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Abstract—This letter analyzes the observability of a
nonlinear single particle model (SPM) of a lithium-ion bat-
tery. SPMs offer an attractive middle ground between the
simplicity of equivalent circuit models (ECMs) and the
fidelity of higher-order electrochemical models. This can
enable individual electrode concentration estimation via
algorithms such as interconnected observers. Limitations
exist on the feasibility and accuracy of such estimation,
and can be examined using metrics such as nonlinear
observability. This letter presents a set of conditions under
which one can estimate the spatial distribution of con-
centrations in a nonlinear SPM. Specifically, we examine
a nonlinear SPM where terminal voltage and its resis-
tive component are measured independently. Butler-Volmer
polarization potentials are assumed to be concentration-
dependent. Under these assumptions, we show that elec-
trode spatial concentration distributions can be estimated
if the Jacobian of the voltage measurements with respect to
surface concentrations is full rank. This condition applies
for an arbitrary finite difference discretization of solid-
phase diffusion dynamics. This letter demonstrates this
insight numerically, for a model of a nickel-manganese-
cobalt (NMC) battery.

Index Terms—Concentration estimation, lithium-ion bat-
teries, nonlinear observability, single particle models.

I. INTRODUCTION

THIS letter examines the feasibility of estimating the spa-
tial distribution of active species in a single particle

model of a lithium-ion battery. Such estimation can support
battery management system (BMS) applications by enabling
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Fig. 1. Schematic representation of a single particle model.

individual electrode monitoring, battery chemistry characteri-
zation, and the tracking of aging/degradation [1]. Battery state
estimation can be performed using either data-driven [2] or
model-based approaches [3]. Two main types of models are
often used for model-based estimation, namely: (i) equiva-
lent circuit models and (ii) physics-based or electrochemical
models. ECMs typically represent battery dynamics using
series and parallel connections of (possibly nonlinear) resistors
and capacitors. Their computational efficiency is appealing
for BMS applications, but they can be difficult to fit to
higher-order battery behaviors [4]. In contrast, electrochemical
models, such as the Doyle-Fuller-Newman model [5], typi-
cally utilize fundamental physical laws to describe complex
coupled phenomena such as diffusion, migration, precipitation,
and oxidation/reduction [6]. However, their computational cost
is often prohibitive for BMS applications. This motivates the
pursuit of different strategies for battery model simplifica-
tion [7], approximation [8], [9], [10], [11], reduction [12], [13],
and/or reformulation [14]. The single particle model (Fig. 1) is
one example of this pursuit. It models each electrode using a
representative spherical particle while neglecting electrolytic
diffusion. Its simplicity is appealing for BMS applications,
one example being automotive battery state estimation at low
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Fig. 2. Anode and cathode side open circuit potentials versus electrode states of charge.

charge/discharge C-rates. Moreover, the fact that SPMs model
both anode- and cathode-side diffusion dynamics makes them
useful for monitoring the dynamics of these electrodes inde-
pendently. Examples of such independent monitoring include
interconnected battery state observers [15], as well as virtual
third reference electrodes [10]. SPM accuracy typically dete-
riorates at high charge/discharge rates because of failure to
capture electrolyte dynamics [16]. To overcome this shortcom-
ing, one can add electrolyte dynamics to obtain an enhanced
single particle model (ESPM).

Regardless of the model used for estimation, limitations
exist on estimation feasibility and accuracy. These limitations
can be analyzed using different metrics, including linear and
nonlinear observability. For instance, nonlinear observability
analysis of an ECM by Zhao et al. [17] reveals that the first
derivative of open circuit voltage (OCV) with respect to SOC
is not the only factor affecting observability; higher derivatives
also matter. Bartlett et al. [18] study nonlinear observability
for an electrochemical model using Lie algebra. Moreover,
Allam and Onori [15] investigate the effect of cathode material
selection, battery cycling current magnitude, and battery model
discretization on the observability of individual electrode con-
centrations. This work highlights the key differences between
nonlinear and linear observability, including the fact that the
input current trajectory affects observability. Li et al. [19]
perform observability analysis for a physics-based fractional
order model and assert that the similarity between the dynam-
ics of the two electrodes, together with the large number of
parameters to estimate, pushes the observability matrix close
to singularity. Finally, Wu et al. [20] analyze an improved
reduced-order model (iROM) for observability, and report that
their proposed model reduction improves observability.

The goal of this letter is to examine nonlinear SPM observ-
ability assuming it is possible to independently measure overall
battery voltage and the resistive component of this voltage,
possibly through online impedance measurement. This letter
assumes that a nonzero portion of the above voltages arises
from Butler-Volmer reaction kinetics that are dependent on
solid-phase surface ion concentrations. Under these assump-
tions, we show that the nonlinear SPM’s electrode concen-
tration distributions can be estimated, provided the Jacobian
of the above two voltage measurements with respect to sur-
face concentrations is full rank. This condition applies to an
arbitrarily fine spatial discretization of the partial differential

equations (PDEs) governing solid-phase lithium concentra-
tions. To the best of our knowledge, this condition is a novel
and unique contribution to the literature. This letter demon-
strates this condition through the numerical simulation of a
commercial NMC battery model.

The remainder of this letter is organized as follows.
Section II presents the SPM used in the letter’s analyses.
Section III presents the letter’s conditions for estimation
feasibility. Section IV demonstrates the letter’s results in simu-
lation. Finally, Section V summarizes the letter’s conclusions.

II. SINGLE PARTICLE MODEL

This section presents the SPM used in this letter, building on
previous work in the literature. Let y(t) be the output voltage
difference between the battery terminals at time t. This voltage
depends on the input current, u(t), as well as the anode- and
cathode-side solid-phase lithium surface concentrations, xa and
xc, respectively, as shown below:

y = −ga(xa) + gc(xc) − Rtotalu(t) − ηa(xa) + ηc(xc) (1)

In this equation, Rtotal is the battery cell’s Ohmic resis-
tance. The functions ga and gc are the anode- and cathode-side
equilibrium potentials, respectively, expressed in terms of
the corresponding surface concentrations. Figure 2 plots ga

(obtained from [21]) and gc (measured experimentally by
the authors) versus the corresponding electrode states of
charge. Moreover, the quantities ηa and ηc are the anode- and
cathode-side reaction overpotentials.

The above equilibrium potentials and overpotentials both
depend on solid-phase lithium surface concentrations. These
concentrations are, in turn, governed by Fick’s law of diffu-
sion, as given in Eq. (2),

∂Cs,j(r, t)

∂t
= Ds,j

r2

∂

∂r
[r2 ∂Cs,j(r, t)

∂r
] (2)

where Ds,j represents solid-phase diffusivity (assumed spa-
tially constant) for either of the two active electrode materials;
Cs,j(r, t) is the solid phase concentration in each electrode as
a function of radius r and time t; and j refers to either a for
the anode or c for the cathode. The quantities xa and xc in
Eq. (1) can therefore be expressed as:

xa(t) = Cs,a(Ra, t)

xc(t) = Cs,c(Rc, t) (3)
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These diffusion dynamics meet two boundary conditions:

∂Cs,j

∂r
|r=0 = 0,

∂Cs,j

∂r
|r=Rj = u

Fas,jALjDs,j
(4)

where F is Faraday’s constant, as,j is the electrode spe-
cific interfacial surface area, A is the cell cross sectional
area, Lj is the electrode thickness, and u is the battery
input current (assumed positive during discharge). Finally,
the Butler-Volmer equation represents the dependence of the
anode- and cathode-side reaction overpotentials, ηa and ηc,
respectively, on the applied current [6]:

u = Ai0Cs,j

C∗ sinh
(αjzF

RgT
ηj

)
(5)

where i0 is the exchange current density, C∗ is a reference spe-
cific active material concentration [6], αj is the charge transfer
coefficient (set to 0.5 for this formulation), z is the number of
electrons involved in the electrode reaction, Rg is the universal
gas constant, T is the absolute temperature, and ηj is the elec-
trode overpotential. Exchange current density, io, is assumed
constant for simplicity, but can be expressed as a function
of species concentrations. Eq. (5) applies to both the anode
and cathode, providing two overpotentials that collectively
contribute to the overall battery cell overpotential.

The overpotentials on the anode and cathode sides can
be embedded into the battery terminal voltage equation. The
magnitudes of these overpotentials depend on several fac-
tors, including: (i) ionic conductivity of the electrolyte, and
electronic conductivity of the electroactive materials and cur-
rent collectors (namely Ohmic overpotential); (ii) the contact
resistance between the current collector and the electroactive
materials; (iii) the activation energy at the electrode sur-
face (corresponding to the charge transfer overpotential); and
(iv) lithium ion diffusion, especially near the electrode surface,
and solid-state diffusion inside the electrode active material
(corresponding to diffusion overpotential) [22].

The goal of this letter is to examine a set of conditions under
which the above model’s spatial concentration distributions
can be feasibly estimated, assuming the input current u(t) and
output voltage y(t) (including its resistive component) to both
be measured. Mathematically, the focus of this letter is on a
set of sufficient conditions for the local nonlinear structural
observability of the above SPM.

III. NONLINEAR OBSERVABILITY ANALYSIS

To analyze observability, consider the charge transfer over-
potential, ηj, in the Butler-Volmer Equation, Eq. (5). Solving
for this overpotential gives:

ηj = RgT

αjzF
sinh−1

( uC∗

Ai0Cs,j

)
(6)

The above equation can be simplified by defining the fol-
lowing lumped parameters: βj = RgT/αjzF, μj = Aio/C∗.
This makes it possible to define two battery output variables in
Eq. (7): an instantaneous open-circuit potential y1(t) governed
by the anode- and cathode-side surface concentrations, plus a

resistive overpotential, y2(t), that contains both Butler-Volmer
and Ohmic overpotentials.

y(t) = y1(t) + y2(t)

y1 = gc(xc) − ga(xa)

y2 = βc sinh−1 u

μcxc
− βa sinh−1 u

μaxa
− Rtotalu (7)

The observability analysis in this letter builds on three
insights. First, the voltage y2(t) represents a nonlinear resis-
tive effect, and therefore depends on the instantaneous input
current, u(t). This leads to the key assumption that, in a
battery equipped with online resistance measurement capabil-
ities, it may be possible to measure the two output variables,
y1(t) and y2(t), independently. Second, the resistive component
of the overall battery output voltage, y2(t) includes surface
concentration-dependent overpotential effects. This suggests
that it may be possible to estimate surface concentrations
from battery output measurements. Third, once surface con-
centrations are estimated for each electrode independently, it
is possible to use the time derivatives of these concentrations
to estimate the spatial distribution of charge in each electrode.
Together, these three insights constitute the core foundations
of this letter’s analysis. The key ideas behind this analysis are
that: (i) the two electrode surface concentrations can be esti-
mated if the Jacobian of the output voltage measurements with
respect to these concentrations is full rank; and (ii) once these
electrode surface concentrations are known at every instant in
time, Fick’s law of diffusion can be used for inferring spatial
concentration distributions. These ideas are outlined in the two
results below.

Theorem 1: Consider the problem of solving Eq. (7) for
xa(t) and xc(t), given measurements of y1(t) and y2(t) at time
t. A solution of this problem, x∗

a(t) and x∗
c(t), is locally unique

if the Jacobian of the outputs y1(t) and y2(t), evaluated at x∗
a(t)

and x∗
c(t), is full rank.

To prove this theorem, suppose that x∗
a(t) and x∗

c(t) is a
solution to Eq. (7) at time t. If the Jacobian of Eq. (7) at this
solution is J, and if it is full rank, then the only solution to the
equation J[δxa, δxc]T = 0 is [0, 0]T . Therefore, it will not be
possible to perturb x∗

a(t) and x∗
c(t) by an infinitesimal amount

while still solving Eq. (7).
Theorem 1 provides a sufficient condition for the unique

local estimation of the anode- and cathode-side surface
concentrations. This result is derived assuming a constant
exchange current density, io, but generalizes to the case
where io is a function of surface concentrations. Building
on this result, the following lemma shows that once these
surface concentrations are known versus time, differentiating
them with respect to time enables the estimation of both the
anode- and cathode-side spatial concentration distributions, for
an arbitrary finite-difference discretization of Fick’s law of
diffusion.

Lemma 1: Consider an arbitrary finite-difference discretiza-
tion of Fick’s law, Eq. (2), for either the anode or cathode of
a battery. Suppose that the input current, u(t), is a known
function of time. Moreover, suppose that the surface concen-
tration, xa(t) or xc(t), is also a known function of time. Then
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Fig. 3. Finite-difference discretization of Fick’s law for a spherical
diffusion medium.

TABLE I
BATTERY MODEL PARAMETERS

the spatial distribution of concentration in the given electrode,
Cs,j can be uniquely computed at every instant in time.

The above lemma is validated by construction, as illustrated
in Fig. 3. In this illustration, concentration is discretized in
space to furnish a vector [xo(t), x1(t), . . . , xN(t)]T . Knowledge
of surface concentration, which is achievable from the results
of Theorem 1, automatically yields xN(t). Moreover, the
boundary condition at r = Rj, together with knowledge of
u(t) and xN(t), makes it possible to compute xN−1(t). The
time derivative of xN−1(t), together with Fick’s law, then fur-
nishes xN−2(t). The process can be repeated until all values
of xi(t) are known, and can be extended to the more general
case where diffusivity depends on species concentration.

Together, the above two results indicate that the spatial
distribution of solid-phase concentrations in a lithium-ion bat-
tery model is locally structurally observable, provided the
resistive and non-resistive components of terminal voltage
can be measured independently and that their concentration
dependence furnishes a full-rank Jacobian. The next sec-
tion illustrates these results numerically, for an SPM of a
commercial lithium-ion battery chemistry.

IV. NUMERICAL EXAMPLE

This section demonstrates the above insights using a
lithium-ion battery SPM [23]. The simulated battery is a
US18650VTC4 (Sony) type cell with an NMC cathode and
graphite anode. The main specifications of the cell are: a
2Ah rated capacity, a 3.7V nominal voltage, and 4.2V/2.5V
maximum/minimum voltage limits, respectively. The model’s
parameters are listed in Table I.

The above model is used in two demonstration studies, with
each study focusing on one of the main results in this letter
(namely, Theorem 1 and Lemma 1, respectively).

A. Demonstration Study #1: Surface Concentration
Estimation

In this study, multiple constant-current charge/discharge
profiles are simulated for the above SPM, starting from equi-
librium at 0% SOC for the charge profiles and 100% SOC for
the discharge profiles. The C-rates examined in these simula-
tions are 0.5C, 1C, and 2C. The duration of the simulation is
set to 1h(3600s) for the 0.5C and 1C currents, and 0.5h(1800s)
for the 2C current. The simulation terminates either when its
full time duration is reached or when a constraint is violated
(e.g., minimum/maximum cell voltage limit, etc.). For each
simulation, the SPM computes the battery terminal voltage,
y(t), the resistive component of this voltage, y2(t), and the
non-resistive component of this voltage, y1(t) = y(t) − y2(t).
An optimization problem is then solved, at every time, t, to
estimate xa(t) and xc(t) from y1(t) and y2(t). The optimization
objective is given by:

min
xa,xc

(y1 − yest,1)
2 + γ (y2 − yest,2)

2 (8)

where yest,1 and yest,2 are the estimated voltage components,
optimization is performed subject to Eq. (7) as a constraint,
and γ is a factor representing the relative importance of
the accurate estimation of the two output voltages. Different
choices of γ are possible. In this example, the value γ = 1000
is chosen for demonstration purposes. This is partly a reflec-
tion of the fact that, while the problems of estimating y1 and
y2 are both important, the value of y2 is typically much smaller
than the value of y1.

The above estimation problem is solved at every
time instant, with a 1-second sampling time, using a
100-point multi-start search employing the MATLAB func-
tion fminsearch. The outcome of this optimization is refined by
replacing the solution furnished by multi-start fminsearch with
the average of the estimates obtained for the preceding and
following instants in time if this average furnishes a smaller
objective function value. Finally, the outcomes of this com-
parison are passed through an 80-point moving average filter
to produce the results in Fig. 4 for the 1C charge/discharge
cases.

As evident from Fig. 4, the estimated surface concentra-
tion on both the anode and cathode side is in good agreement
with the simulation results. Moreover, as shown in Tab. II,
similarly attractive results are obtained at multiple C-rates,
with good percentage root mean square surface concentra-
tion estimation errors (RMSE, normalized with respect to
the corresponding electrodes’ average concentration over the
course of the simulation). This demonstrates the insight that
when the Butler-Volmer polarization overpotentials depend
on surface concentrations, it may indeed be possible to esti-
mate the individual electrode surface concentrations from
measurements of y1(t) and y2(t). Figure 5 plots the his-
tory of the reciprocal condition number of the Jacobian of
y1(t) and y2(t), with respect to surface concentrations, esti-
mated using the MATLAB function rcond, for the 1C charge
case. Poor conditioning of this Jacobian, particularly around
t ≈ 0.5h, explains the corresponding inaccuracies in surface
concentration estimation.

Authorized licensed use limited to: Stanford University. Downloaded on May 10,2023 at 16:04:51 UTC from IEEE Xplore.  Restrictions apply. 



NOZARIJOUYBARI et al.: ON THE FEASIBILITY OF ELECTRODE CONCENTRATION DISTRIBUTION ESTIMATION 1103

Fig. 4. Results of surface concentration estimation for the negative and positive electrodes.

TABLE II
RMS SURFACE CONCENTRATION ESTIMATION ERRORS

Fig. 5. Jacobian conditioning for surface conc. estimation.

B. Demonstration Study #2: Conc. Distribution
Estimation

This study focuses on demonstrating the use of Fick’s law
for inferring electrode concentration distributions from sur-
face concentration estimates. The study examines anode-side
estimation for the 1C discharge case. We use finite differ-
ences to discretize Fick’s law. We introduce some mismatch
between the plant model and the observer by using 10 dis-
cretization points for the former versus 6 for the latter. One
can, in theory, employ successive differentiation of surface
concentration versus time for state estimation, following the

proof of Lemma #2. However, this will amplify noise in the
surface concentration estimates. With this in mind, this study
uses a Leunberger observer for estimating the spatial concen-
tration distribution. Ackermann’s formula is used for spacing
the closed-loop observer poles linearly between −0.1s−1 and
−0.4s−1. The observer is simulated with battery current u(t)
as its input and anode-side surface concentration as its output.

Figure 6 shows the results of the Leunberger estimation,
with 80-point moving average filtering, for multiple locations
in the anode, starting with zero initial conditions. The observer
converges to a good estimate of concentration at all locations,
demonstrating the fact that knowledge of surface concentration
can be used for estimating spatial concentration distribution.
These results are obtained using the surface concentration pro-
file from the SPM, as opposed to the noisier profile from the
surface concentration estimator. The use of the noisier surface
concentration estimates in the Leunberger observer generates
noisier but convergent estimates of spatial concentration distri-
bution. This suggests that the ultimate implementation of this
letter’s insights should ideally employ a feedback estimation
structure similar to the literature’s interconnected observers.

V. SUMMARY AND CONCLUSION

This letter analyzes the nonlinear observability of a sin-
gle particle lithium-ion battery model. This analysis furnishes
sufficient conditions for observability of SPMs being that:
(i) Butler-Volmer polarization potentials are functions of sur-
face concentration, (ii) the resistive component of the terminal
voltage be separately measured, and (iii) the Jacobian of the
resistive and non-resistive components of the terminal voltage
with respect to anode- and cathode-side surface concentra-
tions be full-rank . With these conditions, regardless of the
electrode spatial discretization, the SPM is locally structurally
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Fig. 6. Concentration estimation results at different spatial locations in the negative electrode.

observable. This condition is numerically demonstrated using
an observer designed for separate electrode surface and spatial
concentration distribution estimation, with the main goal of the
work being to analyze fundamental limitations on battery state
observability as opposed to proposing a new observer design.
An experimentally-validated SPM for a commercial NMC cell
is used in this letter and the results from the observer are
compared to simulation. Potential future research directions
include extending this letter’s analysis to different chemistries,
dynamic (as opposed to constant current) test profiles, dif-
ferent measurements (including stress/strain) [24], as well as
models that are potentially more applicable to high C-rate
scenarios (e.g., ESPMs that capture the dependence of over-
all battery resistance on electrolyte concentration, as well as
temperature-dependent battery models).
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