(E.26)

(E.27)

(E.28)

all the differences incurred by changing the unit of length in Eq. E.23 will cancel out.



Nomenclature

o

radius of circular discontinuity

equal distance between wells in X,y directions
general function

formation volume factor

wellbore storage coefficient

constant coefficients

dimensionless concentration of displacing fluid
concentration of component ¢ in the phase
total systern effective compressibility
differential operator or functional operator
diffusive coefficient, effective mixing coefficient
functional operator

dispersion of component i in the phase
residual of the least squares

axis vector of z;

general function

Green’s function

general function

thickness

modified Bessel functions

Bessel functions

permeability

maximum principal permeability
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kozs Ky, kyy
kyy

L

L

l

I

L

>

N

<

gctd

B
8
N

components of the permeability tensor
minimum principal permeability
reference length of flow

differential operator

width of reservoir

adjoint differential operator

general linear operator

general linear adjoint operator

outward normal vector

pressure

dimensionless pressure response at observation well
Peclet number

flow rate

sandface flow rate

radial distance of observation well

radial distance of active well
dimensionless reference distance
dimensionless distance between observation and neighbor wells
wellbore radius of active well

skin factor

boundary, integral variable on boundary
Laplace variable

time

dimensionless producing time before shut-in at testing well
damping factor

general function

general function

Darcy velocity

Darcy velocity of the phase

region in the well

coordinate in Cartesian system
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1ot
x,y’z

i

BT T I~ =g

b I~
N.o

g4 o

Superscripts
T

Subscripts

D
1

Cartesian coordinates of source
mole fraction of component z in the system
Laplace variable

observation well

testing well

neighboring well or image well(n> 1)
root of Bessel function equation
reservoir boundary

pressure drop

Dirac function

hydraulic diffusivity

angle of observation well position
angle of active well position

mobility

viscosity

Green's function

dimensionless distance

mole density of the phase

mole density of component : at standard condition
dimensionless time

integral variable

porosity

reservoir domain, integral variable
gradient operator

transpose

dimensionless
circular discontinuous region
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2 reservoir, the second region outside discontinuity
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