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Time-Optimal Coordination 
Control for the Gear-Shifting 
Process in Electric-Driven Mechanical 
Transmission (Dog Clutch) 
without Impacts

Abstract
Torque interruption and shift jerk are the two main issues that occur during the gear-shifting process 
of electric-driven mechanical transmission. Herein, a time-optimal coordination control strategy 
between the the drive motor and the shift motor is proposed to eliminate the impacts between the 
sleeve and the gear ring. To determine the optimal control law, first, a gear-shifting dynamic model 
is constructed to capture the drive motor and shift motor dynamics. Next, the time-optimal dual 
synchronization control for the drive motor and the time-optimal position control for the shift motor 
are designed. Moreover, a switched control for the shift motor between a bang-off-bang control 
and a receding horizon control (RHC) law is derived to match the time-optimal dual synchronization 
control strategy of the drive motor. Finally, two case studies are conducted to validate the bang-
off-bang control and RHC. In addition, the method to obtain the appropriate parameters of the drive 
motor and shift motor is analyzed according to the coordination control method.
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1. �Introduction

Electric vehicles (EVs) are being pursued as a transportation 
solution to address current energy and environmental 
concerns [1]. Adopting transmissions in EVs can not only 

extend the torque range, but also improve the working point of 
the drive motor. In addition to automatic transmissions, continu-
ously variable transmissions, and dual-clutch transmissions, 
automatic mechanical transmissions (AMTs) are also a good 
option owing to their low price and high efficiency [2, 3]. By using 
a drive motor, the clutch between the drive motor and the AMT 
can be removed, thereby reducing both weight and cost of the 
powertrain.  This system is called a clutchless automatic mechan-
ical transmission (CLAMT). However, the torque interruption 
and the shift jerk would deteriorate the performance of a CLAMT.

This problem can be addressed from two main perspec-
tives. The first focuses on drive motor control, whereas the 
second focuses on the shift motor control. With respect to the 
drive motor control, numerous studies have been conducted to 
investigate the active speed synchronization. Falcone Frank 
et al. [4] and Junqiang Xi et al. [5] analyzed the effect of the 
rotational speed difference between the sleeve and the gear ring 
on the active speed synchronization time. The results demon-
strated that the active synchronization time increased, but the 
impacts will be reduced with the decrease in the terminal speed 
difference. To pursue a fast and robust control, Hong Fu et al. 
[6] and Yu et al. [7, 8] applied sliding mode control to adjust the 
speed of the drive motor. Zhu et al. [9] applied an H∞ preview 
control to achieve speed synchronization. In other studies, 
motor active synchronization control was applied to a hybrid 
powertrain to compensate for the shortage due to the slow 
response of the internal combustion engine [10, 11, 12]. 
Currently, focus is directed toward the CLAMT without a 
synchronizer, which is called the electric-driven mechanical 
transmission (EMT). In such a system, only electric motors are 
involved in the gear-shifting process. Furthermore the optimal 
final speed difference scale has been investigated in a few 
studies. Results reveal that the gear-shifting success probability 
increases with the final speed difference at the same angle differ-
ence [13, 14]. Additionally, the dual synchronization of angle 
and speed has been investigated. Dual synchronization implies 
synchronizing the speed while aligning the angle difference. In 
a dual synchronization, no speed difference or angle difference 
is achieved between the sleeve and gear ring. Hence, the impacts 
between the two components disappear. To save dual synchro-
nization time, Piracha et al. [15] proposed a rule-based dual 
synchronization control through the analysis of pure speed 
synchronization, whereas Lu et al. [16] obtained the theoretical 
solution for a time-optimal dual synchronization control based 
on Pontryagin's minimum principle (PMP).

The gear-shifting actuator is crucial in the gear shifting 
process. In comparison with hydromechanical actuators, elec-
tromechanical actuators are a better option as they are light-
weight and easy to control [17]. A study that mainly focused 
on the fast position control to reduce the duration of torque 
interruption was conducted. Zhong et al. [18, 19] directly 
replaced a shift lever with a shift motor and proposed a 

time-optimal control combining bang-bang control and a 
linear quadratic regulator (LQR). An LQR is used at the last 
stage to reduce the magnitude of the solution overshoot. Gao 
et al. [20] designed a sliding mode control to track the optimal 
trajectory from an LQR. Chen et  al. [21] applied the H∞ 
preview control to attain the desired position by considering 
the future reference curve.

Without using a synchronizer, a time-optimal coordina-
tion control law can be applied in the EMT to eliminate the 
impacts between the sleeve and the gear ring. To obtain the 
ideal control law, the equations of motion are first achieved. 
Subsequently, the time-optimal dual synchronization control 
and position control are achieved for the drive motor and 
shift motor, respectively. Next, a switched position control 
for the shift motor between the bang-off-bang control and 
receding horizon control (RHC) is designed to match the 
dual synchronization of the drive motor. Finally, two cases 
i.e., one using bang-off-bang control and the other using 
RHC, are simulated to validate the algorithm. Moreover, the 
method to select the parameters of the drive motor and the 
shift motor considering the control policy is proposed.

2. �Mechanical Structure
Figure 1 illustrates the EMT used in this study. The EMT 
comprises a drive motor, a mechanical transmission, and a 
gear-shifting actuator. The drive motor is connected to the 
mechanical transmission directly with no clutch in between. 
There is also no synchronizer between the sleeve and the 
gear ring.

The EMT system can be classified into two categories 
according to the motion, i.e., the gear rings rotationally driven 
by the drive motor and the sleeve translationally driven by the 
gear-shifting actuator. The power flow indicated in red repre-
sents the rotational motion driven by the drive motor. There 
are two shifting actuators in Figure 1(b). Each gear-shifting 
actuator includes a shift motor, planetary reduction mechanism, 
gear and sector gear mechanism, and shift finger. The rotational 
motion of the shift motor is first reduced by a planetary gear 
reducer and a gear and sector gear mechanism; subsequently, 
it is converted into the translation of the sleeve by the shifting 
finger pushing the sleeve. Details of the geometry and motion 
of the gear-shifting actuator are presented in Appendix A. 
During the gear-shifting process, the sleeve is driven by the 
shift motor from the original gear to the target gear.

3. �Gear-Shifting Process 
Dynamic Model

A dynamic model was constructed to depict the gear-shifting 
process is built. Based on the motion sources, the dynamic 
model can be classified into two categories, i.e., the motion 
driven by the drive motor and that driven by the shift motor.
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3.1. �Motion Driven by Drive 
Motor

The main motion driven by the drive motor corresponds to 
the synchronization process. According to a previous study 
in [16], the dynamic model of the synchronization process can 
be formulated a follows:
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where Δθgr−slv and Δωgr−slv denote the rotational angle difference 
and speed difference between the gear ring and the sleeve, respec-
tively; ig is the target gear ratio; Tm and Tfo represent the drive 
motor torque and the disturbance torque from the lubricant oil 
in the transmission, respectively; and Jin is the equivalent inertia 
of all mechanics connected to the input shaft of the transmission.

3.2. �Motion Driven by Shift 
Motor

During the gear-shifting process, the rotational motion model 
can be expressed as
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where θa and ωa are the angle and speed of the motor, respec-
tively; z e

a  and Je
a  denote the equivalent viscous coefficient 

and the equivalent inertia of the gear-shifting actuator 
system, respectively; and Ta represents the torque of the 
shift motor.

4. �Control Strategy
The traditional gear-shifting processes can be divided into 
five stages, namely, (1) unload, (2) disengagement, (3) 
synchronization, (4) engagement, and (5) upload. Unload, 
synchronization, and upload are the actions performed by 
the drive motor. Synchronization is performed to synchro-
nize the rotational speed and angle between the sleeve and 
the gear ring. Disengagement and engagement are the actions 
performed by the shift motor. Figure 2 illustrates the position 
relations between the sleeve and the gear ring during the 
gear-shifting process. As depicted, the synchronization 
process can be started after the sleeve arrives at p1. The sleeve 
can successfully engage with the target gear ring without 
impacts, provided that the synchronization occurs before 
the sleeve arrives at p2. To reduce the gear-shifting time, the 
synchronization driven by the drive motor and the motion 
f lying from p1 to p2 driven by the shift motor should 
be performed simultaneously (Figure 3 depicts the coordina-
tion motion relationship). Hence, a time-optimal coordina-
tion control strategy is proposed herein.
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 FIGURE 1  Mechanical structure of the EMT. The shaded lines indicate the power flows with the first gear.
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To achieve the time-optimal coordination control 
policy, the time-optimal dual synchronization control for 
the drive motor and the time-optimal control for the shift 
motor are first solved. The time-optimal control for the shift 
motor is resolved as a bang-off-bang control based on PMP 
as depicted in Figure 4. For the time of dual synchronization, 
the time-optimal coordination motion is categorized into 
two classes. First, if the shift motor with bang-off-bang 
control drives the sleeve to p2 after the dual synchronization 
occurs, the dual synchronization can be coordinated with 
the shift motor directly with the bang-off-bang control. 
Details regarding the coordination motion are presented in 
Section 4.3.1. However, if the sleeve is driven to p2 before the 

dual synchronization occurs, then the bang-off-bang control 
cannot be utilized; otherwise, the impacts would occur. In 
such a case, the sleeve should arrive at p2 gradually at the 
same time as that of dual synchronization. Meanwhile, to 
complete the traversal from p2 to p3 with the shortest time 
after the dual synchronization, the shift motor must operate 
at the maximum speed. Therefore, an RHC is solved. With 
the RHC, the rotational speed first decreases and then 
increases up to the target speed. Meanwhile, the rotational 
angle reaches the target angle, as depicted in Figure 4. Details 
regarding the RHC derivation are presented in Section 4.3.2. 
Finally, a switched time-optimal control between bang-off-
bang control and RHC is proposed.

4.1. �Time-Optimal Dual 
Synchronization

Details regarding the time-optimal dual synchronization 
control are available in a previous study [16]. Therefore, only 
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 FIGURE 2  The position relationships between the sleeve 
and the gear rings.
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a summary of the time-optimal dual synchronization control 
is presented herein. As reported in the previous study, the 
time-optimal dual synchronization control is a bang-bang 
control, expressed as follows:
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where a T T Jm fo emin
max /= +( ) , a T T Jm fo emax

max /= -( )  (The oil 
disturbance is disregarded herein, then a a T Jm emin max

max /= = ), 
and Dqgr slv_

*  is the angle difference with an optimal initial angle 
difference Dqgr slv_

0* .
Previously, the optimal initial angle difference, Dqgr slv_

0*  
was solved in [16]. The angle difference varies periodically 
during the synchronization, which complicates the solving 
of the optimal control law. To resolve this difficulty, an 
optimal initial angle difference is proposed, which deter-
mines the final relative position of the sleeve and the gear 
ring with the optimal control law, and is defined as follows:
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where Tcmd
*  is the time-optimal control law during the 

synchronization process.
Figure 5 depicts the relationship between the real angle 

difference and the optimal angle differences. As shown, the 
optimal angle difference is no longer a periodically varied 
variable. Additionally, the optimal and real angle differences 
converge to zero simultaneously.

Dqgr slv_
0*  can be calculated as follows:
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angle differences.
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Furthermore, Dqgr slv
l
_

0 *  can be solved as follows:
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4.2. �Time-Optimal Motion 
Control Driven by Shift 
Motor

During gear shifting the sleeve is driven by the shift motor 
from p0 to p3 in the shortest time such that the problem 
becomes a fixed terminal time-optimal control problem, as 
presented in Table 1.

The Hamiltonian function is expressed as:
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and the PMP necessary conditions of optimality are 
as follows:

where Γ = Γ1 ∪ Γ2 ∪ Γ3. The constraints of the shift motor 
speed are as follows:
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According to the costate equations in Equation (7), the 
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where both C1 and C2 are constants.
The Hamiltonian function is a linear function of the 

control input (Ta). The optimal control input (Ta
*) should 

achieve the minimum Hamiltonian function with respect to 
the extremum condition in Equation (7). Therefore, the shift 
motor torque only should be the maximum or minimum. 
More specifically, if λ2 < 0, the shift motor torque should be the 
maximum in set Γ. When λ2 > 0, the shift motor torque should 
be the minimum in set Γ.

TABLE 1 Time-optimal control problem statement.
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The sign of the torque only changes once at the most as the 
sign of λ2 can only change once at the most. For the set Γ, the 
optimal control should be a bang-off-bang control depicted in 
Figure 6). The shift motor torque first achieves the maximum 
torque and accelerates to the maximum. When the shift motor 
speed is the maximum, the shift motor torque (Ta e

a
a= z w ) should 

counteract the viscous resistance torque to maintain the 
maximum speed. The torque switches to the maximum torque 
opposite to that in the first stage and drives the shift motor to the 
desired position when the point in phase plane reaches the switch 
line depicted in Figure 4. The switch line is calculated as follows 
(details regarding the derivation of the switch line are provided  
in Appendix B)
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where u T or Ta a
* = -max max  depending on whether the shift 

motor is accelerated or decelerated. In Figure 4, u Ta
* = - max .

The optimal control law can be summarized as follows:
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4.3. �Time-Optimal 
Coordination Control

As presented in Section 4, the time-optimal control law for 
the shift motor can be categorized into two classes during the 
coordination motion. The first class is with the bang-off-bang 
control. The second class is with the RHC. The details of the 
derivation for each class are provided below.

4.3.1. Dual Synchronization with Bang-Off-Bang 
Control If the free-fly process requires more time than the 
dual synchronization process (tdual_syn < (ta2 − ta1)), then the 
dual synchronization (presented in Section 4.1) with bang-
off-bang control (presented in Section 4.2) is the optimal 
choice. The coordination control diagram is illustrated in 
Figure 7. After dual synchronization, the drive motor main-
tains the synchronization state until the shift motor drives 
the sleeve to engage with the target gear ring.

4.3.2. Dual Synchronization with RHC In the case 
of tdual_syn ≥ (ta2 − ta1), to conserve energy, the integral of the 
binary norm of the control input is used as the cost function, 
as presented in Table 2. The terminal time should be equal to 
the terminal time of dual synchronization such that the start 
of engagement (θa2) occurs when the dual synchronization is 
completed. Meanwhile, the shift motor should achieve its 
maximum speed at the end of the RHC (Figure 7 illustrates 
the coordination motion diagram). Therefore, this is a fixed 
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 FIGURE 6  Coordination motion diagram showing bang-
off-bang control.
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TABLE 2 Optimal control problem statement.

Minimize
= ò 2
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aJ rT dt
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Initial condition:
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terminal time two-point boundary problem. To solve this 
problem, we first obtain a general analytical solution accord-
ing to PMP. Subsequently, an RHC is obtained by continu-
ously replacing the initial states with the latest states.

The Hamiltonian function is expressed as follows:

	 H rT
J

T
J

a

e
a a

e
a

e
a a= + + -

æ

è
ç

ö

ø
÷

1

2
2 2

1 2

l
l

z
l w 	 Eq. (12)

Furthermore, the necessary PMP conditions of optimality are

The costates, λ1 and λ2, whose dynamics evolves according 
to the costate equations in Equation (13), are calculated 
as follows:

	 l l
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; 	 Eq. (14)

According to the extremum condition, the optimal 
control law can be solved as follows:
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Substituting the shift motor torque of Equation (2) with 
the result of Equation (15) and integrating the ODEs in 
Equation (2), the states at a time t can be solved as follows:
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Subsequently, the boundary conditions shown in 
Equation (13) can be rewritten as follows:
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It can be proven that the square matrix (M) on the 
right is invertible (full rank). The details of the proof are 
presented in Appendix C.

Based on Equations (14), (15), and (17), the optimal 
control input can be calculated as follows:
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Eq. (18)

As time progresses, the initial states are substituted by 
the latest states. The corresponding control input uses the first 
value; this implies that t = 0, w wa a

cur0 = , and q qa a
cur0 =  in Equation 

(18). The RHC is obtained as follows:
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5. �Results and Analysis
Figure 8 illustrates the flow-chart of the control scheme. Based 
on the flow-chart, two cases are first presented in the following 
with bang-off-bang control or RHC using the parameters listed 
in Table 3. The simulation step size is 100 μs. Subsequently, the 
method to find appropriate parameters of the drive motor and 
the shift motor are analyzed based on the control strategy.

5.1. �Case Study with Bang-
Off-Bang Control

Figure 9 illustrates an example of the coordination motion 
with dual synchronization and bang-off-bang control. At the 

Extremum condition:
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disengagement phase, the shift motor is first driven to the 
maximum speed with the maximum torque. Subsequently, 
the shift motor maintains the maximum speed by balancing 
the viscous resistance with a small torque. After the disengage-
ment, the dual synchronization and free-fly processes start 
simultaneously. The shift motor maintains its maximum speed 
at this stage. The dual synchronization ends before the free-fly 
process. Subsequently, the shift motor launches to the switch 
line with maximum speed and then decelerates to zero with 
the maximum torque, while the drive motor maintains the 
dual synchronization.

5.2. �Case Study with RHC
Figure 10 depicts the coordination motion of dual synchro-
nization with RHC. As shown, the dual synchronization and 
free-fly process occur simultaneously with the same start and 
end time points. During the coordination motion, the shift 
motor speed first decreases and then recovers to the maximum 
speed to complete the remaining process in the shortest time.

5.3. �Optimal Parameters 
Match between Shift 
Motor and Drive Motor

The free-fly process time of the shift motor and the dual 
synchronization process time of the drive motor should 
match. The free-fly process time depends on the maximum 
speed, which can be solved as follows:

	 tfree
a a

a
max

=
-q q

w
2 1 	 Eq. (20)

The dual synchronization time is mainly dependent on 
the initial speed difference, according to a previous study [16]. 
The optimal dual synchronization time can be calculated 
approximately as follows:

	 t
T J

Cdual syn

m e

time_ max /
= + ~( )

w0 0 	 Eq. (21)

where Ctime is the maximum time difference between the 
optimal dual synchronization and the pure speed synchroni-
zation, i.e., approximately 0.015 s.

It is clear that the free-fly time should be within the dual 
synchronization time. That implies that max(tdual_syn)  ≥ 
tfree  ≥    min  (tdual_syn), whose simplicity form is shown in 
Equation (22). As shown, the initial speed difference is nega-
tively correlated to the maximum shift motor speed. Therefore, 
Equation (22) should be considered when designing parameters.

	
w q q

w
w0 2 1 0

T J T J
C

m e a m e

timemax max max/ /
£

-
£ + 	 Eq. (22)

TABLE 3 Transmission parameters.

Parameters Value Unit
Maximum drive motor 
torque ( max

mT )
400 Nm

Initial speed difference 
( _ 0,0

gr slvw w )
-209.47 (bang-off-
bang), -310 (RHC)

rpm

Equivalent inertia (Je) 1.0025 kgm/s2

Teeth number of  
sleeve (Ngr)

30 -

Transmission ratio (ig) 4.01 -

Maximum shift motor 
torque ( max

aT )
0.8 Nm

Equivalent viscous 
coefficient (za

e)
1.5 × 10−4 Nm/(rad/s)

Equivalent inertia ( a
eJ ) 2.49 × 10−5 kgm/s2

p1 6.75 mm

p2 20.25 mm

p3 27 mm

rf 48 mm

ir 68/24 -

ir 20 -
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6. �Conclusion
Herein, a time-optimal coordination control between the dual 
synchronization of a drive motor and the position control of 
a shift motor is proposed. The time-optimal dual synchroniza-
tion control in a previous study [16] was first reviewed. The 
time-optimal position control of the shift motor was solved 
based on the PMP. Based on an analysis, the time-optimal 
coordination control can be categorized into two classes.

	 1.	 When the dual synchronization process is terminated 
before the sleeve arrives at the start of engagement 
with bang-off-bang control, the bang-off-bang control 
is applied to drive the shift motor.

	 2.	 When the dual synchronization process is completed 
after the sleeve arrives at the start of engagement with 
bang-off-bang control, an RHC law is obtained by 
solving a fixed terminal time two-point boundary 
values problem. The RHC is proposed to arrive at the 
start of engagement with the same time cost as that of 
the dual synchronization.

Moreover, the optimal parameters’ relationship between 
the drive motor and the shift motor was obtained through 
analysis. According to the relationship, the initial speed differ-
ence is negatively correlated with the maximum shift motor 
speed. Furthermore, the relationship provides a reference for the 
design of the maximum torque of the drive motor, the inertia of 
the transmission, and the maximum speed of the shift motor.

The proposed theoretical time-optimal coordination 
control can be used as a forward control. It can be easily imple-
mented by calculating the necessary matrices in advance as 
the system parameters are constant.

Future studies include the design of a feedback control 
to improve the anti-disturbance performance of the system, 
followed by the verification of the strategy on a test bench.
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List of Symbols
Symbol list related to the drive motor
Tm

max - The maximum torque of the drive motor
Tcmd - Torque command for the drive motor
T0, TE - The drive motor torque at the start point and the end 
point of the transient process

Tfo - The disturbance torque from the lubricant oil in 
the transmission
Δθgr_slv - Angle difference between the target gear ring and 
the sleeve
ω0 - Initial speed difference between the target gear ring and 
the sleeve
Ngr - Number of teeth on the target gear ring or sleeve
ig - Transmission ratio for the target gear
Jin - Equivalent inertia on the input shaft including all mecha-
nisms connected to the input shaft of the transmission
Je - Equivalent inertia on the target gear ring, which can 
be derived from Jin, Je = Jinig

tdual_syn - Time for the dual synchronization

Symbol list related to gear-shifting actuator
Ta - Torque out of the shift motor
Ta

max - The maximum torque of the shift motor
θa - Angle of the shift motor
qqa

0 - Angle of the shift motor at the start of the gear-
shifting process
θa1 - Angle of the shift motor at the end of disengagement
θa2 - Angle of the shift motor at the start of engagement
qq qqa

f
a, 3 - Angle of the shift motor at the end of the gear-

shifting process
qqa

cur  - The latest angle of the shift motor
ωa - Speed of the shift motor
wwa

max  - The maximum speed of the shift motor
wwa

0 - Speed of the shift motor at the start of the gear-
shifting process
ωa1 - Speed of the shift motor at the end of disengagement
ωa2 - Speed of the shift motor at the start of the engagement
wwa

f  - Speed of the shift motor at the end of the gear-
shifting process
wwa

cur - The latest speed of the shift motor
zz e

a  - Equivalent viscous coefficient of the gear-shifting 
actuator system
Je

a  - Equivalent inertia of the gear-shifting actuator system
ta1 - Time for the motion from the start of the gear-shifting 
process to the end of disengagement
ta2 - Time for the motion from the start of the gear-shifting 
process to the start of engagement
tfree - Time for the motion from the end of disengagement to 
the start of engagement (tfree = ta2 − ta1).
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Appendix A: Gear-Shifting 
Actuator Geometry
Figure A.1 illustrates the geometry of the gear-shifting 
actuator. The gear-shifting actuator converts the electric 
power of the motor to the mechanical power of the sleeve 
through a planetary reducer, a gear reducer, and the contact 
between the shift finger and the sleeve. Meanwhile, the rota-
tional motion of the drive motor is converted to the transla-
tional motion of the sleeve. The power flow is indicated in red. 
For the geometry shown, the specific positions of the shift 
finger and the shift motor can be solved according to the 
following equations.

	 1.	 Rotational angle of the shift finger
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Eq. (A.1)

	 2.	 Rotational angle of the shift motor

	 q q q q q qa p r finger a p r finger a p r fingeri i i i i i3
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1= = =; ; 	 Eq. (A.2)

Appendix B: Solution of 
Switch Line
The first-order derivative of the shift motor speed can be calcu-
lated as follows:

	 �w
z
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e
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e
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e
a a a

J J
u with= - + ( ) =*1

0 0	 Eq. (B.1)

where u T or Ta
max

a
max* = -  based on whether it is accelerated 

or decelerated.
The integral of Equation (B.1) can be solved as follows
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The first-order derivative of the shift motor angle can 
be calculated as

	 �q w q qa a a awith= ( ) =0 0 	 Eq. (B.3)

The integral of Equation (B.3) can be solved as
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Eq. (B.4)

Substituting the shift motor speed and angle with the 
speed and angle destination w w q qa a a at t* * * *( ) = ( ) =( ),  in 
Equations (B.2) and (B.4), the equation of the switch lines can 
be solved as follows:
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In fact, Equation (B.5) is symmetric. This implies that the states 
at the end time exhibit the same relationship as that at the start 

time, i.e., 
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lines are depicted in Figure B.1.
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 FIGURE A.1  Mechanical scheme of the 
gear-shifting actuator.
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Appendix C: Proof of 
Matrix (M) Invertibility
	 1.	 Elementary row transformation

After the elementary row transformation, M can be converted 

 into a block matrix as, i.e.,  
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it is clear that B is a full rank matrix. Therefore, A must 
be verified as a full rank matrix.

	 2.	 Full rank proof of A
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fʹʹ(0) = 0, fʹ(0) = 0, f(0) = 0 and fʹʹ(tf ) < 0 with tf > 0. 
Therefore, fʹ(tf ) < 0, f(tf ) < 0 with tf > 0. This implies that 
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 FIGURE B.1  Switch line in the phase plane.
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