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A B S T R A C T  

Trace r  t e s t s  p e r f o r m e d  at. t h e  g e o t h e r m a l  r e s e r v o i r  

a t  W a i r a k e i ,  N e w  Z e a l a n d  h a v e  b e e n  a n a l y z e d .  A 

m a t h e m a t i c a l  a n d  p h y s i c a l  d e s c r i p t i o n  w h i c h  m o d e l s  t r a c e r  

f l o w  t h r o u g h  i n d i v i d u a l  f r a c t u r e s  w i t h  d i f f u s i o n  i n t o  t h e  

s u r r o u n d i n g  p o r o u s  m a t r i x  h a s  b e e n  u s e d .  O b s e r v e d  t r a c e r  

r e t u r n  p r o f i l e s  m a t c h e d  s i g n i f i c a n t l y  w e l l  w i t h  t h e  m o d e l  

c a l c u l a t i o n s .  From t h e  m o d e l ,  f i r s t  t r a c e r  a r r i v a l  t imes  

a n d  t h e  number  of  i n d i v i d u a l  f r a c t u r e s  ( t h e  p r i n c i p a l  

c o n d u i t s  of  f l u i d  f l o w  i n  t h e  r e s e r v o i r )  j o i n i n g  t h e  

i n j e c t o r - p r o d u c e r  w e l l s  c a n  be  d e t e r m i n e d .  I f  t h e  

p o r o s i t y ,  a d s o r p t i o n  d i s t r i b u t i o n  c o e f f i c i e n t ,  b u l k  

d e n s i t y  a n d  e f f e c t i v e  d i f f u s i o n  c o e f f i c e n t  a r e  known,  

f r a c t u r e  w i d t h s  may be  c a l c u l a t e d .  H y d r o d y n a m i c  

d i s p e r s i o n  down t h e  l e n g t h  of  t h e  f r a c t u r e  i s  a p h y s i c a l  

c o m p o n e n t  n o t  t a k e n  i n t o  a c c o u n t  i n  t h i s  m o d e l .  F u t u r e  

s t u d i e s  may b e  w a r r a n t e d  in o r d e r  t o  d e t e r m i n e  t h e  

n e c e s s i t y  of i n c l u d i n g  t h i s  f a c t o r .  I n  a d d i t i o n  t o  t h e  

t r a c e r  p r o f i l e  m a t c h i n g  by t h e  m a t r i x  d i f f u s i o n  m o d e l ,  

c o m p a r i s o n s  w i t h  a s Y m p l e r  f r a c t u r e  f l o w  mode l  by  Fossum 

a n d  H o r n e  ( 1 9 8 2 )  were made.  The i n c l u s i o n  o f  t h e  m a t r i x  

d i f f u s i o n  e f f e c t s  was s e e n  t o  s i g n i f i c a n t l y  i m p r o v e  t h e  

f i t  t o  t h e  o b s e r v e d  d a t a .  
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S e c t i o n  1 .  I N T R O D U C T I O N  

I n  many g e o t h e r m a l  d e v e l o p m e n t  s c h e m e s ,  p r o d u c e d  

g e o t h e r m a l  w a t e r s  a r e  r e i n j e c t e d  f o r  t h e  p u r p o s e  o f  

d i s p o s a l  a n d  p r e s s u r e  m a i n t e n a n c e .  The known e f f e c t s  of  

r e i n j e c t i n g  w a t e r  a r e :  i m p r o v e d  o r  d e g r a d e d  t h e r m a l  

r e c o v e r y  ( d e p e n d i n g  on u n d e r g r o u n d  f l o w  p a t h s  and  

v e l o c i t i e s ) ;  p e r m e a b i l i t y  c h a n g e s  i n  t h e  r e s e r v o i r ;  

p r e s s u r e  m a i n t e n a n c e  of  r e s e r v o i r  f l u i d ;  a n d  p o s s i b l e  re-  

r o u t i n g  of  n a t u r a l  u n d e r g r o u n d  w a t e r  p a t h w a y s .  H o r n e  

( 1 9 8 2 )  p r e s e n t s  a summary of  s u c h  e x p e r i e n c e  on a 

w o r l d w i d e  b a s i s .  

S i n c e  b o t h  d e t r i m e n t a l  a n d  b e n e f i c i a l  e f f e c t s  h a v e  

b e e n  o b s e r v e d ,  r e s e r v o i r  t e s t : s  t o  d e t e r m i n e  t h e  e f f e c t s  

o f  a p r o p o s e d  r e i n j e c t i o n  s y s t e m  a r e  d e s i r e a b l e .  A l s o ,  

v a r i o u s  r e s e r v o i r  p a r a m e t e r s  a n d  t h e  m e c h a n i c s  o f  f l u i d  

f l o w  i n  t h e  r e s e r v o i r  n e e d  be  i n v e s t i g a t e d .  I n t e r w e l l  

t r a c e r  t e s t s  h a v e  ma'de s i g n i f i c a n t  c o n t r i b u t i o n s  t o  t h e  

u n d e r s t a n d i n g  o f  f l u i d  f l o w  i n  n a t u r a l  u n d e r g r o u n d  

r e s e r v o i r s .  R a d i o a c t i v e  a n d  c h e m i c a l  t r a c e r s  h a v e  b e e n  

u s e d  f o r  many y e a r s  i n  g r o u n d w a t e r  h y d r o l o g y  t o  s t u d y  t h e  

movement o f  wa te r  t h r o u g h  p o r o u s  m e d i a ,  b u t  u n t i l  

r e c e n t l y  l i t t l e  h a s  b e e n  r e p o r t e d  on t h e i r  u s e  i n  

g e o t h e r m a l  s y s t e m s .  
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I n  a d d i t i o n  t o  t h e  t e s t  i t s e l f ,  t h e r e  n e e d s  t o  be  

some me thod  t o  a f r a l y a e  t h e  d a t a  o b t a i n e d .  To d a t e ,  

t r a c e r  r e t u r n s  f r o m  g e o t h e r m a l  r e s e r v o i r s  h a v e  b e e n  

a n a l y z e d  i n  o n l y  a s e m i - q u a n t i t a t i v e  s e n s e  t o  d e t e r m i n e  

t r a n s i t  t i m e s ,  f l o w  v e l o c i t i e s  a n d  p a t h w a y s .  

I n  1 9 8 2 ,  Fossum a n d  H o r n e  p r e s e n t e d  a n  a n a l y s i s  o f  

t r a c e r  d a t a  f r o m  f i e l d  r e s u l t s  a t  W a i r a k e i ,  N e w  Z e a l a n d ,  

i n c l u d i n g  a mode l  d e s c r i b i n g  l i n e a r  f l o w  t h r o u g h  a 

f r a c t u r e  w i t h  h y d r o d y n a m i c  d i s p e r s i o n .  T h i s  p h y s i c a l  and 

m a t h e m a t i c a l  m o d e l  u n f o r t u n a t e l y  p r o v e d  t o  b e  o n l y  

p a r t i a l l y  a d e q u a t e  i n  i t s  m o d e l i n g  o f  f l u i d  f l o w ,  a n d  

d o e s  n o t  f i t  w e l l  t o  many o f  t h e  t e s t  r e s u l t s  f r o m  t h e  

f r a c t u r e d  W a i r a k e i  g e o t h e r m a l  r e s e r v o i r .  

I n  s e a r c h i n g  f o r  a n d  t e s t i n g  o f  a p h y s i c a l  m o d e l  

t h a t  w o u l d  b e t t e r  m a t h e m a t i c a l l y  f i t  t h e  t r a c e r  r e t u r n  

d a t a ,  i t  h a s  b e e n  f o u n d  h e r e  t h a t  a ' d o u b l e - p o r o s i t y '  

m o d e l  i s  more  s a t i s f ~ c t o r y .  The ' d o u b l e - p o r o s i t y '  mode l  

f o r m u l a t e d  i n  t h i s  wlork i n c l u d e s  d i f f u s i o n  o f  t r a c e r  i n t o  

t h e  p o r o u s  m a t r i x  i n  a d d i t i o n  t o  f l o w  t h r o u g h  t h e  

f r a c t u r e s  i n  t h e  r e s ' e r v o i r .  
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S e c t i o n  2. L I T E R A T U R E  REVIEW 

I n t e r w e l l  t r a c e r  t e s t s  h a v e  b e e n  a n  i m p o r t a n t  t o o l  

i n  t h e  a n a l y s i s  o f  f l u i d  f l o w  i n  v a r i o u s  r o c k  m a t r i x  

s y s t e m s .  Wagner  ( 1 9 7 7 )  l i s t e d  i n f o r m a t i o n  o b t a i n a b l e  

f r o m  t r a c e r  t e s t s  in, t h e  o i l  i n d u s t r y ,  f o r  e x a m p l e :  

i d e n t i f i c a t i o n  of  p o o r  i n j e c t i o n  w e l l s ;  d e l i n e a t i o n  of 

f l o w  b a r r i e r s ;  d i r e c t i o n a l  f l o w  t r e n d s  a n d  v o l u m e t r i c  

s w e e p  p a t t e r n s ;  d e t e r m i n a t i o n  of r e l a t i v e  v e l o c i t i e s  o f  

i n j e c t e d  f l u i d s ;  a n d  e v a l u a t i o n  o f  s w e e p  i m p r o v e m e n t  

t r e a t m e n t s .  The g e o t h e r m a l  i n d u s t r y  h a s  u s e d  i n t e r w e l l  

t r a c e r  t e s t s  t o  h e l p  i n v e s t i g a t e  p o s s i b l e  damage f r o m  

c o o l i n g  d u e  t o  r e i n j e c t i o n  o f  p r o d u c e d  waters  and  t o  

a s c e r t a i n  f l o w  p a t t e r n s  i n  t h e  r e s e r v o i r .  F o r  e x a m p l e ,  

i n  N e w  Z e a l a n d ,  as  d e s c r i b e d  by McCabe, B a r r y  a n d  Mann ing  

( 1 9 8 3 ) ,  r a d i o a c t i v e  t r a c e r s  h a v e  b e e n  u s e d  t o  d e t e r m i n e  

f l o w  v e l o c i t i e s  a n d  g e n e r a l  f l o w  d i r e c t i o n s .  Nakamura 

( 1 9 8 1 )  d e s c r i b e s  t r a c e r  t e s t s  p e r f o r m e d  i n  J a p a n  w h i c h  

c l e a r l y  showed s h o r t - c i r c u i t i n g  a n d  a d e c l i n e  i n  

p r o d u c t i o n  d u e  t o  c o l d  w a t e r  r e i n j e c t i o n .  The n u c l e a r  

i n d u s t r y  a n d  g o v e r n m e n t a l  a g e n c i e s  make u s e  of t r a c e r  

t e s t s  t o  h e l p  s e a r c h  f o r  p o s s i b l e  was te  d i s p o s a l  s i t e s  

a n d  t o  s t u d y  t h e  c h a r a c t e r i s t i c s  of  s u c h  s i t e s .  Two 

i m p o r t a n t  p a p e r s  t h a t  a d d r e s s  t h e  i m p l i c a t i o n s  of  t r a c e r  
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t e s t s  t o  u n d e r g r o u n d  s t o r a g e  a n d  d i s p o s a l  of  n u c l e a r  

w a s t e  a r e  t h o s e  by W e b s t e r ,  P r o c t o r  s n d  M a r i n e  ( 1 9 7 0 ) ,  

a n d  L e s t e r ,  J a n s e n ,  a n d  B u r k h o l d e r  ( 1 9 7 5 ) .  A s  n o t e d  by 

G r i s a k  a n d  P i c k e n s  ( 1 9 8 0 ) ,  t r a c e r  t e s t s  i n  f r a c t u r e d  low 

m a t r i x  p o r o s i t y  r o c k  h a v e  b e e n  p e r f o r m e d  i n  s e v e r a l  

h y d r o g e o l o g i c  c o n t e x t s ,  s u c h  a s  g r o u n d w a t e r  a g e  d a t i n g ,  

c o n t a m i n a n t  t r a n s p o r t ,  a n d  g r o u n d w a t e r  f l o w  v e l o c i t y  o r  

d i s p e r s i o n  c h a r a c t e r i s t i c s  of a g e o l o g i c  medium. 

S e v e r a l  m a t h e m a t i c a l  m o d e l s  f o r  d e s c r i b i n g  f l u i d  a n d  

t r a c e r  f l o w  t h r o u g h  p o r o u s  m e d i a  h a v e  b e e n  p r e s e n t e d .  

I n t e n s i v e  s t u d i e s  i n  t h i s  a r e a  b e g a n  w i t h  t h e  s t u d y  of  

c h r o m a t o g r a p h i c  a n d  i o n  e x c h a n g e  s e p a r a t i o n  p r o c e s s e s .  

L a p i d u s  and  Amundson ( 1 9 5 2 )  p r e s e n t e d  t h e  m a t h e m a t i c s  of  

e q u i l i b r i u m  a n d  n o n e q u i l i b r i u m  a d s o r p t i o n ,  a n d  

l o n g i t u d i n a l  d i f f u s i o n  u n d e r  v a r i o u s  b o u n d a r y  c o n d i t i o n s  

i n  s o l i d  m a t e r i a l  p a c k e d  c o l u m n s .  G e r s h o n  a n d  N i r  ( 1 9 6 9 )  

p r e s e n t e d  t h e  e f f e c t s  of i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  

on  t h e  d i s t r i b u t i o n  o f  t h e  t r a c e r  i n  t ime a n d  d i s t a n c e  

f o r  s e v e r a l  o n e - d i m e n s i o n a l  s y s t e m s  ( i n f i n i t e ,  semi- 

i n f i n i t e  a n d  f i n i t e )  o f  t a g g e d  l i q u i d  f l o w i n g  t h r o u g h  a 

s o l i d  m a t r i x .  The e f f e c t s  of h y d r o d y n a m i c  d i s p e r s i o n ,  

d i f f u s i o n ,  r a d i o a c t i v e  d e c a y ,  a n d  s i m p l e  c h e m i c a l  

i n t e r a c t i o n s  of  t h e  t r a c e r  were i n c l u d e d .  F i e l d  

e x p e r i m e n t s  u s i n g  f l u o r e s c e n t  d y e  a n d  r a d i o a c t i v e  t r a c e r s  

were e m p l o y e d  by T e s t e r ,  B i v e n s ,  and  P o t t e r  ( 1 9 8 2 )  t o  

c h a r a c t e r i z e  a h o t ,  l o w- m a t r i x  p e r m e a b i l i t y ,  
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h y d r a u l i c a l l y - f r a c t u r e d  g r a n i t i c  r e s e r v o i r .  T race r  

p r o f i l e s  a n d  r e s i d e n c e  t ime  d i s t r i b u t i o n s  were u s e d  t o  

d e l i n e a t e  c h a n g e s  i n  t h e  f r a c t u r e  s y s t e m ,  d i a g n o s i n g  f l o w  

p a t t e r n s ,  a n d  i n  i d e n t i f y i n g  new i n j e c t i o n  a n d  p r o d u c t i o n  

z o n e s .  One- and  t w o- d i m e n s i o n a l  t h e o r e t i c a l  d i s p e r s i o n  

m o d e l s  u t i l i z i n g  s i n g l e  and  m u l t i p l e  p o r o u s ,  f r a c t u r e d  

z o n e s  w i t h  v e l o c i t y  a n d  f o r m a t i o n  d e p e n d e n t  e f f e c t s  a r e  

p r e s e n t e d  a n d  d i s c u s s e d  w i t h  r e p e c t  t o  f i e l d  d a t a .  

U n t i l  r e c e n t l y ,  mos t  m a t h e m a t i c a l  m o d e l s  were b a s e d  

upon  a p o r o u s  m e d i a  p h y s i c a l  m o d e l .  T h e s e  p o r o u s  m e d i a  

t y p e  m o d e l s  a r e  u s e f u l ,  b u t  s i n c e  mos t  g e o t h e r m a l  

r e s e r v o i r s  a r e  h i g h l y  f r a c t u r e d  t h e y  a r e  n o t  e n t i r e l y  

a p p l i c a b l e ,  f o r  t h e y  a s s u m e  some t y p e  of  u n i f o r m  sweep  

t h r o u g h  t h e  r e s e r v o i r .  H o r n e  a n d  R o d r i g u e z  ( 1 9 8 3 )  

p r e s e n t e d  a m a t h e m a t i c a l  mode l  b a s e d  on t h e  p h y s i c s  of  

d i s p e r s i o n  d u r i n g  f l u i d  f l o w  t h r o u g h  f r a c t u r e s ,  t h u s  

f o r m i n g  a b a s i s  f o r  t h e  d e r i v a t i o n  o f  a t r a n s f e r  f u n c t i o n  

t o  b e  u s e d  i n  t h e  i n t e r p r e t a t i o n  o f  f i e l d  o b s e r v a t i o n s .  

Fos sum a n d  Horne  (1982) u t i l i z e d  t h i s  mode l  t o  a n a l y z e  

t r a c e r  r e t u r n  p r o f i l e s  f o r  t h e  W a i r a k e i  g e o t h e r m a l  

f i e l d .  A d o u b l e  f l a w p a t h  mode l  was f o u n d  t o  g i v e  a more 

a c c u r a t e  d a t a  m a t c h  t h a n  a s i n g l e  componen t  m o d e l ,  t h o u g h  

i n t e r w e l l  f l o w  o v e r  l o n g  d i s t a n c e s  was i n t e r p r e t e d  t o  

o c c u r  i n  o n l y  a v e r y  f e w  o p e n  f i s s u r e s .  Howeve r ,  o t h e r  

t r a c e r  t e s t  d a t a  more  r e c e n t l y  o b t a i n e d  f r o m  W a i r a k e i  h a s  

p r o v e n  t o  b e  p o o r l y  f i t t e d  by t h i s  f r a c t u r e  f l o w  m o d e l .  
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A p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  p o o r  f i t  was i n d i c a t e d  by 

l a b o r a t o r y  s t u d i e s  p e r f o r m e d  by B r e i t e n b a c h  ( 1 9 8 2 ) .  

S i g n i f i c a n t  r e t e n t i o n  o f  t h e  t r a c e r  i n  r e s e r v o i r  r o c k s  

was o b s e r v e d .  The  p r o c e s s e s  p r o d u c i n g  t r a c e r  r e t e n t i o n  

c o u l d  i n c l u d e  a d s o r p t i o n ,  d i f f u s i o n ,  d i s s o l u t i o n  a n d  i o n  

e x c h a n g e .  

Many c u r r e n t  m a d e l s  d e s c r i b i n g  t r a c e r  m i g r a t i o n  i n  

t h e  g r o u n d  a r e  b a s e d  on  t h e  a s s u m p t i o n  t h a t  t h e  t r a c e r  i s  

r e t a r d e d  by some s o r b t i o n  mechan i sm.  S i n c e  t h e  s o r b t i o n  

m e c h a n i s m s  a r e  n o t  we l l  u n d e r s t o o d ,  a s s u m p t i o n s  s u c h  a s  

r e v e r s i b i l i t y  and  i n s t a n t a n e o u s  e q u i l i b r a t i o n  a r e  

n o r m a l l y  made. To c a l c u l a t e  t r a c e r  m i g r a t i o n  i n  b e d r o c k ,  

e i t h e r  of  two t r a n p o r t  m e c h a n i s m s  may be u s e d .  F o r  

p o r o u s  b e d r o c k ,  w h e r e  t h e  w a t e r  i s  a s s u m e d  t o  f l o w  e v e n l y  

t h r o u g h  a l l  t h e  p o r e s ,  t h e  b u l k  of t h e  r o c k  i s  

e q u i l i b r a t e d  w i t h  t h e  t r a c e r - c o n t a i n i n g  w a t e r .  T h i s  i s  

c a l l e d  b u l k  r e a c t i o n .  F o r  s p a r s e l y  f i s s u r e d  b e d r o c k  t h e  

a s s u m p t i o n  i s  t h a t  t h e  f l o w  i s  i n  t h e  m a c r o f i s s u r e s  a n d  

t h e  t r a c e r  o n l y  r e a c t s  w i t h  t h e  f i s s u r e  s u r f a c e .  The 

f l u i d  d o e s  n o t  p e n e t r a t e  i n t o  t h e  r o c k  m a t r i x  t o  a n y  

a p p r e c i a b l e  d e p t h .  T h i s  i s  c a l l e d  s u r f a c e  r e a c t i o n .  

U s i n g  t h e s e  two m o d e l s ,  N e r e t n i e k s  ( 1 9 8 0 )  a t t e m p t e d  t o  

r e p r o d u c e  e x p e r i m e n t a l  d a t a ,  w i t h o u t  s u c c e s s .  From h i s  

e x p e r i m e n t a t i o n ,  N e r e t n i e k s  ( 1 9 8 0 )  d e t e r m i n e d  t h a t  

d i f f u s i o n  i n t o  t h e  t o c k  m a t r i x  c a n  e n h a n c e  t h e  

r e t a r d a t i o n  by many o r d e r s  of  m a g n i t u d e  c o m p a r e d  t o  
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r e t a r d a t i o n  by s u r f a c e  r e a c t i . o n  i n  f i s s u r e s  o n l y ,  and  

t h a t  t h e  m a g n i t u d e  o f  t h e  r e t . a r d a t i o n  d e p e n d s  v e r y  much 

on t h e  f i s s u r e  w i d t h s  a n d  s p a c i n g s .  

G r i s a k  a n d  P i c k e n s  ( 1 9 8 0 )  p r e s e n t e d  a s t u d y  

c o n c e r n i n g  t h e  e f f e c t  of  m a t r i x  d i f f u s i o n  on s o l u t e  

t r a n s p o r t  t h r o u g h  f r a c t u r e d  m e d i a .  T r a n s p o r t  i s  

c o n s i d e r e d  i n  a manne r  c o n c e p t u a l l y  s imi l a r  t o  ' d o u b l e -  

p o r o s i t y '  o r  ' i n t r a - a g g r e g a t e '  t r a n s p o r t  m o d e l s .  A 

f i n i t e  e l e m e n t  mode l  was d e v e l o p e d  t o  s i m u l a t e  

n o n r e a c t i v e  a n d  r e a c t i v e  s o l u t e  t r a n s p o r t  by a d v e c t i o n ,  

m e c h a n i c a l  d i s p e r s i o n ,  and  d f f f u s i o n  i n  a u n i d i r e c t i o n a l  

f l o w  f i e l d .  The n u m e r i c a l  mode l  a n d  t h e  l a b o r a t o r y  

t r a c e r  t e s t  d a t a  p r o v i d e d  i n s i g h t  i n t o  t h e  p r o c e s s e s  

c o n t r o l l i n g  s o l u t e  t r a n s p o r t  i n  f r a c t u r e d  m e d i a .  

From s t u d i e s  of  t h e  m i g r a t i o n  of r a d i o n u c l i d e s  i n  

t h e  b e d r o c k  s u r r o u n d i n g  n u c l e a r  was te  r e p o s i t o r i e s ,  

N e r e t n i e k s ,  E r i k s e n ,  a n d  T a h t i n e n  ( 1 9 8 2 )  d e v e l o p e d  a 

m a t h e m a t i c a l  a n d  p h y s i c a l  mode l  d e s c r i b i n g  t r a c e r  

movement  i n  a s i n g l e  f i s s u r e  of g r a n i t i c  r o c k .  T h i s  

mode l  t a k e s  i n t o  a c c o u n t  i n s t a n t a n e o u s  s o r p t i o n  on t h e  

s u r f a c e  o f  t h e  f i s s u r e ,  a n d  l o s s  o f  t r a c e r  f r o m  t h e  f l u i d  

f l o w i n g  i n  t h e  f i s s u r e  d u e  t o  d i f f u s i o n  i n t o  t h e  p o r o u s  

m a t r i x .  I t  i s  t h i s  mode l  t h a t  is u s e d  t o  h e l p  g a i n  

i n s i g h t  a n d  a p h y s i c a l  u n d e r s t a n d i n g  o f  t .he  f l u i d  f l o w  

i m p l i e d  by t h e  t r a c e r  t e s t s  p e r f o r m e d  a t  t h e  g e o t h e r m a l  

r e s e r v o i r  f i e l d  a t  W a i r a k e i ,  N e w  Z e a l a n d .  
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S e c t i o n  3 .  FORMULATION 

I n  t h i s  s e c t i o n ,  t h e  t r a c e r  t e s t  d a t a  o b t a i n e d  f r o m  

W a i r a k e i ,  N e w  Z e a l a n d  i s  d i s c u s s e d .  A m a t h e m a t i c a l  a n d  

p h y s i c a l  mode l  i s  p r e s e n t e d  a l o n g  w i t h  t h e  c o m p u t e r  

p r o g r a m  w h i c h  u s e s  t h e  m o d e l  t o  a n a l y z e  t h e  d a t a .  The 

g e o l o g y  of  t h e  W a i r a k e i  g e o t h e r m a l  f i e l d  i s  a l s o  b r i e f l y  

p r e s e n t e d  t o  g i v e  a p h y s i c a l  u n d e r s t a n d i n g  of  t h e  

h y d r o t h e r m a l  a q u i f e r  s u r r o u n d i n g s  and  t o  h e l p  i n  t h e  

a n a l y s i s  of  t h e  r e s u l t s  c o m p u t e d  by t h e  m o d e l .  

A.  G e o l o g y  

W a i r a k e i ,  t h e  s i t e  of New Z e a l a n d ' s  f i r s t  g e o t h e r m a l  

power  s t a t i o n ,  i s  o n e  o f  t h e  l a r g e r  h y d r o t h e r m a l  a r e a s  i n  

t h e  a c t i v e  v o l c a n i c  b e l t  e x t e n d i n g  f r o m  t h e  N a t i o n a l  P a r k  

V o l c a n o e s  s o u t h  o f  L a k e  T a u p o ,  i n  a n o r t h - e a s t e r l y  

d i r e c t i o n  t o  W h i t e  I s l a n d  i n  t h e  t h e  Bay o f  P l e n t y .  

D i P i p p o  ( 1 9 8 0 )  c i t e s  t h e  W a i r a k e i  f i e l d  as  t h e  l o n g e s t  

o p e r a t e d  l i q u i d  d o m i n a t e d  g e o t h e r m a l  r e s e r v o i r  i n  t h e  

w o r l d .  F i g u r e  3 . 1  f r o m  D i P i p p o  shows t h e  l o c a t i o n ,  a n d  

F i g u r e  3 . 2  f r o m  G r i n d l e y  ( 1 9 6 5 )  shows  t h e  g e n e r a l i z e d  

g e o l o g y  a n d  t e c t o n i t s  o f  W a i r a k e i  a n d  t h e  C e n t r a l  
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v 
NORTH ISLAND 

FIGURE 3.1 Location o f  Wai rakei geothermal 
f i e ld ,  Narth Island, New Zealand. 



FIGURE 3 .2  Generaltized geological  and t e c t o n i c  map of  
Central Volcanic Re~gion, New Zealand, showing Holocene 
volcanism, hydrothermal f i e l d s ,  and important f a u l t s .  



V o l c a n i c  R e g i o n .  

Lahe I J a i r a k e i  h y d r o t h e r m a l  a r e a  o c c u p i e s  a s u r f a c e  

a r e a  o f  a b o u t  t e n  s q u a r e  m i l e s .  The a r e a  i s  l o c a t e d  on 

t h e  l e f t  bank  of  t h e  W a i k a t o  R i v e r  e x t e n d i n g  west f o r  

a b o u t  t h r e e  mi les  f r o m  t h e  r i v e r .  The  W a i r a k e i  

g e o t h e r m a l  f i e l d  i n c l u d e s  s e v e r a l  s e p a r a t e d  c e n t e r s  of  

t h e r m a l  a c t i v i t y ,  n o t a b l y  K a r a p i t i ,  h a l f w a y  b e t w e e n  T a u p o  

a n d  W a i r a k e i ,  t h e  W a i o r a  V a l l e y  t o  t h e  west of W a i r a k e i ,  

a n d  G e y s e r  V a l l e y  a l o n g  W a i r a k e i  S t r e a m  t o  t h e  n o r t h w e s t  

o f  W a i r a k e i .  T h e s e  s e p a r a t e d  c e n t e r s  merge  a t  d e p t h  i n t o  

o n e  c o n n e c t e d  a r e a .  

The W a i r a k e i  B l o c k  i s  a n  e l l i p t i c a l  s t r u c t u r e  

t r e n d i n g  n o r t h - n o r t h e a s t .  G r a v i t y  a n d  m a g n e t i c  s u v e y s  

h a v e  shown e v i d e n c e  of  b a s e m e n t  u p l i f t  i n  a n  a r e a  l e s s  

t h a n  two s q u a r e  m i l e s .  The u p l i f t  a p p e a r s  t o  be  i n  t h e  

f o r m  o f  two domes s e p a r a t e d  by a n a r r o w  d o w n f a u l t e d  

z o n e .  The maximum c o n c e n t r a t i o n  o f  d e e p - s e a t e d  

h y d r o t h e r m a l  a c t i v i t y  i s  c l o s e l y  c o n n e c t e d  w i t h  t h e s e  

s t r u c t u r e s  a n d  e s p e c i a l l y  w i t h  t h e  f a u l t s .  

F a u l t s  a r e  common t h r o u g h o u t  t h e  W a i r a k e i  a r e a  a n d  

many show as smal l  s u r f a c e  s c a r p l e t s  o r  l i n e a m e n t s .  The 

f a u l t s  a r e  i m p o r t a n t  i n  t h e  d r i l l i n g  o f  h i g h - p r e s s u r e  

p r o d u c t i o n  s team w e l l s  w h e r e  t h e  i n t e r v e n i n g  c o u n t r y  r o c k  

i s  r e l a t i v e l y  i m p e r m e a b l e  d u e  t o  c e m e n t a t i o n  by 

h y d r o t h e r m a l  m i n e r a l s .  D r i l l i n g  o f  s u c c e s s f u l  w e l l s  i n  

t h i s  t y p e  of c o u n t r y  commonly d e p e n d s  on i n t e r s e c t i o n  of  

9 



a f a u l t  a t  d e p t h  by t h e  d r i l l h o l e  g i v i n g  t h e  n e c e s s a r y  

i n c r e a s e d  p e r m e a b i l i t y .  A l l  f a u l t s  e n c o u n t e r e d  i n  t h e  

f i e l d  w h e t h e r  s u b s u r f a c e  o r  s u r f a c e ,  a p p e a r  t o  b e  

d o m i n a n t l y  n o r m a l  f a u l t s  a n d  a r e  downth rown  in t h e  

d i r e c t i o n  of  d i p  o f  t h e  f a u l t  p l a n e s .  S e e  F i g u r e  3 . 3  f o r  

a n  a r e a l  v i e w  s h o w i n g  t h e  W a i r a k e i  p r o d u c t i o n  a r e a  i n  

r e l a t i o n  t o  t h e  m a j o r  f a u l t s .  The d i p  of  t h e  W a i o r a  

F a u l t ,  a s s u m i n g  t h a t  t h e  s u b s u r f a c e  f i s s u r e s  mark t h e  

i n t e r s e c t i o n  o f  t h e  f a u l t  plalne by d r i l l h o l e s  v a r i e s  f r o m  

85 '  t o  88'. A p r o m i n e n t  f a u l t  t r a c e ,  t h e  Uppe r  W a i o r a  

F a u l t ,  e x t e n d s  a c r o s s  t h e  u p p e r  W a i o r a  V a l l e y  i n  a 

n o r t h e a s t  d i r e c t i o n .  T e m p e r a t u r e s  r e c o r d e d  ( 2 1 4 ' F )  a n d  

t h e  h i g h  r a n k  h y d r o t h e r m a l  a l t e r a t i o n  a r e  s u f f i c i e n t l y  

e n c o u r a g i n g  a t  a d e p t h  o f  650  f e e t  t o  s u g g e s t  t h a t  t h i s  

f a u l t  may w e l l  be  a n o t h e r  i m p o r t a n t  f e e d  f o r  h y d r o t h e r m a l  

wa te r  i n t o  t h e  W a i o r a  a q u i f e r .  The K a i a p o  F a u l t  t r a c e  

c a n  b e  s e e n  by s u r f a c e  e x p r e s s i o n s  t o  t h e  s o u t h w e s t  a n d  

a p p e a r s  t o  l i n k  w i t h  t h e  K a i a p o  F a u l t  s c a r p ,  a n d  may b e  

i t s  n o r t h e a s t  c o n t i n u a t i o n .  The K a i a p o  F a u l t  c h a n g e s  

downth row t o  t h e  n o r t h w e s t ,  t h i s  c h a n g e  t a k i n g  p l a c e  

a c r o s s  a p r o m i n e n t  n o r t h w e s t  c r o s s  f a u l t .  To t h e  

s o u t h w e s t ,  t h e  f a u l t :  i s  a g a i . n  downth rown  t o  t h e  n o r t h w e s t  

a s  f a r  a s  t h e  K a i a p o  S c a r p .  The W a i r a k e i  F a u l t  i s  

p r o b a b l y  t h e  s u b s u r f a c e  e x t e n s i o n  o f  a f a u l t  t r a c e  two 

h u n d r e d  f e e t  t o  t h e  n o r t h w e s t  o f  h o l e  WK24. The W a i r a k e i  

F a u l t  c a n  b e  t r a c e d ,  by s u r f a c e  e x p o s u r e s ,  s o u t h w e s t w a r d s  
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FIGURE 3 . 3  Map showing Wairakei Production 
a r e a ,  and r e l a t i o n  t o  major f a u l t s .  



as far as the Kaiapo Scarp. Surface displacements are 

down to the southeast, which is in accord with the 

direction of dip ( 8 6 " )  inferred from hole WK24. The 

Wairakei and Waiora Faults intercept each other at about 

3600 feet below the surface. 

All of the faults s o  far described strike northeast 

parallel to the trend of the Taupo Volcanic Zone. These 

northeast faults are locally crossed almost at right 

angles by north-northwest faults, which appear to have 

some bearing on the location of the thermal activity. A 

most important north-northwest fault crosses the Waiora, 

Wairakei, Kaiapo, and Upper Waiora Faults in the western 

part o f  the Wairakei production area. This fault has had 

a long history of movement and may be indirectly 

controlling the preaent heat flow in the western part of 

the production area. 

The reservoir itself is contained within the Waiora 

Formation (containing pyroclastic rocks, ignimbrites and 

interbedded sediments), and the Wairakei Ignimbrite 

formation (containing pulverulitic ignimbrite). The 

reservoir is overlain by the Huka Falls Formation 

(containing impermeable lake-deposited grey mudstone 

interbedded with various pyroclastic rocks) and the 

Wairakei Breccia (Lapilli Tuff) formation. Figures 3.4 

and 3.5 show these formations pictorially. 

For more information as t o  Wairakei stratigraphy, 
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FIGURE 3 . 4  Wairakei Hydrothermal Field. Cross 
section from hole WK56 t o  WK40 showing geological 
s t ruc tu re .  
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FIGURE 3.5 Wairakei  Hydrothermal F i e l d .  Cross 
s e c t i o n  f rom hole WK219 t o  WK48 showing geo log i ca l  
s t r u c t u r e .  



s t r u c t u r e  a n d  e x p l o i t a t i o n ,  s e e  G r i n d l e y  ( 1 9 6 5 ) .  

B .  T r a c e r  T e s t  Data  

The  t r a c e r  t e s t s  w h i c h  p r o d u c e d  t h e  d a t a  u s e d  i n  

t h i s  s t u d y  w e r e  p e r f o r m e d  by t h e  I n s t i t u t e  o f  N u c l e a r  

S c i e n c e s ,  D e p a r t m e n t  of  S c i e n t i f i c  a n d  I n d u s t r i a l  

R e s e a r c h ,  N e w  Zea la rud .  I o d i n e - 1 3 1  was  u s e d  a s  t h e  

t r a c e r .  I t s  h a l f - l i f e  i s  e i g h t  d a y s .  T h i s  e i g h t - d a y  

h a l f - l i f e  l i m i t e d  t h e  f i e l d  t e s t s  t o  f o u r  t o  f i v e  w e e k s ,  

by w h i c h  time a c o m b i n a t i o n  of  d e c a y  c o r r e c t i o n s  a n d  

v a r i a t i o n  o f  b a c k g r a u n d  s i g n a l s  p r o d u c e d  u n a c c e p t a b l y  

l a r g e  e r r o r s .  T h i s  e r r o r  becomes  q u i t e  n o t i c e a b l e  a t  

l a t e  t ime  f o r  some o f  t h e  t r a c e r  r e t u r n  d a t a .  F o r  a 

d e t a i l e d  d e s c r i p t i o n  o f  t r a c e r  i n j e c t i o n  m e t h o d s ,  w e l l  

m o n i t o r i n g  a n d  c o u n t i n g  e q u i p m e n t  u s e d  a t  W a i r a k e i  see  

McCabe,  B a r r y  a n d  Mann ing  ( 1 9 8 3 ) .  

Two t r a c e r  i n j e c t i o n  t e s t s  were made t h a t  a r e  

a n a l y z e d  i n  t h i s  r e p o r t .  One i o d i n e - 1 3 1  i n j e c t i o n  was 

made i n t o  w e l l  W K l O 7  i n  March  of  1 9 7 9 ,  a n d  a n o t h e r  i n t o  

w e l l  W K l O l  i n  J u n e  of 1979 .  The q u a n t i t i e s  a n d  d e p t h s  of  

i n j e c t i o n  were 1 5 5  OBq a t  334  meters  i n  w e l l  WK107, a n d  

1 6 5  GBq a t  400  meters  i n  w e l l  W K l O 1 .  R e s p o n s e s  f r o m  

w e l l s  WK24, 3 0 ,  4 8 ,  5 5 ,  6 7 ,  6 8 ,  7 0 ,  8 1 ,  8 3 ,  a n d  108  were 

m o n i t o r e d  a f t e r  t h e  i n j e c t i o n  i n t o  WK107. A l s o ,  
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r e s p o n s e s  f r o m  w e l l s  WK18, 22, 24, 44, 48, 55, 74, 76, 

88, 103 ,  116, a n d  121 were m o n i t o r e d  a f t e r  t h e  i n j e c t i o n  

i n t o  WK101. Not a l l  of  t h e  m o n i t o r e d  wel l s  g a v e  

s u f f i c i e n t  t r a c e r  r e t u r n s  a n d  t h e r e f o r e  a r e  n o t  a n a l y z e d  

i n  t h i s  r e p o r t .  

p l o t s  o f  t h e  d a t a  s h o w i n g  c o n c e n t r a t i o n  v e r s u s  t i m e  

a r e  shown i n  A p p e n d i x  A .  The  d a t a  h a s  b e e n  c o r r e c t e d  f o r  

d e c a y  a n d  b a c k g r o u n d  r e s p o n s e s .  A l s o ,  a l l  n e g a t i v e  

v a l u e s  h a v e  b e e n  d e l e t e d ,  a n d  s t r a i g h t  l i n e s  d rawn  

b e t w e e n  p o i n t s  and  t h r o u g h  any  m i s s i n g  d a t a  p o i n t s .  

M i s s i n g  d a t a  i s  d u e  t o  i n s t r u m e n t  o r  f i e l d  p r o b l e m s .  

C o n c e n t r a t i o n s  a r e  s c a l e d  t o  u n i t s  of  i n j e c t e d  amount  

d i v i d e d  by 10l2 l i t e r s .  

C .  M a t h e m a t i c a l  a n d  P h y s i c a l  Model  

Most  s t u d i e s  o f  g r o u n d w a t e r  f l o w  w i t h i n  f r a c t u r e d  

m e d i a  e m p h a s i z e  t h e  d o m i n a t i n g  i n f l u e n c e  of  f r a c t u r e s  on 

t h e  e f f e c t i v e  p e r m e a b i l i t y  of  t h e  r o c k  mass. One- 

d i m e n s i o n a l  f l o w  w i t h i n  a s i n g l e  f r a c t u r e  c a n  be  

g e n e r a l l y  d e s c r i b e d  by s o l u t i o n  o f  t h e  N a v i e r - S t o k e s  

e q u a t i o n  f o r  n o n t u r b u l e n t  f l o w  of  a v i s c o u s  

i n c o m p r e s s i b l e  f l u i d  b e t w e e n  two p a r a l l e l  p l a t e s ,  

n e g l e c t i n g  i n e r t i a l  f o r c e s .  D e r i v a t i o n  of  s u c h  a 

s o l u t i o n  f o r  o n e - j i a e n s i o n a l  l a m i n a r  f l o w  i n  a s i n g l e  
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f r a c t u r e  h a s  b e e n  p r e s e n t e d  by Horne  a n d  R o d r i g u e z  

( 1 9 8 3 ) .  

T h i s  s i n g l e  f r a c t u r e  mode l  d e r i v e d  by Horne  a n d  

R o d r i g u e z  ( 1 9 8 3 )  was m o d i f i e d  by N e r e t n i e k ,  E r i k s e n ,  a n d  

T a h t i n e n  ( 1 9 8 2 )  t o  i n c l u d e  i n s t a n t a n e o u s  l i n e a r  

e q u i l i b r i u m  r e a c t i o n  w i t h  t h e  s u r f a c e s  of  t h e  f r a c t u r e .  

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  m o d e l i n g  t h i s  

m o d i f i c a t i o n  i s  v e r y  s i m i l a r  t o  t h a t  u s e d  by H o r n e  a n d  

R o d r i g u e z  ( 1 9 8 3 ) .  The s o l u t i o n  i s  t h e  same, e x c e p t  t h a t  

t h e  n o n l i n e a r  p a r a m e t e r  d e f i n i n g  t h e  mean r e s i d e n c e  t i m e  

o f  t h e  t r a c e r  i s  a l t e r e d  by a c o n s t a n t  f a c t o r  

r e p r e s e n t i n g  t h e  a d s o r p t i o n  o f  t r a c e r  o n t o  t h e  f r a c t u r e  

w a l l s .  S i n c e  t h e  s o l u t i o n  i s  t h e  same, c a l c u l a t e d  t r a c e r  

r e t u r n  c u r v e s  u s i n g  t h i s  r e f i n e d  m o d e l  a r e  of  t h e  same 

s h a p e  a s  t h o s e  u s i n g  t h e  Horne  a n d  R o d r i g u e z  m o d e l .  A s  

i s  i n d i c a t e d  i n  t h i s  r e p o r t ,  t h e s e  m o d e l s  h a v e  b e e n  f o u n d  

t o  b e  u n s a t i s f a c t o r y  i n  m o d e l i n g  s i n g l e  p e a k  W a i r a k e i  

t r a c e r  t e s t  d a t a .  

A l t h o u g h  f r a c t u r e s  a r e  t h e  p r i n c i p a l  p a t h s  of  

g r o u n d w a t e r  f l o w  a n d  s o l u t e  t r a n s p o r t ,  t h e  m a t r i x  

a d j a c e n t  t o  t h e  f r a c t u r e s  p l a y s  a n  i m p o r t a n t  p a r t  i n  t h e  

o v e r a l l  s o l u t e  t r a n $ p o r t  p r o c e s s .  The p r o c e s s  of  s o l u t e  

d i f f u s i o n  f r o m  a f r a c t u r e  i n t o  t h e  a d j a c e n t  m a t r i x  h a s  

b e e n  s t u d i e d  a n d  m o d e l e d  by G r i s a k  a n d  P i c k e n s  ( 1 9 8 0 )  a n d  

by N e r e t n i e k s  ( 1 9 8 0  a n d  1 9 8 2 ) .  T h i s  p r o c e s s  i s  

i l l u s t r a t e d  i n  F i g u r e  3 . 6 ,  w h i c h  s c h e m a t i c a l l y  d e p i c t s  a 
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FIGURE 3.6 Fissure flow and sorption by 
diffusion i n t o  the rock matrix. 



c o n s t a n t  s o l u t e  s o u r c e  of  c o n c e n t r a t i o n  C o  t r a n s p o r t e d  

t h r o u g h  a f r a c t u r e .  The e f q c c t  o f  m a t r i x  d i f f u s i o n  i s  t o  

p r o v i d e  s o l u t e  s t o r a g e ,  w i t h  t h e  r a t e  of  c h a n g e  of  

s t o r a g e  w i t h i n  t h e  m a t r i x  r e l a t e d  t o  F i c k P s  s e c o n d  law o f  

d i f f u s i o n .  A o n e- d i m e n s i o n a l  f o r m  of  t h e  d i f f u s i o n  

e q u a t i o n  i n t o  t h e  p o r o u s  m a t r i x  i s  g i v e n  b y ,  

a ac ac 

a Y  a Y  a t  
- ( @ D a  -’) = 4 - P 

w h e r e  t h e  p o r o s i t y  4 a n d  a p p a r e n t  d i f f u s i o n  c o e f f i c i e n t  

D a  a r e  a s s u m e d  t o  be  c o n s t a n t :  t h r o u g h o u t  t h e  m a t r i x  

c o n t a c t e d  by t h e  f l u i d ,  s o  t h a t  Eqn.  3.1 c a n  be r e w r i t t e n  

a s  9 

The n e t  e f f e c t  o f  m a t r i x  d i f f u s i o n  i s  t o  r e t a r d  t h e  

a r r i v a l  of  t h e  s o l u t e  a t  any  p o i n t  a l o n g  t h e  f r a c t u r e .  

I f  t h e  s o u r c e  of t h e  s o l u t e  i s  d i s c o n t i n u e d ,  t h e  e f f e c t  

w i l l  b e  t o  f l u s h  t h e  f r a c t u r e  a n d  r e v e r s e  t h e  

c o n c e n t r a t i o n  g r a d i e n t ,  c a u s i n g  s o l u t e  t a  move f r o m  t h e  

m a t r i x  i n t o  t h e  f r a c t u r e .  
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A g e n e r a l  e q u a t i o n  d e s c r i b i n g  s o l u t e  t r a n s p o r t  i n  a 

s a t u r a t e d  medium c a n  b e  w r i t t e n  i n  two d i m e n s i o n s  a s :  

as a ( m  a ac ac 
_. + 

. .  . 

'b a t  a t  a x  ax  a Y  
- - ( w  - + +nxy - - 9 c )  - xx X 

a ac ac 

w h e r e ,  

Pb = b u l k  d e n s i t y  of  t h e  medium, M / L 3  

S = amoun t  of  s o l u t e  i n  t h e  s o r b e d  p h a s e ,  M / M  

x , y  = C a r t e s i a n  d i r e c t i o n s ,  L 

D = h y d r o d y n a m i c  d i s p e r s i o n  c o e f f i c i e n t s  i n  
t h e  c o r r e s p o n d i n g  x , y - d i r e c t i o n s ,  L 2 / T  

q,,qy = D a r c y  v e l o c i t i e s ,  L I T  

T h i s  f o r m  of  t h e  e q u a t i o n  i n c l u d e s  t h e  e f f e c t s  of  

a d s o r p t i o n  by t h e  medium, h y d r o d y n a m i c  d i s p e r s i o n ,  a n d  

a d v e c t i o n .  A l i n e a r  e q u i l i b r i u m  r e l a t i o n s h i p  b e t w e e n  t h e  

d i s s o l v e d  a n d  s o r b e d  p h a s e s  of  t h e  s o l u t e  h a s  b e e n  

a s s u m e d  a n d  i s  w r i t t e n  S=kC, w h e r e  k i s  r e f e r r e d  t o  as 

t h e  a d s o r p t i o n  d i s t r i b u t i o n  c o e f f i c i e n t .  L i n e a r  

a d s o r p t i o n  a s s u m e s  t h a t  o n c e  t h e  t r a c e r  and  r o c k  a r e  
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brought sufficiently close together, adsorption will be 

an instantaneous process. 

Simplifying Eqn 3 . 3  to mode1 a unidirectional flow 

field in a fractured porous medium gives, 

ac a ac ac a ac 
at ax ax ax ay aY 

( $  + Pbk)- - -(9Dxx -) + qx - - -(9Dyy -1 = 0 ( 3 . 4 )  

where x is the direction of :Elow and y is normal to this 

direction. If it is assumed that the porosity @, 

adsorption distribution coefficient k, bulk density Pb, 

hydrodynamic dispersion coefficients D, a.nd the Darcy 

velocity qx are constant in the region of interest, then 

Eqn. 3 . 4  becomes, 

Pbk ac a2c ac a2c 
( 1  + -)- - D - + U f  .- - D - -  - 0  ( 3 . 5 )  

@ at ax ax YY ay2 xx 2 

This equation can be simplified further by 

neglecting hydrodynamic dispersion in the fracture s o  
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that the second term drops out. In its place, however, a 

term describing the loss of tracer from t.he fluid flowing 

in the fracture due to diffusion into the porous matrix 

of the wall is included. This new term is represented 

by 9 

Two different diffusion coefficients have been 

presented up to this point, Da and De. The apparent and 

effective diffusion coefficients are related as follows: 

De =-  
Da I C ~ ~ ~  

The effective diffusion coefficient De is dependent on 

temperature, porosity, molecular diffusivity, and the 

geometry of the rock. Kdpb is a volumetric sorption 

equilibrium constant and is related to porosity 4 ,  the 

solid rock density p ,  and the adsorption distribution 

coefficient k by the equation, 
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N o t i c e  t h a t  i f  t h e  s o l i d s  a r e  i n e r t ,  i . e . ,  k=O, t h e  

p o r o u s  r o c k  m a t r i x  s t i l l  h a s  a v o l u m e t r i c  s o r p t i o n  

e q u i l i b r i u m  c o n s t a n t  e q u a l  t o  i t s  p o r o s i t y  Q. 

R e a r r a n g e m e n t  o f  Eqn.  3 . 7  g i v e s ,  

And s i n c e  p s ( l - Q ) = p b ,  Eqn 3 . 8  becomes  

w h e r e  R i s  r e f e r e d  t o  a s  t h e  r e t a r d a t i o n  f a c t o r .  U s i n g  

t h i s  a b o v e  r e l a t i o n  f u r t h e r  s i m p l i f i e s  Eqn 3 .5 .  

The r e t a r d a t i o n  f a c t o r  d e f i n e s  t h e  mean v e l o c i t y  o f  

t h e  m o v i n g  l i q u i d  r e l a t i v e  t o  t h e  mean v e l o c i t y  a t  w h i c h  

t h e  t r a c e r  i t s e l f  mQves t h r o u g h  t h e  r o c k .  T h i s  f a c t o r  

a c c o u n t s  f o r  t h e  s l o w i n g  down of a t r a c e r  moving  w i t h  t h e  

f l u i d  d u e  t o  t h e  i n t e r a c t i o n  w i t h  t h e  s o l i d .  I f  t h e r e  i s  

n o  i n t e r a c t i o n  b e t w e e n  t h e  t r a c e r  a n d  t h e  s o l i d  p h a s e ,  k 

b e c o m e s  z e r o  a n d  R r e d u c e s  t o  o n e .  

The l a s t  term i n  Eqn.  3.5 d e s c r i b e s  a d i f f u s i v e  f l u x  

i n t o  o r  o u t  o f  t h e  m a t r i x  a d j a c e n t  t o  t h e  f r a c t u r e .  T h i s  

term i s  a l s o  r e p r e s e n t e d  by Eqn.  3 . 2  w h i c h  c a n  be 
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d e c o u p l e d  t o  f o r m  two e q u a t i o n s  d e s c r i b i n g  t h e  p h y s i c a l  

s t l u a t f o n  of  o n e - d i m e n s i o n a l  a d v e c t i v e  f l o w  t h r o u g h  a 

f r a c t u r e  w i t h  s i m u l t a n e o u s  t r a c e r  a d s o r p t i o n  a n d  

d i f f u s i o n  i n t o  t h e  s u r r o u n d i n g  p o r o u s  m a t r i x .  The  two 

e q u a t i o n s  d e s c r i b i n g  t h i s  c o n d i t i o n  a r e  a s  f o l l o w s :  

R - - - -  a c f  2De acp a c  f 
+ u f  

- -  - 0  
a t  6 ap  y = ~  ax 

a2c ac 
Da 2 

-P = -P 

aa a t  

( 3 . 1 0 )  

( 3 . 1 1 )  

w h e r e ,  

c f  = c o n c e n t r a t i o n  of  t r a c e r  i n  t h e  l i q u i d  i n  
t h e  f r a c t u r e  

C p  = c o n c e n t r a t i o n  of  t r a c e r  i n  t h e  l i q u i d  i n  
t h e  p o r o u s  m a t r i x  

D a  = a p p a r e n t  d i f f u s i o n  c o e f f i c i e n t ,  L Z / T  

D e  = e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t ,  e q u a l  
t o  DaPbKd, L 2 / T  

6 = f r a c t u r e  w i d t h ,  L 

U f  = f l u i d  v e l o c i t y  i n  t h e  f r a c t u r e ,  e q u a l  t o  
x o J t W ,  L I T  

tw = r e $ i d e n c e  time of  w a t e r ,  T 

x. = p a t h l e n g t h  o f  t h e  f r a c t u r e  f r o m  
i n j e c t i o n  w e l l  t o  p r o d u c t i o n  w e l l ,  L 
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The i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  a r e  a f i n i t e  

r e c t a n g u l a r  p u l s e  o f  t r a c e r  w i t h  d u r a t i o n  A t  i n t r o d u c e d  

a t  t h e  i n l e t  of  t h e  f r a c t u r e  a t  time t = O ,  and  t h e  

f r a c t u r e  a n d  r o c k  a r e  o r i g i n a l l y  f r e e  o f  t r a c e r .  T h e s e  

c o n d i t i o n s  c a n  be e x p r e s s e d  a s  f o l l o w s :  

I n i t i a l  c o n d i t i o n s ,  

c p  = C f  = 0 t < O  f o r  a l l  x and  y 

B o u n d a r y  c o n d i t i o n s ,  

c p  = 0 t > O  as  y+*  

C f  = C o  = i n i t i a l  t r a c e r  c o n c e n t r a t i o n  i n  
t h e  f l u i d  a t  x=O d u r i n g  f i n i t e  
i n p u t  o f  t r a c e r  o f  d u r a t i o n  A t .  

The s o l u t i o n  t o  E q n s .  3 .10 a n d  3 .11  s u b j e c t  t o  t h e  

g i v e n  i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  i s ,  a c c o r d i n g  t o  

Cars law a n d  J a e g e r  ( 1 9 5 9 ,  p . 3 9 6 ) ,  

Cf = 0 f o r  t ( t , R  

a n d ,  
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C f / C o  = f ( t  + A t )  - f ( t )  f o r  t > t w R  

w h e r e ,  

De t w  
f ( t )  = e r f c  

6 ( D a ( t  - t w R ) )  
0.5 

t W  
= w a t e r  r e s i d e n c e  t i m e  

t,R = f i r s t  t r a c e r  a r r i v a l  time 

S i n c e  C o  e q u a l s  t h e  t o t a l  mass i n p u t  o v e r  t i m e  A t  

d i v i d e d  by t h e  t o t a l  vo lume  f l o w  r a t e  t ime  A t ,  M / ( Q A t ) ,  

a n d  t h e  i n p u t  p u l s e  d u r a t i o n  i s  v e r y  s m a l l ,  t h e  s o l u t i o n  

c a n  b e  r e w r i t t e n  a s  f o l l o w s :  

M 
‘f Q A t  

= - ( f ( t + A t )  - f ( t ) )  

2 2  



(3.12) 

De t W  If a =-  1 O o 5 / 6  and B = - 1 
0.5 0.5 77 = (De+tw) 

Da (twR) t W R  

are substituted into Eqn 3.12, the following simplified 

solution is obtained: 

(3.13) 

Rewriting the. nonlinear parameters in terms of a and E 

(a linear scaling parameter) yields, 
j 

2 a 

J7(a2t-1) 1.5 2 
c = c f i =  1 (3.14) 

where, a l = a  and ‘x2=$ . 
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The l i n e a r  p a r a m e t e r  E n o r m a l i z e s  t h e  f l o w  f r a c t i o n  

2 3  o n e .  T h i s  n o r m a l i z a t i o n  i s  n e e d e d  b e c a u s e  p r e c i s e  

i n f o r m a t i o n  on t h e  i n i t i a l  c o n c e n t r a t i o n  i n j e c t e d  i n t o  

t h e  f r a c t u r e  s y s t e m  c o n n e c t e d  w i t h  t h e  p r o d u c i n g  w e l l  i s  

n o t  a v a i l a b l e .  T h i s  d o e s  n o t  a f f e c t  t h e  s h a p e  o f  t h e  

c a l c u l a t e d  t r a c e r  p r o f i l e ,  b u t  m e r e l y  t h e  s i z e .  

T e s t e r ,  B i v e n s ,  a n d  P o t t e r  ( 1 9 8 2 )  p r o p o s e d  t h e  u s e  

o f  a n  o b j e c t i v e  f u n c t i o n  F o v e r  N m e a s u r e d  d a t a  p o i n t s  i n  

o r d e r  t o  a n a l y z e  f o r  op t imum v a l u e s  a1 a n d  a2 i n  t h e  

t r a n s f e r  f u n c t i o n  C ( t ; a l , a 2 )  f o r  a g i v e n  t r a c e r  r e t u r n  

p r o f i l e .  When F ,  g i v e n  by 

N 
i = l  

F = c ( C ( t ; a l , a 2 )  - c i )  2 (3.15) 

i s  m i n i m i z e d ,  op t imum v a l u e s  o f  a l  a n d  a2  r e s u l t .  A 

m u l t i f r a c t u r e  mode l  a s s u m i n g  o n e - d i m e n s i o n a l  f l o w  i n  

s e p a r a t e  f r a c t u r e s  and w h i c h  g i v e s  t h e  p r e d i c t e d  t r a c e r  

c o n c e n t r a t i o n  r e s p o n s e  i s  g i v e n  by 

M 
C = C ~ ~ . c . ( t ; a  ,a ) 

j = 1  J J l j  2 j  
( 3 . 1 6 )  

w h e r e  E :is t h e  f r a c t i o n  of  f l o w  i n  f r a c t u r e  p a t h  j .  The 
j 
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relative flow fractions in the fracture system 

communicating with the production well and the injection 

well is given by 

M E .  
c - J _ = 1  

j = l  E ( 3 . 1 7 )  

This multifractvre model is used to determine 

whether the tracer returns to a producing well is a 

result of flow through one or more fractures. Once the 

above objective function is minimized, the resulting 

optimized parameters are used to give information about 

the fracture system and flow mechanisms in the geothermal 

reservoir. 

D. Computer Program 

Optimization of  the parameters in the transfer 

function C(t;al,a2) is accomplished using a nonlinear 

least-squares method of curve fitting. The main program 

calls for the input of the tracer return data, the number 

of parameters being used, and estimates of  the nonlinear 

parameters. Subroutine VARPRO (written by Stanford 

University Department of Computer Science) and its 
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a c c o m p a n i n g  s u b r o u t i n e s  a r e  c a l l e d  t o  o p t i m i z e  t h e  

o b j e c t i v e  f u n c t i o n .  The ma in  p r o g r a m  t h e n  c a l l s  f o r  t h e  

p l o t t i n g  of  t h e  t r a c e r  r e t u r n  d a t a  a l o n g  w i t h  t h e  

c o m p u t e d  b e s t  f i t  t r a c e r  r e t u r n  p r o f i l e ,  a n d  t h e  o p t i m a l  

v a l u e s  of b o t h  t h e  n o n l i n e a r  a n d  l i n e a r  p a r a m e t e r s  o f  t h e  

g i v e n  t r a n s f e r  f u n c t i o n  a r e  p r i n t e d .  

V A R P R O  i s  b a s e d  on  a p a p e r  by G o l u b  a n d  P e r e y a  

( 1 9 7 3 ) .  L e a s t - s q u a r e s  f i t  o f  n o n l i n e a r  m o d e l s  o f  t h e  

f o r m  

M 
C ( t ; E : , a )  = C ~ . C . ( t ; a  ) i = 1 , 2  

j -1  J J i j  
( 3 . 1 8 )  

w h e r e ,  

M = number  of  p r o p o s e d  p a t h s  

t = i n d e p e n d e n t  v a r i a b l e  

C j  = o b s e r v e d  d e p e n d e n t  v a r i a b l e  

E = l i n e a r  p a r a m e t e r  

a i j  = n o n l i n e a r  p a r a m e t e r s  

j 

c a n  b e  p e r f o r m e d  by s e p a r a t e l y  o p t i m i z i n g  t h e  l i n e a r  

p a r a m e t e r s  E: a n d  t h e  n o n l i n e a r  p a r a m e t e r s  
j '  aij 

The o b j e c t i v e  f u n c t i o n ,  

( 3 . 1 9 )  

26 



parameters a The program iterates to determine the 

nonlinear parameters a afterwhich the linear parameters 

E: are calculated. 

j *  

j’ 

j 

The numerical nonlinear least-squares routine 

utilizes a Taylor expansion of the transfer function C by 

expanding with respect to the nonlinear parameters 

Linear least-squares is then used to determine the 

optimum values for the parameter increments, 6a 

Mathematically this is shown as follows: 

a j  

j. 

The derivatives are evaluated at the starting point Co. 

The residual F can then be expressed as, 

(3.21) 

Applying least-squares then yields a set of normal 

equations. 

A gradient expansion method is used to search for 

those parameters a that minimize the objective function 

F ( E j , a j > .  All parameters are incremented simultaneously 
j 
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s o  t h a t  t h e  maximum v a r i a t i o n  of F i s  a t t a i n e d .  The 

g r a d i e n t  o f  F d e t e r m i n e s  t h e  m a g n i t u d e  of  t h e  l a r g e s t  

c h a n g e ,  a n d  g i v i n g  i t  t h e  o p p o s i t e  d i r e c t i o n  i n d i c a t e s  

t h e  p a t h  o f  s t e e p e s t  d e s c e n t .  The o b j e c t i v e  i s  t o  c h a n g e  

6a s o  t h a t  F(E: , a + 6 a . ) < F ( c j , a j ) .  T h i s  i s  d o c u m e n t e d  

f u l l y  i n  t h e  c o m p u t e r  p r o g r a m .  

j j J 

To more  f u l l y  e x p l o r e  t h e  w o r k i n g s  of  t h i s  n o n l i n e a r  

l e a s t - s q u a r e s  m e t h o d ,  see  Fossum ( 1 9 8 2 )  a n d  t h e  t e c h n i c a l  

r e p o r t  by G o l u b  a n d  P e r e y a  ( 1 9 7 3 ) .  The c o m p u t e r  p r o g r a m  

i s  l i s t e d  i n  A p p e n d i x  B a l o n g  w i t h  a s a m p l e  p r o g r a m  

o u t p u t .  
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S e c t i o n  4 .  RESULTS 

The t r a c e r  r e t u r n  d a t a  f o r  t h e  v a r i o u s  w e l l s  were 

f i t t e d  t o  t h e  m a t h e m a t i c a l  m o d e l  u s i n g  t h e  c o m p u t e r  

p r o g r a m  d i s c u s s e d  p r e v i o u s l y .  The f i g u r e s  shown i n  

A p p e n d i x  C show t h e  f i t t e d  d a t a  p r o f i l e s .  The s q u a r e s  

r e p r e s e n t  t h e  d a t a  and  t h e  s o l i d  l i n e  i s  t h e  c a l c u l a t e d  

c u r v e  f i t .  F o r  c o m p a r i s o n  p u r p o s e s ,  a c c o m p a n y i n g  some o f  

t h e  f i g u r e s  i s  a c o r r e s p o n d i n g  c u r v e  f i t  u s i n g  t h e  mode l  

p r e s e n t e d  by Fossum a n d  H o r n e  ( 1 9 8 2 ) .  Remember t h a t  

t h e i r  mode l  i n c l u d e s  o n l y  a d v e c t i o n  a n d  d i s p e r s i o n  a l o n g  

o n e  o r  more  n o n - c o n n e c t i n g  o r  c h a n n e l e d  f r a c t u r e s .  The  

m o d e l  p r e s e n t e d  i n  t h i s  r e p o r t  i n c l u d e s  a d s o r p t i o n ,  

a d v e c t i o n ,  a n d  d i f f u s i o n  i n t o  t h e  s u r r o u n d i n g  p o r o u s  

m a t r i x .  T h i s  i n c l u s i o n  i n  t h e  mode l  of  d i f f u s i o n  of  

t r a c e r  i n t o  t h e  m a t r i x  g i v e s  c o n s i d e r a b l e  i m p r o v e m e n t  i n  

t h e  c u r v e  f i t  of  t h e  t r a c e r  r e t u r n  p r o f i l e s .  

F u r t h e r m o r e ,  i n  many of t h e  w e l l s  o n l y  s i n g l e  f r a c t u r e  

m o d e l i n g  i s  r e q u i r e d  t o  s m o o t h l y  f i t  t h e  d a t a ,  w h e r e a s  

m u l t i - f r a c t u r e  m o d e l i n g  was r e q u i r e d  i n  t h e  c a s e s  

p r e s e n t e d  by Fossum and  Horne  ( 1 9 8 2 ) .  T h i s  i s  more 

p l e a s i n g  s i n c e  mos t  c u r v e s  c a n  b e  f i t t e d  i f  s e v e r a l  

l i n e a r  c o m b i n a t i o n s  o f  t h e  s i n g l e  p a t h  e q u a t i o n  a r e  u s e d ,  

i r r e s p e c t i v e  of  t h e  p h y s i c a l  a p p l i c a b i l i t y .  
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V a l u e s  f o r  t h e  f l o w  f r a c t i o n s  and  n o n l i n e a r  

p a r a m e t e r s  a a n d  f3 for t h e  d i f f e r e n t  c a l c u l a t e d  t r a c e r  

r e t u r n  c u r v e  f i t s  a r e  g i v e n  i n  T a b l e  4 .1 .  

F o r  a f ew  of  t h , e  t r a c e r  r e t u r n  d a t a ,  d o u b l e  f r a c t u r e  

m o d e l i n g  was p o s s i b l e  b u t  d i d  n o t  s u b s t a n t i a l l y  i m p r o v e  

t h e  s i n g l e  f r a c t u r e  c u r v e  f i t s .  Where i m p r o v e m e n t  was 

p o s s i b l e ,  h o w e v e r ,  t h e s e  f i t s  a r e  i n c l u d e d  i n  p l a c e  of  

t h e  s i n g l e  c u r v e  f i t s .  

I t  i s  n o t e d  t h a t  n o t  a l l  t r a c e r  r e t u r n s  a r e  w e l l  

f i t t e d .  T h e s e  a r e  wel l s  WK68, 6 7 ,  1 1 6 ,  a n d  1 2 1 .  R e a s o n s  

f o r  p o o r  f i t s  may b e  t h a t  ( 1 )  h y d r o d y n a m i c  d i s p e r s i o n  

down t h e  l e n g t h  o f  t h e  f r a c t u r e  n e e d s  t o  b e  i n c l u d e d  t o  

b e t t e r  mode l  t h e  f l u i d  a n d  t r a c e r  f l o w ,  ( 2 )  t h e  

i n s t a n t a n e o u s  l i n e a r  a d s o r p t i o n  a s s u m p t i o n  i s  n o t  v a l i d ,  

( 3 )  t e m p e r a t u r e  e f f e c t s  on k ,  and  De a r e  o f  i m p o r t a n c e ,  

o r  ( 4 )  t h e  d a t a  i t s e l f  f o r  some r e a s o n  i s  s u s p e c t .  

Well WK121 is a n  i n t e r e s t i n g  c a s e  i n  t h a t  a good  f i t  

was o b t a i n e d  when m o d e l e d  a s  a d o u b l e  f r a c t u r e  case .  

H o w e v e r ,  a n e g a t i v e  f l o w  f r a c t i o n  i s  c a l c u l a t e d .  T h i s  

a n o m a l y  c o u l d  h a v e  a p h y s i c a l  o r  m a t h e m a t i c a l  

s i g n i f i c a n c e ,  b u t  most  l i k e l y  i s  a n  a r t i f a c t  of  t h e  c u r v e  

f i t t i n g  t e c h n i q u e  i t s e l f ,  i n  t h a t  more  t h a n  o n e  a p p r o a c h  

t o  c o n v e r g e n c e  may be p o s s i b l e .  

To g a i n  a b e t t g r  u n d e r s t a n d i n g  o f  t h e  p a r a m e t e r s  a 

a n d  B, h y p o t h e t i c a l  t r a c e r  r e t u r n  p r o f i l e s  c a l c u l a t e d  by 

v a r y i n g  o n e  o f  t h e  p a r a m e t e r s  w h i l e  k e e p i n g  t h e  o t h e r  
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TABLE 4.1 

Production Injector- Flow 
well Producer Fraction 

Distance E /E 
(meters) 

WK24 

WK30 

WK4 8 

wK55 

WK67 

WK68 

WK7 0 

WK8 1 

WK8 3 

WK108 

WK103 

WK116 

wK12 1 

2 10 

240 

120 

220 

120 

120 

170 

175 

3 30 

80 

165 

350 

490 

1 . 000 

0.811 
0.189 

0 450 
0 550 

1 . 000 

1. aoo 

1.mo 
1 . 000 

1 . 0 0  

1 . 000 
1 .OQO 

1 . 0100 
0.259 
0.741 

1 . 000 

0.530 
-0.4’70 

Nonlinear 
Parameters 
U 

1 250 

1 370 
1.270 

1.393 
1 669 

2.578 

2.736 

2 . 049 

2.483 

1 535 

2.167 

1.685 

3.437 

0.920 
3 . 844 

0.916 

2 555 
2.100 

1 / B  
(days 1 

0.231 

4.367 
3.212 

0.293 
1 040 

2.671 

1.651 

2.919 

2 0033 

3.659 

2.550 

6.782 

0.619 

4.696 
0.626 

1.451 

0.719 
1.265 

Minimum 
Flow 
Velocity 

( r n h  1 

37 09 

2.3 
3.1 

17.1 
4.8 

3.4 

3.0 

1.7 

3.5 

2.0 

5.4 

0.5 

11.1 

3.1 
23.4 

14.1 

28.4 
16.1 

Fracture 
Width 
(m) 
@=l% 
- 
0.08 

0.32 
0.29 

0.08 
0.13 

0.13 

0.10 

0.17 

0.12 

0.26 

0.15 

0.32 

0.05 

0.49 
0.04 

0.27 

0.07 
0.11 

@=5% 
- 
0.18 

0.71 
0.66 

0.18 
0.28 

0.29 

0.22 

0.39 

0.27 

0.58 

0.34 

0.72 

0.11 

1.09 
0.10 

0.61 

0.15 
0.25 

A l l  production wells produck tracer injected at well WK107, except 
wells WK103, 116, and 121 which produce tracer injected at WK101. 



c o n s t a n t  were p l o t t e d .  T h e s e  p l o t s  a r e  shown i n  F i g u r e s  

4 . 1  a n d  4 . 2 .  

N o t e  i n  F i g u r e  4 . 1 ,  t h a t  as  t h e  n o n l i n e a r  p a r a m e t e r  

B i n c r e a s e s ,  t h a t  i s ,  t h e  t r a c e r  a r r i v a l  t ime d e c r e a s e s ,  

t h e  p l o t t i n g  t r a c e  b e g i n s  a t  a n  e a r l i e r  and  e a r l i e r  

t ime. The  p e a k  a l s o  i n c r e a s e s  i n  h e i g h t  w i t h  i n c r e a s i n g  

8 .  

I n  F i g u r e  4 . 2 ,  i t  c a n  be s e e n  t h a t  as  a d e c r e a s e s  

t h e  p e a k  i n c r e a s e s  d r a m a t i c a l l y ,  a n d  t h e  t a i l i n g  of  t h e  

p e a k  i s  r e d u c e d .  T h e s e  e f f e c t s  c a n  be  r e l a t e d  t o  t h e  

p h y s i c a l  p a r a m e t e r s  c o n t a i n e d  i n  t h e  d i m e n s i o n l e s s  

p a r a m e t e r  a. Rememb'er t h a t  a = ( D e 4 t w ) 0 0 5 / 6 .  I f  t h e  

f r a c t u r e  w i d t h  6 were t o  i n c r e a s e ,  c a u s i n g  a t o  d e c r e a s e ,  

i t  wou ld  b e  e x p e c t e d  t h a t  t h e  p e a k  w o u l d  b e  s h a r p e r  and  

l e s s  s p r e a d  o u t .  T h i s  i s  b e c a u s e  i n c r e a s e d  f l o w  w o u l d  

o c c u r  t h r o u g h  t h e  e n l a r g e d  f r a c t u r e  t h u s  c a u s i n g  l e s s  

m a t r i x  d i f f u s i o n  a n d  l e s s  s p r e a d i n g  o f  t h e  t r a c e r  r e t u r n  

p r o f i l e .  I f  t h e  e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t  were 

i n c r e a s e d  i n  v a l u e  ( i n d i c a t i n g  i n c r e a s e d  d i f f u s i o n  i n  t h e  

p o r o u s  m a t r i x )  i t  w o u l d  b e  e x p e c t e d  t h a t  t h e  p a s s a g e  of  

t r a c e r  t h r o u g h  t h e  f r a c t u r e / p o r o u s  m e d i a  s y s t e m  w o u l d  be  

h i n d e r e d ,  a g a i n  c a u s i n g  t h e  t r a c e r  p r o f i l e  t o  s p r e a d  

o u t .  T h i s  e f f e c t  i s  a s  o b s e r v e d  f o r  i n c r e a s e d  a. I f  t h e  

wa te r  r e t e n t i o n  t ime were t o  i n c r e a s e  d u e  t o  i n c r e a s e d  

p a t h l e n g t h  o r  d e c r e a s e d  f l u i d  v e l o c i t y ,  a n  i n c r e a s e  i n  

p r o f i l e  s p r e a d  w o u l d  a l s o  be  e x p e c t e d .  I n c r e a s e d  

3 1  



EFFECT ON 'TRACER PROFILE BY BETA 

a d o  

2 

I- 

(L: 
c 
I- z 

a30 

E? 

g a20 
z 
61 u 

a10 

0.00 

FIGURE 4.1 Plots of t ransfer  function C ( t ; c l , B  ) 
where B is  varied and c1 i s  kept constant. 

EFFECT ON TRACER PRBFILE BY ALPHA 

TIME 

FIGURE 4.2 Plots of ,transfer function C(t;a,B ) 
where a is  varied and B i s  kept constant. 



p o r o s i t y  w o u l d  i n c r e a s e  t h e  vo lume  of  f l u i d  i n  t h e  m a t r i x  

r o c k ,  allow n o r e  vo lume  i n t o  w h i c h  t h e  t r a c e r  c o u l d  

d i f f u s e ,  and  t h u s  i n c r e a s e  t h l e  p r o f i l e  s p r e a d .  

The g o a l  of  t r a c e r  r e t u r n  a n a l y s i s  i s  t o  i n f e r  

i n f o r m a t i o n  c o n c e r n i n g  t h e  f l o w  v e l o c i t i e s ,  f r a c t u r e  

w i d t h s ,  f l o w  p a t h w a y s ,  a n d  r e s e r v o i r  r o c k  a n d  f l u i d  

p r o p e r t i e s  s u c h  a s  d i f f u s i o n  a n d  a d s o r p t i o n  

c o e f f i c i e n t s .  To do  t h i s  w i t h  t h e  W a i r a k e i  d a t a  a t  h a n d  

r e q u i r e s  some k n o w l e d g e  o f  t h e  p a r a m e t e r s  p b ,  D e ,  k ,  and  

4 .  

I f  a n o n s o r b i n g  t r a c e r  i s  u s e d  t h e n  k=O, R = l ,  a n d  

KdPb=4. I n  t h i s  n o n s o r b i n g  case some k n o w l e d g e  o f  t h e  

p o r o s i t y  4 a n d  e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t  D e  i s  

r e q u i r e d  t o  c a l c u l a t e  f r a c t u r e  w i d t h  v a l u e s  f o r  t h e  

c o r r e s p o n d i n g  c u r v e  f i t .  I n  T a b l e  4 . 1 ,  f r a c t u r e  w i d t h  

v a l u e s  a r e  g i v e n  b a s e d  on t h e  n o n s o r b e d  t r a c e r  a s s u m p t i o n  

a n d  t h e  e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t  v a l u e  of  

4 .32  x m2 /day  (5 x 10 -11 m 2 / s ) .  The  v a l u e  f o r  D e  i s  

a medium v a l u e  o b t a i n e d  f r o m  a r a n g e  of  v a l u e s  g i v e n  by 

N e r e t n i e k s  ( 1 9 8 0 )  f o r  n o n s o r b i n g  t r a c e r s  i n  g r a n i t e s .  

T h i s  v a l u e  i s  n o t  n e c e s s a r i 1 . y  t h e  p r o p e r  v a l u e  t o  be  u s e d  

i n  t h i s  c a se ,  b u t  i t  d o e s  a l l o w  a p p r o x i m a t e  f r a c t u r e  

w i d t h  v a l u e s  t o  b e  c a l c u l a t e d .  A l s o ,  s i n c e  t h e  m a t r i x  

p o r o s i t y  o f  t h e  W a i t a k e i  r e s e r v o i r  i s  n o t  d e f i n i t i v e l y  

k n o w n ,  p o r o s i t y  v a l u e s  o f  1% a n d  5% were u s e d  i n  t h e  t h e  

c a l c u l a t i o n s .  
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I n  T a b l e  4 . 1 ,  f l o w  v e l o c i t i e s  h a v e  b e e n  c a l c u l a t e d  

b a s e d  on t h e  I n j e c t o r - p r o d u c e r  d i s t a n c e s  a n d  c a l c u l a t e d  

f i r s t  t r a c e r  a r r i v a l  t imes .  An a s s u m p t i o n  of t h e  t r a c e r  

n o t  b e i n g  s o r b e d  t o  t h e  r e s e r v o i r  r o c k  ( R = l )  i s  a l s o  made 

i n  t h e s e  c a l c u l a t i o n s .  A s  t h e  i n j e c t o r - p r o d u c e r  

d i s t a n c e s  a r e  n o t  n e c e s s a r i l y  r e p r e s e n t a t i v e  o f  

p a t h l e n g t h s  i n  t h e  r e s e r v o i r ,  t h e s e  c a l c u l a t e d  v e l o c i t i e s  

a r e  minimum v a l u e s .  
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Section 5. CONCLUSIONS AND RECOMMENDATIONS 

1. Tracer diffusion into the matrix of the Wairakei 

geothermal reservoir is an important factor in the 

mechanism of fluid flow. Estimated reservoir parameters 

such as fracture widths, fluid velocities and dispersion 

characteristics are difficult to accurately interpret in 

a fractured reservoir without accounting for matrix 

diffusion. The diffusion of tracers into the rock matrix 

and their sorption onto the surfaces of the rock are the 

main mechanisms retarding migration through fractures. 

2. In using the fracture model presented by Fossum 

and Horne to analyze the Wairakei data, a double flowpath 

model gave a ,more accurate data match than a single 

component model. However, in using the matrix diffusion 

model presented in this report, single fracture flowpath 

modeling was sufficient in many of the cases. 

3 .  Without further investigation of representative 

values for the effective diffusion coefficient De, bulk 

rock density p b ,  porosity +, and the adsorption 
distribution coefficient k ,  'quantitative values for the 

various reservoir and fluid flow properties cannot be 
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a c c u r a t e l y  c a l c u l a t e d  f o r  t h e  Wairakei  r e s e r v o i r .  

4 .  F u r t h e r  s t u d y  i n t o  t h e  mode l ing  o f  t r a c e r  f l o w  

through f r a c t u r e d  m e d i a  which t a k e s  into a c c o u n t  

hydrodynamic d i s p e r s i o n  down t h e  l e n g t h  o f  t h e  f r a c t u r e  

i n  a d d i t i o n  t o  d i f f u s i o n  in t :o .  t h e  porous  m a t r i x  may be  

warranted .  
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xO p a t h l e n g t h  of f r a c t u r e  f r o m  i n j e c t i o n  w e l l  t o  
p r o d u c t i o n  w e l l .  

X,Y C a r t e s i a n  d i r e c t i o n s  
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T h i s  d a t a  was  c o l l e c t e d  a t  t h . e  W a i r a k e i  g e o t h e r m a l  f i e l d  
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S c i e n t i f i c  R e s e a r c h ,  G r a c e f i e l d ,  N e w  Z e a l a n d ,  a n d  was 

made a v a i l a b l e  t o  t h e  S t a n f o r d  G e o t h e r m a l  P r o g r a m  by D r .  
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A p p e n d i x  B 

Computer  Program a n d  Sample  O u t p u t  



//TRACER JOB 
// EXEC FORTCL 
//FORT.SYSIN DD * c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c *******+**ft*********************************~*************~******** 

C 
C PROGRAM BEGINS 
C 
c * t***** f******+****************************************************  

c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C 

C 
C 

IMPLICIT REAL*8(A-BtD-H,O-Z) 

C SET DIMENSIONS FOR VARPRO. BE CAREFUL WHEN SETTING THE 
C DIMENSIONS FOR THE INCIDENCE MATRIX INC. S E E  NOTE. 
C 

DIMENSION Y ~ 4 O O ~ , T ~ ~ O O ~ , A L F ~ 1 4 ~ , B E T A ~ 7 ~ , W ( 9 0 0 ) , A ( 4 0 0 , ~ 3 ) ,  
* I N C ~ 1 4 ~ 8 ~ ~ C ~ 4 0 0 ~ 8 ~ ~ C T I T L E ~ 2 0 ~ ~ C T ~ 4 0 0 ~ ~ C Y ~ ~ ~ 0 0 ~ ~ D 1 M ~ 7 ) ~ 0 U T ( 7 )  

C 
C 
C SET PARAMETERS FOR VARPRO. 
C 
C 

EXTERNAL ADA 
IPLOT= 1 
I F  (IPLOT.EQ.1) CALL STARTG('GENIL*',O.O) 
NMAX = 400 
IPRINT= 1 

C 
C 
C READ DATA SEQUENTIAL ORDERING AND 
C PROPER FORMATTING ARE INPORTANT. 
C 

READ ( 5 , 7 0 1  CTITLE 
70 FORMAT (20Ali) 

WRITE (6,711 CTITLE 
71 FORMAT (lHO,lOX,20A4) 

C 
C 
C N L  IS THE NUMBER OF NONLINEAR PARAMETERS 
C 
C 

READ ( 5 , * )  NL 
WRITE(6,12) N L  

12 FORMAT (lHO,lOX,'NUMBER OF NONLINEAR PARAMETERS'//(I3)) 
C 
C 

C 
C 

C 
C 

C L IS THE NUMBER OlF LINEAR PARAMETERS 

L=NL/2 

C ESTIMATES OF THE NONLINEAR PARAMETERS 
C 
C 

READ ( 5 , * )  (DIM(I),OUT(I),I=l,L) 
DO 80 I=l,L 



80 

21 

20 

C 
C 

C 
C 
C 
C 
C 
C 

35 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

60 

C 
C 
C 
C 
C 

1 
C 
C 

C 

II=2*1-1 
ALF(II)=DIM(I) 
ALF(II+l)=l./OUT(I) 
WRITE(6,2l)(ALF(I),I=I,NL) 
FORMAT(1HO,1OX,'INITIAL EST. OF NONLIN. PARAMETERS'//(F7.3)) 
WRITE (6,201 (DIM(I),OUT(I),I=l,L) 
FORMAT ( I p ' O  DIMENSIONLESS NUMBER TRACER ARRIVAL TIME',/, 

# (5X,F9.5,22X,F7.31) 

LPP2=L+NL+2 

N IS THE NUMBER OF OBSERVATIONS 

READ(5r*) N 
WRITE(6,35) N 
FORMAT(/IHO,IOX,'NUNBER OF OBSERVATIONS'//(I4)) 

I V  IS THE NUMBER OF 1NDEPE:NDENT VARIABLES T 

I V =  1 

T IS THE INDEPENDENT VARIAB'LE 
Y IS THE N-VECTOR OF OBSERVATIONS 

W(I) ARE THE WEIGHTING PARAMETERS 

CALL VARPROtLnNL , N , NMAX 
*IPRINT,ALF,BETA,IERR) 

n LPE'2 * I V  

DEPENDENT VARIABLES'// 

WRITE (6,131 
LPl=L+l 
CALL ADA ( L P l , N L r N , N M A X , L P P 2 , I V ~ A p I N C ~ T , A L F I 2 )  
DO 8 I=l,N 
C(I,LPl)=O. 
DO 9 J=lrL 
C(I,J)=BETA(J)*A(IpJ) 
C(I,LPl)=C(I,LPl)+C(I~JI 
WRITE (6,141 Y(I),C(I,LPl),,(C(I,J),J=l,L) 
CY(I)=Y(I) 
CT(I)=T(I) 
CONTINUE 



13 FORMAT(lH0,' ACTUAL C!A L C COMPA 1 COMPA2'r//) 
14 FORMAT (lX,8F10.4) 

DO 22 I=l,L 
II=2*1-1 
DIM(I)=ALF(II) 

2 2  OUT(I)=l./ALF(II+l) 
SUM= 0. 
DO 25 J = l , L  

C 

25 SUM=SUM+BETA(J) 
DO 9 3  I=l,L 

93 BETA(I)=BETA(I)/SUM 
WRITE (6,381 (BETA(I),DIM(I),OUT(I),I=l,L) 

3 8  FORMAT t/#'O FRACTION DIIMENSIONLESS NUMBER A R R I V A L  TIME', 
A /,(5X,F7.3?5X,F7.3,22X,F7.3)) 

IF (IPLOT.NE.1) STOP 
CALL GRAPHG ('*',O,N,CT,CY,4p'TIME (DAYS)*', 

* *CONCENTRATION (C/G)*'rCTITLE) 
CALL LINESG ('SOLD,VBRT**rN,CT,C(l,LPl)) 
CALL EXITG 
STOP 
END 

C 
C 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C SUBROUTINES 
C 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C 
C 
C 

SUBROUTINE ADA ( L P , N L I N I N M A X , L P P ~ , I V I A I I N C I T I A L F I I S E L )  
IMPLICIT REAL*8(A-H,O-Z) 
DIMENSION ALF(NL),A(NMAX,L€'P2)~T(NMAX),INC(l4~8)~D(400~7) 

C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 

1 
C 
C 
C 

L=LP-1 

THE INCIDENCE MATRIX INC(NL,L+l) IS FORMED BY SETTING 
INC(K,J)=l IF THE NONLINEAR PARAMETER ALF(K) APPEARS 
I N  THE J-TH FUNCTION PHI(J1. (THE PROGRAM SETS A L L  OTHER 
INC(K,J) TO ZERO.) 

IF(ISEL.EQ.2) G O  TO 9 0  
IF(ISEL.EQ.3) G O  T O  165 
DO 1 J=l,L 
DO 1 K=l,NL 
INC(K,J)=O.O 
IF ((K+1)/2.EQ.J) INC(K,J)=l 
CONTINUE 

. o  
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9 0  

8 2  

C 
81 

C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
165 

C 
C 

17 1 

300 

C 

C 
170 

THE VECTOR-SAMPLED FUNCTIOIHS PHI(J) ARE STORED I N  
THE FIRST N ROWS RND FIRST L COLUMNS OF THE MATRIX 
B(I,J). B(I,J) CONTAINS PHI(J,ALF;T(I)rI, . . .  N; 
J=I,L. THE CONSTANT FUNCTIONS PHI WHICH DO NOT 
DEPEND UPON ANY NONLINEAR PARAMETERS ALF MUST 
APPEAR FIRST. 

DO 81 I=l,N 
DO 81 J=I,L 
K1=2*J-1 
K2=2*J 
IF (ALF(K2)*T(I).GT,1.0) GO TO 8 2  
A(I,J)=O. 
D(I,J)=O. 
GO TO 81 
A(I,J)=ALF(Kl)*ALF(K2)/(1.772453851* 

# (ALF(K2)*T(I)-l.O)**(l.5))* 
# D E X P ( - l . * A L F ( K 1 ) * * 2 / ( A L F ( K 2 ) + T ( I ) - I . O ) )  

D(I,J)=A(IIJ) 

CONTINUE 

IF (ISEL.EQ.2) G O  TO 200 

DO 170 I=I,N 

DO 170 J=l,NL 
Kl=(J+1)/2 
K2=2*K1 
K3=K2-1 
JJ=L+J+l 
IF (ALF(K2)*T(I).GT.l.O) GO TO 171 

GO TO 170 
IF ((J/2)*2.EQ.J) G O  TO 300 

A(I,JJ)=O. 

A(I,JJI=D(I,K1)*(1.0/ALF(K31 - 
# 2 . 0 * A L F ( K 3 ) / ( A L F ( M 2 ) * T ( I ) - I . 0 ) )  
GO TO 170 
A ~ I ~ J J ~ ~ D ~ I ~ K 1 ~ * ~ 1 . 0 / A L F ~ K 2 ) - 1 . 5 / ~ A L F ~ K 2 ~ * T ~ I ~ - l . O ~  * 

# T(I)+(ALF(K3)**2)*T(I)/((ALF(K2)*T(I)-1.)**2)) 

CONTINUE 

200 CONTINUE 
C 



RETURN 
END 
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SUBROUTINE VARPRO (Lp NL, N, NMAX, LPP2r I V I  T, yp W ,  ADA, A, 
X IPRINT, A L F J  BETA, IERR) 

GIVEN A SET OF N \BSEPVATIONSp CONSISTING OF VALUES y ( 1 ) ,  
Y(2)p . . .  ) Y(N) OF A DEPENDENT VARIABLE Y, WHERE y(1) 
CORRESPONDS TO THE I V  INDEPENDENT VARIABLE(S) T(I,l), T(I,2), 

J T(IJIV)J VARPRO ATTEMPTS TO COMPUTE A WEIGHTED LEAST 
SQUARES FIT TO A FUNCTION ETA (THE 'MODEL') WHICH 1s A LINEAR 
COMBINATION 

L 
ETA(ALF, BETA; TI = SUM BETA * PHI (ALF; T) + PHI (ALF; T )  

J =  1 J J L + 1 

OF NONLINEAR FUNCTIONS PHI(3) (E.G., A SUM OF EXPONENTIALS AND/ 
OR GAUSSIANS). THAT IS, DETERMINE THE LINEAR PARAMETERS 
BETA(J) AND THE VECTOR 01' NONLINEAR PARAMETERS ALF BY MINIMIZ- 
ING 

2 N 2 
NORM(RESIDUAL) = surl w * (Y - ETA(ALF, BETA; T 1 )  . 

1 = 1  I I I 

THE (L+l)-ST TERM IS OPTIONAL, AND IS USED WHEN IT IS DESIRED 
TO FIX ONE OR MORE OF THE BETA'S (RATHER THAN LET THEM BE 
DETERMINED). VRRPRO REQIJIRES FIRST DERIVATIVES OF THE PHI'S. 

NOTES: 

A )  THE ABOVE PROBLEM IS ALSO REFERRED TO AS 'MULTIPLE 
NONLINEAR REGRESSION'. IFOR USE I N  STATISTICAL ESTIMATION, 
VARPRO RETURNS THE RESIDUALS, THE COVARIANCE MATRIX OF THE 
LINEAR AND NONLINEAR PARAMETERS, AND THE ESTIMATED VARIANCE OF 
THE OBSERVATIONS. 

B) A N  ETA OF THE ABOVE FlDRM IS CALLED 'SEPARABLE'. THE 
CASE OF A NONSEPARABLE ETA CAN BE HANDLED BY SETTING L = 0 
AND USING PHI(L*l). 

C) VARPRO MAY ALSO BE US'ED TO SOLVE LINEAR LEAST SQUARES 
PROBLEMS ( I N  THIlT CASE NO ITERATIONS ARE PERFORMED). SET 
N L  = 0. 

Dl THE MAIN ADVANTAGE OF VARPRO OVER OTHER LEAST SQUARES 
PROGRAMS IS THAT NO INITIAL GUESSES ARE NEEDED FOR THE L I N E A R  
PARAMETERS. NOT ONLY DOES THIS MAKE IT EASIER TO USE, BUT IT 
OFTEN LEADS TO FASTER CONVERGENCE. 

DESCRIPTION OF PARAMETERS 
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L 
NL 
N 

IV 
T 

Y 
W 

INC 

NMAX 

LPP2 

A 

IPRINT 

ALF 

BETA 
I ERR 

NUMBER OF LINEAR PARAMETERS BETA (MUST BE .GE. 0 ) .  
NUMBER OF NONLINEAR PARAMETERS ALF (MUST BE .GE. 0 ) .  
NUMBER Of' OBSERVATIONS. N MUST BE GREATER THAN L + NL 

NUMBER OF PARAMETERS). 
NUMBER OF INDEPENDENT VARIABLES T. 

(1.E.J THE NUMBER OF OBSERVATIONS MUST EXCEED THE 

REAL N BY IV MATRIX OF INDEPENDENT VARIABLES. T(I, J) 
CONTAINS THE VALUE OF THE I-TH OBSERVATION OF THE J-TH 
INDEPENDENT VARIABLE. 
N-VECTOR OF OBSERVATIONS, ONE FOR EACH ROW OF T. 
N-VECTOR OF N0NNE:GATIVE WEIGHTS. SHOULD BE SET TO 1's 
IF WEIGHTS ARE NOlT DESIRED. IF VARIANCES OF THE 

TO l./VARIANCE(I). 
NL X (L+1) INTEGER INCIDENCE MATRIX. INC(K, J) = 1 IF 
NON-LINEAR PARAME:TER ALFCK) APPEARS IN THE J-TH 
FUNCTION PHI(J). (THE PROGRAM SETS ALL OTHER INCCK, J )  

INDIVIDUAL OBSERVATIONS ARE KNOWN, W(1) SHOULD BE SET 

TO ZERO.) IF PHI(L+l) IS INCLUDED IN THE MODEL, 
THE APPROPRIATE E:LEMENTS OF THE (L+l)-ST COLUMN SHOULD 
BE SET TO 1's. INC IS NOT NEEDED WHEN L = 0 OR NL = 0 .  
CAUTION: THE DECLARED ROW DIMENSION OF INC (IN ADA) 
MUST CURRENTLY BE: SET TO 12. SEE 'RESTRICTIONS' BELOW. 
THE DECLRRED ROW DIMENSION OF THE MATRICES A AND T. 
IT MUST BE AT LEAST MAX(N, 2*NL+3). 
L+P+2r WHERE P IS; THE NUMBER OF ONES IN THE MATRIX INC. 
THE DECLARED COLUIMN DIMENSION OF A MUST BE AT LEAST 
LPP2. (IF L = 0 ,  SET LPP2 = NL+2. IF NL = 0 ,  SET LPP2 
L+2.) 
REAL MATRIX OF SIZE MAX(Np 2*NL+3) BY L+P+2. ON INPUT 
IT CONTAINS THE F'HI(J)'S AND THEIR DERIVATIVES (SEE 

A WILL CONTAIN A N  APPROXIMATION TO THE (WEIGHTED) 
COVARIANCE MATRIX AT THE SOLUTION (THE FIRST L ROWS 

BELOW). ON OUTPCIT, THE FIRST L+NL ROWS AND COLUMNS OF 

CORRESPOND TO THE: LINEAR PARAMETERS, THE LAST NL TO THE 
NONLINEAR ONES), COLUMN L+NL+l WILL CONTAIN THE 
WEIGHTED RESIDUALS (Y - ETA), A(1, L+NL+2) WILL CONTAIN 
THE (EUCLIDEAN) NORM OF THE WEIGHTED RESIDUAL, AND 
A(2, L+NL+2) WILL CONTAIN AN ESTIMATE OF THE (WEIGHTED) 

(N - L - NL). 
INPUT INTEGER CONTROLLING PRINTED OUTPUT. IF IPRINT IS 

VARIANCE OF THE OBSERVATIONS, NORM(RESIDUAL)**2/ 

POSITIVE, THE NONLINEAR PARAMETERS, THE NORM OF THE 
RESIDUAL, AND THE MARQUARDT PARAMETER WILL BE OUTPUT 
EVERY IPRINT-TH ITERATION (AND INITIALLY, AND AT THE 
FINAL ITERATION). THE LINEAR PARAMETERS WILL BE 
PRINTED AT THE FI[NAL ITERATION. ANY ERROR MESSAGES 
WILL ALSO BE PRINTED. (IPRINT = 1 IS RECOMMENDED AT 
FIRST.) IF IPRINT = 0 ,  ONLY THE FINAL QUANTITIES WILL 
BE PRINTED, AS WELL AS ANY ERROR MESSAGES. IF IPRINT = 
- 1 ,  NO PRINTING MILL BE DONE. THE USER IS THEN 
RESPONSIBLE FOR CHECKING THE PARAMETER IERR FOR ERRORS. 
NL-VECTOR OF ESTIMATES OF NONLINEAR PARAHETERS 
(INPUT). ON OUTPUT IT WILL CONTAIN OPTIMAL VALUES OF 
THE NONLINEAR PARAMETERS. 
L-VECTOR OF LINEAR PARAMETERS (OUTPUT ONLY). 
INTEGER ERROR FLAG (OUTPUT): 
.GT. 0 - SUCCESSFUL CONVERGENCE, IERR IS THE NUMBER OF 

ITERATIONS TAKEN. 
- 1  TERNINATED FOR TOO MANY ITERATIONS. 
- 2  TERMINATED FOR ILL-CONDITIONING (MARQUARDT 
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PARAVETER TOO LARGE.) ALSO SEE IERR = -8 BELOW. 
-4 INPUT ERROR I N  PARAMETER N, Lt NL, LPP2J OR NMAX. 
- 5  INC IHATRIX IMPROPERLY SPECIFIED, OR P DISAGREES 

WITH LPP2. 
-6 A W EfGHT WAS NEGATIVE. 
-7 'CON$TANT' COLUMN WAS COMPUTED MORE THAN ONCE. 
-8 CATA$TROPHIC FAILURE - A COLUMN OF THE A MATRIX HAS 

BECOHE ZERO. SEE 'CONVERGENCE FAILURES' BELOW. 

(IF IERR .LE. -4, THE LINEAR PARAMETERS, COVARIANCE 
MATRIX, ETC. ARE NOT RETURNED,, 1 

SUBROUTINES REQUIREb 

NINE SUBROUTINES? DPAp ORFAClr ORFAC2, BACSUBI POSTPR, COVt 
XNORMI INIT, AND VARERR ARE PROVIDED. IN ADDITION, THE USER 
MUST PROVIDE A SUBROUTINE (CORRESPONDING TO THE ARGUMENT ADA) 
WHICH, GIVEN ALFs WILL EVALUATE THE FUNCTIONS PHI(J) AND THEIR 
PARTIAL DERIVATIVES D PHI(J)/D ALFCK), AT THE SAMPLE POINTS 
T(I). THIS ROUTINE MUST BE DECLARED 'EXTERNAL' I N  T HE CALLING 
PROGRAM. ITS CALLING SEQUENCE IS 

SUBROUTINE ADA ( L + l r  N L , Ne NMAX, LPP2r I V p  A, INC, T, ALP, 
ISEL) 

THE USER SHOULD MODIFY THE EXAMPLE SUBROUTINE 'ADA' (GIVEN 
ELSEWHERE) FOR HIS OWN FUINCTIONS. 

THE VECTOR SAMPLED FUNICTIONS PHI(J) SHOULD BE STORED I N  THE 
FIRST N ROWS AND FIRST L + 1  COLUMNS OF THE MATRIX A t  1.E.p 
A(I, J )  SHOULD CONTAIN PEII(J, ALF; T(I,l)r T(Ip2)r . . . J  

T(1,IVI)p I = 1 ,  e . . ,  N; J = 1 ,  L (OR L+I). THE (L+l)-ST 
COLUMN OF A CONTAINS PHI(L+1) IF PHI(L+l) IS I N  THE MODEL, 
OTHERWISE IT IS RESERVED FOR WORKSPACE. THE 'CONSTANT' FUNC- 
TIONS (THESE ARE FUNCTIONS PHI(J) WHICH DO NOT DEPEND UPON ANY 
NONLINEAR PARAMETERS ALF, E.G., T(I)**J) (IF ANY) MUST APPEAR 

PARTIAL DERIVATI'VES D PHI:(J) / D ALFCK) SHOULD BE STORED 
SEQUENTIALLY I N  T H E  MATRIX A I N  COLUMNS L+2 THROUGH L+P+l. 
THE ORDER IS 

FIRST, STARTING I N  COLUMN 1. THE COLUMN N-VECTORS OF NONZERO 

D PHI(1) D PHI(2) D PHI(L) D PHI(L+l) D PHI(1) -------- -------- , . . ~, , ----- --- , ---------- -------- 
D ALF(1) D ALF(1) D ALF(1) D ALF(1) D ALF(2) 

D PHI(2) D PHI ( L + 1 )  D PHI(1) D PHI(L+l) -------- ..., - ---------- , *. . ,  --------- ..., ---------- 
D ALF(2) D ALF(2) D ALF(NL) D ALFCNL) 

OMITTING COLUMNS, OF DERIVATIVES WHICH ARE ZERO, AND OMITTING 
PHI(L+l) COLUMNS, IF PHI(Ia+l) IS NOT IN THE MODEL. NOTE THAT 
THE LINEAR PARAMETERS BETA ARE NOT USED I N  THE MATRIX A. 
COLUMN L+P+2 IS RESERVED FOR WORKSPACE. 

THE CODING OF ADA SHOULD BE ARRANGED SO THAT: 

ISEL = 1 (WHICH OCCURS THE FIRST TIME ADA IS CALLED) MEANS: 
A .  FILL I N  THE INCIDENCE MATRIX INC 
B. STORE ANY CONSTANT PHI'S I N  A. 
C. COMPUTE NONCONSTANT PHI'S AND PARTIAL DERIVA- 
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TIVES. 
= 2 MEANS COMPUTE ONLY THE NONCONSTANT FUNCTIONS PHI 
= 3 MEANS COMPUTE ONLY THE DERIVATIVES 

(WHEN THE PROBLEM IS L1NE:AR ( N L  = 0 )  ONLY ISEL = 1 IS USED, AND 
DERIVATIVES ARE NOT NEEDE:D.) 

RESTRICTIONS 

THE SUBROUTINES DPA, INIT (AND ADA) CONTAIN THE LOCALLY 
DIMENSIONED MATRIX INC, GllHOSE DIMENSIONS ARE CURRENTLY SET FOR 
MAXIMA OF L+1 = 18, N L  = 12. THEY MUST BE CHANGED FOR LARGER 
PROBLEMS. DATA PLACED IECI ARRAY A IS OVERWRITTEN ('DESTROYED'). 
DATA PLACED I N  ARRAYS T, Y AND INC IS LEFT INTACT. THE PROGRAn 
RUNS I N  WATFIV, EXCEPT WHEN L = 0 OR NL = 0. 

IT IS ASSUMED THAT THE: MATRIX PHI(J, ALF; T(I)) HAS FULL 
COLUMN RANK. THIS MEANS THAT THE FIRST L COLUMNS OF THE MATRIX 
A MUST BE LINEARLY INDEPEZNDENT. 

OPTIONAL NOTE: AS WILL BE NOTED FROM THE SAMPLE SUBPROGRAM 
ADA, THE DERIVATIVES D PHI(J)/D ALF(K) (ISEL = 3 )  MUST BE 
COMPUTED INDEPENDENTLY OI' THE FUNCTIONS PHICJ) (ISEL = 2 1 ,  
SINCE THE FUNCTION VALUES ARE OVERWRITTEN AFTER ADA IS CALLED 
WITH ISEL = 2. THIS IS DONE TO MINIMIZE STORAGE, AT THE POS- 
SIBLE EXPENSE OF SOME RECOMPUTATION (SINCE THE FUNCTIONS AND 
DERIVATIVES FREQUENTLY HAVE SOME COMMON SUBEXPRESSIONS). TO 
REDUCE THE AMOUNT OF COMPUTATION AT THE EXPENSE OF SOtlE 

AFTER THE COMPUTATION OF THE PHI'S (ISEL = 2 1 ,  COPY THE VALUES 

ATIVES (ISEL = 3 ) .  (THIS MAKES USE OF THE FACT THAT WHEN A 

ALFS ARE THE SAM'E.) 

STORAGE, CREATE A MATRIX B OF DIMENSION NMAX BY L + 1  I N  ADA, A N D  

INTO B. THESE VALUES CAN THEN BE USED TO CALCULATE THE DERIV- 

CALL TO ADA WITH ISEL = CI FOLLOWS A CALL WITH ISEL = 2 ,  THE 

TO CONVERT TO OTHER MACHINES, CHANGE THE OUTPUT UNIT I N  THE 
DATA STATEMENTS IN VARPRC), DPA, POSTPR, AND VARERR. THE 
PROGRAM HAS BEEN CHECKED FOR PORTABILITY BY THE BELL LABS PFORT 
VERIFIER. FOR M:ACHINES bJITHOUT DOUBLE PRECISION HARDWARE, IT 
MAY BE DESIRABLE TO CONVERT TO SINGLE PRECISION. THIS CAN BE 
DONE BY CHANGING ( A )  THE DECLARATIONS *DOUBLE PRECISION' TO 
'REAL', (B )  THE PATTERN ".D' TO '.E' I N  THE 'DATA' STATEMENT IE  
VARPRO, (C) DSIGN, DSQRT AND DABS TO SIGN, SQRT AND ABS, 
RESPECTIVELY, AND (Dl DEXP TO EXP IN THE SAMPLE PROGRAMS ONLY. 

NOTE ON INTERPRETATION OF COVARIANCE MATRIX 

FOR USE I N  STATISTICAL ESTIMATION (MULTIPLE NONLINEAR 
REGRESSION) VARPRO RETURNS THE COVARIANCE MATRIX OF THE L I N E A R  
AND NONLINEAR PARAMETERS. THIS MATRIX WILL BE USEFUL ONLY IF 

ERRORS I N  THE OBSERVATIONS ARE INDEPENDENT AND NORMALLY DISTRI- 
BUTED, WITH MEAN ZERO ANI> THE SAME VARIANCE. IF THE ERRORS DO 

WARNING MESSAGE (UNLESS :[PRINT .LT. 0 )  AND THE COVARIANCE 
MATRIX WILL NOT BE VALID, I N  THAT CASE, THE MODEL SHOULD BE 
ALTERED TO INCLWDE A CONSTANT TERM (SET PHI(1) = 1 . ) .  

THE USUAL STATISlTICAL ASSUMPTIONS HOLD: AFTER WEIGHTING, THE 

NOT HAVE MEAN ZERO (OR ARE UNKNOWN), THE PROGRAM WILL ISSUE A 

NOTE ALSO THAT, I N  ORDER FOR THE USUAL ASSUMPTIONS TO HOLD, 
THE OBSERVATIONS MUST A L L  BE OF APPROXIMATELY THE SAME 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

MAGNITUDE ( I N  THE ABSENCE OF INFORMATION ABOUT THE ERROR OF 

SAME. IF THE OBSERVATIONS ARE NOT THE SAME SIZE, THIS CAN BE 
CURED BY WEIGHTIMG. 

EACH OBSERVATIONS, OTHERGlISE THE VARIANCES WILL NOT B E  THE 

IF THE USUAL ASSUMPTIONS HOLD, THE SQUARE ROOTS OF THE 
DIAGONALS OF THE COVARIANCE MATRIX A GIVE THE STANDARD ERROR 
S(1) OF EACH PARAMETER. DIVIDING A(I,J) BY S(I)*S(J) YIELDS 
THE CORRELATION MATRIX OF THE PARAMETERS. PRINCIPAL AXES AND 
CONFIDENCE ELLIPSOIDS CAN BE OBTAINED BY PERFORMING A N  EIGEN- 
VALUE/EIGENVECTOR ANALYSIS ON A. ONE SHOULD CALL THE EISPACK 
PROGRAM TRED2, FOLLOWED BY TQL2 (OR USE THE EISPAC CONTROL 
PROGRAM). 

CONVERGENCE FAILURES 

IF CONVERGENCE FAILURES OCCUR, FIRST CHECK FOR INCORRECT 
CODING OF THE SUBROUTINE ADA. CHECK ESPECIALLY THE ACTION OF 
ISEL, AND THE COflPUTATION OF THE PARTIAL DERIVATIVES. IF THESE 
ARE CORRECT, TRY SEVERAL STARTING GUESSES FOR ALF. IF ADA 
IS CODED CORRECTLY, AND IF ERROR RETURNS IERR = -2 OR - 8  
PERSISTENTLY OCCUR, THIS IS A SIGN OF ILL-CONDITIONING, WHICH 
HAY BE CAUSED BY SEVERAL THINGS. ONE IS POOR SCALING OF THE 
PARAMETERS; ANOTHER IS A N  UNFORTUNATE INITIAL GUESS FOR THE 
PARAMETERS, STILL ANOTHER IS A POOR CHOICE OF THE MODEL. 

ALGORITHM 

THE RESIDUAL R IS MODIFIED TO INCORPORATE, FOR ANY FIXED 

POSSIBLE TO MINIMIZE ONLY' ON THE NONLINEAR PARAMETERS. AFTER 
THE OPTIMAL VALUES OF THE: NONLINEAR PARAMETERS HAVE BEEN DETER- 

ALFI THE OPTIMAL LINEAR PARAMETERS FOR THAT ALF. IT IS THEN 

MINED, THE LINEAR PARAMETERS CAN BE RECOVERED BY LINEAR LEAST 
SQUARES TECHNIQUES (SEE REF. 1 ) .  

THE MINIMIZATION IS BY' A MODIFICATION OF OSBORNE'S (REF. 3 )  
MODIFICATION OF THE LEVEMBERG-MARQUARDT ALGORITHH. INSTEAD OF 
SOLVING THE NORMAL EQUAT1:ONS WITH MATRIX 

T 2 
( 3  J + NU * Dl, WHERE J = D(ETA)/D(ALF), 

STABLE ORTHOGONAL (HOUSEHOLDER) REFLECTIONS ARE USED ON A 
MODIFICATION OF THE MATRIX 

( J )  
(------ 1 ,  
( NU*D 1 

WHERE D IS A DIAGONAL MATRIX CONSISTING OF THE LENGTHS OF THE 
COLUMNS OF J. THIS MARQIJARDT STABILIZATION ALLOWS THE ROUTINE 
TO RECOVER FROM SOME RANK DEFICIENCIES I N  THE JACOBIAN. 
OSBORNE'S EMPIRICAL STRATEGY FOR CHOOSING THE MARQUARDT PARAM- 
ETER HAS PROVEN REASONABLY SUCCESSFUL IN PRACTICE. (GAUSS- 
NEWTON WITH STEP CONTROL CAN BE OBTAINED BY MAKING THE CHANGE 
INDICATED BEFORE: THE INSTRUCTION LABELED 5 ) .  A DESCRIPTION CAk 
BE FOUND I N  REF. ( 3 1 ,  ANI) A FLOW CHART I N  (21, P. 22. 

FOR REFERENCE, SEE 

1 .  GENE H. GOLUB AND V. PEREYRA, 'THE DIFFERENTIATION OF 
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PSEUDO-INVER$ES AND NONLINEAR LEAST SQUARES PROBLEMS WHOSE 
VARIABLES SEPARATE,' SIAM J .  NUMER. A N A L .  I O ,  413-432 
(1973). ------ 8 SAME TITLE, STANFORD C.S. REPORT 72-261, FEB. 1972. 
OSBORNE, MICHAEL R.r 'SOME ASPECTS OF NON-LINEAR LEAST 
SQUARES CALCULATIONS,' I N  LOOTSMA, ED.* 'NUMERICAL METHODS 
FOR NON-LINEAR OPTIMIZATION,' ACADEMIC PRESS, LONDON, 1972. 
KROGH, FRED, 'EFFICIENT IMPLEMENTATION OF A VARIABLE PRO- 
JECTION ALGORITHM FOR NONLINEAR LEAST SQUARES PROBLEMS,* 
COPIM. ACM 17, PP. 167-169 (MARCH, 19741. 
KAUFMAN, L I N D A ,  'A V A R I A B L E  PROJECTION METHOD FOR SOLVING 
SEPARABLE NONLINEAR LEAST SQUARES PROBLEMS', B.I.T. 15, 
49-57 (1975). 
DRAPER, Nap AND SMITH, H.r APPLIED REGRESSION ANALYSIS, 
WILEY, N.Y.8 I966 (FOR STATISTICAL INFORMATION ONLY). 
C. LAWSON A N 0  R. HANSON, SOLVING LEAST SQUARES PROBLEMS, 
PRENTICE-HALC, ENGLEWOOD CLIFFS, N. J.8 1974. 

JOHN BOLSTAD 
COMPUTER SCIENCE DEPT., SERRA HOUSE 
STANFORD UNIVERSITY 
JAMUARY, 1977 

.................................................................. 
DOUBLE PRECISION A(MMAX, LPP21, BETA(L1, ALF(NL1, TCNMAX, IV), 

2 W(N), Y(N), ACUM, EPS1, GNSTEP, NU, PRJRES, R, RNEW, XNORM 
INTEGER B1, OUTPUT 
LOGICAL SKIP 
EXTERNAL A D A  
DATA EPSl /l.D-6/, ITMAX / 5 0 / ,  OUTPUT /6/ 

THE FOLLOWING TWO PARAMETERS ARE USED I N  THE CONVERGENCE 
TEST: EPSl I$ A N  ABSOLUTE AND RELATIVE TOLERANCE FOR THE 
NORM OF T H E  PROJECTION OF THE RESIDUAL ONTO THE RANGE OF THE 
JACOBIAN OF TWE VARIABLE PROJECTION FUNCTIONAL. 
ITMAX IS THE MAXIMUM NUMBER OF FUNCTION AND DERIVATIVE 
EVALUATIONS ALLOWED. CAUTION: EPSl MUST NOT BE 
SET SRALLER THAN 10 TIMES THE UNIT ROUND-OFF OF THE MACHINE. 

IERR = 1 
ITER = 0 
LP1 = L + 1 
B l = L + 2  
LNL2 = L + N L  + 2 
NLP1 = N L  + 1 
SKIP = .FALSE. 
MODIT = IPRINT 
IF (IPRINT .LE. 0 )  MODIT = ITMAX + 2 
NU = 0. 

NU = 1. 
IF GAUSS-NEWTON IS DESIRED REMOVE THE NEXT STATEMENT. 

BEGIN OUTER ITERATION LOOP TO UPDATE ALF. 
CALCULATE %HE NORM OF THE RESIDUAL AND THE DERIVATIVE OF 
THE MODIFIED RESIDU'AL THE FIRST TIME, BUT ONLY T H E  
DERIVATIVE I N  SUBSE:QUENT ITERATIONS. 

5 CALL DPA (L, NL, N, NMAX, LPP2, IV, T, Y n  W, ALF, ADA, IERR, 
X IPRINT, At BETA, A(1, LPI), R )  



C 

C 

C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 

C 
C 
C 

C 

GNSTEP = 1.0 
ITERIN 0 
IF (ITER .GT. 0 )  GO TO 10 

IF (NL .Ea. 0 )  G O  TO 9 0  
IF (IERR .NE. 1 )  GO TO 9i) 

IF (IPRINT .LE. 0 )  GO TO 1 0  
WRITE (OUTPUT, 207) ITERIN, R 
WRITE (OUTPUT, 2 0 0 )  NU 

BEGIN TWO-STAGE ORTHOGONAL FACTORIZATION 
10 CALL ORFACl(NLP1, NMAX, N, I , ,  IPRINT, A(1, BI), PRJRES, IERR) 

IF (IERR .LT. 0) GO' TO 99 
IERR = 2 
IF (NU .EQ. 0 . 1  GO TO 30 

25 

30 

35 

40 
X 

45 

50 

55 

C 
60  

BEGIN INNER ITERATION LOOP FOR GENERATING NEW ALF AND 
TESTING IT FOR ACCEPTANCE. 

CALL ORFAC2(NLP1, NMAX, N U ,  A(1, B1)) 

SOLVE A N L  X N L  UPPER TRIANGULAR SYSTEM FOR DELTA-ALF. 
OF A )  IS OVER- THE TRANSFORMED RESIDUAL ( I N  COL. LNL2 

WRITTEN BY THE RESlJLT DELTA-ALF. 

LNL2) 1 CALL BACSUB (NMAX, NL, A I : l r  BI), A(1, 
DO 35 K = 1 ,  N L  

A(K, B 1 )  = ALF(K) + A(K, LNL2) 
NEW ALFCK) = ALFCK) + DELTA ALF(K1 

STEP TO THE NEW POINT NEW ALF, AND COM PUTE THE NEW 
NORM OF RESIDUAL. NEW ALF IS STORED I N  COLUMN I3 1  OF A .  

CALL DFA (L, NL, N, NMAX, LPP2, IV, T I  Y, W, A(1, BI), ADA, 
IERR, IPRINT, A, BETA, A'CI, LPI), RNEW) 
IF (IERR .NE. 2 )  GO TO 99 
ITER = ITER + 1 
ITERIN = ITERIN + 1 

IF (SKIP) GO TO 45 
SKIP = MOD(ITER, MODIT) .NE. O 

WRITE (OUTPUT, 203) ITER 
WRITE (OUTPUT, 216) ( A ( K r  BI), K = 1 ,  N L )  
WRITE (OUTPUT, 207) ITERIN, RNEW 

IF ( I T E R  .LT. ITMAX) GO 'ro 50 
IERR = - 1  

G O  TO 9 5  
CALL VARERR (IPRINT, IERR, 1 )  

IF ( R N E W  - R .LT. EPSI*(:R + 1.DO)) GO TO 7 5  

RETRACT THE STEP JUST TAKEN 

IF (NU .NE. 0 . )  GO TO 60 

GNSTEP = O.S*GNSTEP 
IF (GNSTEP .LT. EPSl) GO TO 9 5  

GAUSS-NEWTON OPTION ONLY 

DO 55 K = 1 ,  NL 
A(K, B l )  9 ALFCK) + GNSTEP*A(K, LNL2) 

G O  TO 40 

N U  = 1.5*NU 
ENLARGE THE MARQUARDT PARAMETE1 



IF (.NOT. SKIP) WRITE (OUTPUT, 206) N U  
IF ( N U  .LE. 100.) GO 'TO 6 5  

IERR = -2 
CALL VARERR (IPRINT, IERR, 1 )  
G O  TO 95 

C RETRIEVE UPPER TRIANGULAR FORM 
C AND RESIDUAL OF FIRST STAGE. 

6 5  DO 7 0  K = 1 ,  N L  
KSUB = LP1 + K 
DO 7 0  J = K, NLPl 

JSUB = LP1 + J 
ISUB = NLPl + J 

7 0  A(K, JSUB) = A(ISUB, KSUB) 
GO TO 25 

C END OF INNER ITERATION LOOP 
C ACCEPT THE STEP JUST TAKEN 
C 

75 R = RNEW 

80 ALF(K) = A(K, B1) 
DO 80 K = 1 ,  NL 

C CALC. NORM(DELTA ALF)/NORM(ALF) 

C 
C IF ITERIN IS GREATER 'THAN 1, A STEP WAS RETRACTED DURING 
C THIS OUTER ITERATION. 
C 

ACUM = GNSTEP*XNORM(NL, A(1, LNL2))/XNORM(NL, ALF) 

IF (ITERIN .EQ. 1 )  NU = 0.5*NU 
IF (SKIP) GO TO 85 

WRITE (OUTPUT, 2 0 0 )  N U  
WRITE (OUTPUT, 2 0 8 )  ACUM 

85 IERR = 3 
IF (PRJRES .GT. EPSl*(R + 1.DO)) GO TO 5 

C END OF OUTER ITERATION LOOP 
C 
C CALCULATE FINAL QUANTITIES -- LINEAR PARAMETERS, RESIDUALS, 
C COVARIANCE MATRIX, ETC. 
C 

90 IERR = ITER 
9 5  IF ( N L  .GT. 0 )  CALL, DPA(Lr N L t  Np NMAX, LPP2, IV, T, Y J  W I  ALP, 

X ADA, 4, IPRINT, A I  BETA, A(1, LP1)r R )  
CALL POSTPR(L, NL, N, NMAX, LNL2, EPSlr R, IPRINT, ALF, W, A, 

X A(1, LPl), BETA, I E R R )  
99 RETURN 

C 
200 FORMAT (9H NU *, E15.7) 

206 FORMAT (25H STEP RETRACTED, N U  =, E15.7) 

208 FORMAT (34H NOWMCDELTA-ALF) / NORM(ALF) =, E12.3) 

203 FORMAT (12HO ITERATION, 14, 24H NONLINEAR PARAMETERS) 

207 FORMAT (1H0, 15, 2QIH NORM OF RESIDUAL =, E15.7) 

216 FORMAT (IHO, 7E15.7) 
END 

C 
SUBROUTINE ORFACl(NLP1, NMAX, N, L I  IPRINT, BI PRJRES, IERR) 

STAGE 1: HOUSEHOLDER REDUCTION OF 



C NL 1 NL 1 
C 
C WHERE DR = -D(Q2)*Y IS 'THE DERIVATIVE OF T H E  MODIFIED RESIDUAL 
C PRODUCED BY DPA, R2 IS 'THE TRANSFORMED RESIDUAL FROM DPA, AND 
C DR' IS IN UPPER TRIANGULAR FORM (AS IN REF. ( 2 1 ,  P. 18). 
C DR IS STORED IN ROWS L+1 TO N AND COLUMNS L+2 TO L + NL + 1 O F  
C THE MATRIX A ( I . E . ,  COL'UMNS 1 T O  NL OF T H E  MATRIX B). R 2  I S  
C STORED IN COLUMN L + NL + 2 OF T H E  MATRIX A (COLUMN NL + 1 O F  
C B). FOR K = 1 ,  2 ,  . . .  t NLt FIND REFLECTION I - U * U' I BETA 
C WHICH ZEROES BCI, K), I = L+K+l, ... N. 
C 
C .................................................................. 
C 

DOUBLE PRECISION ACUM, ALPHA, B(NMAX, NLPl), BETA, DSIGN, PRJRES, 
X U, XNORM 

C 
NL = NLPl - 1 
NL23 = 2*NL + 3 
LP1 = L + 1 

DO 3 0  K = 1 ,  NL 
C 

LPK = L + K 
ALPHA = DSIGN(XNORM(N+l-LPK, B(LPKp K)), B(LPK, K)) 
U = B(LPK8 K) + ALPHA 
B(LPK, K) = U 
BETA = ALPHA * 1D 
IF (ALPHA .NE. 0 . 0 )  GO T O  13 

C COLUMN W A S  ZERO 
IERR = -8 
CALL VARERR (IPWINT, IERR, LP1 + K) 
GO T O  9 9  

C APPLY REFLECTIONS T O  REMAINING COLUMNS 
C OF B AND TO RESIDUAL VECTOR. 

13 KP1 = K + 1 
DO 25 J = KP1, NLPl 

ACUM = 0.0 
DO 20 I = LPKI N 

20 ACUM = ACUM + B(I, K)  * B(I, J )  
ACUM = ACUM J BETA 
DO 25 I = LPKI N 

25 B(1, J) = B(Ip J )  - B(I8 K )  * ACUM 
30 BCLPK, K) = -ALPHA 

C 
PRJRES = XNORM(NL, B(LP1, NLP1)) 

C 
C 
C 
C 

IF (IERR .EQ. 4) GO TO 9 9  
DO 50 K = 1 ,  NL 

LPK = L + K 
DO 40 J = K, NLPl 

JSUB = NLPl + J 
B(Kt J) = BCLPK, J )  

40 BCJSUB, K) = B(LPK, J) 
50 B(NL23r K )  XNDRMCK, B(LP1, K)) 

99 RETURN 
END 

C 

C 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

SUBROUTINE ORFAC2(NLP1, NMAX, NU, B) 

NL 1 NL 1 

W HERE DR', R3, A N D  R 4  ARE AS IN ORFAC1, NU I S  T H E  MARQUARDT 
PARAMETER, D I S  A DIAGONAL MATRIX CONSISTING OF T H E  LENGTHS OF 
T H E  COLUMNS OF b R ' p  AND DR" IS IN UPPER TRIANGULAR FORM. 
DETAILS IN ( 1 1 ,  PP. 423-424. NOTE THAT T H E  (N-L-NL) BAND O F  
ZEROES, AND R4r ARE OMITTED IN STORAGE. 

C 
C 

C .................................................................. 
C 

DOUBLE PRECISION ACUM, ALPHA, B(NMAX, NLPlIr BETA, DSIGN, NU, Ut 
X XNORM 

C 
NL = NLPl - 1 
N L 2  = 2*NL 
NL23 = N L 2  + 3 

KP1 = K + 1 
NLPK = NL + K 
NLPKMl = NLPK - 1 

BCNL, K) = B(K, K) 
ALPHA = DSIGN(XHORM(K+l, B(NL, K)), B(K, K)) 

BETA = ALPHA * U 
B(K, K) -ALPHA 

DO 3 0  K = 1 ,  N L 

B(NLPK, K )  = NU * B(NL23, K) 

U = B(K, K) + A L P H A  

T H E  K-TH REFLECTION MODIFIES ONLY R O W S  K, 
NL+1, NL+2r .+ . ,  NL+KI AND COLUMNS K T O  NL+l. 

DO 3 0  J = KPl, NLPl 
B(NLPK, J )  = 0 .  
ACUM = U * BI[K,J) 
DO 20 I = NLPlr NLPKMll 

20 ACUM = ACUM + B(I,K) * B(I,J) 
ACUM = ACUM / BETA 

DO 3 0  I = NLPl, NLPK 
B(K,J) = B(K,J) - U *' ACUM 

30 B(I,J) = B(I,J) - B(I,K) * ACUM 
C 

RETURN 
END 

C 
SUBROUTINE DPA (L, NL, NI NMAX, LPP2, IV, T I  Y, W p  ALF, ADA, ISEL, 

X IPRINT, A, U, I?, RNORM) 
C 
C COMPUTE T H E  NORB OF T H E  RESIDUAL (IF ISEL = 1 O R  21, O R  T H E  
C (N-L) X NL DERIVATIVE OF T H E  MODIFIED RESIDUAL (N-L) VECTOR 
C Q2*Y (IF ISEL = 1 O R  3 ) .  HERE Q i t  PHI = S, 1.E.p 
C 
C L ( Q 1 ) (  1 ( S  . R 1 .  F1 1 
C ( - - - -  1 ( PHI . Y . D(PH1) = ( - - -  . 1 -- ---- 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

N L 1 P L 1 P 

WHERE 4 IS N X N ORTHOGONAL, AND S IS L X L UPPER TRIANGULAR. 
THE NORM OF THE RESIDUAL NORM(R21, AND THE DESIRED DERIVATIVE 
ACCORDING TO REF. ( 5 1 ,  KS 

- 1  
D(Q2 * Y) = -42 * D(PHI)* S * Q 1 *  Y. 

..................................................................... 
DOUBLE PRECISION A(NMAX, LI’P2)r ALF(NL), T(NMAXt IV), W(N), Y(N), 

X ACUM, ALPHA, BETA, RNORM, DSIGN, DSQRT, SAVE, R(N), U(L), XNORM 
INTEGER FIRSTC, FIRSTR, INC(14, 8 )  
LOGICAL NOWATE, PHILPl 
EXTERNAL ADA 

C 
IF (ISEL .NE. 1 )  GO TO 3 

LP1 = L + 1 
LNL2 = L + 2 + N L  
LP2 = L + 2 
LPPl = LPP2 - 1 
FIRSTC = 1 
LASTC = LPPl 
FIRSTR = LP1 
CALL INIT(L, NL, N, NMAX, LPP2, IV, TI W, ALF, ADA, ISEL, 

X IPRINT, A, INC, NCON, NCONPl, PHILP1, NOWATE) 
IF (ISEL .NE. 1 )  G O  TO 9 9  
G O  TO 30 

C 

C 

3 CALL ADA ( L P 1 ~ N L , N ~ N M A X ~ L P P 2 ~ I V ~ A ~ I N C ~ T ~ A L F ~ M I N O ( I S E L ~ 3 ) )  
IF (ISEL .EQ. 2) G’O TO 6 

FIRSTC = LP2 
LASTC = LPPl 
FIRSTR = (4 - ISEL)*L + 1 
GO TO 50 

ISEL = 3 O R  4 

C 
6 FIRSTC = NCONPl 

LASTC = LPl 
IF (NCON .EQ. 0 )  GI0 TO 30 
IF ( A ( 1 ,  NCON) .EQ. SAVE) G O  TO 30 

ISEL = -7 
CALL VARERR (IPRINT, ISELr NCON) 
GO TO 99 

C 

C 

ISEL = 2 

ISEL = 1 OR 2 
30 IF (PHILPI) GO TO 40 

DO 35 I = 1, N 
35 R(1) = Y(1) 

GO TO 5 0  
40 DO 45 I = 1, N 
4 5 R(1) = Y(I) - R(1) 

50 IF (NOWATE) GO TO 58 

ACUM = W(1) 
DO 55 J = FIRSTC, LASTC 

WEIGHT APPROPRIATE COLUMN: 

DO 55 I = 1 ,  N 

55 A(I, J )  = A(I, J )  * ACUM 
C 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

COMPUTE ORTHOGONAL FACTORIZATIONS BY HOUSEHOLDER 
REFLECTIONS. IF ISEL = 1 OR 2, REDUCE PHI (STORED I N  THE 
FIRST L COLUMNS OF THE: MATRIX A )  T O UPPER TRIANGULAR FORM, 
(Q*PHI = SI, AND TRANSFORM Y (STORED I N  COLUMN L+l)r GETTING 
Q*Y = R. IF ISEL = 1 ,  ALSO TRANSFORM J = D PHI (STORED I N  
COLUMNS L+2 THROUGH L+P+I OF THE MATRIX A), GETTING Q*J = F. 
IF ISEL = 3 OR 4, PHI HAS ALREADY BEEN REDUCED, TRANSFORM 
ONLY J. S, Rt AND F OVERWRITE PHI, Y, AND JI RESPECTIVELY, 
AND A FACTORED FORM OF' Q IS SAVED I N  U AND THE LOWER 
TRIANGLE OF PHI. 

58 IF ( L  .EQ. 0 )  GO TO 7 5  
DO 70 K = 1 ,  L 

KPl = K + 1 
IF (ISEL .GE. 3 .OR. (1SE:L .EQ. 2 .AND. K .LT.NCONPl)) GO TO 66 

U(K) = A(K, K) + ALPHA 
A(K, K) = -ALPHA 
FIRSTC = KPl 
IF (ALPHA .NE. 0 . 0 )  GO TO 66 
ISEL = -8 

ALPHA = DSIGN(XNORM(N+I-K, A(K, K)), A(K, K)) 

CALL VARERR (IPRINT, ISELr K )  
GO TO 99 

APPLY REFLECTIONS TO COLUMNS 
FIRSTC TO LASTC. 

66 BETA = -A(K, K) * U(K) 
DO 70 J = FIRSTC, LASTC 

ACUM = U(K)*A(K, J )  
DO 68 I = KPlI N 

68 ACUM = ACUM + A(1, K)*A(I, J )  
ACUM = ACUM / BETA 

DO 70 I = KPl, N 
A(K,J) = A(K,J) - U(K)*ACUM 

70 A(I, J )  = A(I, J )  -* A(I, K)*ACUM 
C 

75 IF (ISEL .GE. 3 )  GO TO 85 
RNORM = XNORM(N-L, IR(LP1)) 
IF (ISEL .EQ. 2) GO TO 99 
IF (NCON .GT. 0 )  SAVE A(1, NCON) 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

F 2  IS NOW CONTAINED I N  ROWS L+1 TO N AND COLUMNS L+2 TO 
L+P+1 OF THE HATRIX A. NOW SOLVE THE L X L UPPER TRIANGULAR 
SYSTEM S*BETA = R 1  FOR THE LINEAR PARAMETERS BETA. BETA 
OVERWRITES Rl. 

85 IF (L .GT. 0 )  CALL BACSUB (EIMAX, L, A, R) 

MAJOR PART OF KAUFMANI'S SIMPLIFICATION OCCURS HERE. COMPUTE 
THE DERIVATIVE OF ETA WITH RESPECT TO THE NONLINEAR 
PARAMETERS 



8 8  

DO 9 5  I = FIRSTR, N 
IF ( L  .EQ. NCON) G O  TO 9 5  
M = LP1 
DO 90 K = 1 ,  N L  

ACUM = 0. 
DO 88 J = NCONPlr L 

IF (INC(K, J )  .EQ. 0 )  G O  TO 88 
M = M + 1  

CONTINUE 
ACUM = ACUM + A(I, MI * R(J) 

KSUB = LP1 + K 
IF (INCCK, LP1) .EQ. 0) G O  TO 90 
M = t l + l  

90 A(1, K SUB) = ACUM 
9 5  A(1, LNL2) = R(I) 

99 RETURN 
END 

ACUM = ACUM + A(I, MI 

C 

C 
SUBROUTINE INIT(L, N L ,  N, NNAX, LPP2, I V ,  TI W, ALF, ADA, ISEL, 

X IPRINT, A, INC, NCON, NCONPlr PHILP1, NOWATE) 
C 
C CHECK VALIDITY OF INPUT PARAMETERS, AND DETERMINE NUMBER OF 
C CONSTANT FUNCTIONS. 
C 
C ........................................ .......................... 
C 

DOUBLE PRECISION AtNMAX, LPP21, ALF(NL), T(NMAX, IV), W(N), 
X DSQRT 
INTEGER OUTPUT, PI INC(14, 8' )  
LOGICAL NOWATE, PHILPl 
DATA OUTPUT 1 6 1  

LP1 = L + 1 
LNL2 = L + 2 + N L  

IF ( L  .GE. 0 .AND. N L  .GE. 0 .AND. L + N L  .LT. N .AND. LNL2 .LE. 

C 

C CHECK FOR VALID INPUT 

X LPP2 .AND. 2*NL + 3 .LE. NNAX .AND. N .LE. NMAX .AND. 
X I V  .GT. 0 .AND. .NOT. (NL .EQ. 0 .AND. L .Ea. 0)) GO TO 1 

ISEL = -4 
CALL VARERR (IPRINT, ISEL,, 1 )  
G O  TO 99 

C 
1 IF ( L  .Ea. 0 .OR. NL .EQ. 0) GO TO 3 

DO 2 J = 1 ,  LP1 

2 INC(K, J )  = 0 

3 CALL ADA (LP1, NL, N p  NMAX, LPP2, I V ,  A I  INC, T I  ALP, ISEL) 

DO 2 K = 1 ,  NL 

C 

C 
NOWATE = .TRUE. 
DO 9 I = 1 ,  N 

NOWATE = NOWATE .AND. (W(1) .EQ. 1 . 0 )  
IF (W(1) .GE. 0 . 1  GO TO 91 

ERROR I N  WEIGHTS 
ISEL -6 
CALL VARERR (IPRINT, ISELIr I )  
GO TO 99 

9 W(1) = DSQRT(W(1)) 

C 



C 
NCON = L 
NCONP1 = LP1 
PHILPl = L .EQ. 0 
IF (PHILPl .OR. NL ,EQ. 0 )  GO TO 99 

C CHECK INC MATRIX FOR VALID INPUT AND 
C DETERMINE NUMBER OF CONSTANT FCNS. 

P = O  
DO 1 1  J = 1 ,  LPI 

IF (P .EQ. 0 )  NCQNPl = J 
DO 1 1  K = 1 ,  N L  

INCKJ = INCCK, J )  
IF (INCKJ .NE. 0 .AND. INCKJ .NE. 1 )  GO TO 15 
IF (INCKJ .EQ. 1 )  P = P + 1 

1 1  CONTINUE 
C 

NCON = NCONPl - 1 

IF (L+P+2 .EQ. LPP2) GO TO 20 
IF (IPRINT .GE. 0 )  WRITE (OUTPUT, 210) NCON 

C INPUT ERROR I N  INC MATRIX 
15 ISEL = -5 

CALL VARERR (IPRINT, ISEL, 1 )  
GO TO 99 

C DETERMINE IF PHI(L+l) IS I N  T H E  MODEL. 
20 DO 25 K = 1, N L  
25 IF (INCCK, LPl) .EQ. 1 )  PHILPl = .TRUE. 

99 RETURN 
C 

210 FORMAT (33HO NUMBER OF CONSTANT FUNCTIONS =, I4 1 )  
END 
SUBROUTINE BACSUB (NMAX, N, A S  X) 

C 
C BACKSOLVE THE N X N UPPER TRIANGULAR SYSTEM A*X = B. 
C THE SOLUTION X OVERWRITES THE RIGHT SIDE B. 
C 

DOUBLE PRECISION ACNMAX, N), X(N), ACUM 
C 

X(N) = X(N) / A(N, N )  
IF ( N  .EQ. 1 )  GO TO 30 
NPl = N + 1 
DO 20 IBACK = 2, N 

I = NP1 - IBACK 

IPl = I + 1 
ACUM = X( I )  
DO 10 J = IP1, N 

C I = N-1, N-2, ... , 2, 1 

10 ACUM = ACUM - A(I,J)*X;(J) 
20 X(1) = ACUM / A(I,I) 

30 RETURN 
END 

C 

SUBROUTINE POSTPR(L, NL, N, NMAX, LNL2, EPSI RNORMt IPRINT, ALFI 
X W, A, R, U, IERR) 

C 
C CALCULATE RESIDUALS, SAMPLE VARIANCE, AND COVARIANCE MATRIX. 
C ON INPUT, U CONTAINS INFORMATION ABOUT HOUSEHOLDER REFLECTIONS 
C FROM DPA. ON OUTPUT, IT CONTAINS THE LINEAR PARAMETERS. 
C 

DOUBLE PRECISION A(NMAX, LNL2)r ALF(NL), R(N), U(L), W(N), ACUM, 
X EPS, PRJRES, RNORM, SAVE, ElABS 



C 

INTEGER OUTPUT 
DATA OUTPUT / 6 /  

LPl = L + 1 
LPNL = LNL2 - 2 
L N L l  = LPNL + 1 
DO 10 1 = 1 ,  N 

10 W(1) = W(1)**2 
C 
C UNWIND HOUSEHOLDER TRANSFORMATIONS TO GET RESIDUALS, 
C AND MOVE THE LINEAR PARAMETERS FROM R TO U. 
C 

IF ( L  .EQ. 0 )  GO TO 30 
DO 25 KBACK = 1 ,  L 

K = LP1 - KBACK 
KP1 = K + 1 
ACUM = 0. 
DO 20 I = KPl, N 

SAVE = R(K) 
20 ACUM = ACUM + A(1, K )  * R(I) 

R(K) = ACUM / A(K, K) 
ACUM = -ACUM 1 CU(K) * A(K, K)) 
U(K) = SAVE 
DO 25 I = KPlr H 

25 R(1) = R(1) - A(I, K)*ACUM 

30 ACUM = 0. 

35 ACUM = ACUM + R ( I )  

C 

DO 35 I = 1 ,  N 

COMPUTE MEAN ERROR 

SAVE = ACUM / N 

THE FIRST L COLUMNS OF THE MATRIX HAVE BEEN REDUCED TO 
UPPER TRIANGULAR FORM I N  DPA. FINISH BY REDUCING ROWS 
L+l T O N AND COLUMNS L+2 THROUGH L+NL+l TO TRIANGULAR 
FORM. THEN SHIFT COLUMNS OF DERIVATIVE MATRIX OVER ONE 
TO THE LEFT TO BE ADJACENT TO THE FIRST L COLUMNS. 

IF (NL .EQ. 0 )  GO T O  4 5  
CALL ORFACl(NL+l, NMAX, Nr L, IPRINTr A(1, L+2), PRJRES, 4) 
DO 40 I = 1 ,  N 

A ( I I  LNL2) = R(I) 
DO 40 K = LPl, C N L l  

40 A(1, K) = A(I, K+1) 

4 5  A(1, LNL2) = RNORM 
C COMPUTE COVARIANCE MATRI> 

ACUM = RNORM*RNORMJ(N - L - N L )  
A(2, LNL2) = ACUM 
CALL COV(NMAX, LPNLI ACUM, A )  

C 
IF (IPRINT .LT. 0 )  GO TO 99 
WRITE (OUTPUT, 209) 
IF ( L  .GT. 0 )  WRITE (OUTPUT, 210) (U(J), J = 1 ,  L )  
IF ( N L  .GT. 0 )  W R I T E  (OUTPUT, 211) (ALF(K1, K = 1, NL) 
WRITE (OUTPUT, 214) RNORM, SAVE, ACUM 
IF (DABS(SAVE1 .GT. EPS) WRITE (OUTPUT, 215) 
WRITE (OUTPUT, 2 0 9 )  

99 RETURN 
C 

209 FORMAT (IHO, 50(1H')) 
210 FORMAT (20HO LINEAR PARAMETERS / /  (7E15.7)) 



211 FORMAT (23HO NONLINEAR PARAMETERS / /  (7E15.7)) 
214 FORMAT (21HO NORM OF RESIDIJAL =, E15.7, 33H EXPECTED ERROR OF OBS 

XERVATIONS = p  E15.7, f 39H ESTIMATED VARIANCE OF OBSERVATIONS = ,  
X E15.7 1 

X. COVARIANCE MATRIX MAY BE MEANINGLESS. f )  
215 FORMAT (95H WARNING -- EXPECTED ERROR OF OBSERVATIONS IS NOT ZERO 

END 
SUBROUTINE COV(NMAX, N, SIGMA2, A )  

C 
C COMPUTE THE SCALED COVARIANCE MATRIX OF THE L + N L  
C PARAMETERS. THIS INVOLVIES COMPUTING 
C 
C 2 - 1  -T 
C SIGMA * T * T 
C 
C WHERE THE ( L + N L )  X ( L + N L )  UPPER TRIANGULAR MATRIX T IS 
C DESCRIBED I N  SUBROUTINE POSTPR. THE RESULT OVERWRITES THE 
C FIRST L + N L  ROWS AND COLUMNS OF THE MATRIX A. THE RESULTING 
C MATRIX IS SYMMETRIC. SE:E REF. 7, PP. 67-70, 281. 
C 
C 
C 

C 

.................................................................. 
DOUBLE PRECISION A(NMAX, N)t SUM, SIGMA2 

DO 10 J = 1, N 
10 A(J, J )  = 1./A(J, J) 

C 
C INVERT T UPON ITSELF 
C 

IF ( N  .EQ. 1 )  G O  TO 7 0  
N M 1  = N - 1 
DO 6 0  I = 1 ,  NM1 

IPl = I + 1 
DO 60 J = IPlr N 

JM1 = J - 1 
SUM = 0. 
DO 50 M = I, JMl 

50 SUM = SUM + A(1, MI * A(M, J )  
6 0  A(I, J )  = -SUM * A(J, J )  

C 
C NOW FORM THE MATRIX PRODUCT 
C 

7 0  DO 90 I = 1 ,  N 
DO 90 J = I, N 

SUM = 0. 
DO 8 0  M = J p  N 

8 0  SUM = SUM + A ( I I  MI * A(Jt MI 
SUM = SUM * SIGMA2 
A(I, J )  = SUM 

90 A(J, I )  SUM 
C 

RETURN 
END 
S U B R O U T I N E  V A R E R R  ( I PRINT, I E R R ,  K )  

C 
C 
C 

PRINT ERROR MES$AGES 

INTEGER ERRNO, OUTPUT 
DATA OUTPUT 1 6 1  

C 



IF (IPRINT .LT. 0) GO TO 99 
ERRNO = IABSCIERR) 
GO TO ( 1 ,  2, 99, 4, 5 ,  6 ,  711 81 ,  ERRNO 

C 
1 WRITE (OUTPUT, 101) 

G O  TO 99 
2 WRITE (OUTPUT, 102) 

G O  TO 99 
4 WRITE (OUTPUT, 1 0 4 1  

GO TO 99 
5 WRITE (OUTPUT, 105) 

GO TO 99 
6 WRITE (OUTPUT, 1 0 6 )  K 

GO TO 99 
7 WRITE (OUTPUT, 107) K 

GO TO 99 
8 WRITE (OUTPUT, 1 0 8 )  K 

C 
99 RETURN 

101 FORMAT (46HO PROBLEM TERMINATED FOR EXCESSIVE ITERATIONS 11) 
102 FORMAT (49HO PROBLEM TERMINATED BECAUSE OF ILL-CONDITIONING 11) 

105 FORMAT (68HO ERROR -- INC MATRIX IMPROPERLY SPECIFIED, OR DISAGRE 
104 FORMAT ( 1  50H INPUT ERROR I N  PARAMETER L, NL, N p  LPP2, OR NMAX. 1) 

XES WITH LPP2. 1) 
106 FORMAT (19HO ERROR -- WEIGHT(, 14, 14H) IS NEGATIVE. 1) 
107 FORMAT (28HO ERROR -- CONSTANT COLUMN e 1 3 ,  37H MUST BE COMPUTED 

XONLY WHEN ISEL = 1 .  1) 

XE DOCUMENTATION. 1) 
108 FORMAT (33HO CATASTROPHIC .FAILURE -- COLUMN p 14, 28H IS ZERO, SE 

END 
DOUBLE PRECISION FUNCTION X:NORM(N, X) 

C 
C 

COflPUTE THE L 2  (EUCLIDEAN) NORM OF A VECTOR, MAKING SURE TO 
AVOID UNNECESSARY UNDERFLOWS. NO ATTEMPT IS MADE TO SUPPRESS 
OVERFLOWS. 

DOUBLE PRECISION XCN), R M A X ,  SUM, TERM, DABS, DSQRT 

FIND LARGEST ( I N  ABSOLUTE VALUE) ELEMENT 
RMAX = 0. 
DO 10 I = 1 ,  N 

IF (DABS(X(1)) ,GT. RMAX) RMAX = DABS(X(1)) 
10 CONTINUE 

SUM = 0. 
IF (RMAX .EQ. 0 . )  0 0  TO 30 
DO 20 I = 1 ,  N 

TERM = 0. 
IF (RMAX + DABSQX(1)) .NE. RMAX) TERM = X(I11RMAX 

C 

20 SUM = SUM + TERM*TERM 
C 

30 XNORM = RMAX*DSQRT(SUM) 
99 RETURN 

END 
//LKED.SYSLMOD DD D S N = W Y L . J E . C L J . S E T H ( M E L I S S A E , D I S P = O L D  



2 

2.000 
5.000 

DIMENSIONLESS NUMBER TRACER ARRIVAL TIME 
2.00000 0.200 

NUMBER OF OBSERVATIONS 

93 
INDEPENDENT VARIABLES DEPENDENT VARIABLES 

0.214 
0.297 
0.380 
0.464 
0.547 
0.630 
0.714 
0.797 
0.880 
0.964 
1.047 
1.130 
1.297 
1.380 
1.464 
1.547 
1.630 
1.714 
1.797 
1.880 
1.964 
2.047 
2.130 
2.214 
2.630 
2.714 
2.797 
2.880 
2.964 
3.047 
3.130 
3.214 
3.297 
3.380 
3.464 
3.547 
3.630 
3.714 
3.797 
3.880 
3.964 
4.047 

28.510 
2043.906 
7757.337 

10752.924 
9576.211 
8226.813 
7012.052 
5984.576 
5198.999 

4092.422 
3386.888 
2895.055 
27 27.387 
2606.242 
2446.038 
2321.840 
2194.641 
2078.807 
1973.313 
1890.512 
1792.964 
1615.511 
1280.402 
1232.835 
1187.192 
1145.455 
1111.014 
1079.655 
1044.407 
1002.250 
944.850 
909.742 

848.368 
817.099 
792.777 
769.525 
748.345 
751.802 
714.117 

1 o a 6 5 ~ 0 6  

4588.288 

879.628 

WAIRAKEI (31791 - CWK824 FROM WK107* 
NUMBER O F  NONLINEAR PARAMETERS 

INITIAL EST. OF NONLIN. PARAMETERS 



4.130 
4.214 
4.297 
4.380 
4.464 
4.630 
4.714 
4.797 
4.880 
4.964 
5.047 
5.130 
5.214 
5.297 
5.380 
5.464 
5.547 
5.630 
5.880 
5.964 
6.047 
6.130 
6.214 
6.297 
6.380 
6.630 
6.714 
6.797 
6.880 
6.964 
7.047 
7.130 
7.214 
7.297 
7.380 
7.464 
7.547 
7.630 
7.714 
7.797 
7.880 
8. 130 
8.380 
8.464 
8.547 
8.630 
8.880 
8.964 
9.047 
9.130 
9.214 

NUMBER OF CONSTANT FUNCTIONS = 

695.975 
658.868 
638.992 
618.845 
607.310 
572.912 
559.063 
543.320 
532.194 
517.672 
502.855 
491.666 
483.097 
469.851 
462.071 
450.761 
446.069 
432.668 
407.597 
397.611 
392.204 
380.086 
375.645 
369.281 
359.749 
345.746 
340.128 
338.155 
338.703 
333.483 
331.370 
317.503 
305.410 
300.365 
295.185 
292.692 
287.393 
284.710 
279.273 
275.762 
271.511 
263.995 
256.012 
249.844 
247.240 
244.606 
236.365 
234.30 1 
229.099 
225.334 
223.842 
0 

0 NORM OF RESIDUAL = 0.1280073D+05 
N U  = 0.1000000D+01 

ITERATION 1 NONLINEAR PARAMETERS 
0.1951013D+01 0.73068168D+Ol 

1 HORN OF RESIDUAL = 0.5307679D+04 
N U  = 0.5000000D+00 
NORMCDELTA-ALF) 1 NORMCALF) 0.305D+00 



ITERATION 2 NONLINIEAR PARAMETERS 
0.1790861D+01 0.6391822D+01 

1 NORM OF RESIDUAL = 0.4667214D+04 
NU = 0.2500000D+00 
NORMfDELTA-ALF) / NORM(ALF) = O.l4OD+00 

ITERATION 3 NONLIMEAR PARAMETERS 
0.1397078D+01 0.4619397D+01 

1 NORM OF RESIDUAL = 0,2752487D+04 
NU = 0.1250000D+00 
NORM(DELTA-ALF) 1 NOWM(ALF1 = 0.376D+00 

ITERATION 4 NONLINEAR PARAMETERS 
0.124251lD+Ol 0.4320153D+01 

1 NORM OF RESIDUAL =I 0.1722342D+04 
NU = 0.6250000D-01 
NORMCDELTA-ALF) 1 NORM(ALF) = 0.749D-01 

ITERATION 5 NONLINEAR PARAMETERS 
0.1249233D+Ol 0.4327062D+Ol 

1 NORM OF RESIDUAL =I 0.1716735D+04 
NU = 0.3125000D-01 
NORMtDELTA-ALF) / NORMtALF) = 0.214D-02 

ITERATION 6 NONLINEAR PARAMETERS 
O.l248118D+Ol 0.4323440D+Ol 

1 NORM OF RESIDUAL 8 0.1716674D+04 
N U  = 0.15625OOD-01 
NORMCDELTA-ALF) / NORMCALF) = 0.842D-03 

ITERATION 7 NONLINEAR PARAMETERS 
0.1248064D+Ol 0.432303lD+01 

1 NORM OF RESIDUAL * 0.1716672D+04 
N U  = 0.7812500D-02 
NORMCDELTA-ALF) / NORM(ALF1 = 0.916D-04 

ITERATION 8 NONLIHEAR PARAMETERS 
0.1248037D+01 0.4322911D+Ol 

1 NORM OF RESIDUAL * 0.1716672D+04 
NU = 0.3906250D-02 
NORM(DELTA-ALF) / NOBM(ALF) = 0.272D-04 

ITERATION 9 NONLIMEAR PARAMETERS 
0.1248032D+01 0.43228&8D+01 

1 NORM OF RESIDUAL * 0.1716672D+04 
N U  = 0.1953125D-02 
NORM[DELTA-ALF) / NORM(ALF1 = 0.5300-05 

ITERATION 10 NONLIHEAR PARAMETERS 
0.1248031D+01 0.4322883D+01 

1 NORM OF RESIDUAL * 0.1716672D+04 
NU = 0.9765625D-03 
NORM(DELTA-ALF) / NORM(ALF) = 0.121D-05 

ITERATION 1 1  NONLINEAR PARAMETERS 
0.1248031D+01 0.4322882D+Ol 

1 NORM OF RESIDUAL 0. 1716672D+04 
NU = 0.4882812D-03 
NORM(DELTA-ALF) / NORM(ALF1 0.258D-06 

ITERATION 12 NONLIhEAR PARAMETERS 
0.1248031D+01 0.4322881D+Ol 

1 NORM OF RESIDUAL t 0.1716672D+04 
NU = 0.2441406D-03 
NORMCDELTA-ALF) / NOkM(ALF1 0.564D-07 

~ ~ * l * l * ~ l o l l l ~ ~ ~ * ~ * * ~ l * * * * * l * l * * * ~ * * * * * * l l l * * * l l ~  

LINEAR PARAMETERS 

0.1655775D+05 
NONLINEAR PARAMETERS 



0.1248031D+01 0.4322881D+Ol 
NORM OF RESIDUAL = 0.1716672D+04 EXPECTED ERROR OF OBSERVATIONS = 0. 
ESTIMATED VARIANCE OF OiBSERVATIONS = 0.3274403D+05 

W A R N I N G  -- EXPECTED ERROlR OF OBSERVATIONS IS NOT ZERO. COVARIANCE MATR 

ACTUAL CALC CO~MPCl 

28.5100 0.0 0.0 
2043.9060 1380.2258 1380'.2258 
7757.3370 8667.5898 8667.5898 
10865.406010619.640610619.6406 
10752.924010097.242210097.2422 
9576.2110 9022.6719 9022.6719 
8226.8130 7926.6328 7926.6328 
7012.0520 6970.8984 6970.8984 
5984.5760 6158.7656 61581.7656 
5198.9990 5467.9453 5467.9453 
4588.2880 4893.8203 4893.8203 
4092.4220 4407.9609 4407.9609 
3386.8880 3634.8909 363111.8909 
2895.0550 3328.4558 33281.4558 
2727.3870 3058.7834 30581.7834 
2606.2420 2825.5759 2825.5759 
2446.0380 2620.0679 26201.0679 
2321.8400 2435.8870 2435.8870 
2194.6410 2273.8853 2273.8853 
2078.8070 2128.8738 2128.8738 
1973.3130 1997.0005 1999.0005 
1890.5120 1879.4253 1874.4253 

1615.5110 1674.8044 1674.8044 
1280.4020 1298.8887 12981.8887 
1232.8350 1239.8137 1239.8137 
1187.1920 1185.6943 118Y.6943 
1145.4550 1135.3857 113g.3857 
1111.0140 1087.9790 1087.9790 
1079.6550 1044.2793 1044.2793 
1044.4070 1003.4192 1004.4192 
1002.2500 964.7019 964.7019 
944.8500 928.8235 926.8235 
909.7420 895.1094 899.1094 
879.6280 863.0107 863.0107 
848.3680 833.1306 833.1306 
817.0990 804.9316 809.9316 
792.7770 777.9731 773.9731 
769.5250 752.7786 75t.7786 
748.3450 728.9126 726.9126 
751.8020 706.0134 704.0134 
714.1170 684.5388 684.5388 
695.9750 664.1294 661.1294 
658.8680 644.4846 649.4846 
638.9920 626.0051 624.0051 
618.8450 608.3909 6018.3909 
607.3100 591.3887 591.3887 
572.9120 560.0254 566.0254 
559.0630 545.1943 545.1943 
543.3200 531.1709 531.1709 

1792.961ro 1772.8572 177a.8572 

COMPt2 



5 3 2 . 1 9 4 0  5 1 7 . 7 3 7 8  5 1 7 . 7 3 7 8  
5 1 7 . 6 7 2 0  5 0 4 . 7 0 9 2  5 0 4 . 7 0 9 2  
5 0 2 . 8 5 5 0  4 9 2 . 3 6 2 8  4 9 2 . 3 6 2 8  
4 9 1 . 6 6 6 0  4 8 0 . 5 1 1 2  4 8 0 . 5 1 1 2  
4 8 3 . 0 9 7 0  4 6 8 . 9 9 2 9  4 6 8 . 9 9 2 9  
4 6 9 . 8 5 1 0  4 5 8 . 0 5 6 2  4 5 8 . 0 5 6 2  
4 6 2 . 0 7 1 0  4 4 7 . 5 3 7 4  4 4 7 . 5 3 7 4  
4 5 0 . 7 6 1 0  4 3 7 . 2 9 5 4  4 3 7 . 2 9 5 4  
4 4 6 . 0 6 9 0  4 2 7 . 5 5 2 7  4 2 7 . 5 5 2 7  
4 3 2 . 6 6 8 0  4 1 8 . 1 6 6 5  4 1 8 . 1 6 6 5  
4 0 7 . 5 9 7 0  3 9 1 . 8 7 0 8  3 9 1 . 8 7 0 8  
3 9 7 . 6 1 1 0  3 8 3 . 6 4 7 7  3 8 3 . 6 4 7 7  
3 9 2 . 2 0 4 0  3 7 5 . 8 0 1 0  3 7 5 . 8 0 1 0  
3 8 0 . 0 8 6 0  3 6 8 . 2 1 8 0  3 6 8 . 2 1 8 0  
3 7 5 . 6 4 5 0  3 6 0 . 7 9 9 8  3 6 0 . 7 9 9 8  
3 6 9 . 2 8 1 0  3 5 3 . 7 1 0 9  3 5 3 . 7 1 0 9  
3 5 9 . 7 4 9 0  3 4 6 . 8 5 1 1  3 4 6 . 8 5 1 1  
3 4 5 . 7 4 6 0  3 2 7 . 4 7 2 4  3 2 7 . 4 7 2 4  
3 4 0 . 1 2 8 0  3 2 1 . 3 6 2 5  3 2 1 . 3 6 2 5  
3 3 8 . 1 5 5 0  3 1 5 . 5 0 9 8  3 1 5 . 5 0 9 8  
3 3 8 . 7 0 3 0  3 0 9 . 8 3 2 3  3 0 9 . 8 3 2 3  
3 3 3 . 4 8 3 0  3 0 4 . 2 5 7 6  3 0 4 . 2 5 7 6  
3 3 1 . 3 7 0 0  2 9 8 . 9 1 1 6  2 9 8 . 9 1 1 6  
3 1 7 . 5 0 3 0  2 9 3 . 7 2 0 2  2 9 3 . 7 2 0 2  
3 0 5 . 4 1 0 0  2 8 8 . 6 1 7 2  2 8 8 . 6 1 7 2  
3 0 0 . 3 6 5 0  2 8 3 . 7 1 8 5  2 8 3 . 7 1 8 5  
2 9 5 , 1 8 5 0  2 7 8 . 9 5 6 8  2 7 8 . 9 5 6 8  
2 9 2 . 6 9 2 0  2 7 4 . 2 7 2 0  2 7 4 . 2 7 2 0  
2 8 7 . 3 9 3 0  2 6 9 . 7 7 0 0  2 6 9 ' . 7 7 0 0  
2 8 4 . 7 1 0 0  2 6 5 . 3 8 9 6  2 6 5 . 3 8 9 6  
2 7 9 . 2 7 3 0  26  1 . 0 7 6 2  26 1 . 0 7 6 2  
2 7 5 . 7 6 2 0  2 5 6 . 9 2 7 5  2 5 6 . 9 2 7 5  
2 7 1 . 5 1 1 0  2 5 2 . 8 8 7 4  2 5 2 ' . 8 8 7 4  
2 6 3 . 9 9 5 0  2 4 1 . 3 3 6 3  2 4 1 . 3 3 6 3  
2 5 6 . 0 1 2 0  2 3 0 . 6 3 8 3  2 3 0 . 6 3 8 3  
2 4 9 . 8 4 4 0  2 2 7 . 2 1 9 9  2 2 7 . 2 1 9 9  
2 4 7 . 2 4 0 0  2 2 3 . 9 2 4 3  2 2 3 . 9 2 4 3  
2 4 4 . 6 0 6 0  2 2 0 . 7 0 7 6  2 2 0 . 7 0 7 6  
2 3 6 . 3 6 5 0  2 1 1 . 4 6 9 5  2 1 1 . 4 6 9 5  

2 2 9 . 0 9 9 0  2 0 5 . 6 5 1 3  2 0 5 . 6 5 1 3  
2 2 5 . 3 3 4 0  2 0 2 . 8 5 8 1  2 0 2 . 8 5 8 1  
2 2 3 . 8 4 2 0  2 0 0 . 0 9 5 0  2001.0950 

2 3 4 . 3 0 1 0  2 0 8 . 5 0 9 2  2 0 8 1 . 5 0 9 2  

FRACTION DIMENSIONLEgS NUMBER 
1 . 0 0 0  1 . 2 4 8  

ARRIVAL T I N E  
0 . 2 3 1  
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10000 

8000 

6000 

4 000 

2000 

1 
- 

2 

t 

T 
3.0 4 6, 

l l  

TIME (DAYS) 



ADDendix C 

F i t t e d  Tracer R e t u r n  P r o f i l e s  





A p p e n d i x  B 

Computer Program and Sample O u t p u t  



//TRACER JOB 
// EXEC FORTCL 
//FORT.SYSIN DD * 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C PROGRAM BEGINS 
C 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C 

C 
C 

IMPLICIT REAL*8(A-B,D-H,O-Z) 

C SET DIMENSIONS FOiR VARPRO. BE CAREFUL WHEN SETTING THE 
C DIMENSIONS FOR TH'E INCIDENCE MATRIX INC. SEE NOTE. 
C 

DIMENSION Y ~ 4 0 0 ~ ~ T ~ 4 0 0 ~ ~ A L F ~ 1 4 ~ ~ B E T A ~ 7 ~ ~ W ~ 4 0 0 ~ ~ A ~ 4 0 0 ~ 1 3 ~ ~  
* I N C ~ 1 4 ~ 8 ~ ~ C ~ 4 O O ~ 8 ~ ~ C T I T L E ~ 2 O ~ ~ C T ~ 4 O O ~ ~ C Y ~ 4 O O ~ ~ D I M ~ 7 ~ ~ O U T ~ 7 ~  

C 
C 
C 
C 
C 

7 0  

71 
C 
C 
C 
C 
C 

12 
C 
C 
C 

SET PARAMETERS FOR VARPRO. 

EXTERNAL ADA 
IPLOT= 1 

NMAX = 4 0 0  
IPRINT= 1 

IF (IPLOT.EQ.1) CA8LL STARTG('GENIL*',O.O) 

READ DATA SEQUE~NTIAL ORDERING AND 
PROPER FORMATTI'NG ARE IMPORTANT. 

READ (5,701 CTITLE 
FORMAT ( 20A4 1 
WRITE (6,711 CTITLE, 
FORMAT (lHO,lOX,20A4) 

N L  IS THE NUMBER OF NONLINEAR PARAMETERS 

READ ( 5 , * )  NL 
WRITE(6,12) NL 
FORMAT (lHO,lOX,'N'UMBER OF NONLINEAR PARAMETERS'//(I3)) 

L IS THE NUMBER O;F LINEAR PARAMETERS 
C 
C 

L=NL/2 
C 
C 
C 
C 

ESTIMATES OF TFiE NONLINEAR PARAMETERS 



8 0  

21 

20 

C 
C 

C 
C 
C 
C 
C 
C 

35 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

6 0  

C 
C 
C 
C 
C 

1 
C 
C 

C 

11=2*1-1 
ALF(II)=DIM(I) 
ALF(II+l)=l./OUT(I) 
W R I T E ( ~ J ~ I ) ( A L F ( I ) P I = I J N L )  
PORMAT(IHO,IOX~'INITIAL EST. OF NONLIN. PARAMETERS*//(F7.3)) 
WRITE (6,201 (DIM(B),OUT(I),I=l,L) 
FORMAT ( / J * O  DIMEN$IONLESS NUMBER TRACER ARRIVAL TIME',/, 

$ ( 5 X ~ F 9 . 5 ~ 2 2 x ~ F 7 . 3 ) )  

LPP2=L+NL+2 

N IS THE NUMBER OF OBSERVATIONS 

READ(5,*) N 
WRITE(6P35) N 
FORMAT(/IHO,1OX,'NUMBER OF OBSERVATIONS*//(I4)) 

I V  IS THE NUMBER OF INDEPENDENT VARIABLES T 

I V =  1 

T IS THE INDEPENDENT VARIABLE 
Y IS THE N-VECTOR OF OBSERVATIONS 

W(1) ARE THE WEIGHTING PARAMETERS 

DO 1 I = l p N  
W(I)=l.O 

CALL VARPRO(L,NLpNpNMAX 
*IPRINTpALFpBETAtIERa) 

DEPENDENT VARIABLES'// 

J Y J W J A D A J A J  



13 FORMAT(IH0,' ACTUAL CALC COMPIC 1 COMPIC2',//) 
14 FORMAT (lX,8F10.4) 

C 
DO 22 I=l,L 
II=2*1-1 
DIM(I)=ALF(II) 

22 OUT(I)=l./ALF(II+l) 
SUM=O. 
DO 25 J = l , L  

25 SUM=SUM+BETA(J) 
DO 9 3  I=l,L 

93 BETA(I)=BETA(I)/SUM 
WRITE (6,381 (BETA(I),DIM(X),OUT(I),I=l,L) 

3 8  FORMAT ( / , ' O  FRACTION DIMENSIONLESS NUMBER A R R I V A L  TIME', 
# / , ( S X , F 7 . 3 , 5 X , F 7 . 3 , 2 2 X , F 7 . 3 ) )  

IF (IPLOT.NE.1) STOP 
CALL GRAPHG ('*',O,N,CT,CY,4,'TIME (DAYS)*', 

* 'CONCENTRATION (C/S)*',CTITLE) 
CALL LINESG ('SOLD,VBRT*',N,CT,C(l,LPl)) 
CALL EXITG 
STOP 
END 

C 
C 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C SUBROUTINES 
C 
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
C 
C 
C 
C 

SUBROUTINE ADA ( L P ~ t N L p N ~ N M A X p L P P 2 , I V I A I I N C I T I A L F , I S E L )  
IMPLICIT REAL*8(A-'H,O-Z) 
DIMENSION A L F ( N L ) ~ A ( N M A X , L P P 2 ) , T o r I N C ( l 4 ~ 8 ~ ~ D ~ 4 O O ~ 7 ~  

C 
C 
C 

L=LP-1 

1 
C 
C 
C 

THE INCIDENCE MATRIX INC(NL,L+l) IS FORMED BY SETTING 
INC(K,J)=l IF THE NONLINEAR PARAMETER ALF(K1 APPEARS 
I N  T HE J-TH FUNCTION PHICJ). (THE PROGRAM SETS A L L  OTHER 
INC(K,J) TO ZERO.) 

IF(ISEL.EQ.2) GO TO 90 
IF(ISEL.EQ.3) GO T O  165 
DO 1 J = l , L  
DO 1 K=l r N L  
INC(K,J)=O.O 
IF ((K+l)/2.EQ.J) INC(K,J)=I 
CONTINUE 

. o  
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9 0  

8 2  

C 
81 

C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
165 

C 
C 

171 

300 

C 

C 
170 

THE VECTOR-SAMPLED FUNCTIONS PHICJ) ARE STORED I N  
THE FIRST N ROWS AND FIRST L COLUMNS OF THE MATRIX 

J=l,L. THE CONSTANT FUNCTIONS PHI WHICH DO NOT 
DEPEND UPON ANY NONLINEAR PARAMETERS ALF MUST 
APPEAR FIRST. 

B(I,J). B(I,J) CONTAINS PHI(J,ALF;T(I),I, . . a  N; 

DO 81 I=l,N 
DO 81 J=l,L 
K1=2*J-1 
K2=2*J 
IF (ALF(K2)*T(I).GT.l.O) GO TO 8 2  
A(I,J)=O. 
D(I,J)=O. 
G O  TO 81 
A ( I , J ) = A L F ( K l ) * A L F ( K 2 ) / ( 1 . 7 7 2 4 5 3 8 5 1 *  

# (ALF(K2)*T(I)-l.O)**(l.5))* 
# DEXP(-1.*ALF(K1)*~2/(ALF(K2I*T(I)-l.O)) 

D(I,J)=A(I,J) 

CONTINUE 

IF (ISEL.EQ.2) GO TO 200 

DO 170 I=I,N 

DO 170 J=I,NL 
Kl=(J+1)/2 
K2=2*K1 
K3=K2-1 
JJ=L+J+l 
IF (ALF(K2)*T(I).GT.1.0) GO TO 171 
A(I,JJ)=O. 
GO TO 170 
IF ((J/2)*2.EQ.J) G O  TO 300 
A(I,JJ)=D(I,KI)*(l.O/ALF(K3) - 

# 2.O*ALF(K3)/(ALF(K2)*T(I)-l.O)) 
GO TO 170 
A(I~JJ)=D(I,Kl)*(l.O/ALF(K2)-1.5/(ALF(K2)*T(I)-l.O) * 

# T(I)+(ALF(K3)**2)*T(I)/((ALF(K2l*T(I)-1.)**2)) 

CONTINUE 

200 CONTINUE 
c 



RETURN 
END 
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SUBROUTINE VARPRO ( & ,  NL, N, NMAX, LPP2, IV, T, y ,  W, ADA, A, 
X IPRINT, ALF, BETA, IERR) 

GIVEN A S ET OF N rSSXPVATIONS, CONSISTING OF VALUES y(1), 
Y(2), ... P Y(N) OF A DEPENDENT VARIABLE Y, WHERE Y(1) 
CORRESPONDS TO T@E I V  INDEPENDENT VARIABLE(S1 T(I,l), T(I,2), 

SQUARES FIT TO A FUNCTION ETA (THE 'MODEL') WHICH 1s A LINEAR 
COMBINATION 

T(InIV), VARPRO ATTEMPTS TO COMPUTE A WEIGHTED LEAST 

L 
ETA(ALF, BETA; TI = SUM BETA * PHI (ALF; T) + PHI (ALF; T) 

J =  1 J J L+ 1 

OF NONLINEAR FUNCTIONS PHI(J) (E.G., A SUM OF EXPONENTIALS AND/ 
O R  GAUSSIANS). THAT IS, DE T E R M I N E  THE L I N E A R  PARAMETERS 
BETACJ) AND THE VECTOR OF NONLINEAR PARAMETERS ALF BY MINIMIZ- 
ING 

2 N 2 
NORMtRESIDUAL) = SUM W * (Y - ETA(ALF, BETA; T 1 )  . 

1 = 1  I I I 

THE (L+l)-ST TERV IS OPTIONAL, AND IS USED WHEN IT IS DESIRED 
TO FIX ONE OR MORE OF THE BETA'S (RATHER THAN LET THEM BE 
DETERMINED). VARPRO REQUIRES FIRST DERIVATIVES OF THE PHI'S. 

NOTES: 

A )  THE ABOVE PRDBLEM IS ALSO REFERRED TO AS 'MULTIPLE 
NONLINEAR REGRESSION'. FOR USE IN STATISTICAL ESTIMATION, 
VARPRO RETURNS THE RESIDUALS, THE COVARIANCE MATRIX OF THE 
LINEAR AND NONLIWEAR PARAMETERS, AND THE ESTIMATED VARIANCE OF 
THE OBSERVATIONS. 

B) A N  ETA OF THE ABOVE FORM IS CALLED 'SEPARABLE'. THE 
CASE OF A NONSEPARABLE ETA CAN BE HANDLED BY SETTING L = 0 
AND USING PHI(L+l). 

C )  VARPRO MAY ALSO BE USED TO SOLVE LINEAR LEAST SQUARES 
PROBLEMS ( I N  THAT CASE NO ITERATIONS ARE PERFORMED). SET 
N L  = 0. 

Dl THE MAIN ADWANTAGE OF VARPRO OVER OTHER LEAST SQUARES 
PROGRAMS IS THAT' NO INITIAL GUESSES ARE NEEDED FOR THE L I N E A R  

OFTEN LEADS TO PIASTER CONVERGENCE. 
PARAMETERS. NOT ONLY DOES THIS MAKE IT EASIER TO USE, BUT IT 

DESCRIPTION OF PARANETERS 
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L 
NL 
N 

IV 
T 

Y 
W 

INC 

NMAX 

LPP2 

A 

IPRINT 

ALF 

BETA 
IERR 

NUMBER OF LINEAR PARAMETERS BETA (MUST BE .GE. 0 ) .  
NUMBER OF NONLINEAR PARAMETERS ALF (MUST BE .GE. 0 ) .  
NUMBER OF OBSERVATIONS. N MUST BE GREATER THAN L + NL 

NUMBER OF PARAMETERS). 
NUMBER OF INDEPENDENT VARIABLES T. 
REAL N BY IV MATRIX OF INDEPENDENT VARIABLES. T(1, 3) 
CONTAINS THE VALUE OF THE I-TH OBSERVATION OF THE J-TH 
INDEPENDENT VARIABLE. 

N-VECTOR OF NONNEGATIVE WEIGHTS. SHOULD BE SET TO 1's 
IF WEIGHTS ARE NOT DESIRED. IF VARIANCES OF THE 
INDIVIDUAL OBSERVATIONS ARE KNOWN, W(1) SHOULD BE SET 
TO l./VARIANCE(I). 
NL X (L+1) INTEGER INCIDENCE MATRIX. INC(K, J) = 1 IF 

(1.E.P THE NUMBER OF OBSERVATIONS MUST EXCEED THE 

N-VECTOR OF OBSERVATIONS, ONE FOR EACH ROW OF T. 

NON-LINEAR PARAMETER ALF(K) APPEARS IN THE J-TH 
FUNCTION PHI(J). (THE PROGRAM SETS ALL OTHER INC(K, J )  
TO ZERO.) IF PHI(L+l) IS INCLUDED IN THE MODEL, 
THE APPROPRIATE ELEMENTS OF THE (L+l)-ST COLUMN SHOULD 
BE SET TO 1's. INC IS NOT NEEDED WHEN L = 0 OR NL = 0 .  
CAUTION: THE DECLARED ROW DIMENSION OF INC (IN ADA) 
MUST CUR~RENTLY BE SET TO 12. SEE 'RESTRICTIONS' BELOW. 
THE DECLARED ROW DIMENSION OF THE MATRICES A AND T. 
IT MUST BE AT LEAST MAXCN, 2*NL+3). 
L + P + ~ J  WHERE P I5 THE NUMBER OF ONES IN THE MATRIX INC. 
THE DECLARED COLUMN DIMENSION OF A MUST BE AT LEAST 
LPP2. (IF L = 0 ,  SET LPP2 = NL+2. IF NL = 0 ,  SET LPP2 
L+2.) 
REAL MATRIX OF SIZE MAXCN, 2*NL+3) BY L+P+2. ON INPUT 
IT CONTAIN5 THE PHI(J1'S AND THEIR DERIVATIVES (SEE 
BELOW). ON OUTPUT, THE FIRST L+NL ROWS AND COLUMNS OF 
A WILL C'ONTAIN AN APPROXIMATION TO THE (WEIGHTED) 
COVARIANICE MATRIX AT THE SOLUTION (THE FIRST L ROWS 
CORRESPO!ND TO THE LINEAR PARAMETERS, THE LAST NL TO THE 

WEIGHTED RESIDUALS CY - ETA), A(1, L+NL+2) WILL CONTAIN 
NONLINEAR ONES), COLUMN L+NL+l WILL CONTAIN THE 

THE (EUC:LIDEAN) NORM OF THE WEIGHTED RESIDUAL, AND 
A(2, L+N'L+2) WILL CONTAIN AN ESTIMATE OF THE (WEIGHTED) 
VARIANCE OF THE OBSERVATIONS, NORM(RESIDUAL)**2/ 
(N - L - NL). 
INPUT INTEGER CONTROLLING PRINTED OUTPUT. IF IPRINT If 

RESIDUAL, AND THE MARQUARDT PARAMETER WILL BE OUTPUT 
EVERY IPRINT-TH ITERATION (AND INITIALLY, AND AT THE 
FINAL ITERATION). THE LINEAR PARAMETERS WILL BE 
PRINTED AT THE FINAL ITERATION. ANY ERROR MESSAGES 
WILL ALSO BE PRINTED. (IPRINT = 1 IS RECOMMENDED AT 

BE PRINTED, AS WELL AS ANY ERROR MESSAGES. IF IPRINT = 

RESPONSIBLE FOR CHECKING THE PARAMETER IERR FOR ERRORS. 
NL-VECTOR OF ESTIMATES OF NONLINEAR PARAMETERS 
(INPUT). ON OUTPUT IT WILL CONTAIN OPTIMAL VALUES OF 
THE NONLINEAR PARAMETERS. 
L-VECTOR OF LINEAR PARAMETERS (OUTPUT ONLY). 
INTEGER ERROR FLAG (OUTPUT): 
.GT. 0 - SUCCESSFUL CONVERGENCE, IERR IS THE NUMBER OF 
- 1  TERMINATED FOR TOO MANY ITERATIONS. 
-2 TERMINATED FOR ILL-CONDITIONING (MARQUARDT 

POSITIVE:, THE NONLINEAR PARAMETERS, THE NORM OF THE 

FIRST.) IF IPRINT = 0 ,  ONLY THE FINAL QUANTITIES WILL 

- 1 ,  NO PRINTING WILL BE DONE. THE USER IS THEN 

ITERATIONS TAKEN. 
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PARAiMETER TOO LARGE.) ALSO S E E  IERR = -8 BELOW. 
-4 INPUT ERROR I N  PARAMETER N, L, NL, LPP2J OR N M A X .  
- 5  INC MATRIX IMPROPERLY SPECIFIED, OR P DISAGREES 

WITH LPP2. 
-6 A WEIGHT WAS NEGATIVE. 
-7 'CONISTANT' COLUMN WAS COMPUTED MORE THAN ONCE. 
-8  CATASTROPHIC FAILURE - A COLUMN OF THE A MATRIX HAS 

BECOME ZERO. S E E  'CONVERGENCE FAILURES' B E L O W .  

(IF IERR .LE. - 4 ~  THE LINEAR PARAMETERS, COVARIANCE 
MATRIX, ETC. ARE NOT RETURNED.) 

SUBROUTINES REQUIRED 

NINE SUBROUTINES, DPA:, ORFAClr ORFAC2, BACSUBP POSTPR, COVp 
XNORMJ INIT, AND VARERR ARE PROVIDED. I N  ADDITION, THE USER 
MUST PROVIDE A SNUBROUTINE (CORRESPONDING TO THE ARGUMENT ADA) 
WHICH, GIVEN ALFJ WILL EVALUATE THE FUNCTIONS PHI(J) AND THEIR 
PARTIAL DERIVATIVES D PHI(J)/D ALF(K), AT THE SAMPLE POINTS 
"(I). THIS ROUTINE MUST BE DECLARED 'EXTERNAL' I N  THE CALLING 
PROGRAM. ITS CALLING SEQUENCE IS 

SUBROUTINE ADA ( L + ~ J  N L ,  Nt NMAXP LPP2, IV ,  A, INC, T, ALF, 
ISEL) 

THE USER SHOULD MODIFY THE EXAMPLE SUBROUTINE 'ADA' (GIVEN 
ELSEWHERE) FOR HIS O W N  FUNCTIONS. 

THE VECTOR SAIMPLED FUNCTIONS PHI(J) SHOULD BE STORED I N  THE 
FIRST N ROWS AND' FIRST L+l COLUMNS OF THE MATRIX A, I.E.8 
A ( I J  J )  SHOULD ClONTAIN PHI(JI ALF; T(I,l), T(IJ21, . . .  ) 
T ( I ~ 1 V ) ) ~  I = 1, . . .  J N; J = 1 ,  . . .  t L (OR L+1). T HE (L+I)-ST 
COLUMN OF A CONTAINS PHI(L+l) IF PHI(L+l) IS I N  THE MODEL, 
OTHERWISE IT IS RESERVED FOR WORKSPACE. THE 'CONSTANT' FUNC- 
TIONS (THESE ARE FUNCTIONS PHICJ) WHICH DO NOT DEPEND UPON ANY 
NONLINEAR PARAMETERS ALF:, E.G., T(I)**J) (IF ANY) MUST APPEAR 
FIRST, STARTING IN COLUMN 1 .  THE COLUMN N-VECTORS OF NONZERO 
PARTIAL DERIVATIVES D PHI(J) 1 D ALF(K) SHOULD BE STORED 
SEQUENTIALLY I N  THE MATRIX A IN COLUMNS L+2 THROUGH L+P+I. 
THE ORDER IS 

D PHI(1) D PHI(2) D PHICL) D PHI(L+I) D PHI(1) -------- 
J -------- , ,.., -------- ---------- 

J - - - - - - - - J  

D ALF(1) D ALsF(1) D ALF(1) D ALF(1) D ALF(2) 

D PHI(21 D PHI(L+l) D PHI(1) D PHI(L+l) 

D ALF(2) D ALF(2) D ALFCNL) D ALF(NL) 
-------- ..., -------I-- , . . . )  --------- . , , )  ---------- 

OMITTING COLUMNS OF DERIVATIVES WHICH ARE ZERO, AND OMITTING 
PHI(L+l) COLUMNS IF PHI(L+l) IS NOT IN THE MODEL. NOTE THAT 
THE LINEAR PARAMETERS BETA ARE NOT USED IN THE MATRIX A. 
COLUMN L+P+2 IS RESERVED FOR WORKSPACE. 

THE CODING OF ADA SHOULD BE ARRANGED SO THAT: 

ISEL = 1 (WHICH OCCURS THE FIRST TIME ADA IS CALLED) MEANS: 
A .  FILL I N  THE INCIDENCE MATRIX INC 
B. STORE ANY CONSTANT PHI'S I N  A. 
C. COMPUTE NONCONSTANT PHI'S AND PARTIAL DERIVA- 
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TIVES. 
= 2 MEANS COMPUTE ONLY THE NONCONSTANT FUNCTIONS PHI 
= 3 MEANS COMPUTE ONLY THE DERIVATIVES 

(WHEN THE PROBLEM IS LINEAR ( N L  = 0 )  ONLY ISEL = 1 IS USED, AND 
DERIVATIVES ARE NOT NEEDED.) 

RESTRICTIONS 

THE SUBROUTINES DPA, INIT (AND ADA) CONTAIN THE LOCALLY 
DIMENSIONED MATRIX INCI WHOSE DIMENSIONS ARE CURRENTLY SET FOR 
MAXIMA OF L+l = 8, N L  = 1 2 .  THEY MUST BE CHANGED FOR LARGER 
PROBLEMS. DATA PLACED I N  ARRAY A IS OVERWRITTEN (*DESTROYED*). 
DATA PLACED I N  ARRAYS T, Y AND INC IS LEFT INTACT. THE PROGRAH 
RUNS I N  WATFIV, $XCEPT WHEN L = 0 OR NL = 0. 

IT IS ASSUMED THAT THE MATRIX PHI(J, ALF; T(I)) HAS FULL 
COLUMN RANK. THIS MEANS THAT THE FIRST L COLUMNS OF THE MATRIX 
A MUST BE LINEARCY INDEPENDENT. 

OPTIONAL NOTEt AS W I L L  BE NOTED FROM THE SAMPLE SUBPROGRAM 
ADA, THE DERIVATIVES D PHI(J)/D ALF(K1 (ISEL = 3 )  MUST BE 
COMPUTED INDEPENDENTLY OF THE FUNCTIONS PHI(J) (ISEL = 2 1 ,  
SINCE THE FUNCTION VALUES ARE OVERWRITTEN AFTER ADA IS CALLED 
WITH ISEL = 2. THIS IS DONE TO MINIMIZE STORAGE, AT THE POS- 
SIBLE EXPENSE OF SOME RECOMPUTATION (SINCE THE FUNCTIONS AND 
DERIVATIVES FREQUENTLY HAVE SOME COMMON SUBEXPRESSIONS). TO 
REDUCE THE AMOUNT OF COMPUTATION AT THE EXPENSE OF SOHE 
STORAGE, CREATE A MATRIX B OF DIMENSION NMAX BY L + l  I N  ADA, A N D  
A F T E R  THE COMPUTATION OF THE PHI'S (ISEL = 21, COPY THE V A L U E S  
INTO B. THESE VALUES CAN THEN BE USED TO CALCULATE THE DERIV- 
ATIVES (ISEL = 3 ) .  (THIS MAKES USE OF THE FACT THAT WHEN A 
CALL TO ADA WITH ISEL = 3 FOLLOWS A CALL WITH ISEL = 2, THE 
ALFS ARE THE SAM$.) 

TO CONVERT TO OTHER MACHINES, CHANGE THE OUTPUT UNIT I N  THE 
DATA STATEMENTS I N  VARPRO, DPA, POSTPR, AND VARERR. THE 
PROGRAM HAS BEEN CHECKED FOR PORTABILITY BY THE BELL LABS PFORT 

MAY BE DESIRABLE TO CONVERT TO SINGLE PRECISION. THIS CAN BE 
DONE BY CHANGING ( A )  THE DECLARATIONS *DOUBLE PRECISION* TO 
'REAL', ( B )  THE PATTERN '.D* TO *.E' IN THE 'DATA' STATEMENT IE. 

RESPECTIVELY, AND (Dl DEXP TO EXP IN THE SAMPLE PROGRAMS ONLY. 

VERIFIER. FOR MACHINES WITHOUT DOUBLE PRECISION HARDWARE, IT 

VARPRO, (C) DSIGN, DSQRT AND DABS TO SIGN, SQRT AND ABS, 

NOTE ON INTERPRETATION OF COVARIANCE MATRIX 

FOR USE I N  STLTISTICAL ESTIMATION (MULTIPLE NONLINEAR 
REGRESSION) VARPRO RETURNS THE COVARIANCE MATRIX OF THE LINEAR 
AND NONLINEAR PARAMETERS. THIS MATRIX WILL BE USEFUL ONLY IF 

ERRORS I N  THE OBbERVATIONS ARE INDEPENDENT AND NORMALLY DISTRI- 
BUTED, WITH MEAN ZERO AND THE SAME VARIANCE. IF THE ERRORS DO 

WARNING MESSAGE (UNLESS IPRINT .LT. 0 )  AND THE COVARIANCE 
MATRIX WILL NOT :BE VALID. I N  THAT CASE, THE MODEL SHOULD B E  
ALTERED TO INCLU'DE A CONSTANT TERM (SET PHI(1) = 1 . ) .  

THE USUAL STATISTICAL ASSUMPTIONS HOLD: AFTER WEIGHTING, THE 

NOT HAVE MEAN ZE~RO (OR ARE UNKNOWN), THE PROGRAM WILL ISSUE A 

NOTE ALSO THAT, I N  ORDER FOR THE USUAL ASSUMPTIONS TO HOLD, 
THE OBSERVATIONS MUST A L L  BE OF APPROXIMATELY THE SAME 
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MAGNITUDE ( I N  THE ABSENCE OF INFORMATION ABOUT THE ERROR OF 
EACH OBSERVATION), OTHERWISE THE VARIANCES WILL NOT BE THE 
SAME. IF THE OB'SERVATIONS ARE NOT THE SAME SIZE, THIS CAN BE 
CURED BY WEIGHTING. 

IF THE USUAL ASSUMPTIONS HOLD, THE SQUARE ROOTS OF THE 
DIAGONALS OF THE COVARIANCE MATRIX A GIVE THE STANDARD ERROR 
S(1) OF EACH PARIAMETER. DIVIDING A(I,J) BY S(I)*S(J) YIELDS 
THE CORRELATION hATRIX OF THE PARAMETERS. PRINCIPAL AXES AND 
CONFIDENCE ELL1P:SOIDS CAN BE OBTAINED BY PERFORMING A N  EIGEN- 
VALUE/EIGENVECTOlR ANALYSIS ON A. ONE SHOULD CALL THE EISPACK 
PROGRAM TRED2, FlOLLOWED BY TQL2 (OR USE THE EISPAC CONTROL 
PROGRAM). 

CONVERGENCE FAILURES 

IF C0NVERGENC;E FAILURES OCCUR, FIRST CHECK FOR INCORRECT 
CODING OF THE SU'BROUTINE ADA. CHECK ESPECIALLY THE ACTION OF 
ISEL, AND THE CO'MPUTATION OF THE PARTIAL DERIVATIVES. IF THESE 
ARE CORRECT, TRY SEVERAL STARTING GUESSES FOR ALF. IF ADA 
IS CODED CORRECT'LY, AND IF ERROR RETURNS IERR = -2 OR -8 
PERSISTENTLY OCC!UR, THIS IS A SIGN OF ILL-CONDITIONING, WHICH 
NAY BE CAUSED BY' SEVERAL THINGS. ONE IS POOR SCALING OF THE 
PARAMETERS; ANOTlHER IS A N  UNFORTUNATE INITIAL GUESS FOR THE 
PARAMETERS, STILL ANOTHER IS A POOR CHOICE OF THE MODEL. 

ALGORITHM 

THE RESIDUAL R IS MODIFIED TO INCORPORATE, FOR ANY FIXED 
ALF, THE OPTIMAL LINEAR PARAMETERS FOR THAT ALF. IT IS THEN 
POSSIBLE TO MINI'MIZE ONLY ON THE NONLINEAR PARAMETERS. AFTER 
THE OPTIMAL VALUIES OF THE NONLINEAR PARAMETERS HAVE BEEN DETER- 
MINED, THE LINEA'R PARAMETERS CAN BE RECOVERED BY LINEAR LEAST 
SQUARES TECHNIQUES (SEE REF. 1 ) .  

THE MINIMIZA'fION IS BY A MODIFICATION OF OSBORNE'S (REF. 3 )  
MODIFICATION OF THE LEVENBERG-MARQUARDT ALGORITHM. INSTEAD OF 
SOLVING THE NORMAL EQUATIONS WITH MATRIX 

T 2 
( J  J + NU * Dl, WHERE J = D(ETA)/D(ALF), 

STABLE ORTHOGON&L (HOUSEHOLDER) REFLECTIONS ARE USED ON A 
MODIFICATION OF THE MATRIX 

( J )  
(------ I ,  
( NU*D 1 

WHERE D IS A DIAGONAL MATRIX CONSISTING OF THE LENGTHS OF THE 
COLUMNS OF J. VHIS MARQUARDT STABILIZATION ALLOIJS THE ROUTINE 
TO RECOVER FROM SOME RANK DEFICIENCIES I N  THE JACOBIAN. 
OSBORNE'S EMPIRZCAL STRATEGY FOR CHOOSING THE MARQUARDT PARAM- 
ETER HAS PROVEN REASONABLY SUCCESSFUL IN PRACTICE. (GAUSS- 
NEWTON WITH STEP CONTROL CAN BE OBTAINED BY MAKING THE CHANGE 
INDICATED BEFORB THE INSTRUCTION LABELED 5 ) .  A DESCRIPTION CAI 
BE FOUND I N  REF., (31, A N D  A FLOW CHART IN (21, P. 22. 

FOR REFERENCE, SEE 

1. GENE H. GOLUB AND V. PEREYRA, 'THE DIFFERENTIATION OF 



C PSEUDO-INVERBES AND NONLINEAR LEAST SQUARES PROBLEMS WHOSE 
C VARIABLES SEPARATE,' SIAM J. NUMER. A N A L .  10, 413-432 
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C COMM. ACM 17, PP. 167-169 (MARCH, 19741. 
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C SEPARABLE NONLINEAR LEAST SQUARES PROBLEMS', B.I.T. 15, 
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C COBPUTER SCIENCE DEPT., SERRA HOUSE 
C STANFORD UNIVERSITY 
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2 . - - - - - - , SAME TITLE, STANFORD C.S. REPORT 72-261, FEB. 1972. 

.................................................................. 
DOUBLE PRECISION A(hMAX, LPP21, BETA(L1, ALF(NL1, T(NMAX, IV), 

2 W(N), Y(N), ACUM, €PSI, GNSTEP, NU, PRJRES, R, RNEW, XNORM 
INTEGER B1, OUTPUT 
LOGICAL SKIP 
EXTERNAL ADA 
DATA EPSl /1.D-6/, ITMAX / 5 0 / ,  OUTPUT /6/ 

C 
C THE FOLLOWING TWO PARAMETERS ARE USED IN THE CONVERGENCE 
C TEST: EPSl IS A N  ABSOLUTE AND RELATIVE TOLERANCE FOR THE 
C NORM OF THE PROJECTION OF THE RESIDUAL ONTO THE RANGE OF THE 
C JACOBIAN OF THE VARIABLE PROJECTION FUNCTIONAL. 
C ITMAX IS THE HAXIMUM NUMBER OF FUNCTION AND DERIVATIVE 
C EVALUATIONS ALLOWED. CAUTION: EPSl MUST NOT BE 
C SET SMALLER THAN 10 TIMES THE UNIT ROUND-OFF OF THE MACHINE. 
C 

IERR = 1 
ITER = 0 
LP1 = L + 1 
B l = L + 2  
LNL2 = L + N L  + 2 
NLPl = N L  + 1 
SKIP = .FALSE. 
MODIT = IPRINT 
IF (IPRINT .LE. 0 )  MODIT = ITMAX + 2 
NU = 0. 

NU = 1 .  
C IF GAUSS-NEWTON IS DESIRED REMOVE THE NEXT STATEMENT. 

C 
C BEGIN OUTER ITERATION LOOP TO UPDATE ALF. 
C CALCULATE %HE N O R M  OF THE RESI D U A L  A N D  THE D E R I V A T I V E  OF 
C THE MODIFIED RESIDUAL THE FIRST TIME, BUT ONLY THE 
C DERIVATIVE I N  SUBSEQUENT ITERATIONS. 
C 

5 CALL DPA (L, NL, N, NMAX, LPP2, IV, T I  Y ,  W ,  ALF, ADA, IERR, 
X IPRINT, A, BETA, A(1, LPI), R )  



C 

C 
C 
C 
C 

C 

GNSTEP = 1.0 
ITERIN = 0 
IF (ITER .GT. 0 )  GO TO 10 

IF ( N L  .EQ. 0 )  GO TO 9 0  
IF (IERR .NE. 1 )  G O TO 9 9  

IF (IPRINT .LE. 0 )  GO TO 10 
WRITE (OUTPUT, 207) ITERIN, R 
WRITE (OUTPUT, 200) NU 

BEGIN TWO-STAGE ORTHOGONAL FACTORIZATION 
10 CALL ORFACI(NLP1, NHAX, Nt L, IPRINT, A(1, BI), PRJRES, IERR) 

IF (IERR .LT. 0) GO TO 99 
IERR = 2 
IF (NU .EQ. 0 . 1  GO TO 30 

25 

30 

35 

40 
X 

45 

50 

55 

C 
e n  

BEGIN INNER ITERATION LOOP FOR GENERATING NEW ALF AND 
TESTING IT FOR ACCEPTANCE. 

CALL ORFAC2(NLPlp NMAX, NU, A(1, B1)) 

SOLVE A N L  X N L  UPPER TRIANGULAR SYSTEM FOR DELTA-ALF. 
THE TRANSFORMED RESIDUAL ( I N  COL. LNL2 OF A )  IS OVER- 
WRITTEN BY THE RESULT DELTA-ALF. 

CALL BACSUB ( N M A X ,  NL, A(1, Bl), A(1, LNL2)) 
DO 35 K = 1 ,  N L  

A(K, B I )  = ALF(K) + A(K, LNL2) 
NEW ALFCK) = ALF(K) + DELTA ALFCK) 

STEP TO THE NEW POINT NEW ALF, AND COMPUTE THE NEM 
NORM OF RESIDUAL. NEW ALF IS STORED I N  COLUMN B 1  OF A. 

CALL DPA (L ,  N L ,  N p  NMAX, LPP2, IV, TI Y, Wt A(1, BI), ADA, 
IERR, IPRINT, A t  BETA, A(1, LPI), RNEW) 
IF (IERR .NE. 2 )  GO TO 99 
ITER = ITER + 1 
ITERIN = ITERIN + 1 

IF (SKIP) G O  TO 45 
SKIP = MODCITER, MODIT) .NE. O 

WRITE (OUTPUT, 203) ITER 
WRITE (OUTPUT, 216) (A(K, BI), K = 1 ,  N L )  
WRITE (OUTPUT, 207) ITERIN, RNEW 

IF (ITER .LT. XTHAX) GO TO 50 
IERR = - 1  
CALL VARERR (IPRINT, IERR, 1 )  
GO TO 95 

IF (RNEW - R .LT. EPSl*(R + 1.DO)) GO TO 7 5  

RETRACT THE STEP JUST TAKEN 

IF ( N U  .NE. 0 . 1  G O  TO 60 

GNSTEP = 0.5*GNSTEP 
IF (GNSTEP .L:T. EPSl) GO TO 9 5  

GAUSS-NEWTON OPTION ONLY 

DO 55 K = 1 ,  NL 
A(K, B 1 )  = ALF(K) + GNSTEP*A(K, LNL2) 

GO TO 40 

N U  = 1.5*NU 
ENLARGE THE MARQUARDT PARAMETE! 



C 
C 

65 

7 0  

C 
C 
C 

7 5  

8 0  
C 

C 
C 
C 
C 

8 5  

IF (.NOT. SKIP) WRITE (OUTPUT, 206) NU 
IF ( N U  .LE. 1 0 0 . )  GO TO 6 5  

IERR = -2 
CALL VARERR (IPRINT, IERR, 1 )  
G O  TO 95 

RETRIEVE UPPER TRIANGULAR FORM 
AND RESIDUAL OF FIRST STAGE. 

DO 7 0  K = 1 ,  N L  
KSUB = LP1 + K 
DO 7 0  J = Y,, NLPl 

JSUB = LPl + J 
ISUB = NLPl + J 
A(K, JSUB) = ACISUB, KSUB) 

GO TO 25 
END OF INNER ITERATION LOOP 

ACCEPT THE STEP JUST TAKEN 

R = RNEW 
DO 80 K = 1, N L  

ALFCK) = A(K, B1) 
CALC. NORMCDELTA ALF)/NORM(ALF) 

ACUM = GNSTEP*XNORIY(NL, A(1, LNL2))/XNORM(NL, ALF) 

IF ITERIN IS GREATER THAN 1 ,  A STEP WAS RETRACTED DURING 
THIS OUTER ITERATION. 

IF (ITERIN .EQ. 1 )  NU = 0.5*NU 
IF (SKIP) GO TO 85 

WRITE (OUTPUT, 200) N U  
WRITE (OUTPUT, 208) ACUM 

IERR = 3 
IF (PRJRES .GT. EPSl*(R + 1.DO)) GO TO 5 

END OF OUTER ITERATION LOOP 

CALCULATE FINAL QUANTITIES -- LINEAR PARAMETERS, RESIDUALS, 
COVARIANCE MA'TRIX, ETC. 

90 IERR = ITER 
9 5  IF ( N L  .GT. 0 )  CALL DPA(L, NL, N I  NMAX, LPP2, I V ,  T, Y, W, ALP, 

X ADA, 4, IPRINT, A, BETA, A(1, LPI), R )  
CALL POSTPR(L, N L ,  N, NMAX, LNL2, EPSl, R s  IPRINT, ALF, W ,  A, 

X A(1, LPI), BETA, IERR) 
99 RETURN 

C 
200 FORMAT (9H NU E15.7) 

206 FORMAT (25H STE'P RETRACTED, N U  =, E15.7) 

208 FORMAT (34H NORM(DELTA-ALF) / NORM(ALF1 E12.3) 

203 FORMAT (12HO ITERATION, 14, 24H NONLINEAR PARAMETERS) 

207 FORMAT (11I0, 15, 20'H NORM OF RESIDUAL =, E15.7) 

216 FORMAT (IHOI 7E15.7) 
END 

C 
SUBROUTINE ORFACl(NLP1, NMAX, N, L, IPRINT, B, PRJRES, IERR) 

C 
C STAGE 1: HOUSEHOLDER REDUCTION OF 
C 
C ( 1 ( DR'. R3 1 N L  
C ( DR . R2 1 TO (----. -- 1 ,  
C ( 1 ( 0 . R4 1 N-L-NL 
C 



C NL 1 NL 1 
C 
C WHERE DR = -D(Q$?)*Y IS THE DERIVATIVE OF THE MODIFIED RESIDUAL 
C PRODUCED BY DPAp R2 IS THE TRANSFORMED RESIDUAL FROM DPA, AND 
C DR' I S  IN UPPER TRIANGULAR FORM (AS IN REF. ( 2 1 ,  P. 18 ) .  
C DR I S  STORED IN ROWS L+1 T O  N AND COLUMNS L+2 TO L + NL + 1 O F  
C T H E  MATRIX A (1.E.B COLUMNS 1 T O  NL OF T H E  MATRIX B). R2 I S  
C STORED IN COLUMN L + NL + 2 OF THE MATRIX A (COLUMN N L  + 1 OF 
C B). FOR K = 1 ,  2 ,  ... , NLp FIND REFLECTION I - U * U' / BETA 
C WHICH ZEROES B(I, K), I = L+K+l, ... 8 N. 
C 
C .................................................................. 
C 

DOUBLE PRECISION ACUM, ALPHAS B(NMAX8 NLPl), BETA, DSIGN, PRJRES, 
X U, XNORH 

C 
NL = NLPl - 1 
NL23 = 2*NL + 3 
LP1 = L + 1 

DO 30 K = 1 ,  NL 
C 

LPK = L + K 
ALPHA = DSIGN(XNORM(N+I-LPK, B(LPK, K)), B(LPK, K)) 
U = B(LPK, K) + ALPHA 
BCLPK, K) = U 
BETA = ALPHA * U 
IF (ALPHA .NE. 0 . 0 )  GO TO 13 

C COLUMN W A S  ZERO 
IERR = -8 
CALL VARERR (IPRENT, IERR, LPI + K) 
GO T O  99 

C APPLY REFLECTIONS T O  REMAINING COLUMNS 
C OF B AND TO RESIDUAL VECTOR. 

13 KP1 = K + 1 
DO 25 J KPl, NLPl 

ACUM = 0.0 
DO 20 I LPKI N 

20 ACUM = ACUM + B(I, K) * B ( I ,  J) 
ACUM = ACUM / BETA 
DO 25 I = LPKt N 

25 B(I, J) = B ( I S  J )  - B(I, K) * ACUM 
30 BCLPK, K) = -ALPHA 

C 
PRJRES = XNORM(NL, B(LP1r NLP1)) 

C 
C SAVE UPPER TRXANGULAR FORM AND TRANSFORMED RESIDUAL, FOR USE 
C IN CASE A STEP IS RETRACTED. ALSO COMPUTE COLUMN LENGTHS. 
C 

IF (IERR .EQ. 4) G O  TO 99 
DO 5 0  K = 1 ,  NL 

LPK = L + K 
DO 40 J = K, NLPl 

JSUB = NLPl + J 
B(K, J )  = B(LPK, J )  

40 BCJSUB, K) = B(LPK, J )  
50 B(NL23, K )  = XhORM(K, B(LP1, K)) 

99 RETURN 
END 

C 

C 



SUBROUTINE ORFAC2(NLPlr NMAX, NU, B )  
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

STAGE 2: SPECIAL HOUSEHOLDER REDUCTION OF 

NL 1 N L  1 

WHERE DR', R3, A N D  R4 ARE AS I N  ORFAC1, NU IS THE MARQUARDT 
PARAMETER, D IS A DIAGONAL MATRIX CONSISTING OF THE LENGTHS OF 
THE COLUMNS OF DR', AND DR" IS I N  UPPER TRIANGULAR FORM. 
DETAILS I N  ( 1 1 ,  PP. 423-424. NOTE THAT THE (N-L-NL) BAND OF 
ZEROES, AND R4, ARE OMITTED I N  STORAGE. 

C 
C 

C .................................................................. 
C 

DOUBLE PRECISION ACUM, ALPHA, B(NMAX, NLPllr BETA, DSIGN, NU, UP 
X XNORM 

C 
N L  = NLPl - 1 
NL2 = 2*NL 
NL23 = NL2 + 3 
DO 30 K = 1 ,  N L  

KP1 = K + 1 
NLPK = N L  + K 
NLPKMl = NLPK - 1 
BCNLPK, K) = NU * B(NL23, K) 
B(NL, K) = B(Kp K )  
ALPHA = DSIGN(XNORM(K+l, B(NL, K)), B(K, K)) 

BETA = ALPHA * U 
U = B(K, K)  + ALPHA 

B(K, K) = -ALPHA 
THE K-TH REFLECTION MODIFIES ONLY ROWS K, 
N L + 1 ,  NL+2, ..., NL+K, AND COLUMNS K TO N L + 1 .  

DO 30 J = KPlr NLPl 
BCNLPK, J )  = 0. 
ACUM = U * B(K,J) 
DO 20 I = NLPl, NLPKMl 

ACUM = ACUM / BETA 

DO 30 I = NLP1, NLPK 

20 ACUM = ACUM + B(I,K) * B(I,J) 
B(K,J) = B(K,J) - U * ACUM 

30 B(I,J) = B(I,J) - B(I,K) * ACUM 
C 

RETURN 
END 

C 
SUBROUTINE DPA (L, NL, N, NMAX, LPP2, IV, TI Y, Wn ALF, ADA, ISEL, 

X IPRINT, A, Ut P,, RiNORM) 
C 
C COMPUTE THE NORM OF THE RESIDUAL (IF ISEL = 1 OR 21, OR THE 
C (N-L) X N L  DERIVATIVE OF THE MODIFIED RESIDUAL (N-L) VECTOR 
C Q2*Y (IF ISEL = 1 O R  3). HERE Q * PHI = SI 1.E.t 

C L ( Q 1 ) (  1 ( S  . R 1 .  F1 1 
(---- 1 ( PHI . Y . D(PH1) = (---  . -- ---- 1 

C 

C 



C N-L ( 4 2  1 ( 1 ( 0  . R 2 .  F 2  1 
C 
C N L 1 P L 1 P 
C 
C WHERE Q IS N X N ORTHOGONAL, AND S IS L X L UPPER TRIANGULAR. 
C THE NORM OF THE RESIDUAL = NORM(R21, AND THE DESIRED DERIVATIVE 
C ACCORDING TO REF. ( 5 1 ,  IS 
C - 1  
C D(Q2 * Y )  = - 4 2  * D(PHI)* S * Q 1 *  Y. 
C 
C .................................................................. 
C 

DOUBLE PRECISION A()IMAX, LPP21, ALFCNL), T(NMAX, IV), W(N), Y(N), 

INTEGER FIRSTC, FIRSTR, INC(14, 8 )  
X ACUM, ALPHA, BETA, RNORM, DSIGN, DSQRT, SAVE, R(N), U(L), XNORM 

LOGICAL NOWATE, PHILPl 
EXTERNAL ADA 

C 
IF (ISEL .NE. 1 )  GO TO 3 

LP1 = L + 1 
LNL2 = L + 2 + NL 
LP2 = L + 2 
LPPl = LPP2 - 1 
FIRSTC = 1 
LASTC = LPPl 
FIRSTR = LP1 
CALL INIT(L, NL, N p  NMAX, LPP2, IV, TI W ,  ALF, ADA, ISEL, 

X IPRINT, A, INC, )ICON, NCONPl, PHILP1, NOWATE) 
IF (ISEL .NE. 1 )  G O  TO 99 
GO TO 30 

C 
3 CALL ADA ( L P l , N L , N , N M A X , L P P 2 , 1 V , A , I N C , T I A L F , M I N O ( I S E L , 3 ) )  

IF (ISEL .EQ. 2) GO TO 6 

FIRSTC = LP2 
LASTC = LPPl 
FIRSTR = (4 - ISEL)*L + 1 
GO TO 50 

C 

C 
6 FIRSTC = NCONPl 

LASTC = LP1 
IF (NCON .EQ. 0 )  GO TO 30 
IF ( A c t ,  NCON) .EQ. SAVE) GO TO 30 

ISEL = -7 
CALL VARERR (IPRINT, ISEL, NCON) 
GO TO 99 

C 
30 IF (PHILP1) GO TO 40 

DO 35 I = 1 ,  N 
3 5 R(1) = Y(1) 

GO TO 50 
40 DO 45 I = 1 ,  N 
45 R(1) = Y(I) - R(I) 

50 IF (NOWATE) GO TO 518 

ACUM = W(1) 

C 

DO 55 I = 1 ,  N 

DO 5 5  J = FIRSTC, LASTC 
55 A(I, J )  = A(I, J )  * ACUM 

C 

ISEL = 3 OR 4 

ISEL = 2 

ISEL = 1 OR 2 

WEIGHT APPROPRIATE COLUMN: 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

C 

C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

COMPUTE ORTHOGONAL FACTORIZATIONS BY HOUSEHOLDER 
REFLECTIONS. IF ISEL = 1 OR 2, REDUCE PHI (STORED I N  THE 
FIRST L COLUMNS OF THE MATRIX A )  TO UPPER TRIANGULAR FORM, 
(Q*PHI = SI, AND TRANSFORM Y (STORED I N  COLUMN L+l), GETTING 
Q*Y = R. IF ISEL = 1 ,  ALSO TRANSFORM J = D PHI (STORED I N  
COLUMNS L+2 THROUGH L+P+1 OF THE MATRIX A), GETTING Q*J = F. 
IF ISEL = 3 OR 4, PHI HAS ALREADY BEEN REDUCED, TRANSFORM 
ONLY 3. S, Rn AND F OVERWRITE PHI, Y, AND J, RESPECTIVELY, 
AND A FACTORED FORM OF Q IS SAVED I N  U AND THE LOWER 
TRIANGLE OF PHI. 

58 IF ( L  .EQ. 0 )  G O  TO 7 5  
DO 7 0  K = 1 ,  L 

KPl = K + 1 
IF (ISEL .GE. 3 .OR. (ISEL .Ea. 2 .AND. K .LT.NCONPl)) G O  TO 66 
ALPHA = DSIGN(XNORM(N+l-K, A(K, K)), A(K, K)) 
U(K) = A(K, K) + ALPHA 
A(K, K) = -ALPHA 
FIRSTC = KPl 
IF (ALPHA .NE. 0 . 0 )  GO TO 66 
ISEL = - 8  
CALL VARERR (IPRINT, ISEL, K) 
GO TO 99 

APPLY REFLECTIONS TO COLUMNS 
FIRSTC TO LASTC. 

66 BETA = -A(K, K) * U(K) 
ACUM = u ( K ) * A E K ,  J )  

DO 7 0  J = FIRSTCd LASTC 

DO 6 8  I = KPlr N 
6 8  ACUM = ACUt$ + A(1, K)*A(I, J )  

ACUM = ACUM 1 BETA 
A(K,J) = A(K,J) - U(K)*ACUM 
DO 7 0  I = KPl, N 

7 0  A(I, J )  = A(I, J )  - A(I, K)*ACUM 

7 5  IF (ISEL .GE. 3 )  GO TO 8 5  

IF (ISEL .EQ. 2) GO TO 9 9  
RNORM = XNORMCN-L, B(LP1)) 

IF (NCON .GT. 0 )  SAVE A(1, NCON) 

F2 IS NOW CONTAINED I N  ROWS L+l TO N AND COLUMNS L+2 TO 
L+P+1 OF THE YlATRIX A .  NOW SOLVE THE L X L UPPER TRIANGULAR 
SYSTEM SIBETA = R 1  FOR THE LINEAR PARAMETERS BETA. BETA 
OVERWRITES R 1 +  

8 5  IF ( L  .GT. 0 )  CALL BACSUB (NMAX, L, A, RE 

MAJOR PART OF KAUFMAN'S SIMPLIFICATION OCCURS HERE. COMPUTE 
THE DERIVATIVE OF ETA WITH RESPECT TO THE NONLINEAR 
PARAMETERS 

T D ETA T L D PHI(J) D PHI(L+l) 
Q * -------- = Q * ($UM BETA(J1 -------- 

D ALF(K) J =  1 D ALFCK) D ALFCK) 
+ ---------- 1 = F2*BETR 

AND STORE THE RESULT IN COLUMNS L+2 TO L + N L + l .  IF ISEL NOT 

ISEL NOT = 4 THE RESIDUAL R2 = Q2*Y ( I N  COL. L + 1 )  IS COPIED 
TO COLUMN L+NL+2. OTHERWISE A L L  OF COLUMN L+1 IS COPIED. 

= 4, THE FIRST L ROWS ARE OMITTED. THIS IS -D(Q2)*Y. IF 



88  

DO 95 I = FIRSTR, N 
IF ( L  .EQ. NCON) G O  TO 9 5  
M = LP1 
DO 9 0  K = 1, N L  

ACUM = 0. 
DO 88 J = NCONPl, L 

IF (INC(K, J )  .Ea. 0 )  G O  TO 88 
M = M + l  

CONTINUE 
KSUB = LP1 + K 
IF (INC(K, LP1) .EQ. 0 )  G O  TO 9 0  
M = H + l  

90 A(I, KSUB) = ACUM 
95 A(1, LNL2) = R(I1 

99 RETURN 
END 

ACUM = ACUM + A(I, MI * R(J) 

ACUM = ACUM + A(I, M I  

C 

C 
SUBROUTINE INITCL, HLp N, NMAX, LPPE, IV, TI W, ALF, ADA, ISEL, 

X IPRINT, A r  INCI NCON, NCONPI, PHILPI, NOWATE) 
C 
C CHECK VALIDITY OF INPUT PARAMETERS, AND DETERMINE NUMBER OF 
C CONSTANT FUNCTIONS. 
C 
C .................................................................. 
C 

DOUBLE PRECISION A(liiHAX? LPP2)r ALF(NL)r TCNMAX, IV), W(N), 
X DSQRT 
INTEGER OUTPUT, P, INC(14, 81 
LOGICAL NOWATE, PHIEPl 
DATA OUTPUT /6/ 

LPl = L + 1 
LNL2 = L + 2 + NL 

IF ( L  .GE. 0 .AND. NL .GE. 0 .AND. L+NL .LT. N .AND. LNL2 .LE. 

C 

C CHECK FOR VALID INPUT 

X LPP2 .AND. 2*NL + 3 .LE. NMAX .AND. N .LE. NMAX .AND. 
X I V  .GT. 0 .AND. .NOT. (NL .Ea. 0 .AND. L .EQ. 0 ) )  G O  TO 1 

ISEL = -4 

GO TO 99 
CALL VARERR (IPRJNT, ISEL, 1 )  

C 
1 IF ( L  .EQ. 0 .OR. N L  .EQ. 0 )  GO TO 3 

DO 2 J = l r  LPI 

2 INCCK, J )  f 0 

3 CALL ADA (LPl, NL, Ne NMAX, LPP2, I V ,  A, INC, TI ALF, ISEL) 

DO 2 K = 1 ,  N L  

C 

C 
NOWATE = .TRUE. 
DO 9 I = 1 ,  N 

NOWATE = NOWATE .AND. (W(1) .EQ. 1.0) 
IF (W(1) .GE. 0 . 9  G O  TO 9 

ISEL = -6 

GO TO 9 9  

ERROR I N  WEIGHTS 

CALL VARERR (IPRINT, ISEL, I) 

9 W(1) = DSQRT(W(1)) 

C 



C 

C 
C 

C 

C 

C 

C 

C 
C 
C 
C 

C 

C 

C 

C 
C 
C 
C 
C 

NCON = L 
NCONPl = LPl 
PHILPl = L .EQ. 0 
IF (PHILPI .OR. NL .EQ. 0 )  G O  TO 99 

CHECK INC MATRIX FOR VALID INPUT AND 
DETERMINE NUMBER OF CONSTANT FCNS. 

P = O  
DO 1 1  J = 1 ,  LP1 

IF (P .EQ. 0 )  NCONPl = J 
DO 1 1  K = 1, N L  

INCKJ = INCCK, J )  
IF (INCKJ .NE. 0 .AND. INCKJ .NE. 1 )  GO TO 15 
IF (INCKJ .EQ. 1 )  P P + 1 

1 1  CONTINUE 

NCON = NCONPl - 1 
IF (IPRINT .GE. 0 )  WRITE (OUTPUT, 210) NCON 
IF (L+P+2 .EQ. LPP2) G O  TO 20 

INPUT ERROR I N  INC MATRIX 
15 ISEL = -5 

CALL VARERR (IPRINT, ISEL, 1 )  
G O  TO 99 

DETERMINE IF PHI(L+1) IS I N  THE MODEL. 
20 DO 25 K = 1 ,  NL 
25 IF (INC(K, LP1) .EQ. 1 )  PHILPl = .TRUE. 

99 RETURN 
210 FORMAT (33HO NUMBEIR OF CONSTANT FUNCTIONS = t  I4 / I  

END 
SUBROUTINE BACSUB (NMAX, N, A, X) 

BACKSOLVE THE N X N UPPER TRIANGULAR SYSTEM A*X = B. 
THE SOLUTION X OVERWRITES THE RIGHT SIDE B. 

DOUBLE PRECISION A(NMAX, N), X(N), ACUM 

X(N) = X(N) / A(N, N) 
IF ( N  .EQ. 1 )  GO TO 30 
NP1 = N + 1 
DO 20 IBACK = 2, N 

I = NPl - IBACK 

IPl = I + 1 
ACUM = X(1) 
DO 10 J = IPl, N 

I = N-1, N-2, ... , 2, 1 

10 ACUM = ACUM - A(I,J)*X(J) 
20 X(1) = ACUM / A(I,I) 

30 RETURN 
END 
SUBROUTINE POSTPR(L, NL, N, NMAX, LNLP, EPS, RNORM, IPRINT, ALF, 

X W, A, R, U, IERR) 

CALCULATE RESIDU~ALS, SAMPLE VARIANCE, AND COVARIANCE MATRIX. 
ON INPUT, U CONThINS INFORMATION ABOUT HOUSEHOLDER REFLECTIONS 
FROM DPA. ON OU?PUT, IT CONTAINS THE LINEAR PARAMETERS. 

DOUBLE PRECISION A(!NMAX, LNL21, ALF(NL), R(N), U(L), W(N), ACUM, 
X EPS, PRJRES, R K O R M ,  SAVE, DABS 



INTEGER OUTPUT 
DATA OUTPUT / 6 /  

LPl = L + 1 
LPNL = LNL2 - 2 
L N L l  = LPNL + 1 
DO 10 I = 1 ,  N 

10 W(1) = W(I)**2 

C 

C 
C UNWIND HOU$EHOLDER TRANSFORMATIONS TO GET RESIDUALS, 
C AND MOVE THE LINEAR PARAMETERS FROM R TO U. 
C 

IF ( L  .EQ. 0 )  GO TO 30 
DO 25 KBACK = 1, L 

K = LP1 - KBACK 
KP1 = K + 1 
ACUM = 0. 
DO 20 I = KP1, N 

20 ACUM = ACUM + A(I, K) * R(1) 
SAVE = R(K) 
R(K) = ACUM 1 A(K, K) 

U(K) = SAVE 
ACUM = -ACUM / (U(K) * A(K, K)) 

DO 25 I = KP1, N 
25 R(I) = R(1) - A(1, K)*ACUM 

30 ACUM = 0. 

35 ACUM = ACUM + R(1) 

C COMPUTE MEAN ERROR 

DO 35 I = 1 ,  N 

SAVE = ACUM N 
C 
C THE FIRST t COLUMNS OF THE MATRIX HAVE BEEN REDUCED TO 
C UPPER TRIANGULAR FORM I N  DPA. FINISH B Y  REDUCING ROWS 
C L+l TO N AND COLUMNS L+2 THROUGH L + N L + 1  T O TRIANGULAR 
C FORM. THEN SHIFT COLUMNS OF DERIVATIVE MATRIX OVER ONE 
C TO THE LEFT TO BE ADJACENT TO THE FIRST L COLUMNS. 
C 

IF (NL .EQ. 0 )  GO TO 4 5  
CALL ORFACl(NL+l, NMAX, N, Le IPRINTr A ( 1 r  L+2), PRJRESr 4) 
DO 40 I = 1 ,  N 

A(I, LNL2) = R(1) 
DO 40 K = LP1, LNLl 

40 A(1, K) = A(1, K+1) 

45 A(1, LNL2) = RNORM 
C COMPUTE COVARIANCE MATRIY 

ACUM = RNORM*RNORM/(N - L - NL) 
A(2r LNL2) = ACUM 
CALL COV(NMAX, LPNL, ACUM, A )  

C 
IF (IPRINT .LT. 0 )  GO TO 9 9  
WRITE (OUTPUT, 209) 
IF ( L  .GT. 0 )  WRITE (OUTPUT, 210) (U(J), J = I r  L) 
IF (NL .GT. 0 )  WRIT'E (OUTPUT, 211) (ALFCK), K = 1, N L )  
WRITE (OUTPUT, 214) RNORM, SAVE, ACUM 
IF (DABSCSAVE) .GT. EPS) WRITE (OUTPUT, 215) 
WRITE (OUTPUT, 209) 

99 RETURN 
C 

209 FORMAT (IHO, 50(1H')) 
210 FORMAT (20HO LINEAR PARAMETERS / /  (7E15.7)) 



50 
6 0  

C 
C 
C 

211 FORMAT (23HO NONLINEAR PARAMETERS // (7E15.7)) 
214 FORMAT (21HO NORM OF RESIDUAL =, E15.7, 33H EXPECTED ERROR OF OBS 

XERVATIONS =, E15.7, / 39H ESTIMATED VARIANCE OF OBSERVATIONS =,  
X E15.7 1 

X. COVARIANCE MATRIX MAY BE MEANINGLESS. 1) 
215 FORMAT (95H WARNING -- EXPECTED ERROR OF OBSERVATIONS IS NOT ZERO 

END 
SUBROUTINE COV(NHAX, N, SIGMA2, A )  

C 
C COMPUTE THE SCALED COVARIANCE MATRIX OF THE L + NL 
C PARAMETERS. THIS INVOLVES COMPUTING 
C 
C 2 - 1  -T 
C SIGMA * T * T 
C 
C WHERE THE ( L + N L )  X ( L + N L I  UPPER TRIANGULAR MATRIX T IS 
C DESCRIBED IN SUB:ROUTINE POSTPR. THE RESULT OVERWRITES THE 
C FIRST L + N L  ROWS AND COLUMNS OF THE MATRIX A. THE RESULTING 
C MATRIX IS SYMMETRIC. S E E  REF. 7, PP. 67-70, 281. 
C 
C 
C 

.................................................................. 
DOUBLE PRECISION ACNMAX, N), SUM, SIGMA2 

C 
DO 10 J = 1, N 

10 A(J, J )  = l./A(J, J )  
C 
C INVERT T UPON ITSELF 
C 

IF ( N  .EQ. 1 )  G O  TO 7 0  
N M I  = N - 1 
DO 6 0  I = 1 ,  NM1 

IPl = I + 1 
DO 60 J = IPI, N 

JM1 J - 1 
SUM = 0. 
DO 50 M = 1, JM1 

SUM = SUM + A(1, MI * A(M, J )  
A(I, J )  = -SUB * A(J, J ) 

NOW FORM THE MATRIX PRODUCT 

7 0  

8 0  

9 0  

DO 90 I = 1 ,  N 

SUM = 0. 
DO 8 0  M = J, N 

SUM = SUM * SIGMA2 

DO 90 J = 1, N 

SUM = SUM + A(I, M I  * A(J, M I  

A(I, J )  = SUM 
A(J, I )  = SUM 

C 
RETURN 
END 
SUBROUTINE VARERR (IPRINT, IERR, K)  

C 
C 
C 

PRINT ERROR MESS'AGES 

INTEGER ERRNO, OUTPUT 
DATA OUTPUT /6/ 

C 



IF (IPRINT .LT. 0 )  G O  TO 99 
ERRNO = IABS(IERR1 
GO TO (1, 2, 99, 4, 5 ,  6 ,  7 ,  8 1 ,  ERRNO 

C 
1 WRITE (OUTPUT, 101) 

GO TO 99 
2 WRITE (OUTPUT, 102) 

GO TO 99 

G O  TO 99 
4 WRITE (OUTPUT, 1 0 4 )  

5 WRITE (OUTPUT, 105) 
GO TO 99 

6 WRITE (OUTPUT, 106) K 
GO TO 99 

7 WRITE (OUTPUT, 107) K 
GO TO 99 

8 WRITE (OUTPUT, 108) K 
C 

99 RETURN 
101 FORMAT (46HO PROBLEM TERMINATED FOR EXCESSIVE ITERATIONS I / )  
1 0 2  FORMAT (49HO PROBLEM TERMINATED BECAUSE OF ILL-CONDITIONING / / I  
104 FORMAT ( /  SOH INPUT ERROR I N  PARAMETER L, NL, N, LPP2, OR NMAX. 1 )  
105 FORMAT (68HO ERROR -- INC MATRIX IMPROPERLY SPECIFIED, OR DISAGRE 

XES WITH LPP2. / I  
106 FORMAT (19HO ERROR -- WEIGHT(, 14, 1 4 H )  IS NEGATIVE. 1 )  
107 FORMAT (28HO ERROR -- CONSTANT COLUMN e 13, 37H MUST BE COMPUTED 

108 FORMAT (33HO CATASrROPHIC FAILURE -- COLUMN p 14, 28H IS ZERO, SE 
XONLY WHEN ISEL = 1. / I  

XE DOCUMENTATION. 1 )  
END 
DOUBLE PRECISION FUNCTION XNORMtN, X) 

C 
C COMPUTE THE L 2  (EUCLIDEAN) NORM OF A VECTOR, MAKING SURE TO 
C AVOID UNNECESSARY UNDERFLOWS. NO ATTEMPT IS MADE TO SUPPRESS 
C OVERFLOWS. 
C 

DOUBLE PRECISION XCN), RMAX, SUM, TERM, DABS, DSQRT 
C 
C FIND LARGEST ( I N  ABSOLUTE VALUE) ELEMENT 

RMAX = 0. 
DO 1 0  I = 1 ,  N 

IF (DABS(X(I1) .GT. RMAX) RMAX = DABS(X(1)) 
10 CONTINUE 

SUM = 0. 
C 

IF (RMAX .Ea. 0 . )  GO TO 30 
DO 2 0  I = 1, N 

TERM = 0. 
IF (RMAX + DABS(X(I1) .NE. RMAX) TERM = X(I)/RMAX 

20 SUM SUM + TERM'*TERM 

30 XNORM = RMAX*DSQRT(BUM) 
99 RETURN 

END 

C 

//LKED.SYSLMOD DD DSN=WYL.JE.CLJ.SETH(MELISSA)PDISP=OLD 



WAIRAKEI ( 3 1 7 9 )  - CWK24 FROM WK107* 
NUMBER OF NONLINEAR PARAMETERS 

2 
INITIAL EST. OF NONLIN. PARAMETERS 

2 . 0 0 0  
5 . 0 0 0  

DIMENSIONLESS NUMBER TRACER ARRIVAL TIME 
2 . 0 0 0 0 0  0 . 2 0 0  

NUMBER OF OBSERVATIONS 

9 3  
INDEPENDENT VARIABLES DEPENDENT VARIABLES 

0 . 2 1 4  
0 . 2 9 7  
0 . 3 8 0  
0 . 4 6 4  
0 . 5 4 7  
0 . 6 3 0  
0 . 7 1 4  
0 . 7 9 7  
0 .880  
0 . 9 6 4  
1 . 0 4 7  
1 . 1 3 0  
1 . 2 9 7  
1 . 3 8 0  
1 . 4 6 4  
1 . 5 4 7  
1 . 6 3 0  
1 . 7 1 4  
1 . 7 9 7  
1 . 8 8 0  
1 . 9 6 4  
2 . 0 4 7  
2 . 1 3 0  
2 . 2 1 4  
2 . 6 3 0  
2 . 7 1 4  
2 . 7 9 7  
2 . 8 8 0  
2 . 9 6 4  
3 . 0 4 7  
3 . 1 3 0  
3 . 2 1 4  
3 . 2 9 7  
3 . 3 8 0  
3 . 4 6 4  
3 . 5 4 7  
3 . 6 3 0  
3 . 7 1 4  
3 . 7 9 7  
3 . 8 8 0  
3 . 9 6 4  
4 . 0 4 7  

2 8 . 5 1 0  
2 0 4 3 . 9 0 6  
7 7 5 7 . 3 3 7  

1 0 8 6 5 . 4 0 6  
1 0 7 5 2 . 9 2 4  

9 5 7 6 . 2 1 1  
8 2 2 6 . 8 1 3  
7 0 1 2 . 0 5 2  
5 9 8 4 . 5 7 6  
5 1 9 8 . 9 9 9  
4 5 8 8 . 2 8 8  
4 0 9 2 . 4 2 2  
3 3 8 6 . 8 8 8  
2 8 9 5 . 0 5 5  
2 7 2 7 . 3 8 7  
2 6 0 6 . 2 4 2  
2 4 4 6 . 0 3 8  
2 3 2 1 . 8 4 0  
2 1 9 4 . 6 4 1  
2 0 7 8 . 8 0 7  
1 9 7 3 . 3 1 3  
1 8 9 0 . 5 1 2  
1 7 9 2 . 9 6 4  
1 6 1 5 . 5 1 1  
1 2 8 0 . 4 0 2  
1 2 3 2 . 8 3 5  
1 1 8 7 . 1 9 2  
1 1 4 5 . 4 5 5  
1 1 1 1 . 0 1 4  
1 0 7 9 . 6 5 5  
1 0 4 4 . 4 0 7  
1 0 0 2 . 2 5 0  

9 4 4 . 8 5 0  
9 0 9 . 7 4 2  
8 7 9 . 6 2 8  
8 4 8 . 3 6 8  
8 1 7 . 0 9 9  
7 9 2 . 7 7 7  
7 6 9 . 5 2 5  
7 4 8 . 3 4 5  
7 5 1 . 8 0 2  
7 1 4 . 1 1 7  



4.130 
4.214 
4.297 
4.380 
4.464 
4.630 
4.714 
4.797 
4.880 
4.964 
5.047 
5.130 
5.214 
5.297 
5.380 
5.464 
5.547 
5.630 
5.880 
5.964 
6.047 
6.130 
6.214 
6.297 
6.380 
6.630 
6.714 
6.797 
6.880 
6.964 
7.047 
7.130 
7.214 
7.297 
7.380 
7.464 
7.547 
7.630 
7.714 
7.797 
7.880 
8.130 
8.380 
8.464 
8.547 
8.630 
8.880 
8.964 
9.047 
9.130 
9.214 

NUMBER OF CONSTANT FUNCTIONS = 

695.975 
658.868 
638.992 
618.845 
607.310 
572.912 
559.063 
543.320 
532.194 
517.672 
502.855 
491.666 
483.097 
469.851 
462.071 
450.761 
446.069 
432.668 
407.597 
397.611 
392.204 
380.086 
375.645 
369.281 
359.749 
345.746 
340.128 
338.155 
338.703 
333.483 
331.370 
317.503 
305.410 
300.365 
295.185 
292.692 
287.393 
284.710 
279.273 
275.762 
271.511 
263.995 
256.012 
249.844 
247.240 
244.606 
236.365 
234.301 
229.099 
225.334 
223.842 
0 

0 NORM OF RESIDUAL 3 0.1280073D+05 
N U  = 0.1000000D+01 

ITERATION 1 NONLINEAR PARAMETERS 
0.1951013D+01 0.7306848D+01 

1 N O R M  OF RESIDUAL * 0.5307679D+04 
N U  = 0.5000000D+00 
NORMCDELTA-ALP) / NORM(ALF1 = 0.305D+00 



ITERATION 2 NONLINEAR PARAMETERS 
0.1790861D+01 0.6391822D+Ol 

1 NORM OF RESIDUAL = 0.4667214D+04 
NU = 0.2500000D+00 
NORM(DELTA-ALF) 1 NORHCALF) = 0.140D+00 

ITERATION 3 NONLINEAR PARAMETERS 
0.1397078D+01 0.461939vD+01 

1 NORM OF RESIDUAL = 0.2752487D+04 
N U  = 0.1250000D+OO 
NORMCDELTA-ALF) / NORhCALF) = 0.376D+OO 

ITERATION 4 NONLINEAR PARAMETERS 
0.1242511D+01 0.4320153D+01 

1 NORM OF RESIDUAL = 0.1722342D+04 
NU = 0.6250000D-01 
NORM(DELTA-ALF) / NORM(ALF1 = 0.749D-01 

ITERATION 5 NONLINEAR PARAMETERS 
0.1249233D+Ol 0.4327062D+Ol 

1 NORM OF RESIDUAL = 0.1716735D+04 
N U  = 0.3125000D-01 
NORMtDELTA-ALF) 1 NORMCALF) = 0.214D-02 

ITERATION 6 NONLIN~EAR PARAMETERS 
0.1248118D+Ol 0.432344'0D+01 

1 NORM OF RESIDUAL = 0.1716674D+04 
NU = 0.1562500D-01 
NORM(DELTA-ALP) / NORMCALF) = 0.842D-03 

ITERATION 7 NONLINiEAR PARAMETERS 
0.1248064D+01 0.432303~lD+01 

1 NORM OF RESIDUAL = 0.1716672D+04 
NU = 0.7812500D-02 
NORMCDELTA-ALF) / NORPI(ALF1 = 0.9168-04 

ITERATION 8 NONLIN'EAR PARAMETERS 
0.1248037D+Ol 0.4322911D+01 

1 NORM OF RESIDUAL = 0.1716672D+04 
N U  = 0.3906250D-02 
NORMCDELTA-ALF) / NORIMCALF) = 0.272D-04 

ITERATION 9 NONLINiEAR PARAMETERS 
0.1248032D+01 0.43228818D+01 

1 NORM OF RESIDUAL = 0.1716672D+04 
N U  = 0.1953125D-02 
NORMCDELTA-ALF) / NORIMCALF) = 0.530D-05 

ITERATION 10 NONLINEAR PARAMETERS 
0.1248031D+01 0.4322883D+Ol 

1 NORM OF RESIDUAL 3 0.1716672D+04 
NU = 0.9765625D-03 
NORMtDELTA-ALF) / NOfiM(ALF) = 0.121D-05 

ITERATION 1 1  NONLINEAR PARAMETERS 
0.1248031D+01 0.4322882D+01 

1 NORM OF RESIDUAL a 0.1716672D+04 

NORM(DELTA-ALF) / NORMCALF) = 0.258D-06 
N U  = o . ~ a 8 2 8 1 2 ~ - 0 3  

ITERATION 12 NONLINEAR PARAMETERS 
0.1248031D+01 0.4322881D+Ol 

1 NORM OF RESIDUAL f 0.1716672D+04 
NU = 0.2441406D-03 
NORMCDELTA-ALF) / NOqM(ALF) = 0.5648-07 

l l t l o l o o l t l l o * o l l t * ~ l l t l l l l t l l l ~ t l l t t l * l l l * l t  

LINEAR PARAMETERS 

0.1655775D+05 
NONLINEAR PARAMETERS 



ACTUAL CALC COMPt 1 

28.5100 0.0 0.0 
2043.9060 1380.2258 1380.2258 
7757.3370 8667.5898 8667.5898 
10865.406010619.640610619.6406 
10752.924010097.242210097.2422 
9576.2110 9022.6719 9022,6719 
8226.8130 7926.6328 7926,6328 
7012.0520 6970.8984 6970.8984 
5984.5760 6158.7656 6158,7656 

4588.2880 4893.8203 4893,8203 
4092.4220 4407.9609 4407,9609 
3386.8880 3634.8909 3634,8909 
2895.0550 3328.4558 3328,4558 
2727.3870 3058.7834 3058.7834 
2606.2420 2825.5759 2825,5759 
2446.0380 2620.0679 2620,0679 
2321.8400 2435.8870 2435.8870 
2194.6410 2273.8853 2273.8853 
2078.8070 2128.8738 2128,8738 
1973.3130 1997.0005 1997.0005 
1890.5120 1879.4253 1879,4253 
1792.9640 1772.8572 1772.8572 
1615.5110 1674.8044 1674.8044 

5198.9990 5467.9453 546749453 

1280.4020 
1232.8350 
1187.1920 
1145.4550 
1111.0140 
1079.6550 

1298.8887 1298.8887 
1239.8137 1239.8137 
1185.6943 1185.6943 
1135.3857 1135.3857 
1087.9790 1087.9790 
1044.2793 1044.2793 

1044.4070 1003.4192 
1002.2500 964.7019 
944.8500 928.8235 
909.7420 895.1094 

848.3680 833.1306 
817.0990 804.9316 
792.7770 777.9731 
769.5250 752.7786 
748.3450 728.9126 
751.8020 706.0134 
714.1170 684.5388 
695.9750 664.1294 
658.8680 644.4846 
638.9920 626.0051 
618.8450 608.3909 
607.3100 591.3887 
572.9120 560.0254 
559.0630 545.1943 
543.3200 531.1709 

879.6280 863.0107 

1003.4192 
964.7019 
928.8235 
895.1094 
863.0107 
833.1306 
809-9316 
777.9731 
752.7786 
728.9126 
706.0134 
684.5388 

644.4846 
6261.0051 
608.3909 
59 1.3887 
560.0254 
545.1943 
531.1709 

6648.1294 

COMPt2 



5 3 2 .  1 9 4 0  
5 1 7 . 6 7 2 0  
5 0 2 . 8 5 5 0  
4 9  1 . 6 6 6 0  
4 8 3 . 0 9 7 0  
4 6 9 . 8 5 1 0  
4 6 2 . 0 7 1 0  
4 5 0 . 7 6 1 0  
4 4 6 . 0 6 9 0  
4 3 2 . 6 6 8 0  
4 0 7 . 5 9 7 0  
3 9 7 . 6 1 1 0  
3 9 2 . 2 0 4 0  
3 8 0 . 0 8 6 0  
3 7 5 . 6 4 5 0  
3 6 9 . 2 8 1 0  
3 5 9 . 7 4 9 0  
3 4 5 . 7 4 6 0  
3 4 0 . 1 2 8 0  
3 3 8 . 1 5 5 0  
3 3 8 . 7 0 3 0  
3 3 3 . 4 8 3 0  
3 3 1 . 3 7 0 0  
3 1 7 . 5 0 3 0  
3 0 5 . 4 1 0 0  
3 0 0 . 3 6 5 0  
2 9 5 . 1 8 5 0  
2 9 2 . 6 9 2 0  
2 8 7 . 3 9 3 0  
2 8 4 . 7 1 0 0  
2 7 9 . 2 7 3 0  
2 7 5 . 7 6 2 0  
2 7 1 . 5 1 1 0  
2 6 3 . 9 9 5 0  
2 5 6 . 0 1 2 0  
2 4 9 . 8 4 4 0  
2 4 7 . 2 4 0 0  
2 4 4 . 6 0 6 0  
2 3 6 . 3 6 5 0  
2 3 4 . 3 0 1 0  
2 2 9 . 0 9 9 0  
2 2 5 . 3 3 4 0  
2 2 3 . 8 4 2 0  

5 1 7 . 7 3 7 8  
5 0 4 . 7 0 9 2  
4 9 2 . 3 6 2 8  
4 8 0 . 5 1 1 2  
4 6 8 . 9 9 2 9  
4 5 8 . 0 5 6 2  
4 4 7 . 5 3 7 4  
4 3 7 . 2 9 5 4  
4 2 7 . 5 5 2 7  
4 1 8 . 1 6 6 5  
3 9 1 . 8 7 0 8  
3 8 3 . 6 4 7 7  
3 7 5 . 8 0 1 0  
3 6 8 . 2 1 8 0  
3 6 0 . 7 9 9 8  
3 5 3 . 7 1 0 9  
3 4 6 . 8 5 1 1  
3 2 7 . 4 7 2 4  
3 2 1 . 3 6 2 5  
3 1 5 . 5 0 9 8  
3 0 9 . 8 3 2 3  
3 0 4 . 2 5 7 6  
2 9 8 . 9 1 1 6  
2 9 3 . 7 2 0 2  
2 8 8 . 6 1 7 2  
2 8 3 . 7 1 8 5  
2 7 8 . 9 5 6 8  
2 7 4 . 2 7 2 0  
2 6 9 . 7 7 0 0  
2 6 5 . 3 8 9 6  
2 6 1 . 0 7 6 2  
2 5 6 . 9 2 7 5  
2 5 2 . 8 8 7 4  
2 4 1 . 3 3 6 3  
2 3 0 . 6 3 8 3  
2 2 7 . 2 1 9 9  
2 2 3 . 9 2 4 3  
2 2 0 . 7 0 7 6  
2 1 1 . 4 6 9 5  
2 0 8 . 5 0 9 2  
2 0 5 . 6 5 1 3  
2 0 2 . 8 5 8 1  
2 0 0 . 0 9 5 0  

5 1 7 . 7 3 7 8  
5 0 4 . 7 0 9 2  
4 9 2 . 3 6 2 8  
4 8 0 . 5 1 1 2  
4 6 8 . 9 9 2 9  
4 5 8 . 0 5 6 2  
4 4 7 . 5 3 7 4  
4 3 7 . 2 9 5 4  
4 2 7 . 5 5 2 7  
4 1 8 . 1 6 6 5  
3 9 1 . 8 7 0 8  
3 8 3 . 6 4 7 7  
3 7 5 . 8 0 1 0  
3 6 8 . 2 1 8 0  
3 6 0 . 7 9 9 8  
3 5 3 . 7 1 0 9  
3 4 6 . 8 5 1  1 
3 2 7 . 4 7 2 4  
3 2 1 . 3 6 2 5  
3 1 5 . 5 0 9 8  
3 0 9 . 8 3 2 3  
3 0 4 . 2 5 7 6  
2 9 8 . 9 1 1 6  
2 9 3 . 7 2 0 2  
2 8 8 . 6 1 7 2  
2 8 3 . 7 1 8 5  
2 7 8 . 9 5 6 8  
2 7 4 . 2 7 2 0  
2 6 9 . 7 7 0 0  
2 6 5 . 3 8 9 6  
2 6 1 . 0 7 6 2  
2 5 6 . 9 2 7 5  
2 5 2 . 8 8 7 4  
2 4  1 . 3 3 6 3  
2 3 0 . 6 3 8 3  
2 2 7 . 2 1 9 9  
2 2 3 . 9 2 4 3  
2 2 0 . 7 0 7 6  
2 1  1 A 6 9 5  
2 0 8 . 5 0 9 2  
2 0 5 . 6 5 1 3  
2 0 2 . 8 5 8 1  
2 0 0 . 0 9 5 0  

F R A C T I O N  D I M E N S I O N L E S S S  N U M B E R  A R R I V A L  T I M E  
1 . 0 0 0  1 . 2 4 8  0 . 2 3 1  
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Appendix C 

F i t t e d  Tracer Return P r o f i l e s  
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UAIRAKEI (3/79) - CUK48 FRBM UK107 
P r t r i r  diffusion mdtl: double fracture f i t  
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WAIRAKEl (3179) - CUK67 FRBM UK107 

ktrix dlffurion mdrl: single fracture f i t  
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FOSSLW l a d e l :  single f racture  fit 
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