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ABSTRACT 

Fracture propagation, especially for fractures 

emanating from inclined wellbores and closed natural 

fracture often involves Mode I, Mode II, and at times 

Mode III fracture pattern simultaneously. In this 

paper a Virtual Multidimensional Internal Bond 

(VMIB) model is presented to simulate 3D mixed-

mode fracture propagation. To represent the contact 

and friction between fracture surfaces, a three-

dimensional element partition method is employed. 

The model is applied to simulate fracture propagation 

and coalescence in typical laboratory experiments, 

and is used to analyze the propagation of an 

embedded fracture. Simulation results for single and 

multiple fractures illustrate 3D features of the tensile 

and compressive fracture propagation, especially the 

propagation of a Mode III fracture. The results match 

well with the experimental observation suggesting 

that the presented method can capture the main 

features of 3D fracture propagation and coalescence. 

By developing an algorithm for applying pressure on 

the fracture surfaces, propagation of a natural fracture 

is also simulated. The result illustrates an interesting 

and important phenomenon of Mode III fracture 

propagation, namely the fracture front segmentation. 

Moreover, thermo-mechanical coupling has been 

introduced into the model. The results of thermal 

fracturing simulations are reasonable, which indicate 

that the present model provide a way to predict 3D 

thermal fracturing propagation. 

INTRODUCTION 

Simulation of 3D fracture propagation is complex as 

it often simultaneously involves all three fracture 

modes over a contour. Whereas in 2D case the zone 

of interest is only a point (fracture tips), in 3-D case 

the fracture tip is a closed boundary making it 

difficult to develop a fracture criterion for predicting 

propagation at different points along its edge as each 

point has a different stress intensity factor. Another 

major challenge in modeling fracture propagation 

using the linear elastic finite element method is the 

need for re-meshing as the fracture propagates. 

Because of the strong discontinuity of cracks and the 

heterogeneous nature of rock, it is very difficult to 

numerically replicate 3D crack paths. Currently, a 

number of techniques are used to simulate crack 

growth including boundary element, finite elements 

and the discrete element methods. The latter (DEM) 

uses the interaction behavior between particles used 

to represent the discontinuous aspect of the solid. 

However, DEM requires numerous particles in order 

to represent realistic problem geometry and accuracy, 

resulting in a high computational cost that requires 

millions of element for simple problem. Also, it is 

very difficult to model realistic particle geometries 

and to determine the material parameters required in 

defining mechanical relationship between these 

“micro-scale” particles, causing significant errors 

during simulation.  

 

Alternatives include the Virtual Internal Bond (VIB) 

method. The VIB (Gao and Klein 1998) theory 

provides an unconventional and an effective 

approach to simulating fracture. According to VIB, 

the solid is considered to consist of micro material 

particles in micro scale and these material particles 

are bonded with internal virtual bond. For the 

cohesive law contains the information of fracture, 

external fracture criterion is not needed. Shear effect 

between material particles can be introduced to 

extend the VIB to VMIB for application to materials 

with different Poisson ratio (Zhang and Ge 2005; 

Zhang and Ge 2006). In VIB-based constitutive 

model, the micro mechanism of model II and III is 

the same in that both the two fracture result from the 

bond ruptures. Via bond evolution function, the 

fracture criterion is actually implicitly embedded into 

the constitutive relation. To represent the pre-existing 

fracture, the 3D Element Partition Method(EPM is 

used (Huang and Zhang 2010). By using EPM, re-

meshing problems can be avoided. In the VMIB 



method, the solid is considered as randomized 

material particles at the micro scale. A macro 

constitutive relation is then derived from the cohesive 

law between material particles, which makes the 

separate fracture criterion unnecessary. Zhang and 

Ghassemi (Zhang and Ghassemi 2010) and Min et al 

(Min et al. 2010) have accounted for poroelasticity 

and heterogeneity. Also, by considering the shear 

effect, the VMIB can account for different values of 

Poisson’s ratio, therefore, it can be applied to wider 

range of engineering materials. The VIB (Gao and 

Klein 1998; Klein and Gao 1998) considers the solid 

to consist of randomized material particles on the 

micro scale (Fig.1a). The material particles interact 

with virtual internal bonds, as shown in Fig.1b. The 

virtual bond has both normal and shear stiffness. 

When the bond is linear elastic, the derived 

constitutive relation is: 
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where ijklC  is the four-order elastic tensor, defined as

ij ijkl klσ C ε ; k , r are respectively the normal and 

shear stiffness of bond; ξ  is the unit orientation 

vector of bond,  sin cos , sin sin , cos    ξ  in 

the sphere coordinate system; η  is the orientation 

vector perpendicular to ξ ,  1
   η ξ x ξ , 
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   η ξ x ξ , 
ix  is the unit 

orientation vector of ix axes. ( , )D    is the bond 

density function, for simplification purpose, let 

( , ) 1D     without loss of generality. ( )f   is the 

bond evolution function: 
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where b is a micro coefficient, 
b t   if 0T ξ εξ  

whereas 
b c   if 0T ξ εξ  with 

t and c
respectively being the strain at the peak stress in 

uniaxial tensile and compressive test; c , n are the 

shape coefficients which determine the shape of 

stress-strain curve. The term Tξ εξ in Eqn. (3) means 

the relative normal deformation of bond and the term 
2( )T T Tξ ε εξ ξ εξ means the relative shear deformation 

of bond. The relationship between the micro 

constants  ,k r  and the macro constants  ,E   is 
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where E and  are respectively the Young’s modulus 

and Poisson ratio. 
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(a)                                 (b) 

Figure 1. Material constitution in micro scale from 

the view of VIB: (a) the randomized material 

particles and (b) material particles are bonded 

with virtual bond. 

3D FRACTURE PROPAGATION SIMULATION 

IN ROCK USING THE VMIB  

The elastic version of the model is applied to 

simulate fracture propagation and coalescence in 

typical laboratory experiments, and to analyze the 

propagation of an embedded fracture. The case 

studies include fractures subjected to tensile and 

compressive loads. Also, mixed-mode propagating 

embedded fracture is considered. 

Modeling Embedded fracture (Mix Mode-I, II, 

III) 

Simulating the propagation of an embedded fracture 

subjected to shear stresses is a challenging problem 

in geomechanics. In this case, the fracture 

propagation simultaneously involves Modes I, II and 

III. To model this phenomenon, an embedded 

elliptical fracture is considered. The dimensions and 

boundary conditions are shown in Fig. 2. Material 

and model parameters are shown in Table.1. In the 

present meshing scheme, there are 45 rows of nodes 

each plotted on the x, y and z direction. The total 

number of element is 425920 and the total number of 

node is 91125. Each step of loading is 
30.008 0.0838 10td mm     with 210 steps for the 

entire simulation. Fig. 3(a) shows the initial fracture. 

 

Table 1: Simulation parameters 

Parameters of 

intact rock 

Parameters of 3D 

EPM  

Parameters 

of 3D VMIB 

E (GPa)
 

30.5 Kn(GPa)
 

1.0 c 0.15 

  0.20 Ks(GPa)
 

10
-8

 

n 4.0 

εt (10
-3

) 0.105 h (mm)
 

1.0   
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Figure 2. Dimensions and boundary condition of 

cubic specimen embedded with an elliptical 

fracture. 

 

Fig. 3 shows that the fracture develops from upper 

and lower tips of the crack in a typical Mode II 

fracture. The fracture propagation is slower on the 

sides tip as the crack propagates outward to the 

lateral side of the specimen. From Fig. 3, the side 

fracture that initiated from the side tip rotates from 

the initial crack tip toward the lateral side of 

specimen, representing a Mode III response.  

 

For the sake of visualization, the failure specimen is 

sliced into 6 pieces which is shown in Fig.4 and Fig. 

5.  As Fig. 6 indicates, the fracture rotates between 

the middle slice and the last slice on the lateral 

surface of specimen. 
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Figure 3. Fracture propagation progress: (a) initial 

fracture; (b)~(f) fracture propagation. 

 



1
slic

e

6
slice

 
Figure 4. Illustration location of slices in specimen. 

 

This pattern of fracture propagation has been 

observed in experimental modeling of 3-D crack 

growth from pre-existing circular crack Adams and 

Sines (1978). Also, Dyskin et al. (2003) tested wing 

crack model using a brittle material including the 

presence of contact effects. 

 

      
(a) Slice 1                          (b) Slice 2 

      
 

(c) Slice 3                          (d) Slice 4 

      
(e) Slice 5                          (f) Slice 6 

 
Figure 5. Illustration of sliced fracture surface in the 

specimen. 
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Figure 6. Illustration of rotation of Model III fracture 

between the middle slice and lateral surface 

slice of specimen. 

 

In their experiments, Dyskin et al. observed   

secondary cracks (wings) that branched towards the 

axis of compression from the upper and lower tips of 

the initial circular crack in mode II and III related to 

the contact between pre-existing crack surface (Fig. 

7). 
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Figure 7. 2D wing crack growth (KII ) and 3D mixed 

mode wing crack growh). 

HYDRAULIC FRACTURE SIMULATION 

Representation of fluid pressure on the fracture 

surface 

Simulation of hydraulically driven fractures requires 

that the water pressure be applied on the crack 

surface. Application of this pressure on natural 

fracture and newly extended crack surface requires 

development of a special scheme described in Huang 

et al. (2012). This involves application of the force on 

the node which equivalently represents the fluid 

pressure.  

Hydraulic Fracturing Under diverse In-situ 

Stresses  

Natural fractures in geothermal and unconventional 

petroleum resources are subjected to in-situ stress 

that highly influences the fracture propagation. To 

examine this, consider an embedded elliptical 

fracture of finite area in an infinite underground 



space, which is driven by a uniform hydraulic 

pressure. The problem geometry is shown in Fig. 8, 

and the material and the corresponding model 

parameters are listed in Table 1. To increase the 

simulation efficiency, half of the embedded fracture 

is simulated using the problem symmetry. In the 

present meshing scheme, there are 26 rows of nodes 

placed on x-direction, and 42 rows of nodes on each 

of y- and z-direction. The total number of elements is 

25 41 41 5 210125     and the total number of nodes 

is 26 42 42 45864   . Initially, a hydraulic pressure 

of 0p  is applied to the fracture. And then, fracture is 

increasingly pressurized by increments of

0.07dp Mpa . A series of fracture propagation case 

are studied using the following four in-situ stresses: 

 

Case I: 0.8V  , 0.8h  , 0.8H  , 
0 1.6 MPap   

Case II: 1.6V  , 0.8h  , 0.8H  , 
0 2.4 MPap   

Case III: 2.0V  , 0.8h  , 0.8H  , 
0 2.8 MPap   

Case IV: 2.4V  , 0.8h  , 0.8H  , 
0 3.2 MPap   

 

In Case I the angle of inclination,  , is set to 45 

degree to decrease the boundary effect.  in other 

cases is set to 30 degree. The simulation results for 

these cases are shown in Fig.  9- 10. 

 

When the fracture is pressurized, both the strain and 

the stress are concentrated at and near its tip.  

However, in case of 3D embedded elliptical fracture, 

the fracture tip is an ellipse. The stress/strain state 

might be varied in different locations of tip circle, 

depending on the certain geometry and in-situ stress. 

Thus, different fracture propagation modes might 

occur on the fracture tip contour.   Fig. 9(a) shows the 

fracture propagation in the isotropic stress field (Case 

I). The dimension and stress state are symmetric so 

the fracture propagates on its original plane under the 

action of far field stress as expected. The fracture 

advances straightforward after the uniformly applied 

hydraulic pressure exceeds the far field stress. Fig. 

9(b) shows the fracture propagation under Case II 

stress, the upper and lower fracture tips develop 

slightly inclined to the vertical direction, i.e., the 

maximum stress direction. This can be observed 

more clearly in Case III shown in Fig. 9(c). The final 

path is steeper than that of Case II, tending to the 

maximum in-situ stress direction. As V increases, 

the pattern of fracture propagation at the upper and 

lower wings of original fracture changes from Mode I 

to combined Mode I and II. Fig. 10 shows final 

propagation of the half elliptical fracture. In Case I, 

shown in Fig. 10(a), fracture propagates as Mode I in 

spite of the location of fracture tip. From Fig. 10(b) 

and 10(c), the mixed mode propagation (Mode I and 

II) occurs at both upper and lower wings of the 

original fracture. At the side tips, fracture develops 

outwardly to the lateral side and is connected with the 

upper and lower fracture and forms a curved surface, 

a typical behavior of Mode III fracture. 
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Figure  8.  Problem geometry for an embedded 

elliptical fracture. 
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Figure  9. Simulated hydraulic fracture propagation 

path: cases I-IV (a-d).  
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Figure  10. Simulation result: cases I-IV (a-d).  

Case IV is particularly interesting. V in this case is 

three times h  and H , exerting a great influence 

on the fracture propagation. As shown in Fig. 9(d), 

the tips of upper and lower wings develop parallel to 

the vertical in-situ stress. However, the fracture 

propagation is different on the side tip. Two separate 

fractures are formed at the side tip shown in Fig. 10 

(d). The reason for this could be the strong tendency 

that the fractures propagate at the upper and lower 

tips develop vertically. Moreover, hydraulic pressure 

in the newly extended fracture tends to force the 

fracture open in the direction normal to the hydraulic 

pressure.  Consequently, the new fracture on the side 

tip cannot connect the upper and lower parts of 

fracture. In other words, the fractures at upper and 

lower parts are more favorable to propagate in their 

own direction, resulting in segmentation on the 

fracture front. This is an important aspect of Mode III 

fracture propagation that is very challenging to be 

modeled in numerical simulation. 

THERMO-MECHANICAL SIMULATION 

The thermal effect is considered using the general 

constitutive equations for the thermo-mechanical 

model: 

1

2
2 ( )

3
ij ij kk ij ij

G
G K T                 (4) 

where 
ij and

ij are the components of stress and 

strain tensor, T is the temperature. K and G are 

bulk and shear modulus. The other coefficients in 

Eqn. (4) are defined as follow: 

1 mK                            (5) 

where m the thermal expansion coefficients of solid 

matrix. 

 

The momentum energy balance equations can be 

combined with the above constitutive and transport 

equations and yields following field equations: 
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 where u is the displacement vector, 
T[1,1,1,0,0,0]m . 

The Galerkin formulation is used for the finite 

element modeling of the thermo-mechanical process. 

And the following equation is obtained: 
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Then we obtain the following matrix equation form 

for FEM:
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where
1

ˆ
nt 

T is the temperature in the previous time 

step, and ˆT is the temperature change in the present 

step. 

Fracturing Under Thermo-mechanical Load 

For thermo-mechanical coupling part, after 

rearrangement of Eqn. (8), the governing equation is: 

ˆ ˆˆ  Ku f VT                           (12) 

The second term on the right side described how the 

temperature change influences stress-strain field and 

displacement of the solid. Briefly, to achieve the 

volume change such as expansion by heating and 

shrinking by cooling, the equivalent node forces 

caused by nodal temperature changes are applied on 

the corresponding nodes and in the corresponding 

directions. If the temperature changes simultaneously 

and uniformly, in traditional FEM, the equivalent 

nodal forces are canceled on the interior nodes, and 

the ones on the boundary nodes will be the forces 

which only cause the volumetric change (shown in 

2D in Fig. 11 shows for cooling process).  
fracture

 
Figure  11. Thermo-mechanical response of fracture 

in traditional FEM. The arrows show the 

cooling-induced nodal forces for contraction. 

 

In the present paper we use EPM. So there is no need 

to mesh for fracture. If an element is cut through by a 

fracture, this element will be transferred to the 

partition element based on original mesh and its 

mechanical properties will be changed. But its 

thermal and thermal-mechanical coupling part 

remains the same. So, to represent the thermal-

mechanical coupling as in traditional FEM shows, a 

modification is needed to be made. In Fig. 12, the 

elements with red lines have been changed into 

partition elements. With its original thermal and 

coupling properties, the object in the figure will 

perform like a non-fracture one. The nodal force 

status in Fig.12 is equal to the combination of the 

nodal forces in Fig.13(a) and (b). If we ignore the 

equivalent nodal forces caused by temperature 

change of fractured element shown in Fig. 13(a), the 

resultant nodal force shown in Fig. 13(b) will be the 

same as the one in Fig. 11.  

 

Mathematically, this modification for the fractured 

element can be reflected in Eqn. (13) as: 

ˆ ˆˆ  Ku f VT                            (13) 

where 1.0   if element is intact and if 0.0 
when the element is fractured. Therefore, 

deformation behavior of a fracture under thermo-

mechanical is represented. The same modification 

will be applied on newly extended fractures as well. 

 
Figure 12. Thermo-mechanical response with 

original thermal properties. 

      
             (a)                                        (b) 

Figure 13. (a) Thermo-mechanical response of 

fractured element; (b) Thermo-mechanical 

response of EPM after modification. 

 

One further necessary step is needed. The stress 

caused by the equivalent nodal force in Fig. 13(b) 

does not actually exist and should be eliminated to 

obtain the actual thermal stress of heating or cooling 

area. The actual stress is indeed, the result of the 

confinement from the surrounding material. 

Simulation of Parallel Thermo-fractures  

Thermal fracturing in geothermal reservoirs has been 

studied in 2D (e.g., Tarasov and Ghassmi, 2010) and 

the results indicate that fracture length follows a 



power law function of time. Herein, we study this 

problem in 3D.  

 

The simulation domain is a rock block with multiple 

parallel fractures shown in Fig. 14. Two examples 

with different sets of fractures are presented to show 

how the thermal stress and fracture propagation are 

affected by the location of fractures. The dimensions 

and fracture sets are shown in Fig. 14.  Table.2 shows 

the parameters used in present simulations. The rock 

matrix temperature is 130 C (403.15 K), and the 

temperature on the lateral side with fractures is 30 C
(303.15K). The cooling of the block is simulated by 

setting the initial temperature of a layer of nodes 

equal to 30 C  from the outset. This means that an 

initial temperature is assumed to avoid instabilities 

associated with the rapid transients of temperature 

and stress. The total number of element is 51480 and 

the total number of node number is 12000. Each time 

step is 30time  seconds with a total number of 500 

steps.  

 

Table 2: Simulation parameters 

Parameters of intact element 

Young’s modulus, E 10.0 GPa 

Poisson’s ratio,   0.20 

Tensile strain strength, εt 
 30.105 10  

Parameters of 3D EPM 

Normal stiffness, Kn

 
10.0 GPa 

Shear stiffness, Ks

 810

GPa 

Fracture width, h 1.0 mm 

Parameters of 3D VMIB 

c 0.15 

n 4.0 

Thermal properties of rock 

Thermal diffusivity, 
Tc  

6 21.6 10 /m s  

Thermal expansion coefficient of 

solid, m  
5 11.8 10 K   
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Figure  14. The problem geometry showing size, 

boundary conditions and fracture sets. 
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Figure  15. (a)Temperature boundary conditions; (b) 

Temperature contour at 250 minutes after cooling 

process started  
 

Fig. 15(a) shows the initial and boundary conditions 

for temperature K. Fig. 15(b) shows the temperature 

contour after 250 minutes of cooling. Because of the 

assumption that the thermal properties are the same 

no matter if the element is intact or fractured, the 

temperature contour is the same for both. 

 

Fig. 16(a) and Fig. 17(a) shows the initial fractures. 

As shown in Fig. 16(b)-(c), the thermally driven 

fractures develop from the initial crack tips and 



propagate horizontally from the lower temperature 

region towards the higher temperature region in 

Mode I. The fractures develop relatively faster at the 

beginning of cooling processes. From Fig. 16(b)-(c), 

the upper and lower fractures propagate further than 

the middle ones. The reason for this phenomenon 

could be that larger volume between fracture and 

boundary results larger volumetric shrinking which 

force wider opening of upper and lower fracture than 

the ones in the middle. As the longer fractures 

extended, less containment and free surface trigger 

longer propagation. 

 

The uneven propagation is observed in Fig.17(b)-

(c).Longer fracture with more free surface caused 

wider opening. Thus, large strain concentration on 

the longer fracture tip results longer newly extended 

fracture develops longer initial fracture. 

 

The middle slice of maximum principal stress 

(tension is positive) contour with deformed mesh 

configuration magnified 500 times is shown in Fig. 

18 and Fig. 19. The fracture opening is clear to see. 

Since the assumptions of constant temperature if 30

C  and no sudden cooling process on the surface, the 

maximum stress located on the node next to the 

surface. The reason for the assumptions is that the 

sudden cooling on the surface will cause severe 

displacement which might result element fail on the 

fracture edge then brings undesirable influence the 

following fracture propagation. 

 

     
(a)                        (b)                       (c) 

Figure  16. (a) initial fractures; (b)-(c) Propagation 

of thermal fracture. 

     
(a)                        (b)                       (c) 

Figure  17. (a) initial fractures; (b)-(c) Propagation 

of thermal fracture. 
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Figure 18. The middle slice of maximum principal 

stress contour with deformed mesh configuration 

(500 time steps). 
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Figuer 19. The middle slice of maximum principal 

stress contour with deformed mesh configuration 

(500 time steps).  
 

To simulate actual wellbore situation, 10 random 

fractures are set on the surface of the wellbore (half 

the wellbore is simulated). These random fractures 

represent natural fractures and heterogeneity at the 

surface of the wellbore. Simulation parameters are 

shown in Table 2. Young’s modulus is 45 Gpa. The 

temperature in the rock matrix is 200 C (473.15K), 

and is kept at 30 C (303.15K) on the wellbore wall. 

In the present meshing scheme, the total number of 

elements is 219520 and the total number of nodes is 

47850. Each loading step is 200time  seconds with 

a total of 500 steps. 

              
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

y

z

 
Figure 20. (a) Initial fracture; (b)-(c) Fracture 

propagation. 

 

Fig. 20(a) shows the initial fractures. From Fig. 

20(b)-(c), the newly extended fractures develop from 

the initial crack tips. The secondary fractures 

gradually turn to vertical direction along the 

wellbore. Additionally, the neighbor micro-fractures 

tend to converge during the cooling process. Since 

the rock around the wellbore is restricted vertically, 

thermally driven displacement mainly occurs along 

the radial direction. Thus, the main tendency for 

fracture propagation on the wellbore is along the 

vertical direction. The temperature field after 1660 

minutes of cooling is shown in Fig. 21.  Fig. 22 

shows the maximum principal stress contour. The 

maximum thermal stress occurs on the wellbore 

surface since the highest temperature drop. Note that 

the stress on the fractured element on the wellbore 

surface is released because of the fracture opening. 

 

 

 
Figure 21. Temperature (K) field after 1660 minutes. 

 

 
Figure 22. Maximum principal stress contour after 

1660 minutes 

 

CONCLUSION REMARKS 

Numerical simulation of 3D fracture propagation in 

brittle rock is studied using the VMIB evolution 

function at the micro scale. The results show that 

typical features of 3D tensile and compressive 

fracture propagation can be well represented. 

Especially, simulation results by 3D VMIB and 3D 
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EPM demonstrate the propagation of Mode III 

fracture. Such simulations improve understanding of 

3D fracture propagation mechanism and provide a 

means of designing multiple hydraulic fractures for 

reservoir stimulation. Furthermore, 3D simulation of 

multiple hydraulic fractures shows good agreement 

with the results of theoretical analysis. In addition, an 

interesting manner of hydraulic fracture propagation 

in Mode III has been observed showing the formation 

of multiple fractures from the original crack. More 

detailed analysis of this process and larger scale 

simulations that consider thermal stress will be 

considered in the future. Finally, thermo-mechanical 

coupling has been introduced into the model. The 

results of thermal fracturing simulations are 

reasonable, which indicate that the present model 

provide a way to predict 3D thermal fracturing 

propagation.  Modeling for thermal fracturing using 

more realistic representation of rock properties and 

stress state is underway. 
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