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Abstract

Gasoline direct-injection (GDI) engine technology 
improves vehicle fuel economy while decreasing CO2 
emissions. The main drawback of GDI technology is 

the increase in particulate emissions compared to the 
commonly used port fuel injection technologies. Today’s 
adopted strategy to limit such emissions relies upon the use 
of aftertreatment gasoline particulate filters (GPFs). GPFs 
reduce particulates resulting from fuel combustion. Soot 
oxidation (also known as regeneration) is required at regular 
intervals to clean the filter, maintain a consistent soot trapping 

efficiency, and avoid the formation of soot plugs in the GPF 
channels. In this paper, starting from a multiphysics GPF 
model accounting for mass, momentum, and energy trans-
port, a sensitivity analysis is carried out to choose the best 
mesh refinement, time step, and relative tolerance to ensure 
a stable numerical solution of the transport equations during 
regeneration while maintaining low computational time. 
Moreover, the numerical solutions are analyzed with respect 
to different smoothing of the model inputs, namely, experi-
mental exhaust gas temperature, mass f low rate, and 
air-fuel ratio.

1.  Introduction

The increasingly urgent threat of climate change neces-
sitates rapid societal mobilization to reduce greenhouse 
gas emissions. The transportation industry is a signifi-

cant contributor to greenhouse gas emissions, accounting for 
one-fifth of global emissions and nearly one-third of emissions 
in industrialized countries [1]. Researchers are actively inves-
tigating strategies for reducing vehicular greenhouse gas emis-
sions. One such option is the adoption of gasoline direct injec-
tion (GDI) engines. GDI engines have a few key differences 
compared to conventional port-fuel injection (PFI) engine 
technology; in the former, fuel is injected directly into the 
engine cylinders, whereas in the latter, fuel is mixed with air 
before being injected into the cylinders. GDI engines reduce 
carbon dioxide emissions by up to 14% and improve fuel 
economy by up to 8% [2,3]. Because of these benefits, 
GDI-equipped engines are rapidly growing in popularity. 
Over the six-year period between 2009 and 2015, the 
percentage of GDI vehicles in the United States increased from 
less than 5% to 46%, and the EPA projects that GDI engines 
will power 93% of vehicles in the United States by 2025 [2,4].

Despite their rising popularity and significant fuel 
economy benefits, GDI engines have the significant drawback 
of producing more particulate pollution. Black carbon, which 
makes up a large portion of the particulate pollution from 

GDI vehicles, causes a warming effect by absorbing sunlight 
and reducing the albedo of the planet. Recent studies suggest 
that high emissions of these sunlight-absorbing particulates 
counteract the improvement in fuel economy so that imple-
mentation of GDI engines can result in a net warming effect 
[2,4]. Zimmerman et al. suggest that using GDI engine tech-
nology must result in an improvement in fuel economy by as 
much as 26% to negate the warming effects from increased 
black carbon emissions [2]. Saliba et al. tested a fleet of 82 
light-duty gasoline vehicles spanning a range of model years, 
vehicle types, emissions certification standards, and manu-
facturers. They found that a 1.6% increase in fuel economy 
was sufficient to offset warming effects of increased black 
carbon pollution. However, they noted that increased black 
carbon pollution from GDI engines lowers their potential 
climate benefits by 10-20% [4].

Particulate emissions have negative impacts on local envi-
ronmental and human health. They are linked to increased 
rates of cancer, respiratory disease, throat and eye irritation, 
cardiovascular effects such as arrhythmia and heart attacks, 
and premature death. They have also been shown to cause 
birth defects and growth retardation in newborn children [5]. 
Soot particle emissions are also detrimental to the environ-
ment; they contribute to acid rain, increase the acidity of water, 
change the nutrient balance in drainage basins and coastal 
waters, decrease nutrient content in soil, and damage forest 
ecosystems and agricultural fields [6].
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In Europe, the problem of increased particulate emissions 
from GDI engines was addressed with the establishment of 
the EURO 6 standard in 2016. This regulation limited particu-
late mass (PM) emissions to the EURO 5 level and introduced 
particulate number (PN) emissions for GDI engines (both 
equivalent to the limits set for diesel vehicles) [7]. PM/PN 
regulations were introduced in China with the implementa-
tion of the CN6a standard in July 2020. This limits PM emis-
sions to 0.0045 g/km and PN emissions to 6.0 × 1011 particles/
km, which is comparable in stringency to EURO 6. In July 
2023, the CN6b standard will impose even tighter limitations 
on particulate pollution, requiring PM emissions to be lowered 
to 0.003 g/km [8]. No PM/PN particulate regulation is actively 
in place in the United States at the time this paper was written.

GDI engines can be equipped with aftertreatment devices 
such as gasoline particulate filters (GPFs) to trap particulate 
matter. Regulations in Europe and China may necessitate the 
use of GPFs in GDI-equipped engines to meet emissions 
limits. Although comparable standards have not been estab-
lished in the United States, we strongly believe that, in the 
pursuit of a more sustainable future, research on pollutant 
mitigation and effective aftertreatment devices is of para-
mount importance and should never stop. This is particularly 
true given the recent outlooks showing that conventional and 
hybrid vehicles are projected to lead the market until 2040 [9].

The geometric structure and design of GPFs are similar 
to that of diesel particulate filters (DPFs). However, while the 
mechanics and working principles of DPFs are well established 
in the literature [29], research on GPFs is comparatively 
lagging. There are some key differences between the operation 
of a GPF and a DPF; for example, gasoline engines typically 
emit smaller soot particles than diesel engines, and the exhaust 
has a lower oxygen content and higher temperature [10]. This 
means that findings from investigations on diesel filters are 
not necessarily applicable to GPFs, hence research specific to 
GPFs is necessary.

Recent studies have attempted to characterize effects of 
operational parameters on GPFs. Xie et al. investigated the 
effect of electric regeneration on combustion performance 
and soot oxidation of a coated GPF [11]. They created an 
improved GPF design where exhaust is heated directly in the 
gap area between the carrier and the filter. They varied the 
electric heating power and measured the corresponding soot 
oxidation rate, pressure drop, soot mass concentration, and 
NO2 mass fraction. They found that their improved design 
resulted in a 4.1% increase in soot oxidation rate while the 
length and volume of the filter were reduced, and the pressure 
drop remained about the same. In a subsequent investigation, 
they found that using lower exhaust flow rates, higher exhaust 
temperatures, and higher exhaust oxygen and NO concentra-
tions increased the soot oxidation rate and lowered the 
required heating power [12]. Lowering the flow rate and 
increasing the temperature was found to have significant 
effects on heating power than adjusting the concentration of 
oxygen or NO. Zuo et al. studied how regeneration tempera-
ture and pressure growth rate varied with different exhaust 
parameters (exhaust temperature, exhaust flow rate, oxygen 
concentration, and α, the ratio of NO2 mass fraction to partic-
ulate mass fraction) [13]. They found that lower values of α, 
higher exhaust temperatures, lower regeneration 

temperatures, and lower oxygen concentrations increased the 
pressure growth rate. They also showed that increasing oxygen 
concentration reduced temperature and pressure drop in the 
regeneration equilibrium state. Zuo et al. measured the effect 
of four different parameters (exhaust temperature, exhaust 
flow rate, oxygen concentration, and NO2/NO ratio) on cata-
lytic efficiency in a coated GPF [14]. In the range 520 - 740 K, 
they found that a middle temperature of 600 K, lower flow 
rates, higher oxygen concentrations, and increased NO2 
concentrations maximized catalytic efficiency.

Rathod et al. [15] studied the effect of soot loading on 
pressure drop and trapping efficiency in GPFs. According to 
their work, the wall porosity decreases, and the trapping effi-
ciency increases as soot loading increases. This occurs because 
the accumulated soot blocks additional particles as the exhaust 
flows through the filter. However, the reduction in porosity 
also slows the flow of the exhaust gas through the filter, which 
leads to an increase in backpressure and large pressure drops 
across the filter. This can lead to overheating, cracks, or even 
melting of the thermal substrate [16]. Therefore, regeneration 
to burn off the accumulated soot particles that would other-
wise obstruct the flow of exhaust through the filter is key. The 
regeneration process is currently not well characterized in the 
literature, and it is critical to maintain high trapping efficiency 
while ensuring thermal stability of the filter [28].

In this work, starting from the 2-D model of an uncoated 
gasoline particulate filter developed by Pozzato et  al. in 
COMSOL Multiphysics [17], we enhance the model to incor-
porate the regeneration dynamics and perform a model sensi-
tivity analysis with respect to three solver settings: mesh size, 
relative tolerance, and time step. Moreover, we analyze the 
effect of smoothing the experimental input data on conver-
gence. Ultimately, this work provides useful insights for an 
effective numerical solution of the energy, mass, and 
momentum transport equations of the GPF model. This is the 
enabling step for the use of the model for the characterization 
of temperature gradients across the filter during regeneration 
which is necessary to understand and avert the formation of 
fractures or device failures.

The remainder of the paper is organized as follows. In 
Section 2, the experimental setup is described. In Section 3, 
we show the underlying physics and formulate balance equa-
tions for the GPF COMSOL model. In Sections 4 and 5, the 
sensitivity and input smoothing analysis are described. Lastly, 
in Section 6 we justify our choices for the solver settings and 
smoothing frequency.

2.  Experimental Setup
Experiments used for the development of the GPF model are 
performed on a 2.0 L, 4-cylinder, turbocharged, GDI engine. 
The vehicle is equipped with a GPF 300/8, provided by Corning, 
positioned downstream of the three-way catalytic converter 
(TWC). The GPF, composed of cordierite, is characterized by 
2534 channels and a trapping efficiency of 0.725 L. The filter 
is equipped with 23 K-type thermocouples disposed in two 
planes (each plane has 13 thermocouples, with the centerline 
thermocouples shared between the two planes). Two exposed 
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junction J-type thermocouples are utilized to measure the 
inlet and outlet temperatures. Upstream of the GPF, a wide 
band λ sensor is used to analyze the exhaust gas composition. 
For additional details on the experimental setup, readers are 
referred to [15]. Geometrical and physical properties of the 
filter are summarized at the end of the paper, in the Definitions/
Abbreviations section.

2.1.  Regeneration Experiment
Starting with the vehicle and engine at room temperature, 
20°C (293.15 K), the vehicle is first kept in idling conditions. 
Secondly, the vehicle is accelerated until the inlet temperature 
of the GPF reached 700°C (973.15 K). At that point, as the 
throttle tip-out occurred, the fuel is cut. As the engine and 
vehicle speeds started decreasing (coasting), oxygen is fed to 
the GPF from the engine. Regeneration is now taking place 
according to the following reaction paths:

 C O CO� �2 2 

 C O CO� �0 5 2.  

An example of the tip-out procedure is shown in Figure 
1. The inlet temperature (Tinlet), air-fuel ratio λ (used to 
compute the volume fractions Xi of N2, H2O, CO2, and O2 as 
in [17]), and inlet mass air flow ( �minlet ) are used as inputs for 
the model described in the next section.

3.  Modeling
The 2D physics-based GPF model used in this work, previously 
developed in [17], accounts for mass, energy, and momentum 
transport dynamics along both axial (x) and radial (y) coor-
dinates. As shown in Figure 2, the model considers a slice of 
the filter, composed of 47 channels and corresponding to one 
of the two planes in which 13 K-type thermocouples are 
disposed. The geometry of a single channel is shown in 
Figure 3 with specific sections of the domain (inlet and outlet 
channels, wall, plug, and soot layer) labeled as 1, 2, 3, and 4, 
respectively. First, the exhaust gas enters the filter through the 
inlet channel. Secondly, the gas is forced to flow inside the 
wall, which stops the soot particulates from being released 
into the atmosphere. The accumulation of soot on top of the 
wall leads to the formation of a soot layer. Finally, the exhaust 
gas exits the filter through the outlet channel.

Exergy, mass, and momentum balance equations for 
inlet/outlet channels, walls, and plugs come from the clean 
filter studies in [17]. In this paper, the filter model is enhanced 
by modeling the regeneration dynamics in the soot layer. 
Energy, mass, and momentum balance in the soot layer are 
modeled according to Equations (6)-(15), (20)-(24), and (30)-
(31), respectively.

3.1.  Energy Balance
The energy balance is solved using the Heat Transfer in Fluids 
interface in COMSOL. The following heat balance equation 

is applied to the exhaust gas in the inlet and outlet channels 
(labeled as (1) in Figure 3):

 � �C
T

t
C T k Tp p

�
�

� �� �� � �� �(u  (1)

where ρ is the exhaust gas density, Cp is the specific heat 
capacity, and k is the thermal conductivity of the exhaust gas 

 FIGURE 1  GPF inlet temperature, mass air flow, and λ 
during a throttle tip-out regeneration test.

 FIGURE 2  Geometry of the filter (top) with a slice 
composed of 47 channels (bottom) as in [17]. Red circles 
highlight locations along the centerline. D and L are the filter 
diameter and length, respectively.
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(determined by COMSOL). T is the exhaust gas temperature, 
and u is the exhaust gas speed.

The wall (labeled as (2) in Figure 3) is modeled as a porous 
medium in which solid (cordierite) and gaseous (exhaust gas) 
phases coexist:

 � �C
T

t
C T k Tp eff p eff� � �

�
� �� � � � �� �v· ·  (2)

 � � � � �C C Cp eff m m m m p� � � �� � �1  (3)

 k k keff m m m� �� � �1 � �  (4)

In these equations, v is the Darcy average velocity, Cm is 
the specific heat capacity of the material (cordierite) deter-
mined by COMSOL, εm is the wall porosity, ρm is the cordierite 
density, and km is the cordierite thermal conductivity.

The following equation is applied to the channel plugs 
(labeled as (3) in Figure 3):

 �plug m plugC
T

t
k T

�
�

�� �� �·  (5)

where ρplug = ρm · (1 − εp), kplug = (1 − εp) · km, and εp is the plug  
porosity.

Similarly, the soot layer is modeled as a porous medium 
(labeled as (4) in Figure 3) in which solid (soot) and gaseous 
phases (exhaust gas) coexist:

 � �C
T

t
C T k T qp eff p eff� � �

�
� �� � � � �� � �v· · � (6)

 �q r H
j

j j�
�
�

1 2,

�  (7)

 � � � �C C Cp eff s s s p� � � � , (8)

 k k keff s s s� �� � �1 � �  (9)

where ρs is the soot density, Cs is the soot specific heat capacity, 
εs is the soot porosity, and ks is the soot thermal conductivity. 
ΔHj is the enthalpy of reaction and rj is the reaction rate for 
the following reaction paths:

 1 2 2.C O CO� �  

 r f A e O CCO

E

R T

s

a

gas
1 1 21� �� � � � � �

�

· · · ··  (10)

 2 0 5 2. .C O CO� �  

 r f A e O CCO

E

R T

s

a

gas
2 2 2

0 5� � � � �
�

· · · ·· .  (11)

In the rate equations, C
Ms

s

c

� � � �  is the concentration of 

carbon in the soot layer (Mc is the molecular weight of carbon) 
and [O2] is the concentration of the oxygen.

fCO is the thermal selectivity [18, 19] defined as:

 f

k X e

CO

ts O
q

E

R T
ts

gas

�

�

1

1
2

· · ·

 (12)

where:

 E

R
Kts � � �3000  (13)

 q = 0 21.  (14)

 kts = 0 02.  (15)

and XO2 is the volume fraction of oxygen in the exhaust gas.
The temperature boundary condition is set at the filter 

inlet, assuming a fully developed thermal flow:

 T y t bT t b T t
D y

Dx inlet inlet,� � � � � � �� � � � � ��
�
�

�
�
�

�

�
�0

2

1 1
0 5

0 5
· ·

.

.
���

�

�
��

 (16)

where b is the thermal distribution gain across the filter with 
a value of 0.9162, Tinlet is the inlet temperature (obtained 
experimentally), D is the filter diameter (116.52 mm), and y is 
the radial distance along the filter.

3.2.  Mass Balance
The mass transport equations are solved with the Transport 
of Diluted Species interface in COMSOL, assuming N2 and 
H2O as inert species. The following mass balance equation is 
applied to the exhaust gas in the inlet and outlet channels:

 �
�

� � �� �� � �� �c

t
c D ci

i i iu  

 i�� �CO,CO ,O2 2  (17)

where ci and Di are the concentration and diffusion coefficient 
of the i-th species, respectively.

The following mass balance equation is applied to the 
wall, where the exhaust gases are modeled in porous media:

 �m
i

i eff i i
c

t
c D c

�
�

� � � �� �� �v· · ,  

  i�� �CO ,O ,CO2 2  (18)

where Deff, i is the effective diffusion coefficient for species i in 
porous media, determined as follows:

 D Deff i
m

m
i, �

�
�

 (19)

 FIGURE 3  Section of one filter channel.
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where τm is the wall tortuosity.
The plugs are considered a solid element, so there is no 

mass transport through them.
The following mass balance equation is applied to the 

soot layer:

 � s
i

i eff i i i
c

t
c D c R

�
�

� � � �� �� � �v· · ,  

 i�� �CO ,O ,CO2 2  (20)

The effective diffusion coefficient of species i in porous 
media is determined as follows:

 D Deff i
s

s
i, �

�
�

 (21)

where τs is the soot layer tortuosity. The reaction rates for each 
species O2, CO2, and CO are given below:

 R r rO2 1 20 5� � � . • , (22)

 R rCO2 1= , (23)

 R rCO = 2. (24)

r1 and r2 are the reaction rates defined in Equations (10) 
and (11).

The following equation is used to set boundary conditions 
and initial conditions for species concentrations:

 c
X t t

M t
ii

i inlet

tot

�
� � � �

� �
�� �·

,
�

N ,H O,CO ,O2 2 2 2  

 c ii � �� �0 3mol m CO/ ,  (25)

In this equation, Xi is the volume fraction of species i, 
ρinlet is the exhaust gas density (Equation (34)), and Mtot(t) is 
the exhaust gas molar mass (Equation (35)). The boundary 
conditions are applied to the open channels on the inlet side; 
the initial condition is set in the channels, walls, and soot layer 
by evaluating the above equation at the initial time.

3.3.  Momentum Balance
The momentum transport equations are solved with the Free 
and Porous Media Flow interface in COMSOL. The following 
equation is applied to the exhaust gas in the inlet and 
outlet channels:

 � ��
�

� ���
�
�

�
�
� � �� � �u

u u u
t

p 2  (26)

 �� �u 0 (27)

where p is the exhaust gas pressure, and μ is the dynamic 
viscosity of the exhaust gas (determined by COMSOL).

The following mass balance equation is applied to the 
wall, where the exhaust gases are modeled in porous media:

 �
� �

�
�

�
�m m m mt

p
�
�

� ��

�
�

�

�
� � �� � � �v v

v v v· 2  (28)

 � �·v 0 (29)

The plugs are considered a solid element, so there is no 
momentum transport through them.

The following equations are applied to the soot layer:

 �
� �

�
�

�
�s s s st

p
�
�

� ��

�
�

�

�
� � �� � � �v v

v v v· ,2  (30)

 � �·v 0 (31)

where κs is the soot permeability. The pressure is set to 1 atm 
across the filter (initial condition) and at the outlets of open 
channels (boundary condition).

The initial condition for the exhaust gas velocity across 
the filter is 0 m/s. The boundary condition for exhaust gas 
velocity is set at the inlets of open channels:

 u y t u y t u
x x

inlet
y
inlet, ,� � � � � �

�0
i j 

 
u y t a v t

D y

D

u

x
inlet

inlet

y
inle

,� � � � � � ��
�
�

�
�
�

�

�
��

�

�
��· ·

.

.
1

0 5

0 5

2

tt �

�

�
�

�
�

0

 (32)

 v t
m t

t
D

inlet
inlet

inlet

� � � � �

� � � �
�

� �·
/ 2

2

2  (33)

 �inlet
inlet tot

gas inlet

t
P M t

R T t
� � � � �

� �
 (34)

 M t X t M itot

i

i i� � � � � �� �� · , N ,H O,CO ,O2 2 2 2  (35)

where i and j are ℝ2 unit vectors, a is the flow distribution 
gain with a value of 2, �minlet  is the mass air flow (experimentally 
determined), Pinlet is the inlet pressure (1 atm), and Xi and Mi 
are volume fraction and molar mass of each species.

4.  Sensitivity Analysis
The choice of mesh size, relative tolerance, and time step can 
significantly affect the accuracy and speed of the 
COMSOL simulations.

In our analysis, we use a grid mesh to approximate the 
CAD geometry; an example with the coarsest mesh is shown 
in Figure 4. The mesh is necessary to discretize the geometry 
because the COMSOL solver is based on finite element 
methods. As the mesh size tends to zero, the result approaches 
the exact solution of the equations being solved [20]. However, 
a smaller mesh requires more time and computational 
resources to converge. Therefore, to ensure confidence in the 
model, it is necessary to test from progressively finer meshes 
and compare results [21].

The relative tolerance sets the threshold within which the 
relative error must fall for the COMSOL simulation to 
converge. The absolute tolerance is set by scaling the relative 
tolerance by a factor of 0.1. The initial value of the absolute 
tolerance is therefore one order of magnitude lower than the 
relative tolerance. The absolute tolerance is applied to scaled 
variables, which are scaled automatically by COMSOL to 
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reconcile matrices for inputs of different magnitudes. As the 
simulation progresses, the absolute tolerance is set as the 
product of the relative tolerance and the change in a particular 
state [22]. Lowering the relative tolerance is likely to lead to a 
corresponding decrease in both absolute and relative error.

Lastly, the time step controls the intervals at which the 
steady-state solution of the Navier Stokes equation is esti-
mated. From the model described in Section 2, the momentum 
transport equations (Navier Stokes and Hsu-Cheng) are 
decoupled from the energy and mass balance equations. This 
is reasonable because the thermal dynamics are significantly 
slower than fluid dynamics. The steady-state and transient 
equations are solved at each time step according to the flow 
chart in Figure 5. Starting from the initial condition IC at t = 
0 s, the momentum balance equations are solved by the steady-
state solver and the energy/mass balance equations are solved 
by the time dependent-solver. The time is increased by tstep 
and the final result of the current iteration becomes the new 
initial condition for the next iteration. Choosing a smaller 
time step generally increases the accuracy of the solution but 
requires higher computational effort.

Choosing a finer mesh with more elements and a lower 
relative tolerance will improve the accuracy of the simulation 
but will also require more time and memory to compute. 
Therefore, we performed a sensitivity analysis to validate the 
accuracy of the simulation while ensuring reasonable compu-
tational time. We tested mesh size, relative tolerance, and time 
step for all combinations of the settings shown in Table 1.

ref. = ‘refinement’
The sensitivity analysis is performed considering simu-

lated temperatures at the 13 locations shown in Figure 2, 
which mirror the thermocouple locations in the physical 
experiments. We use the root-mean squared error (RMSE) to 
assess the performance of the model for different solver 
configurations. The RMSE was calculated as follows:

 RMSE
N

T n T n
probe n

N

ref
sim sim� � � � � �� �

�� � �
� �

# # #1 2 3 1

21

, ,

 (36)

where N is the number of samples and Tref
sim is the simulated 

temperature data from the most refined solution with the 
smallest relative tolerance (10−4) and finest mesh (268416 
elements). These settings for the relative error and mesh will 
lead to the most accurate solution. The RMSE is calculated 
with respect to the center probes (#1, #2, and #3), as they are 
characterized by higher temperature gradients and therefore 
are of increased interest.

5.  Input Smoothing
Experimental data set composed of the exhaust mass air flow, 
inlet temperature, and volume fractions of N2, H2O, CO2, and 

 FIGURE 5  The flow chart indicates the role of the time step 
in controlling the intervals at which steady-state and time-
dependent equations are solved. The end of the simulation is 
denoted by tend.

TABLE 1 Solver options for the sensitivity analysis.

Time 
step

Relative 
tolerance

Mesh 
size

Corresponding number of 
mesh elements

1.0 s 1e-2 ref. 0 4194

0.75 s 1e-3 ref. 1 16776

0.5 s 1e-4 ref. 2 67104

ref. 3 268416

 FIGURE 4  Coarsest grid mesh (mesh ref. 0) with 4194 
elements as part of the COMSOL filter geometry.
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O2 (derived from λ according to [17]) is used as input to the 
model. COMSOL attempts to use Newton’s method with this 
input data to solve a non-linear system of equations at every 
time step. However, this method can fail when there are strong 
nonlinearities or stiff behaviors in the input data [23]. 
Therefore, smoothing the input data can improve stability of 
the solver.

The following second order low-pass filter is used to 
smooth the experimental data:

 LPF s
f

s f s f
� � � � �

� � � �
2

2 2

2

2 2

�

�� �
 (37)

In this formulation, f is the cut-off frequency and ξ is the 
damping coefficient, chosen as 1 to avoid damping or ampli-
fication. It is critical to choose a low enough cut-off frequency 
to filter out nonlinearities, but not so low that information is 
removed from the experimental profile. The goal of the input 
smoothing is for the smoothed data to closely fit the experi-
mental data and for the solver to reach convergence. A visual 
representation of the input smoothing for three different 
values of the cut-off frequency f (0.5, 1.0, and 1.5 Hz) is shown 
in Figure 61.

6.  Results

6.1.  Sensitivity Analysis
The main results of the sensitivity analysis are shown in Figure 
7. Figure 7(a) (top) shows that increasing mesh refinement has 
the most significant effect on decreasing RMSE. Figure 7(b) 
(bottom) shows how the computational time increases for 
finer mesh size and lower relative tolerance. Interestingly, the 
computational time does not increase uniformly with 
increasing relative tolerance; there are significant spikes in 
computational time when the relative tolerance is increased 
to 10−4. This result may be influenced by the geometry, physics, 
coupling method, nonlinearity of the problem, boundary 
conditions, initial conditions, and/or the solver configuration. 
There is not a single clear reason why increasing the relative 
tolerance to 10−4 results in such large increases in computa-
tional time. However, Figure 7(a) shows that increasing the 
relative tolerance from 10−2 to 10−4 for a given mesh refinement 
does not lead to a corresponding monotonic decrease in 
RMSE. We therefore set the relative tolerance above 10−4 to 
reduce simulation time without compromising the accuracy 
of the solution.

Figure 8 shows the comparison between Tref
sim and Tsim for 

a time step of 0.75 seconds and relative tolerance of 10−3. The 
reference simulated temperature Tref

sim is obtained with the 
lowest relative tolerance 10−4 and mesh ref. 3. While increasing 
the mesh size, Tsim converges to Tref

sim , leading to a decrease of 
the RMSE (computed as in Equation (36)).

The solver settings were chosen upon reviewing all solu-
tions with computational times less than three hours. 
We  chose three hours as the maximum simulation time 

1 The Matlab function filtfilt is used to filter the experimental data.

because we plan to identify the unknown parameters of the 
model using Particle Swarm Optimization (PSO). The purpose 
of the identification is to determine the optimal soot loading 
profile and the pre-exponential Arrhenius factors for the soot 
oxidation reactions. While the PSO algorithm is an effective 
tool for analyzing parameter spaces in nonlinear models [24], 
it requires hundreds of simulations. Therefore, the simulation 
time is a concern and three hours is a good tradeoff for the 
problem at hand. Assuming 500 simulations, the identification 
routine would converge in, at most, two months2. Based on 
the results of the eighteen simulations that met this criterion, 
the following settings resulted in the lowest RMSE: 1.0 s time 
step, 10−3 relative tolerance, and mesh ref. 2. These settings 
were used for subsequent analyses.

2 The PSO convergence time is also a function of the initial guess and 
stopping criteria. On average, with a good initial guess and solver setting 
[10], convergence is expected within four weeks.

 FIGURE 6  Original unfiltered data (solid blue line) vs. 
filtered data (dashed lines) at 0.5, 1.0, and 1.5 Hz for the mass 
air flow.
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6.2.  Input Smoothing
Figures 9-11 show the main results of the input smoothing at 
three different frequencies (0.5 Hz, 1.0 Hz, and 1.5 Hz). Figure 
9 shows slight variations in temperature profile, but the trends 
are consistent for the three frequencies at the center of 
each plane.

Figure 10 shows that the maximum temperature at 
different locations in the filter does not vary significantly; 

additionally, Figure 11 shows minimal difference in compu-
tational time when the smoothing frequency is adjusted.

The 0.5  Hz frequency achieves the highest level of 
smoothing, which should help the solver converge to a more 
stable solution. Therefore, since no significant variation of the 
maximum temperature is shown in Figure 10, a conservative 
choice is made to smooth the input data with a cut-off 
frequency of 0.5 Hz.

Summary/Conclusions
In this work, starting from a multi-physics model incorpo-
rating mass, energy, momentum, and soot burning dynamics, 
we performed a sensitivity analysis of the solver (with respect 
to mesh refinement, time step, and relative tolerance) and 
investigated the smoothing of the experimental data used as 
input to our model.

Sensitivity analysis - We  tested four different mesh 
refinements, three different time steps, and three different 
values of the relative tolerance ranging from 10−2 to 10−4. Our 
goal was to balance the requirement of low simulation time 
with minimal RMSE. We achieved 2.314-hour simulation time 
and 0.9933 RMSE with a mesh containing 67,104 elements, a 
time step of 1.0 seconds, and a relative tolerance of 10−3. The 
sensitivity analysis gives us confidence in the accuracy of the 
model while keeping the simulation time within the specified 
timeframe. This is key to the identification we plan to complete, 
which requires a large number of simulations (on the order 
of 103).

 FIGURE 7  Comparison of (a) RMSE values, calculated with 
respect to the solution with the finest mesh and lowest relative 
tolerance, and (b) computational time for different solver 
settings. Missing data points indicate the COMSOL solver did 
not converge.

 FIGURE 8  Comparison between 
sim

refT  and Tsim for a time step 
of 0.75 seconds and relative tolerance of 10−3. The reference 
temperature 

sim
refT  is computed with mesh ref. 3 and relative 

tolerance 10−4. Only simulation results for probe #2 are shown.
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Input smoothing - We tested three different smoothing 
frequencies to filter nonlinearities from input data and 
improve solver convergence. We chose the lowest smoothing 
frequency (0.5 Hz) to increase the level of smoothing.

Future works will be devoted to the identification of the 
pre-exponential factors for the soot burning reactions.
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Definitions/Abbreviations
∆Hj = ΔHj(x, y, t) - Enthalpy of reaction j [J/mol]
εm - Wall porosity, 0.65 [-]
εp - Plug porosity, 0.5 [-]
εs - Soot porosity, 0.937 [-]
κm - Cordierite permeability, 2.82 × 10-12 [m2]
κs - Soot permeability, 2.273 × 10-14 [m2]
λ - Air-fuel ratio, [-]
μ = μ(x, y, t) - Dynamic viscosity of exhaust gas [Pa s]
ρ = ρ(x, y, t) - Exhaust gas density [kg/m3]
ρm - Cordierite density, 2500 [kg/m3]
ρs - Soot packing density, 123.473 [kg/m3]
τm - Cordierite tortuosity, 3.5 [-] [25]
τs - Soot tortuosity, 1 [-]
A1 - Pre-exponential Arrhenius factor, 107 [m3/(mol s)]

A2 - Pre-exponential Arrhenius factor, 107 [m1.5/(mol0.5 s)]
a - Flow distribution gain, 2 [-]
b - Thermal distribution gain, 0.9162 [-]
ci = ci(x, y, t) - Concentration of species i [mol/m3]
Cm - Cordierite specific heat capacity [J/(kg K)]
Cp = Cp(x, y, t) - Exhaust gas specific heat capacity [J/(kg K)]
Cs - Soot specific heat capacity, 1510 [J/(kg K)] [26]
[C]s - Concentration of carbon in the soot layer [mol/m3]
D - Filter diameter, 116.52 [mm]
Di = Di(x, y, t) - Diffusion coefficient of species i [m2/s]
dpor - Average pore size, 1.7 × 10-5 [m]
Ea - Activation energy, 150 × 103 [J/mol] [27]
hc - Channel height, 1.03 [mm]
hw - Wall thickness, 0.22 [mm]
hs - Soot layer thickness, 8.97 [μm]
k = k(x, y, t) - Exhaust gas thermal conductivity [W/(m K)]
km - Cordierite thermal conductivity, 1 [W/(m K)]
ks - Soot thermal conductivity, 2.1 [W/(m K)] [26]
�minlet  - Mass air flow (experimentally determined) [kg/s]
L - Filter length, 127 [mm]
Mc - Molecular weight of carbon, 0.012 [kg/mol]
Mi - Molar mass of species i (experimentally determined) [kg/
mol]
p = p(x, y, t) - Exhaust gas pressure [atm]
Pinlet - Inlet pressure, 1 [atm]
� �q q x y t� � �, ,  - Heat source from reactions [W/m3]
rj = rj(x, y, t) - Reaction rate j [mol/(m3s)]
Rgas - Gas constant, 8.314 [J/(mol K)]
T = T(x, y, t) - Exhaust gas temperature [K]
Tinlet - Inlet temperature (experimentally obtained) [K]
u = u(x, y, t) - Exhaust gas velocity field [m/s]
v = v(x, y, t) - Exhaust gas Darcy velocity field [m/s]
vinlet - Exhaust gas velocity [m/s]
x - Axial coordinate [m]
Xi - Volume fraction of species i [-]
y - Radial coordinate [m]
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