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 A B S T R A C T

The state-of-the-art maximum correntropy Kalman filter (MCKF) that incorporates Gaussian kernels into its 
formulation is a powerful estimation technique to robustify the traditional Kalman filter (KF) against non-
Gaussian noises. However, improper selection of kernel sizes may either degrade the estimation performance 
or slow down the convergence rate. This paper extends and encompasses the baseline MCKF through the 
development of a projection-based adaptive MCKF (PAMCKF) for continuous-time linear systems with a class 
of non-Gaussian noises: measurement outliers that are mainly due to sensor failures, cyber-attacks, etc We 
suggest an adaptation mechanism that exploits the innovation signals to update ‘‘on-line’’ the kernel sizes. The 
proposed adaptive method is then unified with a modified version of MCKF to achieve robust estimation with 
low computational effort against measurement outliers without the need for knowing their bounds a priori. The 
main contribution of this paper is that state and kernel size estimation errors are uniformly ultimately bounded 
which is formally proven using a deterministic Lyapunov stability argument. Simulations and comparisons to 
KF and MCKF are carried out to validate the theoretical results and demonstrate the benefits of the proposed 
filter.
1. Introduction

The Kalman filter (KF) [1] is still the most effective tool for esti-
mating the states of linear systems with noise processes. Despite the 
broad literature covering the KF applications [2–4], a current challenge 
is to address estimation in the presence of non-Gaussian measurement 
noises. In real-time applications, measurements could be impacted by 
large deviations due to sensor faults (e.g., bias, drift, and abrupt fail-
ure), wrong replacement of measure, cyber-attacks, etc. These annoying 
signals are called outliers in different fields including, but not limited 
to, power system [5], heart surgery [6], system identification [7], fault 
detection [8], cloud management [9], state estimation [10], and vehicle 
system [11,12]. The outliers lead to measurement noises to be non-
Gaussian; this, in turn, not only degrades the KF estimates but also 
delegitimizes convergence proofs [13]. Over the years, an enormous 
amount of research has been conducted to enhance the robustness of 
Kalman-type filters regardless of noise models. In general, these ap-
proaches can be divided into three groups: (i) Filters with non-Gaussian 
noise distributions such as heavy-tailed and t-distributions [14,15], 
(ii) Multiple-model filters that approximate a non-Gaussian distribu-
tion with a finite sum of Gaussian distributions [16], and (iii) Monte 
Carlo filters, including particle filters [17] and unscented Kalman fil-
ter [18], that approximate the posterior distribution of states with 
a set of random samples with associated weights. Although these 
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approaches improve the estimation performance against non-Gaussian 
noises, they add computational complexity that hinders their real-time 
implementations.

Maximum correntropy Kalman filter (MCKF) is a recently devel-
oped estimation technique that can robustify the KF against non-
Gaussian measurement noises while keeping computational require-
ments low [13,19–23]. In contrast to the ordinary KF that only uses the 
second-order information from the measurements (that is due to the use 
of quadratic objective function), MCKF utilizes the information from 
higher-order signal statistics by incorporating Gaussian kernels into 
formulation to improve the state estimation. However, under MCKF, 
the improper choice of kernel sizes either degrades the estimation per-
formance or slows down the rate of convergence. In particular, in [13], 
a fixed-point algorithm was utilized to update the posterior estimations 
based on which a sufficient condition was found to guarantee the 
convergence of the fixed-point iterations in MCKF. It was proved that 
the convergence of MCKF is heavily dependent on the choice of the
kernel size such that the convergence is ensured only if the kernel size is 
larger than a certain value; if the kernel size is too small, the algorithm 
presented in [13] will diverge or converge very slowly. To mitigate 
this issue, few attempts have been recently made suggesting heuristic
algorithms for updating the kernel sizes [24–29]. Despite the usefulness, 
those algorithms lack a formal guarantee of stability.
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To the best of our knowledge, to date, no study has focused on 
introducing an MCKF that can select the optimal kernel sizes ‘‘on-line’’ 
under which the stability of the system is formally ensured. To address 
this gap, the current paper extends and encompasses the baseline MCKF 
to continuous-time linear systems whose measurements are disturbed 
by unknown large outliers (systems with state equations impacted by 
the outliers are beyond the scope of this paper). Our main contributions 
are thus twofold: (i) The unification of MCKF with a kernel size adap-
tation mechanism to cope with unknown measurement outliers, and 
(ii) The proof of uniform ultimate boundedness of state and kernel size 
estimation errors through a rigorous deterministic Lyapunov stability 
analysis.

In this paper, we begin by revisiting the KF and then discuss the 
impact of measurement outliers on its estimation performance. As 
a remedy for heuristic tuning of the kernel sizes, a projection-based 
adaptation mechanism is suggested that updates them by the use of 
the innovations. The proposed adaptation law is then unified with a 
modified version of MCKF to derive the projection-based adaptive 
MCKF (PAMCKF) whose solutions are uniformly ultimately bounded. 
This is formally proven by employing a deterministic Lyapunov argu-
ment. Simulations and comparisons to KF and MCKF support the main
results.

The organization of the paper is as follows. Section 2 provides 
the notations and definitions used in this paper. Section 3 formulates 
the proposed filter. Section 4 provides the stability analysis. Section 5 
presents simulation results. Section 6 concludes the paper and provides 
suggestions for future works.

 Acronyms  
 CARE Continuous algebraic Riccati equation 
 DRE Differential Riccati equation  
 KF Kalman filter  
 MCKF Maximum correntropy KF  
 PAMCKF Projection-based adaptive MCKF  
 RMS Root-mean-square  
 MMSE Minimum mean square error  
 MC Monte Carlo  

2. Preliminaries

This section provides an overview of basic preliminaries, definitions, 
and lemmas that will be later used when developing the proposed filter.

Given a real 𝑛-dimensional vector 𝑥, the 2-norm of 𝑥 is defined by 
‖𝑥‖ =

√

𝑥𝑇 𝑥. The root-mean-square (RMS) of 𝑥 is given by RMS𝑥 =
1
√

𝑛
‖𝑥‖. 𝐸(⋅) is the expectation operation. 𝜆min(⋅) and 𝜆max(⋅) denote 

the minimal and maximal eigenvalues of a matrix, respectively, whose 
eigenvalues are real.

Definition 1. The solutions of 𝑥̇(𝑡) = 𝑓 (𝑥(𝑡), 𝑡) with the continuous 
function 𝑓 ∶ ℜ𝑛×[0, ∞) ⟶ ℜ𝑛 are uniformly ultimately bounded with 
ultimate bound 𝑏 if ∃ 𝑏, 𝑐 > 0 and for every 𝑎 ∈ (0, 𝑐), ∃ 𝑇 = 𝑇 (𝑎, 𝑏) > 0
such that ‖𝑥(𝑡0)‖ ≤ 𝑎 ⇒ ‖𝑥(𝑡)‖ ≤ 𝑏, ∀ 𝑡0 ≥ 0 and 𝑡 ≥ 𝑡0 + 𝑇  [30].

Lemma 1. Let 𝑔(𝑥) ∶ ℜ𝑛 ⟶ ℜ be a convex function. Then, the subset 
𝛺𝜆 = {𝑥 ∈ ℜ𝑛

|𝑔(𝑥) ≤ 𝜆} is convex for any constant 𝜆 > 0.

Lemma 2. Let 𝑔(𝑥) ∶ ℜ𝑛 ⟶ ℜ be a continuously differentiable convex 
function. Also, let 𝑥∗ be an interior point of 𝛺𝜆 such that 𝑔(𝑥∗) < 𝜆
and 𝑥 be a boundary point of 𝛺𝜆 such that 𝑔(𝑥) = 𝜆. Then, one holds 
(𝑥∗−𝑥)𝑇∇𝑔(𝑥) ≤ 0, where ∇𝑔(𝑥) = ( 𝜕𝑔(𝑥)

𝜕𝑥1
… 𝜕𝑔(𝑥)

𝜕𝑥𝑛

)𝑇  is the gradient vector of 
𝑔(𝑥) evaluated at 𝑥. This implies that the gradient evaluated at the boundary 
always points away from the subset 𝛺 .
𝜆

2 
Fig. 1. Projection operator in ℜ2 defined by Eq. (1).

Definition 2. The projection operator for two vectors 𝑥, 𝑦 ∈ ℜ𝑛 is 
defined as [31] 

Proj(𝑥, 𝑦) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑦 −
∇𝑔(𝑥)(∇𝑔(𝑥))𝑇

‖∇𝑔(𝑥)‖2
𝑦 𝑔(𝑥)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑦𝑠

,

if 𝑔(𝑥) > 0 ∧ 𝑦𝑇∇𝑔(𝑥) > 0
𝑦, otherwise,

(1)

where 𝑔(𝑥) = 𝑥𝑇 𝑥−𝑥2𝑚𝑎𝑥
𝜈𝑥𝑥2𝑚𝑎𝑥

∶ ℜ𝑛 ⟶ ℜ is a continuously differentiable 
convex function; 𝑥𝑚𝑎𝑥 is the norm bound enforced on 𝑥; and 𝜈𝑥 > 0 is 
the projection tolerance.

To provide a geometrical interpretation of (1), let us define the 
convex sets 𝛺0 = {𝑥 ∈ ℜ𝑛

|𝑔(𝑥) ≤ 0} and 𝛺1 = {𝑥 ∈ ℜ𝑛
|𝑔(𝑥) ≤ 1} from 

which one holds 𝛺0 ⊂ 𝛺1. From (1), 𝑦 is not altered when 𝑥 ∈ 𝛺0. 
However, in the set 𝛺 = {𝑥 ∈ ℜ𝑛

|0 < 𝑔(𝑥) ≤ 1}, if 𝑦𝑇∇𝑔(𝑥) > 0, 
the projection operator subtracts a scaled component of 𝑦, named 𝑦𝑠, 
that is normal to the boundary {𝑥|𝑔(𝑥) = 𝜅}, from 𝑦; there is a smooth 
transformation from Proj(𝑥, 𝑦) = 𝑦 when 𝜅 = 0 to Proj(𝑥, 𝑦) tangent 
to the boundary {𝑥|𝑔(𝑥) = 1} when 𝜅 = 1, where 𝑦𝑠, normal to the 
boundary {𝑥|𝑔(𝑥) = 1}, is completely subtracted from 𝑦. This concept 
is illustrated in Fig.  1.

The projection operator (1) has the following properties: (i) if 𝑔(𝑥) ≤
1, one holds 
‖𝑥‖ ≤ 𝑥𝑚𝑎𝑥

√

1 + 𝜈𝑥 (2)

and (ii) given 𝑥∗ ∈ 𝛺0, one ensures 

− 𝑥̃𝑇
(

𝑦 − Proj(𝑥, 𝑦)
)

≤ 0, (3)

where 𝑥̃ = 𝑥 − 𝑥∗.

3. Proposed filter

This section is comprised of two distinct subsections. Section 3.1 
revisits the traditional KF and discusses the impact of measurement 
outliers on its performance. Section 3.2 derives the novel PAMCKF 
through the unification of a kernel size adaptation mechanism with a 
modified version of MCKF presented in [19].

3.1. Kalman Filter (KF)

Consider the following continuous-time linear system
𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) +𝑤(𝑡)

𝑦(𝑡) = 𝑦̄(𝑡) +𝐷𝑢(𝑡) with 𝑦̄(𝑡) = 𝐶𝑥(𝑡) + 𝑣(𝑡)

𝑤(𝑡) ∼ (0, 𝑄) and 𝑣(𝑡) ∼ (0, 𝑅), (4)
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where 𝑥(𝑡) ∈ ℜ𝑛 is the vector of the state variables; 𝑢(𝑡) ∈ ℜ𝑚 is 
the vector of the inputs; 𝑦(𝑡) ∈ ℜ𝑙 is the vector of the measurements; 
𝑤(𝑡) ∈ ℜ𝑛 and 𝑣(𝑡) ∈ ℜ𝑙 are the continuous-time zero-mean process 
and measurement noises with covariance matrices 𝑄 ∈ ℜ𝑛×𝑛 ≻ 0 and 
𝑅 ∈ ℜ𝑙×𝑙 ≻ 0, respectively; and 𝐴 ∈ ℜ𝑛×𝑛, 𝐵 ∈ ℜ𝑛×𝑚, 𝐶 ∈ ℜ𝑙×𝑛, and 
𝐷 ∈ ℜ𝑙×𝑚 are the state transition, input, measurement, and feedthrough 
matrices, respectively.

For the system (4), the continuous-time KF equations are given 
as [32][Chapter 8, Section 8.2]
𝑥̂(0) = 𝐸[𝑥(0)] (5)

𝑃 (0) = 𝐸
[

𝑒(0)(𝑒(0))𝑇
]

(6)

𝐾(𝑡) = 𝑃 (𝑡)𝐶𝑇𝑅−1 (7)
̇̂𝑥(𝑡) = 𝐴𝑥̂(𝑡) + 𝐵𝑢(𝑡) +𝐾(𝑡)𝑟(𝑡) (8)

𝑃̇ (𝑡) = 𝐴𝑃 (𝑡) + 𝑃 (𝑡)𝐴𝑇 +𝑄 −𝐾(𝑡)𝐶𝑃 (𝑡), (9)

where 𝑥̂(𝑡) ∈ ℜ𝑛 is the estimate of 𝑥(𝑡); 𝑥(0) ∈ ℜ𝑛 and 𝑥̂(0) ∈ ℜ𝑛 are 
the initial values of the state and its estimate, respectively; the positive 
definite matrix 𝑃 (𝑡) ∈ ℜ𝑛×𝑛 is the covariance of the estimation error 
𝑒(𝑡) = 𝑥̂(𝑡) − 𝑥(𝑡); 𝑃 (0) ∈ ℜ𝑛×𝑛 is the covariance of the initial estimation 
error 𝑒(0) = 𝑥̂(0) − 𝑥(0); 𝐾(𝑡) ∈ ℜ𝑛×𝑙 is the Kalman gain; and 𝑟(𝑡) is 
the difference between the measurement 𝑦(𝑡) and the prediction of the 
measurement 𝑦(𝑡) = ̂̄𝑦(𝑡) +𝐷𝑢(𝑡) with ̂̄𝑦(𝑡) = 𝐶𝑥̂(𝑡) that is also called the
innovations defined as 𝑟(𝑡) = 𝑦̄(𝑡) − 𝐶𝑥̂(𝑡).

Assumption 1. We assume that (𝐴,𝐶) is detectable and (𝐴,𝑄 1
2 ) is 

controllable in the closed left half plane [32][Chapter 8, Theorem 29].

Lemma 3. Due to Assumption  1, 𝑃 (𝑡) for some 𝑃 (0) > 0 in (9) will reach 
a steady-state value, resulting in the continuous algebraic Riccati equation 
(CARE): 𝐴𝑃 +𝑃𝐴𝑇 +𝑄−𝐾(𝑡)𝐶𝑃 = 0 that has at least one positive definite 
solution 𝑃  [32][Chapter 8, Theorem 29].

Since KF is derived based upon the minimum mean square error 
(MMSE) criterion (it utilizes only second-order information of signal), 
it is an unbiased filter which minimizes the trace of 𝑃  (the KF is 
optimal) only when the noises 𝑤 and 𝑣 are both uncorrelated and 
Gaussian [32]. The existence of measurement outliers, as a specific class 
of non-Gaussian noises, could potentially degrade the performance of 
the traditional KF that loses the optimality in this case. To mitigate 
this issue, the next section is devoted to develop an adaptive KF, that 
uses the information from higher-order signal statistics, to robustify the 
baseline KF when measurements are impacted by large outliers.

3.2. Projection-based adaptive maximum correntropy Kalman Filter (PAM-
CKF)

This subsection describes the PAMCKF. With the goal of develop-
ing an adaptive KF with uniformly ultimately bounded solutions, we 
present the first steps towards unifying a projection-based adaptation 
mechanism with the baseline MCKF [19] for systems with measurement 
outliers without the need for knowing their bounds a priori.

Consider the system (4), where the measurement 𝑦(𝑡) is disturbed 
by an unknown but bounded outlier 𝑑(𝑡) ∈ ℜ𝑙

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) +𝑤(𝑡)

𝑦𝑑 (𝑡) = 𝑦̄𝑑 (𝑡) +𝐷𝑢(𝑡) with 𝑦̄𝑑 (𝑡) = 𝑦̄(𝑡) + 𝑑(𝑡)

𝑤(𝑡) ∼ (0, 𝑄) and 𝑣(𝑡) ∼ (0, 𝑅), (10)

where 𝑦𝑑 (𝑡) is the disturbed measurement that is available instanta-
neously for the later use in the PAMCKF algorithm.

Assumption 2. The unknown measurement outlier 𝑑(𝑡) is uniformly 
bounded for all 𝑡 ≥ 0 such that ‖𝑑(𝑡)‖ ≤ 𝑑 for some unknown upper 
bound 𝑑 > 0. Note that the above assumption assumes only the 
boundedness of 𝑑(𝑡) so that the value of 𝑑 is not required for use in 
the proposed filter [33].
3 
Assumption 3. The process and measurement noises 𝑤 and 𝑣 are 
assumed to be uncorrelated (the covariance matrices 𝑄 and 𝑅 are 
diagonal), Gaussian, and zero-mean [32]. However, the outlier 𝑑(𝑡) is 
enforced to the measurement noise 𝑣 to model a class of non-Gaussian 
noises – measurement outliers – defined as

𝑤(𝑡) ∼  (0, 𝑄)

𝑣(𝑡) ∼  (0, 𝑅) + 𝑑(𝑡) (11)

for which the notation   is used to indicate that 𝑤 and 𝑣 are Gaussian. 

For the system (10), the continuous-time MCKF equations are sug-
gested as

𝑥̂(0) = 𝐸[𝑥(0)] (12)

𝑃 (0) = 𝐸
[

𝑒(0)(𝑒(0))𝑇
]

(13)

𝐾(𝑡) = 𝑃 (𝑡)𝐶𝑇𝑆(𝑡)𝑅−1 (14)

𝑟𝑑 (𝑡) = 𝑦̄𝑑 (𝑡) − 𝐶𝑥̂(𝑡) (15)
̇̂𝑥(𝑡) = 𝐴𝑥̂(𝑡) + 𝐵𝑢(𝑡) +𝐾(𝑡)𝑟𝑑 (𝑡) (16)

𝑃̇ (𝑡) = 𝐴𝑃 (𝑡) + 𝑃 (𝑡)𝐴𝑇 +𝑄 −𝐾(𝑡)𝐶𝑃 (𝑡), (17)

where 𝑟𝑑 (𝑡) is the disturbed innovations and 𝑆 ∈ ℜ𝑙×𝑙 is the correntropy 
matrix 

𝑆(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜎
(

|𝑟𝑑1 |
√

𝑅11

)

0
⋱

0
𝜎

(

|𝑟𝑑𝑙 |
√

𝑅𝑙𝑙

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(18)

for which the 𝑟𝑑𝑖 (𝑡) and the Gaussian kernel
𝜎

(

|𝑟𝑑𝑖 |∕
√

𝑅𝑖𝑖

)

 are defined as

𝑟𝑑𝑖 (𝑡) = 𝑦̄𝑑𝑖 (𝑡) − 𝐶𝑖𝑥̂(𝑡) (19)

𝜎

(

|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

)

= exp
⎛

⎜

⎜

⎝

−
𝑟2𝑑𝑖 (𝑡)

2𝜇2
𝑖 𝑅𝑖𝑖

⎞

⎟

⎟

⎠

, (20)

where 𝑦̄𝑑𝑖 (𝑡), 𝐶𝑖, and 𝑅𝑖𝑖 for 𝑖 = 1,… , 𝑙 are the 𝑖th element of 𝑦̄𝑑 (𝑡), the 
𝑖th row of the measurement matrix 𝐶, and the 𝑖th diagonal element of 
the matrix 𝑅, respectively; and 𝜇𝑖 > 0 for 𝑖 = 1,… , 𝑙 is the kernel size.

Remark 1. Noting that 𝜇𝑖 is a positive scalar, one has 0 < 𝜎 (.) ≤ 1
for all 𝑟𝑑𝑖  with 𝑖 = 1,… , 𝑙, leading to 𝑆 to be always a positive definite 
matrix. Therefore, the property stated in Lemma  3 also applies to the 
differential Riccati equation (DRE) (17) (that is, the CARE has 𝑃 > 0); it 
is because (17) resembles (9) except that the proposed DRE (17) uses 
the Kalman gain (14) that replaces the positive definite matrix 𝑆𝑅−1

with 𝑅−1.

The performance of the baseline MCKF is degraded by improper 
selection of the kernel size 𝜇𝑖 such that (i) When 𝜇𝑖 is large, 𝑆 → 𝐼
and MCKF reduces to the traditional KF; and (ii) Small 𝜇𝑖 has the 
effect of slowing down the convergence rate and even leads to the 
filter that does not update. This is due to the fact that when 𝜇𝑖 is too 
small, then 𝑆,𝐾 → 0 which, in turn, implies that the filter ignores 
the information provided by the disturbed innovations 𝑟𝑑 ; the estimates 
cannot be improved or estimation rate becomes slow.

Thus, to maintain the estimation performance in the presence of 
𝑑(𝑡), a proper selection of 𝜇𝑖 is required. However, the optimal value of 
the kernel sizes is not known a priori in real-world applications subject 
to unknown measurement outliers. To tackle this issue and relieve 
the engineer of the need to manually tune the kernel sizes against 
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unknown outliers 𝑑(𝑡) for different practical systems, the following 
projection-based adaptation mechanism is suggested 

𝜎̇𝑖(𝑡) = 𝜎0𝑖

(

Proj
(

𝜎𝑖(𝑡),
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

)

− 𝜂𝑖𝜎𝑖(𝑡)

)

(21)

with initial condition 𝜎𝑖(𝑡 = 0) = 𝜎𝑖(0), where 𝜎𝑖 = 1∕𝜇𝑖, 𝜎0𝑖 , 𝜂𝑖 > 0 for 
𝑖 = 1,… , 𝑙, and Proj(., .) is realized by Eq. (1) for the scalar arguments 
𝜎𝑖, |𝑟𝑑𝑖 |∕

√

𝑅𝑖𝑖 ∈ ℜ. The initial value of 𝜇𝑖 is picked by the user as an 
initial guess of the kernel size. The above adaptation law comprises 
two terms. The first term is a projection-based adaptation law the sole 
usage of which ensures 𝜎𝑖(𝑡) ∈ 𝛺1 ∀𝑡 ≥ 0 if 𝜎𝑖(0) ∈ 𝛺1 and 𝜎0𝑖 = 1. 
The second term is a sigma-modification term [34] that adds damping 
to the first term. Thus, the adaptation mechanism becomes a linear 
time-varying ordinary differential equation with bounded input whose 
solution 𝜎𝑖 is always bounded by max

(

𝑥𝑚𝑎𝑥𝑖
√

1+𝜈𝑥𝑖
𝜂𝑖

, 𝜎𝑖(0)

)

 with the 

tightest asymptotic bound 
𝑥𝑚𝑎𝑥𝑖

√

1+𝜈𝑥𝑖
𝜂𝑖

. Thus, the mechanism provides 
a safeguard by bounding 𝜎𝑖 to prevent instability. 

Remark 2. The adaptation parameters 𝜎0𝑖 , 𝑥𝑚𝑎𝑥𝑖 , 𝜈𝑥𝑖 , and 𝜂𝑖 are tuning 
parameters to be set for different applications. The exponential decay 
rate is 𝜎0𝑖𝜂𝑖, and choosing a larger value results in faster decay of 𝜎𝑖. 
Moreover, by choosing a larger 𝜂𝑖 and a smaller 𝑥𝑚𝑎𝑥𝑖 , the tightest 
asymptotic bound becomes smaller.

The proposed algorithm defined by Eqs. (12)–(21) extends and 
encompasses the baseline MCKF [19] in such a way that when large 
measurement outliers are encountered, the diagonal elements of the 
matrix 𝑆 exponentially decrease to avoid the divergence of the fil-
ter while the decaying rate is adjusted by the proposed adaptation 
mechanism (21). Thus, PAMCKF estimates the states while rejecting 
the measurement outlier 𝑑(𝑡). The next section guarantees the uniform 
ultimate boundedness of all system solutions (𝑒(𝑡), 𝜎̃(𝑡)) under the 
proposed PAMCKF in the presence of unknown but bounded outliers 
𝑑(𝑡).

Remark 3. The overall asymptotic computational complexity of KF is 
𝑂(𝑛3 + 𝑛2𝑚). In the proposed PAMCKF, the inclusion of the correntropy 
matrix 𝑆 and the adaptation mechanism (21) both incur a compu-
tational cost of 𝑂(𝑚), which is negligible compared to the dominant 
covariance update term. Thus, despite the extensions, the proposed 
filter retain the same overall asymptotic computational complexity of 
𝑂(𝑛3 + 𝑛2𝑚), both theoretically and in practice. 

4. Stability analysis

To show the uniform ultimate boundedness of all system solutions 
(𝑒, 𝜎̃), let us first use the system (10), the dynamics (16), and the
disturbed innovations (15) to construct the estimation error dynamics
𝑒̇ =𝐴𝑥̂ + 𝐵𝑢 +𝐾𝑟𝑑 −

(

𝐴𝑥 + 𝐵𝑢 +𝑤
)

=
(

𝐴 −𝐾𝐶
)

𝑒 +𝐾
(

𝑑 + 𝑣
)

−𝑤, (22)

where throughout this section, we drop the argument 𝑡 for ease of 
exposition.

To conduct a deterministic stability analysis, throughout this sec-
tion, the following assumption is made which is common when per-
forming stability analyses of Kalman filter families in a deterministic 
setting [35]. 

Assumption 4. We assume that 𝑤 = 𝑣 = 0, which implies that the 
matrices 𝑄−1 and 𝑅−1 are the confidence in the system model and 
measurements, respectively, but not the covariances of the process and 
measurement noises 𝑤 and 𝑣. This leads to the stability analysis to be 
performed in a deterministic setting.
4 
From the error dynamics (22) and the adaptation mechanism (21), 
the following scalar positive definite Lyapunov function is suggested 

𝑉 (𝑒, 𝜎̃) = 𝑒𝑇 𝑃−1𝑒 + 0.5𝜎̃𝑇𝐻−1𝜎̃, (23)

where 𝜎̃ = 𝜎−𝜎∗ with 𝜎 = [𝜎1,… , 𝜎𝑙]𝑇 ∈ ℜ𝑙 and 𝜎∗ as the true value of 
𝜎; and 𝐻 = diag(𝜎01 ,… , 𝜎0𝑙 ) > 0 ∈ ℜ𝑙×𝑙. Note that only the existence 
of 𝜎∗ is assumed; true knowledge of 𝜎∗ is not required.

Theorem 1. Consider the Lyapunov function (23) and the PAMCKF defined 
by Eqs. (12)–(21). Under Assumptions  1–4 and Lemma  3, the proposed 
filter ensures the uniform ultimate boundedness of (𝑒, 𝜎̃) for all initial 
conditions (𝑒(0), 𝜎̃(0)) ∈ ℜ𝑛+𝑙 and any bounded outlier 𝑑(𝑡) ∈ ℜ𝑙 without 
knowing its bound a priori.

Proof. Taking the time derivative of the Lyapunov function (23) yields 

𝑉̇ = 2𝑒𝑇 𝑃−1𝑒̇ + 𝑒𝑇 𝑑
𝑑𝑡

(𝑃−1)𝑒 + 𝜎̃𝑇𝐻−1𝜎̇. (24)

Using the matrix inequality 
𝑑
𝑑𝑡

(𝑃𝑃−1) = 𝑃̇ 𝑃−1 + 𝑃 𝑑
𝑑𝑡

(𝑃−1) = 0 (25)

we obtain 

𝑉̇ = 2𝑒𝑇 𝑃−1𝑒̇ − 𝑒𝑇 (𝑃−1𝑃̇ 𝑃−1)𝑒 + 𝜎̃𝑇𝐻−1𝜎̇ (26)

for which from (17), (21), and (22), it yields

𝑉̇ =2𝑒𝑇 𝑃−1
(

(𝐴 −𝐾𝐶)𝑒 +𝐾𝑑
)

− 𝑒𝑇 𝑃−1
(

𝐴𝑃 + 𝑃𝐴𝑇 +𝑄 −𝐾𝐶𝑃
)

𝑃−1𝑒

+
𝑙

∑

𝑖=1
𝜎̃𝑖

(

Proj
(

𝜎𝑖,
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

)

− 𝜂𝑖𝜎𝑖

)

. (27)

By expanding all the terms, incorporating the Kalman gain 𝐾 from (14), 
and canceling the similar terms, one can write

𝑉̇ = − 𝑒𝑇𝑀𝑒 + 2𝑒𝑇𝐶𝑇𝑆𝑅−1𝑑

+
𝑙

∑

𝑖=1
𝜎̃𝑖

(

Proj
(

𝜎𝑖,
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

)

− 𝜂𝑖𝜎𝑖

)

, (28)

where 𝑀 = 𝐶𝑇𝑆𝑅−1𝐶 + 𝑃−1𝑄𝑃−1 is a positive definite matrix. Noting 
that 0 < 𝜎 (.) ≤ 1 for all 𝑟𝑑𝑖  with 𝑖 = 1,… , 𝑙, the operator norm1 of 𝑆
has the property that 

‖𝑆‖𝑂𝑃 ≤ 1 (29)

using which one can obtain

𝑉̇ ≤ − 𝑒𝑇𝑀𝑒 + 2‖𝑒‖‖𝐶𝑇𝑅−1
‖‖𝑑‖

+
𝑙

∑

𝑖=1
𝜎̃𝑖

(

Proj
(

𝜎𝑖,
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

)

− 𝜂𝑖𝜎𝑖

)

. (30)

Now, using the projection operator (1) in case of its first condition, 
one has

𝑉̇ ≤ − 𝑒𝑇𝑀𝑒 + 2‖𝑒‖‖𝐶𝑇𝑅−1
‖‖𝑑‖

+
𝑙

∑

𝑖=1
𝜎̃𝑖
(

|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖
−

|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖
𝑔(𝜎𝑖) − 𝜂𝑖𝜎𝑖

)

. (31)

Using the property (3), on can say

−𝜎̃𝑖
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖
𝑔(𝜎𝑖) = −𝜎̃𝑖

(

|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖
− Proj

(

𝜎𝑖,
|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖

))

≤ 0

1 For a matrix A, the operator norm ‖𝐴‖𝑂𝑃  is the square root of the largest 
eigenvalue of 𝐴𝑇𝐴, where 𝐴𝑇  is A’s transpose.
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using which Eq. (31) becomes
𝑉̇ ≤ − 𝑒𝑇𝑀𝑒 + 2‖𝑒‖‖𝐶𝑇𝑅−1

‖‖𝑑‖

+
𝑙

∑

𝑖=1
𝜎̃𝑖
(

|𝑟𝑑𝑖 |
√

𝑅𝑖𝑖
− 𝜂𝑖𝜎𝑖

)

. (32)

Obviously, under the second condition of (1), again, (30) becomes (32).
By using the relations 𝑟𝑑𝑖 = 𝑑𝑖 − 𝐶𝑖𝑒 and 𝜎𝑖 = 𝜎̃𝑖 + 𝜎∗𝑖 , one obtains

𝑉̇ ≤ − 𝜆min(𝑀)‖𝑒‖2 − 𝜆min(𝜂)‖𝜎̃‖2

+ 2‖𝑒‖‖𝐶𝑇𝑅−1
‖𝑑 + ‖𝜂‖‖𝜎̃‖‖𝜎∗‖

+
𝑙

∑

𝑖=1
𝜎̃𝑖
(

|𝑑𝑖 − 𝐶𝑖𝑒|
√

𝑅𝑖𝑖

)

, (33)

where 𝜂 = diag(𝜂1,… , 𝜂𝑙) ∈ ℜ𝑙×𝑙.
The last term can be bounded above using norms and the triangle 

inequality to have
𝑉̇ ≤ − 𝜆min(𝑀)‖𝑒‖2 − 𝜆min(𝜂)‖𝜎̃‖2

+ 2‖𝑒‖‖𝐶𝑇𝑅−1
‖𝑑 + ‖𝜂‖‖𝜎̃‖‖𝜎∗‖

+
𝑙

∑

𝑖=1

𝜎̃𝑖
√

𝑅𝑖𝑖

(

‖𝑑𝑖‖ + ‖𝐶𝑖‖‖𝑒‖
)

. (34)

Let us define ̄̄𝑑 = [‖𝑑1(𝑡)‖,… , ‖𝑑𝑙(𝑡)‖]𝑇 ∈ ℜ𝑙 and ̄̄𝐶 = [‖𝐶1‖,… ,
‖𝐶𝑙‖]𝑇 ∈ ℜ𝑙 to write
𝑉̇ ≤ − 𝜆min(𝑀)‖𝑒‖2 − 𝜆min(𝜂)‖𝜎̃‖2

+ 2‖𝑒‖‖𝐶𝑇𝑅−1
‖𝑑 + ‖𝜂‖‖𝜎̃‖‖𝜎∗‖

+ 𝜎̃𝑇𝑅− 1
2 ̄̄𝑑 + 𝜎̃𝑇𝑅− 1

2 ̄̄𝐶‖𝑒‖ (35)

that reduces to
𝑉̇ ≤ − 𝜆min(𝑀)‖𝑒‖2 − 𝜆min(𝜂)‖𝜎̃‖2

+ 2‖𝑒‖‖𝐶𝑇𝑅−1
‖𝑑 + ‖𝜂‖‖𝜎̃‖‖𝜎∗‖

+ ‖𝜎̃‖‖𝑅− 1
2
‖‖

̄̄𝑑‖ + ‖𝜎̃‖‖𝑅− 1
2
‖‖

̄̄𝐶‖‖𝑒‖. (36)

For sufficiently large 𝜆min(𝑀) and 𝜆min(𝜂), 𝑉̇ ≤ 0 everywhere 
outside of a compact set. To show that the set is actually compact, note 
that (36) is quadratic in ‖𝑒‖ and ‖𝜎̃‖. We can then derive conservative 
estimates for the positively invariant set (within which the errors are 
bounded) by solving the quadratic inequalities for each variable at a 
time. Beginning with ‖𝑒‖, the bound that enforces 𝑉̇ ≤ 0 is derived 
in (37). We then consider ‖𝜎̃‖ to define the bound (38) to enforce 𝑉̇ ≤ 0. 
By doing so, the compact set outside of which 𝑉̇ ≤ 0 is derived by

‖𝑒‖ ≥
𝛷1 +

√

𝛷2
1 + 4𝜆min(𝑀)𝛷2

2𝜆min(𝑀)
≜ 𝐵𝑒 (37)

‖𝜎̃‖ ≥
𝛷3 +

√

𝛷2
3 + 4𝜆min(𝜂)𝛷4

2𝜆min(𝜂)
≜ 𝐵𝜎̃ , (38)

where

𝛷1 =2‖𝐶‖‖𝑅−1
‖𝑑 + ‖𝜎̃‖‖𝑅− 1

2
‖‖

̄̄𝐶‖

𝛷2 =‖𝜎̃‖
(

−𝜆min(𝜂)‖𝜎̃‖ + ‖𝜂‖‖𝜎∗‖ + ‖𝑅− 1
2
‖‖

̄̄𝑑‖
)

𝛷3 =‖𝜂‖‖𝜎∗‖ + ‖𝑅− 1
2
‖

(

‖

̄̄𝑑‖ + ‖

̄̄𝐶‖‖𝑒‖
)

𝛷4 =‖𝑒‖
(

−𝜆min(𝑀)‖𝑒‖ + 2‖𝐶‖‖𝑅−1
‖𝑑

)

. (39)

The curves represented by (37) and (38) are guaranteed to intersect. 
To this end, noting that (23) is a common Lyapunov candidate [36] 
across all time intervals, the error trajectories (𝑒, 𝜎̃) ultimately enter the 
compact set formed by the intersection of the curves (37) and (38)
𝛤 =

{

(𝑒, 𝜎̃) ∈ ℜ𝑛 ×ℜ𝑙 ∶ ‖𝑒‖ ≤ 𝐵𝑒 ∧ ‖𝜎̃‖ ≤ 𝐵𝜎̃

}

(40)

in finite time 𝑇  and remain there for ∀𝑡 ≥ 𝑇 ; 𝛤  is positively invariant. 
This, in turn, according to Definition  1, proves the uniform ultimate 
boundedness of all system solutions under the proposed PAMCKF.
5 
Remark 4. In view of the compact set (40), 𝐵𝑒 and 𝐵𝜎̃ are analytical 
curves that are guaranteed to intersect. Although the outlier 𝑑 is 
unknown (𝐵𝑒 and 𝐵𝜎̃ cannot be directly computed), for any bounded 
𝑑 with unknown bound 𝑑, we can ensure that the system solutions are 
uniformly ultimately bounded.

Remark 5. The ultimate bound on the estimation error 𝑒, i.e., 𝐵𝑒 given 
in (37), can be reduced by increasing 𝜆min(𝑀) that is dependent on 
the choice of parameters 𝑄, 𝑅, 𝑃 (0), 𝜂, and 𝜎0. In particular, in the 
absence of the outlier 𝑑(𝑡) (i.e., ‖𝑑‖ = 0) when ‖𝜎̃‖ = 0 (that results 
in 𝛷1 = 𝛷2 = 0), one has ‖𝑒‖ = 0, implying the convergence of the 
estimation error to zero. Note that 𝑉̇ = 0 when both trajectories reach 
the boundary of 𝛤 .

Remark 6. As an alternative to the proposed filter, one may think 
of estimating 𝑑 and 𝑥 (as 𝑑 and 𝑥̂) to compute the innovations 𝑟 =
𝑦 − 𝑦 = −𝐶𝑒 + (𝑑 − 𝑑) and, in turn, directly update the estimate of 𝑥
using (8). That is, a method that estimates 𝑑 and 𝑥 but does not update 
the Kalman gain and the error covariance from (7) and (9). Despite 
effectiveness in simulation, such a method is not applicable to real-
world applications in which the ground truth states are not accessible 
using which the performance of estimator could be evaluated; instead, 
error covariance 𝑃  is the only source of information to be used to 
assess the estimation performance. On the contrary, under the proposed 
filter, any disturbance applying to the measurements impacts on the 
innovations, that is captured by the correntropy gain and in turn 
tunes the Kalman gain based on which the error covariance is updated 
in terms of the disturbance. This implies that the proposed filter is 
applicable to real-world applications.

5. Simulation results

In this section, we verify the benefits of our proposed filter through 
simulations and comparisons to the traditional KF and the baseline 
MCKF [19] on (i) an equivalent circuit battery model used in hy-
brid electric vehicles and (ii) a longitudinal dynamical model for au-
tonomous vehicles.

The reason we compare PAMCKF only with KF and MCKF—and 
not with other Monte Carlo filters such as UKF and Particle Filter—
is twofold: (i) PAMCKF is conceptually derived from KF and MCKF, 
sharing similar algorithmic foundations and structure, and (ii) their 
computational complexities are comparable (see Remark  3), allowing 
for a fair, performance-focused evaluation without introducing other 
factors related to differing computational loads. In contrast, both UKF 
and PF face significant challenges in terms of scalability, computational 
cost, and memory usage, which limit their practicality in real-time and 
resource-constrained environments—especially in linear systems where 
their added complexity offers no clear advantage.

The following parameter tuning and simulation design are applied 
to both examples.

(1) Note that 𝑅 could be known from the physics of sensors and 𝑄
can compromise between estimation accuracy and time lag. 𝑃 (0)
and 𝑄 can be seen as tuning factors to be picked in such a way 
that the best performance is achieved.

(2) For the sake of having a fair comparison, the design parameters 
of all filters—proposed PAMCKF defined in Eqs. (12)–(21), the 
baseline MCKF presented in [19], and the traditional KF—are 
chosen to be the same. Note that under the baseline MCKF, the
kernel size is constant and set to 1

𝜎(0) .
(3) To assess the robustness of different filters in the presence of 

outliers with different magnitudes and different number of oc-
currences during the simulation, 20 Monte Carlo (MC) simula-
tions are carried out for each filter under the following two cases, 
where the outlier 𝑑(𝑡) is considered to be occasional impulses 
(the encounter moment of impulses is randomly selected).
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• Case 1: for each MC simulation, 𝑁𝑑 = 100 impulses are 
enforced (with duration 𝑑𝑡 [s]) whose magnitudes 𝑑 are 
drawn from a uniform distribution over the interval [5, 20]
(different 𝑑s but the same 𝑁𝑑s).

• Case 2: for each MC simulation, the number of impulses 
𝑁𝑑 is drawn from a uniform distribution over the interval 
[20, 200] (the duration of all impulses is 𝑑𝑡 [s]) while all 
taking the same magnitude 𝑑 = 10 (different 𝑁𝑑s but the 
same 𝑑s).

(4) We use MATLAB to implement the proposed PAMCKF for which 
the following built-in functions are used.

• randn generates random numbers to follow a Gaussian 
distribution in order to model process and measurement 
noises mentioned in Assumption  3: 𝑤(𝑡) =

√

𝑄randn(𝑛, 𝑡) ∈
ℜ𝑛 and 𝑣(𝑡) =

√

𝑅randn(𝑙, 𝑡) ∈ ℜ𝑙.
• randi draws a uniformly distributed pseudorandom scalar 
integer introducing (a) the random encounter moment of 
impulses during the simulation, (b) the random magnitude 
of each impulse, and (c) the random number of impulses.

• We use the Fourth Order Runge Kutta’s method (RK4) [37] to 
solve the system dynamics, and the Forward Euler’s method 
(explicit) to solve the dynamics (17) and (21).

5.1. Battery model of hybrid electric vehicles

This model can predict the dynamics of a lithium-ion battery and is 
comprised of an open circuit voltage (OCV) source 𝑉𝐵𝑜𝑐

 connected in 
series with a high-frequency internal resistance 𝑅𝐵0

, and two resistor–
capacitor pairs 

(

𝑅𝐵1
, 𝐶𝐵1

, 𝑅𝐵2
, 𝐶𝐵2

)

 that replicate the charge transfer 
and diffusion dynamics of the battery. The state-space representation 
of the battery is described as [38]

𝑉̇𝐵1
(𝑡) = −

𝑉𝐵1
(𝑡)

𝑅𝐵1
𝐶𝐵1

+
𝐼𝐵(𝑡)
𝐶𝐵1

+𝑤1(𝑡)

𝑉̇𝐵2
(𝑡) = −

𝑉𝐵2
(𝑡)

𝑅𝐵2
𝐶𝐵2

+
𝐼𝐵(𝑡)
𝐶𝐵2

+𝑤2(𝑡)

𝑦𝐵𝑚
(𝑡) =𝑉𝐵𝑜𝑐

− 𝑉𝐵1
(𝑡) − 𝑉𝐵2

(𝑡) − 𝐼𝐵(𝑡)𝑅𝐵0
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑉𝑐𝑒𝑙𝑙 (𝑡)

+ 𝑣(𝑡) + 𝑑(𝑡), (41)

where 𝑥(𝑡) = [𝑉𝐵1
(𝑡), 𝑉𝐵2

(𝑡)]𝑇  is the vector of the state variables includ-
ing the voltages (𝑉𝐵1

(𝑡), 𝑉𝐵2
(𝑡)) [V] across two resistor–capacitor pairs; 

𝐼𝐵(𝑡) [A] is the input current to the battery; 𝑤(𝑡) = [𝑤1(𝑡), 𝑤2(𝑡)]𝑇  is the 
vector of process noises; 𝑦𝐵𝑚

(𝑡) [V] is the disturbed measurement that is 
impacted by the uncorrelated Gaussian noise 𝑣(𝑡) plus the large outlier 
𝑑(𝑡) modeled as an impulsive function; and 𝑉𝑐𝑒𝑙𝑙(𝑡) [V] is the terminal 
battery voltage excluding the noise and outlier. The model parameters 
are considered to be constant given as 𝑅𝐵1

= 5 × 10−4 [Ohm], 𝑅𝐵2
=

9×10−4 [Ohm], 𝐶𝐵1
= 25000 [F], 𝐶𝐵2

= 32000 [F], 𝑅𝐵0
= 16×10−4 [Ohm], 

and 𝑄𝐵 = 15 [Ah]. The sampling time is 𝑑𝑡 = 1 [s]. In hybrid electric 
vehicles, the battery is constrained to operate over a predefined and 
narrow range of state-of-charge due to which the OCV (i.e., 𝑉𝐵𝑜𝑐

) is 
generally taken as constant and equal to its average value over that 
state-of-charge range of operation. In particular, the average OCV of 
graphite anode/NMC cathode lithium ion batteries over the state-of-
charge range of [0.5, 0.8] is equal to 3 [V] [39]. The input current profile 
is shown in Fig.  2.

In view of (41) and by defining 𝑦𝑑 (𝑡) = 𝑦𝐵𝑚
(𝑡) −𝑉𝐵𝑜𝑐

, one can obtain

𝐴 =
⎡

⎢

⎢

⎣

−1
𝑅𝐵1𝐶𝐵1

0

0 −1
𝑅𝐵2𝐶𝐵2

⎤

⎥

⎥

⎦

, 𝐵 =
⎡

⎢

⎢

⎣

1
𝐶𝐵1
1

𝐶𝐵2

⎤

⎥

⎥

⎦

,

𝐶 =
[

−1 −1
]

, 𝐷 = −𝑅𝐵0
. (42)

The filter parameters are set to 𝑄 = 𝑃 (0) = 1 × 10−6𝐼2, 𝑅 = 0.01, 
𝜎 = 0.001, 𝜎(0) = 0.01, 𝜂 = 20, 𝜎 = 1, and 𝜈 = 0.01.
0 𝑚𝑎𝑥 𝜎

6 
Fig. 2. Time evolution of input current 𝐼𝐵 (𝑡) in Example 1.

5.2. Longitudinal model of autonomous vehicles

This model simulates the longitudinal dynamics of an autonomous 
vehicle using a simplified two-state model that incorporates actuator 
dynamics. We describe the vehicle’s longitudinal behavior using the 
following state-space representation
𝑣̇𝑙(𝑡) =𝑎𝑙(𝑡) +𝑤1(𝑡)

𝑎̇𝑙(𝑡) = − 1
𝜏
𝑎𝑙(𝑡) +

1
𝜏
𝑎𝑐 (𝑡) +𝑤2(𝑡)

𝑦𝑑1 (𝑡) =𝑣𝑙(𝑡) + 𝑣1(𝑡) + 𝑑1(𝑡)

𝑦𝑑2 (𝑡) =𝑎𝑙(𝑡) + 𝑣2(𝑡) + 𝑑2(𝑡),

where 𝑣𝑙 [m∕s] and 𝑎𝑙 [m∕s2] are the actual vehicle’s longitudinal 
velocity and acceleration, respectively; 𝑎𝑐 [m∕s2] is the commanded 
acceleration. A first-order system with time constant 𝜏 = 0.5 [s]
is used to model the delayed response of the acceleration actuator. 
The sampling time is 𝑑𝑡 = 0.02 [s]. The vector of process noises is 
𝑤(𝑡) = [𝑤1(𝑡), 𝑤2(𝑡)]𝑇 ; 𝑦𝑑 (𝑡) = [𝑦𝑑1 (𝑡), 𝑦𝑑2 (𝑡)]

𝑇  is the vector of disturbed 
measurements impacted by Gaussian noise 𝑣(𝑡) = [𝑣1(𝑡), 𝑣2(𝑡)]𝑇  and the 
impulse vector 𝑑(𝑡) = [𝑑1(𝑡), 𝑑2(𝑡)]𝑇  (𝑑(𝑡) is modeled as an impulsive 
function); and 𝑣𝑙(𝑡) and 𝑎𝑙(𝑡) are the outputs excluding the noise and 
impulses. The input acceleration 𝑎𝑐 is to simulate a driving scenario 
where the vehicle starts from stationary and accelerates at 1.5 [m∕s2]
from 10 to 30 [s], then cruises at a constant speed from 30 to 60 [s], and 
finally decelerates to a stop at −1 [m∕s2] from 60 to 90 [s].

The filter parameters are set to 𝑄 = 𝑃 (0) = 1 × 10−6𝐼2, 𝑅 = 0.01𝐼2, 
𝜎01 = 𝜎02 = 0.1, 𝜎1(0) = 𝜎2(0) = 0.025, 𝜂1 = 𝜂2 = 50, 𝜎𝑚𝑎𝑥1 = 𝜎𝑚𝑎𝑥2 = 1, 
and 𝜈𝜎1 = 𝜈𝜎2 = 0.01.

Figs.  3 and 4 both illustrate the estimation performance for different 
filters under Case 1 and Case 2 when the measurements are corrupted 
by the large outliers 𝑑(𝑡). It can be seen that under both cases in 
both examples, the proposed PAMCKF provides accurate and consistent 
estimation while significantly decreases RMSE values over the other 
filters. It is observed that although MCKF outperforms KF, under both 
of which, RMSE values are increased when either the magnitude or the 
number of the outliers encountered during the simulation increases. On 
the contrary, PAMCKF shows a relatively insensitive behavior when 
either Case 1 or Case 2 is enforced. These improvements are mainly 
due to the adaptation mechanism (21) using which the kernel size
is evolved towards robustifying the filter against the large outliers 
𝑑(𝑡). An example of such evolution is demonstrated in Figs.  5 and 6 
where 20 randomly distributed outliers are considered. It is seen that 𝜎
immediately increases to compensate the outlier encountered and then 
decays with the exponential decay rate 𝜎0𝜂 (see Remark  2).

Taken altogether, these results provide convincing evidence of ap-
plicability of the proposed filter as an alternative for the baseline 
MCKF and KF to be applied to the linear systems impacted by the 
large measurement outliers. Results provided also support the claim of 
Theorem  1 in which uniform ultimate boundedness of all system errors 
(𝑒(0), 𝜎̃(0)) is guaranteed. 
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Fig. 3. Example 1. Comparison results based on 20 MC simulations. RMSE𝑉𝑐𝑒𝑙𝑙
 returns RMS of the difference between 𝑉𝑐𝑒𝑙𝑙(𝑉𝐵1

, 𝑉𝐵2
) and 𝑉𝑐𝑒𝑙𝑙(𝑉𝐵1

, 𝑉𝐵2
) form which the state estimation 

performance is measured.
Fig. 4. Example 2. Comparison results based on 20 MC simulations. RMSE𝑌𝑙𝑜𝑛𝑔  returns the sum of the RMS of 𝑣𝑙 − 𝑣𝑙 and the RMS of 𝑎𝑙 − 𝑎𝑙 form which the state estimation 
performance is measured.
Fig. 5. Example 1. Disturbed measurement 𝑦𝑑 (𝑡) affected by 𝑁𝑑 = 20 randomly 
distributed outliers with the same magnitude 𝑑 = 20 [V], along with the parameter 
𝜎(𝑡) adjusted by the proposed PAMCKF.

6. Conclusions and future work

This work introduced a PAMCKF to be applied to linear systems 
subject to unknown measurement outliers. Under our filter, the ker-
nel size is updated on-line, the computational cost is low, and the 
uniform ultimate boundedness of all system errors is guaranteed in a 
deterministic setting. The effectiveness of PAMCKF over the baseline 
7 
KF and MCKF has been demonstrated through simulations. Results 
showed that measurement outliers degrade the estimates under the 
baseline filters, whereas the estimation performance with the proposed 
technique is consistent and relatively insensitive to large outliers. De-
spite its effectiveness, an important direction for future research is the 
development of a discrete-time version of the proposed filter, which 
is crucial for deployment in real-time embedded systems and other 
practical applications. However, transitioning to a discrete-time imple-
mentation introduces several challenges—most notably, the difficulty 
of conducting a rigorous stability analysis in a stochastic setting.
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