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Keywords: Accurately capturing and simulating multiscale systems is a formidable challenge, as both spatial and temporal
Heat transfer scales can span many orders of magnitude. Rigorous upscaling methods not only ensure efficient computation,
Adaptive hybrid multiscale methods but also guarantee that errors remain within a priori prescribed limits. This provides a balance between

Multi-physics modeling
Upscaling
Thermal runaway in battery packs

computational costs and accuracy. However, the most significant difficulties arise when the conditions under
which upscaled models can be applied cease to hold. To address this, we develop an automatic-detecting
and adaptive, nonintrusive two-sided hybrid method for multiscale heat transfer and apply it to thermal
runaway in a battery pack. To allow adaptive hybrid simulations, two kernels are developed to dynamically
map the values between the fine-scale and the upscaled subdomains in a single simulation. The accuracy of
the developed hybrid method is demonstrated through conducting a series of thermal runaway test cases in
a battery pack. Our results show that the maximum spatial errors consistently remain below the threshold
bounded by upscaling errors.

1. Introduction

As societies attempt to move toward a sustainable energy transition, the importance of energy storage both for transportation and long term
storage applications cannot be overstated. A continuing challenge in battery energy storage is related to the hazard of explosion due to thermal
runaway as a result of mechanical, thermal, and electric abuse [1-4]. Understanding and predicting heat transfer and thermal runaway within
a battery pack at the relevant scales becomes critical to optimize battery pack design and management. Yet, model development for accurate
prediction of heat transfer in battery packs, ranging from the subelectrode to the battery pack scale, remains a formidable task due to the complex
interactions between processes across scales, ranging from the pm to the m scale and beyond. The challenge of accurate modeling of multiscale
multiphysics systems is not unique to batteries, and, in fact, many advancements both theoretical and algorithmic (numerical and symbolic) have
been made since the importance of multiscale effects was first recognized in solid mechanics in the 70ies, and later permeated to a variety of fields
ranging from transport and reactions in geologic systems to biologic porous media, just to mention a few applications [5].

Differently from other fields which have ripen the benefits of more sophisticated modeling approaches for multiscale systems, the use of advanced
computer-aided design and multiscale models to better understand, predict and optimize battery behavior has been generally overshadowed by
new materials discovery and the needs of the fast expanding EV transportation market, where equivalent circuit and P2D models still dominate.
Yet, increasingly recognized performance limitations of such models has led to a renewed interest in more sophisticated approaches to capture
multiscale physics effects more accurately [6,7].

Coarse-graining techniques include a suite of mathematical theories that allow to rigorously derive continuum-scale models and multiscale
formulations from fine-grained models (for a review of different methods, see e.g. [5]). Among others, homogenization theory by multiple
scale expansions has been successfully used to derive upscaled models from fine-scale governing equations with a priori error guarantees on
accuracy [5,7-15]. The applicability regimes of such upscaled equations, within which their accuracy can be rigorously guaranteed, are dictated
by a group of dimensionless numbers, which describe the intrinsic dynamics of the system. The main advantages of the homogenization/coarse-
graining approach lie in its ability to (1) significantly reduce computational costs compared to solving fine-scale equations over the same
computational domain, and (2) offer a priori guaranteed error bounds within defined applicability regimes. However, the complexity involved
in deriving upscaled equations has historically restricted the accessibility of this and other rigorous techniques to a broader community.

* Corresponding author.
E-mail address: ibattiat@stanford.edu (I. Battiato).

https://doi.org/10.1016/j.ijheatmasstransfer.2025.127003

Received 25 October 2024; Received in revised form 29 January 2025; Accepted 19 March 2025

Available online 20 April 2025

0017-9310/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/hmt
https://www.elsevier.com/locate/hmt
mailto:ibattiat@stanford.edu
https://doi.org/10.1016/j.ijheatmasstransfer.2025.127003
https://doi.org/10.1016/j.ijheatmasstransfer.2025.127003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2025.127003&domain=pdf

Y.N. Yao and I. Battiato

Nomenclature
fém’ fe(pw)

N)((C), N;C)

o), k©

11 base>
IAT burn
T,

a
Tsl
€s1> €52

ow)

Bi(p), Bi©

R

n

¢(p), ¢(C)

1
U@, g

K®, K©

Z(p)[ 1] s
X(P)[Z] s
X(P)[SJ
-inne’ -Qup
Wéﬂ)’ We(.c)

old old
fine’ ‘Qup

o, e
vup’ vﬂne

vfineaup

Fine-scale representation of a two-dimensional
battery pack

Interfaces for packing-cell and packing-pipe in €,
Number of unit cells in the x and y directions of
the battery pack

Length of the unit cell [L]

Radius of the battery cell and cooling water pipe
[L]

Temperatures of the packing material and battery
cell [O]

Total heat transfer coefficient between the
packing material and battery cells [MT30~']
Power flux source term for the battery cell
[ML™!T-3]

Thermal conductivities of the packing material
and battery cell [MLT 0]

Base and burn power flux values [ML™'T—3]

Temperature intervals within which the power
flux source term IT = ITy,, [O]

Temperature range over which /T transitions from
ﬁbase to ﬁburn [e]

Dimensionless parameters governing the
smoothness of the error functions [—]

Reference scale of the flux term at the I
boundary [MT—3]

Biot numbers for the packing material and battery
cells (Dimensionless number)

Product of density and heat capacity ratios
(Dimensionless number)

Ratio of heat generation to the packing material
conductance (Dimensionless number)
Dimensionless power flux source term for the
battery cells [—]

Volume fractions of the packing material and
battery cells in the unit cell [-]

Homogenized power flux source term [—]
Effective velocities of the packing material and
battery cells [—]

Effective thermal conductivities [—]

Closure variables for the packing material

Fine-scale and upscaled subdomains in a
two-dimensional battery pack

Moving average windows of the packing material
and battery cells

Fine-scale and upscaled subdomains before the
expansion or reduction of the breakdown region
Temperatures of the packing material and battery
cells

Common upscaled and fine-scale subdomains
present in both 2°d and Qnew

Fine-scale subdomain in ©2°¢ that is switched to
upscaled in Q"W

Arbitrary constant for approximating a stepwise
function

9
", 1
kP, k©

(T(”))y,
(T©)y
Hbase
V@, v

pr) B RSC) B

)
R5
Zoun
e

-Qbreak

Qold Qnew
B

vup—>ﬁne
Iy, Ieg

Iy, e

International Journal of Heat and Mass Transfer 247 (2025) 127003

Domains for the battery cell, packing material,
and cooling water pipe in 2,

Separation of scale parameter

Length and width of the battery pack [L]

Aspect ratio of the unit cell [—]

Distances between the battery cell, edges of the
unit cell, and cooling pipe [L]

Normal vectors to the interfaces, pointing away
from the packing material and battery cell
domains

Power flux between the packing material and
cooling water pipes [MT~3]

Densities of the packing material and battery cell
ML™]

Heat capacities of the packing material and
battery cell [L>T20"!]

Reference temperature [O]

Temperature intervals within which the power
flux source term IT = ITy,,.,, [O]

Temperature range over which /T transitions from
My, to zero [O]

Reference scales of thermal conductivity for the
packing material and battery cell [MLT3©~!]
Average temperature in the hybrid simulations

Ratio of conductance at the packing
material-cooling pipe interface to the packing
material conductance (Dimensionless number)
Thermal conductivity ratio (Dimensionless
number)

Dimensionless temperatures of the packing
material and battery cells [—]

Dimensionless thermal conductivities of the
packing material and battery cells [—]

Average temperatures of the packing material and
battery cells [—]

Dimensionless base power flux values [—]
Effective parameters corresponding to emergent
terms for the packing material and battery cells
[-]

Effective reaction rates with - = {1,2,3,4} [-]

Closure variables for the battery cells

Breakdown region of the battery pack

Battery pack domain before and after the
expansion or reduction of the breakdown region
Fine-scale and upscaled subdomains after the
expansion or reduction of the breakdown region
Average temperatures of the packing material and
battery cells

Upscaled subdomain in ©°M that is switched to
fine-scale in QneW

Dimensionless fine-scale power flux source terms
for unburned and burning battery cells
Dimensionless upscaled power flux source terms
for unburned and burning battery cells



Y.N. Yao and I. Battiato International Journal of Heat and Mass Transfer 247 (2025) 127003

Recent advancements in symbolic computing and automated symbolic deduction have contributed to remove some of the human-centered
barriers in the derivation and adoption of rigorously derived multiscale models for systems of realistic complexity [7,13-15], for which such
derivations would be too complex, long and error-prone. Pietrzyk et al. [13] have addressed this issue by developing an automated symbolic
deduction pipeline, Symbolica, which automatically performs homogenization by multiple-scale expansion to derive upscaled equations from fine-
scale equations with minimal human interaction, therefore, enhancing the accessibility of this mathematical technique to a broader community
and enabling its extension to more complex applications. Furthermore, Pietrzyk et al. [7,13-15] have demonstrated the versatility of Symbolica
in various types of problems, ranging from reactive transport in porous media to heat transfer in battery packs. Nonetheless, one persistent
challenge associated with the homogenization approach is the existence of breakdown regions that invalidate the upscaled equations, if some
of the applicability conditions are violated [14,16,17].

To overcome such challenges, hybrid methods have been developed [16,18-20] in which fine-scale and upscaled equations are coupled in the
same computational domain, with the fine-scale equations computed for the regions that violate the applicability regimes while upscaled equations
are solved elsewhere. Hybrid methods, also referred to as algorithm refinement techniques, can be generally classified into two broad categories,
based on the type of coupling: intrusive and non-intrusive. Intrusive methods usually consist of “overlapping” or ‘“handshake” regions where
both fine-scale and upscaled models are concurrently solved [e.g.16,21]. This enables a direct coupling between the fine-scale and the upscaled
subdomains at the expense of higher computational costs and implementation difficulty in legacy codes. In contrast, non-intrusive methods, based
on domain decomposition approaches, employ boundary conditions to couple two subdomains together [e.g.18,19]. A literature review of multiscale
formulations focused on application to flow and reactive transport in media with heterogeneous inclusions (e.g. porous media) can be found in [22].

Differently from most current adaptive approaches focused on grid-refinement strategies or on multiphysics problems (i.e. where different
physics is solved in different subdomains [e.g.23-26]) where the criteria for adaptation are usually problem-specific and do not consider the
applicability of the upscaled governing equations, here we focus on building adaptive hybrid schemes where the same physics is solved at different
scales (i.e. a fine and a coarse-scale), because of the local breakdown of the approximations underlying the formulation of continuum scale models.
Fixed hybrid methods [19], where the size of the fine-scale subdomain is predetermined and remains constant throughout the simulation, have
been demonstrated to maintain predictive accuracy while achieving speedups ranging from 3 to 15 times compared to pure fine-scale models
for relatively small macroscopic domains, with the expected speedup increasing with the size of the simulation domain. Differently from fixed
hybrids in which the size of the fine-scale subdomain is selected as large as possible to ensure that the violation of applicability conditions is
accommodated throughout the duration of the simulation, the adaptive hybrid allows the size of the fine-scale domain to always be as small as
strictly needed. Since the computational cost of hybrid models (adaptive or fixed) is controlled by the size of the pore-scale domain, the adaptive
hybrid will provide a larger speedup than a fixed hybrid, depending on the ratio between the size of the pore-scale domains used in either method.
In addition, the adaptivity criteria and hybridization strategy are tightly integrated and based on theoretical upscaling methods to ensure that the
entire framework (analytical upscaling, adaptivity criteria and hybridization conditions) is self-consistent and to guarantee that the adaptive hybrid
simulation error is always a priori bounded by the upscaling error prescribed by the theory, while minimizing the computational cost required to
solve the local breakdown. Because the adaptive hybrid maintains the same accuracy of the fixed hybrid, but at a fraction of the computational
cost, the reduction in error would be similar to that reported by [19] for similar setups. We apply these new strategies to model thermal runaway
in spatially heterogeneous battery packs, an application for which many of the numerical, symbolic and theoretical advancements mentioned above
remain still largely unknown to the community [27].

Hence, this study has two primary objectives. First, we focus on advancing algorithmic capabilities in the context of hybridization strategies based
on homogenization theory, and develop an automatic-detecting and adaptive two-sided hybrid formulation that allows the size of the fine-scale
subdomains to vary over time, while ensuring that the coupling error introduced remains bounded at all times by the upscaling error. This aspect
ensures that computational efficiency and predictive accuracy can be concurrently preserved. Second, we apply this novel algorithmic strategy to
model thermal runaway in battery packs. Specifically, we couple the continuum scale PDEs describing thermal runaway at the pack level, derived
through the automated symbolic deduction engine, Symbolica [7], with their fine-scale (cell-scale) counterpart, and demonstrate the relevance
and robustness of these strategies for battery modeling applications. The computational domain consists of battery cells, embedded in a packing
domain, with spatially heterogeneous properties to mimic system level variability due to manufacturing defects, differential aging between cells,
etc.

The manuscript is organized as follows. Sections 2.1 and 2.2 provide an overview of the fine-scale and upscaled governing equations. In
Section 3.1, we present the development of a two-sided hybridization approach with fixed coupling boundaries. Sections 3.2 and 3.3 detail the
formulation of mapping kernels and techniques for automatic detection of the existence or expansion/reduction of the fine-scale subdomain in
response to the varying breakdown region. In Section 4, we evaluate the accuracy of the proposed hybridization method with a simulated thermal
runaway problem in a battery pack.

2. Problem setup and model formulation

We consider a two-dimensional battery pack £, that comprises three distinct regions: (1) battery cells BS) c Q,, (2) packing material B(f ) ¢ Q.,
and (3) cooling water pipes B! c @,. '™ and ™ are the packing-cell and packing-pipe interfaces, respectively (Fig. 1). Consistent with the
notation in [7,19], dimensional and fine-scale variables are hatted quantities and possess a subscript “c”, respectively.

Fig. 1 illustrates the unit-cell geometry that defines the geometry of the battery pack, with N ,(f) and N, ;c) representing the number of unit cells

along the x and y directions, respectively. The length of the unit cell, 7, and the aspect ratio, a, are given by

5 A1) L 52 4 Aw
£=2(dD +d? + 7 47, (1a)
2 (de) 4 7
a= M’ (1b)
¢
where fé” and féw) are the radius of battery cells and cooling water pipes, respectively, and cié“), dil) and d’iz) are the distances between the battery

cell, edges of the unit cell and the cooling pipe. The length and the width of the whole battery pack, £, and ﬁy, respectively, are defined as:

£, =NYZ, (2a)
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Also, the length scale ratio between the unit cell and the battery pack is a fundamental parameter in multiscale systems, is referred to as
separation of scale parameter ¢ and is defined as
4

_ 3
max (2.2, ©

€=

2.1. Dimensional and dimensionless fine-scale governing equations

In order to describe thermal conduction between cells and packing materials, and heat generation within cells as a function of temperature under
normal and abuse (thermal runaway) conditions, we employ the model presented in Pietrzyk et al. [7], which we report here for completeness of
the presentation. The packing material and battery cell temperatures at the fine/cell-scale are governed by two conduction equations

9 ( HPEW Tg(”))

— =¥ (k0VTP), xeBY, (4a)
P) ( ﬁ(oé(c)t("))
= =V (ROVTO) + 1. K€ BY, (4b)

subject to the following boundary conditions

- ng”) . ]}(ﬂ)@fép) = [wo (Téﬂ) — Te@) ke f?w)’ (4¢)
- ngp) . ]}(ﬂ)@f‘ép) = quw)’ Re fipuf)’ (4d)
—n©  ROYFO = g0 (O _F0)) g e [0, (4e)

where T = 70 (7,%) [©] is the temperature at time 7 and location % € BY, and i = p or c refers to packing material or battery cell, respectively;
ni.i) = n(é.i) (%) is the normal vector to the interfaces pointing away from the i domain; U®9 [MT~3@~!] is the total heat transfer coefficient between the
packing material and battery cells; 47 (7,%) [MT~3] is a power flux between the packing material and the cooling water pipes; (7, %) [ML™' T3]
is a power flux source term, and 5@ [ML™], k) [MLT30"!'] and € [L2T-2@~!] are density, thermal conductivity, and heat capacity, respectively.
The heat generation within the battery cells is modeled with the power flux source term I1(7,%) (Fig. 2), and is given by

o
o T -7+ 7, . o
I (T, %) = Mypse ®) + 3 {Erf [Cl <2# +1 || +1 3 (Hyurm = Hpase ®)

Tsl
N A(0) |
T, —T:" +T,.,, R
EERS I [N PSR O Y | PR . (52)
2 Ts2
where
7,\—'max = TMux - 7A“re’f’ (Sb)
7A—'Max = Aref + 7A—'a +Tsl + 7A—‘b + 7Aﬂs2’ (50)
Cy =Erf! (2¢ - 1), (5d)
C, = Erf! (2¢, - 1). (5e)

In Eq. (5), flyyse(%) and ITy,,, are the base and burn power flux values, respectively, T,,; [@] is the reference temperature, 7,[0] and 7,[©]
are defined as the temperature intervals within which the power flux source term 11(7'”, %) equals to [T}, (%) and IT,,,, respectively. T,; and T},
refer to the temperature ranges over which I7(7(“,%) transitions from ITy,e(R) to Ty, and from I, to zero, respectively. ¢,; = 0.0005 and
€, = 0.0005 are the dimensionless parameters that govern the smoothness of the error functions.
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Fig. 2. The profile for 1(7,%) as a function of the cell temperature (7)) (figure adapted from [7]) The lengths of the profile sections are shown to sum to T,,,. Burnout is
defined as occurring when 7 > Ty, and 1(7,%) = 0.

The system of Egs. (4) and (5) can be cast in dimensionless form by employing the following reference scales [7]:
TP = (T, + T, +T,+Ty) TP +T,,;, TO=(T,+T, +Ty+Ty)TO +7T,,.

Yelld) fL Y
MO — RORD. O = plogo g Ly o PTCTmax(E L)

max(£,, ﬁy) K@)
g=max(L,, L)x, I (T©R) = My, IT (TO,x), ¢ (7.%) = "¢ (1,x),

(6)

where K@ is the reference scale of thermal conductivity, and Q®*) is the reference scale of the flux term at the I e(” ) boundary. Using Eq. (6) to
nondimensionalize the fine-scale governing equations (4) and (5), the dimensionless fine-scale governing equations can be written as [7]

aT(P)
—— =V (kPvT®)  for x € BY), (72)
T

;t =(p)V+ (KOVT) + (oRYIT  for x € BY, (7b)

subject to boundary conditions

—n® . KPVTP = B (7O ~T©)  for x € [P, 70
“n® . KPVTP = Qg for x € TP, 7d)
~n® . KOVTE = B{© (T© —TP)  for x € I, 7€)

The dimensionless power flux source term I7 is defined as

1 1
(T, %) = Myyse (X) + 5 {Exf [A4,TO + By | +1} (1 = Mppee (%)) — 5 {Exf [4,T + B,| + 1}, (8a)
where
_ fmax _ fa _ ’fmax _ ’fmax _ 1 _ 1
A =-2C, ==, B =2C,-=+C|, Ay=-20,—%, B,=2C,—=-C, C =Erf'(2,-1), C,=Erf'(2¢,-1). (8b)
T:l Tsl TS2 52

By nondimensionalizing the governing equations, six dimensionless numbers are defined as
0% max(L,, L) o~ 0¥ max(L,, £ ,) _pwew _R©

Bi® _ My max(L, [:y)Z
) ’

Bi© =

B¢ = — . o=, ¢=—", —
- <0) pOC© K@) ¢ Trax K®)

©)

5

2.2. Dimensionless upscaled governing equations

Pietrzyk et al. [7] automatically upscaled the fine-scale governing equations presented in Section 2.1 by means of homogenization theory [5]
using Symbolica [13] to obtain the following upscaled governing equations for the average packing material and cell temperatures, (T®)y (t,x)
and (T©)y (1,x), respectively,

(3<T(p)> X )
»® pr Y U@ .V (TP), - VO .V (TO), —V_. (K(m . VX<T(11)>Y) - _R(1F><T(p)>y + R(ZP)<T(c)>Y _ R;p)q(”w) (%) + Riﬂ) -V, q@), (10a)
(c) HT©Oyy U© . v (T© VO .y (T® V. . (K© .y (T© — RO(T® RO (T© R© 4(ow) ROTT (10b)
¢ ot + . x< >Y_ : x( >Y_ x'( ° x< >Y)— 1 { >Y_ 5 ( >y+ 3 4 (t,x) + ” s
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1T = Myaee + ; {Erf [¢( ><T(C)>Y + Bl] + 1} (1= Myase) = { [¢( )<T(C)>Y + Bz] + 1} (10c)

where i = p, ¢, or w refer to packing material, battery cell and cooling water pipe, respectively, j = pc or pw refers to the interface between packing
material and battery cell, and the interface between packing material and cooling water pipes, respectively, ¢ is the volume fraction of domain
i in the unit cell, |Y| is the area of the unit-cell domain, and |I'?| is the length of interface I'Y) in the unit-cell. In Eq. (10), IT(T©)y,x) is the
homogenized power flux source term and [Ty, (%) is the dimensionless base power flux values, respectively; U® are effective velocities, V) are
effective parameters corresponding to emergent terms, K are effective thermal conductivities, and R®, with - = {1,2,3,4}, and Rip) are effective

reaction rates, and are defined as

Bi”
U» = g 22 50 |r(p6)|<x(p)[3]>r(pc) _ k(p)(Vgl(p)[2]>y= (11a)
¢(p) Bi®
Vo = 5o ¢@>W|pw)|<x(w[ﬂ>mc) — KDV Py | (11b)
K® = k0 [p0L+ (Ve P1), ], (11c)
Bi® 1
R? = g0 = o |10 (E — Oy o + <)((p)[2j>[*(m')> i 11d)
g — ¢ o (11e)
P© ’
> [Qrew)) Bi®
R =9 Boe ol PPN pgo | 11h
RLP) - ¢(p)k([l)<vgl(p)lll>y_ (11g)
U© = o¢ [d)(C) 5O | TP 2] Yoo + k(c)<V§l(6) )Y] , (11h)
v = P9 g0 B ooy ey, oy (11i)
¢<p> B A e A
K© = 0ck®© [¢©T+ (V2O ], 11j)
(©)
© _ 99 @ 11k
Ry ) Ry (11Kk)
(Bi(c)g ) |
RO = ¢(C)W|[‘(pc)| (E — Oy o + (I@)[z])ﬂm) ) (11D
(Bl(”) )
2
RY = ¢© |B@| = TP e, (11m)
(C) ¢(c) (11n)

with the averaging operators in Eqs (10) and (11) defined as

oy = L DY ge (o= L 3 dE. 12
O =g [ 0O de o= g |6 de 12
Furthermore, @Il @21 MBI (O] and x©I2] are closure variables which satisfy boundary value problems to be solved in the unit cell with
periodic boundary conditions [7,19]. A detailed formulation of all closure problems can be found in Supplementary Materials.
It is important to emphasize that Egs. (10) and (11) are valid for the following values of dimensionless numbers [7], expressed in terms of
integer powers of the separation of scales parameter e,

Bi? ~O(1), Q~0(), o~0(),¢c~0O1), Bi~0O(1), R~OE). a3

Under these conditions, the upscaled equations (10) and (11) are able to represent fine-scale dynamics within upscaling errors of order ¢, as
prescribed by homogenization theory; in other words, conditions in Eq. (13) ensure the accuracy and predictivity of Egs. (10) and (11).

3. Auto-detecting and adaptive hybrid coupling in 2D domains

In this Section, we consider the existence of a “breakdown” region of the upscaled equations presented in Section 2.2, denoted as 2y ¢, Within
a heterogeneous battery pack £, i.e. we define @y ., as the region where one or more of the applicability conditions (Eq. (13)) are violated (Fig.
3), the accuracy of Egs. (10) and (11) cannot be guaranteed and the fine scale model (Eq. (4)) should be used instead.

In Section 3.1, we first introduce the coupling strategy between the upscaled equations (Eq. (10)) and the fine-scale equations (Eq. (4)) which
allows one to handle two-sided hybrid formulations in which the breakdown region is contained in the interior of the computational domain as
shown in Fig. 3. In Section 3.2, we introduce the model refinement/coarsening criteria for the adaptive formulation. In Section 3.3, we introduce
the second-order mapping kernels for downscaling and upscaling, and summarize the algorithm in Section 3.4.



Y.N. Yao and I. Battiato International Journal of Heat and Mass Transfer 247 (2025) 127003

Heterogeneous Battery Pack Domain 2,

(HC) (HC)
@ I v,

oA~
N
N

560
Jolelele)

°
[
o
o
o
o
o

o
o
o
o
°

Ld
L]
o

o
]
]
o
(]
Ld
(-]
°

2
=]
5

) r®

o
-]
o
-]
o
o
o
o

-]
o
o
[
]

o
Ld
o
o

o
-]
o
o
o
o
o
o

olelelelolele)

elelelele

5

OOOOOHOOOO

olelelelelololo]ele)
=

& r(s) r(B)

Fig. 3. Illustration of an two-sided hybrid domain consisting of both fine-scale and upscaled subdomains.

3.1. Two-sided hybrid coupling governing equations

The two-sided hybrid coupling formulation developed in this section is based on generalizing the one-sided formulation detailed in [19]. We start
by defining the fine-scale subdomain, £, as the slightly expanded breakdown region of the battery pack domain such that 2} ... C Qfpe C 2,
(Fig. 3). The upscaled subdomain, 2, is defined as the difference between fine-scale subdomain and battery pack domain, £,\€;.. The boundary
of Q, is defined by the packing edges I'™), r'®, ™, and I'®, as well as the coupling boundaries T I(HC) and 7). Similarly, the fine-scale
subdomain Qg is bounded by I''" and I'®, alongside the same coupling boundaries F,(H © and r© (Fig. 3). In hybrid simulations, quantities
in Qg and £, are solved using fine-scale (Eq. (4)) and upscaled (Eq. (10)) equations, respectively. To derive the coupling conditions between
these domains, we introduce a moving average operator for fine-scale quantities as proposed in [7],

1 1
0 = 57 () dy and () 0, = —/ () dy, 14a
WP T y| W x) We ') 7Y WO (14a)
where
Wsp) ®={(¥,y) : x=05e <x' <x+0.5¢, y+0.5ae <y <y—0.5ae, x' € BE_”)} for x = (x,y) € 2, (14b)
Wéc) (x) = {(x',y’) tx—05e<x <x+05¢ y+0.5ae <y <y—05ae, X € BEC)} for x = (x,y) € Q, (14c¢)

e and a are the length scale ratio and the aspect ratio of the unit cell defined in Eq. (3) and Eq. (1b), respectively, and |Y| is the volume of the
unit cell. Following similar procedures as in [19], we derive the continuity conditions for temperature and flux as

(7Y, 60 = T or |57 =37 | ~0. ne
(T?) (x7) = <Te(p)>w;”(x,+)’ for |x"—x7| -0, (15b)
() 61 =47 (U Dy 0 For [ =57 =0 e
Oy 60 = 6 (20 0 fox =] =0 e

where Jg")(x;.r) is the fine-scale flux of the packing materials, (J(l’))y &) is the upscaled flux of the packing materials, x;.r € Qe and X; € Q, are
centroids of two unit cells defined in fine-scale and upscaled subdomains, and j = I or r refers to the left or right coupling boundary. Since the
quantities on the right side of Eq. (15) are not known, we use the Taylor approach developed in [19] to approximate the unknown quantities of
interest such that

aT(P) (X(Hc))
) N S0 (HC) e & N HO)
gy = 20 g D )]
® (y® @ o 40 (10 @,
¢ (3¢ >w§")(x}Hc)) 0y~ ¢ Iy, o+ a" (16b)
-1
HC .
IO 0l x (@000 ) g, (16¢)
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where
(T (p))Ym/ o / . TPy) dy, (16d)
(J (p)>Ym1 |Y| o, IP(y) dy, (16e)
Bf.ﬁ_)j = {(x y ) (HC) <x' < x(Hc) +0.5¢, y(Hc) 0.5ae <y < y;HC) +0.5a¢, X' € B(E”)} for x = (x,y) € Q, (16f)
0 Y| —/ 2 1 dy- (169)

out | utl

In Egs. (16b) and (16¢), q;” " js the unresolved heat flux of the packing material across the coupling boundary j at iteration n. For numerical
implementation, the equations were discretized with the backward Euler method to avoid time-step constraints. Both sets of equations were solved
using an open-source finite element code, FEniCS [28].

3.2. Automatic detection and adaptive formulation

As demonstrated by [19], the upscaled simulations become less accurate when the magnitude of the dimensionless numbers violates the
applicability regimes prescribed by homogenization theory. The magnitude of the dimensionless numbers controlling the accuracy of upscaled
models can be space and time dependent, due, e.g. to aging effects, manufacturing defects etc. Hence, the ability to adaptively identify the space-
time regions (i.e. the location and boundaries of the breakdown region) where upscaled models loose predictivity, and hybridization needs to
occur, is necessary to maintain accuracy throughout the simulation. Here, we present an automated method for the detection and (space-time)
adaptation of these regions. This method computes and estimates the extent of the breakdown region based on a set of dimensionless numbers.

Each dimensionless number i is represented as DN,, with its applicable range defined as DN, ,,,. The left boundary of DN; is defined as

)] — e, a7z

where q, is the tolerance factor and «, is a factor that controls the additional volume of non-breakdown region to be included in the fine-scale
subdomain. Large «; and a, will result in a larger fine-scale subdomain, therefore increasing the computational cost. In our simulations, we use
a; =0.01 and a, = 1.5. To note, a, = 1.5 is the minimum factor required for hybrid simulations to be accurate, as demonstrated by [19]. A similar
approach is used to calculate the location of right boundary of DN, such that

i

. DN,
m - — argmin
XDN,t [ gx < DN

i,app

-1-0

x1% = [argmax
X

DN, +me. (18)

— -1-a
DNI app

In the problem of thermal runaway in a battery pack, there are numerous dimensionless numbers. For a system with multiple dimensionless
numbers, the breakdown boundaries are defined as

min _ 1 min min min

Xpy = mmn (XDN,I’XDN,Z DN,m) 19)
max _ max max ,, max

Xpy = max (XDN,I’XDN,Z DNm ) >

where m is the number of dimensionless numbers.
3.3. Second-order accurate mapping kernels

In the automatic-detecting and adaptive hybrid method, the spatial subdomains in which fine-scale or continuum-scale equations are solved
evolve with time, as a result of the dynamic values of the dimensionless numbers (which, in turn, reflect changes in the magnitude of the dependent
variables spatial gradients); as such, mapping values between fine-scale and upscaled subdomains is essential, since, as time evolves a continuum-
scale region may require pore-scale resolution, and viceversa. In this section, we define a downscaling kernel, used to interpolate values from
upscaled to fine-scale subdomains, and an upscaling kernel to map values from fine-scale to upscaled subdomains. To ensure that errors remain
within acceptable upscaling error margins, it is necessary to formulate kernels that match the accuracy of the upscaling techniques. We will discuss
the detailed derivation of these kernels in this section.

3.3.1. Downscaling kernel: expanding the fine-scale subdomain and reducing the upscaled subdomains

As time marches from ¢ = n to t = n + 1, the breakdown region expands, resulting in an increase in the size of the fine-scale subdomain and
a decrease in the size of the upscaled subdomain. To represent the expansion of the breakdown region, we define two computational domains
Qold = Qold y QOld and Q"% = QW U QU (Fig. 4(a)) where the superscript “old” and “new” refer to the corresponding domain or subdomain
before and after the expansion of the breakdown region.

To differentiate the quantities of interest in the two domains (2°4 and Q"%), we use Tg(i) (x,1) and (T®) (x,1) to denote the fine-scale and
upscaled temperatures in the original domain x € 2°9, and @g) (x,1) and (0D)y (x,1) to denote the corresponding temperatures in the new domain
X € Q"VY. To march @2") and (0M), from ¢t =n to t = n+ 1, these quantities at t = n are necessary. However, at time ¢ = n, fine-scale and upscaled
equations are only solved in the original domain 2°4, therefore, T\ and (T}, are available only in a subset of the necessary domain. As such,
accurate mapping kernels from (T, (T®),) to (6, (6"),) are necessary.

We can divide the new domain 2" into three different subdomains (Fig. 4(a)): (1) Vy, = QSLd N2, (2) Vupofine = Q°ld\Q“eW or Qnew\ Qold

fine fine

and (3) Vype = 224 0 Q7. For the downscaling kernel, each subdomain is treated differently to map the quantities of interest 6 and (0")
fine fine fine € Y

from T and (T™), at time ¢ = n.
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Fig. 4. Schematic illustration of (a) expanded fine-scale subdomain (downscaled) (b) reduced fine-scale subdomain (upscaled) from time n to n+ 1, and (c) known and unknown
subdomains W(') and Wf,'k)E in Vpeoup-

Subdomain V. V,, is the common upscaled subdomain existing both in Q°d apnd Qrev | satisfying x € Vyp C Qﬁgj. As such, (0 is well
defined for x € V,,, allowing one-to-one mapping from (T} to (@), . The mapping is therefore defined as

(09), 0 =(TV), ), x€Vy, c Q. (20)
Subdomain V. Similarly to before, Vg, is the common fine-scale subdomain existing in both ©°d and Q"e¥, satisfying x € Vg,e C Q .- This
enables a one-to-one mapping from T, e(') to @3) such that

00(x) =TV(x), X € Ve C QY. (21)

Subdomain Vyp_.fine- Vyp—fine i the upscaled subdomain in 0°d where model granularity is increased, i.e. in ©2"¢" the model must be switched
from upscaled to fine-scale. As such, only (7@)_ is defined in V,,_ .. at timestep n. Because in 2"V, fine-scale equations need to be solved in
P y Y up—fine P q
V. fine and marched in time from timestep n to timestep n+ 1, (T®)_ for t = n must be mapped onto 0Y for the same timestep. Here, we define
up—fine p P Y pp € P
the interpolation functions as

(09) iy =T ((TO), ).
00 = M((69),00 )+ X € Vapines

where 7 (-) is a second-order-accurate scheme to map quantities from a coarser grid (.Qg;d) to a finer grid (Wyp_.fine), and M (-) is another second-
order accurate interpolation function to map upscaled quantities to fine-scale quantities on the same grid. Typical examples of T (-) are polynomial
interpolation used in the Finite Element Method or bilinear interpolation used in a structured grid.

X € vupafines ye Qﬁ;d (22a)

(22b)
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To derive the interpolation function M (-) in Eq. (22b) to map upscaled temperatures to fine-scale temperatures, we consider the definition of
()

< AT

0 _ 0
(0 ) o) Y /Wéw(x) 6. () dy, (23

as

where |Y| = B )‘/qb(’), and ¢ is the volume fraction of domain i (either packing material or battery cells) in the unit cell. Applying Taylor expansion
to @Y (y) at location x, where x, is the centroid of the moving averaging window W’ (x), we obtain

T
ey =09  +ve?

y=X,

— (y—xc)+(9((y—xc)3), 24)

1
(y—x.)+ 5 (y—Xc)TH@g)

y=xc

where H o is the Hessian matrix of @i\"). By substituting Eq. (24) into Eq. (23), we obtain

1 / . 1 .
= Y (ydy = — / ey
Y| iy © Yl [ €

Eq. (25) can be written as

T

+vew (y—xc)+(9((y—xc)3) dy] ~ 25

1
(y—x)+ 3 (vy- XC)TH@<€:>

y=X, y=X, y=X,

T
/v ydy—xc/. 1dy (26)
y=x. | I W)

(y-x) +0((y—xc)3) dy] :

1
Y1 Jwod

. 1 .
oW dy = — oW
. (y)dy v %

1 .
1dy+ —ve?®
y=X, _/VV&(.”(X) |Y| €

1 / 1 T
+ = o =(y—-x.) Hyo
V] [ i 2 ¥ ) Hoy

Using the definition of the centroid x, and the volume of unit cell |Y| as

y=X,

X, = d 27a
C ¢(i) |Y| Wéi)(x) y ( )
1
Y= 2 /w RL @7b)
the second term in bracket of Eq. (26) vanishes and Eq. (26) simplifies to
1 @gi) (y)dy = ¢(i>@g) + / o ((y - xc)z) dy. (28)
Y1 Jw® y=x. I
Finally, Eq. (28) is substituted to Eq. (22b) such that
. o . 2 " - | .
(O g =870+ [ o(lv=x)) avor 00w (8 (00)n 299)
In summary, the second-order downscaling kernel is defined as
(00), ) =(TV), (), x €V,
(i) _ i 1d
<@e >w§’)(x) =1 ((T(l)>y (y)) .+ X € Vyp_fine:¥ € Qgp 30

D or (N1 oD _
6, x)= (d’l ) o, Wi X € Vyp_fines

0Yx) =T (x). X € Ve C QO
3.3.2. Upscaling kernel: reducing the fine-scale subdomain and expanding the upscaled subdomains

While the downscaling kernel addresses scenarios in hybrid simulations where the fine-scale subdomain expands and the upscaled subdomain
contracts, it is also possible to encounter situations where the breakdown region shrinks over time. In such cases, the fine-scale subdomain decreases
in size, while the upscaled subdomain correspondingly expands. These circumstances require a different kernel, known as the upscaling kernel, to
effectively manage the changes in the simulations.

Following the approach in Section 3.3.1, we define the computational domains at time t = n and 1 = n + 1 as Q°d = ler‘lje u .Qﬂi)d and
Qev = Qpev Y .Q{ll;"", respectively (Fig. 4(b)). Again, we use Té” (x,1) and (T®)y (x,1) to denote the fine-scale and upscaled temperatures in the
original domain x € 2°4d and @5” (x,7) and (0?)y (x,?) to denote the corresponding temperatures in the new domain x € Q. To derive the
upscaled kernel, we further define three subdomains based on the relationship between Q04 and Q"W (Fig. 4(b)): (1) Vyp = QELd N QPEV (2)

up
— 1d old new _ oold new
Véine—sup = QESW\Qﬁp or Qf < \QE™ and (3) Vgge = 207, N 2550

Subdomains V,, and V. For both domains, one-to-one mapping approaches can be adopted:

(M), ) =(T"), ), x€Vy, c A, (31a)
i i 1d
0V(x) =T (x), X € Ve € 209 (31b)

Subdomain Ve ,yp- T is defined at ¢ = n since the fine-scale equations are solved in £°4. However, (@(’)>Y is required since the upscaled
governing equations will be solved in 2" at time 1 = n + 1. Therefore, for the subdomain Ve _up, 7. must be mapped onto (6, using the
definition of moving average where

(67)y 0 =(T) o+ X € Vineop: h

10
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Yet, as x moves closer to the boundary between the subdomain Vgye_.,p and _led (Fig. 4(c)), T values are not available. To illustrate this, we
consider a subdomain Vgye_.,p, between two boundaries x; (left) and x, (right), with x; the boundary in contact with Qﬁ;d, and x, the boundary in

contact with .ler?e. Based on the definition of W (x) in Egs. (14b) and (14c), <@(i>>y can be computed exactly as long as W (x) C Véine—up

is satisfied (i.e., x; + €/2 < x < x,, which ensures that the averaging domain is fully contained in Vfpe_p). For x; < x < x; + ¢/2 where
Wﬁ’) (X) € Vfine—yp»> @ second-order approximation method based on Taylor expansion is derived to compute (@(i)>y (Fig. 4(c)).
Let us consider a moving averaging window such that We(’) (X) € Viine—up- We divide the moving averaging window into two regions, a region

Wfl){ ) =wn Viine—up> in Which T9 is known, and a region Wii;k x =W n Qg})d in which 7% is unknown. As such, <T€(i)>w(i)( | can be
J : 0 x

expressed as
. 1 . 1 )
TOY o = — T (y) dy + — T (y) dy. 33
T = 7 fo T vy [ 10w ay (33)
ek e.nk
To approximate the second term on the right-hand-side of Eq. (33), we expand T, éi) (y) at x; with x; the nearest location where Te(i ) (y) is defined
in Wé’l)( (x). As such, we can express the integral as

1 T

Y] o
[Y] W

i 1
TO (y)dy = —

o 4yro
[YT Jw® (x)[ ¢ ¢
enk

Y=Xi

(y—Xk)+(9((y—Xk)2)] dy. (34

Xk

By defining the centroid of We(i;k (x) as

il
Xepk = ——— [ ydy, (35)
el PO |ynk| Wif;k(x)

the expression can be simplified to

T
1 i i i i 1 2
T Sy o T @)y = p90 [Tsw AL L Xk)] 7 o o ((r-x)?) av. (36)
e,nk k Y=X s,nk(x)
where § = |;]I , |Yak| is the volume of the unknown region Wi’;k (x) in the averaging window, and ||x. ,x — X||, is assumed to be less than e. By

substituting Eq. (36) into Eq. (33), we derive the approximation as

) ) 1 ) . ) N 1 >
(i) - U] . = (i) @ | 7@ (U]
(0D, x)=(T¢ >wg')(x> =i /w<'>(x> T (y)dy + ¢ [T; v +vr1! _ (Xenk —xk)] v Lo (9((y—xk) ) dy. (37)
ek k Y= We.nk(x)
When p — 0, we recover Eq. (32), demonstrating the consistency of the derived approximation method.
In summary, the upscaled kernel is defined as
(09), 0 =(TV), ®), x €V, C Q. .
(09)y ) = 53 S0 7 (y)dy + pp” [Té” +VTO| (X - xk)] . X € Viineoup: (38)
e y=xk y=Xk

0V x)=TV(x), x & Vg C QM

fine”
3.4. Adaptive hybridization scheme

After defining the upscaling and downscaling kernels, the algorithm for adaptive hybridization is shown in Fig. 5. Below, we discuss the main
steps of the algorithm.

1. Initialize all parameters (e.g., dimensionless numbers, numerical parameters), as well as packing and cell temperatures.
2. Check for the existence and boundaries of breakdown regions using Eq. (19) to define the boundaries of fine-scale and upscaled subdomains.
3. Based on the existence of breakdown regions and the state of the subdomains, determine the appropriate next step:

« If a breakdown region exists and the boundaries of the subdomains remain unchanged, proceed to steps 4-9.

« If a breakdown region exists and the boundaries of the subdomains change, regenerate meshes for the respective subdomains with the
appropriate resolution, apply the necessary kernels to modify the fine-scale and upscaled subdomains accordingly, and then proceed
to steps 4-9.

« If a breakdown region does not exist but a fine-scale subdomain exists, regenerate meshes for the upscaled subdomain, apply the
appropriate kernels to modify the fine-scale subdomains, and solve the upscaled equations (Eq. (10)) directly.

« If neither a breakdown region nor a fine-scale subdomain exists, solve the upscaled equations (Eq. (10)) directly.

. Solve the fine-scale equations using an initial guess for the unresolved flux ¢".

. Evaluate the average fine-scale flux of the packing materials using Taylor expansion (Eq. (16b)).

. Solve the upscaled equations (Eq. (10)) with the calculated average packing materials flux.

. Compute the average packing temperature using Taylor expansion (Eq. (16a)).

. Calculate the error in the continuity of the average temperature, 7, at the coupling boundary using the following expression:

N O UGN

F = max ((T@ Yy &) - <T§P>>W<p>(x+), (T?), x) - <T;P>>W<p)(x+)> (39)

9. If max(||Flle. IFll,) > €, where ¢, is a specific tolerance, update the unresolved flux ¢ by applying a root-finding algorithm
(e.g., Broyden’s method) and iterate through steps 4-9.

11
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Fig. 5. Algorithm flow chart of the proposed automatic-detecting and adaptive, two-sided hybrid method.

A detailed flow chart of the algorithm is provided in Fig. 5.
4. Numerical verification
4.1. Simulations setup

We test the accuracy of the developed automatic-detecting and adaptive hybrid formulation on four test cases modeling thermal runaway in a
two-dimensional battery pack. To verify the coupling and the algorithm, we compare the results of fine-scale and hybrid simulations for all four
cases to ensure that the error introduced by the hybridization strategy is bounded by the theoretical upscaling error, ¢ [7]. All test cases are run
on the same computational domain with different initial conditions and/or parameter values and involve a “breakdown” region that can evolve in
space and/or time to test the algorithm on setups of increasing complexity (and detailed in the following sections). Pietrzyk et al. [7] demonstrated
that the upscaled equations are valid as long as the thermal runaway problem satisfies the applicability regimes of Eq. (13). The space-time locations
in which such conditions are not met identify the “breakdown” region and are detected through criteria discussed in Section 3.2.

12
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Table 1
Parameter used to define the unit cell in the simulations.
0 700 e 4D e
Parameter L L] [L] [L] (L]
Value 0.009 0.003 0.009 0.001 0.002
Upscaled Fine-scale Upscaled
1 L &
1 . 1
1 Burning I Unburned

é.O. .O.E.O. o(e .O.::.O.é.O.é |

1 1 Yy
Riose = 20 PRuigh = 2000 1V Rygy =20
- 2HO) R Trr g HO) T Thum i

Fig. 6. Schematic diagram illustrating the simulation setup.

We consider a two-dimensional computational domain of size 1 x ¢ with 20 unit cells in the x-direction (fo) = 20) and one unit cell in the

y-direction (N ;”) = 1), as illustrated in Fig. 6, i.e. € = 0.05. Periodic boundary conditions and zero gradient boundary conditions are applied along
boundaries in x- and y-direction, respectively. The parameters defining the unit-cell geometry in Fig. 1 follow those outlined in [19], and are
detailed in Table 1 for completeness.

The computational domain is spatially heterogeneous, i.e. it contains battery cells with two different values of the burn power flux I1,,,, (see
Eq. (6)), which reflects, e.g., different thermal behaviors because of potential manufacturing defects, chemistry, and aging. Specifically, we indicate
with My 10w and f]bum,high such two values, where the latter is 10 times larger than the former, and their spatial distribution across the battery
pack is defined as follows (see Fig. 6),

i _ ”bum,low = nbum,O’ X <X r and x> XrR> 40
burn = ~ ~ (40)
Hbum,high = IOHburn,O’ XIR <x< XrR>
where Iy is selected such that
R 2
My = 2 41

max (ﬁx, ﬁy)f.

It is important to emphasize that Eq. (41) corresponds to selecting R = Ry, := ¢! (through Eq. (9)). This value of R falls within the applicability
regimes (Eq. (13)) derived by [7]. However, for those cells where MMy, = ﬁbum,high, R = 10! = 10Ry,,, the applicability conditions of
the upscaled model equations (10)-(11) are violated, a “breakdown” region exists, and hybridization is necessary. The fine-scale heterogeneity
represented by Eq. (40) can be described at the continuum-scale by the following approximation of a step-function:

Rhigh + Riow Rhigh = Riow
2 > - < 2
Rhigh + Riow Rhigh =R
(Z2=) - (7
where ¢ = 180 is a constant used to approximate a step function, xp = (x; %z + x, z)/2 is the center of the region with high heat generation rate,
and Ryjgn = 10R, and Ry,,, = R, represent regions with high and low heat generation rates, respectively.

The four test cases are designed such that R is a known function of space and time, and the breakdown region can both expand and contract.
Before proceeding to a detailed discussion of the four cases, additional information (including initial conditions) about the problem setup are
provided below.

Initial Conditions: Pore-scale. To model battery thermal runaway at the pore-scale, we explicitly define the burning and unburned regions of
the battery cells at r = 0, by defining the spatially heterogeneous IT (Téc), x) as

tanh (¢(x —xg)), x<0

R(x,xp) = 42)

low > tanh ({(x + xz)), x>0

Myg (Te(c)) , for x > xpyem»

n (Ts(C)’x) = (c)
I <T€ ), for x < Xpum»

(43)

where xp,,,, separates the burning and unburned regions, ITyg (Té”) and ITpg (Tﬁ”) are the dimensionless fine-scale power flux source terms for

unburned and burning battery cell defined as
Iy (T9) = Mipee + % {Exf [A\ T + By + 1} (1= Mg ) — % {Erf[4, T + B, + 1} (44a)
Mg (T) = My — % {Erf[A, T + By +1}. (44b)

where ITpp can be obtained from Eq. (8a) by setting I1},,qe = Ty, = 1. It is worth emphasizing that this setup allows for heat generated from the
burned cells to propagate to the unburned cells, creating a thermal front causing originally unaffected battery cells to undergo thermal runaway
as the thermal front reaches them.

13
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Table 2
Reference parameters for dimensionless numbers and nondimensionalizing the governing equations.
p© P c© e Je© k@ ’f‘w
Parameter IML-] [ML-] [L2T-20-'] [L2T2071] [MLT20] [MLT30"] [e]
Value 2500 1500 900 1500 3 3 293
T T, T, T, T € €0
Parameter (1 (€] (6] (6] (6] 1 ]
Value 293 0 0 120 120 0.0005 0.0005

Initial Conditions: Continuum-scale. The upscaled power flux source terms at ¢t = 0 corresponding to the initial condition (Eq. (43)) is

Mg ((TOYy, x) = Ty ((T)y, —
_ B (T y.x) ne (T, x) + Iyg ((T(C)>st) > (45)
1 +exp (J’(x - xburn))

T ((T)y,x)

where y = 180 is an arbitrary constant to approximate a stepwise function at the continuum scale. 7Ty ((T@)y,x) and Mg ((T©)y,x) are the
dimensionless upscaled power flux source term for unburned and burning battery cells, defined as

T c 1 A c 1 A c

g ((T( )>Y,x) = My + 3 {Erf _¢(L1‘) (1! ))Y + B,] + 1} (1 - Hbase) -5 {Erf —¢(f) (1! ))Y + Bz] +1 } (46a)
— 1 A

Mg ({(TO)y,x) = My — 3 {Erf [de)(T(”)Y + 32] +1 } . (46b)

Eq. (45) allows to consistently define the transition zone between burned and unburned regions whenever such zone falls in the continuum domain.
For all simulations, we specify an arbitrary end time of ¢, /7 = 0.2, equivalent to 63504t. The reference timescale for heat transfer is given by

PPEP (max (£, £,))°

f=
2

, (47)

where 7 is the reference time based on the properties of the packing materials. Table 2 summarizes the reference parameters for defining the
dimensionless numbers in Eq. (9) [19]. The simulations are initialized with zeros for all fields.

In the following, we test the accuracy of the two-dimensional fixed hybrid coupling (Section 4.2), the detection criterion (Section 4.3),
the downscaling kernel for hybrids with expanding fine-scale domain (Section 4.4), and the upscaling kernel for hybrids with expanding
continuum-scale domain (Section 4.5) in Test Cases 1, 2, 3 and 4, respectively. The parameters of each case are summarized in Table 3.

4.2. Case 1: Accuracy of two-sided fixed hybrid coupling

Prior to implementing formulations with automatic detection and adaptive capabilities, we first conduct hybrid simulations with fixed coupling
boundaries located at xjH © and x¥© to verify the accuracy of the two-sided coupling formulation. The errors between the fine-scale and hybrid
simulations are expected to be bounded by the upscaling error, i.e. O(e) ~ 0.05 [7].

Table 3 summarizes the parameters used to set up the simulations. Initially, we define a breakdown region between x,  and x, » characterized
by a high rate of heat generation. Following Yao et al. [19], we set the coupling boundaries 1.5¢ away from x,  and x, » to ensure the accuracy
of the two-sided hybrid coupling formulation. Fig. 7(a) illustrates R as a function of x, separating the breakdown and non-breakdown regions.

The simulation snapshot (Fig. 7(b)) demonstrates the presence of two coupling boundaries that encompass the entire breakdown region. Fig.
7(c) shows the average centerline packing temperature from both fine-scale and hybrid simulations. At + = 6354 and 63504¢, the discrepancies
between the fine-scale and hybrid simulations are negligible, as anticipated.

To quantify the accuracy of the coupling, the errors at time ¢ are computed as

err(x,1) = )(Te@)wy) w0 @ =T, (48)
where i = ¢ or p represent the cell or packing temperature, respectively, (Té)w(,) @ (1) is the averaged fine-scale cell or packing temperatures at

location x and time ¢, and T g)c is the average temperature in the hybrid simulations such that

(">> 0, x€Q

) ) ; s fines

Thpe(x1) = ( ¢ I (49)
(TOY, .0, x € Q.

To show that the errors are consistently smaller than the upscaling error for the entire simulations, we compute the maximum spatial errors as a
function of time such that

err (t) = max (err(x,1)), 0<t1<1g, (50)
X

where 1, = 63504. Fig. 9 shows the maximum spatial errors as a function of time. For Case 1, the packing and cell temperature errors are constantly
smaller than the upscaling error (indicated by the black dashed line), which confirms the accuracy of the two-sided hybrid coupling.

4.3. Case 2: Accuracy of automatic-detecting fixed hybrid coupling

As previously discussed, the definition of an automatic detection strategy that continuously monitors whether any dimensionless numbers
exceed their defined applicability regimes is critical for automated hybridization algorithms (Section 3.2). The formulation of automatic detection is
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Fig. 7. (a) and (e) Dimensionless number R plotted as a function of x for Cases 1 and 2, respectively; (b) and (d) simulation snapshots for Cases 1 and 2. (c¢) and (f) The average
packing temperature along the centerline (y = 0) is computed at r = 6354t and ¢ = 63504t for Cases 1 and 2, respectively.

Table 3
Simulation parameters used in the test cases to validate the proposed hybrid algorithm. A,
grid resolution for upscaled and fine-scale simulations, respectively.

and Ay, i, are the minimum

up,min

Case 1 Case 2 Case 3 Case 4

(Section 4.2) (Section 4.3) (Section 4.4) (Section 4.5)
A/t (1075) 3.15
N.XN, 20 x 1
Pupmins P pinemin) (1.00 x 1072, 2.50 x 10~4)
No. of At 6350
Xburn 0.0
(MO, XHOY at 1=0 (-0.1875, 0.1875) N.A (~0.1375, 0.1375) (~0.4500, 0.4500)
GO, <Oy at 1 =1, (-0.1875, 0.1875) (-0.2125, 0.2125) (~0.4125, 0.4125) (-0.1625, 0.1625)
(1> X,) at 1=0 (-0.10, 0.10) N.A (-0.05, 0.05) (-0.30, 0.30)
(s Xpp) at t=t, (-0.10, 0.10) (-0.10, 0.10) (~0.30, 0.30) (-0.10, 0.10)

evaluated based on two critical aspects: (1) reliable detection and (2) accurate mapping of information between fine-scale and upscaled subdomains.
Reliable detection not only refers to the ability to detect changes but also involves generating accurate boundaries for the fine-scale subdomain.
These boundaries should be optimally sized to both avoid excessive computational costs associated with overly large subdomains and prevent
inaccuracies in hybrid simulations due to overly small subdomains. This section focuses on evaluating the capability of auto-detection to accurately
generate and maintain an appropriate fine-scale subdomain within an upscaled simulation.

The parameters used to simulate Case 2 are summarized in Table 3. Initially, the simulation starts with the upscaled subdomain occupying
the full computational domain. A hybrid simulation was triggered by imposing a region of Ry, around xz = 0 as defined by Eq. (42). Fig. 7(d)
shows the distribution of R before and after the change in R. The simulation is initialized with R = 20 for all values of x. When the magnitude
of R remains within the applicability regime for ¢ < 2004¢, only the upscaled equations were solved. At ¢ = 2014¢, a region of Ry, = 200 was
introduced for —0.1 < x < 0.1, resulting in a violation of the applicability regime for R and leading to the introduction of a fine-scale subdomain.
As such, the simulation transitioned to a hybrid simulation as shown in the snapshots at t = 2004r and ¢ = 2014¢ (Fig. 7(e)). Visual inspection of
the distribution of R indicates that the left and right boundaries (xEH © and x(,H ©)) are approximately located at x = —0.15 and x = 0.15, where
R =~ 20, respectively. To ensure adequate separation between the coupling and breakdown boundaries, a buffer distance x,;,, greater than or equal
to 1.5¢ was maintained, resulting in the left and right coupling boundaries being located approximately at x = —0.225 and x = 0.225. According
to Eq. (19), the left and right coupling boundaries are calculated as x = —0.2125 and x = 0.2125, demonstrating a close agreement with the visually
determined boundary locations.

Fig. 7(f) shows the centerline of the average packing temperature at two different instances in time ¢ = 6354¢ and 63504t after the introduction of
a fine-scale subdomain. The negligible differences between fine-scale and hybrid simulations demonstrate the accuracy of the automatic detection
developed. Similarly, as discussed in Section 4.2, Fig. 9 shows the maximum spatial errors over time. The maximum errors in the packing and cell
temperatures consistently remain below the upscaling error threshold.

4.4. Case 3: Accuracy of hybrid simulation with expanding fine-scale subdomain

The size of the breakdown region often varies over time. For instance, the heat generation rates in burning battery cells may increase, leading
to varying R values. With fixed coupling boundaries, simulations must accommodate the largest potential breakdown region, even if this scenario
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Fig. 8. (a) and (e): Dimensionless number R plotted as a function of x in Cases 3 and 4, respectively. (b) and (d): simulation snapshots for Cases 3 and 4. (c) and (f): The average
packing temperature along the centerline (y = 0) is calculated at r = 6354¢ and ¢ = 63504t for Cases 3 and 4.

is transient or short-term. As a result, this approach can lead to unnecessary computational costs, thereby reducing the efficiency and benefit of
hybrid simulations. To minimize computational costs while maintaining accuracy, the size of the fine-scale subdomain must be adjusted dynamically
to match the changing sizes of the breakdown region. This section focuses on demonstrating the capabilities of the developed adaptive hybrid
formulation to expand the fine-scale subdomain. The accuracy of the adaptive hybrid scheme is assessed against the corresponding fine-scale
simulations.

To model the varying size of the breakdown region, we define a function that adjusts the dimensionless number R over time. We modify the
centers of the breakdown region xj; such that

0.05 <2004,

0.10 2004r <t <4004¢,
xR = (51)
0.20 4004r <t < 6004¢,

0.30 > 6004t

As R varies over time, the size of the fine-scale subdomain is dynamically expanded to accurately reflect the change in R and size of the breakdown
region. Fig. 8(a) illustrates the distribution of R as a function of x for different values of x5, demonstrating how the breakdown region evolves
over time.

Fig. 8(b) illustrate the evolution of the fine-scale subdomain size during the hybrid simulations to accurately reflect the changes in R. To evaluate
the accuracy of the simulations, Fig. 8(c) shows the centerline of the average packing temperature at t = 6354¢ and 63504¢. The differences between
fine-scale and hybrid simulations are almost negligible, as indicated by the overlapping lines. Similarly to previous sections, we also examine
the temporal evolution of the maximum spatial errors of the average packing and cell temperatures (Fig. 9). Despite numerous expansions of the
fine-scale subdomains throughout the hybrid simulations, the maximum spatial errors remain well within the upscaling errors, demonstrating the
robustness and accuracy of the hybrid simulations.

4.5. Case 4: Accuracy of hybrid simulation with contracting fine-scale subdomain

Section 4.4 demonstrated cases involving the expansion of fine-scale subdomains. Conversely, the size of the breakdown region may also decrease
over time. For instance, the heat generation rates of burning battery cells tend to diminish after reaching their peak. Consequently, an adaptive
hybrid simulation cannot only expand but also contract the fine-scale subdomain as needed. This section will focus on scenarios that involve
reducing the fine-scale subdomain and expanding the upscaled subdomains, utilizing the upscaled kernel developed in Section 3.3.2.

To mimic a reduced breakdown region, we initialize the simulation with a wider breakdown region, as shown in Fig. 8(d). As time evolves, we
deliberately reduce the size of the breakdown region by varying x5 such that

0.30 r<2004t,
xr =40.20 2004r <t < 4004¢, (52)
0.10 > 4004t
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Fig. 9. Maximum spatial errors as a function of time for all test cases: (a) packing, and (c) cell temperatures.

Fig. 8(e) illustrates the time evolution of the fine-scale subdomains as x5 changes. As the breakdown region diminishes, the size of the fine-scale
subdomain decreases, demonstrating the capability to modify subdomain sizes appropriately. Fig. 8(f) shows the centerline of the average packing
temperature for both fine-scale and hybrid simulations at 1 = 6354t and 63504¢. These lines were nearly perfectly aligned with each other, indicating
that the differences between the average packing temperatures of fine-scale and hybrid simulations are minimal. Fig. 9 shows the maximum spatial
error as a function of time, clearly showing that the maximum spatial errors consistently remain within the bounds of the upscaling error.

5. Conclusion

We have developed an automatic-detecting and adaptive, non-intrusive two-sided hybrid method for multiscale heat transfer to couple fine-
scale and upscaled models while ensuring that the coupling error is bounded by the theoretical upscaling error. This method includes strategies
to constantly verify whether dimensionless numbers remain within the applicability regimes of the continuum model. In practical applications,
this adaptive hybrid method is most computationally efficient when the fine-scale subdomain constitutes a relatively small fraction of the overall
domain, as larger fine-scale regions reduce computational savings. To enable adaptive hybrid simulations, we developed two kernels: an upscaling
kernel for reducing the fine-scale subdomain and a downscaling kernel for expanding it. These kernels enable dynamic mapping of values between
the fine-scale and upscaled subdomains. The hybrid method was numerically implemented using FEniCS. To assess the accuracy of our hybrid
method, we simulated a thermal runaway scenario within a battery pack, characterized by a spatially heterogeneous distribution of heat generation
rate, such that the applicability conditions of the upscaled model describing heat transport in the packing and cell domains were violated and a
breakdown region could be identified. We conducted four different test cases to validate various aspects of the hybrid method: Case 1 tested the
extension of the two-sided fixed hybrid method from the one-sided approach; Case 2 examined the accuracy of the auto-detecting feature, Case 3
evaluated the capability of the downscaled kernel to expand the fine-scale subdomain; and Case 4 assessed the effectiveness of the upscaled kernel
in reducing the fine-scale subdomain. For all scenarios, comparisons of average temperatures at ¢t = 6354¢ and ¢ = 63504¢ showed that the differences
between fine-scale and hybrid simulations were negligible. Additionally, maximum spatial errors were monitored over time, consistently staying
below the upscaling errors.
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