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Abstract

The Goos-Hinchen effect, arising in the total reflection of a parallel beam linearly
polarized, is treated comprehensively. It was originally discovered in optics, but 1s
also encountered in other branches of physics such as, for example, acoustics,
quantum mechanies, plasma physics and nonlinear optics. This paper places empha-
sis on optics for historical reasons, but the results including the discussion on the
flow of energy at total reflection, properly interpreted, apply to those other branches
as well. The paper starts out with a mathematical description of the reflection and
refraction of a beam of light at a plane interface, based upon an approximate
solution of Maxwell’s equations. This theory was originally proposed by Schaefer and
Pich, but their treatment had to be modified by Lotsch to comply with the principle
of conservation of energy. The general description of the Goos-Hdnchen effect, apply-
ing v. Fragstein’s derivation, is consistent with Renard’s viewpoint and reduces to
the classical formulations of Artmann and Wolter in the neighborhood of the critical
angle for total reflection. Different approximations valid in this region are discussed
and compared by numerical evaluation as well as with Wolter’s measurements. It is
concluded that the Artmann-Wolter expressions are simple and accurate enough for
most practical applications.

The Goos-Hinchen effect is shown to have physical ties to a number of other
phenomena including the Schoch effect in acoustics. In the case of a slightly diverging
beam the Goos-H dnchen effect is accompanied by v. Schmidt’s lateral wave, originally
discovered in seismology and acoustics. This wave is responsible for the illumina-
tion-trailing phenomenon observed by Acloque and Guillemet. Several applications
and/or utilizations, including total reflection holography and internal reflection
spectroscopy, are briefly discussed to complete the treatment. It is shown that the
well-known phenomenon of long-distance propagation along the ionosphere is, from a
physical point of view, related to the Goos-Hdnchen effect, modified for the case ofa
diverging beam.

The paper is divided into four parts. Part I comprises the Introduction and the
two chapters entitled “Reflection and Refraction of a Beam of Light” and :Ho@@_
Reflection of an E-Polarized Beam”. Part II treats the Goos-Hdnchen effect 1n
classical optics. The different descriptions are discussed and their results are compa-
red with Wolter’s measurements. Part I1T deals with the Goos-H dnchen effect in other
branches of physics such as acoustics, quantum mechanics, plasma physics and non-
linear optics. The Schoch effect is introduced ; and further more the total reflection of
diverging and converging waves is investigated. The final Part 1V is devot ed to several
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Introduction

ﬂrmoowbﬂﬂm ( ﬁhg&@aﬁcl x.ﬁ&z&g (1] demonstrated experimentally in 1943
of :MR . M.w m_Em of incidence, the totally reflected, linearly polarized beam
o dmm .wa Mm.w aced parallel to a ray S.Eor would be reflected geometrically
ot nter M.om between the two optically transparent, homogeneous and
o om:o media. va% concluded, as was already suspected by Newton [2]

ut three centuries ago, that, even at total reflection, the incident beam
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penetrates into the optically Jess-dense medium but then re-emerges into the
optically denser medium; in other words, that the beam is reflected at some
virtual surface located a small distance within the less-dense medium. This
phenomenon, illustrated in Fig. 1, was named “the Goos-Hénchen effect’ by
Professor I. Wolter [16]. 1t can be expressed equivalently either as a beam
displacement, as a depth of penetration, or as a shift of the reflection center.
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Fig. 1. Schematical representation of the path assumed by a ray of light at total

reflection. The incident ray is not reflected geometrically (GR) but rather totally

(TR) with the displacement D. The path in the less-dense medium from Q to S may,

according to Newfon, be visualized by a parabola, as indicated by the string

of dots. The shift of the reflection center is denoted by X and the depth of pene-
{ration into the less-dense medium by Z.

Newton [2] anticipated that total reflection does not take place at the
physical interface between the two media. He suspected that the path of a
ray of light is a parabola, the vortex being within the less-dense medium.
This problem has been investigated experimentally for many decades, but
with little success. The approach had always been to measure somehow the
flow of light energy inside the less-dense medium. However, energy cannot be
detected unless it is extracted from the physical process. Therefore, it seems
impossible to measure the flow of energy in the less-dense medium without
disturbing the mechanism of total reflection. Several of the ingenious but
unsuccessful experiments that were carried out are briefly outlined in Refe-
rence la. Finally in 1943 Goos and Hénchen [1a] found the key to the solution
of the intrigning problem. They devised a clever experiment designed to show
in the denser medium what happens to the totally reflected beam in the less-
dense medium without affecting it in this medium. As illustrated in Fig. 2,
Goos and Hinchen deposited a strip of silver on the back surface of a totally
reflecting prism. The part of the incident beam falling upon the silvered strip
is metallically reflected and serves as a reference to measure the displace-
ment of the totally reflected portions of the beam. In order to magnify the
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TR prism

Fig. 2. Schematical illustration of the historical experiment devised by Goos and

Hdnchen [la]. The strip ab-cd on the back side of the totally reflecting (TR) prism

is silvered. The beam incident from the left-hand side, therefore, produces totally

reflected (TR) beams as well as a geometrically reflected (GR) beam due to the
metallic reflection.

minute displacement, Goos and Hnchen utilized a scheme involving multiple
total reflections (up to 133) between two plane and parallel interfaces.

me,wmm:d displacement is generally small in the entire angle range of total
reflection, except in the immediate neighborhood of the critical angle for total
Hmmmoﬁoc. It increases rather rapidly as the angle of incidence approaches
this critical angle. Consequently, the depth of the virtual plane of reflection,
m.s&.drcm the depth of the light penetration into the less-dense medium, is
m_mEmmmb@ only in the immediate neighborhood of the critical angle for total
«@mmoﬁ@b. Lotsch [3] has, therefore, recognized that, if the less-dense medium
is nonlinear, the production of harmonics, measured in the totally reflected
_om.mwr should strongly increase as the angle of incidence approaches the
oﬂs.om_ angle. This phenomenon was meanwhile demonstrated quite con-
vincingly by Bloembergen, Lee and Simon at the second harmonics [4] and by
Bey, Giuliani and Rabin at the third harmonics [5]. Hence, nonlinear optics
has provided a new indirect method for demonstrating the Goos-Hénchen
effect.

%ro paper at hand presents a comprehensive treatment of the Goos-
Hdanchen effect, placing emphasis on the viewpoint of light penetration into
the less-dense medium. It starts out in Chapter 1 with a brief outline of the
ﬁrmoﬁw. of reflection and refraction for a beam of light. The beam is assumed
to be linearly polarized either in the plane of incidence or at right angles to it.
The mathematical description is based upon an approximate, plane-wave
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type solution of Maxwell’s equations. The groundwork for this theory was
originally laid by Schaefer and Pich [6], but they adopted simplifying assump-
tions which led to a violation of the principle of conservation of energy. This
shortcoming was discovered and corrected by Lotsch [3].

Chapter 2 treats the special case of total reflection in greater detail, assumn-
ing an E-polarized beam. Tt is shown that, due to the limited extent of the
beam in its transverse direction, light penetrates into the less-dense medium
and then, after having propagated along the interface, re-emerges into the
denser medium. This interpretation, being consistent with the classical
investigations of Picht [7] and of Noether [8], substantiates Voigt’s conten-
tion [9]! dating back to the turn of this century.

Chapter 3 is devoted to the Goos-Hinchen effect in classical optics. The
light penetration into the less-dense medium is interpreted as a forward shift
of the line of “gravity” of the reflected beam, as originally suggested by
v. Fragstein {12). This interpretation, if derived from the properly modified
Schaefer and Pich theory [3], leads to the general description of the Goos-
Hanchen effect, being in full agreement with Renard’s contention [13].
Renard had questioned the earlier formulations in the German literature
since they predict non-zero beam displacements in the limit of grazing inei-
dence. Basing his derivation upon Arzelies’ theory of reflection and refraction

[14], he proposed a new description which yields a vanishing beam displace-
ment in the limit of grazing incidence and Teduces to those formulations for
angles of incidence close to the critical angle for total reflection. Other inves-
tigators including, for example, Artmann [15], Wolter [16], Maecker [17],
Schilling ([18] and [19]) and Pavageau [20] formulated the problem on
grounds of physical optics, either expressing the beam by a complete plane-
wave expansion like Picht [7] or approximating it by only two plane-wave
components like Noether [8]. Tn any case the plane-wave components undergo
phase shifts at total reflection depending upon their respective angles of
incidence. Therefore, the plane-wave components of the incident beam are
superimposed in the reflected beam with changed mutual phase relations.
Artmann [15] had originally adopted this approach and evaluated the
resulting integral with the method of stationary phase; and later Wolter [16]
considered it on the basis of the minimum-ray definition for a beam of light,
introduced by himself [21]. The latter theory not only provides a method to
measure the Goos-Hinchen effect with high accuracy, but also has the additio-
nal advantage of interpreting the effect of absorption in the two adjacent
media. — All these theoretical treatments are discussed individually and in

1 Voigt contended that light penetrates into the less-dense medinm at the leading
edge of the incident beam in order to build up an evanescent wave. This light 18
somehow scattered into space at the trailing edge since the evanescent wave is 10
longer required. Drude [10] voiced his opinion in the first edition of his Lehrbuch der
Optik (about 1900) that the light returns to the denser medium at the trailing edge-
This viewpoint which, as we know today, is correct was found erroneous at that time
and removed by Gehrke in a revision of Drude’s book. Wolter [11] has recognized
that both viewpoints are indeed correct, but that their validity depends upon the
experimental circumstances. With regard to the Coos-Hinchen effect Drude’s view-

point is applicable.
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Chapter 6 is devoted to several important cases in which the Goos-Hdnchen
effect is either applied or utilized. After a brief discussion of the physics
behind Brewster’s law the Goos-Hdnchen effect in absorbing media is treated.
The phenomenon of negative penetration into a strongly absorbing less-dense
medium, discovered by Wolter [16], is readily understood on the basis of
Brewster’s law. It plays a role in the total reflection holography. The case of
weak absorption is discussed in connection with the internal reflection
spectroscopy. Several more examples are briefly indicated, including reflec-
tion phenomena at radio frequencies.

The literature on the Goos-Hnchen effect and related topics will be recon-
sidered and reviewed in the main text where the need arises. A rather
comprehensive treatment may be found in Brekhovskikh’s book [30]. The
review papers [31] touching on the subject under consideration will, however,
not be mentioned again.

1. Reflection and Refraction of a Beam of Light

A beam of light is, for the sake of nomenclature, defined as an inhomoge-
neous ‘“‘plane” electromagnetic wave linearly polarized®. Its amplitude is
appreciably different from zero only in a limited range perpendicular to the
direction of propagation. The reflection and refraction, when such a beam
encounters a plane interface, is here treated on the basis of an approximate
solution of Maxwell’s equations. This solution is approximate due to the
limited extent of the electromagnetic beam-field and good only if the beam-
field changes slowly over the distance of one wavelength. It was originally
derived by Lorentz [32] from the rigorous ‘‘plane-wave’ solution by assuming
an appropriate amplitude function in place of the constant amplitude factor.
The amplitude function is, for simplicity, taken to be real, thus discounting
the inherent diffraction of a beam of light. Artmann [33] noted correctly that
this assumption is unrealistic from a physical point of view since, as he could
prove, the amplitude function must be complex in general. Von Fragstein and
Schaefer [34], however, defended the assumption on the basis of the con-
straints (3), mentioned above, since diffraction is of no concern to the subject
under consideration. They argued that the imaginary part can be made so
small that the amplitude function appears to be essentially real. Diffraction
effects will be discussed in Section 5.3.

Nevertheless, we have adopted the theory of approximation because of its
great clarity in describing the physical processes we intend to investigate. The
fact that this theory leads straightforwardly to the familiar formulas in the
Jimit as the beam becomes a plane wave produces a degree of confidence. The
mathematical description of the Goos-Hénchen effect, thus derived, is not
only consistent with other approaches, but even more general than the classi-

* The reader should bear in mind that the word “wave” appearing alone is used
throughout this paper to denote the propagation of a transversely unlimited distur-
bance, in most cases (with the exception of Sections 5.2 and 5.3) in the sense of a
plane wave.
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cal results. The theoretical predictions are fully substantiated by measure-
ments; and this, the close agreement between theory and experiment, is the
ultimate test of any theory.

The problem of reflection and refraction can be formulated on the basis of
the plane-wave expansion. According to Debye [35] the field of a transversely
limited wave can be represented by an integral over plane waves with
different directions of propagation. This representation can be modified to
account for arbitrary distortions in two or three dimensions [36]. Applying
Fresnel’s formulas to each wave component individually, Picht [7] rigorously
solved the problem for the case of total reflection. However, his analysis is
so complex and involved that the physical mechanism remains obscure.
Physical clarity can be obtained by considering only two or three plane waves
propagating under small angles with respect to one another ([8], [15] and [16]),
but then the formulation is again approximate. A similar difficulty was re-
cently encountered by Pavageau [20]; he could express the problem with a
convolution integral in a rigorous manner, but was seemingly unable to solve
for it. — The approach adopted in this paper is an approximate theory from
the beginning, offering the advantage of great clarity in interpreting the
physical processes under investigation. This approach is likely to be superior
to others, in particular to those utilizing plane-wave expansions, if nonlineari-
ties are involved. As an example, Lotsch [3] recognized that the Goos-
Hiinchen effect can be interpreted in terms of nonlinear optics. Bloembergen
et al. [4b], in turn, suggested that the Goos-Hdinchen effect should also be
observable at light harmonics. This suggestion will be theoretically sub-
stantiated in Section 4.4 for the special case where the less-dense medium is
nonlinear only.

The approximate solution of Maxwell’s equations, mentioned above, is
z.Srsoa in setting up the problem of reflection and refraction. The beam of
r.mwd 1s assumed to be linearly polarized either in the plane of incidence or at
right angles to it. The continuity of the electromagnetic field across the
Eﬁml.mom between the optically transparent media, combined with the
principle of conservation of energy [3], leads to unique relations for the
amplitudes of the reflected and refracted beams in terms of the amplitude
of the incident beam. These relations represent the well-known Fresnel
formulas plus additional terms due to the limited extent of the beam-fields.

‘E.iw chapter is divided into two sections. The first section deals with the
explicit representation of the electromagnetic beam-fields for both polariza-
tions. The second section presents the formulas for the amplitudes of the
reflected and refracted beams, including the laws of reflection and refraction.

Needless to say, the following derivation applies to acoustics as well and
can be readily interpreted in the notation of a beam of sound. This is because
both longitudinal and transverse acoustical waves obey the wave equation
{2b). However, it does not account for coupling between longitudinal and
transverse waves since the optical field only supports transverse waves. For a
comprehensive treatment of the acoustical problem the reader is referred
elsewhere (e.g., [22a] and [30]).
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1.1 Representation of Electromagnetic Beam-Fields

Consider Maxwell’s equations for a homogeneous and isotropic medium,
free of charges, with the (relative) real dielectric constant (permittivity)  and
the (relative) magnetic permeability of unity. When the problem is comple-
tely independent of one cartesian coordinate, say y. Maxwell’s equations may
be split up into two independent sets:

& wm%\ @HlHN‘@HqHN wmkkfl melo
¢t oz ox ox 9z
(1a)
10Hx 0By _ 10H, oEy
c at oz c ot ax
and
& oEx  oHy € 9H, oHy
e 3t oz ¢ b Ox
(1b)
_ LaHy OBy o, oMy e o,
¢ db dz ax ax az
where the Gaussian system of units is used and
E = E(r, t): vector of electric field strength
H = Hir, t): vector of magnetic field strength
r =r(x,y,2): vector of position in cartesian coordinate system
c: speed of light in vacuum
t: variable of time.

The first group involves only Hy, H,, H,, and the second only Ex, By, Hy.
Simplification can, therefore, be obtained by separating any solution into a
linear combination of the two solutions for which every member of one of the
above sets is zero. For the sake of nomenclaturs we characterize the two types
of fields as follows:

a) E at right angles to the plane of incidence, E polarization
By, Hy, H, and Ex=E,=Hy=0. (2a)

As is evident on substituting for Hy and H, into the first equation of (la),
the complete field is here specified in terms of Ey. This component, of course,

Beam Displacement at Total Reflection, I 125

satisfies the two-dimensional form of the scalar wave equation, i.e., using the
shorthand y for Ey

d? a? 1 o2
e (2b)
ox*  9z% v? gt?

where v = ¢/} is the speed of light in the dielectric medium.

The plane electromagnetic wave having a uniform and spatially unlimited
wavefront represents a rigorous solution of Maxwell’s equations. Replacing
its constant amplitude factor by the real amplitude function A(f5), where §,
to be defined below, depends upon the transverse coordinate , leads to an
approximate solution of Maxwell’s equations if the constraints

CA A a2 A for (==t 3
by ¢ )
are satisfied, where = means ‘“‘at most of the orders of magnitude of”’, [6].
In the limit, as | d2A/df?| approaches zero, the approximate solution thus
characterized becomes the rigorous plane-wave solution again, [33a]. The
amplitude function A{f) is, for simplicity, assumed in the following manner:
Let o > & > 0and &y » (Za — &) > A where A, is the spatial period
(wavelength) in vacuum. Then: for ﬁ._ <& A(B)is constant, for | (| > Ca
A(p) is zero, and for §y > || > i A(p) decreases gradually to zero. This
behavior must be symmetric with respect to the plane £ = 0; and the ampli-
d:m.a must decay to zero in accordance with (3), i.e., the amplitude and its
derivative can only change slowly over the distance of one wavelength.

Let us assume that the beam of light propagates in the positive & direction.
The & axis intersects the positive x axis at the angle (/2 — ¢) where ¢, mea-
sured counterclockwise from the z axis as explained in Fig. 3, is restricted to
the range (0, 77/2). Then, the E-polarized beam field is described by the appro-

N_.:Eﬁ.m solution of Maxwell’s equations, using the real part of the complex
notation, [3]

vy =A AP el — ixa (dA/df) et?
x — Ve Bycosp —ijea A (AA/dB) el sing

E
H

o .- (4)?
H, = yeEysing + iYea A, (dA/df) e!? cosp

Ex=E;,=Hy=0 and 7RAAH

—_—

3 This ansatz is written such, althou = it i i 1
. " This N gh ¢ = 1 for Ao, that it is readily applicable
n U@o?O.u 1.2, The argument ¢ can equivalently be expressed in awdswmmvom the
Propagation constant k for the angular frequency w, i.e., ¢ = (ot — k&).

9 Optik 32, Heft 2
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with

g = 2afky) Lo, £ == X cosp + Zsing,
]

— (27/Ag) (ct] <m\meme mwbﬁ\lNOOmQ,
where A, a, and « are constants. The largest value which a, may assume

depends upon the magnitudes of A, dA/dp and o, as pointed out in Refe-

rence 3.

incident beam
reflected beam

plane interface

plane of incidence refracted beam

Fig. 3. The incident, reflected and refracted beams are defined by the respective
des A, R and G in the cartesian coordinate system adopted. The symbol | is

e T vectors are at right angles to the plane
E vectors are in

amplitu

used to designate E polarization since th

of ncidence, and the symbol , to designate H polarization since the
the plane of incidence.

b) E in plane of incidence, H polarization

By, Bz, Hy and H<meHmNHo.

This case can be treated in a manner gimilar to the B

the ecorresponding notation
approximate solution of Maxwell’s equations, using

complex notation, {3]

H.FH\ISMN! A(pyet® + QMRP.EZ&E el?

B, = — (1/ye ) Hycosp — ixA  (dA[dp) et? sing "

E, =— — (1/Ve) Hysing + ixA  (dA[dP) ei? cosp
Ey=Hy=H,=0 and |af <1,

(5)

polarization. With

the H-polarized beam-field is described by the
the real part of the
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where A, a, and
| o are constants. The 1
. argest value which
a, ma
, may assume

depends upon the magnitud
rence 3. gnitudes of A,, dA/df and «, as pointed out in Refe-

1.2 Laws of Reflection and Refraction, Fresnel’s Formulas

Suppose that the relative dielectri 1
_ Suppose th 1c constant is ; in the half s
o TtmaMm MMmMB MM rwﬁﬂ,m@mom z < 0. On substituting &, for & mbﬂmom NmV N
o incideons bem. As desietod in Fio 5. tho ineblont peart oums i
ted the . cte ig. 3, the incident bea
Hmo_wowﬂwwwamﬁmwﬂwm two Ewgm at ﬁ.& angle of incidence ¢ MMMMM&MWE he
o et gm .vom;::w Z axis. In the same BSBBMH we ded o the
presentatio or the Eo_mm:.d {(index “‘e”’), the reflected (index “‘r”’ e
refracted (index “g”) E-polarized beam? from (4), ([3] and ?muvm T and the

Ey® = A A(fe) el?®  —ixja (dA[dBe) et®

H.HN@ = e iye,
Ve Eye cospy  —ipea A (dA/dSe) el sing, (7)
~® _ \MIH e g . . —— .
i 7 Ve Eyesing, - iye,0,A (dA/dSe) el?® cosp,
Be = (2m[d1) Loy, e = X COSQ; —+ Z sing,,
Fe = (27/4,) (ct/}e, —&e), Ee = xsing; — z cosqy;
V' =R, A(fr) el — loy'r (dA/dfr) el?y
mNH = \ll ! i1/e
Ve EyT cosp,” — 1)e,0,'R (dA[dfy) el sing,’ (8)
H,' = Je,Eytsing,’ +i)e;0,'R (dA/dS;) el cosp,’
with H
Br = (2x/A) Ly, Cr = x cosgy’ + zsing,’
P = ! £ |
and r (2mA ) (ct] Ve, — &), & = xsing,’ — z cosp,’;
Eyg =G, A(Bg) e'%y —ia,g (dA/dfg) el’g
HnH g — \I Ve,
X Ve Eiy® cospy — i)eyo, G, (dA/dfg) €1 sing, 9)
H.8 — Ve B85 Ve
with z Ve By sing, + i)eynx, G (dA/dBg) el?y cosp,

Mw = (271/43) Lg%, {g = x cos, + zsing,,
. Ve = (27)Ay) (ct] Ve, —&g), &g = X sing, — z cosp,;
2y

* The indi
« ndices e, r and fi
gebrochen” » T and g refer to the German words “einf; — .
meaning in translation incident, reflected mzw_MMmemaoM@mmwmﬂmM@v“ wb&
> ectively.
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where g, is the angle of incidence, @," is the angle of reflection, and ¢, is the
angle of refraction. The magnitudes of the constants ay, «,” and o, are

assumed to be much smaller than one.

All the electric-field vectors of the E-polarized beam are at right angles to
the plane of incidence, i.e., the xz plane. For the electromagnetic field to be
continuous across the interface at z = 0, the following boundary conditions

must be satisfied

By + By =Eg# and  He 4 Hye = Hee (10)

In the case of a plane-wave “ansatz” these conditions are sufficient to
determine the laws of reflection and refraction, as well as the amplitudes of
the reflected and refracted waves in terms of that of the incident wave.
Tor a beam of light described by an approximate solution of Maxwell’s
equations they are insufficient and must be supplemented by the principle
of conservation of energy, [3]. Complying with all conditions yields the law

of reflection
o =@, and A =4 (since sing,’ == sing;), (an

the law of refraction (Snell’s law)

Veusing, = Yoy sing;  and ey dy=Verhy (12a)

or defining the index of refractionn = Veoleq
(12b)

nsing, = sing; and  nly =4,

the Fresnel formulas

I Tt L AN 11 2 L W £
- cospp +-ncospy) sin (g1 + @2)
G - 2 cosp, A = 2 sIn, cos@; A (13h)
1 LT =L
cos@, + N CosP, sin (@, + @a)

the extra quantitiesa ,r, and g, which, in a sense, represent the corrections
to Fresnel’s formulas due to the amplitude variation of the incident beam, [3]

a, = — tang, ' oOmﬂmv A, (14a)
cosp; + N COSPy,
T, = tang, 3 cosgy 4 1 O v R, (14b)
cosp; + N COSPy
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_ tang, 2 cosg, + n cosg,

COS(py \ COSE, -~ N cos,

gL=

{cosp, —ncosp,) G, (l4c)

and the relations between the consta .
* nts ! ,
— cosqy, [3) oy, %y’ and ay, noting that cosp,’ =

’

o =—oy and &, =0, cosp, n?—sin’p,. (15)

Obviously, if sing, can get equal to n, o, becomes singular and the conditi
|| < 1 stated in (4) cannot be met. To comply with this condition we o%
gaammogv. exclude a narrow angle range about the angle @ = muomwdzm u
waammmbﬁzm nrm. cratical angle for total reflection. This restriction is not momgV
since the range in question is very narrow. It can be removed in the mB.M zm.
a %Mcm-épaﬁﬂamﬁw since (dA/df) becomes identically zero v
e case 0 olarization 1 imi : i
tant results are dwm Fresnel m%MMcWMngdmm o similar manner. The impor-

n cosp; — .
R — @) — COSP, A, = tan{p, — @,) A

N cosQ; —+ cosp, tan(g, -+ @,) I (16a)

2
G, — cosp, A

n cos@; + cosg,

2 cosgp, sing,

sin{@; + @,) cos (p; — Ps)

Il

P

A, (16Db)

and the extra it . L
beam, [3] quantities due to the amplitude variation of the incident

n2cosp; — N cosp,

h= A, (17
cosQ, (N cosp, -+ cosp,) a)
e, = 2 cosp; tang, — n sing, cosp, n
N COSQY; + COSE, Il COSP — COSE,
n2 - (17b)
+ COSE, — I COSEP, R,
2 cosp,
g —=— N COSE, — COSP,
] X
cos@; (N cosg, + cos@,)
(17¢)

ﬁ €08, sing, — n tang, cos?p,

N COSP; — COSP,

+n?} G,.
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The above results are essentially familiar to us from text books on classical
optics; new are only the formulas (14) and (17) resulting from the amplitude
variation of the incident beam. These extra quantities lose their significance
the farther the beam extends in its transverse direction, as may be inferred
from (4) and (6), leaving behind the well-known Fresnel formulas. These
classical formulas are utilized in many present-day applications [31] and are
gaining further importance in modern research topics such as, for example,
internal reflection spectroscopy [37], planar dielectric waveguides [38], and
enhancement of detector sensitivity [39]. They have recently been reconsi-
dered in the literature; for instance, Shieh [40] suggested a simplified deriva-
tion; and Komrska [41], and Ghezzo and Busen [42] proposed graphical
methods of interpretation.

The extra quantities (14) and (17) are only stated here without explana-
tion. Their significance will become apparent in the following chapter dealing
with the special case of total reflection.

9. Total Reflection of an E-Polarized Beam

The theory of total reflection is outlined in this chapter. We assume that
the incident beam with E polarization propagates in an optically denser
medium toward an optically less-dense medium. If the angle of incidence
exceeds the critical angle for total reflection @, defined by

sind =n (18)

where n = Jepfe; < 1is the index of refraction, the refracted beam disap-
pears. The entire light energy impinging upon the interface is reflected back
into the denser medium. However, continuity of the electromagnetic field
across the interface requires an evanescent wave in the less-dense medium.
This inhomogeneous wave has a (time-average) Poynting vector parallel to
the interface, if the incident beam is approximated by a plane wave. 1t
decays very rapidly in the negative z direction pointing into the less-dense
medium. Since there is no net flow of energy into the less-dense medium [10],
physicists have been puzzled by the flow of energy in the less-dense medium
for several decades, as outlined in Reference 3. Voigt [9] was the first at the
turn of this century to recognize that the limited extent of the electromagne-
tic beam-field, which has been avoided in theoretical investigations by using
the plane-wave ansatz, plays a significant role in this respect. Finally, about
three decades later, Picht, when investigating the total reflection of a beam
of light, reached the remarkable conclusion stated on p. 496 of his paper [7]:
,,Das Auftreten einer Energiestromung im sweiten Medium (optically less-
dense medium) ist dadurch hervorgerufen, dafl es an der Trennungsebene
beider Medien Stellen gibt, an denen unter sehr geringer Neigung gegen jene
Ebene im zeitlichen Mittel dauernd Energie vom ersten ins zweite Medium
iibertritt, die dann an anderen Stellen der Trennungsebene restlos wieder ins

5 See footnote 1.
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Mam_nmmgo&:zy .Ncu.mowmzamd. Die iiber die Trennungsebene hin und her pen-
N%QM% %Mﬂﬂw_m ist von der Grofenordnung der einfallenden Energie.“
er emonstrated Picht’s conclusion in a sim :

: . _con ple manner, thus
mﬂmm%cm Ez.ov \:mg on the physics involved which remained somewhat
0 woﬁmm: Picht's complex mathematical treatment. This famous conclusion
is here 1 ustrated v% means of our approximate solution of Maxwell’s equa-
M@.ﬂoﬁw H% a ﬂmﬂhmm mﬁbzmw to Schaefer and Pich [6]. Itis shown that, due to the
imited extent of the beam-field, energy is extracted f si
limi , rom one side of th
:M.o.&m.mﬁ Umpammsmwmm&o& to the other side of the reflected beam, in the Embm
of incidence, after 1 1 int
of ncice aving propagated parallel to the interface in the less-dense

Hw_m owm.%ammm is &ﬁ&mm into two sections. The first section presents the
H%Mn m.:&ﬂom_ description & the electromagnetic beam-fields in both media
e time-averaged Poynting vector is considered in the second mmoaob.

placing emphasis on the interpretation of the L ion 1
placing emphass ¢ P of the light penetration into the

2.1 Description of Electromagnetic Beam-Fields at Total Reflection

At total reflection cosg, 1 i i i 1
. s, 1s purely imaginary since 1 2 2
thus be written in the form, [3] e 7 sy = nfand can

cospy, = —Iiw/n  with w = 4 Vsin%p —n? (19)

The negative sign of the s is rej i

. sig e square root is rejected on physical grounds. With
Mwwﬂgm oo:<oﬁ@m: mM@?SSV adopted in this paper, a negative w would lead
. exponentially increasing field in the less- i

inferred from (27) below. ) © lessdense mediam, o may be

The Fresnel formulas (13) can be transformed into?

R, = A e and G HE i
L 1 1L w\g A el (20a)

where the phase shift § at total reflection is given by

Sin’o — n?
Or = 204 = 2 arctan Vsin®g — n’ . (20b)

COBQ

o . .

Emomﬁwws memm.a MJME bear in mind that, in order to simplify the notation, the
ncmdaﬁmmmmmmm mm. Nb& the conclusions drawn from it are expressed in terms of
i pmditios de QH@ in M e region 1 of the optically denser medium. The subscript “1”
replaced o monM: Q:M ﬂWMm _Mwﬂomm oﬂwgigﬁ Le., o, &, @; and 4, will tacitly be
the subsentpr wil and 2. $m§ mﬁw %m exceptions should be required for clarity,

? It should be noted that all iti
0 : ! uantities & izati
indicator | is omitted for m;%mo;% of the MMMM%MMW | for 18 polarization, but the
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The extra quantities (14) can be written in the form, [3]

a, =—iaA el with a= sing/w (21a)
ne V 2y 2
r, —irA,ei@2+8)  with r= sing Y1 +8cosp—n (21b)
. w }1—n?

/1 + 3 cos*p —n®
g =—2gA, ei3, +o)  with g =tang Vit k _ , (2lo)
Y1 —

where  3tan &' = 2 tan 8" = — w/cosp, defining &' about the point .
The argument ¢ defined in (9) becomes complex owing to (19). With the
shorthand

& = (22) (ct] e —x sing)
the exponential function exp (ihg) can be written in product form
exp(idg) = exp(idhe') exp(2m zw(A). (22)

Hence, the electromagnetic field (9) decays rapidly as z decreases from zero
at the interface to negative values in the less-dense medium. Eq. (22) descri-
bes a wave propagating parallel to the interface with the phase velocity
o/(Je sing) determined only by ¢ and the properties of the denser medium,
[38].

The argument fg defined in (9) becomes complex, too. Using (15) and (19)
it can be expressed in the form

Be = (27[A) [x cosp + 1z sing (cosp/w)] o = (x + 102). (23)

The function A(fy) is, therefore, complex and should be known explicitly
since only the real parts of (7) through (9) are physically meaningful. Schaefer
and Pich [6] argued, however, that due to the rapid decay of the electromag-
netic field in the less-dense medium the explicit form of A(f¢) does not need
to be specifieds as long as z is restricted to such values that |z/A| = 1. Hence,
if A(fg) is a regular, analytic function of Bg = (3 + i{2) we can, in a first
approximation, write for the region |z/A] = 1, since | Q| < 1 due to the
constraint on o

A
AlBo) ~ Aly) +i9Q A _ A(y) + 120 % osing (cosg/w) M 91a)
Ay A oy
and
2
dA _9A | n0tA 94 (24b)
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siwm.um the ::mm:zﬁv.\ part of (24b) is neglected on the basis of (3).
Finally, we substitute the various results derived above into (7) through
(9) and consider only the real parts. Then, we obtain, at total reflection, the

ﬁ%uo.wmﬁm@m solutions of Maxwell’s equations for the incident beam with E
polarization, [3]

Eye = A, [A(fe) costte —aa(dA[dfe) cos(de + Or)]
Hye = ye Ey® cosp + Jea A, (dA/dBe) sinde sing (25)
H,® = ye Eyesing — Jea A (dA/dfe) sind cosp

with

Be = (27/1) ale, {e = x cosp + z sing,
e =(27/2) (ct] Ve —Ee), &e = X sing —zcosp ;
for the reflected beam
By = AL [A(Br) cos(fs + 0r) —r a(dAJABr) cos(dhe + 3 8¢/2 -+ 8]
Hyr — — Ye By cosp— Ve o A (dA/dBy) sin(dr + Or) sing (26)
H,t = ye Byt sing — yea A (dA/dBy) sin(de + Or) cosg
with

fr = @2mfd) ol {r = — X cosp + zsing,
Pe = (27fA) (ct) Ve — &), & = x sing + z cosg;

and for the electromagnetic field in the narrow region | z/4| = 1 of the less-
dense medium (z < 0) ‘

= E 2rwz/A
w\T|zm e~ >k ”>CD OOmA%.m —+ %mv
g tosp OA ) . dA .
g w Q.@|ROOmA\%.m ATM%WIT%vlTWQ.@'RM:HA\%.m\ITM%NL_I%IV
. . cospz QA | ,
27t sing - MR nmm sin (d¢' + dg) “ (27a)
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2w |/g cosp — . ,
Hye = lm| — ¢ awzlt AL A(y) sin(dg' + Og)
/1 —n
s A A
—g oS RW\ sin (g + 204 +0') —g Rw cos (#g' + 20¢ +0'")
T o
A
+ « sin cosp 9A [27 w2 + 1] cos (Fg + dg) (27b)
@ g
w? dy A
H.& = - mﬁmﬂ:ﬂe owmﬂ e?mwzlt A | TA(y) cos(dy' + Og)
/1—n
A oA
—g i 24 cos(g 4 204 + 6"} + g 04 sin (g + 20 -+ 6")
w oy ax
o sing 2 07 S0P % SO iy 4 206 +07) (27¢)
Ay w A sin%p

with
Gg' = (2mf2) (ct] Ve — x sing), y = (27[4) o X cosg,

where By = B, = Hy =0, w = + Vsin?p —n? 1 > sin®p > n?
n = Jegle, < 1, tan(dr/2) = tandg = — 3 tand’ = —2 tand’’ = wjcosp, and
the quantities a, g and r are defined in (21).
The special case of an incident plane wave 1s contained in the above
description for dA{df = dA[dy = 0. To obtain it, we may simply set oo = 0.
The electromagnetic field based on an incident beam with H polarization
can be represented in a similar manner.

2.2 Light Energy at Total Reflection
The flow of light energy is meaningfully described by the Poynting vector

S = (¢/4nr) E x H time-averaged over the period T = 4 yefc. As a conse-
quence of the assumed polarization the flow of energy is confined to the plane
of incidence; the general case is briefly indicated in Section 5.1. Tgnoring
terms which involve squares of «, the time-averaged Poynting vectors are

obtained for the incident beam with E polarization, [3]

Se = mm A2 Q sing — k cosg) [A%(Be) — 2a o A(fe) (dA/dfe) cosdr] (28)
77

Be = (2n/A) & Le, te = X cosp -+ zsing;
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for the reflected beam

_ /e N N
S = % 2 (1 sing +k cosp) [A%(fr)—2r & A(Br) (dA[dBr) cos (5r/2 + O)]

(29)

Br = (2n/A) &, {r = — x cosp + z sing;

and for the electromagnetic field in the narrow region |z/A| = 1 of the less-
dense medium (z < 0)

S ¢ Jesin 2
S.g = Ms rﬂ% m»:SNtﬁPkm PNCS

€08 oA
95 2 5 A(y) O cos(dg + 07 (30a)
w Ay
dA i
+ oo Aly) — 28— 27 it e A ctng | sin(dg + 6')
ayx A w
and
S =— 2 Vecos?p sing edmwali A 2 g A(y) a4 (30b)
27 1—n? w 9y
with

y = (27/4) o0 x cose,

where iand k are the unit vectors in the x and the z direction, respectively
All other quantities have been summarized in connection with (25) through

(27), l.e., w = | JsinZp —n?; 1 > sin?p > n* n= Vegle, < 1; tan(dy/2)
= tandy = — 3 tany’ = — 2 tand’’ = w/cosg; a, g and r are defined in (21).

In the denser medium the beams are well defined and the flow of energy is
moawibm:mm by the similarly looking Poynting vectors (28) and (29). As may
be inferred from (27), the electromagnetic field in the less-dense medium is
Hmﬁrmw involved. Its propagation of energy is, therefore, more complicated and
given by the components (30) of the Poynting vector. In the limit of grazing
:.:u&@:o? Le., as ¢ - 7/2, the above expressions, however, reduce to the
mszwﬂm relation Sr= 8¢, revealing the conservation of energy, [3]. ;The
special case of an incident plane wave is also contained in the above expres-
sions. The familiar results are simply obtained by setting « = 0.

Schaefer and Pich [6] developed a pictorial interpretation of the complex
mathematical treatment presented in order to provide an insight into the
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physics involved. The model of light penetration into the less-dense medium
is outlined here, but for further details the reader is referred to Womouo:mm 3.
Let us consider the narrow region | z/A| = 1 within the less-dense medium.
The Poynting vector intresects the interface at the angle v = arctan (Sz8/Sx®),
ie., [3]

JA
tany = — 8@9@#»63\&@ ke’ R@ cos(dg + 6')
w0y w  dy (31)
: -1
4 | 2g — 27 i i ctng| sin (0g + 6")

A w

This equation is illustrated in Fig. 4, assuming & > 0. In the central portion
M, where the amplitude function is constant and 0A/ w»\ =0, we have tany =
y = 0. Consequently, the energy flows parallel to the Enoﬁmmoo in the less-den-
se medium, and in the denser medium [§¥| = |§¢| according to (28) and (29).

reflected

. beam
incident e

—————
r
X4 B! X M x; B X,
z
H {a)
L i 1 1 _\'_\V ,\1 X
R Y —
— o —_—
| 4 y | .
X, BY x M x3 B Xy,

. . . 1i-
Fig. 4. Illustrating the total reflection of a beam of light whose transverse amp
gmm distribution is indicated according to the prescription adopted in wzvmoonﬂom
1.1a. Fig. (a) explains the pictorial interpretation discussed in Section 2.2, an
Fig. (b) shows the flow of energy in the less-dense medium, as expressed by (31).

In the left border zone B!, see Fig. 4a, where 3A/dy > 0, the Poynting
vector points into the less-dense medium at the small angle y. This
angle decreases along the interface toward the center of the beam. In
the right border zone Br, see Fig. 4a, where A3y < 0, the situation is re-
versed. This interpretation lends itself to the oobo._ﬁmﬂobv w:ﬂmﬁ.mdmm in Fig. 4b,
that in B! energy enters the less-dense medium in the time average .mzm the
reflection is slightly less than total. The energy flows along the portion M of
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the interface in the less-dense medium. In BT it re-emerges into the denser
medium where the reflection is thus slightly more than total. As indicated,
the deviation from ideal total reflection is very minute since |o 6A[dy| <
|A(y)| according to basic constraints.

Wolter [11] developed an Interpretation of the light penetration into the
less-dense medium which leads to the same overall effect, but differs from
ours in details. In Wolter’s picture the fraction of incident energy, which
crosses the interface in B! and is thus extracted from the reflected beam, is
necessary to establish the evanescent wave in the less-dense medium. This
amount of energy is then returned to the reflected beam in the other border
zone BT below which the evanescent wave dies away. Wolter demonstrated
the existence of circulatory waves® carrying energy back and forth across the
interface. These waves provide a clear understanding of the corresponding
phenomenon discovered by Pickt [7] and later utilized by Artmann [33a].
Wolter [11] has pointed out that its mathematical description requires the
superposition of six or four waves (two plane waves of incidence plus two
plane waves of reflection with or without two evanescent waves). Therefore,
the phenomenon does not arise in the total reflection of a single plane wave.
This fact resolves the puzzling result obtained when investigating the flow of
energy on the basis of Fresnel’s formulas, as indicated in Section 2.0. Fres-
nel’s formulas are conventionally derived on the assumption of one single
plane wave impinging upon an interface. Only in the case of a transversely
limited wave which, as is well known [35], can be expanded accurately in a
sum of plane waves, is the light penetration into the less-dense medium
easily understood.

Needless to say, the foregoing discussion is also applicable, if properly
interpreted, to the total reflection of a beam of sound. This acoustical pro-
blem was extensively treated by Schoch [22a] and Brekhovskikh [30a].

(To be continued)

® Such waves were recently utilized by Lange [43] in investigating the electroma-
gnetic field at complicated boundaries.



