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Multistage Time-Optimal Control
for Synchronization Process in
Electric-Driven Mechanical
Transmission With Angle
Alignment Considering Torque
Response Process
The synchronization process takes up almost one half of the time of the gear-shifting pro-
cess, and also influences the impacts between the sleeve and the gear ring. To avoid
impacts and reduce time duration, a time-optimal control strategy with angle alignment
is necessary for the synchronization process. Moreover, to be better accord with practice,
the motor torque response process should be taken into account. The parameters in the
torque response process depend on control commands, which makes the control problem
a multistage one. To solve these issues, a rule-based control strategy is extracted from
the dynamic programming (DP) solution of the multistage time-optimal control problem.
To obtain this strategy, the dynamic model for the synchronization process with a modi-
fied Sigmoid model to precisely depict the torque response process is first solved. Then,
the control problem is formulated as a multistage time-optimal control problem with
three states and solved by DP. Based on the DP results, a three-stage and a four-stage
rule-based control strategies are extracted for normal operation situation and startup sit-
uation, respectively. Finally, through comparative studies, the proposed rule-based con-
trol strategy can eliminate the speed difference and angle difference simultaneously with
almost the same time of the bang–bang control, while the bang–bang control cannot
obtain the zero terminals. Moreover, the proposed control strategy only takes 20 ms more
than the pure speed synchronization control in the worst case. It would decrease when
the initial speed difference increases. [DOI: 10.1115/1.4048783]

1 Introduction

Electric vehicles (EVs) attract extensive attention of the world
due to the increasing fossil fuel price and the increasingly strict
emission regulations, and are developed rapidly with the technical
development of the electric motor and the battery [1,2]. However,
electric motors have their torque limitation and low-efficiency
regions. Equipped with a transmission, electric vehicles can not
only extend the drive force range but also optimize the working
point of the drive motor by changing the gear [3–5].

With high transmission efficiency, low cost, simple mechanical
structure, and the ability for different-size vehicles, an automated
manual transmission (AMT) is a suitable choice for EVs [5].
Moreover, the drive motor can be directly integrated with the
AMT without a clutch between them since the drive motor can
start at zero speed. By eliminating the complicated clutch system,
we can save both weight and the cost of the powertrain. We call
this system the clutchless automated manual transmission
(CLAMT), shown in Fig. 1(a). However, there exists shift jerk
and long torque interruption during the gear-shifting process,
which would reduce the vehicles’ dynamic performance as well as
drivability.

During the gear-shifting process, the sleeve disengages from
the original gear ring, travels through the neutral clearance, and
then engage with the target gear ring. Detailed mechanical

diagram is shown in Fig. 1(b) or 1(d). Given an instance from the
second gear to the first gear, the sleeve originally engages with the
second gear ring. The corresponding power transmission routes
are shown in Fig. 2(a). After the gear-shifting process, the sleeve
would engage with the first gear ring. The corresponding power
transmission routes are shown in Fig. 2(b). During the process, the
power from the drive motor cannot be transmitted to the vehicle
due to the disengagement of the sleeve and the gear ring. There-
fore, we expect this process to end as soon as possible. According
to the transmission routes in Fig. 2, the sleeve has the same speed
of the second gear ring after the disengagement, which is obvi-
ously different from that of the target gear ring, namely, the first
gear ring. The speed difference between the sleeve and the target
gear ring should be reduced to near zero before the engagement to
avoid or decline the impacts between them, otherwise the teeth on
the sleeve and gear ring, shown in Fig. 1(b) or 1(d), would bump
against each other, resulting in shift jerk or shock. The process of
reducing the speed difference is called the synchronization pro-
cess. It takes up most of the time duration of the gear-shifting pro-
cess and determines the level of the shift jerk. Therefore, the
synchronization process plays an essential role in the gear-shifting
process.

Researchers on the synchronization process can be divided into
two groups according to the mechanical structure differences. The
first group focuses on the CLAMT with a synchronizer, shown in
Fig. 1(a), and the second group aims at the system without a syn-
chronizer, shown in Fig. 1(c). The synchronizer, shown in Fig.
1(b), is a significant component to accelerate the synchronization
process by the cone friction between the sychronizer and the gear
ring [6]. In general, the speed difference is reduced first by the
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active synchronization of the drive motor, then eliminated com-
pletely through the cone friction. Previous research pays more
attention to the dynamic model of the synchronization process
[7–9]. A continuous model is utilized to depict the interaction
between the sleeve and the synchronizer in Ref. [7], while a dis-
crete model applied in Refs. [8] and [9]. Besides the synchronizer
model, research on the active synchronization control to acceler-
ate the synchronization process by adjusting the drive motor tor-
que is also strongly pursued. A dual sliding control is applied to
reduce the response time and static error of the rotational speed of
the drive motor in Ref. [10]. The shortest shifting time is approxi-
mately 600 ms, which is validated on a bench test. The effect of
the final rotational speed difference between the sleeve and the
gear ring on active synchronization time is analyzed in Ref. [11].
The results indicate that the active synchronization time decreases
when the final speed difference increases. The terminal speed dif-
ference is limited below 10 rpm in Ref. [12]. The shifting process
takes less than 1500 ms, with the shifting jerk less than 15 m/s3. In

Fig. 1 Mechanical diagram of CLAMT and EMT: (a) CLAMT, (b) detailed structure of ‹ in (a),
(c) EMT, and (d) detailed structure of › in (b)

Fig. 2 Mechanical power transmission routes. The routes are
shaded in red: (a) second gear and (b) first gear.
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Refs. [13] and [14], a sliding control is applied to adjust the speed
of the drive motor and validate that algorithm by tests on a shift-
ing test rig. According to the results, the up-shift time and down-
shift time are almost 2440 ms and 1590 ms, respectively. In Ref.
[15], a proportional feedback controller extracted from the linear
quadratic regulator with a disturbance observer is designed to syn-
chronize the speed. The control strategy can be implemented
online and take about 800 ms to complete the synchronization pro-
cess. Some researchers also focus on designing novel synchroni-
zation mechanics, a Harpoon-shift synchronizer is proposed in
Refs. [16] and [17]. It can reduce the impacts to some extent but
cannot eliminate them.

As far as the CLAMT without a synchronizer, we call this sys-
tem the electric-driven mechanical transmission (EMT) since only
the electric motor is involved in the synchronization process. In
Ref. [18], the synchronizer is removed from the transmission, and
the feasibility is validated in a conventional vehicle with an inter-
nal combustion engine (ICE). After that, less research focuses on
the nonsynchronizer mechanical transmission due to the vibration
out of the rough control of the ICE. In the last decade, the EMT
attracts the attention of the researchers again with the develop-
ment of EVs since the electric motor has more precise and fast
control ability. In Ref. [19], the dynamic model for the engaging
process is built based on a EMT of heavy-duty vehicles. It indi-
cates that it should be a better choice to choose the minimal rota-
tion speed difference at the same gear-shifting success ratio. In
Refs. [20] and [21], a more precise impact model between the
sleeve and the gear ring is proposed to capture the trajectory of
the components, which can facilitate designing control strategy.
In Ref. [22], the terminal speed difference is declined to nearly
zero using the speed mode embedded in the motor controller unit
(MCU) with a shifting time of about 890 ms, but impacts still
exist. These days researchers claim that not only the speed differ-
ence but the angle difference between the sleeve and the gear ring
has a significant influence on the impact between the two compo-
nents [23–26]. It is evident that if there is no speed difference and
no angle difference between the sleeve and the gear ring, the
impacts would be eliminated. That means synchronizing the speed
difference meanwhile aligning the angle difference between the
sleeve and gear ring, which we call dual synchronization. To
reduce the time during the synchronization process, a theoretical
time-optimal control law of dual synchronization based on the
Pontryagin’s minimum principle (PMP) is solved in Refs. [23]
and [26]. In Ref. [24], an empirical dual synchronization optimal
strategy is proposed to eliminate the speed and angle difference.

As stated above, a CLAMT with a synchronizer not only
removes the complex clutch system but accelerates the speed syn-
chronization through the active synchronization of the electric
motor. Previous research on the CLAMT pays more attention to
the active speed synchronization control. By removing the syn-
chronizer from the CLAMT, the EMT makes the dual synchroni-
zation achievable to eliminate impacts between the sleeve and the
gear ring. Previous research on EMTs concentrates on relation-
ships among the speed difference, gear-shifting success ratio, and
gear-shifting time. To obtain the time-optimal dual synchroniza-
tion for the EMT, an empirical control law and a theoretical time-
optimal control law are resolved in Refs. [23] and [24], respec-
tively. However, the torque response process of the drive motor is
ignored in both cases, which would result in impacts.

We derive a rule-based control strategy, which is extracted from
the results of dynamic programming (DP) and easily applied to
practice. The torque response process is taken into account to
obtain the strategy. Therefore, the proposed strategy can achieve
zero speed difference and angle difference, which can eliminate
the impacts. First, to better depict the torque trajectory during the
torque response process, we propose a modified Sigmoid model.
Unlike the simple first-order motor model, the parameters in the
proposed model are coupled with the torque command, which
makes the optimal control problem a multistage one. To solve the
optimal control law with dynamic programming, the motor torque

is introduced as another state to satisfy the nonaftereffect property.
Therefore, there are three states in this control problem, the motor
torque, the speed difference and the angle difference. Moreover,
for practical application, an online rule-based control strategy is
derived from the results of DP inspired by Biasini et al. [27].

The paper is organized as follows. Section 2 presents the
mechanical and control diagram of the EMT. The dynamic model
for the synchronization process with a modified Sigmoid model
during the torque response process is derived in Sec. 3. Then, the
control problem is formulated as a multistage time-optimal one
with three states in Sec. 4. After that, the solution procedure based
on DP is presented in Sec. 5. The rules are extracted in Sec. 6.
Section 7 conducts comparative studies with the bang–bang con-
trol and pure speed synchronization control. Finally, Sec. 8 sum-
marizes the conclusions and proposes the future work.

2 System Description

As shown in Fig. 3, the EMT consists of one drive motor, one
mechanical transmission without synchronizers, and an angular
sensor on the output shaft. The output shaft connects to the wheel
through the final drive. The rotor of the drive motor is directly
connected to the input shaft of the transmission. In the transmis-
sion, the rotational motions of the first gear and the second gear is
transmitted from the drive motor through the gear transmission.
That means

hgr ¼
hm

ig

xgr ¼
xm

ig

(1)

where hm and xm denote the rotational angle and speed of the
drive motor, respectively, hgr and xgr denote the rotational angle
and speed of the gear ring, respectively, and ig is the transmission
ratio of the desired gear. The sleeve is connected with the output
shaft directly. Therefore, the angular sensor installed on the output
shaft of the transmission can capture the rotational angle hslv of
the sleeve.

As far as the control diagram in Fig. 4, the control system con-
sists of one transmission control unit (TCU), one MCU, and the
plant EMT. The TCU calculates and transmits the torque com-
mand Tcmd of the drive motor to the MCU. The torque command
is determined according to the rotational angle hslv of the sleeve
from the angular sensor, the angle hm, speed xm and the estimated
torque T̂m of the drive motor from the MCU. The MCU deter-
mines the three-phase current according to the build-in control
algorithm. The control algorithm is unknown to users.

Fig. 3 Mechanical system diagram
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3 System Model

The dynamic model for the synchronization process is built
herein. Traditional synchronization process only aims to syn-
chronize the rotational speeds of the sleeve and the target gear
ring. To eliminate the impacts between the sleeve and the gear
ring, the angle alignment is introduced. Hence, the corresponding
dynamic model for the synchronization process also should con-
sider the angle difference, given by

D _hgr�slv ¼ Dxgr�slv

D _xgr�slv ¼
1

ig

Tm

Jin

(2)

where Dhgr slv ¼ hgr � hslv and Dxgr slv ¼ xgr � xslv denote the
rotational angle difference and speed difference between the tar-
get gear ring and the sleeve, respectively, Tm is the drive motor
torque.

In Eq. (2), the drive motor torque Tm depends on the three-
phase current out of the MCU. It takes time to produce the desired
three-phase current corresponding to the torque command Tcmd.
That means the real motor torque Tm needs a torque response pro-
cess to reach the torque command, which results in a gap between
the real motor torque and the motor torque command. The gap has
considerable influence on motor control performance, which is
analyzed in Sec. 7. Therefore, it is necessary to take account of
the torque response process when building the system model.
However, it is hard to build a precise physical model to describe
this process since the control algorithm in MCU is complicated
and unknown to us. Hence, we first obtain the experimental
results, then derive a proper mathematical model to fit this
process.

3.1 Torque Response Process of the Drive Motor. In this
section, the experiment description is first given. Then, the model
for the torque response process is derived through the experimen-
tal results analysis.

3.1.1 Experiment Description. In order to thoroughly investi-
gate the transient characteristics of motor and its controller under
a step-input torque command, a series of experiments are carried
out. We first let the motor running on a constant torque (initial tor-
que T0 in Fig. 5) and a constant speed (initial speed), then give a
certain step torque command (Tcmd) to the MCU, record the torque
and speed signal of motor until it comes to the steady-state. In
order to build a model facilitating to optimize trajectories in
Sec. 5, the experiments are carried out with sets of different initial
torques, different initial speeds, and different torque commands,
shown in Table 1. The test rig for experiments is shown in Fig. 6,
which contains a battery simulator of AeroVironment 900 as a
power source, an MCU and a drive motor as the tested system, a
mechanical transmission, a TCU of National Instrument PXI-
1042Q, and a host computer. During the experiments, the gear is
set to the neutral gear to obtain the same situation of the

synchronization process. We assume that the MCU can calculate
the drive motor torque Tm precisely, which means T̂m ¼ Tm.

3.1.2 Results Analysis. Figure 5 shows a general example of
the torque trajectory for the torque response process. It can be
seen that the torque response process can be divided into two
phases: (1) transient phase and (2) steady-state phase. It is easy to
solve the motor torque in the steady-state phase with Tm¼ TE.
Besides that, it is necessary to build a model to describe the tran-
sient phase. We divide the solution of the transient phase model
into two steps. First, the time ts used for the transient phase is
resolved. Then, the transient-phase model structure and parame-
ters are chosen and derived.

The transient phase time ts is potentially influenced by the ini-
tial speed, initial torque, and torque command since each experi-
ment has different initial speeds, initial torques, and torque
commands. We first analyze the effects of the initial speed on ts.
Figure 7 shows ts almost stays unchanged with the increasing ini-
tial speed at different initial torques. That means the initial speed
has little influence on ts.

Then ts only depends on the initial torque T0 and torque com-
mand Tcmd. Figure 8 shows that ts equals to zero when Tcmd ¼ T0.
When jTcmd � T0j increases, ts rises piecewise linearly. Therefore,
ts can be regarded as a piecewise linear function of torque differ-
ence Tcmd � T0 approximately. To derive the function, we calcu-
late the average transient phase time with same torque difference
Tcmd � T0 and plot it along with different torque differences.

Fig. 4 Control system diagram. MCU is the abbreviation of
motor control unit. TCU is the abbreviation of TCU.

Fig. 5 An example of the drive motor torque response process

Table 1 Experiment variables

Variables Scale Unit

Initial speed [0:100:1000] rpm
Initial torque [�400:40:400] N�m
Torque command [�400:40:400] N�m

Fig. 6 Equipment diagram in experiments
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Figure 9 shows the case in which both the initial torque and torque
command are larger than or equal to zero, T0 � 0 and Tcmd � 0.
Furthermore, Figs. 9(a) and 9(b) show Tcmd> 0 and Tcmd¼ 0,
respectively, since we find that the linear slope difference cannot
be neglected in these two cases. We assume that the transient
phase time is piecewise linear to the torque difference and the
sign of the torque does not change during one torque switching
process. Then when Tcmd � 0 and T0 � 0, ts can be given bywhen
Tcmd¼ 0

ts ¼
�0:0107Tdiff þ 0:617; Tdiff < �40 ð3aÞ
�0:0261Tdiff ; Tdiff � �40 ð3bÞ

(

when Tcmd> 0

ts ¼
�0:0131Tdiff þ 1:827; Tdiff < �40 ð4aÞ
0:0103Tdiff þ 1:939; Tdiff > 40 ð4bÞ
0:0588jTdiff j; jTdiff j � 40 ð4cÞ

8>><
>>:

where Tdiff ¼ Tcmd � T0.
Similarly, when Tcmd � 0 and Tm � 0, ts is calculated as:when

Tcmd¼ 0

ts ¼
0:0109Tdiff þ 0:609; Tdiff > 40 ð5aÞ
0:0261Tdiff ; Tdiff � 40 ð5bÞ

(

when Tcmd< 0

ts ¼
�0:0106Tdiff þ 1:808; Tdiff < �40 ð6aÞ
0:0125Tdiff þ 1:732; Tdiff > 40 ð6bÞ

0:0558jTdiff j; jTdiff j � 40 ð6cÞ

8>><
>>:

After the solution of ts, the model structure and parameters are
obtained in the following part. As shown in Fig. 5, the torque
trajectory for the transient phase is an S-shaped curve. As an S-
shaped model, delays added by the first-order model is a simple
way to simulate the motor torque [28,29]. Sigmoid model is a typ-
ical S-shaped curve. These two typical S-shaped type curves are
given by

Delay and first� order model :

Tm ¼ T0 þ Tdiff 1 t� sdð Þ � e
�

t� sd

ts � sdð Þ=sc

� � !
(7a)

Sigmoid model :

Tm ¼ T0 þ
Tdiff

1þ e�
10
ts

t� ts
2ð Þ

(7b)

where sd denotes the time delay, and sc represents the time
constant.

For a given experiment case, T0 and Tdiff are determined. There-
fore, two parameters (sd and sc) need to be optimized for the delay

Fig. 7 Relationship between the transient phase time and the
motor speed

Fig. 8 Relationship between the transient phase time and the
motor torque
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and first-order model, while zero parameter for the Sigmoid
model. After obtaining optimal parameters with genetic algorithm,
a comparison between the delay and first-order model and
Sigmoid model is achieved and shown in Fig. 10 and Table 2. Fig-
ure 10 and Table 2 show that the delay and first-order model can
better fit the torque trajectory. However, the maximal error is a lit-
tle large. Hence, we propose a modified Sigmoid model, given by

Modified Sigmoid model

Tm ¼ T0 þ Tdiff x5 t� ts
x4

� �
þ x1

1þ x2e
x3
ts

t� ts
x4

ð Þ

 !
(8)

where xj ðj ¼ 1; 2;…; 5Þ denotes the parameters in modified Sig-
moid model.

Figure 10 and Table 2 show the comparison among the three
models. It can be seen that the modified Sigmoid model is more

consistent with the experimental data but with more parameters.
To obtain a precise result, we utilize the modified Sigmoid model.

Given the resolved ts and modified Sigmoid model, the motor
torque can be described as

Tm ¼

T0 þ Tdiff x5 t� ts
x4

� �
þ x1

1þ x2e
x3
ts

t� ts
x4

ð Þ

 !
; t � ts

T0 þ Tdiff x5 ts �
ts
x4

� �
þ x1

1þ x2e
x3
ts

ts� ts
x4

ð Þ

 !
; t > ts

8>>>>>><
>>>>>>:

(9)

4 Problem Formulation

According to the dynamic model for the synchronization
process in Sec. 3, there exist command-based model parameters
(ts and xj ðj ¼ 1; 2;…; 5Þ) since these parameters change along
with the torque command. Therefore, this is a multistage control
problem.

For each stage, we should optimize not only the torque

command Ti
cmd but also the time tiss for the steady-state torque

phase. Thus, the control policy includes a torque command array

Fig. 9 Time of transient phase (ts) varies with torque difference
(Tcmd2Tm) (1fi1; 0): (a) positive torque to positive torque
(1fi1) and (b) positive torque to zero torque (1fi0)

Fig. 10 A comparison example of the three model choices

Table 2 A comparison example of the three model choices

Model NP RSME ME

Delay and First-order model 2 13.20 N�m �25 N�m
Sigmoid model 0 22.55 N�m 47.00 N�m
Modified Sigmoid model 5 3.46 N�m �6.76 N�m

NP, number of parameters optimized; RSME, root-square-mean error; and
ME, maximal error.
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Tcmd ¼ ½T0
cmd; T

1
cmd;…;TN�1

cmd �
T

and a steady-state time array

tss ¼ ½t0
ss; t

1
ss;…; tN�1

ss �
T
Ztss ¼ ½t0ss; t

1
ss;…; tN�1

ss �
T
. Ti

cmd determines

the time tis and model parameters (xi
j) for the transient phase. tiss

determines the time for the steady-state phase. The objective of
the control problem is to minimize the total time during the syn-

chronization process, which is the sum of the time ti
s for transient

phase and the time ti
ss for the steady-state phase of all stages. That

means this is a multistage time-optimal control problem, whose
diagram is shown in Fig. 11. It can be summarized as

min
Tcmd;tss

JðTcmd; tssÞ ¼
XN�1

i¼0

ðti
s þ ti

ssÞ

subject to constraints

The details for the objective function and constraints are given in
the following.

4.1 Multistage Time-Optimal Control Problem. J, as the
cost function, is the total time for the synchronization process. For
a case given intial states T0

m; Dx0
gr slv; Dh0

gr slv, and control policy
Tcmd; tss, the cost function can be expressed as

JðT0
m;Dx0

gr slv;Dh0
gr slv;Tcmd; tssÞ ¼

XN�1

i¼0

ðtis þ tissÞ þ tend

Subject to:
Terminal conditions

TN
m ¼ 0

DxN
gr slv ¼ 0

DhN
gr slv ¼ 0

8>><
>>:

System dynamics:
State transition equation (details in Sec. 4.2)
Physical operation limits

Ti
m 2 �Tmax;Tmax½ �

Dxi
gr slv 2 Dxgr slv min;Dxgr slv max

� �
Dhi

gr slv 2 0;
2p
Ngr

� �
8>>>><
>>>>:

Ti
cmd 2 ½�Tmax; Tmax�

ti
ss 2 ½0; tmax�

(

Initial conditions

T0
m ¼ 0

Dx0
gr slv ¼ x0

(

where tend in the cost function is introduced as a penalty to make
sure that the optimal policy can not only achieve the aim of short-
est time but also the desired final states. Thus, tend depends on the
final states, expressed as

tend ¼ 0;TN
m ¼ 0& DxN

gr slv ¼ 0& DhN
gr slv ¼ 0

inf; else

�
(10)

Equation (10) means that the optimal policy should drive the
motor torque, speed difference, and the angle difference to zeros
at final stage since we expect zero motor torque, zero speed differ-
ence, and zero angle difference to eliminate the impacts between
the sleeve and the gear ring, which are the terminal conditions in
the above.

In addition, the states should also be constrained to the system
dynamics which is summarized in a state transition equation in
Sec. 4.2, the physical operation limits and the boundary condi-
tions. The two control inputs should also subject to the physical
operation limits

4.2 State Transition Equation. The system dynamics is
summarized in a state transition equation in the following. To
apply the DP algorithm in Sec. 5, the state transition equation
needs to satisfy the nonaftereffect property. That is, future states
are independent of past states given present states. To satisfy this
prerequisite, the motor torque is introduced as another state
besides of Dxgr slv and Dhgr slv because the motor torque depends
on the initial torque T0 at each stage. Moreover, we assume that
the torque command does not change during the motor transient
torque phase. Therefore, at each stage, the torque model includes
both a transient phase and a steady-state phase. That means the
motor torque reaches TE at the end of one stage, and the total time
for one stage is larger than the transient phase time ts. Hence,
based on the synchronization dynamic model in Eq. (2) and torque
model in Eq. (9), the state transition equation is formulated as

Tiþ1
m

Dxiþ1
gr slv

Dhiþ1
gr slv

2
6664

3
7775 ¼ f iðTi

m;Dxi
gr slv;Dhi

gr slv; T
i
cmd; t

i
ssÞ (11)

where Ti
m; Dxi

gr slv; Dhi
gr slv, and Ti

cmd are the motor torque, speed

difference, angle difference and torque command at the ith stage ,

respectively, Dhi
gr slv is period-varied which can be seen in

Eq. (12), tiss represents the time for the steady-state phase, and fi

denotes the state transition function for stage i. fi is

f i ¼

1 0 0

1

Je
ti
ss 1 0

1

2Je
ti
ss2 ti

ss 1

2
666664

3
777775

Ti
m ti

s

Dxi
gr slv tis

Dhi
gr slv tis

2
6664

3
7775

0
BBBBB@

1
CCCCCAmod

inf

inf

2p
Ngr

2
66664

3
77775 (12)

where Ti
m tis

; Dxi
gr slv tis

, and Dhi
gr slv tis

denote the motor torque,

the speed difference, and angle difference at the end of the tran-
sient torque phase for stage i, given by

Ti
m ti

s

Dxi
gr slv tis

Dhi
gr slv tis

2
664

3
775 ¼

Ti
E

Dxi
gr slv þ

ðtis

0

Ti

Je
dt

Dhi
gr slv þ Dxi

gr slvtis þ
ðtis

0

ðt

0

Ti

Je
dsdt

2
666664

3
777775

where Ti and Ti
E denote the motor torque trajectory during the

transient torque phase and the torque value at the end of the tran-
sient phase, respectively, given byFig. 11 Multistage time-optimal control problem diagram
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Ti ¼ Ti
m þ Ti

diff xi
5 t� ti

s

xi
4

 !
þ xi

1

1þ xi
2e

xi
3

tis
t� tis

xi
4

 !
0
BBB@

1
CCCA

Ti
E ¼ Ti

m þ Ti
diff xi

5 tis �
ti
s

xi
4

 !
þ xi

1

1þ xi
2e

xi
3

ti
s

ti
s �

tis
xi

4

 !
0
BBB@

1
CCCA

where Ti
diff ¼ Ti

cmd � Ti
m; tis means the time for the transient tor-

que phase, xi
j ðj ¼ 1; 2;…; 5Þ are the parameters of the modified

Sigmoid model at the ith stage.

5 Dynamic Programming

The DP is a good choice to solve the optimal control problem,
especially for a multistage one. Therefore, we apply DP to derive
the optimal control law. After the formulation of the multistage
time-optimal control problem, the derivation of the optimal policy
and the corresponding cost function based on DP algorithm is pre-
sented in the following.

The cost function obtained with the optimal policy solution can
be represented as

J�ðT0
m;Dx0

gr slv;Dh0
gr slv;T

�
cmd; t

�
ssÞ

¼ min
Tcmd;tss

ðtend þ
XN�1

i¼0

ðtis þ tissÞÞ
(13)

The corresponding optimal policy is expressed as

T�cmd ¼ ½T0�
cmd;T

1�
cmd;…; TN�1�

cmd �
T

t�ss ¼ ½t0�
ss ; t

1�
ss ;…; tN�1�

ss �T
(14)

To solve the optimal policy with the DP algorithm, the cost-to-go
Y from control stage k to stage N is defined as

Y�ðTk�1
m ;Dxk�1

gr slv;Dhk�1
gr slv; k � 1Þ

¼ min
Tcmd;tss

ðtend þ
XN�1

i¼k�1

ðti
s þ ti

ssÞÞ
(15)

According to Bellman’s principle, which is the basis of the DP
algorithm, the cost-to-go can be updated backward as

Y�ðTk�1
m ;Dxk�1

gr slv;Dhk�1
gr slv; k � 1Þ ¼ min

Tk�1
cmd

;tk�1
ss

ðtk�1
s

þtk�1
ss þ Y�ðf k�1ðTk�1

m ;Dxk�1
gr slv;Dhk�1

gr slv;T
k�1
cmd ; t

k�1
ss Þ; kÞÞ

(16)

and the corresponding optimal control inputs at the kth stage can
be solved as

½Tk�1�
cmd ; t

k�1�
ss �T ¼ arg min

Tk�1
cmd

;tk�1
ss

ðtk�1
s þ tk�1

ss

þY�ðf k�1ðTk�1
m ;Dxk�1

gr slv;Dhk�1
gr slv;T

k�1
cmd ; t

k�1
ss Þ; kÞÞ

(17)

The parameters used in DP algorithm are shown in Table 3. The
application of DP for N control stages is presented in the
Algorithm 1. The corresponding solution diagram is shown in
Fig. 12. Given a stage k, the states of the motor torque, the speed
difference and the angle difference construct a three-dimension
structure. The values of the states are shown in Table 4. For each
point in the three-dimensional structure, we should solve the opti-

mal control inputs, torque command Tk�
cmd and the optimal time

tk�
ss , and the corresponding cost-to-go Y�ðTk

m;Dxk
gr slv;Dhk

gr slv; kÞ.
The choices of Tk

cmd and tk
ss are also shown in Table 4. To acceler-

ate the computation, the high performance computing cluster in
the Center for Computational Earth and Environmental Science at
Stanford University is used to solve the dynamic programming.
Eight nodes are used with sixteen cores in each node. Finally, it
takes 12 h to solve the optimal policy for one control stage.

Table 3 Transmission parameters

Parameters Value Unit

Maximum motor torque (Tmax) 400 N�m
Initial speed difference (x0

gr slv;x0) �209.47 rpm
Equivalent inertia (Je) 1.0025 kgm/s2

Teeth number of sleeve (Ngr) 30 —
Transmission ratio (ig) 4.01 —
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6 Rule-Based Control Strategy

In this section, the rule-based control strategy is extracted from
DP results. Through analysis, a three-stage control strategy in nor-
mal operation situation and a four-stage control strategy in startup
condition are derived, respectively, shown in a flowchart in
Fig. 13. Normal operation means the situation in which the initial
speed difference Dx0

gr slv is larger than 100 rpm. The recom-
mended threshold value, 100 rpm, is determined by taking account
of reducing the synchronization time and extending the applicable
vehicle speed range. Startup condition is the situation in which the
intial speed difference Dx0

gr slv equals to zero, whose correspond-
ing vehicle speed also equals to zero. The following part presents
the details of the rules’ extraction in each situation.

6.1 Rules for Normal Operation. To obtain the rule-based
control strategy in the normal operation situation, the number of
control stages is first analyzed. Then, the specific rules are
described in analytic form.

First, we analyze the number of control stages. Figure 14(a)
shows that the cost function varies with the changing number of
control stage. It can be seen that the cost function decreases with
the increase of the control stage. Beyond control stage three, the
cost function reaches a plateau. Besides, there exists deviations
during the solution of DP in each stage since we use discrete states
with small intervals to replace the continuous states. Figure 14(b)
shows that the root-square-mean error (RSME) increases with the
increase of control stage. Taking these two main factors into con-
sideration, three control stages seem to generate the best control
choice.

Then, we derive the rules for normal operation. Figure 15
shows the motor torque trajectories at different initial angle differ-
ences Dh0

gr slv. It can be seen that the motor torque begins at a low
torque, then increases to pretty high torque near to the maximum
limit of the motor, after that decreases to zero finally. Therefore,
the optimal control rule can be summarized as follows: (1) starting
at zero torque, (2) switching to the maximum torque, and (3) fall-
ing to zero. That means the torque commands for three stages are
zero, maximum torque and zero, respectively, presented as

T�cmd ¼ ½0;�signðDx0
gr slvÞTmax; 0�T (18)

Fig. 12 DP backwards diagram: (a) DP backwards diagram and
(b) details for the process in dotted box in (a)

Table 4 Variables and grids of the DP problem of downshifting
from second gear to first gear

Variables Grid

Time time (tkss) [0:0.0001:0.200] s

Control Torque command (Tk
cmd) [�400:1:400] N�m

States Motor torque (Tk
m) [�400:1:400] N�m

Speed difference (Dxk
gr slv) [�310:1:50] rpm

Angle difference (Dhk
gr slv) [0:0.02:12] deg

Fig. 13 Flowchart of the optimal rules
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Thus, the torque command array is determined. As stated in
Sec. 4, the steady-state time array t�ss also needs to be resolved
besides of T�cmd. As shown in Fig. 15, there is no steady-state
phase at the third stage such that t2ss ¼ 0. Therefore, there only
remain two variables, t0

ss and t1ss, that need to be calculated. These
two variables can be solved based on the terminal conditions,
Dx3

gr slv ¼ 0 and Dh3
gr slv ¼ 0. According to the state transition

Eq. 17, it can be derived as

Dx3
gr slv ¼ x0 � sign x0ð Þ

Tmax

Je
t1ss þ

X2

i¼1

ðtis

0

Ti

Je
dt (19)

Dh3
gr slv ¼ h0 þ x0t0

ss þ x0t1
ss þ

ðt1s

0

T1

Je
dt

 !
t1
ss þ t2s
	 
 

þ
X2

i¼1

x0tis þ
ðtis

0

ðt

0

Ti

Je
dsdt

 !

�sign x0ð Þ
Tmax

2Je
t1
ss t1

ss þ 2t2
s

	 
�
mod

2p
Ngr

(20)

Fig. 14 Time cost and deviation at different initial angle differen-
ces Dhgr slv0 with different control stages in normal operation.
RSME: root-square-mean error: (a) Cost function at different initial
angle differences Dh0

gr slv(2 deg : 2 deg : 10 deg) with different
control stages and (b) speed and angle deviations at different ini-
tial angle differences Dh0

gr slv(2 deg : 2 deg : 10 deg) with different
control stages.

Fig. 15 The motor torque trajectories calculated by DP at dif-
ferent initial angle differences Dh0

gr slv(2 deg : 2 deg : 10 deg) in
normal operation

Fig. 16 One shifting case from second gear to first gear with
initial angle difference equal to 6 deg in normal operation. Three
lines represent trajectories of the motor torque, the speed dif-
ference, and the angle difference, respectively.
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According to Eq. (19) and Dx3
gr slv ¼ 0; t1

ss can be solved as

t1ss ¼
Jex0 þ

P2
i¼1

ðtis

0

Tidt

sign x0ð ÞTmax

(21)

To further explain Eq. (21), one case in Fig. 16 is used to explain
the notations.

Ð tis
0

Tidt is substituted as Uxi
shown in shaded

regions in Fig. 16, which can reflect the speed synchronization
during the transient torque phase. According to Eq. (20) and
Dh3

gr slv ¼ 0; t2
ss can be solved as:

t0
ss ¼

h0 � hpure
0

	 

�x0

; h0 � hpure
0

	 

x0 � 0

h0 � hpure
0

	 

� sign x0ð Þ

2p
Ngr

� �
�x0

; else

8>>>>>><
>>>>>>:

(22)

where hpure
0 ¼ Uh x0

mod 2p
Ngr
; Uh x0

denotes the angle alignments

during stages 2 and 3, shown in the shaded regions in Fig. 16.

6.2 Rules for Startup Situation (Dx0
gr slv50). We discuss

the optimal rules extracted for startup situation in this part. Simi-
larly, the number of control stages is first analyzed. According to
Fig. 17, four control stages seems to generate the best control
choice.

Then, we can derive the rules according to the motor torque tra-
jectories at different angle differences in Fig. 18. According to
Fig. 18, the control rules can be summarized as: (1) increasing to
the maximum torque, (2) then decreasing to zero, (3) after that,
switching to the maximum torque in the opposite direction, and
(4) finally falling into zero. Therefore, the torque commands for
four stages can be presented as

T�cmd ¼
�Tmax; 0; Tmax; 0½ �T; h0 <

p
Ngr

Tmax; 0;�Tmax; 0½ �T; else

8<
: (23)

According to Fig. 18, there is no steady-state phase at the first
stage and the fourth stage. That means t1ss ¼ t3

ss ¼ 0. Such that
there only remain two variables, t0

ss and t2
ss, which can be deter-

mined based on the terminal conditions, Dx4
gr slv ¼ 0 and

Dh4
gr slv ¼ 0. According to the state transition equation in

Eq. (17), Dx4
gr slv can be derived as

Fig. 17 Time cost and deviation at different initial angle differ-
ences with different control stages in startup situation. RSME:
root-square-mean error: (a) time cost at different initial angle
differences Dh0

gr slv(4 deg : 1deg : 8 deg) with different control
stages and (b) speed and angle deviations at different initial
angle differences Dh0

gr slv(4 deg : 1deg : 8 deg) with different
control stages.

Fig. 18 The motor torque trajectories calculated by DP at dif-
ferent initial angle differences Dh0

gr slv(4 deg : 1 deg : 8 deg) in
startup situation
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Dx4
gr slv ¼

Tmax

Je
t2ss � t0

ss

	 

þ
X3

i¼0

ðtis

0

�1ð Þiþ1 Ti

Je
dt; h0 <

p
Ngr

Tmax

Je
t0ss � t2

ss

	 

þ
X3

i¼0

ðtis

0

�1ð Þi Ti

Je
dt; else

8>>>>><
>>>>>:

(24)

where
P3

i¼0

Ð tis
0
ð�1Þiþ1 Ti

Je
dt ¼ 0 and

P3
i¼0

Ð tis
0
ð�1Þi Ti

Je
dt ¼ 0 because the torque command is odd-symmetric with respect to the mid-

point. Therefore, t0
ss ¼ t2

ss since Dx4
gr slv ¼ 0. Since the angle difference is is even-symmetric, then

h0

2
¼

�
X1

i¼0

ðtis

0

ðt

0

Ti

Je
dsdtþ Tmax

2Je
t0
ss t0

ss þ 2t1
s

	 


�
ðt0s

0

T0

Je
dt

 !
t0
ss þ t1s
	 


; h0 <
p

Ngr

p
Ngr

�
X1

i¼0

ðti
s

0

ðt

0

Ti

Je
dsdtþ Tmax

2Je
t0
ss t0

ss þ 2t1
s

	 

þ

ðt0s

0

T0

Je
dt

 !
t0
ss þ t1

s

	 
0
@

1
A; else

8>>>>>>>>>>><
>>>>>>>>>>>:

(25)

where we use Uhi and Ux to substitute
Ð tis

0

Ð t
0

Ti

Je
dsdt and

Ð t0s
0

T0dt, , respectively, shown in the shaded regions of Fig. 19.

According to Eq. (25), t0
ss can be derived as

t0
ss ¼ t2ss ¼

1

Tmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JeUx � Tmaxt1s
	 
2 þ 2JeTmaxCh

q
þ JeUx � Tmaxt1

s

� �
; h0 <

p
Ngr

1

Tmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JeUx þ Tmaxt1s
	 
2 þ 2JeTmax

p
Ngr

� Ch

� �s
� JeUx � Tmaxt1

s

0
@

1
A; else

8>>>>><
>>>>>:

(26)

where Ch ¼ Uh0
þ Uh1

þ Uxt1
s þ h0

2
for simplicity.

7 Results and Analysis

In this section, cases in both situations, normal operation situa-
tion and startup situation, are first studied. Then, to highlight the
influence of the torque response process on the synchronization
process, a comparative study with bang–bang control is taken
since it is validated the bang–bang control is the optimal control
law without considering the torque response process in Ref. [23].
Moreover, to further show the time-optimal property, comparisons
with the pure speed synchronization control are also conducted.

7.1 Case Study. We first analyze one case of the synchroni-
zation process when shifting from 2nd gear to 1st gear in the nor-
mal operation situation. Figure 16 shows the trajectories of states
during the synchronization process. As stated in Sec. 6.1, there are
three control stages during the synchronization process. Accord-
ingly, the trajectories of the states can also be divided into three
stages. At the first stage, the torque remains zero. Therefore, the
speed difference keeps constant, and angle alignment only
depends on the speed difference. At the second stage, the chang-
ing of the speed difference and angle difference stays almost the
same as that at the first stage during the transient torque phase.
After the transient torque phase, the torque reaches the maximum
and remains unchanged such that the speed difference decreases
at the maximum rate. The angle difference varies slower and
slower with the descending speed difference. At the last stage, the

motor torque, speed difference, and angle difference change
slowly to zero.

Then, one case of the synchronization process in the startup sit-
uation is shown in Fig. 19. As stated in Sec. 6.2, there are four
control stages. At the first two stages, the motor torque first
increases to the maximum torque then falls to zero. The speed dif-
ference increases to the peak point. In the last two stages, the
motor torque increases to the maximum torque in the opposite

Fig. 19 An example out of the proposed rules with initial angle
difference equal 6 deg in startup situation. Three lines repre-
sent trajectories of the motor torque, the speed difference, and
the angle difference, respectively.
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direction. The speed difference decreases to zero. During the four
stages, the angle difference keeps decreasing and converges to
zero finally.

Hence, the states can finally satisfy the terminal conditions with
the proposed rules in both situations.

7.2 Comparison With Bang–Bang Control. The theoretical
optimal control law for the synchronization process is resolved in
Ref. [23] based on PMP without considering the torque response
process. That means, in Ref. [23], it is assumed that the motor tor-
que Tm can immediately reaches the torque commmand Tcmd.
Finally, a bang-bang control is obtained in Ref. [23]. To analyze
the influence of the torque response process on the synchroniza-
tion performance, comparative case analysis is first made in nor-
mal operation situation and startup situation, respectively, shown
in Fig. 20. We can see that the angle difference Dhgr slv and speed
difference Dxgr slv driven by bang–bang control cannot satisfy the
terminal conditions in both situations since the torque Tm cannot
immediately achieve the torque command Tcmd.

To further compare the two methods, the synchronization time,
the terminal speed difference, and the terminal angle difference
with different initial angle difference Dh0

gr slv at Dxgr slv ¼
�209:47 rpm and Dxgr slv ¼ 0 rpm are calculated and shown in
Fig. 21. We can see that the proposed rule has almost the same
synchronization time as the bang–bang control. However, there

are residual speed difference and angle difference with bang-bang
control.

7.3 Comparison With Pure Speed Synchronization. To
further study the time-optimal property of the proposed rules,
comparative research with pure speed synchronization control is
taken in the following.

The comparative study is only conducted in normal operation
situation since the pure speed synchronization control does not

work in the startup situation with Dx0
gr slv ¼ 0. Figure 22(a)

shows the trajectories of the states with the proposed rules and
pure speed synchronization control. Compared with the pure
speed synchronization, the proposed rules has one more stage, the
first stage. In other words, the Tm trajectory of the pure speed syn-
chronization coincides with the Tm trajectory out of the proposed

Fig. 21 ( Dual synchronization with the proposed rules,

Bang-bang control) Comparisons between the proposed rules
and the bang-bang control

Fig. 20 ( (solid line) Dual synchronization with the pro-
posed rules (dashed line) Bang-bang control) Compari-
sons between the proposed rules and the bang-bang control.
Black, green, and red lines represent trajectories of the motor
torque, the speed difference, and the angle difference, respec-
tively: (a) normal operation situation and (b) startup situation.
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rule by a t0
ss translation. With the first stage, the angle difference

Dhgr slv converges to zero finally, while that of pure speed syn-
chronization does not equal to zero in the end.

To further analyze the reason why the angle difference can con-
verge to zero with the proposed rule, the total alignment and the
synchronization time for the synchronization process are shown in

Fig. 22(b). It can be seen that when Dh0
gr slv ¼ hpure

0 , the two meth-

ods have the same total angle alignment and synchronization

time. That means t0
ss ¼ 0 in this case such that the trajectories of

states are the same with both methods. When Dx0
gr slv > hpure

0 , the

total angle alignment has the same increment as that of initial

angle difference Dh0
gr slv. The corresponding synchronization time

of the proposed rule also increases. That means the first control
stage of the proposed rule is to align the angle difference equal to

hpure
0 . Therefore, the maximum synchronization time difference

between the two methods is when the total angle alignment at first
stage is one period ð2p=NgrÞ. Then, the maximum synchronization
time difference between the two methods can be easily solved as

Dtmax
rule pure ¼ max trule � tpureð Þ ¼

���� 2p
Ngrx0

���� (27)

where trule and tpure denote the synchronization time for the pro-
posed rule and the pure speed synchronization, respectively.

Equation (27) also indicates that the maximum time difference
decreases when the initial speed difference increases. The maxi-
mum time difference can be solved with respect to the recom-
mended initial speed difference threshold, 100 rpm, which is
20 ms.

8 Conclusion

To avoid the impacts and better coincide with the practice, a
time-optimal rule-based control strategy is proposed:

(1) A modified Sigmoid model is resolved, which can precisely
depict the motor torque response process and facilitate the
improvement of control accuracy.

(2) To solve the difficulty brought by command-based parame-
ters in the modified Sigmoid model, the synchronization
time-optimal control problem is converted to a multistage
one and solved based on DP. According to the DP results,
the rules are extracted as a three-stage rule strategy and a
four-stage rule strategy in normal operation and startup sit-
uations, respectively.

(3) Considering the torque response process, the rule-based
control strategy can make the angle difference and speed
difference converge to zero simultaneously with almost the
same time as that of bang-bang control. However, the
bang-bang control cannot achieve zero terminals as it does
not take account of the torque response process.

The current study did not consider the disturbances from the
lubricant oil in the transmission and the resistances from the vehi-
cle. Therefore, Future work includes designing the feedback con-
trol to improve the performance of the antidisturbance.
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Nomenclature

Tm ¼ torque out of the drive motor (N�m)
Tmax ¼ the maximum torque of the drive motor (N�m)
Tcmd ¼ torque command for the drive motor (N�m)

T0;TE ¼ the drive motor torque at the start point and the end
point of the transient phase (N�m)

ig ¼ transmission ratio for the target gear
hm ¼ rotational angle of the drive motor (rad)
hgr ¼ rotational angle of the target gear ring, hgr ¼ hm

ig
(rad)

hslv ¼ rotational angle of the sleeve (rad)
Dhgr slv ¼ rotational angle difference between the target gear ring

and the sleeve, Dhgr slv ¼ hgr � hslv (rad)
H0 ¼ initial rotational angle difference between the target

gear ring and the sleeve (rad)
xm ¼ rotational speed of the drive motor (rad/s)
xgr ¼ rotational speed of the target gear ring,

xgr ¼ xm

ig
(rad/s)

Fig. 22 ( (solid line) Dual synchronization with pro-
posed rules Pure speed synchronization) Comparison
between the proposed rules and pure speed synchronization in
normal operation: (a) Comparison of the state’s trajectories.
Black, green, and red lines represent trajectories of the motor
torque, the speed difference, and the angle difference, respec-
tively and (b) comparison of time cost and angle difference
accumulation. Black and red lines represent the time cost and
the angle difference accumulation, respectively.
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xslv ¼ rotational speed of the sleeve (rad/s)
Dxgr slv ¼ rotational speed difference between the target gear

ring and the sleeve, Dxgr slv ¼ xgr � xslv (rad/s)
x0 ¼ initial rotational speed difference between the target

gear ring and the sleeve (rad/s)
Jin ¼ equivalent inertia on the input shaft including all

mechanisms connected to the input shaft of the trans-
mission (kg m2)

Je ¼ equivalent inertia on the target gear ring, which can be
derived from Jin, Je ¼ Jinig (kg m2)

Ngr ¼ number of teeth on the target gear ring or sleeve
xj ¼ parameters for the modified Sigmoid model

(j ¼ 1; 2;…; 5)
ts ¼ time for the transient phase (s)

trule ¼ synchronization time with the proposed rule (s)
tpure ¼ synchronization time with the pure speed synchroniza-

tion control (s)
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