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 A B S T R A C T

Accurately capturing and simulating multiscale systems is a formidable challenge, as both spatial and temporal 
scales can span many orders of magnitude. Rigorous upscaling methods not only ensure efficient computation, 
but also guarantee that errors remain within a priori prescribed limits. This provides a balance between 
computational costs and accuracy. However, the most significant difficulties arise when the conditions under 
which upscaled models can be applied cease to hold. To address this, we develop an automatic-detecting 
and adaptive, nonintrusive two-sided hybrid method for multiscale heat transfer and apply it to thermal 
runaway in a battery pack. To allow adaptive hybrid simulations, two kernels are developed to dynamically 
map the values between the fine-scale and the upscaled subdomains in a single simulation. The accuracy of 
the developed hybrid method is demonstrated through conducting a series of thermal runaway test cases in 
a battery pack. Our results show that the maximum spatial errors consistently remain below the threshold 
bounded by upscaling errors.

1. Introduction

As societies attempt to move toward a sustainable energy transition, the importance of energy storage both for transportation and long term 
storage applications cannot be overstated. A continuing challenge in battery energy storage is related to the hazard of explosion due to thermal 
runaway as a result of mechanical, thermal, and electric abuse [1–4]. Understanding and predicting heat transfer and thermal runaway within 
a battery pack at the relevant scales becomes critical to optimize battery pack design and management. Yet, model development for accurate 
prediction of heat transfer in battery packs, ranging from the subelectrode to the battery pack scale, remains a formidable task due to the complex 
interactions between processes across scales, ranging from the μm to the m scale and beyond. The challenge of accurate modeling of multiscale 
multiphysics systems is not unique to batteries, and, in fact, many advancements both theoretical and algorithmic (numerical and symbolic) have 
been made since the importance of multiscale effects was first recognized in solid mechanics in the 70ies, and later permeated to a variety of fields 
ranging from transport and reactions in geologic systems to biologic porous media, just to mention a few applications [5].

Differently from other fields which have ripen the benefits of more sophisticated modeling approaches for multiscale systems, the use of advanced 
computer-aided design and multiscale models to better understand, predict and optimize battery behavior has been generally overshadowed by 
new materials discovery and the needs of the fast expanding EV transportation market, where equivalent circuit and P2D models still dominate. 
Yet, increasingly recognized performance limitations of such models has led to a renewed interest in more sophisticated approaches to capture 
multiscale physics effects more accurately [6,7].

Coarse-graining techniques include a suite of mathematical theories that allow to rigorously derive continuum-scale models and multiscale 
formulations from fine-grained models (for a review of different methods, see e.g. [5]). Among others, homogenization theory by multiple 
scale expansions has been successfully used to derive upscaled models from fine-scale governing equations with a priori error guarantees on 
accuracy [5,7–15]. The applicability regimes of such upscaled equations, within which their accuracy can be rigorously guaranteed, are dictated 
by a group of dimensionless numbers, which describe the intrinsic dynamics of the system. The main advantages of the homogenization/coarse-
graining approach lie in its ability to (1) significantly reduce computational costs compared to solving fine-scale equations over the same 
computational domain, and (2) offer a priori guaranteed error bounds within defined applicability regimes. However, the complexity involved 
in deriving upscaled equations has historically restricted the accessibility of this and other rigorous techniques to a broader community.
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 Nomenclature
 𝛺̂𝜖 Fine-scale representation of a two-dimensional 

battery pack
̂(𝑐)
𝜖 , ̂(𝑝)

𝜖 , 
̂(𝑤)
𝜖

Domains for the battery cell, packing material, 
and cooling water pipe in 𝛺̂𝜖

 

 𝛤 (𝑝𝑐)
𝜖 , 𝛤 (𝑝𝑤)

𝜖 Interfaces for packing-cell and packing-pipe in 𝛺̂𝜖 𝜖 Separation of scale parameter  
 𝑁 (𝑐)

𝑥 , 𝑁 (𝑐)
𝑦 Number of unit cells in the 𝑥 and 𝑦 directions of 

the battery pack
̂𝑥, ̂𝑦 Length and width of the battery pack [L]  

 𝓁 Length of the unit cell [L] 𝑎 Aspect ratio of the unit cell [−]  
 𝑟̂(𝑐)𝜖 , 𝑟̂(𝑤)

𝜖 Radius of the battery cell and cooling water pipe 
[L]

𝑑(𝑐𝑐)𝜖 , 𝑑(1)𝜖 , 
𝑑(2)𝜖

Distances between the battery cell, edges of the 
unit cell, and cooling pipe [L]

 

 𝑇̂ (𝑝)
𝜖 , 𝑇̂ (𝑐)

𝜖 Temperatures of the packing material and battery 
cell [Θ]

𝐧(𝑝)𝜖 , 𝐧(𝑐)𝜖 Normal vectors to the interfaces, pointing away 
from the packing material and battery cell 
domains

 

 𝑈̂ (𝑝𝑐) Total heat transfer coefficient between the 
packing material and battery cells [MT−3Θ−1]

𝑞(𝑝𝑤)
𝜖 Power flux between the packing material and 

cooling water pipes [MT−3]
 

 𝛱̂ Power flux source term for the battery cell 
[ML−1T−3]

𝜌̂(𝑝), 𝜌̂(𝑐) Densities of the packing material and battery cell 
[ML−3]

 

 𝑘̂(𝑝), 𝑘̂(𝑐) Thermal conductivities of the packing material 
and battery cell [MLT−3Θ−1]

𝐶̂ (𝑝), 𝐶̂ (𝑐) Heat capacities of the packing material and 
battery cell [L2T−2Θ−1]

 

 𝛱̂base, 
𝛱̂burn

Base and burn power flux values [ML−1T−3] 𝑇̂𝑟𝑒𝑓 Reference temperature [Θ]  

 𝑇̂𝑎 Temperature intervals within which the power 
flux source term 𝛱̂ = 𝛱̂base [Θ]

𝑇̂𝑏 Temperature intervals within which the power 
flux source term 𝛱̂ = 𝛱̂burn [Θ]

 

 𝑇̂𝑠1 Temperature range over which 𝛱̂ transitions from 
𝛱̂base to 𝛱̂burn [Θ]

𝑇̂𝑠2 Temperature range over which 𝛱̂ transitions from 
𝛱̂burn to zero [Θ]

 

 𝜖𝑠1, 𝜖𝑠2 Dimensionless parameters governing the 
smoothness of the error functions [−]

̂(𝑝), ̂(𝑐) Reference scales of thermal conductivity for the 
packing material and battery cell [MLT−3Θ−1]

 

 𝑄̂(𝑝𝑤) Reference scale of the flux term at the 𝛤 (𝑝𝑤)
𝜖

boundary [MT−3]
𝑇 (𝑖)
𝐻𝐶 Average temperature in the hybrid simulations  

 Bi(𝑝), Bi(𝑐) Biot numbers for the packing material and battery 
cells (Dimensionless number)

 Ratio of conductance at the packing 
material-cooling pipe interface to the packing 
material conductance (Dimensionless number)

 

 𝜚 Product of density and heat capacity ratios 
(Dimensionless number)

𝜍 Thermal conductivity ratio (Dimensionless 
number)

 

  Ratio of heat generation to the packing material 
conductance (Dimensionless number)

𝑇 (𝑝)
𝜖 , 𝑇 (𝑐)

𝜖 Dimensionless temperatures of the packing 
material and battery cells [−]

 

 𝛱 Dimensionless power flux source term for the 
battery cells [−]

𝑘(𝑝), 𝑘(𝑐) Dimensionless thermal conductivities of the 
packing material and battery cells [−]

 

 𝜙(𝑝), 𝜙(𝑐) Volume fractions of the packing material and 
battery cells in the unit cell [−]

⟨𝑇 (𝑝)
⟩𝑌 , 

⟨𝑇 (𝑐)
⟩𝑌

Average temperatures of the packing material and 
battery cells [−]

 

 𝛱 Homogenized power flux source term [−] 𝛱base Dimensionless base power flux values [−]  
 𝐔(𝑝), 𝐔(𝑐) Effective velocities of the packing material and 

battery cells [−]
𝐕(𝑝), 𝐕(𝑐) Effective parameters corresponding to emergent 

terms for the packing material and battery cells 
[−]

 

 𝐊(𝑝), 𝐊(𝑐) Effective thermal conductivities [−] 𝑅(𝑝)
⋅ , 𝑅(𝑐)

⋅ , 
𝐑(𝑝)
5

Effective reaction rates with ⋅ = {1, 2, 3, 4} [−]  

 𝜒 (𝑝)[1], 
𝜒 (𝑝)[2], 
𝝌 (𝑝)[3]

Closure variables for the packing material 𝜒 (𝑐)[1], 
𝝌 (𝑐)[2]

Closure variables for the battery cells  

 𝛺fine, 𝛺up Fine-scale and upscaled subdomains in a 
two-dimensional battery pack

𝛺break Breakdown region of the battery pack  

  (𝑝)
𝜖 ,  (𝑐)

𝜖 Moving average windows of the packing material 
and battery cells

𝛺old, 𝛺new Battery pack domain before and after the 
expansion or reduction of the breakdown region

 

 𝛺old
fine, 𝛺old

up Fine-scale and upscaled subdomains before the 
expansion or reduction of the breakdown region

𝛺new
fine , 

𝛺new
up

Fine-scale and upscaled subdomains after the 
expansion or reduction of the breakdown region

 

 Θ(𝑝)
𝜖 , Θ(𝑐)

𝜖 Temperatures of the packing material and battery 
cells

⟨Θ(𝑖)
⟩𝑌 , 

⟨Θ(𝑖)
⟩𝑌

Average temperatures of the packing material and 
battery cells

 

 up, fine Common upscaled and fine-scale subdomains 
present in both 𝛺old and 𝛺new

up→fine Upscaled subdomain in 𝛺old that is switched to 
fine-scale in 𝛺new

 

 fine→up Fine-scale subdomain in 𝛺old that is switched to 
upscaled in 𝛺new

𝛱NB, 𝛱FB Dimensionless fine-scale power flux source terms 
for unburned and burning battery cells

 

 𝛾 Arbitrary constant for approximating a stepwise 
function

𝛱NB, 𝛱FB Dimensionless upscaled power flux source terms 
for unburned and burning battery cells
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Recent advancements in symbolic computing and automated symbolic deduction have contributed to remove some of the human-centered 
barriers in the derivation and adoption of rigorously derived multiscale models for systems of realistic complexity [7,13–15], for which such 
derivations would be too complex, long and error-prone. Pietrzyk et al. [13] have addressed this issue by developing an automated symbolic 
deduction pipeline, Symbolica, which automatically performs homogenization by multiple-scale expansion to derive upscaled equations from fine-
scale equations with minimal human interaction, therefore, enhancing the accessibility of this mathematical technique to a broader community 
and enabling its extension to more complex applications. Furthermore, Pietrzyk et al. [7,13–15] have demonstrated the versatility of Symbolica
in various types of problems, ranging from reactive transport in porous media to heat transfer in battery packs. Nonetheless, one persistent 
challenge associated with the homogenization approach is the existence of breakdown regions that invalidate the upscaled equations, if some 
of the applicability conditions are violated [14,16,17].

To overcome such challenges, hybrid methods have been developed [16,18–20] in which fine-scale and upscaled equations are coupled in the 
same computational domain, with the fine-scale equations computed for the regions that violate the applicability regimes while upscaled equations 
are solved elsewhere. Hybrid methods, also referred to as algorithm refinement techniques, can be generally classified into two broad categories, 
based on the type of coupling: intrusive and non-intrusive. Intrusive methods usually consist of ‘‘overlapping’’ or ‘‘handshake’’ regions where 
both fine-scale and upscaled models are concurrently solved [e.g.16,21]. This enables a direct coupling between the fine-scale and the upscaled 
subdomains at the expense of higher computational costs and implementation difficulty in legacy codes. In contrast, non-intrusive methods, based 
on domain decomposition approaches, employ boundary conditions to couple two subdomains together [e.g.18,19]. A literature review of multiscale 
formulations focused on application to flow and reactive transport in media with heterogeneous inclusions (e.g. porous media) can be found in [22].

Differently from most current adaptive approaches focused on grid-refinement strategies or on multiphysics problems (i.e. where different 
physics is solved in different subdomains [e.g.23–26]) where the criteria for adaptation are usually problem-specific and do not consider the 
applicability of the upscaled governing equations, here we focus on building adaptive hybrid schemes where the same physics is solved at different 
scales (i.e. a fine and a coarse-scale), because of the local breakdown of the approximations underlying the formulation of continuum scale models. 
Fixed hybrid methods [19], where the size of the fine-scale subdomain is predetermined and remains constant throughout the simulation, have 
been demonstrated to maintain predictive accuracy while achieving speedups ranging from 3 to 15 times compared to pure fine-scale models 
for relatively small macroscopic domains, with the expected speedup increasing with the size of the simulation domain. Differently from fixed 
hybrids in which the size of the fine-scale subdomain is selected as large as possible to ensure that the violation of applicability conditions is 
accommodated throughout the duration of the simulation, the adaptive hybrid allows the size of the fine-scale domain to always be as small as 
strictly needed. Since the computational cost of hybrid models (adaptive or fixed) is controlled by the size of the pore-scale domain, the adaptive 
hybrid will provide a larger speedup than a fixed hybrid, depending on the ratio between the size of the pore-scale domains used in either method. 
In addition, the adaptivity criteria and hybridization strategy are tightly integrated and based on theoretical upscaling methods to ensure that the 
entire framework (analytical upscaling, adaptivity criteria and hybridization conditions) is self-consistent and to guarantee that the adaptive hybrid 
simulation error is always a priori bounded by the upscaling error prescribed by the theory, while minimizing the computational cost required to 
solve the local breakdown. Because the adaptive hybrid maintains the same accuracy of the fixed hybrid, but at a fraction of the computational 
cost, the reduction in error would be similar to that reported by [19] for similar setups. We apply these new strategies to model thermal runaway 
in spatially heterogeneous battery packs, an application for which many of the numerical, symbolic and theoretical advancements mentioned above 
remain still largely unknown to the community [27].

Hence, this study has two primary objectives. First, we focus on advancing algorithmic capabilities in the context of hybridization strategies based 
on homogenization theory, and develop an automatic-detecting and adaptive two-sided hybrid formulation that allows the size of the fine-scale 
subdomains to vary over time, while ensuring that the coupling error introduced remains bounded at all times by the upscaling error. This aspect 
ensures that computational efficiency and predictive accuracy can be concurrently preserved. Second, we apply this novel algorithmic strategy to 
model thermal runaway in battery packs. Specifically, we couple the continuum scale PDEs describing thermal runaway at the pack level, derived 
through the automated symbolic deduction engine, Symbolica [7], with their fine-scale (cell-scale) counterpart, and demonstrate the relevance 
and robustness of these strategies for battery modeling applications. The computational domain consists of battery cells, embedded in a packing 
domain, with spatially heterogeneous properties to mimic system level variability due to manufacturing defects, differential aging between cells, 
etc.

The manuscript is organized as follows. Sections 2.1 and 2.2 provide an overview of the fine-scale and upscaled governing equations. In 
Section 3.1, we present the development of a two-sided hybridization approach with fixed coupling boundaries. Sections 3.2 and 3.3 detail the 
formulation of mapping kernels and techniques for automatic detection of the existence or expansion/reduction of the fine-scale subdomain in 
response to the varying breakdown region. In Section 4, we evaluate the accuracy of the proposed hybridization method with a simulated thermal 
runaway problem in a battery pack.

2. Problem setup and model formulation

We consider a two-dimensional battery pack 𝛺̂𝜖 that comprises three distinct regions: (1) battery cells ̂(𝑐)
𝜖 ⊂ 𝛺̂𝜖 , (2) packing material ̂(𝑝)

𝜖 ⊂ 𝛺̂𝜖 , 
and (3) cooling water pipes ̂(𝑤)

𝜖 ⊂ 𝛺̂𝜖 . 𝛤 (𝑝𝑐)
𝜖  and 𝛤 (𝑝𝑤)

𝜖  are the packing-cell and packing-pipe interfaces, respectively (Fig.  1). Consistent with the 
notation in [7,19], dimensional and fine-scale variables are hatted quantities and possess a subscript ‘‘𝜖’’, respectively.

Fig.  1 illustrates the unit-cell geometry that defines the geometry of the battery pack, with 𝑁 (𝑐)
𝑥  and 𝑁 (𝑐)

𝑦  representing the number of unit cells 
along the 𝑥 and 𝑦 directions, respectively. The length of the unit cell, 𝓁, and the aspect ratio, 𝑎, are given by 

𝓁 = 2
(

𝑑(1)𝜖 + 𝑑(2)𝜖 + 𝑟̂(𝑐)𝜖 + 𝑟̂(𝑤)
𝜖

)

, (1a)

𝑎 =
2
(

𝑑(𝑐𝑐)𝜖 + 𝑟̂(𝑐)𝜖
)

𝓁
, (1b)

where 𝑟̂(𝑐)𝜖  and 𝑟̂(𝑤)
𝜖  are the radius of battery cells and cooling water pipes, respectively, and 𝑑(𝑐𝑐)𝜖 , 𝑑(1)𝜖  and 𝑑(2)𝜖  are the distances between the battery 

cell, edges of the unit cell and the cooling pipe. The length and the width of the whole battery pack, ̂𝑥 and ̂𝑦, respectively, are defined as: 

̂ = 𝑁 (𝑐)𝓁, (2a)
𝑥 𝑥

3 
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Fig. 1. Schematic diagram of a conceptual fine-scale battery pack.

̂𝑦 = 𝑁 (𝑐)
𝑦 𝓁𝑎. (2b)

Also, the length scale ratio between the unit cell and the battery pack is a fundamental parameter in multiscale systems, is referred to as 
separation of scale parameter 𝜖 and is defined as 

𝜖 = 𝓁

max
(

̂𝑥, ̂𝑦
)
. (3)

2.1. Dimensional and dimensionless fine-scale governing equations

In order to describe thermal conduction between cells and packing materials, and heat generation within cells as a function of temperature under 
normal and abuse (thermal runaway) conditions, we employ the model presented in Pietrzyk et al. [7], which we report here for completeness of 
the presentation. The packing material and battery cell temperatures at the fine/cell-scale are governed by two conduction equations 

𝜕
(

𝜌̂(𝑝)𝐶̂ (𝑝)𝑇̂ (𝑝)
𝜖

)

𝜕𝑡
= ∇̂ ⋅

(

𝑘̂(𝑝)∇̂𝑇̂ (𝑝)
𝜖

)

, 𝐱̂ ∈ ̂(𝑝)
𝜖 , (4a)

𝜕
(

𝜌̂(𝑐)𝐶̂ (𝑐)𝑇̂ (𝑐)
𝜖

)

𝜕𝑡
= ∇̂ ⋅

(

𝑘̂(𝑐)∇̂𝑇̂ (𝑐)
𝜖

)

+ 𝛱̂, 𝐱̂ ∈ ̂(𝑐)
𝜖 , (4b)

subject to the following boundary conditions
− 𝐧(𝑝)𝜖 ⋅ 𝑘̂(𝑝)∇̂𝑇̂ (𝑝)

𝜖 = 𝑈̂ (𝑝𝑐) (𝑇̂ (𝑝)
𝜖 − 𝑇̂ (𝑐)

𝜖
)

, 𝐱̂ ∈ 𝛤 (𝑝𝑐)
𝜖 , (4c)

− 𝐧(𝑝)𝜖 ⋅ 𝑘̂(𝑝)∇̂𝑇̂ (𝑝)
𝜖 = 𝑞(𝑝𝑤)

𝜖 , 𝐱̂ ∈ 𝛤 (𝑝𝑤)
𝜖 , (4d)

− 𝐧(𝑐)𝜖 ⋅ 𝑘̂(𝑐)∇̂𝑇̂ (𝑐)
𝜖 = 𝑈̂ (𝑝𝑐) (𝑇̂ (𝑐)

𝜖 − 𝑇̂ (𝑝)
𝜖

)

, 𝐱̂ ∈ 𝛤 (𝑝𝑐)
𝜖 , (4e)

where 𝑇̂ (𝑖)
𝜖 ≡ 𝑇̂ (𝑖)

𝜖
(

𝑡, 𝐱̂
)

[Θ] is the temperature at time 𝑡 and location 𝐱̂ ∈ ̂(𝑖)
𝜖 , and 𝑖 = 𝑝 or 𝑐 refers to packing material or battery cell, respectively; 

𝐧(𝑖)𝜖 ≡ 𝐧(𝑖)𝜖 (𝐱̂) is the normal vector to the interfaces pointing away from the 𝑖 domain; 𝑈̂ (𝑝𝑐) [MT−3Θ−1] is the total heat transfer coefficient between the 
packing material and battery cells; 𝑞(𝑝𝑤)

𝜖
(

𝑡, 𝐱̂
) [MT−3] is a power flux between the packing material and the cooling water pipes; 𝛱̂(𝑡, 𝐱̂) [ML−1T−3] 

is a power flux source term, and 𝜌̂(𝑖) [ML−3], ̂𝑘(𝑖) [MLT−3Θ−1] and 𝐶̂ (𝑖) [L2T−2Θ−1] are density, thermal conductivity, and heat capacity, respectively. 
The heat generation within the battery cells is modeled with the power flux source term 𝛱̂(𝑡, 𝐱̂) (Fig.  2), and is given by 

𝛱̂
(

𝑇̂ (𝑐)
𝜖 , 𝐱̂

)

= 𝛱̂base (𝐱̂) +
1
2

{

Erf
[

𝐶1

(

2
𝑇̂𝑎 − 𝑇̂ (𝑐)

𝜖 + 𝑇̂𝑟𝑒𝑓
𝑇̂𝑠1

+ 1

)]

+ 1

}

(

𝛱̂burn − 𝛱̂base (𝐱̂)
)

− 1
2

{

Erf
[

𝐶2

(

2
𝑇̂𝑚𝑎𝑥 − 𝑇̂ (𝑐)

𝜖 + 𝑇̂𝑟𝑒𝑓
𝑇̂𝑠2

− 1

)]

+ 1

}

𝛱̂burn, (5a)

where

𝑇̂𝑚𝑎𝑥 = 𝑇̂𝑀𝑎𝑥 − 𝑇̂𝑟𝑒𝑓 , (5b)

𝑇̂𝑀𝑎𝑥 = 𝑇̂𝑟𝑒𝑓 + 𝑇̂𝑎 + 𝑇̂𝑠1 + 𝑇̂𝑏 + 𝑇̂𝑠2, (5c)

𝐶1 = Erf−1
(

2𝜖𝑠1 − 1
)

, (5d)

𝐶2 = Erf−1
(

2𝜖𝑠2 − 1
)

. (5e)

In Eq.  (5), 𝛱̂base(𝐱̂) and 𝛱̂burn are the base and burn power flux values, respectively, 𝑇̂𝑟𝑒𝑓  [Θ] is the reference temperature, 𝑇̂𝑎[Θ] and 𝑇̂𝑏[Θ] 
are defined as the temperature intervals within which the power flux source term 𝛱̂(𝑇̂ (𝑐)

𝜖 , 𝐱̂) equals to 𝛱̂base(𝐱̂) and 𝛱̂burn, respectively. 𝑇̂𝑠1 and 𝑇̂𝑠2
refer to the temperature ranges over which 𝛱̂(𝑇̂ (𝑐)

𝜖 , 𝐱̂) transitions from 𝛱̂base(𝐱̂) to 𝛱̂burn, and from 𝛱̂burn to zero, respectively. 𝜖𝑠1 = 0.0005 and 
𝜖 = 0.0005 are the dimensionless parameters that govern the smoothness of the error functions.
𝑠2

4 
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Fig. 2. The profile for 𝛱̂(𝑇̂ (𝑐)
𝜖 , 𝐱̂) as a function of the cell temperature (𝑇̂ (𝑐)

𝜖 ) (figure adapted from [7]) The lengths of the profile sections are shown to sum to 𝑇̂𝑀𝑎𝑥. Burnout is 
defined as occurring when 𝑇̂ (𝑐)

𝜖 > 𝑇̂Max and 𝛱̂(𝑇̂ (𝑐)
𝜖 , 𝐱̂) = 0.

The system of Eqs.  (4) and (5) can be cast in dimensionless form by employing the following reference scales [7]:
𝑇̂ (𝑝)
𝜖 =

(

𝑇̂𝑎 + 𝑇̂𝑠1 + 𝑇̂𝑏 + 𝑇̂𝑠2
)

𝑇 (𝑝)
𝜖 + 𝑇̂𝑟𝑒𝑓 , 𝑇̂ (𝑐)

𝜖 =
(

𝑇̂𝑎 + 𝑇̂𝑠1 + 𝑇̂𝑏 + 𝑇̂𝑠2
)

𝑇 (𝑐)
𝜖 + 𝑇̂𝑟𝑒𝑓 ,

𝑘̂(𝑝) = ̂(𝑝)𝑘(𝑝), 𝑘̂(𝑐) = ̂(𝑐)𝑘(𝑐), ∇̂ = 1
max(̂𝑥, ̂𝑦)

∇, 𝑡 =
𝜌̂(𝑝)𝐶̂ (𝑝)max(̂𝑥, ̂𝑦)

2

̂(𝑝)
𝑡, (6)

𝐱̂ = max(̂𝑥, ̂𝑦)𝐱, 𝛱̂
(

𝑇̂ (𝑐)
𝜖 , 𝐱̂

)

= 𝛱̂burn𝛱
(

𝑇 (𝑐)
𝜖 , 𝐱

)

, 𝑞(𝑝𝑤)
𝜖

(

𝑡, 𝐱̂
)

= 𝑄̂(𝑝𝑤)𝑞(𝑝𝑤)
𝜖 (𝑡, 𝐱) ,

where ̂(𝑖) is the reference scale of thermal conductivity, and 𝑄̂(𝑝𝑤) is the reference scale of the flux term at the 𝛤 (𝑝𝑤)
𝜖  boundary. Using Eq.  (6) to 

nondimensionalize the fine-scale governing equations (4) and (5), the dimensionless fine-scale governing equations can be written as [7] 
𝜕𝑇 (𝑝)

𝜖
𝜕𝑡

= ∇ ⋅
(

𝑘(𝑝)∇𝑇 (𝑝)
𝜖

)

for 𝐱 ∈ (𝑝)
𝜖 , (7a)

𝜕𝑇 (𝑐)
𝜖
𝜕𝑡

= (𝜚𝜍) ∇ ⋅
(

𝑘(𝑐)∇𝑇 (𝑐)
𝜖

)

+ (𝜚)𝛱 for 𝐱 ∈ (𝑐)
𝜖 , (7b)

 subject to boundary conditions
− 𝐧(𝑝)𝜖 ⋅ 𝑘(𝑝)∇𝑇 (𝑝)

𝜖 = Bi(𝑝)
(

𝑇 (𝑝)
𝜖 − 𝑇 (𝑐)

𝜖
)

for 𝐱 ∈ 𝛤 (𝑝𝑐)
𝜖 , (7c)

− 𝐧(𝑝)𝜖 ⋅ 𝑘(𝑝)∇𝑇 (𝑝)
𝜖 = 𝑞(𝑝𝑤)

𝜖 for 𝐱 ∈ 𝛤 (𝑝𝑤)
𝜖 , (7d)

− 𝐧(𝑐)𝜖 ⋅ 𝑘(𝑐)∇𝑇 (𝑐)
𝜖 = Bi(𝑐)

(

𝑇 (𝑐)
𝜖 − 𝑇 (𝑝)

𝜖
)

for 𝐱 ∈ 𝛤 (𝑝𝑐)
𝜖 . (7e)

The dimensionless power flux source term 𝛱 is defined as 

𝛱(𝑇 (𝑐)
𝜖 , 𝐱) = 𝛱base (𝐱) +

1
2
{

Erf
[

𝐴1𝑇 (𝑐)
𝜖 + 𝐵1

]

+ 1
} (

1 −𝛱base (𝐱)
)

− 1
2
{

Erf
[

𝐴2𝑇 (𝑐)
𝜖 + 𝐵2

]

+ 1
}

, (8a)

where

𝐴1 = −2𝐶1
𝑇̂𝑚𝑎𝑥
𝑇̂𝑠1

, 𝐵1 = 2𝐶1
𝑇̂𝑎
𝑇̂𝑠1

+ 𝐶1, 𝐴2 = −2𝐶2
𝑇̂𝑚𝑎𝑥
𝑇̂𝑠2

, 𝐵2 = 2𝐶2
𝑇̂𝑚𝑎𝑥
𝑇̂𝑠2

− 𝐶2, 𝐶1 = Erf−1
(

2𝜖𝑠1 − 1
)

, 𝐶2 = Erf−1
(

2𝜖𝑠2 − 1
)

. (8b)

By nondimensionalizing the governing equations, six dimensionless numbers are defined as 

Bi(𝑝) =
𝑈̂ (𝑝𝑐) max(̂𝑥, ̂𝑦)

̂(𝑝)
,  =

𝑄̂(𝑝𝑤) max(̂𝑥, ̂𝑦)

𝑇̂𝑚𝑎𝑥̂(𝑝)
, 𝜚 =

𝜌̂(𝑝)𝐶̂ (𝑝)

𝜌̂(𝑐)𝐶̂ (𝑐)
, 𝜍 = ̂(𝑐)

̂(𝑝)
, Bi(𝑐) = Bi(𝑝)

𝜍
,  =

𝛱̂burnmax(̂𝑥, ̂𝑦)2

𝑇̂𝑚𝑎𝑥̂(𝑝)
. (9)

2.2. Dimensionless upscaled governing equations

Pietrzyk et al. [7] automatically upscaled the fine-scale governing equations presented in Section 2.1 by means of homogenization theory [5] 
using Symbolica [13] to obtain the following upscaled governing equations for the average packing material and cell temperatures, ⟨𝑇 (𝑝)

⟩𝑌 (𝑡, 𝐱)
and ⟨𝑇 (𝑐)

⟩𝑌 (𝑡, 𝐱), respectively,

𝜙(𝑝) 𝜕⟨𝑇
(𝑝)
⟩𝑌

𝜕𝑡
+ 𝐔(𝑝) ⋅ ∇𝐱⟨𝑇 (𝑝)

⟩𝑌 − 𝐕(𝑝) ⋅ ∇𝐱⟨𝑇 (𝑐)
⟩𝑌 − ∇𝐱 ⋅

(

𝐊(𝑝) ⋅ ∇𝐱⟨𝑇 (𝑝)
⟩𝑌

)

= −𝑅(𝑝)
1 ⟨𝑇 (𝑝)

⟩𝑌 + 𝑅(𝑝)
2 ⟨𝑇 (𝑐)

⟩𝑌 − 𝑅(𝑝)
3 𝑞(𝑝𝑤) (𝑡, 𝐱) + 𝐑(𝑝)

4 ⋅ ∇𝐱𝑞(
𝑝𝑤), (10a)

𝜙(𝑐) 𝜕⟨𝑇
(𝑐)
⟩𝑌 + 𝐔(𝑐) ⋅ ∇ ⟨𝑇 (𝑐)

⟩ − 𝐕(𝑐) ⋅ ∇ ⟨𝑇 (𝑝)
⟩ − ∇ ⋅

(

𝐊(𝑐) ⋅ ∇ ⟨𝑇 (𝑐)
⟩

)

= 𝑅(𝑐)
⟨𝑇 (𝑝)

⟩ − 𝑅(𝑐)
⟨𝑇 (𝑐)

⟩ + 𝑅(𝑐)𝑞(𝑝𝑤) (𝑡, 𝐱) + 𝑅(𝑐)𝛱, (10b)

𝜕𝑡 𝐱 𝑌 𝐱 𝑌 𝐱 𝐱 𝑌 1 𝑌 2 𝑌 3 4

5 
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𝛱 = 𝛱base +
1
2

{

Erf
[

𝐴1

𝜙(𝑐)
⟨𝑇 (𝑐)

⟩𝑌 + 𝐵1

]

+ 1
}

(

1 −𝛱base
)

− 1
2

{

Erf
[

𝐴2

𝜙(𝑐)
⟨𝑇 (𝑐)

⟩𝑌 + 𝐵2

]

+ 1
}

. (10c)

where 𝑖 = 𝑝, 𝑐, or 𝑤 refer to packing material, battery cell and cooling water pipe, respectively, 𝑗 = 𝑝𝑐 or 𝑝𝑤 refers to the interface between packing 
material and battery cell, and the interface between packing material and cooling water pipes, respectively, 𝜙(𝑖) is the volume fraction of domain 
𝑖 in the unit cell, |𝑌 | is the area of the unit-cell domain, and |𝛤 (𝑗)

| is the length of interface 𝛤 (𝑗) in the unit-cell. In Eq.  (10), 𝛱(⟨𝑇 (𝑐)
⟩𝑌 , 𝐱) is the 

homogenized power flux source term and 𝛱base(𝐱̂) is the dimensionless base power flux values, respectively; 𝐔(𝑖) are effective velocities, 𝐕(𝑖) are 
effective parameters corresponding to emergent terms, 𝐊(𝑖) are effective thermal conductivities, and 𝑅(𝑖)

⋅ , with ⋅ = {1, 2, 3, 4}, and 𝐑(𝑝)
4  are effective 

reaction rates, and are defined as 

𝐔(𝑝) = 𝜙(𝑝) Bi(𝑝)

|(𝑝)
|

|𝛤 (𝑝𝑐)
|⟨𝝌 (𝑝)[3]

⟩𝛤 (𝑝𝑐) − 𝑘(𝑝)⟨∇𝝃𝜒 (𝑝)[2]
⟩𝑌 , (11a)

𝐕(𝑝) =
𝜙(𝑝)

𝜙(𝑐)

[

𝜙(𝑝) Bi(𝑝)

|(𝑝)
|

|𝛤 (𝑝𝑐)
|⟨𝝌 (𝑐)[2]

⟩𝛤 (𝑝𝑐) − 𝑘(𝑝)⟨∇𝝃𝜒 (𝑝)[2]
⟩𝑌

]

, (11b)

𝐊(𝑝) = 𝑘(𝑝)
[

𝜙(𝑝)𝐈 + ⟨∇𝝃𝝌 (𝑝)[3]
⟩𝑌

]

, (11c)

𝑅(𝑝)
1 = 𝜙(𝑝) Bi(𝑝)

|(𝑝)
|

|𝛤 (𝑝𝑐)
|

( 1
𝜖
− ⟨𝜒 (𝑐)[1]

⟩𝛤 (𝑝𝑐) + ⟨𝜒 (𝑝)[2]
⟩𝛤 (𝑝𝑐)

)

, (11d)

𝑅(𝑝)
2 =

𝜙(𝑝)

𝜙(𝑐)
𝑅(𝑝)
1 , (11e)

𝑅(𝑝)
3 = 𝜙(𝑝)2

[

|𝛤 (𝑝𝑤)
|

|(𝑝)
|𝜖

+ Bi(𝑝)

|(𝑝)
|

|𝛤 (𝑝𝑐)
|⟨𝜒 (𝑝)[1]

⟩𝛤 (𝑝𝑐)

]

, (11f)

𝐑(𝑝)
4 = 𝜙(𝑝)𝑘(𝑝)⟨∇𝝃𝜒 (𝑝)[1]

⟩𝑌 . (11g)

𝐔(𝑐) = 𝜚𝜍
[

𝜙(𝑐) Bi(𝑐)

|(𝑐)
|

|𝛤 (𝑝𝑐)
|⟨𝝌 (𝑐)[2]

⟩𝛤 (𝑝𝑐) + 𝑘(𝑐)⟨∇𝝃𝜒 (𝑐)[1]
⟩𝑌

]

, (11h)

𝐕(𝑐) =
𝜙(𝑐)

𝜙(𝑝)
𝜚𝜍

[

𝜙(𝑐) Bi(𝑐)

|(𝑐)
|

|𝛤 (𝑝𝑐)
|⟨𝝌 (𝑝)[3]

⟩𝛤 (𝑝𝑐) + 𝑘(𝑐)⟨∇𝝃𝜒 (𝑐)[1]
⟩𝑌

]

, (11i)

𝐊(𝑐) = 𝜚𝜍𝑘(𝑐)
[

𝜙(𝑐)𝐈 + ⟨∇𝝃𝝌 (𝑐)[2]
⟩𝑌

]

, (11j)

𝑅(𝑐)
1 =

𝜙(𝑐)

𝜙(𝑝)
𝑅(𝑐)
2 , (11k)

𝑅(𝑐)
2 = 𝜙(𝑐)

(

Bi(𝑐)𝜚𝜍
)

|(𝑐)
|

|𝛤 (𝑝𝑐)
|

( 1
𝜖
− ⟨𝜒 (𝑐)[1]

⟩𝛤 (𝑝𝑐) + ⟨𝜒 (𝑝)[2]
⟩𝛤 (𝑝𝑐)

)

, (11l)

𝑅(𝑐)
3 = 𝜙(𝑐)2

(

Bi(𝑐)𝜚𝜍
)

|(𝑐)
|

|𝛤 (𝑝𝑐)
|⟨𝜒 (𝑝)[1]

⟩𝛤 (𝑝𝑐) , (11m)

𝑅(𝑐)
4 = 𝜙(𝑐)2𝜚, (11n)

with the averaging operators in Eqs (10) and (11) defined as 

⟨ ⋅(𝑖)⟩𝑌 ≡ 1
|𝑌 | ∫(𝑖)

(

⋅(𝑖)
)

𝑑𝝃, ⟨⋅⟩𝛤 (𝑗) ≡ 1
|𝛤 (𝑗)

|
∫𝛤 (𝑗)

(⋅) 𝑑𝝃. (12)

Furthermore, 𝜒 (𝑝)[1], 𝜒 (𝑝)[2], 𝝌 (𝑝)[3], 𝜒 (𝑐)[1] and 𝝌 (𝑐)[2] are closure variables which satisfy boundary value problems to be solved in the unit cell with 
periodic boundary conditions [7,19]. A detailed formulation of all closure problems can be found in Supplementary Materials.

It is important to emphasize that Eqs. (10) and (11) are valid for the following values of dimensionless numbers [7], expressed in terms of 
integer powers of the separation of scales parameter 𝜖, 

Bi(𝑝) ∼ (1),  ∼ (1), 𝜚 ∼ (1), 𝜍 ∼ (1), Bi(𝑐) ∼ (1),  ∼ (𝜖−1). (13)

Under these conditions, the upscaled equations (10) and (11) are able to represent fine-scale dynamics within upscaling errors of order 𝜖, as 
prescribed by homogenization theory; in other words, conditions in Eq.  (13) ensure the accuracy and predictivity of Eqs. (10) and (11).

3. Auto-detecting and adaptive hybrid coupling in 2D domains

In this Section, we consider the existence of a ‘‘breakdown’’ region of the upscaled equations presented in Section 2.2, denoted as 𝛺break, within 
a heterogeneous battery pack 𝛺𝜖 , i.e. we define 𝛺break as the region where one or more of the applicability conditions (Eq.  (13)) are violated (Fig. 
3), the accuracy of Eqs. (10) and (11) cannot be guaranteed and the fine scale model (Eq.  (4)) should be used instead.

In Section 3.1, we first introduce the coupling strategy between the upscaled equations (Eq. (10)) and the fine-scale equations (Eq.  (4)) which 
allows one to handle two-sided hybrid formulations in which the breakdown region is contained in the interior of the computational domain as 
shown in Fig.  3. In Section 3.2, we introduce the model refinement/coarsening criteria for the adaptive formulation. In Section 3.3, we introduce 
the second-order mapping kernels for downscaling and upscaling, and summarize the algorithm in Section 3.4.
6 
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Fig. 3. Illustration of an two-sided hybrid domain consisting of both fine-scale and upscaled subdomains.

3.1. Two-sided hybrid coupling governing equations

The two-sided hybrid coupling formulation developed in this section is based on generalizing the one-sided formulation detailed in [19]. We start 
by defining the fine-scale subdomain, 𝛺fine, as the slightly expanded breakdown region of the battery pack domain such that 𝛺break ⊂ 𝛺fine ⊂ 𝛺𝜖
(Fig.  3). The upscaled subdomain, 𝛺up, is defined as the difference between fine-scale subdomain and battery pack domain, 𝛺𝜖∖𝛺fine. The boundary 
of 𝛺up is defined by the packing edges 𝛤 (𝐿), 𝛤 (𝑅), 𝛤 (𝑇 ), and 𝛤 (𝐵), as well as the coupling boundaries 𝛤 (𝐻𝐶)

𝑙  and 𝛤 (𝐻𝐶)
𝑟 . Similarly, the fine-scale 

subdomain 𝛺fine is bounded by 𝛤 (𝑇 )
𝜖  and 𝛤 (𝐵)

𝜖 , alongside the same coupling boundaries 𝛤 (𝐻𝐶)
𝑙  and 𝛤 (𝐻𝐶)

𝑟  (Fig.  3). In hybrid simulations, quantities 
in 𝛺fine and 𝛺up are solved using fine-scale (Eq.  (4)) and upscaled (Eq. (10)) equations, respectively. To derive the coupling conditions between 
these domains, we introduce a moving average operator for fine-scale quantities as proposed in [7], 

⟨⋅⟩ (𝑝)
𝜖 (𝐱) ≡

1
|𝑌 | ∫ (𝑝)

𝜖 (𝐱)
(⋅) 𝑑𝐲 and ⟨⋅⟩ (𝑐)

𝜖 (𝐱) ≡
1
|𝑌 | ∫ (𝑐)

𝜖 (𝐱)
(⋅) 𝑑𝐲, (14a)

where 

 (𝑝)
𝜖 (𝐱) =

{(

𝑥′, 𝑦′
)

∶ 𝑥 − 0.5𝜖 < 𝑥′ < 𝑥 + 0.5𝜖, 𝑦 + 0.5𝑎𝜖 < 𝑦′ < 𝑦 − 0.5𝑎𝜖, 𝐱′ ∈ (𝑝)
𝜖
}

for 𝐱 = (𝑥, 𝑦) ∈ 𝛺, (14b)

 (𝑐)
𝜖 (𝐱) =

{(

𝑥′, 𝑦′
)

∶ 𝑥 − 0.5𝜖 < 𝑥′ < 𝑥 + 0.5𝜖, 𝑦 + 0.5𝑎𝜖 < 𝑦′ < 𝑦 − 0.5𝑎𝜖, 𝐱′ ∈ (𝑐)
𝜖
}

for 𝐱 = (𝑥, 𝑦) ∈ 𝛺, (14c)

𝜖 and 𝑎 are the length scale ratio and the aspect ratio of the unit cell defined in Eq.  (3) and Eq.  (1b), respectively, and |𝑌 | is the volume of the 
unit cell. Following similar procedures as in [19], we derive the continuity conditions for temperature and flux as 

⟨

𝑇 (𝑝)⟩
𝑌 (𝐱−𝑙 ) = ⟨𝑇 (𝑝)

𝜖 ⟩

 (𝑝)
𝜖

(

𝐱+𝑙
), for |

|

|

𝐱+𝑙 − 𝐱−𝑙
|

|

|

→ 0, (15a)
⟨

𝑇 (𝑝)⟩
𝑌 (𝐱−𝑟 ) = ⟨𝑇 (𝑝)

𝜖 ⟩ (𝑝)
𝜖

(

𝐱+𝑟
), for |

|

𝐱+𝑟 − 𝐱−𝑟 || → 0, (15b)
⟨

𝐉(𝑝)
⟩

𝑌 (𝐱−𝑙 ) ⋅ 𝐧
(𝑝)
𝜖,𝑙 = 𝜙(𝑝) ⟨𝐉(𝑝)𝜖

⟩

 (𝑝)
𝜖

(

𝐱+𝑙
) ⋅ 𝐧(𝑝)𝜖,𝑙 , for |

|

|

𝐱+𝑙 − 𝐱−𝑙
|

|

|

→ 0, (15c)
⟨

𝐉(𝑝)
⟩

𝑌 (𝐱−𝑟 ) ⋅ 𝐧
(𝑝)
𝜖,𝑟 = 𝜙(𝑝) ⟨𝐉(𝑝)𝜖

⟩

 (𝑝)
𝜖

(

𝐱+𝑟
) ⋅ 𝐧(𝑝)𝜖,𝑟 , for |

|

𝐱+𝑟 − 𝐱−𝑟 || → 0, (15d)

where 𝐉(𝑝)𝜖 (𝐱+𝑗 ) is the fine-scale flux of the packing materials, 
⟨

𝐉(𝑝)
⟩

𝑌 (𝐱−𝑗 ) is the upscaled flux of the packing materials, 𝐱+𝑗 ∈ 𝛺fine and 𝐱−𝑗 ∈ 𝛺up are 
centroids of two unit cells defined in fine-scale and upscaled subdomains, and 𝑗 = 𝑙 or 𝑟 refers to the left or right coupling boundary. Since the 
quantities on the right side of Eq.  (15) are not known, we use the Taylor approach developed in [19] to approximate the unknown quantities of 
interest such that

⟨𝑇 (𝑝)
𝜖 ⟩

 (𝑝)
𝜖

(

𝐱(𝐻𝐶)
𝑗

) ≈
⟨

𝑇 (𝑝)
𝜖

⟩

𝑌𝑖𝑛,𝑗
+ 𝛼−1𝜙(𝑝)

𝑜𝑢𝑡

⎡

⎢

⎢

⎣

𝑇 (𝑝)
𝜖 (𝐱(𝐻𝐶)

𝑗 ) +
𝜕𝑇 (𝑝)

𝜖 (𝐱(𝐻𝐶)
𝑗 )

𝜕𝐱

(

𝐱+𝑗,𝑜𝑢𝑡 − 𝐱(𝐻𝐶)
𝑗

)
⎤

⎥

⎥

⎦

, (16a)

𝜙(𝑝) ⟨𝐉(𝑝)𝜖
⟩

 (𝑝)
𝜖

(

𝐱(𝐻𝐶)
𝑗

) ⋅ 𝐧(𝑝)𝜖,𝑗 ≈ 𝜙(𝑝) ⟨𝐉(𝑝)𝜖
⟩

𝑌𝑖𝑛
⋅ 𝐧(𝑝)𝜖,𝑗 + 𝑞(𝑝,𝑛)𝑗 , (16b)

𝐉(𝑝)𝜖 (𝐱(𝐻𝐶)
𝑗 ) ⋅ 𝐧(𝑝)𝜖,𝑗 ≈ 𝛼

(

𝜙(𝑝)𝜙(𝑝)
𝑜𝑢𝑡

)−1
𝑞(𝑝,𝑛)𝑗 , (16c)
7 
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where
⟨

𝑇 (𝑝)
𝜖

⟩

𝑌𝑖𝑛,𝑗
= 1

|𝑌 | ∫(𝑝)
𝑖𝑛,𝑗

𝑇 (𝑝)
𝜖 (𝐲) d𝐲, (16d)

⟨

𝐉(𝑝)𝜖
⟩

𝑌𝑖𝑛,𝑗
= 1

|𝑌 | ∫(𝑝)
𝑖𝑛,𝑗

𝐉(𝑝)𝜖 (𝐲) d𝐲, (16e)

(𝑝)
𝑖𝑛,𝑗 =

{

(

𝑥′, 𝑦′
)

∶ 𝑥(𝐻𝐶)
𝑗 < 𝑥′ < 𝑥(𝐻𝐶)

𝑗 + 0.5𝜖, 𝑦(𝐻𝐶)
𝑗 − 0.5𝑎𝜖 < 𝑦′ < 𝑦(𝐻𝐶)

𝑗 + 0.5𝑎𝜖, 𝐱′ ∈ (𝑝)
𝜖

}

for 𝐱 = (𝑥, 𝑦) ∈ 𝛺, (16f)

𝜙(𝑝)
𝑜𝑢𝑡 =

|𝑌 |𝜙(𝑝) − ∫(𝑝)
𝑖𝑛

𝟏 d𝐲

|

|

𝑌𝑜𝑢𝑡||
. (16g)

In Eqs.  (16b) and (16c), 𝑞(𝑝,𝑛)𝑗  is the unresolved heat flux of the packing material across the coupling boundary 𝑗 at iteration 𝑛. For numerical 
implementation, the equations were discretized with the backward Euler method to avoid time-step constraints. Both sets of equations were solved 
using an open-source finite element code, FEniCS [28].

3.2. Automatic detection and adaptive formulation

As demonstrated by [19], the upscaled simulations become less accurate when the magnitude of the dimensionless numbers violates the 
applicability regimes prescribed by homogenization theory. The magnitude of the dimensionless numbers controlling the accuracy of upscaled 
models can be space and time dependent, due, e.g. to aging effects, manufacturing defects etc. Hence, the ability to adaptively identify the space–
time regions (i.e. the location and boundaries of the breakdown region) where upscaled models loose predictivity, and hybridization needs to 
occur, is necessary to maintain accuracy throughout the simulation. Here, we present an automated method for the detection and (space–time) 
adaptation of these regions. This method computes and estimates the extent of the breakdown region based on a set of dimensionless numbers. 
Each dimensionless number 𝑖 is represented as 𝐷𝑁𝑖, with its applicable range defined as 𝐷𝑁𝑖,𝑎𝑝𝑝. The left boundary of 𝐷𝑁𝑖 is defined as 

𝐱min
𝐷𝑁,𝑖 =

[

argmin
𝐱

(

|

|

|

|

|

𝐷𝑁𝑖
𝐷𝑁𝑖,𝑎𝑝𝑝

− 1 − 𝛼1
|

|

|

|

|

)]

− 𝛼2𝜖, (17)

where 𝛼1 is the tolerance factor and 𝛼2 is a factor that controls the additional volume of non-breakdown region to be included in the fine-scale 
subdomain. Large 𝛼1 and 𝛼2 will result in a larger fine-scale subdomain, therefore increasing the computational cost. In our simulations, we use 
𝛼1 = 0.01 and 𝛼2 = 1.5. To note, 𝛼2 = 1.5 is the minimum factor required for hybrid simulations to be accurate, as demonstrated by [19]. A similar 
approach is used to calculate the location of right boundary of 𝐷𝑁𝑖 such that 

𝐱max
𝐷𝑁,𝑖 =

[

argmax
𝐱

(

|

|

|

|

|

𝐷𝑁𝑖
𝐷𝑁𝑖,𝑎𝑝𝑝

− 1 − 𝛼1
|

|

|

|

|

)]

+ 𝛼2𝜖. (18)

In the problem of thermal runaway in a battery pack, there are numerous dimensionless numbers. For a system with multiple dimensionless 
numbers, the breakdown boundaries are defined as 

⎧

⎪

⎨

⎪

⎩

𝐱min
𝐷𝑁 = min

(

𝐱min
𝐷𝑁,1, 𝐱

min
𝐷𝑁,2 ⋯ 𝐱min

𝐷𝑁,𝑚

)

,

𝐱max
𝐷𝑁 = max

(

𝐱max
𝐷𝑁,1, 𝐱

max
𝐷𝑁,2 ⋯ 𝐱max

𝐷𝑁,𝑚

)

,
(19)

where 𝑚 is the number of dimensionless numbers.

3.3. Second-order accurate mapping kernels

In the automatic-detecting and adaptive hybrid method, the spatial subdomains in which fine-scale or continuum-scale equations are solved 
evolve with time, as a result of the dynamic values of the dimensionless numbers (which, in turn, reflect changes in the magnitude of the dependent 
variables spatial gradients); as such, mapping values between fine-scale and upscaled subdomains is essential, since, as time evolves a continuum-
scale region may require pore-scale resolution, and viceversa. In this section, we define a downscaling kernel, used to interpolate values from 
upscaled to fine-scale subdomains, and an upscaling kernel to map values from fine-scale to upscaled subdomains. To ensure that errors remain 
within acceptable upscaling error margins, it is necessary to formulate kernels that match the accuracy of the upscaling techniques. We will discuss 
the detailed derivation of these kernels in this section.

3.3.1. Downscaling kernel: expanding the fine-scale subdomain and reducing the upscaled subdomains
As time marches from 𝑡 = 𝑛 to 𝑡 = 𝑛 + 1, the breakdown region expands, resulting in an increase in the size of the fine-scale subdomain and 

a decrease in the size of the upscaled subdomain. To represent the expansion of the breakdown region, we define two computational domains 
𝛺old = 𝛺old

fine ∪ 𝛺old
up  and 𝛺new = 𝛺new

fine ∪ 𝛺new
up  (Fig.  4(a)) where the superscript ‘‘old’’ and ‘‘new’’ refer to the corresponding domain or subdomain 

before and after the expansion of the breakdown region.
To differentiate the quantities of interest in the two domains (𝛺old and 𝛺new), we use 𝑇 (𝑖)

𝜖 (𝐱, 𝑡) and ⟨𝑇 (𝑖)
⟩𝑌 (𝐱, 𝑡) to denote the fine-scale and 

upscaled temperatures in the original domain 𝐱 ∈ 𝛺old, and 𝛩(𝑖)
𝜖 (𝐱, 𝑡) and ⟨𝛩(𝑖)

⟩𝑌 (𝐱, 𝑡) to denote the corresponding temperatures in the new domain 
𝐱 ∈ 𝛺new. To march 𝛩(𝑖)

𝜖  and ⟨𝛩(𝑖)
⟩𝑌  from 𝑡 = 𝑛 to 𝑡 = 𝑛 + 1, these quantities at 𝑡 = 𝑛 are necessary. However, at time 𝑡 = 𝑛, fine-scale and upscaled 

equations are only solved in the original domain 𝛺old, therefore, 𝑇 (𝑖)
𝜖  and ⟨𝑇 (𝑖)

⟩𝑌  are available only in a subset of the necessary domain. As such, 
accurate mapping kernels from (𝑇 (𝑖)

𝜖 , ⟨𝑇 (𝑖)
⟩𝑌 ) to (𝛩(𝑖)

𝜖 , ⟨𝛩(𝑖)
⟩𝑌 ) are necessary.

We can divide the new domain 𝛺new into three different subdomains (Fig.  4(a)): (1) up = 𝛺old
up ∩𝛺new

up , (2) up→fine = 𝛺old
up ∖𝛺

new
up  or 𝛺new

fine ∖𝛺
old
fine

and (3) fine = 𝛺old
fine ∩ 𝛺new

fine . For the downscaling kernel, each subdomain is treated differently to map the quantities of interest 𝛩
(𝑖)
𝜖  and ⟨𝛩(𝑖)

⟩𝑌
from 𝑇 (𝑖) and ⟨𝑇 (𝑖)

⟩  at time 𝑡 = 𝑛.
𝜖 𝑌

8 
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Fig. 4. Schematic illustration of (a) expanded fine-scale subdomain (downscaled) (b) reduced fine-scale subdomain (upscaled) from time 𝑛 to 𝑛 + 1, and (c) known and unknown 
subdomains  (𝑖)

𝑘,𝜖 and  (𝑖)
𝑛𝑘,𝜖 in fine→up.

Subdomain up. up is the common upscaled subdomain existing both in 𝛺old and 𝛺new, satisfying 𝐱 ∈ up ⊂ 𝛺old
up . As such, 

⟨

𝛩(𝑖)⟩
𝑌  is well 

defined for 𝐱 ∈ up, allowing one-to-one mapping from ⟨𝑇 (𝑖)⟩
𝑌  to 

⟨

𝛩(𝑖)⟩
𝑌 . The mapping is therefore defined as 

⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)⟩
𝑌 (𝐱), 𝐱 ∈ up ⊂ 𝛺old

up . (20)

Subdomain fine. Similarly to before, fine is the common fine-scale subdomain existing in both 𝛺old and 𝛺new, satisfying 𝐱 ∈ fine ⊆ 𝛺old
fine. This 

enables a one-to-one mapping from 𝑇 (𝑖)
𝜖  to 𝛩(𝑖)

𝜖  such that 

𝛩(𝑖)
𝜖 (𝐱) = 𝑇 (𝑖)

𝜖 (𝐱), 𝐱 ∈ fine ⊆ 𝛺old
fine. (21)

Subdomain up→fine. up→fine is the upscaled subdomain in 𝛺old where model granularity is increased, i.e. in 𝛺new the model must be switched 
from upscaled to fine-scale. As such, only ⟨𝑇 (𝑖)⟩

𝑌  is defined in up→fine at timestep 𝑛. Because in 𝛺new, fine-scale equations need to be solved in 
up→fine and marched in time from timestep 𝑛 to timestep 𝑛+1, ⟨𝑇 (𝑖)⟩

𝑌  for 𝑡 = 𝑛 must be mapped onto 𝛩(𝑖)
𝜖  for the same timestep. Here, we define 

the interpolation functions as 
⟨

𝛩(𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) = 

(⟨

𝑇 (𝑖)⟩
𝑌 (𝐲)

)

, 𝐱 ∈ up→fine, 𝐲 ∈ 𝛺old
up (22a)

𝛩(𝑖,)
𝜖 (𝐱) = 

(

⟨

𝛩(𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱)

)

, 𝐱 ∈ up→fine, (22b)

where  (⋅) is a second-order-accurate scheme to map quantities from a coarser grid (𝛺old
up ) to a finer grid (up→fine), and  (⋅) is another second-

order accurate interpolation function to map upscaled quantities to fine-scale quantities on the same grid. Typical examples of  (⋅) are polynomial 
interpolation used in the Finite Element Method or bilinear interpolation used in a structured grid.
9 
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To derive the interpolation function  (⋅) in Eq.  (22b) to map upscaled temperatures to fine-scale temperatures, we consider the definition of 
⟨

𝛩(𝑖)
𝜖

⟩

 (𝑖)
𝜖 (𝐱)

 as 

⟨

𝛩(𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) =

1
|𝑌 | ∫ (𝑖)

𝜖 (𝐱)
𝛩(𝑖)
𝜖 (𝐲) 𝑑𝐲, (23)

where |𝑌 | = |

|

|

(𝑖)
𝜖
|

|

|

∕𝜙(𝑖), and 𝜙(𝑖) is the volume fraction of domain 𝑖 (either packing material or battery cells) in the unit cell. Applying Taylor expansion 
to 𝛩(𝑖)

𝜖 (𝐲) at location 𝐱𝑐 where 𝐱𝑐 is the centroid of the moving averaging window  (𝑖)
𝜖 (𝐱), we obtain 

𝛩(𝑖)
𝜖 (𝐲) = 𝛩(𝑖)

𝜖
|

|

|

|𝐲=𝐱𝑐
+ 𝛁𝛩(𝑖)

𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑐

(

𝐲 − 𝐱𝑐
)

+ 1
2
(

𝐲 − 𝐱𝑐
)𝑇 𝐇𝛩(𝑖)

𝜖

|

|

|

|𝐲=𝐱𝑐

(

𝐲 − 𝐱𝑐
)

+ 
(

(

𝐲 − 𝐱𝑐
)3
)

, (24)

where 𝐇𝛩(𝑖)
𝜖
 is the Hessian matrix of 𝛩(𝑖)

𝜖 . By substituting Eq.  (24) into Eq.  (23), we obtain

1
|𝑌 | ∫ (𝑖)

𝜖 (𝐱)
𝛩(𝑖)
𝜖 (𝐲) d𝐲 = 1

|𝑌 |

[

∫ (𝑖)
𝜖 (𝐱)

𝛩(𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑐
+ 𝛁𝛩(𝑖)

𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑐

(

𝐲 − 𝐱𝑐
)

+ 1
2
(

𝐲 − 𝐱𝑐
)𝑇 𝐇𝛩(𝑖)

𝜖

|

|

|

|𝐲=𝐱𝑐

(

𝐲 − 𝐱𝑐
)

+ 
(

(

𝐲 − 𝐱𝑐
)3
)

d𝐲
]

. (25)

Eq.  (25) can be written as

1
|𝑌 | ∫ (𝑖)

𝜖 (𝐱)
𝛩(𝑖)
𝜖 (𝐲) d𝐲 = 1

|𝑌 |
𝛩(𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑐 ∫ (𝑖)
𝜖 (𝐱)

𝟏 d𝐲 + 1
|𝑌 |

𝛁𝛩(𝑖)
𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑐

[

∫ (𝑖)
𝜖 (𝐱)

𝐲 d𝐲 − 𝐱𝑐 ∫ (𝑖)
𝜖 (𝐱)

𝟏 d𝐲
]

(26)

+ 1
|𝑌 |

[

∫ (𝑖)
𝜖 (𝐱)

1
2
(

𝐲 − 𝐱𝑐
)𝑇 𝐇𝛩(𝑖)

𝜖

|

|

|

|𝐲=𝐱𝑐

(

𝐲 − 𝐱𝑐
)

+ 
(

(

𝐲 − 𝐱𝑐
)3
)

d𝐲
]

.

Using the definition of the centroid 𝐱𝑐 and the volume of unit cell |𝑌 | as 

𝐱𝑐 =
1

𝜙(𝑖)
|𝑌 | ∫ (𝑖)

𝜖 (𝐱)
𝐲 d𝐲, (27a)

|𝑌 | = 1
𝜙(𝑖) ∫ (𝑖)

𝜖 (𝐱)
𝟏 d𝐲, (27b)

the second term in bracket of Eq.  (26) vanishes and  Eq.  (26) simplifies to 
1
|𝑌 | ∫ (𝑖)

𝜖 (𝐱)
𝛩(𝑖)
𝜖 (𝐲) d𝐲 = 𝜙(𝑖)𝛩(𝑖)

𝜖
|

|

|

|𝐲=𝐱𝑐
+ ∫ (𝑖)

𝜖 (𝐱)

(

(

𝐲 − 𝐱𝑐
)2
)

d𝐲. (28)

Finally, Eq.  (28) is substituted to Eq.  (22b) such that

⟨

𝛩(𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) = 𝜙(𝑖)𝛩(𝑖)

𝜖
|

|

|

|𝐲=𝐱𝑐
+ ∫ (𝑖)

𝜖 (𝐱)

(

(

𝐲 − 𝐱𝑐
)2
)

d𝐲,  or 𝛩(𝑖)
𝜖 (𝐱) ≈

(

𝜙(𝑖))−1 ⟨𝛩(𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) . (29a)

In summary, the second-order downscaling kernel is defined as 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)⟩
𝑌 (𝐱), 𝐱 ∈ up ⊂ 𝛺old

up ,
⟨

𝛩(𝑖)
𝜖

⟩

 (𝑖)
𝜖 (𝐱)

= 
(⟨

𝑇 (𝑖)⟩
𝑌 (𝐲)

)

, 𝐱 ∈ up→fine, 𝐲 ∈ 𝛺old
up

𝛩(𝑖)
𝜖 (𝐱) =

(

𝜙(𝑖))−1
⟨

𝛩(𝑖)
𝜖

⟩

 (𝑖)
𝜖 (𝐱)

, 𝐱 ∈ up→fine,

𝛩(𝑖)
𝜖 (𝐱) = 𝑇 (𝑖)

𝜖 (𝐱), 𝐱 ∈ fine ⊆ 𝛺old
fine.

(30)

3.3.2. Upscaling kernel: reducing the fine-scale subdomain and expanding the upscaled subdomains
While the downscaling kernel addresses scenarios in hybrid simulations where the fine-scale subdomain expands and the upscaled subdomain 

contracts, it is also possible to encounter situations where the breakdown region shrinks over time. In such cases, the fine-scale subdomain decreases 
in size, while the upscaled subdomain correspondingly expands. These circumstances require a different kernel, known as the upscaling kernel, to 
effectively manage the changes in the simulations.

Following the approach in  Section 3.3.1, we define the computational domains at time 𝑡 = 𝑛 and 𝑡 = 𝑛 + 1 as 𝛺old = 𝛺old
fine ∪ 𝛺old

up  and 
𝛺new = 𝛺new

fine ∪ 𝛺new
up , respectively (Fig.  4(b)). Again, we use 𝑇 (𝑖)

𝜖 (𝐱, 𝑡) and ⟨𝑇 (𝑖)
⟩𝑌 (𝐱, 𝑡) to denote the fine-scale and upscaled temperatures in the 

original domain 𝐱 ∈ 𝛺old and 𝛩(𝑖)
𝜖 (𝐱, 𝑡) and ⟨𝛩(𝑖)

⟩𝑌 (𝐱, 𝑡) to denote the corresponding temperatures in the new domain 𝐱 ∈ 𝛺new. To derive the 
upscaled kernel, we further define three subdomains based on the relationship between 𝛺old and 𝛺new (Fig.  4(b)): (1) up = 𝛺old

up ∩ 𝛺new
up , (2) 

fine→up = 𝛺new
up ∖𝛺old

up  or 𝛺old
fine∖𝛺

new
fine  and (3) fine = 𝛺old

fine ∩𝛺new
fine .

Subdomains up and fine. For both domains, one-to-one mapping approaches can be adopted: 
⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)⟩
𝑌 (𝐱), 𝐱 ∈ up ⊂ 𝛺old

up , (31a)

𝛩(𝑖)
𝜖 (𝐱) = 𝑇 (𝑖)

𝜖 (𝐱), 𝐱 ∈ fine ⊆ 𝛺old
fine. (31b)

Subdomain fine→up. 𝑇 (𝑖)
𝜖  is defined at 𝑡 = 𝑛 since the fine-scale equations are solved in 𝛺old. However, ⟨𝛩(𝑖)⟩

𝑌  is required since the upscaled 
governing equations will be solved in 𝛺new at time 𝑡 = 𝑛 + 1. Therefore, for the subdomain fine→up, 𝑇 (𝑖)

𝜖  must be mapped onto ⟨𝛩(𝑖)⟩
𝑌  using the 

definition of moving average where 
⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) , 𝐱 ∈ fine→up. (32)
10 
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Yet, as 𝐱 moves closer to the boundary between the subdomain fine→up and 𝛺old
up  (Fig.  4(c)), 𝑇 (𝑖)

𝜖  values are not available. To illustrate this, we 
consider a subdomain fine→up between two boundaries 𝐱1 (left) and 𝐱2 (right), with 𝐱1 the boundary in contact with 𝛺old

up , and 𝐱2 the boundary in 
contact with 𝛺old

fine. Based on the definition of 
(𝑖)
𝜖 (𝐱) in Eqs.  (14b) and (14c), ⟨𝛩(𝑖)⟩

𝑌  can be computed exactly as long as 
(𝑖)
𝜖 (𝐱) ⊂ fine→up

is satisfied (i.e., 𝐱1 + 𝜖∕2 ≤ 𝐱 ≤ 𝐱2, which ensures that the averaging domain is fully contained in fine→up). For 𝐱1 ≤ 𝐱 < 𝐱1 + 𝜖∕2 where 
 (𝑖)

𝜖 (𝐱) ⊄ fine→up, a second-order approximation method based on Taylor expansion is derived to compute 
⟨

𝛩(𝑖)⟩
𝑌  (Fig.  4(c)).

Let us consider a moving averaging window such that  (𝑖)
𝜖 (𝐱) ⊄ fine→up. We divide the moving averaging window into two regions, a region 

 (𝑖)
𝜖,k (𝐱) =  (𝑖)

𝜖 ∩ fine→up, in which 𝑇 (𝑖)
𝜖  is known, and a region  (𝑖)

𝜖,nk (𝐱) =  (𝑖)
𝜖 ∩ 𝛺old

up  in which 𝑇 (𝑖)
𝜖  is unknown. As such, 

⟨

𝑇 (𝑖)
𝜖

⟩

 (𝑖)
𝜖 (𝐱)

 can be 
expressed as 

⟨

𝑇 (𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) =

1
|𝑌 | ∫ (𝑖)

𝜖,k(𝐱)
𝑇 (𝑖)
𝜖 (𝐲) 𝑑𝐲 + 1

|𝑌 | ∫ (𝑖)
𝜖,nk(𝐱)

𝑇 (𝑖)
𝜖 (𝐲) 𝑑𝐲. (33)

To approximate the second term on the right-hand-side of Eq.  (33), we expand 𝑇 (𝑖)
𝜖 (𝐲) at 𝐱k with 𝐱k the nearest location where 𝑇 (𝑖)

𝜖 (𝐲) is defined 
in  (𝑖)

𝜖,k (𝐱). As such, we can express the integral as 

1
|𝑌 | ∫ (𝑖)

𝜖,nk(𝐱)
𝑇 (𝑖)
𝜖 (𝐲) d𝐲 = 1

|𝑌 | ∫ (𝑖)
𝜖,nk(𝐱)

[

𝑇 (𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑘
+ 𝛁𝑇 (𝑖)

𝜖
|

|

|

|

𝑇

𝐱k

(

𝐲 − 𝐱k
)

+ 
(

(

𝐲 − 𝐱k
)2
)

]

d𝐲. (34)

By defining the centroid of  (𝑖)
𝜖,nk (𝐱) as 

𝐱𝑐,nk =
1

𝜙(𝑖) |
|

𝑌nk|| ∫ (𝑖)
𝜖,nk(𝐱)

𝐲 d𝐲, (35)

the expression can be simplified to
1
|𝑌 | ∫ (𝑖)

𝜖,nk(𝐱)
𝑇 (𝑖)
𝜖 (𝐲) d𝐲 = 𝛽𝜙(𝑖)

[

𝑇 (𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑘
+ 𝛁𝑇 (𝑖)

𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑘

(

𝐱𝑐,nk − 𝐱k
)

]

+ 1
|𝑌 | ∫ (𝑖)

𝜖,nk(𝐱)

(

(

𝐲 − 𝐱k
)2
)

d𝐲, (36)

where 𝛽 =
|

|

𝑌nk||
|𝑌 | , ||𝑌nk|| is the volume of the unknown region 

(𝑖)
𝜖,nk (𝐱) in the averaging window, and ‖‖𝐱𝑐,nk − 𝐱k‖‖2 is assumed to be less than 𝜖. By 

substituting Eq.  (36) into Eq.  (33), we derive the approximation as
⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) =

1
|𝑌 | ∫ (𝑖)

𝜖,k(𝐱)
𝑇 (𝑖)
𝜖 (𝐲) d𝐲 + 𝛽𝜙(𝑖)

[

𝑇 (𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑘
+ 𝛁𝑇 (𝑖)

𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑘

(

𝐱𝑐,nk − 𝐱k
)

]

+ 1
|𝑌 | ∫ (𝑖)

𝜖,nk(𝐱)

(

(

𝐲 − 𝐱k
)2
)

d𝐲. (37)

When 𝛽 → 0, we recover Eq.  (32), demonstrating the consistency of the derived approximation method.
In summary, the upscaled kernel is defined as 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

⟨

𝛩(𝑖)⟩
𝑌 (𝐱) =

⟨

𝑇 (𝑖)⟩
𝑌 (𝐱), 𝐱 ∈ up ⊂ 𝛺old

up ,
⟨

𝛩(𝑖)⟩
𝑌 (𝐱) = 1

|𝑌 | ∫ (𝑖)
𝜖,k(𝐱)

𝑇 (𝑖)
𝜖 (𝐲) d𝐲 + 𝛽𝜙(𝑖)

[

𝑇 (𝑖)
𝜖
|

|

|

|𝐲=𝐱𝑘
+ 𝛁𝑇 (𝑖)

𝜖
|

|

|

|

𝑇

𝐲=𝐱𝑘

(

𝐱𝑐,nk − 𝐱k
)

]

, 𝐱 ∈ fine→up,

𝛩(𝑖)
𝜖 (𝐱) = 𝑇 (𝑖)

𝜖 (𝐱), 𝐱 ∈ fine ⊆ 𝛺old
fine.

(38)

3.4. Adaptive hybridization scheme

After defining the upscaling and downscaling kernels, the algorithm for adaptive hybridization is shown in Fig.  5. Below, we discuss the main 
steps of the algorithm.

1. Initialize all parameters (e.g., dimensionless numbers, numerical parameters), as well as packing and cell temperatures.
2. Check for the existence and boundaries of breakdown regions using Eq.  (19) to define the boundaries of fine-scale and upscaled subdomains.
3. Based on the existence of breakdown regions and the state of the subdomains, determine the appropriate next step:

• If a breakdown region exists and the boundaries of the subdomains remain unchanged, proceed to steps 4–9.
• If a breakdown region exists and the boundaries of the subdomains change, regenerate meshes for the respective subdomains with the 
appropriate resolution, apply the necessary kernels to modify the fine-scale and upscaled subdomains accordingly, and then proceed 
to steps 4–9.

• If a breakdown region does not exist but a fine-scale subdomain exists, regenerate meshes for the upscaled subdomain, apply the 
appropriate kernels to modify the fine-scale subdomains, and solve the upscaled equations (Eq.  (10)) directly.

• If neither a breakdown region nor a fine-scale subdomain exists, solve the upscaled equations (Eq.  (10)) directly.
4. Solve the fine-scale equations using an initial guess for the unresolved flux 𝑞(𝑝,𝑛).
5. Evaluate the average fine-scale flux of the packing materials using Taylor expansion (Eq.  (16b)).
6. Solve the upscaled equations (Eq.  (10)) with the calculated average packing materials flux.
7. Compute the average packing temperature using Taylor expansion (Eq.  (16a)).
8. Calculate the error in the continuity of the average temperature,  , at the coupling boundary using the following expression: 

 = max
(

⟨

𝑇 (𝑝)⟩
𝑌 (𝐱−𝑙 ) − ⟨𝑇 (𝑝)

𝜖 ⟩

 (𝑝)
𝜖

(

𝐱+𝑙
),
⟨

𝑇 (𝑝)⟩
𝑌 (𝐱−𝑟 ) − ⟨𝑇 (𝑝)

𝜖 ⟩ (𝑝)
𝜖

(

𝐱+𝑟
)

)

(39)

9. If max(‖‖∞, ‖‖2) > 𝜖𝑡𝑜𝑙, where 𝜖𝑡𝑜𝑙 is a specific tolerance, update the unresolved flux 𝑞(𝑝,𝑛) by applying a root-finding algorithm 
(e.g., Broyden’s method) and iterate through steps 4–9.
11 
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Fig. 5. Algorithm flow chart of the proposed automatic-detecting and adaptive, two-sided hybrid method.

A detailed flow chart of the algorithm is provided in Fig.  5.

4. Numerical verification

4.1. Simulations setup

We test the accuracy of the developed automatic-detecting and adaptive hybrid formulation on four test cases modeling thermal runaway in a 
two-dimensional battery pack. To verify the coupling and the algorithm, we compare the results of fine-scale and hybrid simulations for all four 
cases to ensure that the error introduced by the hybridization strategy is bounded by the theoretical upscaling error, 𝜖 [7]. All test cases are run 
on the same computational domain with different initial conditions and/or parameter values and involve a ‘‘breakdown’’ region that can evolve in 
space and/or time to test the algorithm on setups of increasing complexity (and detailed in the following sections). Pietrzyk et al. [7] demonstrated 
that the upscaled equations are valid as long as the thermal runaway problem satisfies the applicability regimes of Eq.  (13). The space–time locations 
in which such conditions are not met identify the ‘‘breakdown’’ region and are detected through criteria discussed in Section 3.2.
12 



Y.N. Yao and I. Battiato International Journal of Heat and Mass Transfer 247 (2025) 127003 
Table 1
Parameter used to define the unit cell in the simulations.
 Parameter 𝑟̂(𝑐)𝜖 𝑟̂(𝑤)

𝜖 𝑑(𝑐𝑐)
𝜖 𝑑(1)

𝜖 𝑑(2)
𝜖  

 [L] [L] [L] [L] [L]  
 Value 0.009 0.003 0.009 0.001 0.002 

Fig. 6. Schematic diagram illustrating the simulation setup.

We consider a two-dimensional computational domain of size 1 × 𝜖 with 20 unit cells in the 𝑥-direction (𝑁 (𝑐)
𝑥 = 20) and one unit cell in the 

𝑦-direction (𝑁 (𝑐)
𝑦 = 1), as illustrated in Fig.  6, i.e. 𝜖 = 0.05. Periodic boundary conditions and zero gradient boundary conditions are applied along 

boundaries in 𝑥- and 𝑦-direction, respectively. The parameters defining the unit-cell geometry in Fig.  1 follow those outlined in [19], and are 
detailed in Table  1 for completeness.

The computational domain is spatially heterogeneous, i.e. it contains battery cells with two different values of the burn power flux 𝛱̂burn (see 
Eq.  (6)), which reflects, e.g., different thermal behaviors because of potential manufacturing defects, chemistry, and aging. Specifically, we indicate 
with 𝛱̂burn,low and 𝛱̂burn,high such two values, where the latter is 10 times larger than the former, and their spatial distribution across the battery 
pack is defined as follows (see Fig.  6), 

𝛱̂burn =

{

𝛱̂burn,low = 𝛱̂burn,0, 𝑥 < 𝑥𝑙, and 𝑥 > 𝑥𝑟,,
𝛱̂burn,high = 10𝛱̂burn,0, 𝑥𝑙, ≤ 𝑥 ≤ 𝑥𝑟,,

(40)

where 𝛱̂burn,0 is selected such that 

𝛱̂burn,0 ∶=
𝑇̂𝑚𝑎𝑥𝑘̂(

𝑝)

max (̂𝑥, ̂𝑦)𝓁
. (41)

It is important to emphasize that Eq.  (41) corresponds to selecting  = low ∶= 𝜖−1 (through Eq.  (9)). This value of  falls within the applicability 
regimes (Eq.  (13)) derived by [7]. However, for those cells where 𝛱̂burn = 𝛱̂burn,high,  = 10𝜖−1 = 10low, the applicability conditions of 
the upscaled model equations (10)–(11) are violated, a ‘‘breakdown’’ region exists, and hybridization is necessary. The fine-scale heterogeneity 
represented by Eq.  (40) can be described at the continuum-scale by the following approximation of a step-function: 

(𝑥, 𝑥) =

⎧

⎪

⎨

⎪

⎩

(high +low

2

)

−
(high −low

2

)

tanh
(

𝜁 (𝑥 − 𝑥)
)

, 𝑥 < 0
(high +low

2

)

−
(high −low

2

)

tanh
(

𝜁 (𝑥 + 𝑥)
)

, 𝑥 ≥ 0
(42)

where 𝜁 = 180 is a constant used to approximate a step function, 𝑥 = (𝑥𝑙, + 𝑥𝑟,)∕2 is the center of the region with high heat generation rate, 
and high = 100 and low = 0 represent regions with high and low heat generation rates, respectively.

The four test cases are designed such that  is a known function of space and time, and the breakdown region can both expand and contract. 
Before proceeding to a detailed discussion of the four cases, additional information (including initial conditions) about the problem setup are 
provided below.

Initial Conditions: Pore-scale. To model battery thermal runaway at the pore-scale, we explicitly define the burning and unburned regions of 
the battery cells at 𝑡 = 0, by defining the spatially heterogeneous 𝛱

(

𝑇 (𝑐)
𝜖 , 𝑥

)

 as 

𝛱
(

𝑇 (𝑐)
𝜖 , 𝑥

)

=

⎧

⎪

⎨

⎪

⎩

𝛱NB

(

𝑇 (𝑐)
𝜖

)

,  for 𝑥 > 𝑥burn,

𝛱FB

(

𝑇 (𝑐)
𝜖

)

,  for 𝑥 ≤ 𝑥burn,
(43)

where 𝑥burn separates the burning and unburned regions, 𝛱NB

(

𝑇 (𝑐)
𝜖

)

 and 𝛱FB

(

𝑇 (𝑐)
𝜖

)

 are the dimensionless fine-scale power flux source terms for 
unburned and burning battery cell defined as 

𝛱NB
(

𝑇 (𝑐)
𝜖

)

= 𝛱base +
1
2
{

Erf
[

𝐴1𝑇 (𝑐)
𝜖 + 𝐵1

]

+ 1
} (

1 −𝛱base
)

− 1
2
{

Erf
[

𝐴2𝑇 (𝑐)
𝜖 + 𝐵2

]

+ 1
}

(44a)

𝛱FB
(

𝑇 (𝑐)
𝜖

)

= 𝛱burn −
1
2
{

Erf
[

𝐴2𝑇 (𝑐)
𝜖 + 𝐵2

]

+ 1
}

. (44b)

where 𝛱FB can be obtained from Eq.  (8a) by setting 𝛱base = 𝛱burn = 1. It is worth emphasizing that this setup allows for heat generated from the 
burned cells to propagate to the unburned cells, creating a thermal front causing originally unaffected battery cells to undergo thermal runaway 
as the thermal front reaches them.
13 
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Table 2
Reference parameters for dimensionless numbers and nondimensionalizing the governing equations.
 Parameter 𝜌̂(𝑐) 𝜌̂(𝑝) 𝐶̂ (𝑐) 𝐶̂ (𝑝) 𝑘̂(𝑐) 𝑘̂(𝑝) 𝑇̂∞  
 [ML−3] [ML−3] [L2T−2Θ−1] [L2T−2Θ−1] [MLT−3Θ−1] [MLT−3Θ−1] [Θ]  
 Value 2500 1500 900 1500 3 3 293  
 Parameter 𝑇̂𝑟𝑒𝑓 𝑇̂𝑎 𝑇̂𝑏 𝑇̂𝑠1 𝑇̂𝑠2 𝜖𝑠1 𝜖𝑠2  
 [Θ] [Θ] [Θ] [Θ] [Θ] [-] [–]  
 Value 293 0 0 120 120 0.0005 0.0005 

Initial Conditions: Continuum-scale. The upscaled power flux source terms at 𝑡 = 0 corresponding to the initial condition (Eq.  (43)) is 

𝛱
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

=
𝛱FB

(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

−𝛱NB
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

1 + exp
(

𝛾(𝑥 − 𝑥burn)
) +𝛱NB

(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

, (45)

where 𝛾 = 180 is an arbitrary constant to approximate a stepwise function at the continuum scale. 𝛱NB
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

) and 𝛱FB
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

) are the 
dimensionless upscaled power flux source term for unburned and burning battery cells, defined as 

𝛱NB
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

= 𝛱base +
1
2

{

Erf
[

𝐴1

𝜙(𝑐)
⟨𝑇 (𝑐)

⟩𝑌 + 𝐵1

]

+ 1
}

(

1 −𝛱base
)

− 1
2

{

Erf
[

𝐴2

𝜙(𝑐)
⟨𝑇 (𝑐)

⟩𝑌 + 𝐵2

]

+ 1
}

, (46a)

𝛱FB
(

⟨𝑇 (𝑐)
⟩𝑌 , 𝑥

)

= 𝛱burn −
1
2

{

Erf
[

𝐴2

𝜙(𝑐)
⟨𝑇 (𝑐)

⟩𝑌 + 𝐵2

]

+ 1
}

. (46b)

Eq. (45) allows to consistently define the transition zone between burned and unburned regions whenever such zone falls in the continuum domain.
For all simulations, we specify an arbitrary end time of 𝑡𝑓∕𝑡 = 0.2, equivalent to 6350𝛥𝑡. The reference timescale for heat transfer is given by 

𝑡 =
𝜌̂(𝑝)𝐶̂ (𝑝) (max (̂𝑥, ̂𝑦)

)2

𝑘̂(𝑝)
, (47)

where 𝑡 is the reference time based on the properties of the packing materials. Table  2 summarizes the reference parameters for defining the 
dimensionless numbers in Eq.  (9) [19]. The simulations are initialized with zeros for all fields.

In the following, we test the accuracy of the two-dimensional fixed hybrid coupling (Section 4.2), the detection criterion (Section 4.3), 
the downscaling kernel for hybrids with expanding fine-scale domain (Section 4.4), and the upscaling kernel for hybrids with expanding 
continuum-scale domain (Section 4.5) in Test Cases 1, 2, 3 and 4, respectively. The parameters of each case are summarized in Table  3.

4.2. Case 1: Accuracy of two-sided fixed hybrid coupling

Prior to implementing formulations with automatic detection and adaptive capabilities, we first conduct hybrid simulations with fixed coupling 
boundaries located at 𝑥(𝐻𝐶)

𝑙  and 𝑥(𝐻𝐶)
𝑟  to verify the accuracy of the two-sided coupling formulation. The errors between the fine-scale and hybrid 

simulations are expected to be bounded by the upscaling error, i.e. (𝜖) ∼ 0.05 [7].
Table  3 summarizes the parameters used to set up the simulations. Initially, we define a breakdown region between 𝑥𝑙, and 𝑥𝑟, characterized 

by a high rate of heat generation. Following Yao et al. [19], we set the coupling boundaries 1.5𝜖 away from 𝑥𝑙, and 𝑥𝑟, to ensure the accuracy 
of the two-sided hybrid coupling formulation. Fig.  7(a) illustrates  as a function of 𝑥, separating the breakdown and non-breakdown regions.

The simulation snapshot (Fig.  7(b)) demonstrates the presence of two coupling boundaries that encompass the entire breakdown region. Fig. 
7(c) shows the average centerline packing temperature from both fine-scale and hybrid simulations. At 𝑡 = 635𝛥𝑡 and 6350𝛥𝑡, the discrepancies 
between the fine-scale and hybrid simulations are negligible, as anticipated.

To quantify the accuracy of the coupling, the errors at time 𝑡 are computed as 
𝑒𝑟𝑟(𝐱, 𝑡) = |

|

|

⟨

𝑇 (𝑖)
𝜖
⟩

 (𝑖)
𝜖 (𝐱) (𝑡) − 𝑇 (𝑖)

𝐻𝐶 (𝐱, 𝑡)
|

|

|

, (48)

where 𝑖 = 𝑐 or 𝑝 represent the cell or packing temperature, respectively, ⟨𝑇 𝑖
𝜖
⟩

 (𝑖)
𝜖 (𝐱) (𝑡) is the averaged fine-scale cell or packing temperatures at 

location 𝐱 and time 𝑡, and 𝑇 (𝑖)
𝐻𝐶 is the average temperature in the hybrid simulations such that 

𝑇 (𝑖)
𝐻𝐶 (𝐱, 𝑡) =

⎧

⎪

⎨

⎪

⎩

⟨

𝑇 (𝑖)
𝜖

⟩

 (𝑖)
𝜖 (𝐱)

(𝑡), 𝐱 ∈ 𝛺fine,
⟨

𝑇 (𝑖)⟩
𝑌 (𝐱, 𝑡), 𝐱 ∈ 𝛺up.

(49)

To show that the errors are consistently smaller than the upscaling error for the entire simulations, we compute the maximum spatial errors as a 
function of time such that 

𝑒𝑟𝑟𝑥(𝑡) = max
𝐱

(𝑒𝑟𝑟(𝐱, 𝑡)) , 0 ≤ 𝑡 ≤ 𝑡𝑓 , (50)

where 𝑡𝑓 = 6350𝛥𝑡. Fig.  9 shows the maximum spatial errors as a function of time. For Case 1, the packing and cell temperature errors are constantly 
smaller than the upscaling error (indicated by the black dashed line), which confirms the accuracy of the two-sided hybrid coupling.

4.3. Case 2: Accuracy of automatic-detecting fixed hybrid coupling

As previously discussed, the definition of an automatic detection strategy that continuously monitors whether any dimensionless numbers 
exceed their defined applicability regimes is critical for automated hybridization algorithms (Section 3.2). The formulation of automatic detection is 
14 
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Fig. 7. (a) and (e) Dimensionless number  plotted as a function of 𝑥 for Cases 1 and 2, respectively; (b) and (d) simulation snapshots for Cases 1 and 2. (c) and (f) The average 
packing temperature along the centerline (𝑦 = 0) is computed at 𝑡 = 635𝛥𝑡 and 𝑡 = 6350𝛥𝑡 for Cases 1 and 2, respectively.

Table 3
Simulation parameters used in the test cases to validate the proposed hybrid algorithm. ℎ𝑢𝑝,𝑚𝑖𝑛 and ℎ𝑓𝑖𝑛𝑒,𝑚𝑖𝑛 are the minimum 
grid resolution for upscaled and fine-scale simulations, respectively.
 Case 1 Case 2 Case 3 Case 4  
 (Section 4.2) (Section 4.3) (Section 4.4) (Section 4.5)  
 𝛥𝑡∕𝑡 (10−5) 3.15
 𝑁𝑥 ×𝑁𝑦 20 × 1
 (ℎ𝑢𝑝,𝑚𝑖𝑛, ℎ𝑓𝑖𝑛𝑒,𝑚𝑖𝑛) (1.00 × 10−2, 2.50 × 10−4)
 No. of 𝛥𝑡 6350
 𝑥burn 0.0

 (𝑥(𝐻𝐶)
𝑙 , 𝑥(𝐻𝐶)

𝑟 ) at 𝑡 = 0 (−0.1875, 0.1875) N.A (−0.1375, 0.1375) (−0.4500, 0.4500) 
 (𝑥(𝐻𝐶)

𝑙 , 𝑥(𝐻𝐶)
𝑟 ) at 𝑡 = 𝑡𝑓 (−0.1875, 0.1875) (−0.2125, 0.2125) (−0.4125, 0.4125) (−0.1625, 0.1625) 

 (𝑥𝑙,, 𝑥𝑟,) at 𝑡 = 0 (−0.10, 0.10) N.A (−0.05, 0.05) (−0.30, 0.30)  
 (𝑥𝑙,, 𝑥𝑟,) at 𝑡 = 𝑡𝑓 (−0.10, 0.10) (−0.10, 0.10) (−0.30, 0.30) (−0.10, 0.10)  

evaluated based on two critical aspects: (1) reliable detection and (2) accurate mapping of information between fine-scale and upscaled subdomains. 
Reliable detection not only refers to the ability to detect changes but also involves generating accurate boundaries for the fine-scale subdomain. 
These boundaries should be optimally sized to both avoid excessive computational costs associated with overly large subdomains and prevent 
inaccuracies in hybrid simulations due to overly small subdomains. This section focuses on evaluating the capability of auto-detection to accurately 
generate and maintain an appropriate fine-scale subdomain within an upscaled simulation.

The parameters used to simulate Case 2 are summarized in Table  3. Initially, the simulation starts with the upscaled subdomain occupying 
the full computational domain. A hybrid simulation was triggered by imposing a region of high around 𝑥 = 0 as defined by Eq.  (42). Fig.  7(d) 
shows the distribution of  before and after the change in . The simulation is initialized with  = 20 for all values of 𝑥. When the magnitude 
of  remains within the applicability regime for 𝑡 ≤ 200𝛥𝑡, only the upscaled equations were solved. At 𝑡 = 201𝛥𝑡, a region of high = 200 was 
introduced for −0.1 ≤ 𝑥 ≤ 0.1, resulting in a violation of the applicability regime for  and leading to the introduction of a fine-scale subdomain. 
As such, the simulation transitioned to a hybrid simulation as shown in the snapshots at 𝑡 = 200𝛥𝑡 and 𝑡 = 201𝛥𝑡 (Fig.  7(e)). Visual inspection of 
the distribution of  indicates that the left and right boundaries (𝑥(𝐻𝐶)

𝑙  and 𝑥(𝐻𝐶)
𝑟 ) are approximately located at 𝑥 = −0.15 and 𝑥 = 0.15, where 

 ≈ 20, respectively. To ensure adequate separation between the coupling and breakdown boundaries, a buffer distance 𝑥𝑑𝑖𝑠𝑡 greater than or equal 
to 1.5𝜖 was maintained, resulting in the left and right coupling boundaries being located approximately at 𝑥 = −0.225 and 𝑥 = 0.225. According 
to Eq.  (19), the left and right coupling boundaries are calculated as 𝑥 = −0.2125 and 𝑥 = 0.2125, demonstrating a close agreement with the visually 
determined boundary locations.

Fig.  7(f) shows the centerline of the average packing temperature at two different instances in time 𝑡 = 635𝛥𝑡 and 6350𝛥𝑡 after the introduction of 
a fine-scale subdomain. The negligible differences between fine-scale and hybrid simulations demonstrate the accuracy of the automatic detection 
developed. Similarly, as discussed in  Section 4.2, Fig.  9 shows the maximum spatial errors over time. The maximum errors in the packing and cell 
temperatures consistently remain below the upscaling error threshold.

4.4. Case 3: Accuracy of hybrid simulation with expanding fine-scale subdomain

The size of the breakdown region often varies over time. For instance, the heat generation rates in burning battery cells may increase, leading 
to varying  values. With fixed coupling boundaries, simulations must accommodate the largest potential breakdown region, even if this scenario 
15 
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Fig. 8. (a) and (e): Dimensionless number  plotted as a function of 𝑥 in Cases 3 and 4, respectively. (b) and (d): simulation snapshots for Cases 3 and 4. (c) and (f): The average 
packing temperature along the centerline (𝑦 = 0) is calculated at 𝑡 = 635𝛥𝑡 and 𝑡 = 6350𝛥𝑡 for Cases 3 and 4.

is transient or short-term. As a result, this approach can lead to unnecessary computational costs, thereby reducing the efficiency and benefit of 
hybrid simulations. To minimize computational costs while maintaining accuracy, the size of the fine-scale subdomain must be adjusted dynamically 
to match the changing sizes of the breakdown region. This section focuses on demonstrating the capabilities of the developed adaptive hybrid 
formulation to expand the fine-scale subdomain. The accuracy of the adaptive hybrid scheme is assessed against the corresponding fine-scale 
simulations.

To model the varying size of the breakdown region, we define a function that adjusts the dimensionless number  over time. We modify the 
centers of the breakdown region 𝐱 such that 

𝑥 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0.05 𝑡 ≤ 200𝛥𝑡,
0.10 200𝛥𝑡 < 𝑡 ≤ 400𝛥𝑡,
0.20 400𝛥𝑡 < 𝑡 ≤ 600𝛥𝑡,
0.30 𝑡 > 600𝛥𝑡.

(51)

As  varies over time, the size of the fine-scale subdomain is dynamically expanded to accurately reflect the change in  and size of the breakdown 
region. Fig.  8(a) illustrates the distribution of  as a function of 𝑥 for different values of 𝑥, demonstrating how the breakdown region evolves 
over time.

Fig.  8(b) illustrate the evolution of the fine-scale subdomain size during the hybrid simulations to accurately reflect the changes in . To evaluate 
the accuracy of the simulations, Fig.  8(c) shows the centerline of the average packing temperature at 𝑡 = 635𝛥𝑡 and 6350𝛥𝑡. The differences between 
fine-scale and hybrid simulations are almost negligible, as indicated by the overlapping lines. Similarly to previous sections, we also examine 
the temporal evolution of the maximum spatial errors of the average packing and cell temperatures (Fig.  9). Despite numerous expansions of the 
fine-scale subdomains throughout the hybrid simulations, the maximum spatial errors remain well within the upscaling errors, demonstrating the 
robustness and accuracy of the hybrid simulations.

4.5. Case 4: Accuracy of hybrid simulation with contracting fine-scale subdomain

Section 4.4 demonstrated cases involving the expansion of fine-scale subdomains. Conversely, the size of the breakdown region may also decrease 
over time. For instance, the heat generation rates of burning battery cells tend to diminish after reaching their peak. Consequently, an adaptive 
hybrid simulation cannot only expand but also contract the fine-scale subdomain as needed. This section will focus on scenarios that involve 
reducing the fine-scale subdomain and expanding the upscaled subdomains, utilizing the upscaled kernel developed in Section 3.3.2.

To mimic a reduced breakdown region, we initialize the simulation with a wider breakdown region, as shown in Fig.  8(d). As time evolves, we 
deliberately reduce the size of the breakdown region by varying 𝑥 such that 

𝑥 =

⎧

⎪

⎨

⎪

0.30 𝑡 ≤ 200𝛥𝑡,
0.20 200𝛥𝑡 < 𝑡 ≤ 400𝛥𝑡, (52)
⎩

0.10 𝑡 > 400𝛥𝑡.

16 



Y.N. Yao and I. Battiato International Journal of Heat and Mass Transfer 247 (2025) 127003 
Fig. 9. Maximum spatial errors as a function of time for all test cases: (a) packing, and (c) cell temperatures.

Fig.  8(e) illustrates the time evolution of the fine-scale subdomains as 𝐱 changes. As the breakdown region diminishes, the size of the fine-scale 
subdomain decreases, demonstrating the capability to modify subdomain sizes appropriately. Fig.  8(f) shows the centerline of the average packing 
temperature for both fine-scale and hybrid simulations at 𝑡 = 635𝛥𝑡 and 6350𝛥𝑡. These lines were nearly perfectly aligned with each other, indicating 
that the differences between the average packing temperatures of fine-scale and hybrid simulations are minimal. Fig.  9 shows the maximum spatial 
error as a function of time, clearly showing that the maximum spatial errors consistently remain within the bounds of the upscaling error.

5. Conclusion

We have developed an automatic-detecting and adaptive, non-intrusive two-sided hybrid method for multiscale heat transfer to couple fine-
scale and upscaled models while ensuring that the coupling error is bounded by the theoretical upscaling error. This method includes strategies 
to constantly verify whether dimensionless numbers remain within the applicability regimes of the continuum model. In practical applications, 
this adaptive hybrid method is most computationally efficient when the fine-scale subdomain constitutes a relatively small fraction of the overall 
domain, as larger fine-scale regions reduce computational savings. To enable adaptive hybrid simulations, we developed two kernels: an upscaling 
kernel for reducing the fine-scale subdomain and a downscaling kernel for expanding it. These kernels enable dynamic mapping of values between 
the fine-scale and upscaled subdomains. The hybrid method was numerically implemented using FEniCS. To assess the accuracy of our hybrid 
method, we simulated a thermal runaway scenario within a battery pack, characterized by a spatially heterogeneous distribution of heat generation 
rate, such that the applicability conditions of the upscaled model describing heat transport in the packing and cell domains were violated and a 
breakdown region could be identified. We conducted four different test cases to validate various aspects of the hybrid method: Case 1 tested the 
extension of the two-sided fixed hybrid method from the one-sided approach; Case 2 examined the accuracy of the auto-detecting feature, Case 3 
evaluated the capability of the downscaled kernel to expand the fine-scale subdomain; and Case 4 assessed the effectiveness of the upscaled kernel 
in reducing the fine-scale subdomain. For all scenarios, comparisons of average temperatures at 𝑡 = 635𝛥𝑡 and 𝑡 = 6350𝛥𝑡 showed that the differences 
between fine-scale and hybrid simulations were negligible. Additionally, maximum spatial errors were monitored over time, consistently staying 
below the upscaling errors.
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