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ABSTRACT 

Hydraulic stimulation in Enhanced Geothermal 
Systems is performed by injecting water at high 
pressure into low permeability, typically crystalline, 
rock.  In most cases, the elevated pore pressure 
induces slip on preexisting fractures, resulting in an 
increase in permeability.  This process involves 
interacting hydraulic, thermal, mechanical, and 
thermoelastic processes.  It is complicated by the 
need to account for the complex geometry of the 
preexisting fracture network.  This paper describes an 
investigation of three factors that affect the way that 
the stimulation propagates through the formation: the 
stresses induced by fracture slip, variability in the 
frictional properties of the fractures, and thermal 
stresses.  We found that the first two factors tend to 
create a reservoir that is more poorly connected with 
significant bottlenecking of flow.  We found that the 
third factor, thermal stress, induces tensile normal 
force on a fracture within a zone of cooling and 
compressive normal force on a fracture around a zone 
of cooling.  Complex discrete fracture networks were 
generated stochastically and discretized, and flow 
simulator and displacement discontinuity (DD) codes 
were written to compute the pressures, temperatures, 
and stresses.  An efficient method for calculating 
thermal stresses along a fracture is presented.  

INTRODUCTION 

Fracture shear is the primary mechanism of 
stimulation in most Enhanced Geothermal projects.  
Examples are Soultz, France (Evans et al., 
2005a,b,c), Cornwall, U.K. (Pine and Batchelor, 
1984), Fjällbacka, Sweden (Wallroth et al., 1999), 
and Hijiori, Japan, (Tezuka and Nitsuma, 2000).  
Evidence of the stimulation mechanism includes 
microseismic focal mechanisms, orientation of 
stimulated fractures, stimulation at fluid pressure less 
than the minimum horizontal stress, and direct 
observation of shear offset in fractures intersecting 
the wellbore.  Further discussion and references can 

be found in Section 4-5 of “The Future of 
Geothermal Energy” (Tester, 2007). 
 
An important observation from EGS projects has 
been that reservoir connectivity is a major issue.  A 
relatively small number of fractures tend to support 
all or most of the flow between injector and producer 
wells (Baria et al., 2004, Baria et al., 2005, and 
Tenma et al., 2008).  Only a fraction of the fractures 
intersecting a wellbore may be stimulated during an 
injection, even those that are optimally oriented with 
respect to the in situ stress (Evans et al., 2005b).  
There may be a very weak hydraulic connection 
between two nearby, stimulated wells (Sanjuan et al., 
2007).  There may be a very strong connection 
between two nearby wells, resulting in rapid thermal 
breakthrough (Tenma et al, 2008). 
 
Poor reservoir connectivity has a negative impact on 
the economic characteristics of the reservoir.  First, 
heat sweep efficiency may be reduced significantly 
by the creation of a short circuit pathway for fluid, 
resulting in early thermal breakthrough.  Second, 
flow rate may be reduced.  Darcy’s law indicates that 
flow rate scales linearly: flow rate through two 
identical high permeability fractures would be double 
flow rate through one fracture.  If flow were spread 
across more fractures, higher flow rates could result.  
Third, poor connectivity may result in many of the 
stimulated fractures being unused: if high 
permeability fractures do not lie on a pathway 
between an injector and producer, they are dead ends 
that will not contribute to the overall flow rate.  EGS 
reservoirs are usually in very low permeability rock, 
so a stimulated fracture could pass close to a well or a 
connected fracture, and if it does not actually 
connect, it would be of no value because it is 
hydraulically isolated by the low permeability rock 
matrix.   
 
Poor reservoir connection will not necessarily 
prevent EGS from being successful, but it represents 
a major obstacle.  It is critical to understand the issue 
so that it can be managed successfully.  Given the 
problems listed, it is rather surprising that such large 
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flow rates have been achieved in existing EGS 
projects.  A possible implication is that if connection 
issues could be improved, more economically 
desirable reservoirs could be created in the future. 
 
Computational reservoir modeling offers the power 
to both predict connection issues and investigate 
mitigation strategies.  To capture connection issues 
accurately, discrete fracture modeling, rather than 
effective porous media approximations, is necessary.  
Effective porous media models average out flow into 
homogenous grid blocks and are unable to capture 
phenomena such as a single fracture taking most of 
the flow out of an injector well. 
 
This investigation used reservoir simulation to 
examine how three factors may affect hydraulic 
stimulation: the stresses induced by fracture slip, the 
variability in the frictional properties of the fractures, 
and thermal stresses. 
 
The first two factors result in a more poorly 
connected, more bottlenecked reservoir.  Induced 
stresses make the stress in the rock more 
heterogeneous, inducing slip in some places and 
inhibiting it in others.  Variability in frictional 
properties tends to result in only the fractures with 
low ability to resist slip becoming enhanced.  Both 
effects cause the stimulation to advance more rapidly 
away from the well.  The result is a farther flung, less 
interconnected reservoir. 
 
Thermal stresses are tensile behind a cooling front 
and compressive in front of one.  The shape of the 
cooling front influences the distribution of thermal 
stresses.  For a cold, constant temperature line with 
heat conducting towards it, tensile normal stress 
reaches a maximum at the tips of the line and a 
minimum at the center.  Compressive normal stress 
reaches a maximum just beyond the tips of the line.  
For a line with a temperature minimum at the center 
and increasing temperature towards the edges, the 
tensile normal stress reaches a maximum at the 
center, and compressive normal stress reaches a 
maximum at the tips.  In both cases the magnitude of 
stress decreases as the length increases.  The 
magnitude of stress increases as time passes and 
more of the surrounding rock cools down. 
 
In order to carry out the investigation, we developed 
a code to generate discrete fracture networks 
stochastically, perform discretization, simulate fluid 
flow, and calculate induced stresses.  The induced 
stresses were calculated using the Displacement 
Discontinuity (DD) method.  Ours may be the first 
study that uses the Displacement Discontinuity 
method in a general reservoir simulator on a complex 
discrete fracture network. 
 

Future applications of the study will be optimization, 
sensitivity analysis, and inverse modeling, which 
require large numbers of forward evaluations.  For 
this reason, various strategies were implemented to 
maximize the computational efficiency of the code.  
Reasonable model performance has been achieved, 
although work is ongoing to improve this further.  
The simulations in the “Example” section of this 
paper contained 1778 flow simulation elements, 
12,658 elements for the DD calculation, made 
between 50-100 time steps, and ran in about 450 sec. 
on a desktop computer.   

OVERALL MODELING STRATEGY 

The overall structure of the study is summarized 
below.  The two major computational pieces are a 
flow simulator and a displacement discontinuity 
module to perform mechanical calculations. The 
objective of the modeling is to perform discrete 
fracture simulation, accounting for the major 
hydraulic, thermal, and mechanical effects.  The 
computations were made using the following steps: 
 
Initialize 

-Stochastically generate a discrete fracture model 
-Generate two separate discretizations: one for 
the displacement discontinuity calculations and 
one for the flow simulation 
-Calculate transmissibilities and generate 
connection list from the flow discretization 

 
Flow Simulation 

-Perform flow simulation for a single time step 
-Pass pressures into the DD module 
-Calculate displacement discontinuities 
-Update element permeabilities, connection 
transmissibilities, and element stresses based on 
DD results 
-Repeat 

 
The code was written in Matlab .m files, but some 
modules used Matlab Executable (MEX) Files.  MEX 
files are C++ files that can be compiled and called 
from Matlab.  MEX files were used to assemble the 
Jacobian matrix and the residual in the flow simulator 
and matrices of interaction coefficients in the 
displacement discontinuity code.  MEX files were 
used because they run much faster than Matlab .m 
files.  It was found that MEX files assembled the 
matrices approximately 100 times faster than Matlab 
code.   

INITIALIZATION 

A simple program was written to generate discrete 
fracture networks stochastically.  The program 
locates the fractures at random and assigns a length 
and orientation to each according to a given statistical 
distribution.  This is a simple algorithm for 
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generating a discrete fracture network, and many 
improvements could be imagined. However the scope 
of the first step of the work was to develop a 
reservoir simulator.  The code was designed so that it 
can perform simulation on any arbitrary two-
dimensional discrete fracture model DFM that 
consists only of linear elements.  The input required 
is a list of fracture centers, lengths, and orientation 
angles.   
 
A few quality control strategies were implemented to 
ensure accuracy in the DD calculation.  The DD may 
be inaccurate if elements are very close together and 
if they are not similarly sized.  To avoid these 
difficulties, the code searches through the network 
and deletes fractures that contain a very low angle 
intersection with another fracture.  It also deletes 
fractures that contain fracture intersections that are 
close together or an intersection very close to the 
endpoint of a fracture.  Finally, fractures that are 
hydraulically unconnected to the injection well are 
deleted from the flow calculation because they do not 
participate in the stimulation.  Such fractures may or 
may not be included in the DD calculation, 
depending on whether it is anticipated that a fracture 
could be induced to slip even without elevated fluid 
pressure.  As long as the fracture network is 
generated stochastically and each fracture’s 
properties are not correlated to the others, there is no 
problem with removing fractures from the original 
network.  With an algorithm where fracture 
properties are correlated (e.g. spatially), care would 
need to be used when allowing the code to remove 
fractures, because fracture removal could potentially 
disrupt the statistics of the network. 
 
It was necessary to create two separate discretizations 
of the fracture network.  The simulator interpolates 
fluid pressures and permeabilities back and forth 
between the two discretizations using spline 
interpolation functions.  Two separate discretizations 
were used for two reasons.  First, the flow 
discretization may not need to be as fine in scale as 
the DD discretization.  A coarser flow discretization 
results in faster run time.  Second, it is not possible to 
discretize the fractures and the matrix together and 
simultaneously guarantee that the fracture elements 
are equally spaced, as the DD code requires.  If the 
matrix blocks are not included in the problem (as 
they are in the examples in this paper), this would not 
be an issue and, other than speed, there is no reason 
why the DD discretization could not be used in the 
flow simulation.   
 
The flow simulator discretization was created by 
Triangle, a two-dimensional unstructured 
discretization code by Jonathan Shewchuk (1996).  
Triangle performs a Delaunay triangularization of the 
area surrounding the elements and also discretizes the 

fracture themselves.  The code contains quality 
control features that allow limits to be placed on 
element angles, which affect aspect ratio and 
numerical accuracy.  As mentioned, the code 
currently does not support heat conduction, so the 
matrix elements are discarded, and only the fracture 
elements are passed on to the simulator. 
 
Figure 1 shows a discrete fracture network with the 
discretization performed by Triangle, with both the 
matrix triangles and the fracture elements shown. 
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Figure 1: A discretized two-dimensional fracture 

network including matrix elements.  Red 
lines are the fractures. 

 
The displacement discontinuity discretization 
includes only the fractures and to ensure accuracy has 
small, equally sized elements.  The discretization is 
created by marching from one side of each element to 
the other, creating elements at intervals of the defined 
length.  For every example in this paper, the elements 
were 5 m. long.  Elements must terminate at 
intersections and endpoints, and so it is not actually 
possible to have completely equally sized elements 
everywhere.  If a new element must be shorter than 
the standard length, the code determines if it will less 
than or greater than half the standard element length.  
If the length is less, the element is lumped into the 
previous element to form an oversized element.  If 
the length is greater, an undersized element is made. 
 
Calculation of the transmissibilities between elements 
was complicated by the use of a discrete fracture 
model and an unstructured grid.  The method 
described in Karimi-Fard et al. (2004) was used to 
calculate the transmissibilities. 
 
The output of the initialization is volume and 
connection lists that can be used in the flow 
simulation.  Element properties such as location, 
orientation and length are also passed in for use in the 
DD calculation and in interpolation.   
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FLOW SIMULATION 

A fully implicit, coupled, thermal, single-phase 
simulator with gravity was written.  There are a 
number of reasons why the decision was made to 
write a simulator rather than use a commercially 
available one.  The simulator frequently passes data 
back and forth between the DD code, and this is most 
easily done if the simulator is fully incorporated in 
the code of the larger program.  Second, there are a 
variety of modifications to the simulator equations 
that may be made in the future to reflect the unique 
nature of fracture flow problems, and it was felt these 
changes would be easiest in a code that was 
completely written by the author.  The simulator is 
single-phase for simplicity and because EGS projects 
tend to be at greater pressure and lower temperature 
where only liquid water is present. 
 
The equations of reservoir flow simulation are widely 
known, and so they will be only briefly summarized 
here. A good explanation of the mass and energy 
discretization for flow through porous media in 
unstructured grids is in Pruess (1999).  A general 
reference on simulation is “Petroleum Reservoir 
Simulation” by Aziz and Settari (1979). 
 
At each time step, the simulator solves mass and 
energy balances simultaneously on each element in 
order to calculate pressure and temperature.  This is a 
finite-difference approximation to the governing 
differential equations, forming a system of nonlinear 
algebraic equations that are solved using Newton-
Raphson iteration.  Fluid properties are calculated 
using the pressure and temperature at the next time 
step, and so the simulator is considered implicit.  The 
mass and energy equations are solved 
simultaneously, and so the simulator is coupled.  
Darcy law flow is assumed.   
 
Combined with Darcy’s Law, the mass balance 
equation for an element “m” is: 
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Where P is pressure, k is permeability, ρ is density, µ 
is viscosity, D is the distance between element 
centers, A is the area of contact between elements, g 
is the gravitational constant times the tangent of the 
angle from vertical between the two element centers, 
φ is porosity, V is the volume of the element, M is the 
total mass density of fluid in the element, ∆t is the 
time step, and q is a source term such as a well. The 
subscript m represents the element for which the 
mass balance is being calculated, and the subscript p 
represents the elements that are connected to element 
m.  The subscripts together, pm, represent some value 
that is a combination of the terms from the two 

elements.  Upwinding is used, in which the pm value 
is calculated using the pressure and temperature of 
whichever element has a higher pressure.  The 
superscripts represent the timestep at which the 
values are calculated: n is the previous time step and 
n+1 is the upcoming time step. 
 
Between fracture elements, heat transfer by 
conduction is much less than convection and so is 
neglected.  In the matrix elements, there is no 
convection because permeability is considered 
negligible.  For these elements, there is no fluid mass 
balance, only an energy balance with conduction.   
 
The energy balance equation for fracture elements is: 
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where E is internal energy per volume of the fluid, Cr 
is the rock specific heat, T is temperature, e is an 
energy source term like a well, and F is the 
volumetric flow rate between p and m, which is the 
same as the left hand side of Equation 1.  The Cd 
term represents conduction heat transfer between the 
fracture and the surrounding matrix.  If the matrix 
elements are included in the problem, it is: 
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where K is heat conductivity.  The energy balance on 
a zero permeability matrix element with porosity zero 
is: 
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If the matrix elements are not included in the 
problem, a one-dimensional heat conduction 
approximation can be used.  The assumption is that 
heat flow is one-dimensional towards each fracture 
element.  The fractures are assumed independent, so 
heat flow to one fracture does not affect the others.  
The thermal penetration in rock is quite shallow at 
short time scales, so this is a reasonable 
approximation for some problems. 
  
This code uses the one-dimensional heat conduction 
approximation that is used in the popular simulator 
TOUGH2 (Pruess, 1999),  developed by Vinsome 
and Westerveld (1980).   
 
Fracture elements have two unknowns, pressure and 
temperature, and two equations, mass and energy.  
Matrix elements have one unknown, temperature, and 
one equation, energy balance. 
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Fluid properties are calculated from a steam table.  
The table contains water density, internal energy, 
inverse viscosity, and the pressure and temperature 
derivatives of those properties at pressure and 
temperature intervals.  Properties are interpolated 
between values in the table.  The table was created 
using the freeware Matlab code XSteam 2.6 by 
Magnus Holmgren (2007), which implements the 
IAPWS IF-97 properties for water and steam. 
 
The Jacobian matrix is the sparse matrix of pressure 
and temperature derivatives of the residual equations 
used during the Newton-Raphson iteration.  The 
matrix is computationally intensive to create, and so 
it is made in a MEX file.  A useful optimization can 
be achieved by assembling the Jacobian in an 
efficient way.  The Jacobian is a sparse matrix, which 
means that most of its values are zero.  Rather than 
allocating memory to store every single number, only 
the nonzero values are stored, as are the locations of 
all the nonzero values.  This is much more memory 
efficient because the memory to store a standard 
array scales like n2.  For example, a 50,000x50,000 
array would require 20 GB of RAM. 
 
Matlab orders the values in a sparse matrix from top 
to bottom, then from the left column to the right 
column.  This information is stored three C++ arrays 
(pr, jc, and ir) and a double (nzmax).  The variable 
nzmax is the total number of nonzero elements in the 
array.  The array pr has nzmax values and contains 
the nonzero values in the matrix.  The array jc has 
nzmax numbers and is the row of each corresponding 
value in pr. If there are n columns, jc has n+1 values 
and contains the element number in pr of the first 
nonzero number in each column.  The n+1th number 
in jc is nzmax.   
 
Understanding how a sparse matrix is stored in 
memory allows it to be assembled more rapidly.  The 
reason is that inserting numbers into the middle of a 
C++ array is inefficient.  If an array contains n 
values, then inserting a number into a random 
location in the array requires, on average, n/2 
operations.  If a number is inserted into a sparse 
matrix, the computer must insert a number into both 
the ir and pr arrays and all values in the jc array after 
the column containing the new value are changed.  
This creates a large number of extra computations for 
the computer.  It is faster to calculate the values in 
the Jacobian matrix in the order they are stored so 
that it is not necessary to insert numbers into the 
middle of the arrays.   
 
The code calculates the nonzero values in the 
Jacobian in a specific order: from top to bottom, left 
to right, just as it is stored in memory.  Once, at the 
beginning of the code, the connection list is put in 
order so that when the simulator reads it, the nonzero 

Jacobian values are calculated automatically in the 
correct order.  The location of the nonzero values in 
the Jacobian does not change, and so the ir and jc 
arrays only need to be generated once. 
 

DISPLACEMENT DISCONTUITY METHOD 

The Displacement Discontinuity (DD) method is a 
boundary element method that calculates fracture 
opening and slip in an infinite, elastic medium.  The 
method has been applied in many earth science and 
fracture mechanics applications.  A classic text on the 
topic for two-dimensional problems is Crouch and 
Starfield (1983).  The three-dimensional 
Displacement Discontinuity method was applied in 
an EGS setting by Zhou and Ghassemi (2009).   
 
Fractures create a “discontinuity” in displacement 
because the opposing sides move in opposite 
directions during slip and opening.  If the opposite 
sides are denoted as (+) and (-), the displacement 
discontinuity can be defined as: 

+− −= iii uuD     (5) 

In three dimensions there is one fracture normal DD 
and two, orthogonal, fracture parallel DDs.  In two 
dimensions there is one normal DD (n) and one 
fracture parallel, or shear, DD (s).   
 
Similarly, fractures have three orthogonal tractions in 
three-dimensional problems and two orthogonal 
tractions (normal and shear traction) in two-
dimensional problems.  The traction t on a two-
dimensional fracture with unit normal vector n under 
a loading condition σ is calculated using Cauchy’s 
formula (Pollard and Fletcher, 2008): 
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  (6) 

 
The total traction on each element is the sum of the 
remote loading condition, which is the in situ state of 
stress of the earth, and the tractions induced by the 
surrounding fracture elements which slip or open. 
 
Because linear elasticity is assumed, the stresses 
induced by each element are directly proportional to 
the magnitude of the displacement discontinuities, 
and the total induced stress on a given element is the 
sum of the effect of all the other elements.  The 
coefficient of proportionality is calculated using the 
equations of the Displacement Discontinuity method.  
The code follows Crouch and Starfield (1983) by 
constructing the two-dimensional solution using 
constant displacement linear elements.  This method 
assumes that each fracture element is a straight line 
and the DD along each element is constant.  The 
advantage of this assumption is that an analytical 
solution exists for the stresses induced by the DD 
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elements.  This avoids the need for numerical 
integration.  The disadvantages are that equally sized 
elements must be used, and they must be relatively 
small to ensure accuracy. The constant element DD 
solutions are lengthy and are not repeated here.  The 
interested reader is referred to Crouch and Starfield 
(1983).  In all calculations, plane strain is assumed, 
which means that strain out of the plane is zero. 
 
Following the BEM method in linear elasticity, a 
system of linear equations can be set up and solved: 
 

tKD =     (7) 
 
where D is the vector of displacement discontinuities 
(both normal and shear) for each element, t is the 
vector of traction boundary conditions, and K is the 
matrix of interaction coefficients giving the effects of 
DD by each element on the traction on every other 
element. 
 
The traction boundary conditions depend what each 
element is doing.  A fracture will “open” if the 
effective normal traction is tensile (positive) and 
exceeds the tensile strength.  Effective normal 
traction is defined as the in situ normal traction plus 
the fluid pressure in the fracture.  Shear traction is 
unaffected by the fluid pressure.  For simplicity the 
effective normal traction is referred to simply as the 
normal traction in this paper.  The surfaces of an 
open fracture must bear zero shear traction and a 
normal traction equal to the magnitude of the 
effective normal stress.  Therefore, for an open 
fracture, the stresses induced by the displacement 
discontinuities must equal the negative of the 
tractions that would be applied on the fracture if it 
were not open: 
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A fracture will “shear” if the shear traction is greater 
than the ability of friction to resist it.  This paper uses 
the classical Coulomb failure criterion, which states 
that a fracture will shear if (Pollard and Fletcher, 
2008): 

ns tSt µ+> 0||    (9) 

This criterion is based on the assumption that the 
frictional strength of a fracture is proportional to the 
normal (compressive) traction on the fault by a 
coefficient of friction, µ, with some extra cohesion 
So.  The Coulomb failure criterion is widely used in 
fracture and fault mechanics.  It is possible to define 
a static coefficient of friction, µs, and a dynamic 
coefficient of friction, µd, where typically µd < µs.   
 
It is possible to rearrange the Coulomb criterion to 
put it into a standard matrix form for solution in the 
BEM formulation.  For a given element,  
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and similarly,  
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where ti
remote is the traction due to the stress state of 

the earth and ti
induced is the traction due to the 

displacements of the surrounding elements, either 
opening or shearing.  Ki is the matrix of interaction 
coefficients relating D to either the shear or normal 
traction. 
 
The absolute value in Equation 9 must be dealt with 
to include in a system of equations.  For most 
applications, it is reasonable to assume that 
magnitude of the induced shear stress on an element 
will be less than the remote stress.  Therefore, it can 
be assumed that the sign of ts is the same as the sign 
of ts

remote.  The variable ts
remote is known ahead of time 

and does not change.  Therefore the following 
relation can be used: 

induced
s

remote
s

induced
s

remote
s tttt γ+=+ |||| (12) 

where γ = 1 if ts
remote > 0 and γ = -1 if ts

remote < 0.   
 
Slip ends when the shear stress equals the failure 
criterion using the dynamic coefficient of friction.  
This is a simplifying assumption because in reality 
fracture slip is a dynamic process that occurs in a 
short period of time and is governed my more 
complex physical processes than linear elasticity.  
Plugging into the failure criterion gives: 

)(|| 0 DKDK n
remote
nds

remote
s tSt ++=+ µγ

 
     (13) 
The equation can be rearranged to put it in a standard 
AX=B form, where A and B are composed entirely of 
known values and D is the vector of displacement 
discontinuities: 

||)( 0
remote
s

remote
ndnds ttS −+=− µµγ DKK

     (14) 
 
Note that there are two equations for each fracture 
element for an open fracture, but only one equation 
for a sliding fracture.  Correspondingly, there are two 
unknowns for an open element, Dn and Ds.  For a 
sliding fracture, there is only one unknown, Ds.  The 
walls of a sliding fracture do not separate, hence Dn is 
zero.  
 
Elements that meet neither the sliding nor the 
opening criteria are “inactive.”  Their displacement 
discontinuity is zero, and they can be left out of the 
calculation entirely.  This improves the efficiency of 
the calculation dramatically, because in a typical 
simulation run, at a given time step the vast majority 
of elements are likely to be inactive.  Thus, the size 
of the problem that needs to be solved is much 
smaller. 
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The final system is set up in the form KD = t, where  
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The Knoii and Ksoii submatrices are the coefficients 
relating the displacements of the open and sliding 
elements to the boundary conditions for the opening 
elements as given in Equation 8.  The Kssii 
submatrices relate the displacements to the boundary 
conditions for the sliding elements as given in 
Equation 14.   Similarly, the t vector is given by the 
right hand side of Equations 8 and 14.  The D vector 
of unknowns is: 
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where Dno gives the normal displacement of the open 
elements, Dso give the shear displacement of the open 
elements, and Dss gives the shear displacement of the 
sliding elements. 
 
Unfortunately, it is not known prior to doing the 
calculation which elements are open, sliding and 
inactive.  For example, based on the remote loading 
conditions and fracture pressures that are passed into 
the DD code, it might be calculated that a small 
number of elements exceed the failure criterion.  The 
stress induced by those elements will tend to cause 
the elements adjacent to them to exceed the failure 
criterion, they will affect the elements next to them, 
and so on.  Usually, if an element on a fracture slips, 
many of the elements surrounding that element are 
also induced to slip.  This mimics the chain reaction 
of induced stresses that causes earthquakes.  The slip 
is not uniform along the fracture, but rather reaches a 
maximum somewhere in the middle, and drops off to 
zero along the edges. 
 
Figure 2 shows a slip event on an individual fracture 
during a simulation.  The green represents the 
elements that are slipping, and the width of the green 
represents the magnitude of slip. 
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Figure 2: Slip distribution on a fracture during a 

single time step 
An iterative algorithm is used to solve the problem of 
identifying which elements slip and which are open.  
The algorithm is summarized in Figure 3. 
 

Figure 3: Overall modeling algorithm 
 
Once the displacement discontinuities are known, the 
tractions can be calculated on the sliding and inactive 
elements (the open elements have traction of zero).  
This is accomplished by multiplying the matrix of 
interaction coefficients by the vector of 
displacements.  These are the traction values used to 
identify the new open and sliding fractures.  The 
opening and sliding criterion are applied to the 
inactive elements. 
 
Identifying open and sliding fractures could 
potentially involve removing elements from the 
calculation which do not fulfill the friction or 
opening criteria.  “Opening” elements are removed if 
their displacement discontinuity is negative, which 
would indicate that the walls of the fracture are 
interpenetrating, which is not physically possible.  
“Sliding” elements are removed if the shear traction 
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on that element would not exceed the failure criterion 
if that element were removed from the calculation.  
That is, if: 

calc
ns

nn
calc
nsss

calc
s

tS

DKtSDKt

µ
µ

+=

−+<−

0

0
** )(||

 

     (17) 
where the equality holds because Dn  is zero for a 
sliding element.  The “*” indicates that the Ds for the 
specific element has been removed.  The variables 
ti

calc are the tractions on the element due to the 
displacement discontinuities that have just been 
calculated. 
 
After the algorithm is completed, the sliding 
displacement discontinuities are made permanent.  
The final stresses are calculated and passed into the 
simulator for use the next time the DD calculation is 
performed.  In testing so far, the algorithm has been 
convergent, but there is no guarantee this will always 
be the case. 
 
A number of optimizations to the algorithm in Figure 
3 were implemented to improve the speed of the 
code.  First, when tractions on elements are 
recalculated, they are only recalculated on elements 
that are close to the active elements.  The reason is 
that active elements have a small effect on distant 
inactive elements and are unlikely to cause them to 
become active.  After the final iteration, the stresses 
are recalculated on every single element in the entire 
problem and they are all checked to see if any has 
become active.  If any have, iteration is resumed.   
 
A simple algorithm was used to identify which 
elements are near the active elements.  The code 
divides the simulation region into a 20x20 grid.  At 
the beginning of the simulation, a list is created of all 
the elements within each of the 400 regions.  Before 
recalculating stresses, the program identifies which 
regions are adjacent or diagonal to those that contain 
active elements.  Then it recalculates the stress on 
every element in those regions.  The total region is 
1000x1000m.  Each box is 50m., and so the 
algorithm guarantees that stresses on elements within 
at least 50 m. of a slipping element are recalculated. 
 
During iteration, some interaction coefficients are 
used many times while most are never calculated.  To 
avoid recalculating interaction coefficients, the 
program stores which interaction coefficients have 
already been calculated and if they have, loads them 
from memory rather than recalculating them every 
time.  Because there may be a large number of 
elements, there is a practical problem in how to store 
the interaction coefficients in memory.  The fastest 
way would be in a dense Matlab matrix or a C++ 
array, but as discussed previously, that would be very 
inefficient in memory usage because it would require 

storing a very large number of zeros.  A sparse 
Matlab matrix would use memory efficiently but 
would be slow because of the inefficiency of 
inserting values into a sparse matrix, as discussed 
earlier.   
 
Instead, a Hash Map is used.  The Hash Map uses an 
arbitrary mathematical function to map the 
coordinates of the interaction coefficient (the element 
numbers of the two elements that are interacting) to a 
deterministic but random “bin.”  A bin can contain 
more than one element.  To recall a value, the Hash 
Map accesses the correct bin and searches through it 
to see if the interaction coefficient being sought is 
stored in the bin.  As long as there are enough bins, 
each bin will contain a small number of interaction 
coefficients, and the Hash Map can recall values 
rapidly.  The Hash Map is efficient in memory usage 
because it requires the computer to store only the 
interaction coefficients, the coordinates of the 
coefficients in each bin, and pointers which allow the 
program to locate each bin in memory. 

VERIFICATION OF THE DISPLACEMENT 
DISCONTINUITY CODE 

Numbers calculated from the displacement 
discontinuity code and the flow simulator were 
verified against other, established codes.   
 
The DD code was compared to “Comp2DD,” a code 
written by Ovunc Mutlu in 2006 and modified by 
David Pollard in 2007.  Their code solves two-
dimensional displacement discontinuity problems 
included both opening and sliding elements using the 
constant linear displacement equations given in 
Crouch and Starfield (1980).  These are exactly the 
same equations used in our code, so the results 
should be identical.   
 
The code in this work and Comp2DD solve the 
problem in different ways.  The difference is how the 
programs handle the issue of not knowing ahead of 
time which elements will be open, slipping, and 
inactive.  Comp2DD formulates and solves the 
problem as a type of linear optimization problem 
called a complementarity problem.  A description of 
how Comp2DD works can be found in Mutlu and 
Pollard (2008). 
 
An extensive comparison between the 
complementarity approach and the algorithm used 
here was not carried out.  However it may be that this 
algorithm is more appropriate for the application 
envisaged in this paper, large problems where most 
elements are inactive.  The complementarity 
algorithm requires formulation of a full matrix of 
interaction coefficients, which contains n2 values.  
For large problems this would require a huge amount 
of calculation and memory.  This algorithm includes 
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only active elements in the calculation, potentially 
making the problem much smaller and more efficient.  
This advantage likely outweighs the disadvantage of 
needing to perform iteration.    
 
An artificial problem was set up to compare 
Comp2DD and the code here.  Three linear fractures 
were arranged as shown in Figure 4.  Fracture 1 went 
from (-2, 0) to (2, 0).  Fracture 2 went from (-2, 5) to 
(2, 3).  Fracture 3 went from (4, 4) to (4, 0).  The 
fractures were each divided into 40 equally sized 
elements.  Poisson’s ratio was 0.25, Young’s 
Modulus was 10 GPa, the coefficient of friction was 
0.5 (both static and dynamic), and the cohesion was 
zero.  A compressive stress of -4 MPa was applied in 
the x direction and a tensile stress of 1 MPa was 
applied in the y direction. 

 
Figure 4: The setup of the DD verification problem 
 
The result was that Fracture 1 opened, Fracture 2 
slipped, and Fracture 3 was inactive.  The nonzero 
displacement discontinuities are shown in Figure 5.  
A positive Dn indicates fracture opening.  A positive 
Ds indicates right lateral motion. 
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Figure 5: DD distribution along Fractures 1 and 2 in 

the DD verification problem 
 
The absolute difference between the element DD’s 
calculated by Comp2DD and the code was 10-10 m or 
smaller.  The difference is due to machine round-off 
error. 

VERIFICATION OF THE FLOW SIMULATOR 

The flow simulator was verified against the popular 
simulator TOUGH2 (Pruess, 1999).  The flow results 
were compared in a discrete fracture network created 
by the code.  A Matlab script was written to generate 
a TOUGH2 input file from the connection list and 
volume list created with the help of Triangle and 
Otpfabeta.  Only fracture flow was included in the 
simulation.  Gravity and the one-dimensional heat 
conduction approximation were not included.   
 
The permeability was 10-16, the porosity was 0.1, the 
rock grain density was 2500 kg/m3, the rock specific 
heat was 1 kJ/(kg- ºC), the fracture height was 100 
m., and the fracture thickness was 0.2 m.  The initial 
conditions were 40 MPa and 200ºC.  In order to 
simulate a well injecting at constant pressure, a 
horizontal line at the center was set at constant 60 
MPa and 25 ºC.  Four time steps were taken: 
(1,2,3,4)*107 sec.  The pressure distribution in the 
fractures at the end of the simulation is shown in 
Figure 6.  The color grades between blue, which 
represents 60 MPa, and red, which 40 MPa.  The 
edges are no flow boundaries. 
 
Note that that pressure increase occurred mostly on 
the right side of the pressure source.  This is due to 
the details of the way the fractures were connected in 
this particular stochastic realization.  This sort of 
behavior could not have been captured by an 
effective porous media model. 
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Figure 6: Pressure distribution in the flow simulator 

verification problem. Blue is 60 MPa and 
red is 40 MPa. 

 
A block by block comparison of pressure and 
temperature was carried out.  The pressures in 
TOUGH2 were all between 0.1 and 0.3 bar greater, 
which corresponds to a relative difference of delta P 
around 0.1%.  The temperatures from the simulator 
were within around 0.01 ºC of TOUGH2’s results.  
The reason for the difference is that TOUGH2 uses 
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the IFC 1967 water properties (Pruess, 1999).  The 
simulator in this work used the IAPWS 1997 
standard, as given by XSteam (Holmgren, 2007).  
The difference in water density between the two 
standards is around 0.35 kg/m3 at the simulator 
conditions, which is enough to cause the small 
differences seen.   
 
To confirm that differences in fluid properties 
account for the small difference, a two block problem 
was set up and run for a single time step, and the 
residual equations were verified for both TOUGH2 
and the simulator using their respective water 
properties.  

VISUALIZING STRESSES AROUND A 
SLIPPING FRACTURE 

Contour maps can be used to visualize the stresses 
that are induced by fracture slip.   
 
The effect of a sliding fracture on a neighboring 
fracture’s tendency to slip can be quantified using the 
dimensionless parameter κ, defined in Equation 18.   

slidingelm
nd

slidingelm
nds

σµτ
µγκ
−

−=
||

)( DKK
 (18) 

The driving force to slip is the shear stress minus the 
frictional ability to resist shear stress.  The 
denominator of Equation 18 is the driving force that 
caused the original fracture to slip.  The numerator is 
the driving force induced on a neighboring fracture of 
a given orientation.  After sliding, κ = -1 along the 
fracture for an orientation parallel to the original 
fracture because the driving force is completely used 
up by the slip.   
 
As an example, if the original fracture was stimulated 
with a fluid pressure of 5 MPa above its ability to 
resist slip, and it induced κ = -0.5 on a nearby 
fracture, then the nearby fracture would experience a 
net effect on its own ability to slip equivalent to a 2.5 
MPa decrease in fluid pressure. 
 
Contour maps were created by calculating κ at points 
around the slipping fracture.  The values of κ depend 
on the orientation of the hypothetical nearby fracture, 
so different maps are shown for different 
orientations.   
 
A fracture with a half length of 1 m. and parallel to 
the x-axis was discretized into 50 equally sized 
elements and centered at the origin.  The fracture 
cohesion was zero, the static coefficient of friction 
was 0.6 and the dynamic coefficient of friction was 
0.55.  The shear modulus was 1010 Pa. and Poisson’s 
ratio was 0.1.  The shear traction was 1 MPa and the 
normal traction was zero. 
 

The resulting slip on the fracture is given in Figure 7.  
The negative sign of the DD corresponds to the top of 
the fracture slipping to the left and the bottom 
slipping to the right (left lateral).   
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Figure 7: Slip distribution along a 2 m. long fracture 

due to 1 MPa shear stress.  Units of 10-4 
m. 

 
Figure 8 shows κ for fractures oriented parallel to the 
original fracture. 
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Figure 8: κ for fractures oriented at 0º from the x-

axis. 
 
Figure 8 shows that there are lobes where fracture 
slip is inhibited on the upper left and bottom right 
ends of the fracture.  There are smaller lobes off the 
ends and off the upper right and lower left where slip 
in encouraged.  Slip is strongly inhibited close to the 
fracture along its sides. 
 
In an anisotropic stress state, there are two conjugate 
directions that are optimally oriented for slip.  They 
are oriented roughly 25º clockwise and counter-
clockwise from the direction of maximum horizontal 
stress.  The effect of one conjugate set on the other is 
worth investigating. 
 
The fracture oriented parallel to the x-axis in the 
example above slipped left laterally.  Left lateral slip 
would be caused by a maximum compressive stress 
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oriented at an acute angle counter-clockwise from the 
fracture, perhaps 25º.  The conjugate set would slip 
the opposite direction and be located another 25º 
counter-clockwise from the direction of maximum 
compressive stress, or 50º counter-clockwise from 
the original fracture. 
 
The effect of a fracture slipping on the conjugate set 
is compared in Figure 9 and Figure 10.  Figure 9 
shows κ for fractures that are oriented at 40º counter-
clockwise from horizontal, and Figure 10 shows κ for 
fractures oriented 50º counter-clockwise from 
horizontal.   
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Figure 9: κ for conjugate fractures oriented 40º 

clockwise from horizontal 

0

0
0

0

0

0

0

00

0

0

0

0

-0.15 -0.15
-0.15

-0.15

-0.15

-0.15
-0.15

-0.15

-0.15

-0.15

0.15

0.15 0.15

0.15
0.15

0.
15

0. 15

0.15

-0.3

-0.3-0.3

-0.3

-0.3 -0.3 -0.3

-0
.3

-0.3

-0.3

-0.45
-0.45-0.45

-0.45
-0.45

0.3

0.3
0.3

0.3
-0.6-0.6
-0.6

-0.6 0.450.45
0.60.6 -0.75
-0.15

-0.15
0.75

0.750.9 0.
9-0.75

-0.6 -0.75-0.9 -0.9

 

 

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5

-1

-0.5

0

0.5

1

1.5

-1.5

-1

-0.5

0

0.5

1

1.5

 
Figure 10:  κ for conjugate fractures oriented 50º 

clockwise from horizontal 
 
Figures 9 and 10 show that the conjugate fracture set 
is less likely to slip on the top left and lower right 
corners and more likely to slip on the top right and 
lower left corners.  The conjugate fractures are less 
likely to slip along the side of the fracture, but the 
effect is considerably stronger for the 50º fractures 
than the 40º fractures. 
 
These contour maps help visualize the effect of one 
fractures slipping on the others.  The contour maps 
are scale independent.  The length scale in the above 

figures could be meters, 10’s of meters or 1000’s of 
meters and they would look the same.   
 
The contour maps demonstrate that when a fracture 
slips it has a significant, spatially heterogeneous 
effect on neighboring fractures, and the effect can 
extend large distances away the slipping fracture. 

FRACTURE COHESION AND STRESS 
PERTURBATION 

The effect of two factors, variable fracture cohesion 
and stress perturbation, was investigated.  The effect 
of stress perturbation is described with the 
Displacement Discontinuity method, as described in a 
previous section.  Fracture cohesion refers to the 
constant value S0 in the Coulomb failure criterion, 
which predicts that a fracture will shear if (Pollard 
and Fletcher, 2008): 

ns tSt µ+> 0||    (19) 

 
We expect that varying the frictional coefficient µ 
would have had a similar effect to varying S0. 

 
Three cases were simulated: the first with variable 
fraction cohesion and fracture interaction included, 
the second with constant fracture cohesion and 
fracture interaction included, and the third with 
constant fracture cohesion and fracture interaction 
not included.   
 
The results demonstrate that both variable fracture 
cohesion and fracture interaction cause the fracture 
stimulation to be more heterogeneous, with 
detrimental effects to the quality of the stimulation 
from an economic perspective.  The results also show 
that both factors cause the stimulation to propagate 
further from the wellbore, faster. 
 
Evidence of variable frictional properties of fractures 
is presented briefly.  Both laboratory testing and 
analysis of EGS field data suggest that fractures in 
EGS reservoirs may have variable cohesion or 
coefficient of friction.   
 
Evans (2005b) applied the Coulomb failure criterion 
to fractures at Soultz, France using wellbore imaging 
logs to calculate orientation and spinner and 
temperature logs to determine which fractures had 
enhanced permeability, hence, had failed in slip.  He 
found that the observations were not consistent with 
the assumptions of constant fracture cohesion, 
frictional coefficient, and remote stress.   
 
Laboratory testing of rock samples by Byerlee (1978) 
is often cited as demonstrating that frictional 
behavior of rock is relatively invariant.  Byerlee’s 
correlations are even referred to as “Byerlee’s Law” 
(Jaeger et al., 2007).  However, it is often omitted 
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from references that Byerlee claimed this result only 
for high values of effective normal stress on the 
fracture.  He observed that at low magnitudes of 
compressive effective normal stresses, such as 5 MPa 
or below, laboratory testing on fractures indicated a 
wide range of frictional behavior.  Byerlee searched 
the literature for tests at 5 MPa or below and found 
values of frictional coefficient, assuming cohesion of 
zero, that varied from 0.3 to 10!  More recent 
laboratory tests have also shown variability in 
frictional behavior between different fractures at 
relatively low stresses (Armand et al., 1998, and 
Papaliangas, 1995).  During hydraulic stimulation, 
fluid pressure is elevated and in many or most cases 
the magnitude of the effective normal stress is in the 
range of 5 MPa or below.  Finally, no one has ever 
done a laboratory test on a true “fault,” composed of 
a wide zone of alteration and deformation, simply 
because these features are too large to physically 
exhume and test in a laboratory.  A review of the 
topic of variability of fracture friction can be found in 
McClure (2009).   
 
In the constant cohesion cases, every fracture had a 
cohesion of 1.5 MPa.  In the variable cohesion case, 
each fracture had a cohesion randomly chosen 
between 0 and 3 MPa.  Thermal stresses were 
neglected, as was gravity, the rock was assumed 
incompressible, and the one-dimensional heat 
conduction approximation was turned off.  The static 
coefficient of friction was 0.6, the dynamic 
coefficient of friction was 0.55, the initial 
permeability was 10-15 m2, the porosity was 10%, the 
rock grain density was 2500 kg/m3, the rock specific 
heat was 1 kJ/kg, and the fractures were 100 m. tall 
and 0.2 m. wide.  The remote stresses were σxx = -65 
MPa, σyy = -100 MPa, and σxy = 0 MPa.  The shear 
modulus was 1010 Pa and Poisson’ ratio was 0.1.  The 
edges were no flow boundaries. 
 
To simulate a well injecting at constant pressure, a 
horizontal line at the center was set constant at a fluid 
pressure of 60 MPa and 25 ºC.  The initial condition 
of the reservoir was 40 MPa and 200 ºC.   
 
Under these conditions, there were fractures that 
slipped.  The tensile strength of the fractures was 
zero, but few of the fracture elements opened during 
each simulation (less than five).   
 
A very simple model was used to relate the 
displacements to permeability.  The initial hydraulic 
aperture of the fracture was 10-5 m.  When a fracture 
slipped, the hydraulic aperture was set to the previous 
aperture plus the magnitude of the slip.  When a 
fracture opened, the hydraulic aperture was set to the 
residual aperture plus the magnitude of the opening.  
Permeability-thickness was related to slip according 
to the equation: 

3*2.0 aperturekh =    (20) 
A maximum permeability-thickness was set at 
0.2×10-11 m2.  In most slipping fractures, maximum 
permeability was reached.  The permeability and 
pressures from the variable cohesion with interaction 
case are shown in Figures 11 and 12, respectively.  
The same distributions from the constant cohesion 
with interaction case are shown in Figures 13 and 14.  
The results from the constant cohesion with no 
interaction are shown in Figures 15 and 16. 
 
In order to do a fair comparison, it is somewhat tricky 
to choose the duration of the simulation.  The 
stimulation advances more slowly away from the 
well in the noninteraction case.  This is because 
interaction causes large slip events that propagate 
instantaneously down the fractures.  These could be 
interpreted as microseismic events.  
 
The objective here is to observe the distribution of 
the fractures resulting from roughly the same amount 
of stimulation, rather than over the same duration.  
The distribution of the fractures is the critical factor 
in flow rate and time to thermal breakthrough.  A 
desirable network would be dense and well-
connected so that there is little bottlenecking of flow, 
where all the flow must go through a single fracture.  
Bottlenecking dramatically reduces flow rate and 
speeds up thermal breakthrough. 
 
Therefore, for comparison, simulation duration times 
were chosen so that the three cases all stimulated 
roughly the same number of fractures.  The fracture 
interaction cases were run for 3.5×106 sec., and the 
noninteraction case was run for 107 sec.   
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Figure 11: Fracture permeability after 3.5×106 sec., 

variable cohesion, with interaction.  
Thickness is proportional to permeability. 
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Figure 12: Fracture pressure after 3.5×106 sec., 

variable cohesion, with interaction.  Blue 
is 60 MPa, and red is 40 MPa. 
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Figure 13: Fracture permeability after 3.5×106 sec., 

constant cohesion, with interaction.  
Thickness is proportional to permeability. 
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Figure 14: Fracture pressure after 3.5×106 sec., 

constant cohesion, with interaction.  Blue 
is 60 MPa, and red is 40 MPa. 
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Figure 15: Fracture permeability after 107 sec., 

constant cohesion, with no interaction.  
Thickness is proportional to permeability. 
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 Figure 16: Fracture pressure after 107 sec., constant 

cohesion, with no interaction.  Blue is 60 
MPa, and red is 40 MPa. 

 
These results demonstrate that fracture interaction 
has a profound effect on how the stimulation 
propagates through the reservoir.  Figure 15 shows 
that without accounting for interaction, the 
stimulation was relatively dense, well connected, and 
symmetrical.  Figure 13 shows that if interaction is 
taken into account, the stimulation moved rapidly 
through the reservoir and in a more unpredictable 
way, with significant bottlenecking of flow.  In 
general, the reservoir is much more heterogeneous.  
Figure 11 shows that variability in cohesion made an 
even more heterogeneous reservoir.  Some fractures 
that were stimulated do not have a direct path through 
stimulated fractures back to the well.  Also note that 
the pressure distribution makes a generally 
symmetric blob around the source in Figure 16, but it 
is more unevenly distributed in the other two 
examples. 
 
A connection between two wells in Figure 15 would 
generally be spread across a reasonable number of 
fractures.  A connection between two wells in Figure 
13 would be likely to bottleneck down a single 
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fracture, reducing flow rate and hastening thermal 
breakthrough.  A large number of the stimulated 
fractures would not help connect two wells because 
they would not lie on a direct path between them, and 
therefore would be hydraulically isolated.  A 
connection between two wells in Figure 11 would 
likely be worse, and might not even contain an 
unbroken path along stimulated fractures.  Note for 
example the stimulated fractures at the top middle of 
Figure 11 are not connected directly to the well 
through stimulated fractures.  Such a scenario would 
have disastrous results for flow rate between the 
wells. 

THERMAL STRESSES  

Finite-difference was used to solve for the thermal 
stress induced around simple fracture geometries.  
The results were used to develop an efficient 
technique for approximating the thermal stress on a 
fracture.  The technique is intended specifically for 
use with a one-dimensional heat conduction 
approximation, such as the method proposed by 
Vinsome and Westerveld (1980).  The technique 
assumes heat conducts in one dimension towards the 
fracture and the fractures do not interact.  In future 
work, this finite-difference technique will be applied 
to the triangular matrix grid created by Triangle and 
shown in Figure 1.  That will allow calculation of 
thermal stress taking into account effects on adjacent 
fractures. 
 
According to Nowacki (1986), thermal stress can be 
calculated by first evaluating the thermoelastic 
potential Φ according to the equation: 

T∆×
−
+=Φ∇ β

υ
υ

1

12    (21) 

where β is the coefficient of linear expansion, υ is 
Poisson’s ratio, and ∆T is change from initial 
temperature.   
 
Once Φ is known, the stress is calculated according 
to the equation: 

)
1

1
(2

2

T
xx ji

ij ∆×
−
+−

∂
Φ∂= β

υ
υµσ  (22) 

where µ is the shear modulus.   
 
Equation 21 was solved using a finite-difference 
formulation on a rectangular grid with refinement 
near the features of interest.  Once Φ was known for 
each grid block, the second derivative was calculated 
numerically in order to find induced stress from 
Equation 22.  These are standard procedures, so the 
details are not repeated here.  Details of the finite- 
difference method and numerical differentiation can 
be found in Moin (2001). To verify accuracy, the 
calculation was compared to a known analytical 
solution, which is found in Nowacki (1986), for a 

two-dimensional rectangle of constant temperature 
embedded in a uniform, infinite elastic medium.  The 
solution is lengthy, so is not repeated here.  The 
temperature was -150 ºC, Poisson’s ratio was 0.25, 
the shear modulus was 20 GPa, and the coefficient of 
linear expansion was 10-5 m/ ºC.    
 
Figures 17 and 18 show σxx from the code and the 
percent error of the calculation compared to the 
analytical solution.  Note that tensile stresses are 
positive, and compressive stresses are negative.  
There are not any shear stresses generated. 

 
Figure 17: The distribution of σxx around a square of 

constant temperature -150˚C in an infinite 
two-dimensional elastic media. Units of 
Pa×107. 

 
Figure 18: Percent error between the analytical 

solution and the finite difference solution. 
Note that the scale is in percent, so that 
the maroon represents 0.02% error. 

 
Stress singularities exist at the corners of the box, and 
the finite-difference does a poor job of resolving the 
stress at those locations.  This discrepancy is related 
to the peculiar nature of the singularities in stress 
around the box, and in most problems would not be 
present.  The stress is zero along diagonals coming 
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off of the box, and for that reason those points are 
excluded from the diagram because the “percent 
error” is spuriously high.  Everywhere else, the 
calculation is very accurate, varying from nearly zero 
to 0.02% error.  The accuracy can be improved 
arbitrarily by refining the grid. 
 
Next the thermal stress around a single, isolated 
fracture of length 2m. was calculated.  The fracture 
was assumed to be constant temperature.  The 
temperature distribution around the fracture was 
calculated by assuming that heat conducted inward 
towards the fracture for one day in one dimension 
with a diffusivity of 10-6 m/sec.2.  The resulting 
temperature distribution and induced σxx, distribution 
are shown in Figures 19 and 20.   
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Figure 19: Temperature distribution around a 2m 

line of constant temperature due to one-
dimensional heat conduction for one day. 
Units of ºC. 
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Figure 20: Resulting σxx from the temperature 

distribution in Figure 19. Units of 
Pa×107. 

 
Next the thermal stress along a 200 m. fracture was 
calculated with all the other parameters remaining 
constant.  Figure 21 shows the induced σxx around the 
fracture.  Note that there is a distorted length scale.  
Figure 22 shows σxx along the fracture. 
 

 
Figure 21: σxx distribution around a 200m line of 

constant temperature due to one-
dimensional heat conduction for one day. 
Units of Pa×106. Note the distorted length 
scale. 

 

 
Figure 22: σxx  along the line running down the 200m 

fracture in Figure 21. Units of Pa×106. 
 
One interesting result is the stress concentration that 
forms at the tip of the fracture.  There is significantly 
increased compressive stress ahead of the thermal 
front and tensile stress behind it.  Far from the 
thermal front the induced thermal stress goes nearly 
to zero.  
 
A surprising result is that the induced stresses were 
much greater on the small fracture than the large 
fracture.  Note that σxx at the center of the 200m 
fracture is around 0.1 MPa, but σxx at the center of 
the 2m fracture is about 20 MPa.  As the length of the 
fracture goes to infinity, σxx at the center of the 
fracture goes to zero.   
 
These results are consistent with the analytical 
solution for a rectangle of constant temperature.  As 
the length of one side of the rectangle goes to 
infinity, the induced stress parallel to the short side 
goes to zero.   
 
A competing effect is that as time passes and more 
heat is allowed to flow towards the fracture, induced 
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stress increases as the temperature drops around the 
fracture.   
 
During fluid injection, a cooling front would 
propagate away from the injection well.  As time 
passed, the cooling front would extend further down 
the fracture, lengthening the temperature perturbation 
and decreasing induced stress. But as time passed, 
heat would conduct out of the surrounding rock, 
which would increase induced stress.  The 
competition between these two factors would 
determine the magnitude of the induced thermal 
stress.  
 
Another factor is that large fractures require smaller 
stresses to achieve the same displacement 
discontinuities (both shear and opening) as small 
fractures. Therefore even though induced stresses 
may be smaller for long fractures than for short 
fractures, the result may be similar displacements.  
However the criteria for opening and sliding are size 
independent, meaning that small regions of 
temperature perturbation could cause large stresses 
that cause fracture opening behind the thermal front 
and large compression that inhibits slip at its edges.  
This is clearly a subject worth further consideration. 
 
The practical question remains how can these 
calculations be incorporated efficiently into a 
simulation with an arbitrary fracture network?  One 
method would be to solve the equations of 
conduction and thermal stress on an unstructured grid 
like the one shown in Figure 1.  This is probably a 
worthwhile approach and will be pursued in future 
work.  An alternative approach would be to use an 
approximate method based on the assumptions of 
one-dimensional heat conduction and neglecting 
fracture interaction. 
 
It was found that the stress normal to the fracture 
could be calculated rapidly and with arbitrary 
accuracy by approximating the temperature 
distribution around the fracture with constant 
temperature boxes. 
 
To demonstrate, a sample problem was created with a 
fracture of 100 m. length.  The temperature was 
constant in time, but varied spatially along the 
fracture according to the equation: 

50

3
150)(

2x
xT +−=     (23) 

where x is distance along the fracture, and the 
fracture is centered at x = 0.  The minimum 
temperature is -150 ºC at the center and reaches zero 
at the end of the fracture at ±50m.  Heat was allowed 
to conduct towards the fracture for one day. 
 

The temperature distribution around the fracture is 
shown in Figure 23.  Figure 24 shows the resulting 
stress distribution. 

 
Figure 23: Temperature distribution resulting from 

one-dimensional heat conduction to a line 
of constant temperature as given by 
Equation 23. Units of ºC. 

 

 
Figure 24: σxx that results from the temperature 

distribution in Figure 23. Units of 
Pa×105. 

 
Figure 24 shows that in this case the induced tensile 
stress has a single maximum at the center of the 
fracture.  This contrasts to the case with a constant 
temperature fracture where there was a minimum in 
the induced tensile stress and a two maxima at the 
tips. 
 
The temperature around the fracture was collapsed 
into a series of constant temperature boxes.  The 
width of the boxes was chosen such that the amount 
of heat required to cool them is the same as the 
amount of heat that flowed out of the matrix due to 
the temperature distribution in Figure 23.  The 
resulting temperature distribution is shown in Figure 
24. 
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Figure 25: Temperature distribution resulting in 

collapsing all the heat flow in Figure 23 
into boxes of constant temperature 
surrounding the fracture. Units of ºC. 

 
The stress along the fracture is found at each point by 
summing the effect of each of the constant 
temperature boxes.  Those stresses are calculated 
from the analytical solution for a constant 
temperature box given in Nowacki (1986).  It was 
found that this approach gave good results for the 
stresses along a line parallel to the fracture.  The 
approach was not accurate for calculating stress in 
the region surrounding the fracture.  The accuracy of 
the method increased as the fracture was divided into 
more and more boxes.  The boxes all must have the 
same length.  Figures 26 and 27 show a comparison 
between the box approximation solution and the 
finite-difference solution.  In Figure 26, only 10 
boxes were used along the fracture.  In Figure 27, 50 
boxes were used.  In the second case, the box 
approximate method was essentially the same as the 
finite-difference solution.  Values can be interpolated 
between the discretization in the thermal calculation 
and any other discretization using splines. 

 

Figure 26: σxx along the fracture in Figure 23 
according to the finite-difference solution 
(red) and the block approximate solution 
(blue) using ten blocks. Units of Pa×106. 

 

 
Figure 27: σxx along the fracture in Figure 23 

according to the finite-difference solution 
(red) and the block approximate solution 
(blue) using 50 blocks. Units of Pa×106. 

 
 
The advantage of the method is its computational 
efficiency compared to finite-difference.  Running 
Matlab code on a desktop computer, the 
approximation in Figure 26 required 0.0009 sec. of 
CPU time to calculate the stress at each point along 
the fracture.  The approximation in Figure 27 
required 0.0028 sec. of CPU time to calculate the 
stress at each point along the fracture.  The finite-
difference calculation required 1.7 seconds.  Most 
computational effort in the finite-difference is spent 
calculating the thermoelastic potential, which is 
calculated simultaneously at every gridblock in the 
entire simulation domain.  In a simulator with 
hundreds of fractures and where the stresses are 
calculated hundreds of times, the amount of time 
spent on these calculations could easily become 
significant.  It is worth noting that if the calculations 
had been run in C++ instead of Matlab, they would 
have been much faster in all three cases. 

CONCLUSION 

The effect of three factors has been investigated: 
stress perturbation during slip, variable fracture 
cohesion, and thermal stresses. 
 
The first two factors tend to make stimulation 
fractures propagate further, faster from the injection 
well but in a more poorly connected pattern. 
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There are two competing effects from thermal stress.  
Thermal stresses are smaller for long zones of 
cooling than for short zones of cooling.  Thermal 
stresses are greater for deep zones of cooling than for 
shallow zones of cooling.  During injection, the zone 
of cooling should tend to become longer, making 
thermal stresses smaller, and deeper, making thermal 
stresses greater.  The competition between these two 
factors should determine the magnitude and 
distribution of the thermal stress.  Tensile stresses are 
created behind the thermal front, but compressive 
stresses are created in front of it.   
 
The simulation code used in this work performs 
reservoir simulation coupled with the Displacement 
Discontinuity method on large two-dimensional 
discrete fracture networks.  Heat conduction is 
handled with a one-dimensional approximation, and 
an efficient method for calculating thermal stresses 
(if fractures are assumed independent) was presented.  
Code to discretize the matrix around the fractures has 
been written, and work to solve the heat conduction 
equations and calculate thermal stresses using that 
discretization is ongoing.  Other refinements such as 
more accurate relations between displacement and 
permeability are anticipated in future work. 
 
Our long term objective is to continue to refine our 
model technique and perform inverse modeling, 
stimulation optimization, and sensitivity analysis.  It 
is hoped that by avoiding approximations such as 
effective porous media and by including all the 
relevant physical mechanisms, such as fracture 
interaction, the peculiar aspects of flow in EGS 
reservoirs can be described more accurately and 
techniques can be identified to improve reservoir 
performance. 
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