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A B S T R A C T

Gasoline particulate filters (GPFs) are practically adoptable devices to mitigate particulate matter emissions
from vehicles using gasoline direct ignition engines. This paper presents a newly developed control-oriented
model to characterize the thermal and soot oxidation dynamics in a ceria-coated GPF. The model utilizes the
GPF inlet exhaust gas temperature, exhaust gas mass flow rate, the initial GPF soot loading density, and air–
fuel ratio to predict the internal GPF temperature and the amount of soot oxidized during regeneration events.
The reaction kinetics incorporated in the model involve the rates of both oxygen- and ceria-initiated soot
oxidation reactions. Volumetric model parameters are calculated from the geometric information of the coated
GPF, while the air–fuel ratio is used to determine the volume fractions of the exhaust gas constituents. The
exhaust gas properties are evaluated using the volume fractions and thermodynamic tables, while the cordierite
specific heat capacity is identified using a clean experimental data set. The enthalpies of the regeneration
reactions are calculated using thermochemical tables. Physical insights from the proposed model are thus
enhanced by limiting the number of parameters obtained from fitting to only those which cannot be directly
measured from experiments. The parameters of the model are identified using the particle swarm optimization
algorithm and a cost function designed to simultaneously predict both thermal and soot oxidation dynamics.
Parameter identification and model validation are performed using independent data sets from laboratory
experiments conducted on a ceria-coated GPF. This work demonstrates that the proposed model can be
successfully implemented to predict ceria-coated GPF dynamics under different soot loading and temperature
conditions.

1. Introduction

Rapid urbanization and industrialization in recent decades has been
achieved through excessive consumption of carbon-based energy re-
sources. These advancements though come at the cost of environmental
degradation (Zaman & Abd-el Moemen, 2017). Energy policies are
being enforced in the transport sector that involve promoting sustain-
able transportation by enhancing vehicle electrification and alternate
sources of propulsion (Wu et al., 2017).

A notable advancement in engine technology to meet current and
future regulation targets is the transition from port fuel injection (PFI)
engines to gasoline direct injection (GDI) engines (National Research
Council, 2011). In PFI engines, fuel is sprayed into the intake ports
where it mixes with the incoming air, whereas in GDI engines, fuel
is sprayed directly into the engine cylinder where it atomizes, mixes
with the incoming air, and evaporates. Because of thermodynamic ben-
efits and flexibility in fuel injection, GDI engines improve combustion
efficiency, enhance fuel economy, increase power output, and reduce
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greenhouse gas emissions in comparison with PFI systems (Zhu et al.,
2016).

One of the drawbacks of GDI engines is that they suffer from limited
mixing of air and fuel inside the combustion chamber under certain
operating modes. As a result, hazardous particulate matter (PM) are
released into the atmosphere through the exhaust (Khalek, Bougher, &
Jetter, 2010). Experimental studies have shown that GDI engines emit
greater quantities of PM emissions than PFI engines (Johnson & Joshi,
2017; Zhu et al., 2016).

Aftertreatment devices, such as Gasoline Particulate Filters (GPF),
are today considered the most promising and practically adoptable
solution to limit PM/PN out of GDI exhaust (Mamakos, Martini, Dilara,
& Drossinos, 2011).

Particulate filters have been successfully implemented in diesel
vehicles through diesel particulate filters (DPFs) (Yang, Deng, Gao,
& He, 2016). GPFs and DPFs have similar geometric structures. The
stoichiometric combustion of gasoline results in exhaust gases having
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Nomenclature

𝛥𝐻𝐶,1 Endothermic catalytic reaction enthalpy, [J∕mol]
𝛥𝐻𝐶,2 Exothermic catalytic reaction enthalpy, [J∕mol]
𝛥𝐻𝑇 Exothermic soot oxidation reaction enthalpy,

[J∕mol]
𝜆 Air/fuel ratio normalized by the stoichiometric

air/fuel ratio, [−]
𝜙𝑤𝑎𝑙𝑙 Average porosity of the wall in the coated GPF

channels, [−]
𝜌𝐺𝑃𝐹 Particulate filter density, 1100 [kg∕m3]
𝜌𝑂2

Density of oxygen, [kg∕m3]
𝜌𝑠𝑜𝑜𝑡 Initial soot loading density, [g∕l]
𝐴𝐶,1 Pre-exponential factor for the endothermic ceria

reaction, [1∕s]
𝐴𝐶,2 Pre-exponential factor for the exothermic ceria

reaction, [1∕s]
𝐴𝑇 Pre-exponential factor for the standard soot oxida-

tion reaction, [1∕s]
𝐶𝑂𝑖𝑛 Pre-GPF ppm levels of 𝐶𝑂, [−]
𝐶𝑂𝑜𝑢𝑡 Post-GPF ppm levels of 𝐶𝑂, [−]
𝐶𝑂2,𝑖𝑛 Pre-GPF ppm levels of 𝐶𝑂2, [−]
𝐶𝑂2,𝑜𝑢𝑡 Post-GPF ppm levels of 𝐶𝑂2, [−]
𝐶𝑝,𝑐𝑜𝑟𝑑 Specific heat capacity of the cordierite GPF,

[J∕(kgK)]
𝐶𝑝,𝑔𝑎𝑠 Specific heat capacity of the exhaust gas, [J∕(kgK)]
𝐷 Coated GPF substrate diameter, [m]
𝐸𝐶,1
𝑎 Endothermic catalytic reaction activation energy,

[J∕mol]
𝐸𝐶,2
𝑎 Exothermic catalytic reaction activation energy,

[J∕mol]
𝐸𝑇
𝑎 Exothermic soot oxidation reaction activation

energy, [J∕mol]
𝐹 Total number of regeneration events in one data

set, [−]
ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 Width of each channel, [m]
ℎ𝑝𝑙𝑢𝑔 Width of each plug, [m]
ℎ𝑤𝑎𝑙𝑙 Thickness of the wall, [m]
𝐽 Cost function, [−]
𝑘𝑇 Rate constant of the oxygen-initiated 𝐶 to 𝐶𝑂2

reaction, [1∕s]
𝑙𝑤𝑎𝑙𝑙 Length of the coated GPF substrate, [m]
𝑙𝑝𝑙𝑢𝑔 Length of each plug in the channels of the coated

GPF, [m]
𝑚𝑐,𝑒𝑥𝑝 Experimentally determined mass of soot, [kg]
𝑚𝑐,𝐺𝑃𝐹 Predicted mass of soot, [kg]
𝑚𝑐,𝑖𝑛𝑖𝑡 Initial mass of soot prior to regeneration, [kg]
𝑚𝐺𝑃𝐹 Total mass of cordierite in the coated GPF, [kg]
𝑚𝑂2

Mass of oxygen, [kg]
𝑚̇𝑔 Measured exhaust gas mass flow rate, [kg∕s]
𝑀𝐶 Carbon molar mass, 12 × 10−3 [kg∕mol]
𝑀𝐶𝑂2

Carbon dioxide molar mass, 44 × 10−3 [kg∕mol]
𝑀𝑂2

Oxygen molar mass, 32 × 10−3 [kg∕mol]
𝑛𝐶 Number of moles of carbon, [−]
𝑛𝑂2

Number of moles of oxygen, [−]

higher temperatures and lower oxygen content than diesel engine
exhaust (Chan et al., 2012) thus resulting in different PM morphology.
Additionally, gasoline engines typically inject fuel well in advance of
the combustion event, facilitating adequate atomization and nearly

𝑛𝑡𝑜𝑡𝑎𝑙 Total moles of the products of the combustion
reaction, [mol]

𝑁 Total number of data samples used to evaluate the
cost function, [−]

𝑁𝑐ℎ Total number of channels in the GPF, [−]
𝑁𝑐𝑟𝑜𝑠𝑠 Total number of channels across the semi-circular

GPF section, [−]
ppm Parts per million
PSO Particle swarm optimization
𝑄1 Exhaust gas convective heat transport, [J∕s]
𝑄2 Coated GPF ceramic substrate heat conduction,

[J∕s]
𝑄𝑅𝑒𝑎𝑐 Net heat of the regeneration reactions, [J∕s]
𝑅 Ideal gas constant, 8.314 [J∕(molK)]
𝑅𝐶,1 Rate of the endothermic ceria reaction, [mol∕s]
𝑅𝐶,2 Rate of the exothermic ceria reaction, [mol∕s]
𝑅𝑇 Rate of the standard soot oxidation reaction,

[mol∕s]
RMS Root mean square
RMST Percentage RMS error for the prediction of thermal

dynamics, [−]
RMSS Percentage RMS error for the prediction of soot

oxidation dynamics, [−]
SLD Soot loading density, [g∕l]
𝑡𝑓 End time of a regeneration event, [s]
𝑡𝑚 Time when the pre-GPF air–fuel ratio first reaches

its maximum value, [s]
𝑡𝑠 Start time of a regeneration event, [s]
𝑇4 Measured temperature at the axial mid-location of

the GPF
𝑇𝑎𝑣𝑔 Average temperature of the GPF, calculated from

measurements, [K]
𝑇𝑔𝑎𝑠 Temperature of the exhaust gas constituents, [K]
𝑇𝑖𝑛𝑙𝑒𝑡 Measured exhaust gas temperature at the inlet of

the GPF, [K]
𝑇𝑜𝑢𝑡𝑙𝑒𝑡 Temperature of the exhaust gas leaving the GPF,

[K]
𝑇𝐺𝑃𝐹 Predicted average temperature of the GPF, [K]
𝑉𝑐𝑜𝑟𝑑 Total volume of cordierite in the GPF, 0.1828 ×

10−3 [m3]
𝑉𝑒𝑥ℎ filter trapping volume, 1.222 × 10−3 [m3]
𝑍𝐶𝑒𝑂2

volume fraction of ceria, [−]
𝑌𝑂2

volume fraction of oxygen, [−]

homogeneous fuel–air mixing. This results in the formation of smaller
particulates relative to diesel combustion (Whitaker, Kapus, Ogris, &
Hollerer, 2011) and holistically alters the filtration behavior of the
device. Transferring the DPF knowledge as is into GPF systems could
be a misleading practice.

An abundance of literature has been published on DPFs, from
experimental investigations across diverse operating conditions, model
development ranging from lumped parameter strategies (Chiatti, Chi-
avola, & Falcucci, 2008; Depcik, Langness, & Mattson, 2014) to compre-
hensive physics-based models (Hassanpour & McPhee, 2018; Kostoglou
& Konstandopoulos, 2005). There is comparatively less published lit-
erature on experimental investigations and modeling tools character-
izing exhaust gas behavior in GPFs. This paper is, to the best of
our knowledge, the first to proposed a physically-motivated lumped
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parameter model, along with experimental identification, of a ceria
coated GPF.

One of the challenges in characterizing GPF dynamics is a compre-
hensive understanding of the filtration and regeneration mechanisms
that both highly depend on its internal temperature distribution. Math-
ematical models are used as virtual sensors to monitor GPF internal
temperature behavior. This is what motivates this work.

Boger, Rose, Nicolin, Gunasekaran, and Glasson (2015) and Nicolin,
Rose, Kunath, and Boger (2015) presented reduced-order models to
investigate the thermal dynamics in uncoated GPFs. These models
incorporate the 𝐶 to 𝐶𝑂2 soot oxidation reaction, initiated by the
presence of excess 𝑂2 in the GPF during regeneration events. Opitz,
Drochner, Vogel, and Votsmeier (2014) proposed a 1-D + 1-D model
for a single channel GPF and assessed the cold-start performance of an
uncoated GPF. Liu, Kim, Chanko, Lambert, and Pakko (2017) presented
a mathematical model to determine the backpressure and filtration ef-
ficiency of metallic fibrous GPFs for design optimization purposes. Poz-
zato, Hoffman, and Onori (2017) developed a high fidelity 2-D model
to characterize mass, energy, and momentum transport of exhaust gases
inside an uncoated, clean GPF.

Recently, Korneev and Onori (2018) presented a new hybrid high-
fidelity model describing the flow and the particulate transport of a
wall-flow gasoline particulate filter.

Recent advancements have led to the development of filters with a
catalytic washcoat applied across the channels of the GPF. These wash-
coat materials are generally inorganic oxides such as cerium oxide or
precious metals such as platinum and rhodium (Morgan, 2015). Coated
GPFs have been experimentally proven to offer significant advantages
over uncoated GPFs such as: (a) 20−30% improvement in the filtration
efficiency (Lambert, Chanko, Dobson, Liu, & Pakko, 2017), (b) 12%
reduction in 𝑁𝑂𝑥 emissions (Morgan, 2015), and (c) enhanced soot
oxidation capability under relatively lower GPF temperatures (Morgan,
2015).

Regeneration mechanisms, which oxidize soot particulates at ele-
vated temperatures in the presence of oxygen, must be clearly under-
stood for two reasons: (a) monitoring temperature to prevent internal
thermal stresses, and (b) developing control strategies to minimize
emissions through optimal active regeneration. The work presented
in Arunachalam, Pozzato, Hoffman, and Onori (2017) characterizes
the thermal dynamics in a ceria-coated GPF through a physics-based
thermal model to predict the convective heat transport of the exhaust
gas and the thermal inertia of the GPF. The drawback of Arunachalam
et al. (2017) was in the large parameter set to identify, which was left
to a brute force based method.

In this paper, the ceria-coated GPF system is modeled by accounting
for convective heat transport dynamics, the 𝐶 to 𝐶𝑂2 oxidation reac-
tions, and ceria-initiated catalytic reactions to predict the amount of
heat generated during regeneration and a subset of the model param-
eters are obtained by direct computation from reaction enthalpies val-
ues, geometric design specifications, and using new set of experimental
data, e.g., clean data set prior to soot accumulation to identify the specific
heat capacity of the cordierite GPF, 𝐶𝑝,𝑐𝑜𝑟𝑑 . Furthermore, the identifica-
tion of the remaining subset of parameters is conducted by considering
three different cost functions and newly collected experimental data.

This paper is structured as follows: Section 2 presents the GPF sys-
tem, Section 3 describes the mathematical formulation of the thermal
energy balance equation, the soot consumption dynamic equation, and
the formation–consumption dynamic equation of active ceria sites for
carbon interaction. Supported by experimental evidence, a reduction
of the modeling framework is proposed in which only reactions that
lead to the conversion of 𝐶 to 𝐶𝑂2 are considered. Section 4 outlines
the experimental characterization of the ceria-coated GPF investigated
in this study, and the parameter identification study using a combined
cost function to determine the cordierite specific heat capacity, the
exponential factor, and activation energy of the regeneration reac-
tions. Section 5 elaborates upon the validation and predictiveness of

the proposed modeling framework. Finally, Section 6 summarizes the
contributions of this work. Appendix A outlines the determination
of the volumetric model parameters, Appendix B elaborate upon the
determination of the exhaust gas properties that are incorporated in the
model, Appendix C describes the approach to determine the amount of
soot oxidized during a regeneration event, and Appendix D summarize
the results of the parameter identification study using a thermal and
soot cost function.

2. Gasoline particulate filters

GPFs are emissions aftertreatment devices installed in the tailpipe of
GDI operating vehicles to mitigate particulate emissions. GPF substrates
are generally composed of a porous three-dimensional structure (Gong
et al., 2018) and are made of ceramic materials or metallic fibers. They
have been synthesized in a variety of shapes ranging from circular to
oval cross section (Williams, 2001).

GPFs consist of a monolithic structure with axially parallel channels
which are alternatively plugged at each end. As the exhaust gas enters
the inlet channel and is forced to pass through the porous walls,
soot particles are trapped within the channel walls. Over time, this
accumulation of soot increases the engine back pressure, which can
negatively impact engine performance and fuel economy. To minimize
this negative impact, the soot trapped in the GPF must be periodically
removed. This is accomplished via regeneration, i.e. oxidation of soot at
elevated temperatures in the presence of oxygen (Nicolin et al., 2015).

The structure and internal design of the coated GPF used in the ex-
perimental campaign of this work is presented in Fig. 1. The washcoat
material is primarily composed of ceria (𝐶𝑒𝑂2). Precious metals are
loaded within the cerium to provide catalytic reaction benefits, while
the cerium provides the scaffolding for the precious metals and oxygen
storage ability that enhance soot oxidation reactions inside the GPF.

3. Temperature and soot oxidation modeling of a ceria-coated GPF

This section presents the development of the model to characterize
the thermal and soot oxidation dynamics inside a ceria-coated GPF.
Reaction rate expressions are formulated to quantify heat generation
and species concentrations within the GPF during a regeneration event.
Soot oxidation dynamics and the formation–consumption dynamics of
active ceria sites are determined using the reaction rate expressions.
Apart from reaction kinetics, heat is transported to and from the GPF
due to the exhaust gas flow, and the cordierite thermal inertia that
governs the volumetric absorption of heat by the GPF dictates the time
rate of change in GPF temperature. Fig. 2 summarizes the proposed GPF
modeling in terms of inputs, outputs, and state variables.

3.1. Soot oxidation reaction kinetics

We can distinguish between volatile and nonvolatile PM (Rounce,
Brogan, & Eastwood, 2013). Volatile constituents are composed of sul-
phate, nitrate, and organic compounds, while non-volatile constituents
are primarily composed of carbon soot and ash. In GPFs, ash accu-
mulates primarily because of engine oils. The accumulation of these
particles affects the pressure drop and causes plugging of the filter.
Similarly for DPF, ash represents an aging factor (Ito et al., 2015;
Shimoda et al., 2012). However, if compared to temperature and soot
oxidation, ash deposition occurs over a different time scale, charac-
terized by slow dynamics. Thus, without any loss of generality, ash
loading can be neglected for the purpose of this work. Moreover,
the equations presented in this work do not consider any dynamics
associated with the volatile constituents. The oxidation reactions in
the model, involving only the carbonaceous soot particles, generally
results in the formation of either carbon monoxide (𝐶𝑂) or carbon
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Fig. 1. (a) Side view of the sectioned coated GPF, and (b) axially parallel channels which are alternatively plugged at each end with cordierite. A two-dimensional view of an
inlet channel, porous wall, and an outlet channel of the GPF is shown here.

Fig. 2. Control-oriented model scheme. The GPF is described in terms of thermal
and soot oxidation dynamics. The inputs of the model are the measured exhaust gas
temperature (𝑇𝑖𝑛𝑙𝑒𝑡), the pre-GPF air/fuel ratio (𝜆𝑝𝑟𝑒,𝐺𝑃𝐹 ), and the exhaust gas mass
flow rate (𝑚̇𝑔). The states, which coincides with the measured outputs are the average
GPF temperature (𝑇𝐺𝑃𝐹 ), the soot mass (𝑚𝑐,𝐺𝑃𝐹 ), and the volume fraction of ceria
(𝑍𝐶𝑒𝑂2

). The formal state-space representation of the lumped GPF model is provided
in Takahashi, Korneev, and Onori (2019).

dioxide (𝐶𝑂2), depending upon the amount of oxygen available during
the reaction (Nicolin et al., 2015):
{

𝐶 + 𝑂2 → 𝐶𝑂2

𝐶 + 0.5𝑂2 → 𝐶𝑂
𝐄𝐱𝐨𝐭𝐡𝐞𝐫𝐦𝐢𝐜 (1)

The above oxygen-initiated soot oxidation reactions compete against
each other during regeneration. This represents an important modeling
challenge since information regarding the relative dominance of 𝐶𝑂2
formation reactions over 𝐶𝑂 formation reactions, or vice-versa, is
unavailable. As a result, quantification of the competition between
these reactions becomes complex. For the proposed lumped modeling
approach, this challenge can be addressed if there is evidence to prove

that the concentration of one of the products of these two reactions
(𝐶𝑂 or 𝐶𝑂2) is significantly higher than the other.

Fig. 3 shows the variation of the experimentally measured pre- and
post-GPF ppm levels of 𝐶𝑂 and 𝐶𝑂2. The shaded region represents the
course of a regeneration event. During regeneration, the GPF inlet 𝐶𝑂
ppm levels (≈ 50−100) are significantly lower than the 𝐶𝑂2 ppm levels
(of the order of 104). It is also observed that the 𝐶𝑂 ppm level post-GPF
is zero. This result is not a surprise as 𝐶𝑂 is typically an intermediate
oxidation step on the way toward 𝐶𝑂2 production. In addition, the
oxygen storage capacity of the washcoated GPF very nearly ensures
that any 𝐶𝑂 produced will be oxidized to 𝐶𝑂2. Combining all these
factors, the 𝐶𝑂 reaction is ignored in the soot oxidation modeling
framework. The oxygen-initiated exothermic soot oxidation reactions
are then reduced to only the formation reaction of 𝐶𝑂2:

𝐶 + 𝑂2 → 𝐶𝑂2 (2)

3.2. Ceria-initiated soot oxidation reaction kinetics

The presence of ceria provides additional reaction pathways for
carbon. Endothermic reactions occupy active ceria (𝐶𝑒𝑂2) sites in the
catalytic coating, while consuming soot particles. This procedure is de-
scribed by the following chemical reactions (Konstantas & Stamatelos,
2004):
{

𝐶 + 4𝐶𝑒𝑂2 → 2𝐶𝑒2𝑂3 + 𝐶𝑂2

𝐶 + 2𝐶𝑒𝑂2 → 𝐶𝑒2𝑂3 + 𝐶𝑂
𝐄𝐧𝐝𝐨𝐭𝐡𝐞𝐫𝐦𝐢𝐜 (3)

Fig. 3. Experimentally measured pre- and post-GPF ppm of (a) 𝐶𝑂2 and (b) 𝐶𝑂 gases. The shaded region represents the regeneration event.
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Table 1
Enthalpy of reaction values for the three reactions (2), (4), and (5).

Regeneration reaction mechanism Enthalpy of the reaction

𝐶 + 𝑂2 → 𝐶𝑂2 𝛥𝐻𝑇 = −393.5 [kJ∕mol]
2𝐶𝑒2𝑂3 + 𝑂2 → 4𝐶𝑒𝑂2 𝛥𝐻𝐶,2 = −762.4 [kJ∕mol]
𝐶 + 4𝐶𝑒𝑂2 → 2𝐶𝑒2𝑂3 + 𝐶𝑂2 𝛥𝐻𝐶,1 = +368.9 [kJ∕mol]

For reasons elaborated in Section 3.1, the reaction which leads to
the formation of 𝐶𝑂 is ignored. This reduces the endothermic ceria-
initiated soot oxidation reactions to:

𝐶 + 4𝐶𝑒𝑂2 → 2𝐶𝑒2𝑂3 + 𝐶𝑂2 (4)

Similarly, the exothermic reaction that oxidizes 𝐶𝑒2𝑂3 to 𝐶𝑒𝑂2 and
generates new free ceria sites is: (Konstantas & Stamatelos, 2004)
{

2𝐶𝑒2𝑂3 + 𝑂2 → 4𝐶𝑒𝑂2 𝐄𝐱𝐨𝐭𝐡𝐞𝐫𝐦𝐢𝐜 (5)

Table 1 provides the enthalpy of the three regeneration reactions (2),
(4), and (5). The enthalpy of formation values for different chemical
reactants and products were obtained from the CRC Handbook of
Chemistry and Physics (Lide & Haynes, 2009).

3.3. Formulation of the regeneration reactions

A regeneration event involves the oxidation of trapped soot particles
in the presence of an excessive amount of oxygen from the exhaust gas.
The regeneration events described in this work are forced by initiating
fuel cut-off for a short duration of time, during which the engine
switches to a lean operating condition. The internal GPF temperature
during this event is typically 300–400◦C higher compared to nominal
operating conditions due to the exothermic internal reactions.

The volume fraction of the exhaust gas constituents is equal to its
molar concentration by assuming ideal gas behavior. As a result, their
volume fraction 𝑌𝑖 can be expressed as

𝑌𝑖 =
𝑛𝑖

𝑛𝑡𝑜𝑡𝑎𝑙
(6)

The mathematical expression for the rate of the reaction (2), denoted
by 𝑅𝑇 , is formulated using the Arrhenius type relationship for the
reaction rate constant, denoted by 𝑘𝑇 , is then represented as a function
of temperature (Atkins et al., 2014):

𝑘𝑇 = 𝐴𝑇 ⋅ exp
(

−
𝐸𝑇
𝑎

𝑅𝑇𝑔𝑎𝑠

)

, (7)

where 𝐴𝑇 and 𝐸𝑇
𝑎 represent the pre-exponential factor and activation

energy.
The modeling approach in this work considers the GPF as a lumped

system with a representative temperature value. The soot particles
trapped in the porous walls of the GPF are at the temperature of the
ceramic substrate, 𝑇𝐺𝑃𝐹 .

During tipout, the temperature of the exhaust gas at the GPF inlet
starts to drop; however, the temperature inside the GPF starts to rise
due to the regeneration reactions that are sustained by the substrate
temperature as a result of volumetric heat absorption. As the exhaust
gas constituents permeate through the substrate, it is reasonable to
assume that the gas temperature is approximately equal to the tem-
perature of the soot particles that it reacts with. The assumption of
equal gas and substrate temperatures within the GPF eliminates the
need to consider the convection and conduction heat transport that take
place between the porous brick and the gas flowing through the pores.
Therefore, 𝑘𝑇 can be expressed as:

𝑘𝑇 = 𝐴𝑇 ⋅ exp
(

−
𝐸𝑇
𝑎

𝑅𝑇𝐺𝑃𝐹

)

(8)

The reaction rate is directly proportional to the number of moles of the
reactant constituents, i.e. the number of moles of carbon, 𝑛𝐶 , and the

number of moles of oxygen, 𝑛𝑂2
. The reaction rate expression for 𝑅𝑇 is

formulated by normalizing 𝑛𝑂2
using 𝑛𝑡𝑜𝑡𝑎𝑙:

𝑅𝑇 = 𝑘𝑇 ⋅ 𝑛𝐶 ⋅
𝑛𝑂2

𝑛𝑡𝑜𝑡𝑎𝑙

= 𝐴𝑇 ⋅ exp
(

−
𝐸𝑇
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅ 𝑛𝐶 ⋅
𝑛𝑂2

𝑛𝑡𝑜𝑡𝑎𝑙

= 𝐴𝑇 ⋅ exp
(

−
𝐸𝑇
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑐,𝐺𝑃𝐹

𝑀𝐶
⋅ 𝑌𝑂2

,

(9)

where 𝑛𝐶 is the ratio of the predicted mass of soot, 𝑚𝑐,𝐺𝑃𝐹 , and the
molar mass of carbon, 𝑀𝐶 . Normalizing 𝑛𝑂2

allows the formulation of
𝑅𝑇 in terms of 𝑌𝑂2

, and the procedure to determine the volume fraction
of the exhaust gas constituents is elaborated in Appendix B.

The reaction rate is expressed in terms of mole fraction and vol-
ume fraction. While this is not commonly observed in reaction rate
expressions, a similar approach has been implemented for GPF mod-
eling in Boger et al. (2015) and Nicolin et al. (2015) using mass and
volume fractions. The rate of the reaction (4), 𝑅𝐶,1, is mathematically
formulated as:

𝑅𝐶,1 = 𝐴𝐶,1 ⋅ exp
(

−
𝐸𝐶,1
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑐,𝐺𝑃𝐹

𝑀𝐶
⋅𝑍𝐶𝑒𝑂2

, (10)

where 𝐴𝐶,1 and 𝐸𝐶,1
𝑎 represent the pre-exponential factor and activation

energy, and 𝑍𝐶𝑒𝑂2
represents the volume fraction of oxidized ceria.

Given that the formation of 𝐶𝑒𝑂2 is an exothermic reaction and the
formation of 𝐶𝑒2𝑂3 is endothermic, 𝐶𝑒𝑂2 is the more stable compound.
As a result, cerium is considered to exist in the washcoat in the form
of 𝐶𝑒𝑂2 prior to the initiation of regeneration, and the initial value of
𝑍𝐶𝑒𝑂2

is taken as 0.5.
Finally, the rate of the exothermic reaction (5) that generates active

ceria sites is formulated by assuming that the total mass of oxygen that
is trapped inside the GPF, 𝑚𝑂2

, is available to react with 𝐶𝑒2𝑂3. Since
cerium exists only in the form of 𝐶𝑒𝑂2 or 𝐶𝑒2𝑂3, 𝑍𝐶𝑒2𝑂3

is equal to
(1 −𝑍𝐶𝑒𝑂2

). Mathematically, the reaction rate is then expressed as:

𝑅𝐶,2 = 𝐴𝐶,2 ⋅ exp
(

−
𝐸𝐶,2
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅ 𝑛𝑂2
⋅𝑍𝐶𝑒2𝑂3

= 𝐴𝐶,2 ⋅ exp
(

−
𝐸𝐶,2
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑂2

𝑀𝑂2

⋅ (1 −𝑍𝐶𝑒𝑂2
)

= 𝐴𝐶,2 ⋅ exp
(

−
𝐸𝐶,2
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝜌𝑂2

𝑌𝑂2
𝑉𝑒𝑥ℎ

𝑀𝑂2

⋅ (1 −𝑍𝐶𝑒𝑂2
),

(11)

where the density of oxygen, 𝜌𝑂2
, is obtained using the ideal gas

equation. 𝑚𝑂2
is the product of 𝜌𝑂2

and the overall trapped volume
of oxygen in the coated GPF. The latter parameter is the product of
the volume fraction of oxygen, 𝑌𝑂2

, and the overall trapped volume of
exhaust gases within the coated GPF, 𝑉𝑒𝑥ℎ.

The oxygen concentrations are derived from wide band lambda
sensors, and the volumetric flow of oxygen is then calculated using
the vehicles value of exhaust gas mass flow. Even if both inlet and
outlet oxygen sensors are utilized in this work, only an inlet sensor is
necessary for proper quantification of oxygen entering the GPF.

3.4. Characterization of the thermal dynamics

The thermal energy balance equation is developed by considering
different modes of heat transport inside a representative control volume
of the GPF, as illustrated in Fig. 4. Energy interactions associated
within this control volume are: (i) heat generation from regeneration
reactions, (ii) volumetric heat absorption due to the thermal inertia
of the ceramic substrate, and (iii) heat carried away by the exhaust
gas as they permeate through the GPF. The generalized energy balance
equation for the control volume, in rate form, is expressed as (Cengel
& Boles, 2002):

𝐸̇𝐶𝑉 = (𝑄̇𝑖𝑛 − 𝑄̇𝑜𝑢𝑡) + (𝑊̇𝑖𝑛 − 𝑊̇𝑜𝑢𝑡) + (𝐸̇𝑚𝑎𝑠𝑠,𝑖𝑛 − 𝐸̇𝑚𝑎𝑠𝑠,𝑜𝑢𝑡)

+ 𝑄̇𝑖𝑛𝑡,𝑔𝑒𝑛,
(12)

5
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Fig. 4. Schematic representation of the thermal energy balance equation, which involves the rate of heat generation due to reactions, the net rate of change in flow enthalpy of
the exhaust gas through the GPF, and the volumetric heat absorption of the ceramic substrate.

where 𝐸̇𝐶𝑉 represents the rate of net energy transfer in the control vol-
ume due to the energy interactions, 𝑄̇𝑖𝑛 and 𝑄̇𝑜𝑢𝑡 represent heat transfer
to and from the control volume, respectively, 𝑊̇𝑖𝑛 and 𝑊̇𝑜𝑢𝑡 represent
work done on and by the control volume, respectively, 𝐸̇𝑚𝑎𝑠𝑠,𝑖𝑛 and
𝐸̇𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 represent energy transfer as a result of mass flow in and out of
the system, respectively, and 𝑄̇𝑖𝑛𝑡,𝑔𝑒𝑛 represents heat generation within
the control volume.

Other than the inlet and outlet flow of exhaust gas, there is no
heat transport across the boundaries of the control volume. Therefore,
𝑄̇𝑖𝑛 = 𝑄̇𝑜𝑢𝑡 = 0. Moreover, there is no work done on or by the control
volume. Hence, 𝑊̇𝑖𝑛 = 𝑊̇𝑜𝑢𝑡 = 0. 𝐸̇𝑚𝑎𝑠𝑠,𝑖𝑛 and 𝐸̇𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 result from the
transport of the exhaust gas constituents, and are defined as:

𝐸̇𝑚𝑎𝑠𝑠,𝑖𝑛 =
∑

𝑗
(𝑚𝑗,𝑖𝑛 ⋅ ℎ𝑗,𝑖𝑛), and

𝐸̇𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 =
∑

𝑗
(𝑚𝑗,𝑜𝑢𝑡 ⋅ ℎ𝑗,𝑜𝑢𝑡),

(13)

where 𝑚𝑗,𝑖𝑛 and 𝑚𝑗,𝑜𝑢𝑡 are the mass flow rate of the exhaust gas con-
stituents in and out of the control volume, respectively, while ℎ𝑗,𝑖𝑛 and
ℎ𝑗,𝑜𝑢𝑡 are the specific enthalpy of the exhaust gas constituents in and
out of the control volume, respectively. Neglecting any potential and
kinetic energy changes in the exhaust gas, and assuming steady flow
(𝑚𝑗,𝑖𝑛 = 𝑚𝑗,𝑜𝑢𝑡 = 𝑚̇𝑔),

𝐸̇𝑚𝑎𝑠𝑠,𝑖𝑛 − 𝐸̇𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 = 𝑚̇𝑔 ⋅ (ℎ𝑔𝑎𝑠,𝑖𝑛 − ℎ𝑔𝑎𝑠,𝑜𝑢𝑡), (14)

where ℎ𝑔𝑎𝑠,𝑖𝑛 and ℎ𝑔𝑎𝑠,𝑜𝑢𝑡 represent the specific enthalpies of the exhaust
gas entering and leaving the control volume, respectively. The heat of
a reaction is equal to the product of the reaction rate and the reaction
enthalpy of formation. The net amount of heat generated due to the
regeneration reactions (2), (4), and (5) is:

𝑄̇𝑅𝑒𝑎𝑐 = (−𝛥𝐻𝑇 ) ⋅ 𝑅𝑇 + (−𝛥𝐻𝐶,1) ⋅ 𝑅𝐶,1 + (−𝛥𝐻𝐶,2) ⋅ 𝑅𝐶,2 (15)

(−𝛥𝐻𝑇 ) ⋅ 𝑅𝑇 and (−𝛥𝐻𝐶,2) ⋅ 𝑅𝐶,2 are the exothermic heat of the reac-
tions (2) and (5) respectively, while (−𝛥𝐻𝐶,1) ⋅𝑅𝐶,1 is the endothermic
heat of reaction (4). Since the only source of heat generation within the
control volume is due to the regeneration reactions, 𝑄̇𝑖𝑛𝑡,𝑔𝑒𝑛 = 𝑄̇𝑅𝑒𝑎𝑐 .
Therefore, (12) reduces to:

𝐸̇𝐶𝑉 = 𝑚̇𝑔 ⋅ (ℎ𝑔𝑎𝑠,𝑖𝑛 − ℎ𝑔𝑎𝑠,𝑜𝑢𝑡) + 𝑄̇𝑅𝑒𝑎𝑐 (16)

Assuming that the exhaust gas constituents exhibit ideal gas behavior,
the difference in the specific enthalpies is equal to (Cengel & Boles,
2002):

ℎ𝑔𝑎𝑠,𝑖𝑛 − ℎ𝑔𝑎𝑠,𝑜𝑢𝑡 = (𝑒𝑔𝑎𝑠,𝑖𝑛 − 𝑒𝑔𝑎𝑠,𝑜𝑢𝑡) + 𝑅𝑔𝑎𝑠(𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝑜𝑢𝑡𝑙𝑒𝑡), (17)

where 𝑒𝑔𝑎𝑠,𝑖𝑛 and 𝑒𝑔𝑎𝑠,𝑜𝑢𝑡 represent the internal energy of the exhaust
gas entering and leaving the control volume, respectively, 𝑅𝑔𝑎𝑠 is the
specific gas constant, and 𝑇𝑖𝑛𝑙𝑒𝑡 and 𝑇𝑜𝑢𝑡𝑙𝑒𝑡 are the temperature of the
gas entering and leaving the control volume, respectively. Assuming
that the gas composition entering and leaving the control volume is

the same, the difference in the specific enthalpies can be reformulated
as (Cengel & Boles, 2002):

ℎ𝑔𝑎𝑠,𝑖𝑛 − ℎ𝑔𝑎𝑠,𝑜𝑢𝑡
= 𝐶𝑣,𝑔𝑎𝑠 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝑜𝑢𝑡𝑙𝑒𝑡) + 𝑅𝑔𝑎𝑠 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝑜𝑢𝑡𝑙𝑒𝑡)

= (𝐶𝑣,𝑔𝑎𝑠 + 𝑅𝑔𝑎𝑠) ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝑜𝑢𝑡𝑙𝑒𝑡)

= 𝐶𝑝,𝑔𝑎𝑠 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝑜𝑢𝑡𝑙𝑒𝑡),

(18)

where 𝐶𝑣,𝑔𝑎𝑠 and 𝐶𝑝,𝑔𝑎𝑠 represent the exhaust gas specific heat capacity
at constant volume and constant pressure, respectively.

For model development purposes, it is assumed in this work that
𝑇𝑜𝑢𝑡𝑙𝑒𝑡 is approximately equal to the temperature of the gas within
the GPF, 𝑇𝐺𝑃𝐹 . This assumption can be made if heat transfer to the
exhaust gas within the GPF channels and wall pores is assumed to be
fast relative to the mass transport of exhaust gas through the GPF.1 In
general, the temperature of the exhaust gas inside the GPF is expected
to be higher than the temperature of the exhaust gas at the GPF outlet.
Any physical discrepancy in the numerical values generated by the
assumption 𝑇𝑜𝑢𝑡𝑙𝑒𝑡 ≅ 𝑇𝐺𝑃𝐹 is accounted for by the identified value
of the specific heat of the cordierite in the GPF, 𝐶𝑝,𝑐𝑜𝑟𝑑 , using data
from experiments conducted under transient operating conditions. This
identification study is elaborated in Section 4.2.

The ceramic substrate within the control volume can be treated as
a stationary system which does not undergo any change in velocity or
elevation. As a result, changes in the kinetic and potential energies of
the substrate are zero. Therefore, the change in the energy inside the
control volume with respect to time is equal to the volumetric heat
absorption of the substrate:

𝐸̇𝐶𝑉 = 𝑚𝐺𝑃𝐹 ⋅ 𝐶𝑝,𝑐𝑜𝑟𝑑 ⋅
𝑑𝑇𝐺𝑃𝐹
𝑑𝑡

, (19)

where 𝑚𝐺𝑃𝐹 is the product of the density of cordierite, 𝜌𝐺𝑃𝐹 , and
the total cordierite volume, 𝑉𝑐𝑜𝑟𝑑 . Finally, the thermal energy balance
equation can be summarized as:

𝑚𝐺𝑃𝐹 ⋅ 𝐶𝑝,𝑐𝑜𝑟𝑑 ⋅
𝑑𝑇𝐺𝑃𝐹
𝑑𝑡

= 𝑚̇𝑔 ⋅ 𝐶𝑝,𝑔𝑎𝑠 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝐺𝑃𝐹 ) + 𝑄̇𝑅𝑒𝑎𝑐 (20)

In this model, 𝐶𝑝,𝑔𝑎𝑠 is a function of 𝑇𝑖𝑛𝑙𝑒𝑡 and the determination of this
parameter is elaborated in Appendix B.

3.5. Characterization of the soot oxidation dynamics

The oxidation dynamics of soot mass trapped inside the GPF is
modeled by assuming uniform deposition and concentration inside the
device (Nicolin et al., 2015). The exothermic reactions (2) and (4) are

1 This assumption is especially relevant for low mass flow conditions, such
as regeneration through a throttle tip-out, which is a condition of specific
interest for this study as the low exhaust mass flow results in the highest
observed GPF temperatures and the greatest risk for GPF health.
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Fig. 5. Schematic representation of the location of different thermocouples to measure the internal GPF temperature.

collectively responsible for the decrease in soot mass during regenera-
tion events. As a result, the time rate of change of soot moles is equal
to the sum of the exothermic reaction rates:
𝑑𝑛𝐶
𝑑𝑡

= (𝑅𝑇 + 𝑅𝐶,1) (21)

This expression can be reformulated to express the soot mass rate of
change as:
𝑑𝑚𝑐,𝐺𝑃𝐹

𝑑𝑡
= −𝑀𝐶 ⋅ (𝑅𝑇 + 𝑅𝐶,1)

= −𝐴𝑇 ⋅ exp
(

−
𝐸𝑇
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅ 𝑚𝑐,𝐺𝑃𝐹 ⋅ 𝑌𝑂2

− 𝐴𝐶,1 ⋅ exp
(

−
𝐸𝐶,1
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅ 𝑚𝑐,𝐺𝑃𝐹 ⋅𝑍𝐶𝑒𝑂2

(22)

To calculate the amount of soot oxidized during regeneration, it is
necessary to model the formation and consumption of available ceria
sites for carbon interaction. Since the volume fractions of 𝐶𝑒𝑂2 and
𝐶𝑒2𝑂3 are related, the variation of 𝑍𝐶𝑒𝑂2

with time has been used to
represent the dynamics of ceria sites in the coated GPF. Reaction (4)
is responsible for the creation of active sites while reaction (5) is
responsible for the consumption of active sites. Therefore, the net
generation of active ceria sites is defined by the difference in the
rates of the endothermic and exothermic reactions. Since 𝑍𝐶𝑒𝑂2

is a
normalized quantity, (𝑀𝐶∕𝑚𝑐,𝑖𝑛𝑖𝑡) and 𝑀𝑂2

∕(𝜌𝑂2
⋅𝑉𝑒𝑥ℎ) have been chosen

as normalizing factors for the reaction rates 𝑅𝐶,1 and 𝑅𝐶,2, respectively,
to ensure dimensional consistency. 𝑚𝑐,𝑖𝑛𝑖𝑡 represents the initial mass of
soot prior to regeneration. The dynamic equation for 𝑍𝐶𝑒𝑂2

is then
expressed as:
𝑑𝑍𝐶𝑒𝑂2

𝑑𝑡
= −𝑅𝐶,1 ⋅

(

𝑀𝐶
𝑚𝑐,𝑖𝑛𝑖𝑡

)

+ 𝑅𝐶,2 ⋅
( 𝑀𝑂2

𝜌𝑂2
⋅ 𝑉𝑒𝑥ℎ

)

= −𝐴𝐶,1 ⋅ exp
(

−
𝐸𝐶,1
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑐,𝐺𝑃𝐹

𝑚𝑐,𝑖𝑛𝑖𝑡
⋅𝑍𝐶𝑒𝑂2

+ 𝐴𝐶,2 ⋅ exp
(

−
𝐸𝐶,2
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅ 𝑌𝑂2
⋅ (1 −𝑍𝐶𝑒𝑂2

)

(23)

4. Determination of the model parameters

This section begins with a description of the experimental character-
ization of the ceria-coated GPF, followed by the identification studies
for the determination of the specific heat capacity of the cordierite,
𝐶𝑝,𝑐𝑜𝑟𝑑 , and the pre-exponential factor and activation energy parameters
associated with the regeneration reactions (2), (4), and (5). These
identification studies are conducted using the Matlab implementation

Table 2
Overview of the parameters of the coated GPF model. Using information from 𝑇𝑖𝑛𝑙𝑒𝑡, 𝜆,
and 𝜌𝑠𝑜𝑜𝑡, the model predicts 𝑇𝐺𝑃𝐹 and 𝑚𝑐,𝐺𝑃𝐹 . 𝑅, 𝑀𝐶 , and 𝑀𝑂2

are universal parameters
with designated values.

Equation Model parameters

𝑅𝑇 = 𝐴𝑇 ⋅ exp
(

− 𝐸𝑇
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑐,𝐺𝑃𝐹

𝑀𝐶
⋅ 𝑌𝑂2

[𝐴𝑇 , 𝐸𝑇
𝑎 , 𝑌𝑂2

]

𝑅𝐶,1 = 𝐴𝐶,1 ⋅ exp
(

− 𝐸𝐶,1
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝑚𝑐,𝐺𝑃𝐹

𝑀𝐶
⋅𝑍𝐶𝑒𝑂2

[𝐴𝐶,1 , 𝐸𝐶,1
𝑎 , 𝑍𝐶𝑒𝑂2

]

𝑅𝐶,2 = 𝐴𝐶,2 ⋅ exp
(

− 𝐸𝐶,2
𝑎

𝑅𝑇𝐺𝑃𝐹

)

⋅
𝜌𝑂2 𝑌𝑂2 𝑉𝑒𝑥ℎ

𝑀𝑂2

⋅ (1 −𝑍𝐶𝑒𝑂2
) [𝐴𝐶,2 , 𝐸𝐶,2

𝑎 , 𝜌𝑂2
, 𝑉𝑒𝑥ℎ]

𝑄̇𝑅𝑒𝑎𝑐 = (−𝛥𝐻𝑇 ) ⋅ 𝑅𝑇 + (−𝛥𝐻𝐶,1) ⋅ 𝑅𝐶,1 + (−𝛥𝐻𝐶,2) ⋅ 𝑅𝐶,2 [𝛥𝐻𝑇 , 𝛥𝐻𝐶,1 , 𝛥𝐻𝐶,2]

𝑚𝐺𝑃𝐹 ⋅ 𝐶𝑝,𝑐𝑜𝑟𝑑 ⋅ 𝑑𝑇𝐺𝑃𝐹

𝑑𝑡
= 𝑚̇𝑔 ⋅ 𝐶𝑝,𝑔𝑎𝑠 ⋅ (𝑇𝑖𝑛𝑙𝑒𝑡 − 𝑇𝐺𝑃𝐹 ) + 𝑄̇𝑅𝑒𝑎𝑐 [𝜌𝐺𝑃𝐹 , 𝑉𝑐𝑜𝑟𝑑 , 𝐶𝑝,𝑐𝑜𝑟𝑑 , 𝐶𝑝,𝑔𝑎𝑠]

of the particle swarm optimization (PSO)2 algorithm (Ebbesen, Kiwitz,
& Guzzella, 2012).

Table 2 summarizes the different parameters of the model. Ap-
pendix A summarizes the determination of the volumetric model pa-
rameters 𝑉𝑐𝑜𝑟𝑑 and 𝑉𝑒𝑥ℎ. Appendix B elaborates upon the determination
of the exhaust gas parameters 𝑌𝑖, 𝜌𝑂2

, and 𝐶𝑝,𝑔𝑎𝑠, where 𝑖 represents
the constituent gases 𝑁2, 𝑂2, 𝐶𝑂2, and 𝐻2𝑂. Appendix C outlines the
approach to calculate the total amount of soot oxidized during a re-
generation event, 𝑚𝑐,𝑒𝑥𝑝. The methodology to determine the remaining
model parameters is presented in this section.

4.1. Experimental characterization of a ceria-coated GPF

Experimental work, data acquisition, and data analysis associated
with the soot accumulation and soot regeneration stages were con-
ducted at the Chassis Dynamometer laboratory located at the Clemson
University International Center for Automotive Research.3 A compre-
hensive description of this experimental work has been presented in
Rathod, Onori, Filipi, and Hoffman (2018). Experimental data sets
were developed with different initial soot loading and temperatures
at the onset of regeneration. For each data set, multiple regeneration

2 PSO is a non-gradient based evolutionary computational approach, de-
signed by observing the social behavior of certain animal species, to achieve
the global minimum for a fitness function by moving a population of pos-
sible solutions, constituting the swarm, through a multi-dimensional solution
hyperspace in an iterative manner.

3 The authors of this manuscript were affiliated with the Department of
Automotive Engineering, Clemson University, Greenville, SC 29607, USA,
when the experimental work and model development studies were undertaken.
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Fig. 6. (a) Exhaust gas mass flow rate as calculated in the engine control unit, and (b) comparison of 𝑇𝐺𝑃𝐹 and 𝑇4 during the identification study to determine the parameter
𝐶𝑝,𝑐𝑜𝑟𝑑 . This identification study is elaborated in Section 4.2.

events were performed in a sequential manner to gradually decrease
the overall amount of soot accumulated in the coated GPF through
oxidation.

Temperature measurements were obtained by installing K-type ther-
mocouples in the GPF according to the layout shown in Fig. 5. Sen-
sor locations 2, 3, and 4 represent the GPF internal temperatures
along the flow centerline of the front-plane, rear-plane, and mid-plane,
respectively.

The pre- and post-GPF ppm levels of 𝐶𝑂 and 𝐶𝑂2 gases were mea-
sured by simultaneously passing the respective gas streams through a
dual channel Fourier Transform Infrared Spectroscopy (FTIR) analyzer
with equivalent sample line lengths and sample flow rates.

Prior to regeneration, the engine is switched to lean operation, pro-
ducing a precipitous decrease in 𝐶𝑂2 pre-GPF. Because of the presence
of a TWC upstream of the GPF, the decline in 𝐶𝑂2 concentration is
gradually observed, instead of a step change as seen in the measured
exhaust gas mass flow rate, 𝑚̇𝑔 . Due to the presence of a higher amount
of 𝑂2 inside the GPF compared to nominal operation, the post-GPF
𝐶𝑂2 levels increase beyond the inlet, indicating regeneration. During
the onset of regeneration, the air–fuel ratio 𝜆, measured using a wide
range lambda sensor mounted upstream of the GPF, is greater than the
stoichiometric value of 1. When the regeneration event is terminated,
the post-TWC air–fuel ratio returns to its stoichiometric value.

Prior to regeneration, soot accumulation experiments were per-
formed with the coated GPF installed downstream of a TWC on a
vehicle operating at a constant engine load for extended periods of
time. Based on the engine operating conditions and 𝑚̇𝑔 , the backpres-
sure developing across the GPF (measured using a differential pressure
sensor) and soot mass accumulation were determined. Accumulation
experiments were specifically designed to produce different initial soot
loading densities within the coated GPF.

The GPF inlet temperature at the onset of each successive regenera-
tion event was increased to enhance the soot oxidation reaction kinetics
despite the decreasing GPF carbon concentration after each successive
regeneration event. Note that utilizing a conservative inlet temperature
at the onset of the first regeneration minimizes the risk of overheating
the GPF during soot oxidation. For every experimental regeneration
event, it is possible to determine the initial and final soot mass inside
the coated GPF from the pre- and post-GPF 𝐶𝑂2 ppm measurements.
This is outlined in Appendix C.

4.2. Identification of 𝐶𝑝,𝑐𝑜𝑟𝑑

A 𝑐𝑙𝑒𝑎𝑛 experimental data set prior to any soot accumulation was
used to identify 𝐶𝑝,𝑐𝑜𝑟𝑑 . The objective of this parameter identification
study is to determine the value of 𝐶𝑝,𝑐𝑜𝑟𝑑 such that the model-predicted

temperature 𝑇𝐺𝑃𝐹 matches the experimental measurement 𝑇4 as accu-
rately as possible. Mathematically, this is defined using a thermal-based
cost function, 𝐽 :

𝐽 =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑇4(𝑖) − 𝑇𝐺𝑃𝐹 (𝑖)
)2

⋅
100

max(𝑇4)
, (24)

where 𝑁 is the total number of data samples and 𝑖 is the time in-
dex.4 Because the underlying equations constitute a lumped parameter
model, it is assumed that the wall and gas temperatures inside the GPF
are equal, due to the permeation of the gas through the substrate. Since
the experimental data set used for identification does not contain any
regeneration events, the reaction rates 𝑅𝑇 , 𝑅𝐶,1, and 𝑅𝐶,2 are equal to
zero. As a result, the thermal dynamic equation inside the coated GPF
reduces to:

𝜌𝐺𝑃𝐹 ⋅ 𝑉𝑐𝑜𝑟𝑑 ⋅ 𝐶𝑝,𝑐𝑜𝑟𝑑 ⋅
𝑑𝑇𝐺𝑃𝐹
𝑑𝑡

= −𝑚̇𝑔 ⋅ 𝐶𝑝,𝑔𝑎𝑠 ⋅ (𝑇𝐺𝑃𝐹 − 𝑇𝑖𝑛𝑙𝑒𝑡)
(25)

The dynamic variation of 𝑚̇𝑔 during the experiment is illustrated in
Fig. 6(a). The result of this identification study is schematically rep-
resented in Fig. 6(b). The RMS error obtained during this identification
study is 0.88%, and the identified value of the parameter 𝐶𝑝,𝑐𝑜𝑟𝑑 is
1173.3 [J∕(kg ⋅ K)].

4.3. Identification of the remaining model parameters

In Arunachalam et al. (2017), the lumped thermal dynamics in a
ceria-coated GPF were characterized using a set of 11 parameters, iden-
tified using experimental data, with the vector of identified parameters,
𝜃𝑖𝑛𝑖, being:

𝜃𝑖𝑛𝑖 =
[

𝐴𝑇 𝐴𝐶,1 𝐴𝐶,2 𝐸𝑇
𝑎 𝐸𝐶,1

𝑎 𝐸𝐶,2
𝑎

𝛥𝐻𝑇 𝛥𝐻𝐶,1 𝛥𝐻𝐶,2 𝐶𝑝,𝑐𝑜𝑟𝑑 𝐶𝑝,𝑔𝑎𝑠
]𝑇 (26)

In this work, the identification approach was improved and the vector
of identified parameters was reduced to 𝜃, defined as:

𝜃 =
[

𝐴𝑇 𝐴𝐶,1 𝐴𝐶,2 𝐸𝐶,1
𝑎 𝐸𝐶,2

𝑎
]𝑇 (27)

This reduction of the number of elements in the vector 𝜃 was achieved
due to the following factors:

4 Experimental measurements revealed an insignificant difference in the
internal GPF temperature at locations 2, 3, and 4. Therefore, 𝑇4 was chosen
instead of 𝑇𝑎𝑣𝑔 as it represented the central axial location of the GPF. Replacing
𝑇𝑎𝑣𝑔 with 𝑇4 is not expected to affect the outcome of this identification study.
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Table 3
𝑇𝑖𝑛𝑙𝑒𝑡 at the onset of regeneration, and the amount of soot oxidized during each of the regeneration events for the two data sets.

Experimental data set Soot loading density Regeneration event Initiation
temperature

Amount of soot
oxidized

I 2.00 [g∕l]

First regeneration event (Regen 1a) 670 ◦C 0.2360 [g]
Second regeneration event (Regen 2a) 700 ◦C 0.2654 [g]
Third regeneration event (Regen 3a) 750 ◦C 1.2050 [g]
Fourth regeneration event (Regen 4a) 775 ◦C 1.0750 [g]

II 0.67 [g∕l]
First regeneration event (Regen 1b) 700 ◦C 0.3063 [g]
Second regeneration event (Regen 2b) 700 ◦C 0.1672 [g]
Third regeneration event (Regen 3b) 750 ◦C 0.4550 [g]

1. Sensitivity analysis studies indicated that the model-predicted
response is strongly influenced by small variations in the pa-
rameter 𝐸𝑇

𝑎 . Nicolin et al. (2015) performed isothermal thermo-
gravimetric analysis experiments and determined 𝐸𝑇

𝑎 to be equal
to 150 [kJ∕mol]. The results from sensitivity analysis revealed
that an 𝐸𝑇

𝑎 value of 149 [kJ∕mol] predicts temperature and soot
oxidation dynamics with reasonable accuracy.

2. 𝛥𝐻𝑇 , 𝛥𝐻𝐶,1, and 𝛥𝐻𝐶,2 were determined using thermochemical
tables, and are summarized in Table 1.

3. 𝐶𝑝,𝑐𝑜𝑟𝑑 was determined with a dedicated experimental data set
prior to soot accumulation in the GPF and using the method
outlined in Section 4.2.

4. 𝐶𝑝,𝑔𝑎𝑠 is dependent on temperature and volume fraction of the
exhaust gas constituents. The determination of this parameter is
presented in Appendix B.

The lumped parameter model proposed in Section 3 utilizes experimen-
tal measurements of the exhaust gas temperature at the GPF inlet and
the mass air flow rate of the exhaust gas as input parameters. Parameter
identification is performed by considering the regeneration events that
occur within the coated filter.

4.3.1. Experimental data used for parameter identification
Two experimental data sets, characterized by different initial soot

loading density (SLD) values, were used for the identification study.
Since soot oxidation dynamics vary spatially within the coated GPF, the
average of 𝑇2, 𝑇3, and 𝑇4 was chosen as a characteristic representation
of the internal GPF temperature, and denoted by 𝑇𝑎𝑣𝑔 . This selection is
justified due to the strategic location of these 3 thermocouples along
the axial direction of the GPF, combined with the argument that the
lumped parameter model considers uniform behavior across the GPF.

Table 3 summarizes the regeneration events in each data set, along
with 𝑇𝑖𝑛𝑙𝑒𝑡 at the onset of regeneration and the amount of soot oxidized
during each event. Figs. C.17 (b) and C.19 represent the variation in
pre- and post-GPF 𝐶𝑂2 ppm levels during Regen 1a and the amount
of soot oxidized, respectively. SLD is obtained by dividing the total
amount of soot oxidized in all the regeneration events of a data set
with the volume of the coated GPF, 𝑉𝑓𝑖𝑙𝑡𝑒𝑟. The value of the SLD for
experimental data set I is:

SLD I =
∑𝐹

𝑖=1 𝑚𝑐,𝑟𝑒𝑔𝑒𝑛(𝑖)
𝑉𝑓𝑖𝑙𝑡𝑒𝑟

= 0.2360 + 0.2654 + 1.2050 + 1.0750
1.39

= 2.00 [g∕l].

(28)

𝑖 refers to a particular regeneration event, 𝐹 is the number of regener-
ation events in a data set, and 𝑚𝑐,𝑟𝑒𝑔𝑒𝑛(𝑖) is the amount of soot oxidized
in [𝑔] during event 𝑖. Similarly, SLD II is calculated to be 0.67 [g∕l].
Henceforth, experimental data sets I and II will be referred to as
2.00 [g∕l] and 0.67 [g∕l] data sets, respectively.

4.3.2. Cost function for the parameter identification study
A combined cost function, with equal weights, was designed that

simultaneously minimizes the error between the experimental and
model-predicted thermal and soot oxidation dynamics. Additionally,
two other cost functions, thermal and soot, were also investigated for

Table 4
Setup of the parameter identification study.

PSO option Value/Setting

options.SwarmSize 50000
options.MaxIter 100
options.TolFun 0.5 × 10−6

options.StallIterLimit 10
options.InertialRange [0.1, 1.1]
options.SelfAdjustmentWeight 1.49
options.SocialAdjustmentWeight 1.49

Table 5
The range of variation of the parameters during identification.

Parameter Identification range

𝐴𝑇
[

1 × 105 , 1 × 108
]

𝐴𝐶,1
[

1 × 107 , 1 × 1010
]

𝐴𝐶,2
[

1 × 107 , 1 × 1010
]

𝐸𝐶,1
𝑎

[

1 × 106 , 1 × 108
]

𝐸𝐶,2
𝑎

[

1 × 104 , 1 × 107
]

the prediction of the thermal and soot oxidation dynamics, respectively.
The results from the latter identification study using these two cost
functions are presented in Appendix D.

The parameters in the vector 𝜃, given in (27), are identified using
the PSO algorithm and minimizing the combined cost function, 𝐽𝐶 :

𝐽𝐶 (𝜃) =

{

1
𝑁

𝑁
∑

𝑖=1

(

𝑇𝑎𝑣𝑔(𝑖) − 𝑇𝐺𝑃𝐹 (𝜃; 𝑖)
max(𝑇𝑎𝑣𝑔)

)2

+ 1
𝑁

𝑁
∑

𝑖=1

(

𝑚𝑐,𝑒𝑥𝑝(𝑖) − 𝑚𝑐,𝐺𝑃𝐹 (𝜃; 𝑖)
max(𝑚𝑐,𝑒𝑥𝑝)

)2}0.5 (29)

𝑇𝐺𝑃𝐹 is the model-predicted temperature that is a function of 𝜃,
𝑚𝑐,𝑒𝑥𝑝 is the experimentally determined mass of soot oxidized during
a regeneration event, and 𝑚𝑐,𝐺𝑃𝐹 is its corresponding model-predicted
value which is a function of 𝜃.

4.3.3. Details of the parameter identification study
Table 4 summarizes the setup of the parameter identification study.

The termination criteria was defined as either 100 completed gen-
erations 𝑜𝑟 the completion of 10 successive generations without any
improvement in the cost function. Table 5 lists the identification range
for the elements of the parameter vector 𝜃. The identification range
for the pre-exponential factors and the activation energies have been
developed based on the work of Konstantas and Stamatelos (2004). The
selected identification range considers the loss in physical meaning of
the proposed control-oriented model parameters due to the omission of
GPF transport dynamics.

4.3.4. Modification of 𝑚̇𝑔 and 𝑇𝑖𝑛𝑙𝑒𝑡
In order to maintain stoichiometric air–fuel ratio during nominal

operation, 𝑚̇𝑔 is determined by the engine control unit prior to the
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Fig. 7. (a) The original and modified mass air flow of exhaust gas, and (b) the measured pre-GPF air fuel ratio.

Fig. 8. (a) The original and modified GPF inlet exhaust gas temperature, and (b) comparison of the GPF inlet exhaust gas temperature with the other measured GPF internal
temperatures.

induction of air into the combustion chamber. The mass of air flowing
into the intake manifold is measured using a hot wire anemometer. Be-
cause of physical transport delays associated with exhaust gas transport
to the GPF, 𝑚̇𝑔 must be estimated at the inlet of the GPF.

In order for the dynamic change in 𝑚̇𝑔 to accurately reflect the onset
of a regeneration event, 𝑚̇𝑔 is adjusted with respect to the pre-GPF air–
fuel ratio, 𝜆𝑝𝑟𝑒. Fig. 7 illustrates the modification to 𝑚̇𝑔 for the Regen
1b data set. The original 𝑚̇𝑔 is shifted by 0.8 s to the right such that
the rapid decline in 𝑚̇𝑔 coincides with the rapid rise in 𝜆𝑝𝑟𝑒 during the
initiation of regeneration. When 𝜆𝑝𝑟𝑒 reaches its saturation limit, the
modified mass air flow 𝑚̇𝑔,𝑚𝑜𝑑 reaches it lowest point during the decline.

In addition, it was observed from the experimentally acquired data
that 𝑇𝑖𝑛𝑙𝑒𝑡 was lower than the temperatures 𝑇2, 𝑇3, and 𝑇4 prior to
the onset of regeneration. During nominal operation, the internal GPF
temperatures are expected to be lower than 𝑇𝑖𝑛𝑙𝑒𝑡 due to the volumetric
heat absorption of the GPF ceramic substrate. This anomaly in the
measurement of 𝑇𝑖𝑛𝑙𝑒𝑡 was rectified by considering the value of 𝑇𝑖𝑛𝑙𝑒𝑡
before the initiation of regeneration to be equal to that of 𝑇2, the sensor
that is located nearest to the thermocouple measuring 𝑇𝑖𝑛𝑙𝑒𝑡.

Fig. 8 illustrates the modification to 𝑇𝑖𝑛𝑙𝑒𝑡 for the Regen 1b data
set. Until the onset of regeneration, the modified GPF inlet exhaust gas
temperature 𝑇𝑖𝑛𝑙𝑒𝑡,𝑚𝑜𝑑 is equal to 𝑇2. Once the regeneration event begins,
𝑇𝑖𝑛𝑙𝑒𝑡,𝑚𝑜𝑑 is equal to the value of 𝑇𝑖𝑛𝑙𝑒𝑡 during the decline in temperature.
Similar modifications were made for 𝑚̇𝑔 and 𝑇𝑖𝑛𝑙𝑒𝑡 for all the other data
sets used for parameter identification and model validation.

4.3.5. Results of the parameter identification study
This section presents the parameter identification results using the

combined cost function for the Regen 2b experimental data set. The re-
sults for this event have been selected for presentation as it is centrally
positioned with regards to the three regeneration event soot loadings.
The initial and final amount of soot inside the coated GPF is known,
and is different from ∑𝐹

𝑖=1 𝑚𝑐,𝑟𝑒𝑔𝑒𝑛(𝑖) or 0. Parameter identification for
all the other regeneration events is performed in the same manner.

For each experimental data set, it is assumed that the GPF was com-
pletely purged of all soot prior to the soot accumulation experiments.
As a result, at the end of the accumulation experiment, the total amount
of soot mass inside the coated GPF is equal to ∑𝐹

𝑖=1 𝑚𝑐,𝑟𝑒𝑔𝑒𝑛(𝑖). Another
critical assumption is that soot accumulation and soot oxidation during
nominal vehicle operation (when there are no forced regeneration
events) is negligible. This assumption is reasonable due to the location
of the GPF downstream of a functional TWC and the operation of the
vehicle’s closed loop lambda control.

For the 0.67 [g∕l] data set, the total amount of initial soot mass is
calculated based on the values provided in Table 3, and is equal to
0.9285 [𝑔]. At the end of Regen 1b, 0.3063 [𝑔] of soot has been lost
to oxidation. Therefore, the amount of soot remaining in the GPF is
the difference between these values, and is equal to 0.6277 [𝑔]. This is
also the value of the soot mass at the beginning of Regen 2b. During
Regen 2b, the amount of soot oxidized is 0.1672 [𝑔]. Hence, the amount
of soot inside the coated GPF after Regen 1b and Regen 2b is 0.4550 [𝑔].
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Fig. 9. Identification results using the combined cost function to evaluate the (a) thermal and (b) soot oxidation response of the model.

Table 6
Summary of the approaches outlined in this work to determine the different parameters of the proposed model.

Model parameters Determination approach Reference

𝛥𝐻𝑇 , 𝛥𝐻𝐶,1, and 𝛥𝐻𝐶,2 Calculated using the enthalpies of formation of reaction species Section 3.2

𝐶𝑝,𝑐𝑜𝑟𝑑 Obtained from parameter identification using a clean experimental data set Section 4.2

𝐸𝑇
𝑎 Set to a value of 149 [kJ∕mol] based on sensitivity analysis studies Section 4.3

𝐴𝑇 , 𝐴𝐶,1, 𝐴𝐶,2, 𝐸𝐶,1
𝑎 , and 𝐸𝐶,2

𝑎 Obtained from the parameter identification studies Section 4.3

𝑉𝑐𝑜𝑟𝑑 and 𝑉𝑒𝑥ℎ Calculated using geometric information Appendix A

𝑌𝑂2
, 𝜌𝑂2

, and 𝐶𝑝,𝑔𝑎𝑠 Calculated using experimental data Appendix B

Table 7
Identified values of the elements of the vector 𝜃 using the combined cost function.

Data set 𝐴𝑇 𝐴𝐶,1 𝐴𝐶,2 𝐸𝐶,1
𝑎 𝐸𝐶,2

𝑎 Input parameter values

Regen 1a 0.20𝑒7 1.97𝑒9 1.49𝑒9 0.67𝑒6 1.76𝑒5 𝑚𝑐,𝑖𝑛𝑖𝑡 = 2.78 [g] and 𝑇𝑖𝑛𝑖𝑡 = 949.5 [K]

Regen 2a 0.20𝑒7 1.97𝑒9 1.49𝑒9 0.67𝑒6 1.76𝑒5 𝑚𝑐,𝑖𝑛𝑖𝑡 = 2.54 [g] and 𝑇𝑖𝑛𝑖𝑡 = 949.6 [K]

Regen 1b 0.44𝑒7 6.48𝑒9 2.44𝑒9 0.72𝑒6 1.84𝑒5 𝑚𝑐,𝑖𝑛𝑖𝑡 = 0.93 [g] and 𝑇𝑖𝑛𝑖𝑡 = 959 [K]

Regen 2b 0.25𝑒7 0.06𝑒9 9.67𝑒9 0.18𝑒6 1.97𝑒5 𝑚𝑐,𝑖𝑛𝑖𝑡 = 0.63 [g] and 𝑇𝑖𝑛𝑖𝑡 = 972 [K]

Regen 3b 1.17𝑒7 9.69𝑒9 9.77𝑒9 1.00𝑒6 7.12𝑒5 𝑚𝑐,𝑖𝑛𝑖𝑡 = 0.46 [g] and 𝑇𝑖𝑛𝑖𝑡 = 1022 [K]

The % Root Mean Square (RMS) error between the experimental and
the model-predicted thermal response is:

RMST =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑇𝑎𝑣𝑔(𝑖) − 𝑇𝐺𝑃𝐹 (𝜃; 𝑖)
)2

⋅
100

max(𝑇𝑎𝑣𝑔)
(30)

Similarly, the % RMS error between the experimental and the model-
predicted amount of soot oxidized is obtained with:

RMSS =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑚𝑐,𝑒𝑥𝑝(𝑖) − 𝑚𝑐,𝐺𝑃𝐹 (𝜃; 𝑖)
)2

⋅
100

max(𝑚𝑐,𝑒𝑥𝑝)
(31)

Fig. 9 presents parameter identification results using the combined
cost function. Equal weighting factors are utilized on the thermal and
soot errors to predict the response of the model for thermal and soot
oxidation dynamics. The RMST and RMSS values obtained from this
identification are respectively 0.73% and 0.76%. Based on the results
of the identification study, the combined cost function provides a sat-
isfactory response for the model-predicted thermal and soot oxidation
dynamics. Moreover, to reduce the computational burden and make the
identification process more effective, the same set of parameters is iden-
tified for Regen 1a and 2a (Table 7). This is a reasonable simplification
since, for the aforementioned experiments, the GPF temperatures 𝑇𝑖𝑛𝑖𝑡
are practically the same. For model validation, the parameters that have
been identified using this cost function have been utilized.

5. Model validation results and their implications

Table 6 summarizes the sequence of operations to determine the
different model parameters. Table 7 summarizes the identified values
of the model parameters using the combined cost function for five
regeneration events for the 2.00 [g∕l] and 0.67 [g∕l] data sets.

The elements of the vector 𝜃 are a function of the initial soot mass
prior to regeneration, 𝑚𝑐,𝑖𝑛𝑖𝑡, and 𝑇𝑖𝑛𝑙𝑒𝑡. For each regeneration event, the
value of 𝑇𝑖𝑛𝑙𝑒𝑡 at the beginning of regeneration, hereafter denoted by
𝑇𝑖𝑛𝑖𝑡, is used as the input. More precisely, 𝑇𝑖𝑛𝑖𝑡 is the value of 𝑇𝑖𝑛𝑙𝑒𝑡 at
the exact time instant when the air–fuel ratio sensor saturates at its
maximum value of ≈ 1.8 for the very first time before the initiation of
regeneration.

The proposed model is implemented in Matlab Simulink®, and the
results presented in this paper are based on a 1-D look-up table that
utilizes the values of 𝑇𝑖𝑛𝑖𝑡.

For model validation, an experimental data set with an initial SLD
value of 1.16 [g∕l] has been used. This data set, hereafter represented as
soot loading ‘c’, was selected because the initial SLD value lies between
the initial SLD values utilized for parameter identification. Table 8
summarizes the different regeneration events for the 1.16 [g∕l] data set,
along with the amount of soot oxidized during each event. The results
of model validation for regeneration events Regen 1c and Regen 2c are
presented in Table 9 for two 𝑇𝑖𝑛𝑖𝑡 values of the two validation data sets,
and the interpolated values of the elements of the vector 𝜃 obtained
using the 1-D thermal look-up table.
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Table 8
𝑇𝑖𝑛𝑙𝑒𝑡 at the onset of regeneration, and the amount of soot oxidized during each regeneration event in the 1.16 [g∕l] experimental
data set.

Experimental data set Regeneration event Initiation
temperature

Amount of soot
oxidized

1.16 [g∕l]

First regeneration event (Regen 1c) 670 ◦C 0.4938 [g]

Second regeneration event (Regen 2c) 700 ◦C 0.2264 [g]

Third regeneration event (Regen 3c) 750 ◦C 0.6185 [g]

Fourth regeneration event (Regen 4c) 775 ◦C 0.2707 [g]

Table 9
Interpolated values of the elements of the vector 𝜃, based on a 1-D look-up table that utilized the value of
𝑇𝑖𝑛𝑖𝑡.

Data set 𝐴𝑇 𝐴𝐶,1 𝐴𝐶,2 𝐸𝐶,1
𝑎 𝐸𝐶,2

𝑎 Input parameter values

Regen 1c 3.58𝑒6 3.67𝑒9 5.60𝑒9 4.84𝑒5 1.90𝑒5 𝑇𝑖𝑛𝑖𝑡 = 964.7 [K]

Regen 2c 3.50𝑒6 3.38𝑒9 5.94𝑒9 4.59𝑒5 1.90𝑒5 𝑇𝑖𝑛𝑖𝑡 = 965.3 [K]

Table 10
Error in the prediction of the amount of soot inside the GPF post each regeneration
event.

Data set Value of (𝑚𝑐,𝑒𝑥𝑝 − 𝑚𝑐,𝐺𝑃𝐹 ) at the
end of the regeneration event

Regen 1a −0.047 [g]

Regen 1b −0.061 [g]

Regen 2a −0.092 [g]

Regen 2b −0.023 [g]

Regen 2c −0.074 [g]

Regen 1c −0.033 [g]

Regen 2c 0.087 [g]

For Regen 1c, the pre- and post-regeneration soot mass inside the
coated GPF are respectively 1.6094 [𝑔] and 1.1156 [𝑔]. Fig. 10 represents
the model performance for thermal and soot oxidation dynamics during
Regen 1c. The RMST and RMSS values are respectively 4.32% and
1.73%. For Regen 2c, the pre- and post-regeneration soot mass inside the
coated GPF are respectively 1.1156 [𝑔] and 0.8892 [𝑔]. Fig. 11 represents
the model performance for thermal and soot oxidation dynamics during
Regen 2c. The RMST and RMSS values are respectively 0.90% and
6.31%.

The results indicate that the model-predicted thermal dynamics is
within an RMS error of 5% in comparison with 𝑇𝑎𝑣𝑔 . The relatively
large value of RMSS may be attributed to the utilization of only 𝑇𝑖𝑛𝑖𝑡
for the interpolated parameter values. One approach to address this
issue is to conduct more regeneration events and enhance the 1-D
temperature-based look-up table through different sets of identified
parameter values. Table 10 summarizes the error in the difference in
the amount of soot at the end of regeneration for all the data sets
presented in this work.

The implementation of a lumped parameter model is challenging
due to the lack of a physical reference for characterization. Since
internal GPF dynamics are neglected, the model assumes an even dis-
persion of soot throughout the filter and a single filter temperature. It
is not reasonable to expect that the lumped model incorporate the heat
generation at different GPF locations and provide a thermal response
accordingly. This is the reason behind the selection of an averaged
experimental temperature 𝑇𝑎𝑣𝑔 for the parameter identification study
presented in Section 4.3.

In reality, the response of the internal GPF temperature sensors
is greatly influenced by localized heat generation from soot reactions
in other internal locations either by convection due to exhaust gas
transport, or by conduction through the cordierite.

The model validation results presented in this section have the
following implications, namely:

1. The proposed model eliminates the need for expensive and im-
practical internal GPF temperature sensors to monitor its perfor-
mance during accumulation and regeneration events. As a result,
maintenance requirements and the need for data acquisition
devices associated with such sensors can be avoided.

2. High temperatures are detrimental to the health of the GPF
washcoat and the cordierite substrate. Prolonged exposure to
aggressive thermal conditions may result in performance de-
terioration and material disintegration (Nicolin et al., 2015).
The proposed model is capable of addressing this critical issue.
Model-based OBD strategies can be developed to control the GPF
temperature and regeneration duration.

6. Conclusions

This paper presents a control-oriented model to predict the thermal
and soot oxidation dynamics in a ceria-coated GPF during nominal
operation and regeneration events. The model incorporates oxygen-
initiated and catalytic ceria-initiated soot oxidation reactions to de-
termine the internal GPF temperature and the mass of soot oxidized
during a regeneration event. The thermal dynamics of the model are
characterized by considering reactive heat generation, the thermal
inertia of the GPF cordierite, and net heat transfer due to the exhaust
flow.

Volumetric model parameters such as 𝑉𝑒𝑥ℎ and 𝑉𝑐𝑜𝑟𝑑 in the coated
GPF were determined using the geometric knowledge of the GPF de-
sign. The exhaust gas constituent volume fractions 𝑌𝑖 were determined
from the pre-GPF 𝜆 measurements, while 𝜌𝑂2

and 𝐶𝑝,𝑔𝑎𝑠 were deter-
mined as a function of 𝑇𝑖𝑛𝑙𝑒𝑡. The cordierite specific heat capacity,
𝐶𝑝,𝑐𝑜𝑟𝑑 , was obtained from parameter identification using a clean exper-
imental data set that did not involve any regeneration events. Pre- and
post-GPF 𝐶𝑂2 ppm measurements were used to determine the amount
of soot oxidized, 𝑚𝑐,𝑒𝑥𝑝, during a regeneration event.

A combined cost function, 𝐽𝐶 , was designed to simultaneously en-
hance the model prediction of thermal and soot oxidation dynamics
during the parameter identification study, and the PSO algorithm was
used to minimize 𝐽𝐶 . Model validation was performed using a data set
that is different from the ones used for the identification studies. The
results of the temperature and soot oxidation predictions of the model
were presented for two successive regeneration events in this data set.

A 1-D look-up table based on the temperature input 𝑇𝑖𝑛𝑖𝑡 was used
to determine the interpolated parameter values to be used in the model
during validation. The computational efficiency of the model makes it
suitable for OBD applications. Finally, the modeling framework pre-
sented in this paper can be easily extended to predict the internal
dynamics for different washcoated GPFs.
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Fig. 10. Model validation results illustrating the prediction of the GPF thermal and soot oxidation dynamics during Regen 1c.

Fig. 11. Model validation results illustrating the prediction of the GPF thermal and soot oxidation dynamics during Regen 2c.

Fig. 12. (a) Isometric view showing the front and sectioned interior of a coated GPF. The cross-section shown here is assumed to be semi-circular, and the frontal view represents
the maximum number of channels from top to bottom. Alternating channels and plugs span the entire frontal view, as shown in (b). All channels and plugs have a thickness of
(ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 + ℎ𝑤𝑎𝑙𝑙). (c) represents a two-dimensional view of the inlet channel, porous wall, and outlet channel.
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Fig. B.13. (a) Volume fraction of 𝑂2 and 𝐶𝑂2 in the exhaust gas, and (b) Volume fraction of 𝑁2 and 𝐻2𝑂 in the exhaust gas.

Table A.11
Geometric properties of the coated GPF used in the experimental campaign of this work.

Geometric parameter Value

Substrate diameter, 𝐷 118 [mm]

Substrate length, 𝑙𝑤𝑎𝑙𝑙 127 [mm]

Plug length, 𝑙𝑝𝑙𝑢𝑔 5 [mm]

Width of inlet channel, ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 1.26 [mm]

Total number of channels, 𝑁𝑐ℎ 5085

Average porosity of the wall, 𝜙𝑤𝑎𝑙𝑙 0.625 [−]

Substrate volume 1.39 ×10−3 [m3]

Particulate filter density, 𝜌𝐺𝑃𝐹 1100 [kg∕m3]

Appendix A. Determination of the volumetric parameters

An isometric view of the coated GPF with alternating channels and
plugs is shown in Fig. 12. The number of channels is equal to the
number of plugs, and the width of each channel is equal to the width of
each plug. To determine 𝑉𝑐𝑜𝑟𝑑 and 𝑉𝑒𝑥ℎ, it is essential to determine the
wall thickness, ℎ𝑤𝑎𝑙𝑙. This value can be obtained by assuming the coated
GPF to have a cylindrical shape with a circular cross-section. The first
step is to determine the number of channels across the frontal semi-
circular view of the sectioned GPF, 𝑁𝑐𝑟𝑜𝑠𝑠. The geometric properties
of the coated GPF are summarized in Table A.11. Assuming the GPF
is composed of two identical semi-cylinders, 𝑁𝑐ℎ can be expressed in
terms of 𝑁𝑐𝑟𝑜𝑠𝑠:

𝑁𝑐ℎ = 2 ⋅
{

𝑁𝑐𝑟𝑜𝑠𝑠 ⋅
𝑁𝑐𝑟𝑜𝑠𝑠

2
⋅
0.5 × 𝜋

4𝐷
2

𝐷 × 𝐷
2

}

⇒ 𝑁𝑐𝑟𝑜𝑠𝑠 =

√

4 ×𝑁𝑐ℎ
𝜋

≈ 80

(A.1)

The substrate diameter, 𝐷, can be expressed in terms of 𝑁𝑐𝑟𝑜𝑠𝑠 and
(ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 + ℎ𝑤𝑎𝑙𝑙) in the following manner:

𝐷 = 𝑁𝑐𝑟𝑜𝑠𝑠 ⋅ (ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 + ℎ𝑤𝑎𝑙𝑙)

⇒ ℎ𝑤𝑎𝑙𝑙 =
𝐷

𝑁𝑐𝑟𝑜𝑠𝑠
− ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 = 0.215 [𝑚𝑚].

(A.2)

Fig. 12 (c) represents a single inlet/outlet channel pair sectioned
in the axial direction. The porous walls have a volume fraction of
𝜙𝑤𝑎𝑙𝑙, and the volume fraction of the cordierite in the wall is equal
to (1 − 𝜙𝑤𝑎𝑙𝑙). The exhaust gas trapping volume inside the coated GPF,

𝑉𝑒𝑥ℎ, is determined as:

𝑉𝑒𝑥ℎ = 𝑁𝑐ℎ ⋅
{

(𝑙𝑤𝑎𝑙𝑙 − 𝑙𝑝𝑙𝑢𝑔) ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙
+ 𝜙𝑤𝑎𝑙𝑙 ⋅ 𝑙𝑤𝑎𝑙𝑙 ⋅ [ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑤𝑎𝑙𝑙 + ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 + ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙]

}

= 𝑁𝑐ℎ ⋅
{

(𝑙𝑤𝑎𝑙𝑙 − 𝑙𝑝𝑙𝑢𝑔) ⋅ ℎ2𝑐ℎ𝑎𝑛𝑛𝑒𝑙
}

+𝑁𝑐ℎ ⋅
{

𝜙𝑤𝑎𝑙𝑙 ⋅ 𝑙𝑤𝑎𝑙𝑙 ⋅ [ℎ2𝑤𝑎𝑙𝑙 + 2 ⋅ ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙]
}

= 1.222 × 10−3 [m3]

(A.3)

Similarly, the total cordierite volume, 𝑉𝑐𝑜𝑟𝑑 , is the sum of the volume
of all the cordierite plugs and the sum of the volume of cordierite in
all the porous walls:

𝑉𝑐𝑜𝑟𝑑 = 𝑁𝑐ℎ ⋅
{

𝑙𝑝𝑙𝑢𝑔 ⋅ ℎ𝑝𝑙𝑢𝑔 ⋅ ℎ𝑝𝑙𝑢𝑔 + (1 − 𝜙𝑤𝑎𝑙𝑙) ⋅ 𝑙𝑤𝑎𝑙𝑙 ⋅

[ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑤𝑎𝑙𝑙 + ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙 + ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙]
}

= 𝑁𝑐ℎ ⋅
{

𝑙𝑝𝑙𝑢𝑔 ⋅ ℎ
2
𝑝𝑙𝑢𝑔 + (1 − 𝜙𝑤𝑎𝑙𝑙) ⋅ 𝑙𝑤𝑎𝑙𝑙 ⋅

[ℎ2𝑤𝑎𝑙𝑙 + 2 ⋅ ℎ𝑤𝑎𝑙𝑙 ⋅ ℎ𝑐ℎ𝑎𝑛𝑛𝑒𝑙]
}

= 0.1828 × 10−3 [m3]

(A.4)

The sum of 𝑉𝑒𝑥ℎ and 𝑉𝑐𝑜𝑟𝑑 for the coated GPF used in this study is
1.4048 ×10−3 [m3], a value that is approximately equal to the volume
encompassed by the exterior geometric dimensions of the coated GPF
substrate.

Appendix B. Determination of the exhaust gas parameters

The reaction rate expressions (9) and (11), the soot oxidation dy-
namic equation (22), and the mass fraction variation equation of avail-
able ceria sites (23) depend on the volume fraction of oxygen, 𝑌𝑂2

.
Under nominal operating conditions, 𝑌𝑂2

is set to zero by assuming near
stoichiometric combustion of gasoline and a properly functioning TWC
upstream of the GPF. In order to initiate a regeneration event within
the GPF, the engine is forced to operate under lean conditions where
the air–fuel ratio, 𝜆, measured using a wide range lambda sensor, is
greater than the stoichiometric value of 1. As a result, the concentration
of oxygen inside the GPF increases and initiates reaction pathways (2),
(4), and (5).

As the internal GPF temperature increases, these reaction rates are
enhanced, leading to an accelerated oxidation of the trapped soot. For
this investigation, 𝑌𝑂2

is computed using the air–fuel ratio measure-
ments provided by a wide range lambda sensor mounted upstream of
the GPF, and the kinetics of the following combustion reaction (Hey-
wood, 1988):

𝐶𝑎𝐻𝑏 + 𝜆
(

𝑎 + 𝑏
4

)

(𝑂2 + 3.773𝑁2) →

𝑎𝐶𝑂2 +
𝑏
2𝐻2𝑂 + 𝜆 ⋅ 3.773 ⋅

(

𝑎 + 𝑏
4

)

𝑁2 + (𝜆 − 1)
(

𝑎 + 𝑏
4

)

𝑂2 (B.1)

The total number of product moles in the above equation is:

𝑛𝑡𝑜𝑡𝑎𝑙 = 𝑎 + 𝑏
2
+ 𝜆 ⋅ 3.773 ⋅

(

𝑎 + 𝑏
4

)

+ (𝜆 − 1)
(

𝑎 + 𝑏
4

)

(B.2)
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Fig. B.14. (a) GPF inlet exhaust gas temperature (measured), and (b) variation of the 𝑂2 gas density with time (calculated using Eq. (B.6)).

Fig. B.15. (a) Pre- and post-GPF air–fuel ratio, and (b) variation in the specific heat capacity of the exhaust gas with time. The GPF inlet exhaust gas temperature illustrated in
Fig. B.14 (a) is used to calculate 𝐶𝑝,𝑔𝑎𝑠 using Eq. (B.7).

Considering 𝐶𝑎𝐻𝑏 = 𝐶8𝐻18 (octane), the volume fraction of each
constituent gas species is determined as the ratio of the moles of that
particular species to the total number of moles of combustion products:

𝑌𝑁2
= 𝜆 ⋅

3.773 ×
(

𝑎 + 𝑏
4

)

𝑛𝑡𝑜𝑡𝑎𝑙
, 𝑌𝑂2

=
(𝜆 − 1) ⋅

(

𝑎 + 𝑏
4

)

𝑛𝑡𝑜𝑡𝑎𝑙
,

𝑌𝐶𝑂2
= 𝑎

𝑛𝑡𝑜𝑡𝑎𝑙
, and 𝑌𝐻2𝑂 =

( 𝑏
2

)

𝑛𝑡𝑜𝑡𝑎𝑙
(B.3)

Fig. B.13 presents the volume fraction of each exhaust gas constituent
during the regeneration event described earlier in Section 3.1. When
the fuel-cut event occurs, the volume fraction of 𝑂2 in the exhaust gas
is set to that of atmospheric air, 0.209 (Zannis, Pariotis, Hountalas,
Rakopoulos, & Levendis, 2007), and the regeneration event begins. Due
to the ceria’s oxygen storage capability, the regeneration event may be
elongated beyond the time when 𝑌𝑂2

drops to 0.0 at the GPF inlet.
The mass of oxygen trapped inside the coated GPF, 𝑚𝑂2

, is equal to
𝜌𝑂2

⋅ 𝑌𝑂2
⋅ 𝑉𝑒𝑥ℎ. Oxygen density 𝜌𝑂2

is determined as a function of 𝑇𝑖𝑛𝑙𝑒𝑡
using the ideal gas equation:

𝑃𝑂2
⋅ 𝑉𝑂2

= 𝑛𝑂2
⋅ 𝑅 ⋅ 𝑇𝑖𝑛𝑙𝑒𝑡 (B.4)

Converting 𝑉𝑂2
and 𝑛𝑂2

in terms of mass and density terms, the above
equation can be reformulated as:

𝑃𝑂2
⋅
(𝑚𝑂2

𝜌𝑂2

)

=
( 𝑚𝑂2

𝑀𝑂2

)

⋅ 𝑅 ⋅ 𝑇𝑖𝑛𝑙𝑒𝑡 (B.5)

The density of oxygen, 𝜌𝑂2
, can then be expressed as:

𝜌𝑂2
=

𝑃𝑂2
⋅𝑀𝑂2

𝑅 ⋅ 𝑇𝑖𝑛𝑙𝑒𝑡
(B.6)

Since the proposed model utilizes the temperature of the exhaust
gas at the inlet of the GPF, it is appropriate to determine the density of
oxygen at this location. Exhaust gas pressure at the GPF inlet is assumed
to be equal to atmospheric pressure. Fig. B.14(a) presents the exhaust
gas temperature profile at the GPF inlet for the regeneration event
described in Section 3.1. For this temperature profile, the variation in
the oxygen density with time is presented in Fig. B.14(b).

𝐶𝑝,𝑔𝑎𝑠 is determined as a function of 𝑇𝑖𝑛𝑙𝑒𝑡 using the volume fraction
of each constituent gas species (𝑁2, 𝑂2, 𝐶𝑂2, and 𝐻2𝑂):

𝐶𝑝,𝑔𝑎𝑠 = 𝑌𝑁2
⋅ 𝐶𝑝,𝑁2

(𝑇𝑖𝑛𝑙𝑒𝑡) + 𝑌𝑂2
⋅ 𝐶𝑝,𝑂2

(𝑇𝑖𝑛𝑙𝑒𝑡)

+ 𝑌𝐶𝑂2
⋅ 𝐶𝑝,𝐶𝑂2

(𝑇𝑖𝑛𝑙𝑒𝑡) + 𝑌𝐻2𝑂 ⋅ 𝐶𝑝,𝐻2𝑂(𝑇𝑖𝑛𝑙𝑒𝑡),
(B.7)

where 𝐶𝑝,𝑁2
(𝑇𝑖𝑛𝑙𝑒𝑡), 𝐶𝑝,𝑂2

(𝑇𝑖𝑛𝑙𝑒𝑡), 𝐶𝑝,𝐶𝑂2
(𝑇𝑖𝑛𝑙𝑒𝑡), and 𝐶𝑝,𝐻2𝑂(𝑇𝑖𝑛𝑙𝑒𝑡) are spe-

cific heat capacities of the individual exhaust gas constituents. Their
values as a function of temperature are provided in the NIST-JANAF
tables (Chase, 1998). Using this information, the constituent gas spe-
cific heat capacities can be determined as a function of the GPF inlet
exhaust gas temperature.

Fig. B.15 illustrates a representative variation in exhaust gas heat
capacity during a regeneration event. The decrease in the overall
specific heat capacity is due to a decrease in the volume fraction of
triatomic molecules, 𝐶𝑂2 and 𝐻2𝑂, whose more complex molecular
structures have a greater number of vibrational and rotational modes
to absorb energy than the simpler, diatomic molecular structures of 𝑁2

and 𝑂2.
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Fig. C.16. (a) Raw measurements of pre and post-GPF 𝐶𝑂2 ppm levels with the observation windows highlighted, (b) magnified view of observation window 1, and (c) magnified
view of observation window 2.

Fig. C.17. (a) Pre and post-GPF 𝐶𝑂2 ppm levels before shifting (original data), and (b) 𝐶𝑂2 ppm level measurements after shifting the post-GPF 𝐶𝑂2 ppm by 0.8 s.

Appendix C. Determination of the soot mass oxidized, 𝒎𝒄,𝒆𝒙𝒑, dur-
ing regeneration

The experimental measurements of 𝐶𝑂2 ppm levels are processed to
account for time delays associated with exhaust gas transport through
the GPF and the FTIR analyzer. The following sequence of steps are
implemented before determining the amount of soot oxidized during a
regeneration event:

1. Temporally shift the post-GPF 𝐶𝑂2 ppm data to align with the
pre-GPF 𝐶𝑂2 ppm data. This shift eliminates the transport time
taken for exhaust gas flow through the GPF.

2. Temporally shift pre- and post-GPF 𝐶𝑂2 ppm measurements to
correlate the measured data with the onset of a regeneration
event. This shift eliminates the transport delay associated with
exhaust gas flow through transport lines to the FTIR analyzer.

Since the transport lines for both pre- and post-GPF ppm measure-
ments are of the same length and both analyzers use the same flow
rate, both pre- and post-GPF 𝐶𝑂2 measured data are shifted by the same
amount. After employing this shift, the FTIR species concentration data
more accurately aligns with the mass flow and lambda signals.

Using the raw measured 𝐶𝑂2 ppm data, two time windows were
observed to understand the magnitude of the time shift required. This
is illustrated in Fig. C.16. During nominal engine operation, the pre-

and post-GPF 𝐶𝑂2 ppm measurements must be nearly equal. The
time instant at which the pre and post-GPF 𝐶𝑂2 ppm levels reached
a peak/trough were analyzed. The post-GPF measurements achieved
their corresponding peak/trough value with a 0.8 s time delay with
respect to their pre-GPF counterparts. Hence, this value was chosen
to perform the time shift in step 1. The 𝐶𝑂2 ppm levels after this
implementation are shown in Fig. C.17.

To perform step 2, the start and end time of the regeneration event
must be first identified. The start time, 𝑡𝑠, is chosen as the first time
instance when the post-GPF 𝐶𝑂2 ppm level, 𝐶𝑂2,𝑜𝑢𝑡, exceeds the pre-
GPF 𝐶𝑂2 ppm level, 𝐶𝑂2,𝑖𝑛. The end time, 𝑡𝑓 , is chosen as the first time
instance when 𝐶𝑂2,𝑖𝑛 exceeds 𝐶𝑂2,𝑜𝑢𝑡 during the rise in ppm levels. As
shown in Fig. C.18(a), 𝑡𝑠 is equal to 18.4 s and 𝑡𝑓 is equal to 31.6 s.
Time 𝑡𝑚 is chosen as the instant when the pre-GPF air–fuel ratio curve
first reaches its maximum measured value. As shown in Fig. C.18(b),
𝑡𝑚 = 16.6 s.

Both pre- and post-GPF 𝐶𝑂2 ppm data are shifted by the same
amount such that the start time of regeneration matches time 𝑡𝑚. In this
case, the pre- and post-GPF ppm measurements are shifted by (𝑡𝑠 − 𝑡𝑚),
or 1.8 s. With this time shift employed, 𝑌𝑂2

is equal to 0.209 as soon
as the regeneration event begins.

It is assumed that no soot is oxidized during nominal engine opera-
tion conditions, when the post TWC 𝜆 is at the stoichiometric value of
1. During the regeneration event, 𝑚𝑐,𝑒𝑥𝑝, which represents the amount
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Fig. C.18. (a) Approach to determine the start and end time of the regeneration event, and (b) pre-GPF 𝐶𝑂2 ppm measurements with respect to the pre-GPF air–fuel ratio after
a shift of 1.8 s to the left.

Fig. C.19. The amount of soot oxidized as a function of time during the regeneration event illustrated in Fig. C.18(a).

of soot oxidized, is calculated using the expression:

𝑚𝑐,𝑒𝑥𝑝,𝑒𝑛𝑑 = 𝑚𝑐,𝑒𝑥𝑝,𝑖𝑛𝑖

+ ∫

𝑡𝑓

𝑡𝑠

(

𝐶𝑂2,𝑜𝑢𝑡 − 𝐶𝑂2,𝑖𝑛
)

⋅ 10−6 × 𝑚̇𝑔 ×
(

𝑀𝐶
𝑀𝐶𝑂2

)

⋅ 𝑑𝑡
(C.1)

Once the pre- and post-GPF 𝐶𝑂2 ppm levels are shifted with respect to
the pre-GPF 𝜆, 𝑡𝑠 and 𝑡𝑓 become 16.6 s and 29.8 s, respectively. The
experimental data presented in this paper have been measured in time
steps of 𝛥𝑡 = 0.2 s. Eq. (C.1) can then be expressed in discrete time as:

𝑚𝑐,𝑒𝑥𝑝,𝑒𝑛𝑑 = 𝑚𝑐,𝑒𝑥𝑝,𝑖𝑛𝑖

+
𝑀
∑

𝑖=1

(

𝐶𝑂2,𝑜𝑢𝑡(𝑖) − 𝐶𝑂2,𝑖𝑛(𝑖)
)

⋅ 10−6 × 𝑚̇𝑔(𝑖) ×
(

𝑀𝐶
𝑀𝐶𝑂2

)

⋅ 𝛥𝑡,
(C.2)

where 𝑀 = (𝑡𝑓 − 𝑡𝑠)∕𝛥𝑡 = 66. Then, 𝑚𝑐,𝑒𝑥𝑝 at any time step (𝑗 + 1) can
be expressed in terms of 𝑚𝑐,𝑒𝑥𝑝 at time step 𝑗:

𝑚𝑐,𝑒𝑥𝑝(𝑗 + 1) = 𝑚𝑐,𝑒𝑥𝑝(𝑗)

+
[

(

𝐶𝑂2,𝑜𝑢𝑡(𝑗) − 𝐶𝑂2,𝑖𝑛(𝑗)
)

⋅ 10−6 × 𝑚̇𝑔(𝑗) ×
(

𝑀𝐶
𝑀𝐶𝑂2

)

⋅ 𝛥𝑡
] (C.3)

The experimental data set presented in Fig. C.18(a) is 50 s long. The
following considerations have been made:

1. From time 𝑡 = 0 s to time 𝑡 = 𝑡𝑠, it is assumed that there is no
soot oxidation (𝑚𝑐,𝑒𝑥𝑝 = 𝑚𝑐,𝑒𝑥𝑝,𝑖𝑛𝑖 = 0).

2. From time 𝑡 = 𝑡𝑠 to time 𝑡 = 𝑡𝑓 , soot oxidation occurs due
to regeneration, and 𝑚𝑐,𝑒𝑥𝑝 is calculated at every time instant
using Eq. (C.3).

3. From time 𝑡 = 𝑡𝑓 to time 𝑡 = 50 s, it is assumed that there is no
soot oxidation (𝑚𝑐,𝑒𝑥𝑝 = 𝑚𝑐,𝑒𝑥𝑝,𝑒𝑛𝑑).

The amount of soot oxidized, 𝑚𝑐,𝑒𝑥𝑝, for the experimental data presented
in Fig. C.18(a) is schematically represented in Fig. C.19. The total
amount of soot oxidized during this regeneration event is equal to
0.24 [𝑔].

Appendix D. Parameter identification results using the thermal
and soot cost functions

The objective of the thermal cost function is to minimize the error
between the experimental and model-predicted GPF temperature values
during the identification process. Mathematically, this cost function,
𝐽𝑇 , is defined as:

𝐽𝑇 (𝜃) =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑇𝑎𝑣𝑔(𝑖) − 𝑇𝐺𝑃𝐹 (𝜃; 𝑖)
)2

⋅
100

max(𝑇𝑎𝑣𝑔)
(D.1)

Fig. D.20 presents the parameter identification results using the
thermal cost function. The RMST and RMSS values obtained from this
identification are respectively 0.92% and 10.33%. This identification
study completely emphasizes the minimization of the thermal RMS
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Fig. D.20. Identification results using the thermal cost function to evaluate the (a) thermal and (b) soot oxidation response of the model.

Fig. D.21. Identification results using the soot cost function to evaluate the (a) thermal and (b) soot oxidation response of the model.

error without including soot oxidation in the cost function. It is possible
in such cases to identify parameters which yield large values of RMSS.

The objective of the soot cost function during the identification
process is to minimize the error between the experimental and model-
predicted mass of soot oxidized during a regeneration event. Mathe-
matically, this cost function, 𝐽𝑆 , is defined as:

𝐽𝑆 (𝜃) =

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1

(

𝑚𝑐,𝑒𝑥𝑝(𝑖) − 𝑚𝑐,𝐺𝑃𝐹 (𝜃; 𝑖)
)2

⋅
100

max(𝑚𝑐,𝑒𝑥𝑝)
(D.2)

Fig. D.21 presents parameter identification results using the soot
(carbon balance) cost function. The RMST and RMSS values obtained
from this identification are respectively 1.51% and 1.74%.
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