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ABSTRACT 
A pressure transient analysis method is presented for 

interpreting breakthrough time between two constant rate 
wells. The wells are modeled as two line source wells in 
an infinite reservoir. The first well injects at a constant 
rate and the second well produces at a constant rate. We 
studied the effects of transient pressure conditions on 
breakthrough time. The first arrival of injected fluid at the 
production well may be significantly longer under transient 
condition than under steady state condition. A correlation 
of the deviation of the breakthrough time for transient pres- 
sure conditions from the steady state condition is presented. 

INTRODUCTION 
Pressure transient analysis methods are used to esti- 

mate reservoir properties so that exploitation schemes may 
be evaluated. The method presented in this paper permits 
the interpretation and design of a special case, whch will 
be referred to as the rate-rate doublet. In this two-well 
system, one well produces at a constant rate and the other 
well injects at the same constant rate. The two time depen- 
dent parameters in the rate-pressure doublet model are the 
pressure responses of each well. These parameters and en- 
suing equations will be described further in the Theory sec- 
tion. We have assumed a unit mobility ratio and that the 
injected fluid completely displaces the inplace fluid 
(piston-like displacement). 

A constant rate well is approximated as a line source, 
since the the well-to-well length scale is much larger than 
the finite radius of the well. The constant rate line,source 
well has been used as a building block for calculating the 
responses of various reservoir systems. Theis (1935) 
presented the line source pressure solution in an infinite 
domain. Carslaw and Jaeger (1960) and Van Everdingen 
and Hursr (1949) presented the pressure solution for a 
finite radius well in an infinite system. Mueller and With- 
erspoon (1965) showed the geomemcal and time conditions 
under which the line source and the finite radius solutions 
are practically identical. They concluded-that for observa- 
tion wells located at a distance twenty times the wellbore 
radius the line source approximation is applicable. Also, 
this approximation is applicable for any observation well 
after a dimensionless time of ten. 

Since the diffusivity equation describing the flow in 
the system is linear, superposition in space of constant rate 
line sources may be used. Stallman (1952)-presented the 
superposition of two constant rate line sources replicating 
the effects of constant pressure or impermeable linear 
boundaries. In the same way, superposition of arrays of 
rate sources (Krusemun and De Ridder 1970, and Ramey et 
a1 1973) were used to generate the effects of combinations 
of rectangular boundaries around a well. Using superposi- 
tion, the line source approximation, and fluid flow particle 

tracking, transient. breakthrough times for a tracer flowing 
from an injecting well to a producing well are calculated. 
This paper presents the effects of the transient flow period 
on the breakthrough time for the rate-rate doublet, and 
compares the namient and the steady state breakthrough 
times. 

The transient breakthrough time is computed using a 
fluid flow front tracking technique that is essentially the 
physical representation of the Euler method for solving 
differential equations. As initial conditions, we have a par- 
ticle at the injecting well at a time t, after both wells were 
activated. From these initial conditions, equations (6) and 
(9) give us the instantaneous velocity of the particle at that 
point. We allow the particle to move a small, finite dis- 
tance, dr, in a given time, dt, at the calculated velocity. 
After this move, the velocity is recalculated at the new 
point in space and time, and the process repeats until the 
particle arrives at the producing well. As the length of the 
discrete time increments reduces, the transient numerical 
solution becomes accurate, and is the basis for a comparis- 
on to the steady state solution. 

THEORY 

Transient Breakthrough Time 
The source-sink doublet model uses an imaging 

method to generate a constant pressure linear boundary 
(Carsluw and Jaeger 1960, Krusemun and De Ridder 
1970, and R m e y  et a1 1973). Figure 1 presents a 
schematic diagram of the rate-rate doublet configuration. 
The dimensionless pressure solution for this model is: 

(1) 
1 p D = - -  [ W - X d  - E,(-Xz) 3 

where 

I x, = - 4, (2) 
4 t D  

and the dimensionless terms are defined as: 

kl 
to = - 

@cld 
and 

r 
rD = - 

r W  

-93- 



Pressure point condition is achieved: 

Producer 

Front 

FIGURE 1: A schematic diagram of the rate-rate doublet 
system. 

Since we are only concerned with breakthrough time, 
the problem can be treated in one dimension. The injecting 
well is placed at the origin, and the producing well is 
placed at a distance d away along the x-axis in the positive 
direction. The breakthrough time is found by tracking fluid 
flow along the x-axis. The distance between the injecting 
well and the observation point is rDI, thus, rDl = x. The 
distance between the observation point and the producing 
well is rDz, thus, rD2 = d - x (See Figure 1 ). The velocity 
of the fluid is related to the change in pressure with respect 
to change in distance: 

The calculation of 3 is based upon the formula for 
axD 

the derivative of the Exponential Integral: 

If Equation (1) is fitted to our one dimensional problem 
stated above, we obtain the following result: 

Differentiating Equation (8) yields: 

(9) 
“0 

The panicle velocity, V,, is calculated using Equations (6) 
and (9). 

Steady State Breakthrough Time 
Calculation of steady state breakthrough time is 

achieved by letting time go to infinity. In that case, the ex- 
ponentials in Equation (9) go to unity, and a steady state 

Equation (IO) implies that the velocity domain is only a 
function of space, hence an analytical steady state break- 
through time solution may be derived. From mechanics, 

which implies 

Substituting Equation (6) and Equation (IO) into Equation 
(12) yields: 

which simplifies to: 

Finally, the steady state breakthrough time is ( B n ’ g h  
1979): 

2xM2 
I& = - 

6q 

This resulting breakthrough time for steady state is com- 
pared to the transient value. 

RESULTS 
An algorithm was developed to calculate transient 

breakthrough time based on three parameters: initial tracer 
injection time, ti ; rate of injection, q ; and distance 
between wells, d. The algorithm sets x = r, and r = ti as the 
starting condition for particle tracking. The velocity is then 
calculated from x and i using equations (6) and (9). The 
increment of time, dr, is calculated from the velocity so that 
& = V&r will be a constant throughout the algorithm. The 
increment of time, &, is then added to r and & is added to 
x and the process repeats until x is greater than d - r,. 

Figure 2 presents a graph where initial injection time 
is graphed along the x-axis, and q varies for each curve. 
As expected, each curve asymptotically approaches a con- 
stant breakthrough time, the steady state value. The higher 
curves appear flatter than the bottom curves because of the 
logarithmic scale. 

The difference between steady state and aansient 
breakthrough times depends on various input parameters 
when the tracer is injected at the same time the two wells 
are activated. Figure 3 shows graphs of errors between 
steady state and transient breakthrough times. In this 
figure, d is graphed along the x-axis to show that the error 
does not depend on d. All of the curves are very flat. The 
error does depend on q, though, since there is a distinct 
curve for each different value of q. 
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FIGURE 2: Graph of transient breakthrough time with t, 
graphed along the x-axis and q varying from 
10 to 100000 bbl/day. d is constant at 100 
feet. 
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FIGURE 3: Graph of error between steady state and tran- 
sient breakthrough time. d is graphed along 
the x-axis, and q varies 10 from 100000 to 
bbldday. r, is constant at 0.0001 days (practi- 
cally zero). 

In Figure 4, we put q along the x-axis, since it is ob- 
viously a key parameter that the error depends on. For 
each different curve, the value of p c J M  is different. 
Changing the value of pcjhk results in four (almost) 
straight lines that may be translated horizontally. In Figure 
5, these four lines have been merged into one line by 
graphing the value qpdhk ( IF7)  along the x-axis,.which 
achieves a horizontal translation of each curve on a log-log 
scale. Thus, the error between the transient and the steady 
state breakthrough time depends on one parameter, ql.l.ccJM. 

Figure 5 may be used for designing and interpreting 
tracer tests when the tracer is injected at the same time the 
wells are activated. The onset of steady state (for example, 
when the pressures are less than 1% of the steady state 
pressures) is not a function of the flow rate. The particle of 
tracer is less attracted to to the production well during the 
transient flow period in comparison to the steady state 
period. Hence, the higher the flow rate the larger the devi- 
ation of the transient breakthrough time form the steady 
state breakthrough time. 

Finally, in Figure 6, the distance of the front from the 
injecting well is graphed vs. the time from tracer injection 
This graph shows a different curves for different injection 
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FIGURE 4: Graph of error between steady state and tran- 
sient breakthrough time. q is graphed along 
the x-axis. The different curves represent 
different values of the quantity -. PI 
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FIGURE 5: The same four curves as in Figure 4, except 

wirh q- (lo7) graphed along the x-axis. P I  
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FIGURE 6: The position of the front vs. time from injec- 
tion for an error parameter set to 50%. The 
seven different curves represent different ini- 
tial injection times, from completely transient 
to steady state. 
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times. We set the error parameter to give a 50% error 
when initial injection time is zero. The uppermost curves 
are' the zero injection time curves, with a breakthrough time 
nearly 50% longer than that of the lowermost curves, 
which approach steady state. Note that the error is even 
larger before breakthrough because conditions approach 
steady state as the particle approaches to the producing 
well. At half the distance to breakthrough, the error is 
nearly 100%. 

CONCLUSION 

A single correlating parameter, qp lhk ,  describes the 
effects of the transient flow period on tracer break- 
through time. 
For systems with high values of qpclhk, transient 
breakthrough times will be markedly longer than 
steady state breakthrough times at early initial injec- 
tion of the tracer. 
For all systems, the transient breakthrough times ap- 
proach the steady state breakthrough times when the 
tracer is injected after the wells were activated and 
the system allowed to approach steady state condi- 
tions. 
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NOMENCLATURE 

CI = 
d =  
h =  
k =  
P =  

4 =  

rd = 
r, = 

PO = 

r =  

I =  

Ibl = 
ID = 
v =  

Q =  
c I =  

* =  

compressibility 
distance between wells 
formation thickness 
permeability 
pressure 
dimensionless pressure, 21rkh@,-p)/qp 
rate of injectiodproduction 
radius 
dimensionless radius, r/r, 
wellbore radius 
time 
breakthrough time 
dimensionless time, kr/$pc& 
velocity 
distance along x-axis 
porosity 
viscosity 
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