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ABSTRACT  

Natural rocks in geothermal energy reservoir are heterogeneous and consist of fractures, solid and fluid phases that form complex 

structures at multiple scales. Explicit incorporation of multiple scales of fractures and heterogeneities into large-scale tightly coupled 

models is impractical and would cause tremendous computational costs. Therefore, efficient multi-scale and multi-physics strategies are 

necessary for capturing sub-grid-scale processes and their impacts on macroscopic behavior. In this work, we present a multiscale 

framework for coupled thermo-mechanical behavior of rocks in geothermal reservoir. The proposed approach allows for separate micro-

constitutive laws, which provides an efficient way of capturing both large- and small-scale processes. The performance of the modeling 

framework in simulation of geothermal energy reservoir is demonstrated through numerical examples. 

1. INTRODUCTION  

Enhanced geothermal systems (EGSs) are underground reservoirs where fluid can flow through the hot rocks, absorbing heat from the 

rocks that can be brought to the surface for use in a variety of applications (Tester et al., 2006). The importance of geothermal systems is 

increasing due to their energy security and low-carbon emissions compared with many other renewables. However, EGS requires reliable 

prediction and management of subsurface behavior. Unlike many engineered energy systems, EGS performance is controlled by coupled 

processes in a heterogeneous geological medium where heat transport occurs through fractures and pores which can evolve under 

changing thermo-mechanical conditions. Predicting the performance of EGS systems requires advanced modeling approaches that can 

link rock properties and microstructure to field-scale responses. 

In order to ensure the long term EGS stability and serviceability during injection and production of fluid wells, factors such as heat 

transfer, stress response, and thermo-mechanical (TM) coupling must be studied thoroughly. TM coupling refers to the interaction 

between temperature and displacement fields: temperature changes cause deformation through thermal expansion or contraction and 

potentially, deformation alters conductivity properties and heat flow. In geothermal applications, injection of cooler fluid into hot rock 

commonly induces thermal contraction near injection wells, producing thermal stress concentration that can open or close fractures 

(Rathnaweera et al., 2020; Zhou et al., 2024; Parisio et al., 2019). Similarly, deformation and stress alter fracture apertures and contact 

conditions, ultimately influencing heat extraction efficiency. Coupled TM modelling is therefore central to predicting reservoir 

performance and risk. Reviews of fractured rock modeling in geothermal applications commonly identify TM coupling as essential for 

predicting fracture network evolution and long-term performance (Vaezi et al., 2025). From a modeling standpoint, TM coupling typically 

enters through thermoelastic or thermoplastic constitutive relations, where temperature changes produce thermal strains that affect the 

total stresses (Jiménez-Camargo et al., 2025). This can further promote or suppress fracture opening and influence the mechanical 

interaction among fracture planes (Salimzadeh et al., 2018; Pandey et al., 2017; Zhou et al., 2024; Aliyu, 2025). 

EGS performance is controlled by strongly coupled thermo-mechanical processes that act across spatial scales: from microscopic mineral 

fabric to geothermal reservoir. Natural soils and rocks are typically anisotropic with direction-dependent thermal conductivity,  

mechanical properties, and thermal expansion. In geological settings, anisotropy commonly arises from fabric, layering, mineral 

orientation, and fractures, where bedding planes create strong contrasts between in-plane and cross-plane transport and deformation 

mechanisms (Abuel-Naga & Bergado, 2005). Shales are common examples of transversely isotropic rocks, where anisotropy arises in 

the bedding plane normal direction (Kim et al., 2012). Thermal anisotropy is also widely observed in clay-rich and layered formations, 

where thermal conductivity parallel to bedding planes can differ significantly from that normal to bedding, affecting predicted temperature 

fields (Davis et al., 2007). Mechanical anisotropy similarly impacts wellbore stability, fracture growth, and stress evolution (Choo et al., 

2021). Recent studies emphasize the possibility of scale dependence in heterogeneous geomaterials, which motivates homogenization 

and upscaling approaches for field-scale simulations (Wu et al., 2021). 

A central challenge in modeling anisotropy is that fully anisotropic constitutive descriptions are often difficult to derive and involve 

intensive computational time. Existing anisotropic modeling approaches can be broadly grouped into either thermal or mechanical. 

Thermal anisotropic models used in the literature have employed the generalized Fourier’s law to form a second-order conductivity tensor, 

enabling representation of transversely isotropic, orthotropic, and fully anisotropic conduction (Wang et al., 2021; Kim et al., 2012), 

homogenization and upscaling methods that compute effective conductivities from multi-phase microstructures in composites (Giraud et 

al., 2007; Giraud et al., 2008). Mechanical anisotropy is often captured with anisotropic elastic, path- or rate-dependent response 

considering strength criteria that embed plane of weakness which are widely observed for layered sedimentary rocks (Choo et al., 2021; 

Semnani & White, 2020). Additional anisotropic models such as critical-state-based models incorporates rotated yield surfaces and 

rotational hardening rules (Wheeler et al., 2003; Dafalias et al., 2006; Rezania & Dejaloud, 2021; Semnani et al., 2016). Viscous 
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extensions further combine anisotropy with rate dependence to represent creep and time-dependent deformation (Yin et al., 2010). 

Microstructure-based approaches for anisotropic clayey rocks employ multistep homogenization to determine macroscopic elastic tensors 

and yield behavior (Chen et al., 2023). Thermo-mechanical anisotropy models typically require both anisotropic thermal and mechanical 

responses. Classical thermo-elasticity generalizes the constitutive relation by introducing a directional thermal expansion tensor, as well 

as an anisotropic stiffness, enabling directional thermal stress development (Cooper & Simmons, 1977). 

While rock microstructure determines the macroscopic anisotropic thermo-mechanical behavior of these materials, directly resolving 

microstructure at the microscale is computationally infeasible. Homogenization techniques provide a systematic approach to bridge these 

scales by deriving macroscopic constitutive behavior from representative microstructures while preserving coupling between thermal and 

mechanical fields. This work is motivated by the need for reliable coupled TM predictions in EGS performance and risk assessment by 

providing a methodology to embed microstructural anisotropy into continuum-scale TM simulations. We develop a multiscale thermo-

mechanical homogenization framework tailored to layered rocks, in which anisotropic thermo-mechanical response is naturally captured 

due to the layered microstructure. We develop a material update algorithm based on the proposed homogenization scheme and implement 

it within the Finite Element framework to perform boundary value simulations. The paper is organized as follows: Section 2 discusses 

the technical details of the homogenization framework for thermo-mechanical coupling and the material point update algorithm. Section 

3 includes the corresponding finite element method (FEM) implementations. Section 4 is dedicated to numerical examples for verifying 

the homogenization model against high-fidelity FEM simulations, as well as a wellbore boundary value problem to demonstrate the 

applicability of the proposed approach in practical geological settings. 

2. MULTI-SCALE MODELING FRAMEWORK 

In the following sections, we present a multiscale thermo-mechanical homogenization framework for layered materials. The approach 

combines microscale boundary-value problems defined on periodic unit cells with macroscopic balance laws for energy and linear 

momentum. The methodology produces homogenized stress and heat flux, as well as effective macroscopic stiffness and conductivity 

tensors to be implemented in a macroscopic thermo-mechanical finite element framework. Furthermore, the proposed approach allows 

us to incorporate path- and rate-dependent behaviors of the rock materials. 

2.1 Asymptotic Homogenization 

Consider a macroscopic body 𝛺 with a microstructure represented by a spatially periodic unit cell 𝑌. The unit cell is composed of repeating 

parallel layers 𝑌𝑚 with index 𝑚 ∈ 𝐿 = {1,2,… ,𝑀}. The material is Y-periodic in the direction normal to the layers, 𝐧, resulting in a 

unidirectional microstructure. We assume that the displacement field is continuous within each layer 𝑌𝑚. Following the asymptotic 

homogenization theory a macroscopic coordinate, 𝐱, and a microscopic coordinate, 𝐲 are considered. We define 𝐿 and 𝑙 to be the 

macroscopic and microscopic characteristic length scales and define the period 𝜖 of the unit cell as 

𝜖 =
𝑙

𝐿
, 𝜖 ≪ 1                                      (1) 

with the two coordinate systems related as 

𝑦 = 𝑥/𝜖                                                             (2) 

Due to the unidirectional periodicity of the unit cell, a scalar microscopic coordinate 𝑦 is defined as 

𝑦 = 𝐲 ⋅ 𝐧 =
1

𝜖
(𝐱 ⋅ 𝐧)                              (3) 

It is assumed that the two scales, 𝐱 and 𝑦 are clearly separated and all material properties are Y-periodic fields. The microstructure at 

each integration point is assumed to be periodic. Accordingly, the material model developed here is applied at an integration point within 

a finite element solver. We note that the total derivative with respect to 𝐱 can be computed as 

𝑑

𝑑𝐱
=

𝜕

𝜕𝐱
+

1

𝜖

𝜕

𝜕𝐲
                                                                       (4) 

Similarly, divergence of a continuous second order tensor 𝝈 can be written as 

𝛻 ⋅ 𝛔̇ = 𝛻𝑥 ⋅ 𝛔̇ +
1

𝜖
𝛻𝑦 ⋅ 𝛔̇                                                (5) 

where 

  (𝛻𝑥 ⋅ 𝛔̇)𝑖𝑗 =
𝜕𝛔̇𝑖𝑗

𝜕𝑥𝑗
 and (𝛻𝑦 ⋅ 𝛔̇)

𝑖𝑗
=

𝜕𝛔̇𝑖𝑗

𝜕𝑦
 𝑛𝑗                              (6) 

2.2 Governing Equations 

Let us denote by 𝐮(𝐱, 𝑦) the displacement field and 𝑇(𝐱, 𝑦) the temperature field where both unknown fields are a function of the 

macroscopic and microscopic coordinates. Because we are interested in nonlinear material behavior, we choose to work with the rate 

form of the momentum equation to derive the homogenized model. Consider the balance of linear momentum as: 
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𝛻 ⋅ 𝛔̇ + 𝐛̇ = 𝟎                        (7) 

𝛻 ⋅ [𝐂: (𝛆̇ − 𝛂𝐬𝑇̇)] + 𝐛̇ = 𝟎                  (8) 

in which 𝐂 is the stiffness tangent, 𝛂𝐬 is the thermal expansion matrix, and 𝐛 is the body force. The energy balance equation is 

(𝜌𝑐)eff𝑇̇ + 𝛻 ⋅ 𝐪T = 𝑟T                                     

𝐪T = 𝜿𝑇 ⋅ 𝛻𝑇                  (9) 

where 𝜌 and 𝑐 denote the mass density and specific heat capacity of the mixture, 𝐪T denotes heat flux, 𝜿𝑇 is the thermal conductivity 

matrix and 𝑟T is the energy source term. following the asymptotic homogenization theory, the unknown displacement and temperature 

fields can be represented by a truncated power series of 𝜖 as 

𝐮(𝐱, 𝑦) = u(0) + 𝜖𝐮(1) + 𝜖2𝐮(2) + ⋯

𝑇(𝐱, 𝑦) = 𝑇(0) + 𝜖𝑇(1) + 𝜖2𝑇(2) + ⋯
                                                             (10) 

We have 

𝛔̇ = 𝜖−1𝛔̇(−1) + 𝜖0𝛔̇(0) + 𝜖1𝛔̇(1) + ⋯  

𝐪T = 𝜖−1𝐪T
(−1)

+ 𝜖0𝐪T
(0)

+ 𝜖1𝐪T
(1)

+ ⋯               (11) 

By replacing Equation (11) in Equations (7) and (9) and setting orders of 𝜖−2, 𝜖−1 and 𝜖0 to zero, we obtain for the balance of momentum: 

𝛻𝑦 ⋅ 𝛔̇(−1) = 0                    (12a) 

𝛻𝑥 ⋅ 𝛔̇(−1) + 𝛻𝑦 ⋅ 𝛔̇(0) = 0              (12b) 

𝛻𝑥 ⋅ 𝛔̇(0) + 𝛻𝑦 ⋅ 𝛔̇(1) = 0               (12c) 

For the balance of energy, we obtain: 

𝛻𝑦 ⋅ 𝐪T
(−1)

= 0                 (13a) 

𝛻𝑥 ⋅ 𝐪T
(−1)

+ 𝛻𝑦 ⋅ 𝐪T
(0)

= 0                    (13b) 

𝛻𝑥 ⋅ 𝐪T
(0)

+ 𝛻𝑦 ⋅ 𝐪T
(1)

+ (𝜌𝑐)eff𝑇̇
(0) = 𝑟T                  (13c) 

From Equations (12a) and (13a) we have 

𝐮̇(0) = 𝐮̇(0)(𝐱), 
𝜕𝐮̇(0)

𝜕𝐲
= 0, 𝛔̇(−1) = 0                   (14) 

𝑇(0) = 𝑇(0)(𝐱), 
𝜕𝑇(0)

𝜕𝐲
= 0, 𝐪T

(−1)
= 0              (15) 

Here, 𝐮(0)(𝐱) and 𝑇(0)(𝐱) represent the macroscopic component of the displacement and temperature fields, which are only a function 

of the macroscopic coordinate. In contrast, 𝐮(1)(𝐱, 𝑦) and 𝑇(1)(𝐱, 𝑦) represent the microscopic displacement and temperature fluctuations, 

which vary quasi-periodically across unit cells. Using Equation (14) in Equation (12b) leads to the microscopic momentum balance: 

𝛻𝑦 ⋅ 𝛔̇(0) = 0                  (16) 

Therefore, 𝛔̇(0) ⋅ 𝐧 = 𝐭̇(𝐱) is constant in unit cell Y. Similarly, using Equation (15) in Equation (13b) leads to the microscopic energy 

conservation: 

𝛻𝑦 ⋅ 𝐪T
(0)

= 0                (17) 

Therefore, 𝐪T
(0)

⋅ 𝐧 = f𝑇(𝐱) is constant in unit cell Y. Here, 𝐭(𝐱) denotes the traction vector resulting from stresses acting in the bedding 

normal direction, which must be continuous in all layers to satisfy unit cell equilibrium. Similarly, 𝑓T(𝐱) denotes the heat flux vector that 

must also be in equilibrium in the bedding normal direction.  

Let us define the averaging operator ⟨•⟩ =
1

|𝑌|
∫ (
𝑌

•)d𝑦. Applying the averaging operator to Equation (12c) yields the macroscopic balance 

of momentum as 
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1

|𝑌|
[∫ 𝛻𝑥𝑌

⋅ 𝛔̇(0)d𝑦 + ∫ 𝛻𝑦𝑌
⋅ 𝛔̇(1)d𝑦 + ∫ 𝐛̇

𝑌
 d𝑦] = 0

1

|𝑌|
[𝛻𝑥 ⋅ ∫ 𝛔̇(0)

𝑌
d𝑦 + ∫ 𝛔̇(1)

𝛤𝑌
⋅ 𝐧 ⋅ d𝛤 + ∫ 𝐛̇

𝑌
 d𝑦] = 0

𝛻𝑥 ⋅ ⟨𝛔̇(0)⟩ + ⟨𝐛̇⟩ = 0

𝛻𝑥 ⋅ 𝚺̇ + 𝐁̇ = 0

                                                        (18) 

Similarly, applying the averaging operator to Equation (13c) gives the macroscopic balance of energy equation as 

1

|𝑌|
[∫ 𝛻𝑥𝑌

⋅ 𝐪T
(0)

d𝑦 + ∫ (𝜌𝑐)eff𝑌
𝑇̇(0)d𝑦] =

1

|𝑌|
∫ 𝑟T𝑌

d𝑦

1

|𝑌|
[𝛻𝑥 ⋅ ∫ 𝐪T

(0)

𝑌
d𝑦 + 𝑇̇(0) ∫ (𝜌𝑐)eff𝑌

d𝑦] =
1

|𝑌|
∫ 𝑟T𝑌

d𝑦

𝛻𝑥 ⋅ ⟨𝐪T
(0)

⟩ + ⟨(𝜌𝑐)eff⟩𝑇̇
(0) = 𝑅T

∇𝑥 ⋅ 𝐐T + (𝜌𝑐)eff𝑇̇
(0) = 𝑅T

                                        (19)  

The displacement, temperature, strain and temperature gradient fields can be additively decomposed using two scale approximations as 

𝐮 = 𝐮(0) + 𝜖𝐮(1)                                    (20) 

𝑇 = 𝑇(0) + 𝜖𝑇(1)                                 (21) 

𝛆 = 𝛆𝑚 = 𝛻𝑥
𝑠𝐮(0) + 𝛻𝑦

𝑠𝐮(1) = 𝐄(𝐱) + 𝐞                       (22) 

𝛻𝑇 = 𝛻𝑇𝑚 = 𝛻𝑥𝑇
(0) + 𝛻𝑦𝑇(1) = 𝐆T(𝑥) + 𝑔𝑇                  (23) 

The strain and temperature gradient fields are potentially discontinuous at the layer interfaces, despite the continuity of displacement and 

temperature fields throughout the unit cell.  Since 𝑢(1) and 𝑇(1) are periodic in 𝑌, the following compatibility conditions must be satisfied: 

∑ ∫
𝜕𝐮(1)

𝜕𝑦𝑌𝑚
𝑚∈𝐿  d𝑦 = 0                (24) 

∑ ∫
𝜕𝑇(1)

𝜕𝑦𝑌𝑚
𝑚∈𝐿  d𝑦 = 0                (25) 

where 𝑚 denotes the 𝑚-th layer. We also define the microscopic displacement gradient vectors and microscopic temperature gradient 

vectors of the layers as 

𝐯𝑚 =
𝜕𝐮𝑚

(1)

𝜕𝑦
, 𝛆𝑚 = 𝐄 + 𝐯𝑚 ⊗

𝑠

𝐧               (26) 

𝑔T𝑚
=

𝜕𝑇𝑚
(1)

𝜕𝑦
, 𝛻𝑇𝑚 = 𝐆T + 𝑔T𝑚

𝐧                 (27) 

By denoting 𝜙𝑚 to be the volume fraction of layer 𝑚, with ∑ 𝜙𝑚𝑚∈𝐿 = 1, Equation (24) and (25)  become 

∑ 𝜙𝑚𝑚∈𝐿 𝐯𝑚 = 𝟎                 (28) 

∑ 𝜙𝑚𝑚∈𝐿 𝑔T𝑚
= 0                (29) 

The micro-scale balance equations to be satisfied for each layer are 

𝛔𝑚. 𝒏 = 𝒕0(𝒙)                (30) 

𝐪T𝑚
. 𝒏 = 𝒇𝑇(𝒙)                (31) 

where 𝛔𝑚 and 𝐪T𝑚
denote the stress tensor and heat flux within each layer, respectively. Note that the particular models chosen for the 

layers do not impact the overall homogenization algorithm. 

2.3 Solution to the Micro-scale Problem 

We use brackets {. } to denote a second order tensor that has been converted to a vector form. Let 
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𝐁𝟏 =

[
 
 
 
 
 
𝑛1 0 0
0 𝑛2 0
0 0 𝑛3

0 𝑛3 𝑛2

𝑛3 0 𝑛1

𝑛2 𝑛1 0 ]
 
 
 
 
 

, 𝐁𝟐 = [

𝑛1

𝑛2

𝑛3

]                        (32) 

The strain and temperature gradient of the layers are defined in vector form as 

{𝛆𝑚} = {𝐄} + 𝐁𝟏𝐯𝑚

𝛻𝑇𝑚 = 𝐆T + 𝐁𝟐𝑔T𝑚

                     (33) 

For the case of a bi-layer medium with two layers A and B, applying the microscopic continuity and periodicity conditions gives the 

following residual and unknown vectors 

𝐑(𝐗) =

[
 
 
 
 
 
 

𝐁𝟏
⊤{𝛔𝐴} − 𝐭

𝐁𝟏
⊤{𝛔𝐵} − 𝐭

𝜙𝐴𝐯𝐴 + 𝜙𝐵𝐯𝐵

𝐁𝟐
⊤𝐪T𝐴

− 𝑓T

𝐁𝟐
⊤𝐪T𝐵

− 𝑓T
𝜙𝐴𝑔T𝐴

+ 𝜙𝐵𝑔T𝐵]
 
 
 
 
 
 

= 𝟎  with  𝐗 =

[
 
 
 
 
 
𝐯𝐴

𝐯𝐵

𝐭
𝑔T𝐴

𝑔T𝐵

𝑓T ]
 
 
 
 
 

                   (34) 

The Jacobian matrix is derived by linearization of the nonlinear residual vector as 

𝓙 =
𝜕𝐑

𝜕𝐗
=

[
 
 
 
 
 
 
𝐁𝟏

⊤𝐂𝐴𝐁𝟏 −𝟏

𝐁𝟏
⊤𝐂𝐵𝐁𝟏 −𝟏

𝜙𝐴𝟏 𝜙𝐵𝟏

𝐁𝟐
⊤𝛋T𝐴

𝐁𝟐 −1

𝐁𝟐
⊤𝛋T𝐵

𝐁𝟐 −1

𝜙𝐴 𝜙𝐵 ]
 
 
 
 
 
 

            (35) 

At convergence, we calculate the macroscopic stress tensor, 𝚺, and the macroscopic heat flux tensor, 𝐐T, which are defined as the volume 

averages of the microscopic stress and heat flux tensors in each layer, respectively, 

𝚺 = ∑ 𝜙𝑚𝑚∈𝐿 𝛔𝑚, 𝐐T = ∑ 𝜙𝑚𝑚∈𝐿 𝐪T𝑚                            (36) 

Letting 𝓖 = 𝓙−1, the homogenized consistent tangent operator is calculated as 

𝐂‾ =
𝜕{𝚺}

𝜕{𝐄}
= ∑ 𝜙𝑚𝐂𝑚𝑚∈𝐿 − ∑𝑚∈𝐿  ∑ 𝜙𝑚𝑪𝑚𝐁𝟏𝓖𝑚𝑛

11
𝑛∈𝐿 𝐁𝟏

⊤𝐂𝑛                   (37) 

where 𝓖𝑚𝑛
11  represents the upperleft sub-block of matrix 𝓖, whose row and column indices correspond to the residual equations for layer 

m and n. Similarly, the homogenized thermal conductivity tensor is obtained as: 

𝐊‾ T =
𝜕𝐐T

𝜕𝐆T
= ∑ 𝜙𝑚𝛋T𝑚

− ∑ ∑ 𝜙𝑚𝛋T𝑚
𝐁𝟐𝓖𝑚𝑛

33
𝑛∈𝐿 𝐁𝟐

⊤𝛋T𝑛𝑚∈𝐿𝑚∈𝐿              (38) 

where 𝛋T𝑚
 denotes the thermal conductivity matrix of layer m and 𝓖𝑚𝑛

33  represents the lower-right sub-block of matrix 𝓖. 

3. FINITE ELEMENT FORMULATION 

By decomposing the boundary 𝛤 of the problem domain 𝛺 into regions where essential and natural boundary conditions are specified, 

the boundary conditions are given as 

𝐮 = 𝐮  on 𝛤𝐮
𝐧 ⋅ 𝛔 = 𝐭  on 𝛤𝐭
𝑇(0) = 𝑇‾  on 𝛤𝑇

𝐐T .  𝒏̅ = 𝑞‾T  on 𝛤𝑞T
.

                   

⟦𝐐T . 𝒏⟧ = 0  

𝑇(0)(𝒙, 𝑦, 0) = 𝑇0(𝒙, 𝑦)            (39) 
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where 𝛤𝐮 is the solid displacement boundary, 𝛤𝐭 is the solid traction boundary, 𝛤𝑇 is the temperature boundary, and 𝛤𝑞T
 is the heat flux 

boundary. Finally, for all 𝐱 ∈ 𝛺  initial conditions at 𝑡 = 0 are given as 

𝐮(𝐱, 𝑡 = 0) = 𝐮0, 𝑇(𝐱, 𝑡 = 0) = 𝑇0                             (40) 

We consider the spaces of trial functions defined as 

𝒰 = {𝐮:𝛺 → 𝑅3 ∣ 𝑢𝑖 ∈ 𝐻1, 𝐮 = 𝐮 on 𝛤𝐮}

𝒯 = {𝑇: 𝛺 → 𝑅3 ∣ 𝑇 ∈ 𝐻1, 𝑇 = 𝑇‾  on 𝛤𝑇}
                            (41) 

where 𝐻1 denotes a Sobolev space of degree one. We also define the corresponding spaces of testing functions 

𝒰∗ = {𝛈:𝛺 → 𝑅3 ∣ 𝜂𝑖 ∈ 𝐻1, 𝛈 = 𝟎 on 𝛤𝐮}

𝒯∗ = {𝜙:𝛺 → 𝑅3 ∣ 𝜙 ∈ 𝐻1, 𝜙 = 0 on 𝛤𝑇}
                          (42) 

Defining 𝛔′′̇ = ℂ: 𝛆̇  and 𝛃 = ℂ:𝛂𝐬 , the weak form of the problem is then to find {𝐮, 𝑇} ∈ 𝒰 × 𝒯 such that for all {𝛈,𝜙} ∈ 𝒰∗ × 𝒯∗, 

∫ 𝛻s
𝛺

𝛈: 𝛔̇′′d𝛺 − ∫ 𝛻s
𝛺

𝛈: 𝛃𝑇̇ d𝛺 − ∫ 𝛈
𝛺

⋅ 𝐛̇d𝛺 − ∫ 𝛈
𝛤𝐭

⋅ 𝐭̇ d𝛤 = 0

−∫ 𝜙
𝛺

(𝜌𝑐)eff 𝑇̇ d𝛺 + ∫ 𝛻
𝛺

𝜙 ⋅ 𝐪Td𝛺 + ∫ 𝜙
𝛤𝑞T

𝑞‾T d𝛤 = 0
                          (43) 

Using space discretization by introducing a discrete trial space 𝒰ℎ × 𝒯ℎ and testing space 𝒰∗
ℎ

× 𝒯∗
ℎ

 corresponding to the chosen finite 

element interpolations, the fully discrete weak form of the problem is now 

∫ (𝛻𝑠𝛈ℎ: 𝛔̇′′ℎ − 𝛻𝑠𝛈ℎ: 𝛃𝑇̇ℎ − 𝛈ℎ ⋅ 𝐛̇)
𝛺

d𝛺 − ∫ 𝛈ℎ
𝛤𝑡

⋅ 𝐭̇ d𝛤 = 0

∫ (−𝜙ℎ(𝜌𝑐)eff𝑇̇
ℎ + 𝛻𝜙ℎ ⋅ 𝐪T

ℎ)
𝛺

d𝛺 + ∫ 𝜙ℎ
𝛤𝑞T

𝑞‾Td𝛤 = 0
                     (44) 

The displacement, pore pressure, and temperature fields are approximated as 

𝐮ℎ = 𝐍𝑑𝐝, 𝑇ℎ = 𝐍th𝐓               (45) 

where 𝐍𝑑, and 𝐍th are matrices of displacement and temperature shape functions, and 𝐝 and 𝐓 are the corresponding vectors of 

displacement and temperature unknowns. Furthermore, we define the following transformation matrices: 

𝛻𝑠𝐮ℎ = 𝐁𝐝

𝛻𝑇ℎ = 𝐄th𝐓

                               (46) 

Similarly, for temporal discretization, we use the generalized trapezoidal integration method and rewrite the balance of energy at a discrete 

time step 𝑛 such that 

∫ −
𝛺

𝜙ℎ(𝜌𝑐)eff
𝑇𝑛+1

ℎ −𝑇𝑛
ℎ

𝛥𝑡
+ 𝛻𝜙ℎ ⋅ 𝐪T𝑛+𝜃

ℎ + ∫ 𝜙ℎ
𝛤𝑞T

𝑞‾T𝑛+𝜃
d𝛤 = 0                          (47) 

where 

𝑞‾T𝑛+𝜃
= 𝜃𝑞‾T𝑛+1

+ (1 − 𝜃)𝑞‾T𝑛

𝐪T𝑛+𝜃
= 𝜃𝐪T𝑛+1

+ (1 − 𝜃)𝐪T𝑛

                        (48) 

and 𝜃 ∈ [0,1] is an integration parameter. 𝜃 = 1 gives the first-order backward-Euler scheme, and 𝜃 = 1/2, gives the second-order 

Crank-Nicolson scheme. The incremental solution for the Newton-Raphson update at iteration 𝑘 + 1 is determined as 

[
𝐊 𝚲
𝟎 𝐆

]
𝑘
[
𝛥𝐝
𝛥𝐓

]
(𝑘+1)

= [
𝐑𝐺

𝐑𝐽
]
𝑘

                        (49) 

where 

𝐊 = ∫ 𝐁T
𝛺

𝐂‾𝑘𝐁 d𝛺

𝚲 = −∫ 𝐁T
𝛺

𝛃𝐍th d𝛺

𝐆 = 𝜃𝛥𝑡 ∫ 𝐄thT

𝛺
𝐊‾ T𝑘

𝐄th d𝛺 − ∫ 𝐍thT

𝛺
(𝜌𝑐)eff
̅̅ ̅̅ ̅̅ ̅̅ ̅𝐍th d𝛺

            (50) 

where 𝐂‾ and 𝐊‾ T𝑘
 are the homogenized consistent tangent and thermal conductivity tensors. The corresponding residual equations are 
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𝐑𝐺 = ∫ (𝛻𝑠𝛈ℎ: 𝚺𝑛+1
ℎ − 𝛈ℎ ⋅ 𝐛)

𝛺
d𝛺 − ∫ 𝛈ℎ

𝛤𝑡
⋅ 𝐭𝑛+1 d𝛤

𝐑𝐽 = ∫ −
𝛺

𝜙ℎ(𝜌𝑐)eff
𝑇𝑛+1

ℎ −𝑇𝑛
ℎ

𝛥𝑡
+ 𝛻𝜙ℎ ⋅ 𝐐T𝑛+𝜃

ℎ + ∫ 𝜙ℎ
𝛤𝑞T

𝑞‾T𝑛+𝜃
d𝛤,

                     (51) 

Here, 𝚺𝑛+1
ℎ  and 𝐐T𝑛+𝜃

ℎ  are the homogenized macro stress at time step 𝑛 + 1 and homogenized macro flow at time step 𝑛 + 𝜃. 

Finally, the following material point update algorithm is implemented at each integration point of the Finite  

Element solver: 

Input: 𝐄𝑛, and 𝐆T
𝑛 

Output: 𝚺𝑛, 𝐂‾𝑛, 𝐐T
𝑛, and 𝐊‾ T

𝑛 

1. Set local iteration counter 𝑘 = 0 and initial guess 𝐗𝑘 = 0. 

2. For each layer 𝑚 ∈ 𝐿: 

– Call solid material subroutine for layer 𝑚: 

Inputs: 𝛆𝑚 = 𝐄 + 𝐁𝟏𝐯𝑚,  𝛆𝑚
 𝑛−1. 

Outputs: 𝛔𝑚, 𝐂𝑚. 

– Call thermal subroutine for layer 𝑚: 

Inputs: 𝛻𝑇𝑚 = 𝐆T + 𝐁𝟐𝑔T𝑚
,  𝛻𝑇𝑚

 𝑛−1. 

Outputs: 𝐪T𝑚
,  𝛋T𝑚

. 

3. Assemble residual 𝐑𝑘(𝐗𝑘). 

4. If ∥ 𝐑𝑘 ∥< 𝜀tol go to Step 7. 

5. Else, perform Newton update 𝐗𝑘+1 = 𝐗𝑘 − (𝐉−1)𝑘  𝐑𝑘 . 
6. Set 𝑘 ← 𝑘 + 1 and return to Step 2. 

7. Compute the macro-stress 𝚺 = ∑ 𝜙𝑚𝑚∈𝐿 𝛔𝑚. 

8. Compute the macro-flux 𝐐T = ∑ 𝜙𝑚𝑚∈𝐿 𝐪T𝑚
. 

9. Compute the consistent tangent operator 𝐂‾𝑛,  

and macroscopic heat conductivity matrix 𝐊‾ T
𝑛. 

10. Save the sub-model states of each layer for the next timestep: 

– 𝛆𝑚
 𝑛 ← 𝛆𝑚. 

– 𝛻𝑇𝑚
 𝑛 ← 𝛻𝑇𝑚. 

 

4. RESULTS AND DISCUSSION 

In this section, we present several numerical examples using the proposed multiscale modeling framework to assess its performance in 

capturing the thermo-mechanical response of rocks. This includes anisotropy in mechanical and thermal properties. We will incorporate 

different constitutive laws for the layers at the microscopic scale to demonstrate the flexibility of the framework. 

4.1 Micro-constitutive Models 

For a linear elastic material, the stress tensor of the layers is related to the strain tensor of the layers as 

𝛔 = ℂe: 𝛆 ,   ℂe = K(𝟏 ⊗ 𝟏) + 2G(−
1

3
𝟏 ⊗ 𝟏)              (52) 

in which K and G denote the bulk and shear moduli, respectively. The elasto-plastic model considered is the Modified Cam-Clay (MCC) 

model, with the following yield function: 

𝑓(𝑝, 𝑞, 𝑝𝑐) =
𝑞2

𝑀2 + 𝑝(𝑝 − 𝑝𝑐) ≤ 0                                                                                                                                                                 (53) 

where 𝑀 > 0 is the slope of the critical state line (CSL), and 𝑝𝑐 > 0 is the pre-consolidation pressure. 𝑝 and 𝑞 are the volumetric and 

deviatoric stress invariants, respectively, which are defined as 

𝑝 : =
1

3
tr(𝛔), 𝑞 := √

3

2
∥∥𝛔 − 𝑝𝟏∥∥              (54) 

The hardening law is given by 

𝑝̇𝑐 = ℎ tr(𝜺̇p)                (55) 

In which tr(. ) Denotes the trace of a tensor and ℎ is the hardening modulus. 

4.2 Example 1: Comparison of the Homogenized and High-fidelity Models 

This example demonstrates the performance of the proposed model for general initial-boundary value problems. For this purpose, we 

simulate a time-dependent, anisotropic thermo-mechanical plane strain problem for consolidation of a layered thermo-elastic column of 

height 𝐿 and width 𝐿. The domain consists of 20 layers of equal size (alternating as layer A and layer B), with a constant distributed load 

𝑤 and a constant heat flux applied on the top. The lower boundary is fixed in the vertical direction, with its midpoint also fixed in the 

horizontal direction. The column is discretized uniformly into 20 quadrilateral elements with biquadratic displacement and bilinear 

temperature. The prescribed distributed load is 𝑤 = −1 × 105 Pa and the prescribed heat flux is 1.59 W/𝑚2. The material properties 
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selected for the layers are shown in Table 1. Using the standard displacement-based finite element method in conjunction with Newton’s 

method, we solve this problem with a constant time increment of 1 day. The deal.II Finite Element Library is used for the finite element 

simulations. 

We once simulate this problem by explicitly modeling the individual layers (shown with label “direct” in Figures 1 and 2), and once with 

the proposed homogenization approach in which a two-layer unit cell consisting of layer A and layer B is used (shown with label 

“homogenized” in Figures 1 and 2). We observe from Figures 1 and 2 that the homogenization approach captures the overall responses 

of the layers well. The homogenized strain and temperature gradient align exactly with the direct responses and reflect the variation in 

strain and temperature gradient in layers A and B. Figure 2 verifies that the stresses in layers A and B are in equilibrium with the 

macroscopic applied stress. 

Table 1: Simulation parameters used in Example 1. 

Properties 𝐸 (Pa) 𝜈 𝜌 (kg/m3) 𝐶𝑝 (J/kg/℃) 𝛼𝑠(1/℃) 𝜅 (W/m/℃) 

Layer A 40×109 0.25 2000 1000 5×10-6 2 

Layer B 75×109 0.25 2000 1000 5×10-6 4 

 

 

Figure 1: Results of explicit modeling of layers (labeled as “direct”) and homogenization model results for strain and temperature 

gradient at the integration points along the vertical direction for layers A and B. 

 

Figure 2: Results of explicit modeling of layers (labeled as “direct”) and homogenization model results for stress and heat flux 

gradient at the integration points along the vertical direction for layers A and B. 

4.3 Example 2: Borehole Problem 

This example aims to investigate the performance of the homogenization model in simulating boundary value problems. For this purpose, 

the thermo-mechanical material point update algorithm is implemented within each integration point of a nonlinear finite element solver 
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to simulate the anisotropic response. Specifically, we study the performance of the homogenization model in the application of time-

dependent behavior of boreholes in anisotropic rocks, which is relevant for wellbore stability. 

 

Figure 3: The geometry and mesh used for the borehole problem in Example 2. 

We consider a borehole with a radius of 0.1 m represented in 2D as a circle inside a square domain in plane strain conditions (Figure 3). 

The dimension of the model is 1 m by 1 m in the x and y directions. Due to symmetry, only a quarter of the geometry is simulated. In this 

case, all external boundaries have a roller support and zero flux boundary conditions, while the borehole surface is subjected to radial 

traction and heat flux. The domain consists of Haynesville shale material with properties shown in Table 2. The mechanical properties 

are based on the parameters calibrated by Choo et al. (2021). The initial rock temperature is assumed as 0℃. Using the standard 

displacement-based finite element method, we simulate the domain using quadrilateral elements with biquadratic displacement and 

bilinear temperature at a constant time increment of 0.5 day. To examine the effect of anisotropy on the borehole behavior, we repeat the 

simulations with three different bedding plane orientations of 𝜃 = 0°, 𝜃 = 45°, and 𝜃 = 90°. 

Table 2: Simulation parameters used in Example 2 for anisotropic Haynesville shale. 

Property 𝜙 𝐸 (Pa) 𝜈 𝑀 𝑝𝑐(Pa) ℎ (Pa) 𝜌 (kg/m3) 𝐶𝑝 (J/kg/℃) 𝛼𝑠(1/℃) 𝜅(W/m/℃) 

Layer A 0.455 5.9×109 0.28 0.9 18×106 225×102 2366 1004 11.39×10-6 1.8 

Layer B 0.545 41×109 0.36 - - - 2366 1004 11.39×10-6 5.8 

 

 

Figure 4: Temperature and displacement responses for (a-c) 𝜽 = 𝟎°, (d-f) 𝜽 = 𝟒𝟓° , and (g-i) 𝜽 = 𝟗𝟎°   
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Figure 5: Macroscopic stress responses for (a-c) 𝜽 = 𝟎°, (d-f) 𝜽 = 𝟒𝟓° , and (g-i) 𝜽 = 𝟗𝟎°   

 

Figure 6: Temperature (a) and displacement (b) variations in the radial direction for three bedding plane angles. 

The results are shown in Figures 4 to 6. It is observed that the x and y displacement responses (Figure 4) as well as the macroscopic 

stresses Σ𝑥𝑥, Σ𝑦𝑦 and Σ𝑥𝑦  are dependent on the bedding plane angle, where the x and y displacement and stresses between 𝜃 = 0° and 

𝜃 = 90° are mirrors of each other around the diagonal axis, as expected due to symmetry. Similarly, we observe in Figure 6(b) that  𝑢𝑥 

at  𝜃 = 0° is the same as 𝑢𝑦 at  𝜃 = 90° and vice versa. Figure 6(a) shows that the variation of temperature in the radial direction is the 

same for 𝜃 = 0° and 𝜃 = 90°, while it is different for 𝜃 = 45°. Bedding plane orientation of 𝜃 = 45° leads to the largest magnitude of 

shear stress in the domain. 
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5. CONCLUSION 

Accurately representing anisotropy of rocks in geothermal applications is challenging because anisotropy can be scale-dependent, where 

direct discretization of all layers is typically infeasible. Homogenization and multiscale methods provide a systematic approach to derive 

effective macroscale constitutive behavior from an explicit description of the microscale. This work develops a thermo-mechanical 

homogenization framework tailored to layered geomaterials relevant to EGS applications. By constructing effective thermo-mechanical 

properties from microstructural descriptions, our homogenization model avoids the expensive cost of using fine mesh in field-scale finite 

element simulations. 
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