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Abstract— A three way catalytic converter (TWC) is re-

sponsible for conversion of engine out hazardous pollutants

such as carbon monoxide (CO), nitrogen oxides (NOx) and

hydrocarbons (HC) into carbon dioxide (CO2), water (H2O)

and (N2) nitrogen. TWC conversion efficiency highly depends

on the amount of oxygen stored in the converter, or State of

Oxygen (SOX). Estimation of SOX during real time operation

is key controlling the TWC behaviour maximizing its efficiency.

Moreover, the decrease of TWC conversion efficiency over

converter lifetime due to mechanical, chemical and thermal

factors, is observed through the decrease of a macroscopic

quantity, the Oxygen Storage Capacity (OSC). In this paper,

a Dual Extended Kalman Filter (d-EKF) to estimate TWC

SOX and OSC is presented. The observer is built upon an

experimentally validated, physics-based model of the converter

developed by the same authors in a previous work. The

nonlinear partial differential equation-based TWC model is

properly adapted, through the finite discrete method, for real-

time estimation within a vehicle engine-control unit (ECU).

Experimental results collected from a TWC instrumented with

wide-range oxygen sensors show the ability of the dual observer

to robustly estimate both SOX and the catalyst age.

NOMENCLATURE
� Normalized air fuel ratio
t Time [s]
z Axial dimension [m]

⇢g Exhaust gas density
h

kg
m3

i

✏ TWC open cross sectional area [0� 1]

cpg Specific heat of the exhaust gas
h

J
kg·K

i

Tg Gas temperature [K]

ṁexh Exhaust gas mass flow rate
h
kg
s

i

Acs TWC cross sectional area
⇥
m2

⇤

h Convective heat transfer coefficient
⇥

W
m2·K

⇤

Ageo TWC specific geometric area
h
m2

m3

i

Tcat TWC solid phase temperature [K]
Tcat0 TWC solid phase temperature

[K]at the initial time (t = 0)
Texh Exhaust gas temperature [K]

⇢s TWC solid phase density
h

kg
m3

i

cps TWC solid phase specific heat
h

J
kg·K

i

�s TWC solid phase conductivity
⇥

W
m·K

⇤
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Aout TWC external surface
⇥
m2

⇤

Vcat TWC volume
⇥
m3

⇤

hout Convective heat transfer
⇥

W
m2·K

⇤

coefficient with the environment
Tamb Ambient temperature [K]
�Hl Reaction enthalpy difference

⇥
J

mol

⇤

for the lth reaction
Rl Reaction rate for the

⇥
mol
m3·s

⇤

lth reaction
Kreac Proportional constant of Q̇reac

h
J

kg·m3

i

⌘ TWC efficiency function
c0 Total exhaust gas concentration

⇥
mol
m3

⇤

kfj Forward reaction rate (j = 1, 2)

kbj Backward reaction rate (j = 1, 2)

P Exhaust gas pressure [Pa]

R Universal gas constant (R = 8.314)
h

J
kg·K

i

Aj Arrhenius pre-exponential factor
Ej Activation energy (j = 1, 2) [J ]
Kj Chemical equilibrium constant
u Space velocity

⇥
m
s

⇤

Mexh Average molar mass
h

kg
mol

i

of exhaust gas composition
OSC Oxygen storage capacity

⇥
mol
m3

⇤

SOX State of Oxygen [0� 1]
�z Spatial discretization length [m]

N (µ,�2) Gaussian white noise of
mean µ and variance �2

NOTATION
j Reactions index
k Discrete time index
i Discrete cell index
c Chemical species index

I. INTRODUCTION

Environmental concerns have led to stricter emission reg-
ulations on passenger vehicles over the past years [1].
Aftertreatment technologies such as catalytic converters,
particulate filters and exhaust gas recirculation systems have
been adopted by automakers as valuable solutions to comply
with emission regulations. The increasing complexity of
the new exhaust emission systems requires sophisticated
tools for on-board control and diagnostics. The adoption
of physics-based models in conjunction with optimization-
based control techniques is currently being the trend pursued
by the automotive industry to tackle these pressing issues.
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The TWC simultaneously converts engine emitted toxic
exhaust gases by catalysing a redox reaction. Carbon monox-
ide CO, hydrocarbons HC and nitrogen oxides NOx are
converted into nitrogen N2, carbon dioxide CO2 and water
H2O with a conversion efficiency higher than 99% [2] when
working near stoichiometry and at temperature higher than
catalyst light-off temperature [3].

During real driving conditions, transient variations of the
air/fuel ratio affect the TWC conversion efficiency. Signifi-
cant performance improvements are obtained by incorporat-
ing base metal promoters such as cerium (Ce) in the TWC
washcoat. Cerium significantly enhances NOx and CO
conversion performance near stoichiometry, and increases
TWC durability against thermal deterioration.

The control of the oxygen stored level, SOX , enables
simultaneous oxidation and reduction of exhaust species by
ensuring that the TWC is neither saturated nor devoided
of oxygen. The ability to effectively model the oxygen
storage dynamics allows the on-board controller to robustly
regulate the air/fuel ratio, so to improve TWC efficiency
during driving operation. However, the total oxygen storage
capacity, OSC, of the TWC degrades with age due to both
thermal and chemical phenomena. Thus, accurate control
of SOX depends directly on accurate and age dependent
estimation of OSC.

The goal of this paper is to present the design of a
model-based estimation scheme, for oxygen storage dy-
namics and oxygen storage capacity, using a dual-Kalman
filter approach. TWC oxygen storage observers proposed
in the literature are based on semi-empirical models owing
to their computational efficiency. The work proposed in
[4] utilizes a recursive Markov method to adapt the model
parameters online, using upstream and downstream lambda
oxygen sensors, without any consideration of aging effects.
In [5], the oxygen storage rate is monitored by a switched
linear observer with multiple Lyapunov functions, designed
by solving several linear matrix inequalities, while the value
of OSC is estimated with recursive least squares. In [6] a
non-linear least squares problem is formulated based on a
moving horizon estimation strategy. In a recent work [7],
Support Vector Machines (SVM) method is used with a
simple TWC dynamical model to design a TWC diagnostics
monitoring algorithm, capable of separating out differently
aged catalysts.

In [8], an Extended Kalman Filter (EKF) is proposed for
estimating both SOX and OSC using a switch-type lambda
sensor downstream the catalyst. However, in this work the
amount of oxygen stored estimated by the EKF is only
related to the last discretization cell and not for the entire
catalyst owing to observability issues on the first cells. In
[9], an adaptive backstepping control approach is used to
design an EKF to estimate OSC and exhaust gas temperature
dynamics, leading to a 22 state-model.

In this paper, a dual Extended Kalman Filter (d-EKF) is
developed that simultaneously estimates SOX and OSC.
The dual observer scheme is developed using the control-
oriented model derived from the physics-based model pre-

Fig. 1: TWC cutaway showing the internal honeycomb
structure of the converter [12].

viously designed by the authors [10], [11] and wide-band
lambda sensors, placed upstream and downstream the cata-
lyst, respectively.

The paper is organized as follows. In Section II, the
TWC model and the experimental set-up are described. The
derivation of the control oriented model is presented in
Section III, and used in Section IV and Section V, to design,
simulate and calibrate the d-EKF. Final remarks are outlined
in Section VI.

II. TWC EXPERIMENTAL LAYOUT

The TWC is a passive gas exhaust aftertreatment device
composed of a substrate, a wash-coat and a mix of precious
metals. The substrate is generally a honeycomb ceramic
monolith through which the exhaust gas flows. A washcoat
is applied to the substrate, providing a porous layer on which
the catalytic materials, in the form of a mixture of Platinum,
Palladium and Rhodium - are placed to enable the conversion
of pollutants (see, Fig. 1). Cerium is also added to enhance
the storage capability of the converter.

In this work, experimental data have been acquired over
an aged catalyst, referred to as OBD cat. This aged catalyst
underwent an aging procedure to represent a catalyst that is
degraded well beyond the full useful life emissions standard
(> 150, 000 miles). Detailed about the aged catalyst are
found in [13]. The geometric properties of the TWC tested
in the lab are listed in Table I.

Brick

Length [mm] 68
Volume [l] 0.597
Precius metal loading [g/l] 0-2.2-0.15

TABLE I: Catalyst specifications.

The converter was instrumented with two wide-band
lambda sensors - �pre upstream and �mid downstream - and
two thermocouples - one to measure the inlet exhaust gas
temperature, Texh, and the second to measure the internal
TWC temperature, Tcat [13]. The exhaust mass flow rate
ṁexh was recorded on the ECU. The sensor layout is shown
in Figure 2.
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Fig. 2: An overview of the schematic TWC and of the sensor
layout used in the experiment conducted in this work: in red
the thermocouples at the inlet and in the catalyst location;
in blue the wide band lambda sensors in the pre and mid
location.

III. TWC PHYSICS BASED MODEL
The TWC physics-based model used for the d-EKF design

captures both the thermal and oxygen storage dynamics. The
thermal model takes into account the temperature variation
in both the exhaust gas and the TWC substrate. The oxygen
storage model coupled with the thermal dynamics, predicts
the amount of oxygen stored in the catalyst by means of the
adsorption and desorption mechanisms due to the deviations
of the air/fuel ratio from the stoichiometry.

A. Thermal model

Using a similar approach to the one proposed in [14],
the thermal model is composed of two nonlinear PDEs
describing the energy balance of the gas and the solid phase.

Energy balance of the gas phase: The energy balance
of the gas phase models the heat exchanged with the solid
phase and the heat diffusion in the gas phase along the flow
axis z.

⇢g · ✏ ·cpg ·
@Tg

@t
= �ṁexh

Acs
·cpg ·

@Tg

@z
+h ·Ageo · (Tcat�Tg) (1)

where � ṁexh
Acs

· cpg · @Tg

@z is the heat of the exhaust gas
flowing along the TWC flow axis and h ·Ageo · (Tcat � Tg)
is the heat exchanged between the gas and the catalyst.
Owing to gas temperature dynamics being faster than catalyst
temperature, the storage term ⇢g · ✏ · cpg · @Tg

@t in (1) is
neglected, thus considering steady state values for Tg , leading
to the boundary condition:

Tg(t, z = 0) = Texh(t) (2)

where the initial (spatial) conduction of the gas, is assumed
to be equal to the measured exhaust gas temperature Texh.

Energy balance of the solid phase: The energy balance
equation of the solid phase describes the storage and the
conduction inside the catalyst substrate, the convection with
the gas phase and with the environment and the heat released
during the chemical reactions according to the following
equation:

⇢s · (1� ✏) · cps · @Tcat

@t
= (1� ✏) · �s ·

@2Tcat

@z2
+

X

l

(��Hl ·Rl)

� h ·Ageo · (Tcat � Tg)� hout ·
Aout

Vcat
· (Tcat � Tamb)

(3)

where (1� ✏) ·�s · @
2Tcat
@z2 and h ·Ageo · (Tcat�Tg) take into

account the conduction and the convection between gas and
substrate, respectively. Heat loss to the ambient is accounted
for by hout · Aout

Vcat
· (Tcat � Tamb), whereas

P
l(��Hl ·Rl)

represents the heat released during the exothermic reactions.
As in [15], conduction along the substrate can be neglected
due to low conductivity of the cordierite substrate. The
term

P
l(��Hl · Rl) representing the heat released dur-

ing exothermic reactions and indicated with Q̇reac and is
assumed to be proportional to the exhaust mass flow rate
ṁexh as follows:

Q̇reac = Kreac · ṁexh · ⌘(Tcat) (4)

where ⌘(Tcat) is a S-shaped efficiency function [3]. Assum-
ing negligible conduction, the initial condition of (3) is the
temperature along the flow axis at the initial time instant:

Tcat(t = 0, z) = Tcat0(z) (5)

B. Oxygen storage model

To improve TWC performance, cerium is added that
function as an oxygen buffer either storing or releasing
oxygen when needed during transients. The main chemical
reactions for the oxygen storage and release are given by
[16]:

O2 + 2 · Ce2O3  ! 2 · Ce2O4 (6a)

CO + Ce2O4  ! CO2 + Ce2O3 (6b)

where Ce2O3 is the reduced cerium oxide concentration,
while Ce2O4 is the oxidized cerium oxide concentration.
The first reaction (6a) accounts for the oxygen adsorption
on the catalyst surface whereas the second (6b) considers
the CO oxidation with the oxygen already adsorbed.

R1 = kf1 · [Ce2O3]
2 · [O2]� kb1 · [Ce2O4]

2 · c0 (7a)

R2 = kf2 · [Ce2O4] · [CO]� kb2 · [Ce2O3] · [CO2] (7b)

account for both the the forward (f ) and backward (b)
reactions described in (6a) and (6b). The symbol [X ] is used
to indicate the concentration of the chemical species X , in⇥
mol
m3

⇤
, where X = O2, CO, CO2, Ce2O3, Ce2O4. The

total exhaust gas concentration, c0, is equal to c0 = P
R·Tg

,
where the exhaust gas pressure is set to P = 1 · 105 [Pa],
[16]. The forward reaction rate kfj (with j = 1, 2) is a
temperature dependent term following the Arrhenius equa-
tion. The backward reaction constant kbj (with j = 1, 2)
is evaluated as the ratio between the forward reaction rate
and the chemical equilibrium constant Kj . The equilibrium
constant is taken as a function of the Gibbs energy difference
�Gj (with j = 1, 2), for the details of this derivation,
please refer to [16]. Species concentration dynamics can be
described by means of the following set of PDEs, [14]:

@[O2]

@t
= �u · @[O2]

@z
�R1

@[CO]

@t
= �u · @[CO]

@z
�R2

@[CO2]

@t
= �u · @[CO2]

@z
+R2

(8)
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where u, the space velocity, is approximated as a function
of the mass flow rate ṁexh:

u =
ṁexh

c0 ·Mexh ·Acs
(9)

Given that the exhaust gas dynamics is much faster than
the oxygen storage dynamics, the concentration storage term
is neglected, [17]. The OSC is the effective catalyst “capac-
ity” corresponding to the volume of active sites, and defined
as the amount of oxidized and empty surface sites in the
converter as:

[Ce2O3] + [Ce2O4] = OSC (10)

The SOX , also denoted by �, with 0 < � < 1, is the
fraction (relative to the total capacity) of oxygen storage sites
occupied in the catalyst, whose dynamics are described by,
[16]:

@�

@t
=

1

OSC
· (2 ·R1 �R2) (11)

A model for the air/fuel ratio is determined from gas
concentrations [16]:

� =
2 · ([O2] + [CO2]) + [CO]

2 · ([CO] + [CO2])
(12)

Both the temperature and the oxygen models have been
identified and validated against experimental data collected
at Clemson University International Center for Automotive
Research (CU-ICAR) over real driving cycles. For more
details, see [10] and [13].

C. Model discretization

In order to design a d-EKF for TWC, the temperature
and the oxygen storage models are spatially discretized to
remove the spatial dependence. Following [18], the finite
discretization method (FDM) has been performed using
a finite difference upwind scheme, on which the general
spatial derivative df(z)

dz is substituted with fi�fi�1

�z , where
superscript i indicates the ith discretization cell and �z is
the spatial discretization step. Eq. (1) is therefore rewritten
as

T i
g =

T i�1
g + h·Ageo·Acs·�z

ṁexh·cpg
· T i

cat

1 + h·Ageo·Acs·�z
ṁexh·cpg

(13)

with no explicit time dependence, whereas (3) is simplified
into a set of Ordinary Differential Equations (ODEs) as
follows:

dT i
cat

dt
= � h ·Ageo

⇢s · (1� ✏) · cs
·
�
T i
cat � T i

g

�

+
Q̇reac

⇢s · (1� ✏) · cs
�

4 · hout ·
�
T i
cat � Tamb

�

Dcat · ⇢s · (1� ✏) · cs

(14)

As for the oxygen storage model, the FDM procedure leads
to:

d�i

dt
=

1

OSC
·
�
2 ·Ri

1 �Ri
2

�
(15)

Ri
1 = kf1 · [Ce2O3]

i2 · [O2]
i � kb1 · [Ce2O4]

i2 · c0
Ri

2 = kf2 · [Ce2O4]
i · [CO]i � kb2 · [Ce2O3]

i · [CO2]
i

(16)

whereas, gas species concentration dynamics (8), are dis-
cretized as follows:

[O2]
i = [O2]

i�1 �Ri
1 ·

c0 ·Mexh ·Acs ·�z
ṁexh

[CO]i = [CO]i�1 �Ri
2 ·

c0 ·Mexh ·Acs ·�z
ṁexh

[CO2]
i = [CO2]

i�1 +Ri
2 ·

c0 ·Mexh ·Acs ·�z
ṁexh

(17)

In [13], a sensitivity analysis of the overall model perfor-
mance with respect to the number of discretization cells
resulted in an optimal choice of five cells for the thermal
model and three cells for the oxygen storage model.

IV. DUAL EXTENDED KALMAN FILTER

The goal of the d-EKF observer is to estimate � and
OSC during vehicle operation. An observer is needed as
both these quantities cannot be directly measured and in-
stantaneous information about their values is crucial to both
optimize TWC efficiency and enable onboard diagnostics.
The proposed d-EKF has four state variables: the first three
states are from the discretization of (15) to predict SOX;
the fourth state variable represents the slowly varying (due
to aging) oxygen storage capacity, OSC. The predicted
output is the normalized air/fuel ratio, �mid downstream
the catalytic converter. Inputs to the model observer are the
air/fuel ratio lambda upstream the catalyst, �pre, the exhaust
mass flow rate, ṁexh, and predicted catalyst temperature
from the physics-based thermal model, Tcat. The states, input
and output vectors are shown below:

x =

�1

�2

�3

OSC

u =
ṁexh

Tcat

�pre

y = �mid (18)

The d-EKF control scheme is shown in Figure 3. For

Fig. 3: Control scheme of the d-EKF designed for TWC.

the purpose of designing the d-EKF, the TWC nonlinear
dynamics obtained from FDM can be presented in state-space
form:

ẋ(t) = f (x(t), u(t)) + v(t), v(t) ⇠ N (0, Q)
y(t) = g (x(t), u(t)) + w(t), w(t) ⇠ N (0, R)

(19)

where v(t) and w(t) are uncorrelated stochastic noises which
take into account model and output discrepancies. The model
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uncertainty v(t) is modeled as a Gaussian zero mean white
noise with a semi-definitive positive covariance square matrix
Q 2 R4⇥4:

Q = diag
�
Q1 . . . Q4

�
(20)

The output uncertainty w(t) is also a Gaussian zero mean
white noise with a strictly positive variance, R 2 R1⇥1

[19]. The nonlinear equations describing the SOX dynamics
are obtained from (11), whereas the OSC aging parameter
rate of change is assumed to be zero (slow variable). The
predicted air/fuel ratio �mid is evaluated from the gas species
concentrations from (12). Model and output nonlinear equa-
tions become:

ẋ1(t) =
d�1

dt
= f1 (x(t), u(t)) =

1
x4

·
�
2 ·R1

1 �R1
2

�
+ v1

ẋ2(t) =
d�2

dt
= f2 (x(t), u(t)) =

1
x4

·
�
2 ·R2

1 �R2
2

�
+ v2

ẋ3(t) =
d�3

dt
= f3 (x(t), u(t)) =

1
x4

·
�
2 ·R3

1 �R3
2

�
+ v3

ẋ4(t) =
dOSC
dt

= f4 (x(t), u(t)) = 0 + v4

y(t) = �mid = g (x(t), u(t)) =
2 · ([O2] + [CO2]) + [CO]

2 · ([CO] + [CO2])
+ w

(21)

Kalman filter dynamic equations are defined in the discrete
time domain as follows:

x̂(k + 1|k) = f (x̂(k|k � 1), u(k))

+K(k) · (y(k)� g (x̂(k|k � 1), u(k)))

ŷ(k) = g (x̂(k|k � 1), u(k))

(22)

where K(k) is the Kalman filter gain, [19], which is updated
as follows:

K(k) = Â(k)P̃ (k|k�1)Ĉ(k)T
⇣
Ĉ(k)P̃ (k|k � 1)ĈT (k) +R

⌘�1

(23)
P̃ (k|k � 1) is the solution of the Algebraic Riccati Equation
which minimizes the estimate covariance error P̃ (k|k� 1) =

E
h
(x(k)� x̂(k|k � 1)) · (x(k)� x̂(k|k � 1))T

i
. Â and Ĉ are

the matrices of the linearized system calculated at each time
step based on the predicted states x̂(k|k�1) and input u(k),
[20], [21]:

Â(k) = @f(x,u)
@x

�����
x̂(k|k�1),u(k)

Ĉ(k) = @h(x,u)
@x

�����
x̂(k|k�1),u(k)

(24)

V. RESULTS

The d-EKF has been tested and calibrated under real
driving conditions (Federal Test Procedure - FTP)1. Figure 4
shows the observer performance in terms of estimated �.
Convergence is obtained after 700 seconds thanks to the
convergence of the aging parameter OSC to its actual value.
In fact, as discussed in Section III, the prediction of the
output �mid and SOX is dependent on the OSC value.
Furthermore, the predicted output �midSim improves as the
estimated OSC value converges to the actual value.

1For confidentiality reasons, the validation plots for the OSC estimation
have been normalized with respect to the maximum OSC value correspond-
ing to the oxygen storage capacity of a fresh catalyst.

The robustness of the d-EKF is tested across different
initial conditions of OSC. As shown in Figure 5, after an
initial transient, all the estimates converge to the nominal
value. Practically, convergence of OSC is reached within
the first 700 seconds, despite the initial condition the filter
was initialized to. The only instance where longer time to
converge is requested (around 1000 seconds) is when the
initialization sets OSCnormalized > 1 2. This condition is
used to test convergence robustness of the observer. Figure
6 shows the OSC estimation convergence as a function of
the covariance Q4. Large values of Q4 leads to a quick
convergence at the price of more oscillatory behavior at
steady state. On the other hand, a smaller value of the
tuning parameter leads to a smoother trajectory, but much
slower response. As OSC is a slow varying dynamic, a slow
convergence is acceptable. Therefore, for the final tuning in
this study we used Q4 = 0.00002, which corresponds to a
convergence time of 1000 seconds.

VI. CONCLUSION
In this paper, a d-EKF is developed to estimate the oxygen

storage dynamics and oxygen storage capacity of a TWC. A
nonlinear control-oriented model is utilized for the observer
design, obtained through FDM of PDE model from [13]. The
developed observer estimates the oxygen storage, SOX , and
capacity, OSC, using wide range oxygen sensors located
upstream and downstream the converter and its performance
is evaluated under a standard real driving scenario, and
against different initial conditions of operation.
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