
PROCEEDINGS, Thirty-Sixth Workshop on Geothermal Reservoir Engineering 

Stanford University, Stanford, California, January 31 - February 2, 2011 

SGP-TR-191 

 

 

 

ANALYZING TRACER TESTS DURING VARIABLE FLOW RATE 

 INJECTION AND PRODUCTION 
 

Egill Juliusson and Roland N. Horne 

 

Stanford University, Department of Energy Resources Engineering 

367 Panama Street 

Stanford, CA, 94305, USA 

e-mail: egillj@stanford.edu 

 

ABSTRACT 

This paper describes the development of a model for 

predicting tracer returns under variable flow rate 

conditions. The model is based on the one-

dimensional advection dispersion equation. The 

model is used to define interwell connectivity and the 

extent to which it can be applied for fracture 

dominated reservoirs is explored.  

 

The main conclusion is that if the dominant flow 

paths between well pairs do not intersect, then this 

method works very well, and a convolution 

relationship exists between the injected and produced 

tracer concentration. The method also shows promise 

in cases with more complex fracture patterns. The 

key discovery is that the convolution is in terms of 

cumulative flow between each well pair (as opposed 

to time).  

 

The interwell connectivity is represented by a kernel 

function, which can be estimated via deconvolution. 

A nonparametric kernel estimation method is 

illustrated by deconvolving synthetic data generated 

from a fracture network simulation. The results are 

verified using both cross validation and by 

comparison to known solutions. 

 

The discussion concludes with an example where the 

dominant fractures do intersect, which shows how the 

model becomes overly cumbersome, and practically 

infeasible for such cases. Qualitative reasoning is 

given for why, for complex fracture systems, it is 

challenging to find a unique transfer function 

between well pairs from tracer return data, at variable 

flow rate conditions. In spite of this complication 

however, the models seems to provide reasonable 

predictions. Two key reasons for obtaining such 

reasonable results are that, the model does take into 

account both the time delay and dispersion associated 

with tracer transport, as well as a transformation of 

time into cumulative flow. 

INTRODUCTION 

Understanding interwell connectivity is a requirement 

for geothermal field management. For example, 

premature thermal breakthrough can be prevented if 

an injector-producer pair is known to be well 

connected. A quantitative way of defining the 

connectivity leads to the possibility of optimizing 

reinjection scheduling (Lovekin and Horne, 1989). 

 

Juliusson and Horne (2010) discussed a quantitative 

way of determining injector-producer connectivity 

from tracer tests. The connectivity was defined in 

terms of a convolution kernel representative of the 

flow paths connecting each injector-producer pair. A 

method for estimating these kernels was developed, 

at steady-state flow conditions. The observation was 

made that the kernels do not apply for all flow rate 

conditions and were therefore of limited use for 

reinjection scheduling. 

 

Horne and Szucs (2007) worked on characterizing 

interwell connectivity using tracer data collected 

under variable flow rate conditions. The results 

seemed to be promising for a field case with a highly 

variable flow rate history, but subsequent 

investigations found less success (Villacorte et al., 

2010) in cases in which the flow rates did not vary 

sufficiently. 

 

The methods presented in this paper are extensions of 

those developed by Juliusson and Horne (2007). The 

key addition is that the convolution kernels are 

represented in terms of cumulative flow, and can 

therefore be applied at variable flow rate conditions. 

The mathematical basis for the method is first 

explained, and followed by examples that illustrate 

the applicability of the model. We conclude with a 

discussion about the extents to which the kernel 

method can be used. 

 



ADVECTION – DISPERSION EQUATION FOR 

VARIABLE FLOW RATE CONDITIONS 

Tracer returns in porous and fractured media are 

generally described by the advection-dispersion 

equation (ADE). The one-dimensional ADE can be 

written as: 

 
  

  
      

   

   
     

  

  
 (1) 

where c is the concentration, x is the position, t is 

time, α is a characteristic dispersion length, R is the 

retardation factor and u(t) is the time varying flow 

velocity. Here it is also assumed that the 

hydrodynamic dispersion is linearly related to the 

flow velocity, D(t) = αu(t), which has been observed 

at various conditions in porous media (Bear 1972). 

 

In situations where the flow rate varies it is practical 

to make a change of variables. Defining the following 

three quantities: 
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we can rewrite Equation (1) as: 
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The ADE is now written in terms of the cumulative 

flow, Q, the augmented pore volume, Vx, and the 

augmented dispersion volume, Vα. The volume is 

augmented by the factor R which represents that the 

tracer can adsorb to the fracture walls. 

 

Equation (5) has constant coefficients and can be 

used in combination with the appropriate initial and 

boundary conditions to find standard responses in 

terms of Q, Vx, and Vα. 

 

Kreft and Zuber (1978) provide a comprehensive 

overview of solutions to the ADE (with constant 

coefficients) for impulse and continuous step inputs 

of tracer at various boundary conditions. Kreft and 

Zuber emphasize that one must take note of the 

injection and detection modes for tracer 

concentration. The concentration can be measured 

either as the ratio of mass over fluid volume in a 

resident fluid, or as mass flux over fluid flux in a 

flowing fluid. Different boundary and initial 

conditions apply depending on the measurement 

mode. 

 

For an impulse released into an infinite bed, that is 

injected and detected in a resident fluid, the initial 

and boundary conditions are: 
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where m is the mass injected, δ is the Dirac delta 

function and the subscript r refers to resident fluid 

measurement. The solution to Equation (5) using 

these conditions is: 

 

          
 

      
     

      
 

    
  (8) 

 

Here the two r subscripts refer to the injection and 

detection modes, respectively.  

 

Similarly, for an impulse released into a semiinfinite 

bed with a flux injection (subscript f) and detection 

mode, the initial and boundary conditions are: 
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Conditions (9)-(11) lead to the flux mode solution to 

Equation (5). 

 

          
   

      
 
     

      
 

    
  (12) 

 

Similar solutions for Cfr and Crf can also be 

formulated based on the solutions given in Kreft and 

Zuber, although those are not stated here. The same 

applies for responses to continuous tracer injection. 

 

To find the response to an arbitrary injection pattern 

it is useful to define the unit impulse response, or the 

kernel (or Green’s function). From Equations (8) and 

(12) it is clear that the kernel would be: 
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for resident injection and detection, and: 
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for flux injection and detection. 

 

The kernels can be used, in conjunction with the 

convolution theorem, to derive the response for any 

tracer input. The response to an arbitrary input, CrI, at 

time zero at any location, Vx, is: 

 

                     
          

       
 

 

  

 (15) 

 

Similarly, an arbitrary injection of tracer from 

location zero over all times, Q>0, gives the response: 

 

                                    

 

 

 (16) 

 

The subscripts I and P stand for injector and 

producer. 

 

Note that when tracer flows through a sequence of 

one-dimensional fractures of different lengths and 

cross-sectional area, the response can be computed 

by applying Equation (16) over and over again. That 

is, the output from the first segment, CffP,1(Vx,1,Q1), 

becomes the input for the next segment, CfI,2(0,Q2), 

which must be convolved with the appropriate kernel 

for segment two, in terms of the cumulative flow 

through that section, Q2. 

KERNEL ESTIMATION IN A SINGLE 

INJECTOR, SINGLE PRODUCER SYSTEM 

In this section we illustrate how to obtain an estimate 

of the kernel, κ, that is representative of a single 

fracture connecting an injector and a producer. To 

illustrate the concept we created data using the 

reservoir simulator FEFLOW using variable flow rate 

and concentration conditions. The two-dimensional 

FEFLOW model, with a one-dimensional fracture, is 

illustrated in Figure 1. 

 

 
Figure 1: Two-dimensional FEFLOW model of 

tracer travelling along a single fracture. 

The injector and producer are labeled I1 

and P1, respectively. 

 

The injected flow rate was varied in steps as shown 

in Figure 2. Since the simulation involved single-

phase liquid flow, the production rate was very 

similar to the injection rate. 

 

 
Figure 2: Injection and production rate for the single 

fracture case shown in Figure 1. 

 

The injected tracer concentration was increased 

linearly with time, which led to the variation in 

produced concentration shown in Figure 3. 

 

I1 

P1 



 
Figure 3: Injected and produced tracer concentration 

as a function of time. 

 

To be able to find a unique mapping from the 

injected to the produced concentration, the variations 

in flow rate needed to be taken into account. This was 

done by viewing the concentrations as functions of 

the cumulative flow (we used the production rate, but 

the injection rate would clearly have given similar 

results). The injected and produced concentrations 

are shown in Figure 4, as functions of cumulative 

flow. 

 

 
Figure 4: Injected and produced tracer concentration 

as functions of cumulative flow. 

 

The kernel relating the two tracer concentration 

curves was the analog of Equation (14). The goal was 

to determine this kernel using a nonparametric 

deconvolution method similar to that described in 

Juliusson and Horne (2010). 

 

For the production of tracer at a given point Vx the 

convolution integral analogous to Equation (16) can 

be approximated as: 
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where k was defined as 

     
  
      

 

 
   

    
      

 

 
 . For the special case 

when   
  
    

 

 
 we took                 

  
      

   ; and when     
    we used       

  
         

  . Thus, the convolution could be 

written as the vector-matrix multiplication: 

 

         (18) 

 

where the vector      has the same number of 

elements as there are data points, and    has one 

element for each discretization point. The matrix H 

holds the time shifted reinjection terms, CI1(Q-Q’), 

and the interval terms, dQ’. 

 

To determine   , the problem was formulated as a 

regularized least squares minimization problem: 

 

   
  

 

 
                     

                 
           

 
 

 
      

     
         
       

 
(19) 

 

The roughness penalty (or regularization) term was 

formulated as: 

 

 

 
        

  
 
               

 

   

   

 (20) 

 

where m denotes the number of discretization points 

and the σi are weighting parameters that had to be 

tuned to determine how much weight to place on the 

roughness penalty terms. 

 

One final challenge that was faced in determining the 

kernel was to determine the range of the 

discretization terms, Q’. This was solved by using an 

even discretization from zero to Q’max, where the 

final value was found by global search algorithms (a 



Genetic Algorithm followed by a pattern search). 

Clearly this would not give a unique optimal value 

for Q’max, but it helped to focus the estimation on the 

transient parts of the kernel (as opposed to late time 

parts which were essentially zero). 

 

The kernel representing the fracture shown in Figure 

1 was estimated from the data shown in Figure 4. In 

Figure 5, the estimate is compared to an analytical 

solution representing the fracture. 

 

 
Figure 5: Estimation of kernel based on the 

deconvolution approach. 

 

Clearly, the kernel estimate was obtained with 

considerable accuracy in this case, and the data misfit 

was very small as illustrated in Figure 6. 

 
Figure 6: The data misfit after determining the kernel 

shown in Figure 5. The two lines are 

almost indistinguishable. 

KERNEL ESTIMATION IN MULTIWELL 

SYSTEMS 

In practice there are usually more than one injector 

and one producer, and the connectivity between each 

injector-producer pair is sought. Revealing these 

relationships based on fluctuations in production data 

becomes more challenging as the number of 

connections grows. Thus it is practical to start by 

analyzing a simple scenario where there are only two 

injectors and two producers, and no fracture 

intersections other than at the wells. 

Simple Fracture Pattern 

In a manner similar to that discussed in the previous 

section, an example flow model with discrete 

fractures was created (Figure 7). The example was set 

up with three fractures of equal properties in all but 

the fracture length, which was 60 m for the I1-P1 and 

I2-P2 fractures, but 75 m for the I1-P2 fracture. The 

fractures only intersected at the wells, which was 

advantageous because that allowed accurate 

estimation of flow rates in each fracture based only 

on the flow rate data. This meant also that a unique 

kernel should be obtainable for each injector-

producer combination. 

 

 
Figure 7: Two-dimensional FEFLOW model with two 

injectors and two producers. Discrete 

fractures connect each injector-producer 

pair, with the exception of I2-P1. 

 

Flow simulations were run under variable flow rate 

conditions with linearly increasing concentration, as 

shown in Figure 8. At the end of 90 days, the injected 

tracer concentration was dropped to zero. This 

fluctuation was added to illustrate that the model 

could be used to predict large scale changes in 

concentration. 

 

I1 

P1 P2 

I2 



 
Figure 8: Injected and produced flow rates and 

concentrations for the scenario illustrated 

in Figure 7. 

 

The single fracture model was extended to the 

multiple fracture case by the following formulation: 
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where NI denotes the number of injectors and Qjk 

refers to the cumulative flow between injector Ik and 

producer Pj. The weighting factor wjk(t) was added to 

account for the fact that the inflowing concentration 

from each injector would contribute to the 

concentration at Pj in proportion to the volumetric 

flow rate coming in. Thus, when the flow rates (q) 

are abruptly changed, the concentration balance 

should follow, albeit with a slight delay because of 

diffusion processes in the mixing fluids. To capture 

this effect we used a simple exponential kernel. Thus, 

the weighting factor was modeled as: 

 

        
          

        
             

 

 

 (22) 

 

The exponential kernel was found initially by trial-

and-error, but it was later seen to fit the description of 

a mixing cell process, with a time constant, T=1 

(Bear 1972). The flow rate qPj is the volumetric fluid 

production rate and qPjIk is the estimated flow rate 

going from injector Ik to producer Pj. 

 

A linear regression method, referred to as the MARX 

method (Lee et al., 2010), was used to estimate qPjIk. 

Using this method the production rate is modeled as a 

linear combination of the injection and production 

rate at the previous time. 

 

                          (23) 

 

Here n is a time like variable which was taken to 

represent time in increments of 0.5 days. The flow 

rate vectors are defined as               
 
 and 

              
 
. The unknowns are the elements 

of the matrices A and B. Compiling the observed 

flow rates over all nmax time steps gives the matrix-

matrix equation: 

 

                  

          
                  

                  
  

(24) 

 

Solving this equation under the constraint of     

(element-wise), yields the interwell connectivity 

matrix for flow rates: 

 

           (25) 

 

This matrix relates the flow rates as follows: 

 

         (26) 

 

Therefore the flow rate between each injector-

producer pair was evaluated as: 

 

             (27) 

 

The formulation given in Equation (21) needed to be 

converted to discrete form. By comparison to the 

single fracture case, it was clear that there would be 

multiple transformation matrices Hjk, that were 

analogous to the H matrix for the single fracture case. 

The one difference was that each row was multiplied 

by the corresponding wjk(t) factor. Then, all the 

transformation matrices were grouped into one: 

 

             
  (28) 

 

Similarly the kernels referring to producer Pj were 

written as a large vector 

 

                 
 
 (29) 

 

So for each producer the kernels were estimated by 

solving the system: 

 

   
   

 

 
            

 
                               

           

 
 

 
   
             

         
       

 
(30) 



 

The resulting kernel estimates, based on the first 70 

days of production are shown in Figure 9.  

 

 
Figure 9: Kernel estimates for each of the injector-

producer pairs. The estimates have blue 

solid lines, the true kernels have solid 

dashed lines. 

 

The kernel for pair I1-P1 was the most accurate since 

there was very limited interference from the injection 

at I2. In contrast, the kernel for I2-P1 was rather 

poorly determined, although it was determined as 

very small, in terms of the magnitude of Q, making 

its influence negligible. This was consistent with the 

fact that there was no fracture connection between I2 

and P1. The kernels for I1-P2 and I2-P2 were 

relatively well determined. The predictive 

performance of the model was tested by cross-

validation, i.e. using the kernel estimates to predict 

the concentration in last 30 days of the production 

period. As shown in Figure 10, the variable rate 

kernels work well for prediction. 

 

 
Figure 10: Prediction of tracer concentration in each 

producer, based on the kernel estimates 

shown in Figure 9. The first 70 days were 

used for estimation and the last 30 days 

were predicted. 

More Complex Fracture Patterns 

Cases of more complex fracture patterns, i.e. where 

the dominant flow paths would intersect in the 

reservoir, were considered. An example of such a 

fracture pattern is show in Figure 11. This fracture 

pattern is more challenging to analyze using the 

kernel method because it involves six kernels (κ1-κ6) 

and three mixing cells (m1-m3). To be able to 

estimate each kernel, the flow rate in each of the six 

fracture segments would need to be estimated, but 

that cannot be done using the MARX method (nor 

any other method we know of). Moreover, the signal 

coming through the diagonal fractures will 

effectively have gone through four different stages of 

smoothing, i.e. two kernels and two mixing cells, 

before it is recorded. This means that the input signal 

has lost a great deal of its original character and 

trying to back out two separate kernels from such a 

signal seems practically impossible.  

 

 
Figure 11: Fracture pattern with fractures 

intersecting in the reservoir. 

 

Apart from the previously stated complications, we 

have obviously not yet begun to consider the fact that 

in practice one would not know the layout of the 

fracture network and thus how many kernels to 

search for in the first place. Another major 

complication would also arise if there were more 

wells in the reservoir. 

 

Instead of considering the complex case of six 

kernels and three mixing cells above, one could 

assume that a representative kernel could be 

estimated for each of the injector-producer pairs. This 

is not rigorously correct since the kernels are 

functions of flow rate and the flow rates for say κ2 

and κ5 will generally not be the same. However, 
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I2 

κ1 
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κ3 
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κ6 

m1 
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m3 



defining the flow rate according to Equation (27) 

gave the kernel estimates shown in Figure 12. 

 

 
Figure 12: Effective kernel estimates for each 

injector-producer pair shown in Figure 

11. 

 

The predictive power of these kernels was again 

verified through cross-validation. Data from the first 

70 days were used to obtain the kernel estimates and 

then the concentration for the next 30 days was 

predicted, based on those estimates. The results are 

shown in Figure 13. 

 
Figure 13 Prediction of tracer concentration in each 

producer, based on the kernel estimates 

shown in Figure 9. The black dashed line 

divides the estimation and the prediction 

periods. 

 

Although the predictions in this case are not as good 

as those seen in Figure 10, they do seem reasonably 

accurate. This might be explained by the fact that the 

kernel model does capture both the fact that the 

injected tracer returns in a distributed manner over 

time, and that this time is measured in terms of the 

cumulative flow, which accounts for the variation in 

transport velocity to some extent. 

 

As a final example, we present a case where a three-

dimensional fracture network was created using the 

FRACMAN software. The fracture network had 500 

fractures which were drawn from a fractal size 

distribution (Figure 14). The fracture aperture and 

hydraulic conductivity were correlated to the fracture 

size. Some qualitative analysis of the fracture 

network revealed that producer P2 was relatively 

poorly connected to the bulk of the fractures, and 

especially injector I1. 

 

 
Figure 14: Three-dimensional fracture network 

generated in FRACMAN. 

 

The fracture network was upscaled to a grid of 100 

by 100 by 50 blocks, making each block 1 by 1 by 2 

meters in size. The hydraulic conductivity of the 

blocks ranged from 10-5 to 12 m/s after the upscaling 

had been performed. Similarly the porosity ranged 

from 0.003 to 0.3. The upscaled data were imported 

into FEFLOW for flow simulation.  

 

Four flow simulations were run, to find reference 

values, against which we could evaluate the kernels 

in this case. In each of these simulations, slugs of two 

different tracers were injected, one into each of the 

injectors. The flow rate was kept constant for the 

duration of each simulation, but how much was 

allocated to each well varied between each of the four 

simulations, as shown in Table 1. 

 

 

 



Table 1: Injection rates for tracer slug simulations in 

the fractured reservoir shown in Figure 

14. 

 qI1 [m
3/day] qI2 [m

3/day] 

Simulation 1 200 800 

Simulation 2 400 600 

Simulation 3 600 400 

Simulation 4 800 200 

 

The simulated returns were normalized to account for 

variations in mass injected and the mixing of fluid 

streams, as shown by Equation (31). 

 

   
         

   

           
           (31) 

 

The resulting simulated kernels are shown in Figure 

15. The average of all four kernels is shown by the 

wider blue dashed line. 

 

 
Figure 15: Tracer kernels as obtained from 

simulations of tracer tests at various flow 

conditions. The average of all four 

simulations is overlain in the blue dashed 

line. 

 

Now to generate production data more similar to that 

found in practice, we used the injection histories 

shown in Figure 16. The simulated production rates 

(also in Figure 16) clearly show how P1 produces 

considerably more than P2, since P1 is connected to 

more of the large fractures in the reservoir. A similar 

observation cannot as easily be made based on the 

tracer returns. This is because, even though a 

relatively small fraction of the total tracer injected 

went to P2, most of the water produced from there 

comes from I2, and the fracture connections are 

relatively short and small. This leads to fast tracer 

recovery. 

 

 
Figure 16: Simulated injection and production data 

for the three-dimensional fracture 

network presented in Figure 14. 

 

Data from the first 70 days of the simulated data set, 

shown in Figure 16, were used to estimate the kernels 

for each injector-producer pair. In Figure 17, these 

kernel estimates (blue whole lines) are contrasted 

against the average simulated kernels (green dashed 

lines). 

 

 
Figure 17: Kernel estimates obtained from 

production data (blue whole lines) 

contrasted with computed average of 

kernels from simulations at four different 

flow rate conditions (green dashed lines). 

 

The kernel estimates were finally used to predict the 

tracer concentration over the last thirty days. The 

results were quite accurate as shown in Figure 18. 



 
Figure 18: Cross-validation of tracer returns for the 

three-dimensional fracture network 

models shown in Figure 14. The black 

dashed line divides the estimation and the 

prediction periods. 

DISCUSSION 

The predictions in the complex fracture examples 

were not as good as they were for the simple fracture 

cases. One may argue however, that the predictions 

were fairly close and it would be interesting to see 

how well this method performs in comparison to 

other known prediction methods, for example 

artificial neural networks or the alternating 

conditional expectation method. This will be 

considered in our future work.  

 

A second thought is on what these results could tell 

us about thermal transport in the system. In this work 

we considered two ways of defining the interwell 

connectivity. One was derived from the flow rates 

(Eq. (25)), and the other was based on the tracer 

returns, i.e. the kernel estimates. The flow rate is 

governed by pressure which propagates in a 

predominantly diffusive manner. The tracer transport 

on the other hand is dominated by advective forces, 

i.e. forcing most of the transport through the fracture 

paths. Thermal transport is thought to occur in a 

mixed advective-diffusive manner through the 

system, and therefore the connectivity as defined by 

the flow rate and tracer response might give outer 

bounds to the thermal connectivity. By a similar 

argument, a sweep-efficiency could be defined based 

on each of the flow rate and tracer returns, and based 

on that, one could narrow down the value of the 

thermal sweep-efficiency (or recovery factor). 

Further rationalization of this hypothesis will be 

addressed in future work. 

 

Finally, the problem of optimizing reinjection 

scheduling should be revisited given this enhanced 

understanding of interwell connectivity. 

CONCLUSIONS 

A model for predicting interwell tracer returns in 

fractured and porous media under variable flow rate 

conditions was developed. A key observation was to 

view the tracer returns as a function of cumulative 

flow, as opposed to time. Each injector-producer pair 

was characterized by a kernel which depends on the 

pore volume, the dispersivity and flow capacity of the 

connection. 

 

A nonparametric method for estimating the kernels 

was developed. The method performed very well for 

special cases of strongly fracture-dominated flow. 

For more complex fracture networks, rigorous 

application of the method becomes overly 

cumbersome, and it seems infeasible to estimate all 

the convolution kernels that need to be involved. 

 

Nonetheless, reasonably good predictions were 

obtained by assuming that one convolution kernel 

could be found for each injector-producer pair. 

Although this method is not mathematically rigorous, 

it may work well in practice. The method has the 

advantage of capturing the delayed diffusive nature 

of tracer returns, and the delay is measured in terms 

of cumulative flow as opposed to time. Hence the 

method would be useful to characterize the fracture 

connections between wells, which is one of our 

primary objectives. 
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