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ABSTRACT

Understanding the transport properties of fluids through porous media is crucial in a wide range of scientific
and engineering applications. Accurately predicting key parameters, such as permeability and effective
dispersion, is essential for optimizing these processes. These parameters depend not only on the pore-scale
geometry but also on flow conditions, and are traditionally expensive to compute since they are generally
determined by solving direct numerical simulations on macroscopic pore-scale domains. Such computational
costs limit the effectiveness of data-driven approaches in terms both of predictive accuracy and/or types of
geometries that can be accurately handled. This is because the computational cost for training over a broad set
of topologies and dynamic conditions is prohibitive. In this work, we propose an approach that combines deep
learning with multiscale modeling techniques, and exploits the computational efficiency of homogenization
theory for periodic domains to support a data-driven technique. By using only a wunit cell for training
purposes, we are able to generate a large dataset of porous media images and corresponding permeability
and dispersion tensors at a significantly reduced computational cost, while spanning an unprecedented range
of the geometric and dynamic parameter space. The dataset is composed of 10,000 images, is designed to
include a wide variety of morphological properties and serves as the training set for a Convolutional Neural
Network (CNN) that estimates permeability and dispersion tensors from both microstructural images and input
flow conditions described by the Péclet number. The CNN can quickly and accurately characterize effective
properties (permeability and dispersion tensors) spanning more than three orders of magnitude for a wide
range of pore-scale topologies and flow regimes. These results highlight the potential to enhance porous media
characterization and prediction in various fields.

1. Introduction

numbers (Wood, 2007). Beside characterization experiments, tradi-
tional “synthetic” approaches for calculating these parameters often

The study of fluid transport properties in porous media plays a
vital role in various scientific and engineering domains, encompassing
carbon sequestration (Honari et al., 2016; Hidalgo and Carera, 2009),
pollutant transport (Meigel et al., 2022; Ling et al., 2016), enhanced
oil recovery (Wang et al., 2021b; Carbonell and Whitaker, 1983), and
ecohydrology applications (Rubol et al., 2016; Ling et al., 2021). Two
key parameters of interest for these systems are the permeability and
effective dispersion tensors. When inertial effects at the pore-scale are
negligible, permeability depends solely on the geometry of the porous
medium whereas dispersion additionally depends on flow conditions,
described by the Péclet number, which relates advective and diffusive
time scales (Nguyen and Papavassiliou, 2020). In presence of non-
negligible inertia, such relationships become more complex with per-
meability exhibiting nonlinear dependency on Reynolds number, and
the dispersion tensor being proportional to both Reynolds and Péclet
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entail numerical simulations of flow and transport through large and
complex microstructures, which is computationally expensive because
it requires resolving the intricate details of the pore-scale geometry
over a domain of macroscopic size with hundreds or thousands of
pores (Icardi et al., 2014; Gouze et al., 2021; Yang et al.,, 2016).
Alternatively, researchers have commonly resorted to analytical and
empirical relationships to approximate these properties. These include
the Kozeny-Carman equation for permeability estimation (Carman,
1997) and similar relationships that predict dispersion as a function of
Péclet number (e.g., van Milligen and Bons, 2012). However, relying
solely on such relationships can lead to inaccuracies, as the complex
interplay of various physical phenomena governing fluid flow and
solute transport through porous structures may not always be ade-
quately captured by these simplified relationships, particularly when
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dealing with complex morphologies. As a result, there is a pressing
need for more advanced and accurate approaches that overcome the
limitations of traditional analytical and empirical models but maintain
computational efficiency.

In recent years, machine learning methods generally (Taghizadeh
et al., 2022), and Convolutional Neural Networks (CNNs) specifically
have emerged as a promising tool of achieving this task of efficient
characterization of both 2D and 3D porous media (Rao and Liu, 2020;
Yang et al., 2018; Lu et al., 2019). Despite the computational cost
of training, the main advantage of using CNN to predict effective
properties is that CNN’s predictions (in 2D or 3D) have proved to be
more accurate for realistically complex structures, when appropriately
trained, compared to classical analytical/empirical correlations. A com-
putational alternative to CNNs would be direct numerical simulations
(DNS) of flow and transport in each and every structure for which
effective parameters need to be evaluated: when very many evaluations
need to be performed, the computational cost will increase, and pre-
trained CNNs provide a better alternative to either approach (empirical
models or DNS simulations) both in terms of computational cost and
predictive accuracy. These deep learning models leverage the power of
convolutional layers to effectively extract spatial features from porous
media images and learn complex relationships between microstructure
and properties. Several studies have successfully employed CNNs for
predicting porous media parameters such as tortuosity, permeability,
conductivity, etc. (e.g., Wu et al., 2019; Wang et al., 2020; Graczyk
and Matyka, 2020; Kamrava et al., 2020; Wang et al., 2021a; Marcato
et al., 2021, 2022; Weber et al., 2022; Marcato et al., 2023; épeth’k
et al.,, 2024; Tang et al., 2022). For instance, Marcato et al. (2021,
2022) developed a CNN-based approach to estimate permeability and
filtration rate from generated spherical particle packings, achieving
high prediction accuracy. Hanna et al. (2024) similarly developed
a CNN model for permeability prediction using macroscale fibrous
porous media images and injection experiments as the training data.
Additionally, Kamrava et al. (2021) utilized a CNN architecture to
predict longitudinal dispersion of porous media structures. These works
demonstrate the potential of CNNs to capture the intricate relationships
between morphology and transport properties.

However, because of the computational cost associated with di-
rect numerical simulations of flow and transport in pore-scale do-
mains of macroscopic size, restrictive constraints are often imposed
on particle geometric features (e.g. random arrangements of monodis-
perse or bidisperse spherical particles), the analyzed range of porosity
(0.5-0.65) and consequently the order of magnitude of the predicted
effective properties (e.g. permeability) which remains approximately
the same across the entire dataset. Also, to the best of our knowledge,
existing studies focus solely on (i) longitudinal or diagonal components
of the effective tensors or (ii) applications at a fixed Péclet num-
ber. Approaches that can accurately predict the full permeability and
dispersion tensors under different dynamic conditions are still lacking.

While there is no a priori known intrinsic limitation to the complex-
ity of systems modeled through CNN, the cost of training, which can
be significant (hundreds or thousands full pore-scale simulations) for a
CNN with applicability limited to only a narrow set of idealized systems
(e.g. spherical particles) and property values (e.g. limited ranges of
porosities, permeabilities, etc.), there is an ongoing need to explore
more efficient strategies for generating training data to encompass arbi-
trary morphologies and flow rates and train CNN which are more robust
(i.e. retain performance) across the parameter space. This is especially
critical for porous media which are generally characterized by grains
with complex morphologies, have effective properties that can span
many orders of magnitude (for example permeability of geologic media
can easily span eight orders of magnitude), and exhibit a full range of
porosity values and anisotropy ratios, while being subjected to a variety
of transport dynamics ranging from diffusion- to advection-driven.

Multiscale modeling techniques, such as homogenization, offer a
valuable framework to address the computational challenges associated

Advances in Water Resources 203 (2025) 105022

with characterization of porous media with periodic structures (Au-
riault and Adler, 1995; Battiato et al., 2019; Marusi¢-Paloka and Pi-
atnitski, 2005; Mikelic et al., 2006; Wall, 2007), and, as a result,
they intrinsically enable the capability (i) to expand significantly the
training set beyond idealistic geometries, (ii) to span a much broader
parameter space in terms of porosity, permeability and dispersion
coefficients, and (iii) to investigate variable transport regimes, without
compromising on computational costs. In homogenization theory, the
calculation of effective parameters is based on the solution of a partial
differential equation (PDE), also referred to as closure problem, defined
locally on a repeating unit cell, of characteristic size £ = eL with L
the macroscopic domain size and ¢ <« 1 (Battiato et al., 2019). This
approach provides a computationally efficient method for calculating
permeability and dispersion in porous media, under the hypothesis that
the medium can be conceptualized as being composed by periodic unit
cells. Although the theoretical formalism is based on the hypothesis that
the porous medium is constructed by a repetition of periodic unit cells,
spatially periodic representations of porous media are routinely used
to derive macroscopic properties and effective models of phenomena
taking place in disordered media that lack such periodicity (Nitsche
and Brenner, 1989, e.g.).

Mianroodi et al. (2022) and Weber et al. (2022) have proposed
to augment CNN capabilities by taking advantage of the homogeniza-
tion framework for periodic microstructures to significantly reduce
the computational cost of training, while expanding significantly the
size of the training set, and applied this approach to accurately pre-
dict effective diffusivity, i.e. mass transport in absence of advection,
of porous structures. Previous works, including the one from Weber
et al. (2022), showed that such idealizations are still representative
for random systems that lack local periodicity. Following Weber et al.
(2022), here we use a homogenization-informed CNN framework to
predicting the full effective dispersion and permeability tensors that de-
scribe momentum and mass transport in porous media. We achieve this
by generating a large training dataset of 10,000 randomly-generated
images of unit cells of porous media with very diverse morphological
characteristics, spanning a large range of porosities, specific surface
areas and, consequently, effective parameters. The closure problems de-
rived via homogenization to calculate permeability and dispersion are
solved on each image while enforcing all global constraints imposed by
homogenization theory (Ling and Battiato, 2020; Weber et al., 2024).
Notably, by significantly reducing the computational cost per image,
the homogenization-based approach allows us to expand the training
set by orders of magnitude compared to state-of-the art datasets in the
field, and to determine the full permeability and dispersion tensors for
all 10,000 images in terms of varying flow rates, spanning Péclet num-
bers between 0 and 2000, while keeping a fixed Schmidt number that
ensures Reynolds number remains in the creeping regime even at max-
imum Péclet. This capability enables the investigation of porous media
behavior under extreme flow conditions, offering valuable insights for
a wide range of applications and dynamical behaviors.

This paper is structured as follows. Section 2 provides an overview
of the homogenization method used in this study, including the clo-
sure problem for calculating effective parameters. Section 3 details
the generation and analysis of the training dataset, as well as the
architecture of the CNN. Section 4 presents the results obtained from
the proposed approach, demonstrating the accuracy and efficiency of
the CNN model in predicting permeability and dispersion. Section 5
presents concluding remarks.

2. Homogenization and closure problem

This section provides an overview the macroscopic equations and
boundary value problems that arise through the homogenization proce-
dure for flow and mass transport through porous media. For details on
the derivation, readers are referred to the works by, e.g., Battiato and
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(b) Unit cell (UC)

Fig. 1. Pore-scale domain (a) and unit cell (b), where % and y are the macroscopic and microscopic coordinate systems, respectively. The gray region indicates the fluid domain,

and the white areas are grains.

Tartakovsky (2011), Boso and Battiato (2013), Pietrzyk et al. (2021)
and Pietrzyk and Battiato (2023).

Consider the flow of an incompressible Newtonian fluid and solute
transport in a periodic porous medium denoted as € with a boundary
0 and a characteristic length L, as shown in Fig. 1(a). Homogeniza-
tion theory assumes that the medium can be represented by spatially
periodic unit cells denoted as ¥ with a characteristic length #, as
illustrated in Fig. 1(b). These unit cells consist of the pore space B and
the impermeable solid matrix ¢ separated by the smooth surface I". The
geometry is defined in a Cartesian coordinate system X = (%, %5, X3),
while the coordinates spanning the unit cell domain are denoted as

= (J1, 2, 93). The ratio between the characteristic lengths of the
microscopic and macroscopic domains is given by

4
e_z<<1. (€Y

2.1. Governing equations and dimensionless formulation

The flow field of a single-phase incompressible fluid in the inter-
connected pore space across all unit cells, B¢, is described by the
Stokes (i.e. Re < 1, where Re is the Reynolds number) and continuity
equations, subject to the no-slip boundary condition at the fluid—solid
interface I¢:

uVi, —Vp, =0, Re B, 2)
V-, =0, %€k, 3
9, =0, xel*, ©))

where y is the fluid dynamic viscosity and p, is the pore-scale pressure.
The transport of a dissolved species M in the pore space /5 is governed
by the advection—diffusion equation:

EVQ:V(f)-%), Reh, i>0, (5)

where D is the molecular diffusion coefficient which is represented
as a second-order tensor for generality. Dimensionless quantities to
characterize the system are introduced as:

>

pe?
A WL
where U, D, and ¢ represent characteristic values for velocity, diffu-
sion, and concentration, respectively. Additionally, we define two time
scales: 7, = L?/D associated with diffusion and /, = L/U associated
with advection.

[

X = y= (6)
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o,
, = —, D=
U
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The Péclet number (Pe) is introduced as a dimensionless parameter
defined as the ratio of the diffusion time scale to the advection time
scale:

b _UL

Pe = - . (7)
iy, D

Using the aforementioned dimensionless quantities, the previously de-

scribed governing equations can be expressed in a non-dimensional

form. The dimensionless version of the Stokes equations (2) is:

2V, —Vp, =0, xe B, (8a)
V.u =0, x€B, (8b)
u =0, xer®. (80)

(3

Similarly, the dimensionless version of the advection—diffusion equa-
tion (5) is:

P
%+HE~P€:VCE=V~(D-VC£), xeB, 1>0, ©)

where the temporal derivative has been rescaled with the diffusive time
scale (i.e., t = 7/7p).

2.2. Macroscopic equations and closure problems

Here, we report a brief summary of the main steps involved in the
homogenization method for completeness purposes only. More details
can be found in (Auriault and Adler, 1995; Battiato and Tartakovsky,
2011; Pietrzyk et al., 2021; Pietrzyk and Battiato, 2023). Homogeniza-
tion relies on the identification of two variables: a slow variable, x,
which spans the macroscopic domain, and a fast variable, y, which
spans the repeating unit cell. These variables are related by:

X = gy, (10)
so that spatial derivatives can be expressed as

1
V=Yt oV, an

First, the velocity, pressure, and concentration are expanded as integer
powers of ¢ as follows:

u (x,1) :=uX,y, 1) =uy+euy + 52u2 + 0(83), (12a)
P(X,1) 1= p(X,y,1) = py + £p; + €% py + O(), (12b)
(X, 1) i=c(X,y,t) =cy+ec; + 52c2 +0(), (12¢)
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and substituted into Egs. (8) and (9). The surface and intrinsic averages
(-) and (-) are defined as:

=L/ V= [
= [ On= g [y a3

After collecting terms of like-powers of ¢ and obtaining a cascade of
PDEs at different orders, it can be demonstrated that the macroscopic
flow field is governed by Darcy’s law:

(u) = =K - Vp,, V-(u)=0, X € Q, 14)

where p, is a function of x alone (Auriault and Adler, 1995), and K
denotes the dimensionless permeability tensor, which can be calculated
as:

K= (k). (15)

where k and a are closure variables and satisfy the following boundary
value problem in the unit cell

Vik +I-V,a=0, yeB, (16a)
v, k=0, yeB (16b)
subject to the boundary condition:

k=0, yer, 17)

and the global condition (a) = 0, with I the identity tensor. Likewise,
the upscaling of the advective-diffusion equation (9) leads to the macro-
scopic formulation (Auriault and Adler, 1995; Pietrzyk et al., 2021;
Pietrzyk and Battiato, 2023):

2

t

when appropriate constraints on the magnitude of Pe number are
satisfied. In Eq. (18), ¢ is the porosity and D* is the effective dispersion
tensor, which can be calculated as

=V (D* - V(c); — Pe(c) (u)) , (18)

D* =(D- (I+ Vyx))+ ePe(xk) - Vypy. 19

The closure variable y exhibits periodicity with respect to y and is
computed as the solution to the boundary value problem:

(20a)
(20b)

-Vy-D- (I+Vy)() +éePeu,, - Vy y = ePe ((up)p—uy)., yE€EB,
-n-D-(I+Vyx)=0, yelr,

where u, = -k - V,p, and p, is the solution of (14). Also, (x) = 0. It is

important to emphasize that for the model described by Egs. (18)-(20)

to be valid, the following conditions must be satisfied (Auriault and
Adler, 1995; Battiato and Tartakovsky, 2011):

ek 1, (21a)
Pe < £72, (21b)
(x)=0. (21c)

Beside the original references, the importance of these conditions
and their generalizability to mildly reactive transport scenarios is also
amply discussed in Weber et al. (2024, Section 2).

To summarize, homogenization theory allows one to derive both
the macroscopic equations as well as their effective parameters. Such
parameters, i.e. the permeability and dispersion tensors, can be deter-
mined from the closure variables k and y (Egs. (15) and (19)) which
satisfy two boundary value problems in the unit cell, namely Egs. (16)
and (20). A step-by-step description of the calculation procedure can
be found in Weber et al. (2024). Importantly, within this framework,
the calculation of the effective parameters does not require the solution
of the pore-scale problem for flow and transport at the macroscale.
Finally, we note that the solution of the dispersion closure problem,
Eq. (20), requires the solution of the permeability closure problem,
Eq. (16), and thus we examine both in this work.
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3. Methodology

This section details the generation of the training data including
image generation and effective parameter calculation, as well as an
overview of the CNN techniques used in this work. Although the
proposed approach is applicable to both 2D and 3D structures, here we
focus on 2D periodic structures to offer a proof of principle demon-
stration. Also, because significant differences exist between effective
properties in 2D and 3D structures (Marafini et al., 2020), CNNs trained
on 2D unit cells may not be used to predict properties for 3D structures.

3.1. Dataset generation and analysis

To obtain a large enough dataset to investigate the relationship
between pore structure and effective transport properties (i.e. per-
meability and dispersion tensors) reflective of realistic and diverse
porous media samples, we employ an algorithmic approach to generate
synthetic samples with modifiable characteristics. While natural geo-
logical formations exhibit significant variability, it can be challenging
to acquire a sufficiently large dataset encompassing a wide range of
topological characteristics such as porosity, specific surface area, pore
size distribution, and tortuosity, among others. Briefly, the method
consists in placing a random number of randomly shaped particles onto
an empty canvas until a stopping criteria is reached. The placement,
size, and orientation of these particles are determined from statistical
distributions and rules motivated by observation.

Using the aforementioned algorithm, we generate 10,000 binary
two-dimensional 224 x 224 pixel images. Next, various morphological
properties such as porosity, specific surface area, and connectivity are
computed for each image. Fig. 2(a) shows a scatter plot displaying the
porosity and specific surface area of each image in the dataset with the
color of each datapoint depicting the number of particles in the unit
cell. Fig. 2(a) shows that the dataset spans porosity values between 0.25
and 0.85, a (solid particles) perimeter range of 3.5¢ to 10.5¢, with £ the
length of the unit cell, and images containing 3-25 particles. To provide
a visual representation of the dataset, Fig. 2(b) displays 25 example
images organized by their topological characteristics and showcases the
broad range and quality of the dataset used in this work, demonstrating
the diversity and complexity of the synthetic porous media samples
generated.

3.2. Permeability

Next, we compute the permeability tensor for each image in the
dataset by solving the closure problem described in Section 2, Eq. (16).
We follow the algorithm described by Ling and Battiato (2020) and We-
ber et al. (2024), to enforce global constraints on all closure variables
while converging to a unique solution, as shown in the aforemen-
tioned references. We use the open-source computational fluid dynam-
ics (CFD) software OpenFOAM to perform the meshing and compute
the solution of (16). Fig. 3 presents a scatter plot showing the diagonal
components, K;; = [K];; and K,, = [Kl,,, of the calculated perme-
ability tensor which span four orders of magnitude in both directions,
with the smallest dimensionless permeability in the order of 10~® and
the largest in the order of 1072, The dataset includes highly anisotropic
samples, where the permeability components differ significantly along
different directions with the ratio K;,/K,, ranging between 10~2 and
102. Furthermore, the off-diagonal terms of the permeability tensors
indicate the presence of cross-coupling between flow directions, which
arises from the specific connectivity of pores and channels within the
pore-scale structures. By capturing this diverse range of structures and
properties, our dataset provides a comprehensive representation of
porous media structures encountered in a variety of systems.
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Fig. 2. (a) Scatter plot depicting porosity and specific surface area — normalized by the side length of the unit cell — for each of the 10,000 images generated. The color coding
represents the number of particles in the unit cell while the size of the datapoint corresponds to the average particle diameter in the unit cell. (b) Example images from the dataset

showing the broad range of morphologies considered.
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Fig. 3. Scatter plot depicting the K, and K,, coefficients for each image in the dataset.
The color of each datapoint represents the porosity of the sample image. The plot
indicates that the dataset includes a large variety of structures with different level of
anisotropy.

3.3. Dispersion

After solving the closure problem to determine permeability, we
compute the effective dispersion tensor for each image sample for nine
values of Péclet number between 0 and 2000. This is achieved by
solving the dispersion closure problem described in Section 2, Eq. (20).
While below we provide a brief outline of the method, we refer the
reader to Weber et al. (2024) for a step-by-step description of the algo-
rithm for the solution of the dispersion closure problem (20). We em-
phasize that for a given Pe number, V, p, must be chosen consistently as
discussed in Weber et al. (2024, Section 3). For any given Pe number,
a pressure gradient Vyp, = [V, py, 0] in the x; direction is imposed
such that the characteristic velocity is U := (i), or alternatively

(wyp=1.

This ensures that for each image, k, Vp, u, and (u,); are fixed, while
Pe can be independently changed in Eq. (20) to account for the impact
of different transport regimes on the effective dispersion tensor.

(22)

Since the flow is driven for each image in the x,-direction, the D,
component increases most rapidly with Pe and spans the broadest range
of values (nearly four orders of magnitude). In all simulations, ¢, the
separation of scale parameter defined in Eq. (1), is set to 0.02 and
each image is solved for Pe = {0, 10,20, 50, 100,200, 500, 1000,2000}.
This corresponds to a total of 100,000 simulations for the solution of
the permeability and dispersion tensors combined, and enable us to
explore a significantly wider range in the parameter space compared
to previous studies, while ensuring that the applicability conditions of
the homogenized model are not violated (Pietrzyk et al., 2021) and
the flow remains creeping. This is achieved by prescribing a fixed
Schmidt number Sc = v/D = 10%, a value typical for many solute-
solvent systems. This ensures that as Pe increases, the Reynolds number
remains small, and the flow stays within the creeping regime.

Fig. 4 displays each component of the effective dispersion tensor
for the dataset, illustrating that the relationship between Péclet number
and the dispersion tensor components is highly dependent on the image
microstructure. The color of each line represents the porosity of the in-
dividual sample. This figure demonstrates why empirical relationships
that assume a given functional form between dispersion coefficient and
Péclet can lead to large inaccuracies depending on the specific mi-
crostructure morphology. It is worth emphasizing that the off-diagonal
components of the dispersion tensor associated with certain images
may swap sign from positive to negative (or vice-versa) with increasing
Pe: this implies that different cross-directional pathways become pref-
erential under different flow regimes. This highlights the importance
of appropriate quantification of the effective dispersion using pore-
scale simulations or closure formulations to maintain computational
efficiency and predictive accuracy. As displayed in Fig. 4, our im-
age dataset showcases a comprehensive representation of dispersive
behaviors. By including a wide range of flow conditions and both
diagonal and off-diagonal components of the dispersion tensor, our
dataset enables a thorough investigation of the relationship between
pore structure and effective properties.

While Fig. 4 demonstrates the range of the dataset, it does not
illustrate how the characteristics of each individual image impact the
dispersion tensor. To investigate more closely and provide tangible
examples of the impact of microstructure on the effective dispersion
tensor, we select six images that represent different dynamic scenarios.
These examples were chosen to illustrate diverse geometric and trans-
port scenarios as a preliminary investigation. Additional discussion is
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Fig. 4. Plot depicting all components of the effective dispersion tensor for each of the 10,000 images of the dataset. Each line represents the component of the dispersion tensor
associated to one specific unit cell image in terms of Péclet number. The color of each line denotes the porosity of the given sample. Note the y-axes for the off-diagonal coefficients
are semi-logarithmic, meaning it is log scale except in the interval between —0.1 and 0.1, where the scale is linear.

provided in Appendix. The six images are presented in Fig. 5(right)
and are arranged from highest porosity (Ex. 1) to lowest porosity (Ex.
6). The pore-space colorization in Fig. 5(left) depicts the local velocity
field determined by u, = -k - V,p,, where k is determined through
the permeability closure problem, Eq. (16). In each unit cell, V, p,
is defined to be nonzero only in the x; (horizontal) direction. Thus,
while flow can occur in the vertical direction due to interactions with
particles, the pressure gradient in each case propels the flow from left to
right. The effective dispersion tensors for each of the considered images
are presented in Fig. 5(right) for Pe = 0 through Pe = 2000.

The first notable observation in Fig. 5 is the impact of porosity.
Higher porosity images tend to exhibit higher effective diagonal compo-
nents of the dispersion tensor at Pe = 0, i.e. higher effective diffusivities
D}, (Pe = 0) and D}, (Pe = 0). The same trend is apparent also in Fig.
4, where the color of the lines corresponds to the image porosity.
Additionally, in Fig. 5, higher porosity images tend to have smaller
magnitudes of off-diagonal coefficients, D}, = [D*];, and D;, = [D*],
which represent cross-flow characteristics, particularly at low Pe. Pos-
itive values of these coefficients indicate that concentration moving in
the positive y, (right) direction in the unit cell is redirected upwards
in the positive y, (up) direction, while negative values of off-diagonal
coefficients indicate downward redirection (Dejam and Hassanzadeh,
2022). Due to the reduced presence of solid particles in high porosity
images, solute advecting from left to right can traverse the unit cell
with minimal vertical transport. Hence, it is expected that high porosity
images have the smallest magnitudes of D}, and Dj,. This can also be
seen in Fig. 5, where Ex. 1, 2 and 3 show near-zero values for the initial
off-diagonal components.

Another feature worth highlighting is the relationship between the
components of the effective dispersion tensor and Pe for each image.

While each example exhibits its own unique functional dependence
between the components of the dispersion tensor and Pe, a noticeable
trend emerges in images which contain a distinct horizontal flow
channel, such as Ex. 3 and Ex. 6. In these instances, the majority
of flow (and consequently solute mass transport) occurs within these
channels. Since the characteristic velocity used to calculate Péclet
number, (u)p, is averaged over the entire pore-space (Eq. (7)), these
channels experience a much higher local Pe compared to the unit cell
as a whole. Therefore, as Pe increases, DTI experiences a much more
rapid increase in terms of Pe number compared to other topologies, as
the solute is increasingly and efficiently transmitted in the horizontal
direction along these localized flow paths. The same principle applies
to vertically-oriented flow channels. This is best represented by Ex. 4.
In this case, the specific pore-scale solid particles’ orientation creates
a tortuous pathway that greatly restricts transport in the y,-direction,
resulting in increased mass transport in the vertical y,-direction as Pe
increases. The D, component reflects this behavior, as it significantly
increases with higher Pe. Since this vertical transport is in the positive
y,-direction, the off-diagonal components increase substantially in a
positive direction as well.

In the following Sections 3.4 and 3.5, we present the CNN architec-
ture and the data augmentation procedure, respectively.

3.4. CNN architecture

CNNs have proven to be effective in predicting properties from
images due to their ability to capture spatial patterns and hierarchies
of features. Each convolutional layer applies localized filters that scan
across the input to detect geometric patterns, from simple edges to
complex structures. As shown in Table 1, deeper layers reduce spa-
tial resolution while increasing the number of channels, allowing the
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Fig. 5. The effective dispersion tensors for the example images considered. (Right) 6 example images of the dataset. The white represents solid particles, and the coloring in the
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network to build progressively richer representations of the porous
geometry. In this study, we employ a CNN to predict both permeability
and effective dispersion tensors from the 224 x 224 pixel binary images
discussed previously. The training process involves optimizing the net-
work parameters using the ADAM optimization algorithm implemented
in PyTorch (Kingma and Ba, 2015). Batch normalization on the acti-
vations between convolutional layers is used to improve training (Ioffe
and Szegedy, 2015), and dropout is incorporated in the fully connected
layers to prevent overfitting (Srivastava et al., 2014). Additionally,
input normalization is performed to ensure consistent scaling across the
dataset by setting binary input images to contain values of —1 or 1 and
normalizing all other inputs to have zero-mean and unit-variance. To
promote Galilean invariance during training, we randomly shifted each
input image in both horizontal and vertical directions at every epoch
(with periodic wrapping), so the model learned to associate different
periodic realizations of the same microstructure with the same effective
transport tensors.

We employ two CNNs to predict permeability by dividing the task
into diagonal and off-diagonal components. This approach takes ad-
vantage of the rotational symmetry of the permeability tensor. When
an image is rotated by 90°, the corresponding tensor transforms from
[Ki1. K12 Koy, Kyy] 10 [Kyy,—Kap; =Ko, Kyy]. Hence, we can train a
CNN to predict K,; and then rotate the image to predict K,,. The same
principle applies to the off-diagonal components with a negative sign.
By adopting this approach, we effectively double the training data size
for permeability. In the next subsection, we will elaborate on how we
further augment this data through flipping.

For dispersion prediction, we design a CNN architecture which is
divided into four parallel branches, one for each component of the dis-
persion tensor. These four branches can be thought of as independent

CNNs for estimating each tensorial component. To capture the different
behaviors across the wide Pe range of the dataset, each component
branch of the dispersion CNN is further divided into low Péclet (Pe <
20), mid Péclet (20 < Pe < 200), and high Péclet (200 < Pe < 2000)
regions. This allows the CNN to refine predictions for different regimes
where the preferential flow channels may change as Pe number is
increased. This architecture is illustrated in Fig. 6, and details of the
layer size parameters for a given component are shown in Table 1.

In addition to the binary image input, we explore the inclusion
of various transformations of the input data to improve prediction
accuracy. One such transformation is the “distance map”, which cal-
culates the Euclidean distance to the nearest surface for each location
in the pore space. Another transformation is the “opening map”, which
identifies the largest pore openings in the image. Each transformation
is calculated using the software from Boelens and Tchelepi (2021), and
examples of the computed transformations are shown alongside the
input in Fig. 6. These additional input features provide complementary
information about the pore structure and we turn them on and off
for various networks to understand how their inclusion impacts CNN
performance.

We adopt a cosine learning rate schedule which decreases the learn-
ing rate during each epoch of training, promoting better convergence.
To determine the optimal initial learning rate and weight decay, we
conduct hyperparameter tuning using the development set to achieve
the best performance and find that an initial learning rate of a =
1073 and a weight decay of 4 = 107® works best for each case.
During the training process, we employ a smooth L1 loss function to
minimize the difference between predicted and desired output values.
The performance of the CNN models is quantified using the Root Mean
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Fig. 6. Diagram of the proposed CNN for dispersion prediction. The CNN takes a binary image as an input, makes the desired transformations, then branches into predicting the

full dispersion tensor for Pe = 0 through Pe = 2000.

Square (RMS) error metric, which provides a measure of the overall
prediction accuracy. The training is performed for 100 epochs, and the
final CNN selected is that which performed best on the development
set — not necessarily the final epoch.

3.5. Data augmentation

We first split the dataset into a training set of 9000 images, develop-
ment set of 500 images, and validation set of 500 images. To increase
the dataset size, we augment the data with flipped transforms of the
original images—though each image transform stays in the same set as
the original image so that the sets remained completely independent of
each other. All permeability and dispersion tensors are computed once
for each original via the closure problems described in Section 2, and no
simulations are performed on the transformed images. For permeability
prediction, we leverage the symmetry properties to generate additional
training examples. By flipping the image along either the x,; or x, di-
rection, the permeability tensor is transformed from [K;, K|5; Ky}, Ka]
to [K};,—Kjy:—Ky;. Kp|. In the dispersion case, the same relationship
holds for the diagonal components D}, and D},. For the off-diagonal
components, D, and D}, , flow reversal symmetry holds in the x, (ver-
tical) direction, but not along the x, (horizontal), particularly for high
Pe, as discussed by Pride et al. (2017). This data augmentation process
with flipped counterparts effectively quadruples the dataset size for
both permeability and diagonal dispersion components while doubling
the dataset size for off-diagonal dispersion predictions. Note that the
transformed image is passed through the CNN, and the corresponding
transformed output tensor is compared to the known label from the
original image with the appropriate sign or index permutation applied.
Additionally, inputting flipped images through the CNN at test time
and averaging the predicted quantities, we guarantee that the CNN
output maintains the same symmetry properties of the original data. In
other words, inputting a flipped image through the CNN will result in
the same output tensor with the desired transformation consistent with
physical behavior. The data augmentation process leads to the expan-
sion of the original dataset from 10,000 images to 80,000 images for
permeability (taking additionally into account the rotation discussed
in the previous subsection), 40,000 images for diagonal dispersion

coefficients, and 20,000 images for off-diagonal dispersion coefficients.
One other benefit of this data augmentation process is that it guarantees
physical consistency, as rotating an image 90° would result in swapping
the diagonal coefficients at the prediction stage.

4. Results and discussion
4.1. Permeability

To investigate the impact of additional input transformations,
namely the opening map and distance map discussed in Section 3,
we trained CNN models with and without these transformations. Ta-
ble 2 summarizes the results for each CNN. The results show that
incorporating both transformations slightly improves the permeability
predictions. The opening map displays information about the positions
of the largest pores in the image, while the distance map captures the
proximity to solid particles at each point in the pore space to give the
CNN complementary features. Fig. 7 shows the validation set results
for the model which included both transforms as inputs. As seen in
both Fig. 7 and Table 2, we present the permeability prediction into
two groups, diagonal and off-diagonal components. This is because the
permeability coefficient depends on geometry alone and is independent
of a flow condition or direction, i.e. predicting K, is equivalent to
predicting K,, for a rotated image, and thus they can be combined
together accordingly. To evaluate the error, we use a percentage-based
RMS approach that normalizes residuals by the average magnitude of
the data for each ij component of the tensor:

100 & ( Ky~ Ky
N K,

k=1 ij

27105

RMSy,,; = 23)
where N is the number of samples in the validation set and * denotes
the prediction. Reported RMS,, values are sensitive to small true values,
particularly for off-diagonal terms, which are often orders of magnitude
smaller than their diagonal counterparts and can be negative. For di-
agonal components, the CNN significantly outperforms Kozeny—Carman
model, while also providing predictions for off-diagonal terms that such
models cannot address. The CNN achieves high accuracy across a range
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Table 1

Details of each layer in the dispersion prediction CNN and its output dimensions. The
input is a ¢ x 224 x 224 image, where ¢ = (1, 2, or 3) depending on the inclusion of
transformation maps. W denotes the convolutional filter width, s is the stride (step
size), and p is the amount of periodic padding. The “groups” parameter indicates how
many independent parallel branches are used in the convolution; these branches process
the input separately and do not merge, as shown in Fig. 6. The final output of each
independent network is a single tensor component.

No. Layer Size
0 Input ¢ X224 x224
1 Convolution 12X 224 x 224

W =11, s=1, p=5, groups = 4)
Leaky ReLU, BN

2 Convolution 12x112x 112
(W =9, s=2, p=4, groups = 4)
Leaky ReLU, BN

3 Convolution 16 X 56 X 56
(W =17,s=2, p=3, groups = 4)
Leaky ReLU, BN

4 Convolution 96 x 27 %27
W =17,s=2, p=3, groups = 4)
Leaky ReLU, BN

5 Convolution 192x 13 x 13
W =17,s=2, p=3, groups = 12)
Leaky ReLU, BN

6 Convolution 384x7x7
(W =5,s=2, p=1, groups = 12)
Leaky ReLU, BN

7 Convolution 768 x4 x4
(W =3,s=2, p=1, groups = 12)
Leaky ReLU, BN

8 Convolution 4608 x 2 x 2
(W =3, s=2, p=1, groups = 36)
Leaky ReLU, BN

9 Convolution 9216 x 1
(W =2, groups = 36)
Leaky ReLU, Flatten

10 Dropout 3456 x 1
Linear (groups = 36)
Leaky ReLU

11 Dropout 36 x1

Linear (groups = 36)

Table 2
Comparison of the four networks with different input transformations results on the
validation dataset for permeability prediction.

Index Distance Opening Permeability RMS Error

Map Map Ky &Ky K&Ky
1 No No 13.24% 34.05%
2 Yes No 11.36% 32.09%
3 No Yes 12.02% 32.55%
4 Yes Yes 10.31% 30.35%

of permeability coefficients spanning 3 orders of magnitude. To the
best of our knowledge, this is the first study that not only attempts to
predict permeability over such a broad range of values (three orders
of magnitude), but also does so with high accuracy, while keeping
computational costs in check. These results demonstrate the value of
augmenting CNN approaches with formal homogenization methods,
which allowed (within the rigor of the theoretical framework) the use
of a vast dataset with minimal time required to generate and simulate.

To further assess the performance of the CNN models, we compare
their predictions with the empirical Kozeny—Carman model, a widely
used approach for estimating permeability from porosity and average
particle size. The Kozeny—Carman equation is expressed as:

¢3D,2,

K= caser (24
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Table 3

Average RMS across all Pe for the four networks with different input transformations
results on the validation dataset for dispersion prediction. Note that RMS for the off-
diagonal components was calculated on an absolute basis and not percentage as the
small magnitudes of the coefficients causes numbers to blow up.

Index Distance Opening Dispersion RMS Error

Map Map D, D, D D,
1 No No 10.07% 0.098 0.117 9.41%
2 Yes No 9.84% 0.088 0.097 8.53%
3 No Yes 10.00% 0.091 0.098 9.28%
4 Yes Yes 9.73% 0.090 0.097 9.10%

where ¢ is porosity, l_),, is the average particle diameter, and C is a
fitting constant. Notably, the Kozeny—Carman model (i) cannot account
for anisotropy as there is no directional information incorporated in the
estimation of the diagonal components of the permeability tensor and
(ii) does not provide an estimate for the off-diagonal terms. Nonethe-
less, we compare its diagonal coefficient predictions with the CNN
models for each dataset image in Fig. 7 and show that the CNN vastly
outperforms this empirical model. Although no explicit constraints
were imposed during training, all 500 predicted permeability tensors
in the test set were verified to be positive-definite (i.e. symmetric
with positive eigenvalues), reflecting the model’s ability to learn this
physical property from the training data. Compared to the numerical
solution of the closure problem for permeability, the computational
speedup achieved by the trained CNN is approximately 10° for any
given image. This substantial speedup enables rapid predictions, mak-
ing the CNN approach a highly practical and scalable solution for
permeability estimation.

4.2. Dispersion

The homogenization-augmented CNN approach was also applied to
predict the dispersion tensor of the synthetic dataset. Similar to the
permeability prediction, we utilized the opening map and distance map
as additional input transformations. Table 3 presents the results of the
CNN models for dispersion prediction and shows that the inclusion of
the input transformations in this case does not have a very dramatic
impact on prediction accuracy as all models perform very well with
RMS in the order of 10%. Fig. 8 showcases the parity plot comparing
each component of the dispersion tensor determined from the closure
solution (x-axis) and the homogenization-augmented CNN (y-axis) for
all data points in the validation set and Pe numbers ranging across
three order of magnitudes between 0 and 2000. The CNN predictions
presented in Fig. 8 correspond to those including both input transfor-
mations. Fig. 8 shows the overall accuracy across all Péclet numbers.
We note that the predicted dispersion tensors are not strictly symmetric,
which is consistent with prior findings in numerical and experiment
studies that asymmetry can emerge in anisotropic porous media due
to directional differences in solute spreading (Auriault et al., 2010).
For the 4500 dispersion tensor predictions across the test set (9 Pe
values for each of 500 images), 99.22% were found to have positive
eigenvalues. This high empirical consistency suggests that the model
learned this physical constraint despite it not being explicitly enforced.

Although there is a degradation in performance at the highest Péclet
number due to the increasing influence of advective transport, the
predictions remain fairly accurate through Pe = 2000. Fig. 9 displays
the average error at each Péclet number. It can be observed that
higher errors occur under the fastest flow conditions considered in this
study: this is not unexpected since the onset of preferential flow paths
and advective-dominated transport at high Péclet numbers becomes
increasingly dependent on fine pore-scale geometric features compared
to more-diffusion dominated transport, as apparent in Fig. A.12. This
effect is further amplified when the range of geometric parameters at
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the pore-scale is as broad as the one considered in this study and spans These results overall demonstrate that marrying CNN with rigorous
orders of magnitude in pore-scale topologies, porosity values, specific homogenization theory (i) allows to significantly broaden the CNN
surface area, and effective parameters. We speculate that increasing the model predictivity across orders of magnitude in the parameter space
training set size would improve the CNN performance for high Péclet while not compromising on computational efficiency, (ii) enables one
numbers. It is worth emphasizing that this dynamic conditions also to capture the intricate dynamics of dispersion and (iii) holds promise
correspond to increased simulation time due to the need for decreasing for various applications that require accurate characterization of solute
time steps to maintain stability. transport in porous media across a broad range of parameters.

10
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Fig. A.10. Plots depicting each component of d* for Ex. 4 at Pe = 1000. This example
features a strong diagonal channel that drives flow up as it moves to the right. This
channel becomes more prominent at high Pe and can be seen clearest in the dj, and
d;, component plots.

5. Conclusion

In this work, we presented an approach that combines deep learn-
ing with multiscale modeling techniques to predict permeability and
dispersion tensors in porous media. By leveraging the computational
efficiency of homogenization theory — where effective parameters can
be computed relatively quickly from a small unit cell of the periodic
microstructure — and generating a large dataset of porous media im-
ages, a CNN was trained to estimate these transport properties from
microstructural images and input flow conditions spanning many dy-
namic regimes. To the best of our knowledge, the range of geometric

11
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Fig. A.11. Comparison of diagonal components of d* for Ex. 5 (top) and Ex. 6 (bottom)
at Pe = 1000. Ex. 6 has a horizontal flow channel which causes d}, to increase rapidly
at high Pe whereas the particles in Ex. 5 cause mass transport to happen preferentially
in the vertical direction, so dj, increases with high Pe.

and dynamic parameters investigated and predicted is unprecedented
and spans between 2 and 4 orders of magnitude in the diagonal com-
ponents of the dispersion tensor, and nearly 3 orders of magnitude in
permeability. These unique performance capabilities of the trained CNN
were enabled by framing the CNN model within the homogenization
framework. Homogenization theory, which is based on the hypothesis
of periodic heterogeneous porous media, offers a rigorous framework
to help both conceptualize and demonstrate that the issues associated
with large training costs of CNNs in the context of effective parameters’
predictions across orders of magnitude can be mitigated by taking
advantage of the underlying properties of the microstructure. More
broadly and beyond periodic structures, these results suggest that the
identification of the proper size of the domain over which a closure
problem will be defined and solved is an important step to control CNN
training costs, enlarge the size of the overall training set and ultimately
improve the performance of the CNN across topologies and dynamic
conditions.

We emphasize that, although the homogenization-augmented CNN
framework was demonstrated for 2D periodic structures and incom-
pressible and creeping flow of a Newtonian fluid with nonreactive
solute transport of a single chemical species, it does not have intrinsic
theoretical limitations for its application/generalization to 3D periodic
structures and more complex systems, e.g. homogeneous and/or het-
erogeneous multispecies reactions, potentially unsteady and inertial
systems and non-Newtonian fluids. The applicability of this frame-
work only strictly (mathematically) requires the existence of a periodic
unit cell (be it 2D or 3D - although homogenization theory has been
demonstrated to work well also for system that lack such periodicity)
and the existence of the homogenized/upscaled form for the system of
interest, which includes a set of macroscopic PDEs, the closure to be
solved in the unit cell, and the definition of all effective parameters
as a function of closure variables. As the system complexity increases
both in terms of physics and spatial dimensions, it is expected that the
computational cost for training will increase. Current work involves
the application of this framework to non-linear heterogeneous highly
reactive solutes using the homogenized model derived in Pietrzyk
and Battiato (2023). These results demonstrate the homogenization-
augmented CNN'’s ability to quickly characterize effective properties for
a wide range of images with significantly higher accuracy than more
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Fig. A.12. The final time step (1, = 5) of the transport simulation for Ex. 1 (left four panels) and Ex. 3 (right four panels). The concentration color map is periodic to better visualize
streamlines for a wide range of concentration values. It should be noted that with the periodic concentration map, a red value could indicate a concentration of ¢ = {1,3,5,...}.
(Left (a)-(d)) Ex. 1 unit cell is high porosity with particles that are evenly distributed throughout the unit cell. As such, no clear preferential flow path emerges as Pe is increased
and D* does not increase substantially with increasing Pe. (Right (a)-(d)) In Ex. 3, the horizontal flow channel sees increasingly more concentration at higher Pe, while limited
mixing is experienced in the vertical direction. Hence, Dj, increases rapidly with increasing Pe, while D}, does not.

classical empirical correlations, offering great potential for enhancing
porous media characterization and prediction in diverse scientific and
engineering applications.
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Appendix. Analysis of specific images

In this appendix, we aim to offer additional analysis by delving
deeper into the six selected images presented in Fig. 5(right). These
examples were selected to show a broad range of geometric character-
istics and how they impact transport, not to provide statistical coverage
of the dataset; a more systematic grouping and analysis (e.g., clustering
based on geometric features) could be the subject of future work.

12

To visualize how the effective dispersion tensor
Eq. (19) can be reformulated as:

is calculated,

D* = (d*), (A1)
where d*(y) is defined throughout the unit cell as:
a* =D (I+ Vyx (y)) +ePex () K (¥) Vypo. (A.2)

This variable represents the dispersion pathways available at each point
in the unit cell, and thus provides insight into the geometric features
contributing to each component of the effective dispersion tensor. Fig.
A.10 shows a plot of each component of d* for Ex. 4 at Pe = 1000. The
solid particles in this example create a tortuous pathway that directs
flow predominantly in the vertical direction, which can be seen in the
d}, plot as well as the off-diagonal component plots, d}, and dJ,, where
df, = [d*];;.

To compare the behavior of d* across separate images, we show the
diagonal components of this tensor for Ex. 5 and Ex. 6 at Pe = 1000
in Fig. A.11. These are the two lowest porosity examples considered.
In Ex. 5, the particles block horizontal transport and direct flow and
solute vertically. This preferential pathway becomes increasingly more
dominant at high Pe, resulting in low values for 4}, and high dJ,. On
the other hand, despite its low porosity, Ex. 6 features an unobstructed
horizontal pathway, seen in the d|; component. Because of this low
resistance channel aligned with the pressure gradient, d}, remains low
even at high Pe.

For each example image, simulations were performed to investigate
and visualize the transport behavior. The flow field for each unit
cell was determined through the permeability closure problem and is
depicted in Fig. 5(right). The north-south boundary conditions were set
to be periodic, while the east-west boundary conditions were set as a
periodic jump condition to allow for continuous injection—where the
concentration on the west boundary, ¢y, is determined from that at the
east boundary, cj, by:

ey =1+cg. (A.3)

The simulations were conducted until reaching a time 7, = 5, which
corresponds to the advective time scale, i.e. on average, particles
traversed the unit cell five times. To explore different regimes of
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transport, simulations were run for Pe = (1,10, 100, 1000). The Péclet
number was set by keeping the velocity field constant and modifying
the molecular diffusion coefficient D accordingly in each scenario. The
simulations were run using the open-source scalarTransportFoam solver
in OpenFOAM. The timestep is set in accordance with the Courant—
Friedrichs-Lewy (CFL) stability condition, 4r < Zlf;‘r‘“]:x , where [, is the
minimum grid size and |u,,,,| is the maximum magnitude of velocity
field in the grid, which is known from the permeability closure solution.
Videos were created to visualize the concentration evolution over time.
A static image of the final time step for Ex. 1 and Ex. 3 are shown
in Fig. A.12. The concentration color map in these plots is periodic
to cover a broad range of concentration values, while ensuring that
the dynamics can still be visualized. Thus, the streamlines in these
plots can be thought of as the contour lines. These examples are both
high porosity images and display different dispersive behaviors as Pe
is increased. At Pe = 1, the concentration is well-mixed throughout the
image for both Ex. 1 and Ex. 3. and the gradients are not very sharp as
expected. This is in sharp contrast with the Pe = 1000 case, particularly
for Ex. 3, where Dj, increases most rapidly. In this example, it can be
seen that the solute has been driven repeatedly through the horizontal
flow channel towards the top of the image and, at that location, the
concentration values are very high at the final time step. However,
limited mixing is experienced in the orthogonal (y,-direction) and very
sharp gradients in concentration exist as evidenced by the horizontally
oriented laminae. This is consistent with a low D}, found through the
solution of the closure problem.

Data availability

Data will be made available on request.
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