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Abstract— Lithium-ion batteries are critical for modern en-
ergy storage systems, with accurate modeling essential for
optimized performance, safety, and operational life. This paper
investigates how the choice of spatial discretization method
for the widely-used, partial differential equation-based, single-
particle model affects the nonlinear observability properties of
electrochemical model-based observers. Despite different spatial
discretization schemes achieving similar voltage prediction ac-
curacy with respect to experimental data, the choice of scheme
leads to state-space representations that have different observ-
ability properties. We also find that increasing the number
of states of the internal model decreases the expected quality
of the state estimates, as the newly introduced states tend to
be nearly redundant copies of existing states. These findings
emphasize the importance of balancing model complexity,
experimental accuracy, and nonlinear observability—an often-
overlooked aspect—when selecting electrochemical models for
observer design. Greater attention to nonlinear observability
could lead to more effective and reliable battery management
systems.

I. INTRODUCTION

Lithium-ion batteries (LIBs) are integral to modern en-
ergy storage systems, powering technologies ranging from
portable electronics to electric vehicles and grid-scale appli-
cations [1]. As demand for high-performance, reliable battery
systems continues to grow, accurate modeling of lithium-ion
battery behavior is recognized as the root of the ability to
ensure optimized performance, safety, and operational life.
Electrochemical-based observers, which leverage physics-
based models to estimate the internal electrochemical states
of LIBs, are a promising alternative to traditional empirical
model-based observers [2], [3]. They hold potential to play a
more prominent role in battery management systems (BMS)
due to their ability to provide a deeper understanding of
battery behavior and offer the potential for more accurate
predictions of key battery states, such as state of charge
(SoC) and state of health (SoH), which are critical for
efficient control and safe operation [4].

The effectiveness of any observer is tightly linked to
the choice of state-space representation for the physical
system of interest. In particular, the (nonlinear) observability
properties of the chosen state-space representation dictate
the estimation performance of observers built on this rep-
resentation. In the context of LIB observers, the choice
of: 1) electrochemical model consistent with the inputs
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and outputs, as well as 2) how the governing equations
are spatially discretized, constitutes the representation of
the system. The analysis in this work assumes that the
set of inputs and measurements (via output sensors) are
fixed: The input is an applied current and the output is a
measurement of the terminal voltage. A reduced-order model
of lithium-ion dynamics within the battery cell known as the
single-particle model (SPM) [5] provides a balance between
complexity and accuracy and is the focus of our analysis
here. The literature has paid considerably less attention to
how the choice of spatial discretization scheme—used to
convert the governing partial differential equations (PDE) of
the SPM model into ordinary differential equations (ODE)
for numerical simulation—impacts the observability of the
resulting state-space representation.

While some studies have explored the nonlinear observ-
ability of battery models, they have primarily focused on
how the number of discretization points affects observability
for a fixed discretization scheme [6], without systematically
investigating the influence of the discretization scheme itself.
We address this gap by extending previous work of [2], [6]
to explore how the choice of particular discretization method
for the SPM affects the final model’s nonlinear observability
properties. Interestingly, though counterintuitively, we find
that spatial discretization methods previously been shown
to have greater accuracy in recapitulating experimentally
observed voltage dynamics in simulation [7] result in a state-
space representation where the system’s internal states are
more difficult to estimate. We show that observer designs
which estimate the lithium concentration in each electrode
separately (such as the interconnected electrode observer pro-
posed in [3]) are expected to provide higher quality estimates
of the internal electrochemical states relative to observer
designs that attempt the inference of lithium concentration
in both electrodes.

Ultimately, this work highlights how the spatial discretiza-
tion of an electrochemical model impacts an observer’s
ability to estimate the battery’s internal states. A thorough
understanding of how observability properties change under
different modeling choices is crucial for successful deploy-
ment of these models in BMS applications.

II. NONLINEAR OBSERVABILITY

Nonlinear observability for battery models has previously
been explored and characterized for ECMs [8] and elec-
trochemical models [2], [6]. In this section, we summarize
the salient concepts of nonlinear observability relevant to



the present discussion while establishing our notations and
conventions.

The PDE-based governing equation of SPM electrochemi-
cal model, using method of lines [9] and a spatial discretiza-
tion scheme, can be brought to a state-space representation
of the following form':

x = Ax + Bu

Y= h(x,u) | M

where the state vector x € R"™ contains a number of states n,
the scalar input is v € R, and A : R™ x R — R is the scalar
nonlinear output, which is a function of both the states and
the input. We focus on the class of electrochemical battery
models that can be reduced to a state-space model that is
linear in the states but remains nonlinear in its output [10].
Further, for this model, the system matrix A € R™*" can be
decomposed as a product of three matrices M~!, A, D €
R™*": A = M~1AD. Hereafter, we refer to the matrix M
as the “mass matrix”, A as the “area-weighting matrix”, and
D as the “differentiation matrix”. Similarly, the input vector
is computed as a matrix-vector product, B = M ™!, where
B € R™ is a vector. The specific forms of these matrices are
determined by the choice of spatial discretization scheme as
described in Section III below.

Observability is a structural property of the chosen system
representation, that guarantees that the initial internal states
of a dynamical system can be inferred based on the input and
output sensor measurements [11]. If a system is observable
then an observer can, in principle, be designed to infer the
internal states of the dynamical system. A given representa-
tion of a nonlinear system, such as in (1), is defined to have
“weak local observability” if

rank (Olg«) =n “Observability rank test” (2)

where O € R™ " is the “nonlinear observability matrix”
computed as the state Jacobian of the n — 1 Lie derivatives
evaluated at specific points in state space x*,

y(n—nf)

for each time ¢ € [0, Tona] [12]. In this work, the computer
algebra software Mathematica (version 14.1) [13]
is used to evaluate (3) and obtain explicit formulas for the
elements of the observability matrix.

While the rank test of the observability matrix may de-
termine if the the chosen system representation definitively
attains weak local observability, the condition number?,

K(Olx) = [[(Olx) M| - 1O]x-1] )

is used as a quantification of the quality of the state estimates
that can be inferred from the input and output sensor data.
Intuitively, if a particular state is weakly observable this
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dots on variables is shorthand for time derivatives (e.g., x = dx / dt).
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implies small changes in this state will lead to insignificant
changes in the output and its time derivatives. In evaluating
the Jacobian of the vector of output time derivatives in (3)
to obtain the observability matrix, if a weakly observable
state is present then one column of the observability matrix
will be significantly smaller in magnitude than the others,
leading to an ill-conditioned matrix and thus a high condition
number [14]. As a result, if some noise is present in the mea-
surement y—Ileading to a finite signal-to-noise ratio [15]—
minor variations in the measurement due to the noise can
significantly impact the initial state estimate [16].

III. SINGLE-PARTICLE MODEL

The SPM reduces model complexity by assuming that each
of the battery electrodes is comprised of spherical particles
that have the same radius. By virtue of this assumption, the
behavior of lithium within all of the particles of a particular
electrode can be determined by tracking the lithium dynamics
within just one of the particles [17]. Thus, the negative
and positive electrodes ¢ = {n,p} in this model are each
represented by a single spherical particle with radius R ;.

The lithium concentration within a given electrode particle
is assumed to evolve according to Fick’s law of diffu-
sion (5), under a constant diffusion constant Ds; [10]. At
the surface of the electrode particle, the intercalation/de-
intercalation of lithium from/to the surrounding (implicit)
electrolyte is assumed to be governed by the Butler-Volmer
equation, assuming a charge-transfer coefficient of o = 1/2
and characterized by the electrode overpotential 7;, which
itself is dependent on the surface lithium concentration of
the electrode particle c:?ff = ¢si(r = Rs;,t), the input
current I,,, and the thermal voltage Vi, = 25.69 mV,
assuming a constant battery operating temperature of 25 °C.
In this model, any lithium concentration dynamics other
than those that occur in the solid-phase electrode particles
are considered negligible: The lithium concentration in the
electrolyte is assumed to be fixed to an average value of
c2v¥¢ = 1000 [7]. The set of governing equations of the SPM
is summarized in Table .

A. Radial discretization

To solve the lithium dynamics described by the SPM, the
mass-transport equation (5) must be discretized. To this end,
the radius of each spherically-symmetric electrode particle is
discretized into /N, number of nodes, where the distance of
the jth node from the center of the particle is,

rh=(—1)Ar, je1,2,...,N,]. (12)
The first node (j = 1) is located at the center of the particle,
while the final node (j = N,) is located at the particle
surface. The finite radius R; of each representative particle
for electrode i € {n,p} determines the spacing between the
nodes,
Ar; =R;/ (N, —1) . (13)
We specialize to the case where the number of nodes is
used to discretize both electrodes; however, the radii of each
representative particle is in general different, ie., Ry, #



TABLE I
GOVERNING EQUATIONS OF THE SPM
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Rs . Our analysis will also require consideration of points in
between the NNV, discrete nodes. For notational convenience,
we annotate these halfway points between nodes as,
riv12 = (rj+1541)/2, 1< j <N —1
=71+ (Ari/2) .

(14a)
(14b)

B. Output equation

The output of an electrochemical-based LIB model is the
terminal cell voltage of the LIB,

Yeell = Yp — Yn — RZU 5 (15)
which accounts for each electrode’s voltage,
yi = Us (/) m (@57 /eiu) o 6)

and a lumped contact resistance R,. The open-circuit
potential (OCP) of the electrode i is denoted as U;. In this
work, we focus on the LG INR21700-M50T NMC/Gr 21700
cell with a capacity of 4.85 Ah with its positive and negative
OCPs characterized and reported in [18].

C. Numerical Methods

Having discretized the radial coordinate into a one-
dimensional grid according to (12), there remains a choice
of how to spatially discretize the mass-transport equation (5)
onto this grid. In the following, we discuss three commonly
used methods to perform this discretization.

1) Finite Difference Method: The finite difference method
(FDM) directly discretizes the derivatives in the mass-
transport equation using finite differences. This results in a
system of the form (1) where the state vector for each elec-
trode 4 consists of the concentration ¢g; ; = ¢ ;(r = r;,1) at

T

the discrete nodes, XFDM = [cs’i,l Cs,i,2 Cs,i,NJ

The surface concentratlons for this method can be obtained
from the concentration of the node point on the surface:

surf, FDM N .
St = ¢s5,N,. The mass and area-weighting matrices

S,%

— AFDM _ 4FDM _
n

for both electrodes M} PM = MFPM .
I are all equal to the identity matrix in this scheme. The
differentiation matrix DYPM for this method is a tridiagonal
matrix where jth row and the kth column have elements
defined according to,

—6, J=L k=yj

1_m3n)’ 1<j<Ny, k=j—1

FDM
(Di™")jk 1<j<N,, k=j

Dsi/(Ar))2 2 + 2(J 1)2) ’

6
+ o ) 1<j<Ny k=j+1
2+2(N71)2)’ J:NTvk:.yil
0

R otherwise .
a7
The vector BfPM for each electrode is defined as,
2 1 2 gi .
(BZFDM)J_ _ ) An (1 + 2(NT—1)) aéi)LLiAF, j=N;
0, otherwise ,
(18)
with
1, i=n
gi = { 1 . (19)
-1, i=p.

2) Finite Volume Method: The finite volume method
(FVM) is an alternative spatial discretization method that
proceeds by first volume-averaging the mass-transport equa-
tion and applying the divergence theorem yielding,

Viti/2 X Csjtr1/2 = {/ NdA - / NdA (20)
J+1 J+1
Discretizing this equation results in N?/stem
of the form (1) where the state vector xFV
T .
[ Csi,1+1/2  Csi2+1/2 Csi NFV+1/2] contains

the average concentration Gy ; j1/2 = Cs,i(7 = 7j11/2,t) Of
each “finite volume”, defined to be the spherlcal shell with
r € [r},rk, ] centered on the point 7 +1/2 and having a
volume of,

Vitrz =5 ((300)° = ()°) , 1S5 S New . 2D)

As the edges of each finite volume are the number of
nodes defined in (12), there are a total of Npy = N, — 1
finite volumes given a number of nodes N,. A feature of
the FVM is that, unlike the FDM and the control volume
method discussed in the next section, an estimate of the
surface concentration c*‘“f is not directly available. Thus, the
method must also be furmshed by an extrapolation scheme
that uses information from the states nearest to the surface
of the particle to estimate the surface concentration. In this
work, we consider the Hermite-polynomial-based method
first described in [7] and given as,

ur 15 —
c:’if’FVM = g GeiNpy+1/2 (22)

10 _ _
- gcs,l}(NFv—l)-H/? + gcsviﬂ(NF\/—2)+l/2

Following the discretization procedure described above leads
to a diagonal mass matrix for this method,

(MEVMY {Vj+1/27 1<j<Nrv, k=3
k2 J -

23
0, otherwise . 23)



Notably, each column of the mass matrix trivially sums
to the volume of the corresponding shell indicating that
lithium mass is conserved with the correct volume. The area-
weighting matrix is defined as,

—Ajy1, 1<j<Npv-1 k=7
(A7) =< Ay, 1<j<Npv—1, k=j—1
0, otherwise ,
(24)
where, notably, its right-most column is entirely zeros and

each column of the matrix sums to zero. The differentiation
matrix is defined according to

(DFVM), 1, 1<j<Nev-—-1 k=3
R =1, 1< <Nev—1, k=j+1 (29
Ds i/ Ar; .

’ 0, otherwise ,

whose bottom-most row is filled with zeros and each row of the
matrix sums to zero. The vector B; for this method is,

AN ¢7 j = NFV
(B = QY asikiAl . (26)
0, otherwise .

3) Control Volume Method: The control volume method
(CVM) is obtained in a similar manner to the FVM where the
volume-averaged form of the mass-transport equation is consid-
ered [19]; however, the derivation differs in that the volumes it
considers are spherical shells r € [rj,l /2> Tj1 /2} centered on the
node point r; with a volume of,

dn (Ti+1/32)37 _ s j=1
Vi = 3 (var) - (TZN,,~V71)+1/2) ) Jj=N: @7
(rigas2)” = (ri21/2)" L<j<N;.

Importantly, the volumes of the states at the edges of the grid are
treated differently to the interior nodes. Additionally, to guarantee
lithium mass conservation, the mass matrix definition is modified
to preserve the necessary column sum property:

Vi/4, Jj=2k=j-1

Vn,. /4, j=N,—1, k=j+1

V;/8 2<j<Np, k=j5-1
M?VM' _ J ) ) 28
( )i V;/8, 1<j<N,—1, k=j+1 (28)

3‘/]/47 1§j§Nr5k:j

0, otherwise .

Unlike the FVM, the mass matrix of the CVM is tridiagonal in
structure. The area-weighting matrix has a similar structure to that
in the FVM,

—Ajt1y2, 1<j<N.—1, k=3
(ATYM)jk = Ajrage, 1<j<N, -1, k=j-1

0, otherwise .

(29)
Similarly, the differentiation matrix,
ooy, [ 1SiSNe—Lik=j
#A;_: —1, 1<j<N.—1,k=35+1 (30
e ! 0, otherwise ,

and B; vector, retains similar forms to their FVM counterparts.

An, — L i = N,
_ { Ny ag L AF J (31)

BEVM).
( Ja 0, otherwise .

This construction endows CVM method with a similar state vector
as that of the FDM method but with average volume concentration

_ _ _ T
as the states, x{"M = [Gein G Cs,i,N.| . The

surface concentration in this method can be obtained from the last

surf,

. CVM _ -
state in the state vector: c, ; = Cs,i,N,.

D. Electrode vs. full-cell observers

For the purpose of the observability analysis performed later in
Section IV, we introduce here a distinction between an “electrode-
level observer” and a “full-cell observer”. Explicitly, an electrode-
level observer monitors only the state dynamics of one of the
electrodes. Thus, for this type of observer, the state dynamics are
governed by (1) with the relevant matrices and vectors M;, A;,
D;, and B; being electrode dependent. Furthermore, the output of
a given electrode observer is only the electrode voltage (16)

The full-cell observer, on the other hand, considers the state
vector containing the concentrations at both electrodes®, x™ =
[x1 x;”]T. Here, the superscript m € {FDM,FVM, CVM}
indexes the different spatial discretization methods. The system ma-
trix A for the the full-cell observer evolves the lithium concentration
at both electrodes simultaneously and is obtained from M;j", A;"
and D;" matrices, which are arranged in a block-diagonal fashion,

m_ My 0

M 7[ 0 M;"} , (32a)
m_ |Ad 0

AT = [ o A;n} : (32b)
m_|Pn O

D" = [ o D;”} (32¢)

The B™ vector is a concatenation of the individual electrode B;"
vectors, B = [B,’,” B ]T. The full-cell observers consider (15)
as the output equation for its internal LIB model.

E. Calibration procedure

Given a chosen combination of number of states for each elec-
trode and spatial discretization scheme, we calibrate the resulting
state-space models to experimental data which was collected and re-
ported in [20]. We direct the reader to our previous publications [7],
[21] for further details on how model calibration is performed.
Briefly, we use particle-swarm optimization to vary a subset of the
model’s physical parameters in order to minimize the root-mean-
square percent voltage error (RMSPE) between the model’s pre-
dicted cell-level voltage and the experimentally-measured voltage,

1 Nmeas

RMSPE
102 a Nmeas

[1.0 — (yeen (sA0) / V5 (s1)]

(33)

as well as the deviation of the predicted state-of-charge (SoC) for

each electrode to the experimentally obtained SoC. Here, Nmeas
measurements comprising the data signal. For calibration, we use
data from a hybrid power-pulse characterization (HPPC) test. To
validate the calibrated models, we run them in an open-loop fashion
under an urban dynamometer driving schedule (UDDS) input profile
and compare the predicted voltage with experimental data.

IV. RESULTS

In this section, the results of the model calibration and validation
are presented. Subsequently, how the choice of spatial discretization
scheme, as well as the choice of the number of states, changes the
associated observability properties is explored.

3Note: cell-level vectors and matrices do not have subscripts



A. Calibration metrics

Table II summarizes the RMSPE values obtained after calibration
and validation for each combination of number of states and
choice of discretization scheme. Uniformly, for both calibration and
validation, we observe that all the models can achieve a RMSPE
below 1% indicating a generally good fit to experimental data.

TABLE I
HPPC CALIBRATION AND UDDS VALIDATION ROOT-MEAN-SQUARE
PERCENT VOLTAGE ERROR (33) BETWEEN MODEL PREDICTION AND
EXPERIMENTAL DATA.

n value FDM FVM CVM

6 0.78 % | 0.66 % | 0.52 %

HPPC Calibration 8 078 % | 0.80 % | 0.59 %
10 0.80 % | 0.55% | 0.60 %

6 0.69% | 053 % | 0.75 %

UDDS Validation 8 0.68 % | 0.88 % | 0.60 %
10 085 % | 047 % | 0.53 %

B. Observability rank test

Having calibrated the models independently, with each model
having different parameters that match its output to experimentally
collected data, we consider the observability properties of each
model. To this end, each of the models are subjected to a C/2
discharge from a 100% SoC for 6,480 seconds and we compute
the observability matrix for the system states recorded along this
trajectory. For each of the spatial discretization methods, we com-
pare the results of the observability rank test for both a positive and
negative electrode observer, as well as for a full-cell observer.

We find that across all choices of number of states and dis-
cretization schemes, for both electrode-level and full-cell observers,
the observability matrix remains invertible for a variety of spatial
discretization schemes. Importantly, the rank of a given matrix
is (numerically) estimated by the number of singular values of
the matrix that are greater than some tolerance. As such, the
estimated rank of the observability matrix is quite sensitive to this
choice of tolerance and careful consideration of what tolerance is
acceptable for a given application is warranted. As our analysis here
is application agnostic, we used a uniform tolerance of machine
epsilon associated with double precision, £ = 2.2204 x 107 ¢,

C. Condition Number

Tolerance sensitivity in observability matrix rank estimation
introduces ambiguity, necessitating an alternative metric for ob-
server assessment. For this, we turn to the condition number
of the observability matrix. In general, we find that, across the
FDM (Fig. 1), FVM (Fig. 2), and CVM (Fig. 3) schemes, the
observability matrices of the electrode-level observers attain much
lower condition numbers than the observability matrix of the full-
cell observer. This lends support to the initial findings of [6] that,
for electrochemical-based observers of LIBs, an electrode-level
observer design is expected to attain better performance compared
to a full-cell observer design. Furthermore, we find in some cases,
particularly for high number of internal states, that the observability
matrix for an observer of one electrode has higher condition
numbers than that of an observer for the opposite electrode (e.g.,
Fig. 3 for N, = 5). This suggests that the difficulty of estimating
the states may increase faster for one electrode relative to the other
as the number of states increases. As such, having a non-equal
number of states for each electrode may be beneficial.

In addition, we notice in general that the condition number tends
to increase as the number of states in each electrode is increased
for both the electrode-level and full-cell level observers. This is a
result of states becoming “physically” closer together as the number
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Fig. 1. Condition number of the observability matrix for an observer using
FDM discretization. (Top row) Electrode-level observer. Black solid curve:
condition numbers of the negative electrode observer. Red dashed curve:
condition numbers of the positive electrode observer. (Bottom row) Full-
cell observer. Number of states is increased in going left-to-right across
columns of plots.
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Fig. 2. Condition number of the observability matrix for an observer using
FVM discretization. Same color scheme and variation as Fig. 1.
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Fig. 3. Condition number of the observability matrix for an observer using
CVM discretization. Same color scheme and variation as Fig. 1.

of states per electrode N, is increased (cf. (13)). Consequently,
adjacent states become similar in magnitude and begin to also
dynamically evolve in a similar way since they are connected by
a physical law (6). To quantify this, considering the FDM scheme,
we measure the magnitude of the normalized discrepancy between
the “nearest-to-center states”, |As i center| = |Cs,i,2 — Cs,i,1]/Con
We find that this discrepancy is in the range of |Abs ; center| €
(1077,1072) and is constant for the full discharge. In effect, since
the output is only directly dependent on the surface concentration,
by increasing the number of grid points in each electrode we
add nearly redundant states and introduce more columns to the
observability matrix that have much smaller magnitudes than the



columns associated with the states near the surface*. This addition
leads to a greater disparity in singular values and is reflected by
the increased condition number of the observability matrix for both
electrode-level and full-cell observer.

Our results also show that the FDM discretization scheme gener-
ally yields observability matrices that achieve the lowest condition
numbers across the discharge trajectory compared to the other two
methods. In contrast, the observability matrix of the CVM scheme
achieves the highest condition numbers indicating that estimating
the CVM states is more difficult relative to estimating the states
of the FDM scheme. This finding can be understood by examining
the structure of the system matrix associated with each method. In
the case of FDM and FVM the system matrices are tridiagonal,
implying that exchange of concentration only occurs via directly
adjacent nodes. Thus, for these schemes, while adjacent nodes may
be difficult to distinguish from one another, adjacent nodes can be
grouped together and these groupings can be distinguished from
one another. In contrast, the system matrix of the CVM method is
full. As such, the concentration dynamics of a single volume are
coupled to the concentration for all other volumes. This makes it
significantly more difficult to establish similar groupings of nodes
for this scheme, thereby leading to a more difficult state estimation
task and thus a higher condition number.

V. DISCUSSION

For LIBs, the choice of discretization and model parameters
shapes the final system representation, directly influencing observer
performance through its observability properties. We show that
while different spatial discretization schemes and state counts can
yield similar terminal voltage accuracy, they retain distinct observ-
ability characteristics, affecting the observer’s ability to estimate
states accurately despite matching experimental behavior.

This paper focuses on observability analysis for the SPM for-
mulation in Table I, though alternative parameterizations exist that
reduce the number of identifiable parameters [22]. The observability
matrix condition number is highly sensitive to model parameters, as
they directly affect the system matrix and input vector. Preliminary
investigations suggest that while alternative parameterizations alter
the condition number’s absolute value, the trend of increasing con-
dition number with more states remains unchanged. We are actively
exploring these parameterizations in electrochemical models [23].

Our analysis here is limited to electrochemical models reducible
to form (1), excluding other variants of electrochemical models [24],
[25] that yield differential-algebraic equations after spatial dis-
cretization, requiring a separate observability analysis. We assume a
fixed OCP representation [18]; however, different choices may alter
observability characteristics, as seen in equivalent circuit-based ob-
servers [8]. Additionally, while we focus on spatial discretization’s
impact on observability properties, femporal discretization may also
influence these properties along charge/discharge trajectories.
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