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Abstract

The purpose of well test analysis is to identify the type of a reservoir and to determine
the parameters of the reservoir quantitatively. This work is about the well test analysis
of a multilayered reservoir with formation crossflow. The results are described in two
parts.

In the first part, the effects of the reservoir parameters such as permeability,
vertical permeability, skin, storage coefficient, and others such as outer boundary
conditions and layering on the wellbore response, pressure and layer production rate,

were investigated. Some important discoveries are:

o The wellbore response is observed in three different stages; it is identical to that
of the commingled system at early time and and to that of the homogeneous

system at late time. Transition occurs at intermediate time.

e The vertical permeability is the only parameter governing the initiation and
termination of the transition from the early time commingled system response

to the late time homogeneous system response.

e The direction of the formation crossflow is determined first by the layer perme-

abilities and later by the skin factors.

e The influence of the wellbore storage effect can be minimized by using sandface

flow rate from each layer.

e The outer boundary conditions have only small effect on the wellbore response

as long as the transition terminates before the system feels the boundary.

v



In addition, the early time and the late time limiting forms of the wellbore response
were derived and some approximations for the late time layer production rate were
suggested.

In the second part, the nonlinear parameter estimation method was applied as
a means to determine the layer parameters. Here, two new methods for the initial
estimation of the parameter values were suggested and tested, where the early time
and the late time limiting values of the layer production rate were used with the con-
ventional pressure analysis for the average permeability and skin of the total system.

Several examples including a real well test analysis were given.
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Chapter 1
Introduction

This study concerns the computer-aided well test analysis of multilayered reservoirs
with formation crossflow. In this chapter, we will consider the recent literature on

this subject and introduce the study problem.

1.1 Multilayered System

Well test data has often been interpreted based on an assumption that the reservoir
is a homogeneous single layer. However, many reservoirs are found to be composed of
a number of layers whose characteristics are different from each other. Wells in such
reservoirs may produce from more than one layer. Pressure behavior in this kind of
vertically heterogeneous system is not necessarily like that of a single layered system,
and seldom reveals more than the average properties of the entire system. To identify
the characteristics of the individual layers is important, especially if the reservoir
fluid is produced by a waterflooding or an enhanced recovery scheme. Detailed layer
information may enable us to prevent the early breakthrough and to obtain maximum
oil recovery.

Since the early 1960’s, there have been many studies of the behavior of multilay-
ered systems. In the 1980’s, substantial efforts have been made to interpret multi-
layered systems quantitatively with the introduction of production logging tools that

measure the bottom hole pressure and flow rate simultaneously.
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Two different multilayered reservoir models have been proposed, depending on
the presence or absence of interlayer crossflow. A multilayered reservoir is called a
crossflow system if fluid can move between layers, and a commingled system if layers
communicate only through the wellbore. A commingled system may be regarded as
a limiting case of a crossflow system where the vertical permeabilities of all the layers
are zero.

Lefkovits, et al. (1961) presented a rigorous study of multilayered systems without
crossflow. They derived analytical solutions for wellbore pressure and layer produc-
tion rates in a bounded multilayered reservoir, where each layer had different reser-
voir parameters. They also presented the practical implications of the mathematical
results for a two layered commingled system. Tempelaar-Lietz (1961) had already
studied the performance of a two layered depletion-type reservoir without crossflow.
However, his treatment was simplified and the study did not cover the entire history
of the wellbore pressure.

The first studies concerning multilayered system with crossflow were done by
Russell and Prats (1962 a) and Katz and Tek (1962). Both papers solved the problem
with a constant pressure inner boundary condition at the wellbore. Many interesting
facts were discovered, for example, the behavior of a crossflow system is bounded
by that of a commingled system and that of a homogeneous system. Russell and
Prats (1962 b) published a separate paper about practical aspects of crossflow, in
which they concluded that crossflow between communicating adjacent layers was of
great economic significance, and was beneficial by shortening the operating life of a
reservoir and by raising primary ultimate recovery.

Pendergrass and Berry (1962) also solved the same problem, concentrating on the
effect of permeability distribution between the layers. They concluded that it was not
possible to diagnose stratification from wellbore pressure data except at early time.
Their conclusion may be due to the negligence of the vertical permeabilities of the
layers.

Kazemi and Seth (1969) used a more realistic inner boundary condition by re-
stricting the flow entry into the wellbore. One of their major discoveries was the

presence of two semilog straight lines in the pressure response; the early one yielded
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the flow capacity of the perforated interval and the later one gave the flow capacity
of the entire formation. This fact was utilized later by Gao (1983 b) in an attempt
to determine individual layer parameters.

Kazemi (1970) also studied the use of a pressure buildup test to determine the
reservoir limit. As might be expected, conventional methods worked well for crossflow
systems because crossflow systems behaved like a single homogeneous layer at late
time. For a commingled system, however, conventional methods could not be applied,
or could only be used with caution, at best.

Cobb, et al. (1972) examined the wellbore pressure response of a two layered
reservoir for various production and shut-in conditions, in an unsuccessful attempt to
identify individual reservoir parameters for each layer. Later, Raghavan, et al. (1974)
approached a similar problem with unequal formation thickness. By displaying the
data in various ways, they were able to estimate the individual layer properties in
some favorable cases.

Earlougher, et al. (1974) studied the characteristics of pressure behavior in
buildup tests for a multilayered commingled system. They presented many unique
observations, especially in cases when there were more than a single well in the system
and when the reservoir boundaries were not circular.

Tariq and Ramey (1978) extended the study of a commingled system by consid-
ering the effect of wellbore storage and skin. A major contribution of their research
was the introduction of the Stehfest algorithm (1970), which was used to invert the
solution in Laplace space into real space numerically. Since the method is easier than
the method of direct inversion by complex analysis, this algorithm has since been
used in many studies concerning well test analysis.

Deans and Gao (1983) developed a very useful idea to reduce the dimension of
the governing equation by one. The terms for vertical movement were represented by
the pseudo-steady state approximation in their semi-permeable wall model, which is
explained in Chapter 2. They derived approximate analytical solutions for wellbore
pressure and formation crossflow. They did not consider the effect of skin factors and

wellbore storage.



CHAPTER 1. INTRODUCTION 4

Bourdet (1985) solved the pressure response for a two layered reservoir with cross-
flow with consideration of wellbore storage and skin. He showed that his solution
could be placed in the general form of many other reservoir model solutions by show-
ing that the solution was identical to the solutions of other problems when some
reservoir parameters took limiting values.

Kucuk, et al. (1984) suggested a new testing method for a two layered commingled
reservoir. They used the technique of nonlinear parameter estimation by coupling
sandface production rate of each layer with wellbore pressure. The coupling of layer
production rate is very significant for multilayered reservoirs because rate transient of
each layer reveals information about the layer, while wellbore pressure is determined
more by average reservoir parameters.

Raghavan, et al. (1985) investigated the pressure response of a two layered reser-
voir with formation crossflow. The effects of various heterogeneities were considered.
Unlike most other authors, they applied the concept of the thick skin. However, the
overall effects on the wellbore pressure were not different from the results of other
authors who had considered a thin skin. One special contribution of their work was
demonstration that the skin factors of individual layers could be determined uniquely
with production rate data when other parameters, including average skin factor of
the total system, were known.

Ehlig-Economides and Joseph (1985) made a major advance in this problem in
their study of well test analysis for a multilayered system with formation crossflow.
They gave an excellent literature survey up to 1985, developed a complete analyti-
cal solution for the N-layered crossflow system with wellbore storage and skin, and
investigated early time and late time behavior of the production rate for each layer.

Larsen (1982) proposed a method to determine flow capacities and skin factors of
individual layers in two layered commingled systems, by using an approximate equa-
tion for the wellbore pressure. To apply his method, the values of several dimension-
less parameters must be determined, which could be difficult and would sometimes
require a trial-and-error solution. His method worked under favorable conditions
where the data set fall on a smooth curve and exhibit a definite curvature in the

infinite-acting period.



CHAPTER 1. INTRODUCTION 3

Larsen (1988) investigated the similarities and differences of mathematical meth-
ods for various multilayered models. This is a good summary of the many papers
concerning multilayered reservoirs. One important conclusion was that the pressure
response could be varied by a change in reservoir modeling, such as the numbers of
sublayers into which a single layer was discretized to simulate a real reservoir under
crossflow conditions.

Some authors investigated the response of a multilayered reservoir for other than
single well tests. Woods (1970) studied the characteristics of two layered reservoirs
either with or without formation crossflow. One of his conclusions was that the
apparent transmissivity in a commingled system obtained by pulse testing was always
equal to or greater than the total transmissivity of the entire system, which was later
verified by Larsen (1982). He also proposed the use of flowmeters to obtain flow rate
data to determine individual layer properties from pulse tests between wells. Chu and
Raghavan (1981) studied interference testing for a multilayered reservoir. One of the
important observations was that the skin factors of the active well play an important
role in the pressure response of the observation well, unlike the behavior of a single
layered system. More recent works on interference testing can be found in Streltsova
(1984) and Prats (1983).

The fractured reservoir model is another model used in well test analysis. Some
authors studied the behavior of a combination of multilayered systems and fractured
reservoirs. Recent similar works can be found in Camacho-V., et al. (1984) and
Bennet, et al. (1986).

Some authors studied the three layer problem in which a tight layer is present
between two permeable layers. These were Lee, et al. (1984), Ehlig-Economides and
Ayoub (1984) and Bremer, et al. (1985).

1.2 Computer Aided Well Test Analysis

With recent developments in computers, especially combined with graphic features,
automated well test analysis has become popular. Automated well test analysis has

several definite advantages over personal interpretation. Since the computer is doing
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the chores of calculation, a lot of human labor and time is saved. Automated analysis
avoids subjectivity in determining the proper semilog straight line which is involved
when conventional methods are applied manually. Besides, automated analysis is
numerically error free. Most important, an automated matching procedure is capable
of matching subtleties of the response that are not perceptible to the human eye, thus
allowing an algorithmic interpretation of some data that are impossible to interpret
by conventional techniques. Because of definite advantages, the method has become
a powerful tool in analyzing well test data.

The first use of computer aided well test analysis dates back to the 1960’s. Most of
the early works aimed at determining areal distributions of permeability were based on
performance data from several wells in a reservoir. Jacquard and Jain (1965) divided
a single layered reservoir into a number of homogeneous blocks of constant reservoir
properties to interpret interference tests, and used regression analysis techniques to
estimate the permeabilities of the blocks. Jahns (1966) applied a similar principle to
solve a five spot interference test problem. Coats, et al. (1970) developed a linear
programming method. Some of their examples covered two-phase flow problems.

Important contributions to computer-aided single well test analysis were made by
Rosa and Horne (1983). Many previous studies concerned various regression tech-
niques, but they used only approximate solutions such as numerical solutions or tab-
ular data. However, Rosa and Horne developed a method to compute the parameter
gradients by differentiating the pressure solution in Laplace space and then inverting
using the Stehfest (1970) algorithm. This made it possible to use the exact solu-
tion without having the trouble usually required to solve complex problems. In their
paper, they compared several regression methods and found the Gauss-Marquardt
method the best for most problems. They also introduced the confidence interval
which showed the quality of the estimated parameter values.

Barua, et al. (1988) considered practical problems that could be encountered
in application of automated well test analysis due to poor initial estimates or from
inherently ill-defined parameters. Their major objective was to find an alternative
regression algorithm when the popular Gauss-Marquardt method fails, and they suc-

ceeded in developing a variant of the Newton-Greenstadt method that was more



CHAPTER 1. INTRODUCTION 7

powerful but required additional work in calculating second derivatives.

1.3 The Purpose of the Study

The purpose of well test analysis is a quantification of reservoir parameters. The
purpose of this study is to find a method to analyze well test data to determine
the reservoir parameters for each layer of a multilayered reservoir with formation
crossflow. The analysis technique will be automated and use nonlinear parameter
estimation method.

Automated well test analysis may be performed in two steps. The first step is
to estimate the parameter values and the second step is to develop a systematic
regression method to determine reliable values for the unknown reservoir parameters.
To have a powerful regression method that guarantees quick convergence is important.
However, if the initial estimate is poor, the optimization process may lead to wrong
answers, or may not converge at all. A lot of effort has been made to improve the
second step, the regression method. However, most authors have not described how
they had selected initial estimates for the unknown parameters. An objective of this
work is to establish a methodology for determining initial estimates of parameters.

A thorough study of useful characteristics of multilayered systems with crossflow
must precede development of systematic methods to determine initial estimates of
system parameters for automated data matching. The effect of every reservoir pa-
rameter on wellbore pressure and layer production rate was examined, including radial
permeability, skin factor, vertical permeability, outer boundary conditions, and order
of layering.

In particular, considerable effort has been spent in describing early time and late
time wellbore response. Crossflow systems behave like commingled systems at early
time, and like equivalent homogeneous systems at late time. Besides this general
behavior, crossflow systems show unique characteristics in both limiting cases. The
new methods found in this study for the initial parameter estimation are based on
the characteristics of early and late time response of multilayered crossflow systems,

because the layer production rates become constant in both limiting cases.
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The main objectives of this study of multilayered reservoirs with formation cross-

flow may be described as follows:

1. Examination of the effects of reservoir parameters on wellbore pressure and flow

rate response.
2. Investigation of limiting behavior at early time and at late time.

3. Establishment of new methods by which initial estimates of reservoir parameters
may be determined in a systematic way to aid automatic nonlinear regression

analysis of well test data for layered systems.



Chapter 2
Model Description

The reservoir model considered in this study is shown schematically in Fig. 2.1. The
reservoir consists of an arbitrary number of horizontal layers each of which are homo-
geneous, but different from each other. The reservoir parameters permitted to vary
are radial permeability, vertical permeability, and skin factor. At the center of the
reservoir, a single well penetrates all layers, which are initially in hydraulic pressure
equilibrium. The reservoir fluid, produced at a constant rate from the well head,
is a slightly compressible, single-phase fluid of constant viscosity. The top and the
bottom of the reservoir are sealed by impermeable layers. At the outer boundary,
three typical conditions are considered; infinitely large reservoir, and either a no-flow,
or constant-pressure outer boundary condition. Isothermal expansion and a constant
wellbore storage coefficient are assumed, and gravity effects are not considered.

If the number of layers is reduced to two, the model is identical to that of Bourdet
(1985), and if crossflow between formation is neglected, it is the same as that of
Lefkovits, et al. (1961).

In describing formation crossflow between adjacent layers, the semi-permeable wall
model of Gao and Dean (1983) was used. Fach layer has a finite radial permeability,
and a finite vertical permeability. However, all vertical permeabilities are assumed
to be associated only with the interface between layers. Inside any layer, there is no
vertical pressure gradient and the flow direction is essentially radial. The magnitude of

the vertical resistance at the interface j—I—% is determined by the vertical permeabilities
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of the two adjacent layers, j and j + 1, as follows:

i+ hjga
kvﬂ+% - kh] % (21)
Y3

kojia
The governing partial differential equation which describes the flow in layer j in
cylindrical coordinates is given by:
10 dp; 0 dp; dp;
— (ki) 4+ (k=) = I 2.2
T@T(r ]ar)—l_az( Jaz) (¢ﬂct)] at ( )
Integrating Eq. 2.2 with respect to z from the top to the bottom of layer 5 yields:

Ip; Ip; dp;
(kh);V?p, + kva—;p:%% — kva—;|zzzj_% — (qsﬂcth)ja—; (2.3)

We can modify the second and the third term in the left hand side of Eq. 2.3 by
applying finite difference methods:

J+1 J—1

_ Pj+1 — Py
s(hir 4 hjoa)

_ Pij+1— Py

hj+%
Then Eq. 2.3 becomes:
kv 41 kv 1 ap
(kh);N"p; + 2=—=(pjr1 = pj) + 77— (Pjm1 = pj) = (Puesh)j—- (2.5)
it+3 i=3

For the inner boundary conditions, both hydraulic pressure equilibrium and con-
stant production rate at the well head are assumed, with the presence of skin factors
and constant wellbore storage coefficient considered. These conditions may be ex-

pressed as:

dp;
Puwf = Pj — Sj(ra—;)rzrw (2.6)
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dpus = 2n(kh);, Op;
_ —C w J J —r
qt dt —I_ Z_:l [ (T' ar ) =Tw
]_
The three outer boundary conditions are:
lim p;(r,t) = p;, for an infinite system,
Ip; _ "
8—|T:Te =0, for the no-flow condition, and
-

p;(re,t) = p;, for the constant-pressure condition.

The initial condition is:
pj(rv 0) = pP;

The sand face flow rate from each layer is:

27 (kh), r%)
0 ar T

q4; =

12

(2.8)
(2.9)

(2.10)

(2.11)

(2.12)

All conditions can be non-dimensionalized for analysis with the introduction of

the following dimensionless variables and parameters:

27 (kh),
qpr
b (kh)t
b (¢h)tﬂctrzu

Pip = (pi — ;)

(2.13)

(2.14)
(2.15)

(2.16)
(2.17)
(2.18)
(2.19)

(2.20)
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where
n

2.

(2.21)

o
—

(kh)
> (oh); (2.22)

7=1

(k) =
(¢h)t =

n

The non-dimensionalized equations and conditions are:

aij

k;Vpip + Ajp1(pisip — pip) + X _1(pj-ip — pip) = w; T (2.23)
Inner boundary conditions:
Ip;p
PwD = PiD — Sj—ar]D lrp=1 (2.24)
dpup <~ Jp;
l=Cp——= — I 2.25
D dip - Ky arp |rp=1 ( )
Outer boundary conditions:
lim p;p(rp,tp) =0, for an infinite system (2.26)
rp—00
O
Pib rop =0, for the no-flow condition (2.27)
aTD ©
pip(rep,tp) =0, for constant-pressure condition (2.28)
Initial condition:
p]‘D(TD,O) =0 (2.29)
Sandface flow rate: 5
4 Pip
p=-—=—K ——|, = 2.30
=% = e P2, (2:0)

The non-dimensionalized equations solved in Laplace domain are presented in
Appendix A. The non-dimensionalized solution will be used in Chapter 3 to describe

the behavior of crossflow systems.



Chapter 3
Multilayered Crossflow System

Whenever there is a pressure difference between two layers, crossflow will occur if
there is communication between layers. Generally, differences in radial permeability
and skin factor are the most important reasons for causing the formation crossflow.
A more permeable layer produces rapidly, which causes bigger pressure drop. Thus
at the same distance from the wellbore, the formation pressure becomes higher in the
less permeable layer than that in the more permeable layer, and the reservoir fluid
starts flowing from the less to the more permeable layer. This crossflow phenomenon
has many characteristic effects both on the response of the wellbore pressure and on
the production rate from each layer. In this chapter, many interesting characteristics

of a multilayered reservoir with formation crossflow are discussed.

3.1 General Behavior of Crossflow Systems

The typical wellbore responses in a multilayered reservoir with formation crossflow
are shown in Figs. 3.1- 3.3, compared to those of a commingled system for reservoir
parameters listed in Table 3.1.

Shown in Fig. 3.1 are two cases, A and B. In case A, wellbore pressure responds to
production at a constant rate in three progressive stages. At early time ({p < tp1),
pressure response of a crossflow system is identical to that of a commingled system

with same reservoir parameters. This suggests that it takes time for the formation

14
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Table 3.1: Reservoir Parameters for Studies of Wellbore Response of Multilayered
Crossflow Systems

Layer | k (md) s
case A | case B | case C
1 1000 0 5 4
100 5 0 1

crossflow to be initiated.
At late time (tp > tpy), wellbore pressure response reaches a semilog straight
line behavior similar to that of a homogeneous single layered system whose reservoir

parameters are the arithmetic average of the parameters of each layer, such that:

kihy + kohy + -+ 4+ kb,

k= 3.1
hy+hy+---+hy, (3.1)
I + @282+ -+ qusn (3.2)
4t
At this stage, the pressure may be expressed as:
1 _
pPp = 3 Intp 4+ 0.404535 + = (3.3)

During intermediate time (¢p1 < tp < tp3), the pressure curve deviates from that
of the commingled system and approaches that of the homogeneous system. The
dividing times, tp; and tp,, are governed by the vertical permeability.

The three stage response is better seen in Fig. 3.2, dimensionless wellbore pressure
derivative vs. the logarithm of dimensionless time. The pressure derivative curves
for a crossflow system are identical to the behavior of a commingled system at early
time, and reach a constant value of 0.5 at late time, corresponding to the semilog
straight line behavior of a homogeneous, single layered system. The two parts are
connected by a transitional stage.

When the less permeable layer has smaller skin factor, as in case B of Fig. 3.1, the

transitional phenomenon during the intermediate period appears to happen quickly,
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but this is not so. From the pressure derivative curves in Fig. 3.2, we can see that
the duration of the intermediate period in case B is as long as in case A.

In case A, where the more permeable layer has the smaller skin factor, a mini-
mum develops in the derivative curve during the transitional stage. The location of
the minimum may be important in determining the reservoir parameters, as will be
discussed in Chapter 4.

The production rate history for layer 1, the more permeable layer, is shown in
Fig. 3.3 for both crossflow as well as commingled systems, for cases A, B and C.
There are two important features in Fig. 3.3. One is that the layer production rates
for crossflow system become constant at late time, whereas those for the commingled
system do not. This is an important factor in the determination of the reservoir
parameters for each layer, and shall be discussed in detail in Section 3.9. The early
time limiting production rate from each layer is also constant, as can be seen in case
C. A and B are two extreme cases in that the layers produce all or nothing.

The second key observation is that the more permeable layer produces more in
case A, and less in case B, than the commingled system. This means that both the
permeabilities and the skin factors play a determining role in deciding the direction

and the magnitude of the crossflow. This too will be discussed more in Section 3.9.
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3.2 Effect of Permeability

The effect of the layer permeability ratio on the wellbore pressure response is shown
in Fig. 3.4. The examples are for a two layered reservoir with the parameters shown

in Table 3.2.

Table 3.2: Reservoir Parameters for Studies of the Effect of Permeability

case A | case B | case C | case D
ki (md) 10 100 1000 | 10000
ko(md) 10 10 10 10
ky/ ko 1 10 100 1000
kyi = ky2 = 100 md

81282:0

As the ratio ky/k, increases, the dimensionless pressure drop at early time in-
creases compared to that of the homogeneous system (ky/ky; = 1). Transition to the
response of the homogeneous system follows immediately.

The transitional stage is interesting. Fig. 3.5 shows the pressure derivative curves
for four cases. The small minimum advances approximately one log cycle as the ratio

ki/kq increases ten fold. However, the definition of ¢p is:

_ 2m(kh)st
"D = ohyenenr? (3-4)

The advance of the transitional period is caused by the increase of (kh); rather than
a change in real time ¢. The pressure derivative vs. real time is presented in Fig. 3.6.
The minimum in the pressure derivative happens at the same actual time, which
means that the permeability ratio does not affect the transition period time.

The size of the minimum increases with an increase in the permeability ratio
between the layers. However there seems to be a limiting value, beyond which the

minimum does not increase, no matter how large the permeability ratio is.
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3.3 Effect of Skin Factor

Skin factors also play an important role in the behavior of wellbore pressure and layer
production rates. The effect of skin factors on the wellbore response are shown in

Figs. 3.7- 3.9, for a two layered reservoir with the parameters as shown in Table 3.3.

Table 3.3: Reservoir Parameters for Studies of the Effect of Skin

Layer | case A | case B | case C | case D | case E
S1 10 5 0 5 10
S2 0 0 5 10 5

ky = ky,;y = 100 md
ky = kyy = 10 md

Fig. 3.7 shows the wellbore pressure response, and Fig. 3.8 shows the wellbore
pressure derivative curves for various combinations of skin factors for two layered
systems. As mentioned in Section 3.1, wellbore pressure drops suddenly at early time
(pp increases) when the more permeable layer has a larger skin. Throughout the
transition at intermediate time, the pressure curve becomes a semilog straight line
which is characteristic of a homogeneous system. At this stage, the straight line can

be approximated by:

1
pp = 5 Inip +0.404535 + 3 (3.5)

S=q¢pS1+ .-+ GupSn (3.6)

This is the basis for conventional well test analysis by which the average properties,

(kh); and 3 can be obtained.

162.6¢; B
kh)y = ——— .
(kh). - (3.7)
_ Pinr — Di (kh)t
5=11513|—/——— —log—————— 4 3.2275 3.8
[ m g (¢h>tﬂ0tri} ] ( )

where all the variables and parameters are given in oil field units and m is the slope

of the semilog straight line.
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However, the skin factors do not affect the start and the end of the transition pe-
riod, as shown in Fig. 3.8 . The point of divergence from the response of a commingled
system and the point of convergence to the response of a homogeneous system change
very little with various combinations of skin factors for each layer.

Another point is that the initial and the final layer production rates are constant
and are determined by the permeabilities, vertical permeabilities and skin factors
only, as shall be shown later in Section 3.9.

The most important role of skin factors in a multilayered crossflow system is
determination of the direction of the formation crossflow at late time. As mentioned
briefly in Section 3.1, the late time production rate of layer 1 in case A, where the
more permeable layer has the smaller skin, is higher than that for a commingled
system. This means that the direction of the formation crossflow is from the less
permeable layer to the more permeable layer. However in case B of the same figure,
the formation crossflow is from the more permeable layer to the less permeable layer.
Even if the difference in the skin factors of the two layers is very small, the direction
of the formation crossflow is always from the layer with larger skin to the layer with
smaller skin, not from the less permeable layer to the more permeable layer.

Fig. 3.10 shows the effect of skin factors on formation crossflow schematically.
Consider two points located at the same radial distance from the wellbore (rp = 20
or rp =40) in a two layered reservoir where &y is higher than ks, and define App as

the difference of the dimensionless presure at the two points:

App = pp1 — pp2 (3.9)
= %];h)t(pz —p1)
Positive App means that reservoir pressure is higher in layer 2 than in layer 1, and
the crossflow will be from layer 2 to layer 1.
Firstly, consider the case when s; = s5. For some time after the start of pro-
duction, the two points do not feel a pressure gradient, neither radial nor vertical.
Soon the reservoir fluid at the points will begin to move toward the wellbore, but not

vertically. That is because there is no vertical pressure difference inside either layer

by the assumption of the semi-permeable wall model stated in Chapter 2 and because
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even the wellbore takes some time to feel the effect of vertical permeability. Thus the
App curve remains zero up to this time.

Next, vertical permeability begins to take effect and causes a vertical pressure
difference between the two points. Now the App curve begins to increase, since the
permeability is greater in layer 1 than in layer 2. The more permeable layer produces
faster than the less permeable layer and the pressure drop is bigger in the more
permeable layer. Later App reaches a maximum, begins to decrease and eventually
becomes zero at late time.

If s; # s,, then an interesting phenomenon happens. The general shape looks
like that of the case where s; = s, until App reaches the maximum. The difference
is found at late time when the transition ends. App stays positively constant in the
case where sy > sy, and negatively constant in the case where s; > s;.

Thus two facts can be deduced about the crossflow at late time when the system

response converges to that of the homogeneous system:

1. The magnitude of App at late time remains constant.

2. The crossflow is from the layer with larger skin to the layer with smaller skin.
Surprisingly, the effect of permeability is present only for the transition period
and when the transition is over, the permeability does not affect the direction

of crossflow.

The late time behavior in the crossflow system is due to the late time limiting

form for App, which will be discussed later in Section 3.9.
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3.4 Effect of Vertical Permeability

As mentioned in the previous section, the wellbore response of a multilayered crossflow
system shows a three stage pattern. The response is identical to that of a commingled
system at early time, and to that of a homogeneous system at late time. Consequently,
a transition from a commingled system behavior to homogeneous system behavior
must occur. The time period when this transition phenomenon starts and stops is
dependent on vertical permeability. Radial permeability and skin factor have little
effect on the transition times as shown in Section 3.2 and Section 3.3 .

Figs. 3.11- 3.13 show the effect of vertical permeability on wellbore pressure, on
the derivative of wellbore pressure and on the fractional production rate of the more
permeable layer for a two layered crossflow system with the reservoir parameters as

shown in Table 3.4.

Table 3.4: Reservoir Parameters for Studies of the Effect of Vertical Permeability

case A | case B | case C | case D | case E

kyj/k; 1 0.1 0.01 0.001 0
case A : Isotropic System

case I : Commingled System

ky = 1000 md; ky = 100 md

81282:0

All figures show that the smaller the vertical permeabilities are, the later the tran-
sition to homogeneous system behavior occurs. In Fig. 3.11, it can be seen that a
ten-fold reduction in vertical permeability causes a ten-fold increase in the start of the
transition zone. As can be seen in Fig. 3.12, the transition causes a small minimum
in the pressure derivative which advances exactly one log cycle as the vertical per-
meability is decreased by one tenth of the previous value. In Fig. 3.13, the fractional
production rate from layer 1 becomes the same constant rate at late time for all cases.
The production rate from layer 1 of the commingled system (k, = 0) approaches the
same constant rate at very long time.

Thus, it appears that the effect of vertical permeability is to determine when
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wellbore pressure reaches a semilog straight line, and when the layer production rates

stabilize. Both factors depend on vertical permeability.
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3.5 Effect of Outer Boundary Conditions

To have a semilog straight line is extremely important in conventional well test analy-
sis for a single layered system because we can determine the permeability and the skin
factor directly from the expression of the line. Fortunately, in all crossflow systems,
the wellbore pressure reaches to a semilog straight line at late time, as mentioned in
Section 3.1, no matter what permeability and skin factor each layer has. However, all
we can get from the straight line is just the average values of permeability and skin

for the total system, not for the individual layers.
(kh); = kihy + ...+ kohy, (3.10)

Qt§:€7151‘|‘---‘|‘Qn5n (311)

One thing to be emphasized here is that in order to have the proper semilog
straight line, the transition phenomenon should terminate before the system feels the
outer boundary conditions for a reservoir of finite size. As discussed in Section 3.4, the
duration of the transition period is entirely determined by the vertical permeabilities
of each layer. Thus, the factors that decide if the system will reach to the homogeneous
system, are magnitude of the vertical permeabilities and the reservoir size. If the
reservoir size is larger and the vertical permeability of each layer is larger, then we may
expect to have the semilog straight line, because the multilayered crossflow system
feels the outer boundary condition later and the transition period terminates earlier.

Fig. 3.14 and 3.15 shows the effect of outer boundary condition and the verti-
cal permeability on wellbore pressure for a two layered system with the reservoir

parameters in Table 3.5.

Table 3.5: Reservoir Parameters for Studies of the Effect of the Outer Boundary
Conditions and Vertical Permeabilities on Wellbore Response

Layer | k (md) | k, (md) | s
1 100 10 0
2 10 10 0
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Judging from Fig. 3.14 and Fig. 3.15, the cases of larger reservoir size and larger
vertical permeability (r.p = 10000, &k, /k = 1.0) reach the proper semilog straight line
before the system detects the outer boundary conditions. But the cases of smaller
reservoir size and smaller vertical permeability (r.p = 1000, k,/k = 0.01) do not.
Although these cases look likely to have some semilog straight line interval in Fig. 3.14,
they do not in reality as can be seen in Fig. 3.15 and we may not obtain the correct
(kh); and 3 accordingly.

Fig. 3.16 shows the production rate from layer 1 in a two layered reservoir for
three different outer boundary conditions. In the cases of infinite acting boundary
condition, the terminal production rate is just equivalent to x1(= ky1h1/(kh);), since
the skin factors are zero as shall be discussed in Section 3.9. A more interesting
fact is that the terminal production rate from each layer is same, regardless of the
outer boundary conditions as long as the multilayered crossflow system reaches to the
homogeneous system response before detecting outer boundary conditions (k,/k =
1.0). However, if the outer boundary condition is felt significantly before the system
reaches to the homogeneous system response, then the terminal layer production rate
is affected also by outer boundary condition and we see some divergence as in cases
of k,/k = 0.01. The terminal production rate of the case of constant pressure outer
boundary condition reaches a value of k1 much earlier than the case of the infinite
reservoir. The value of the terminal production rate in the case of no flow outer
boundary condition is significantly different from ;.

Concerning the wellbore pressure, it can be easily noticed that vertical permeabil-
ity does not affect the pressure response much, no matter how big or small vertical
permeability is, once the system reaches to the homogeneous system response. This
holds regardless of the outer boundary conditions. Thus at late time, the usual ex-

pression can be applied:

1
pPp = 5 Intp +0.4045 + 3 infinite reservoir, (3.12)
pp =Inr.p +35 constant pressure condition, and (3.13)
21
PD = = D ! no-flow boundary condition (3.14)
Tep —

All the behaviors described above still hold for the cases when skin factors are
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involved. However, the terminal production rate from each layer is also affected by

A, if the skin factor of each layer is different. For example, in a two layered system:

/432(82 — 81)

LT = gy (1 3.15
4@ Kl( —I_ [(10(0'1) —|— K189 —|— K981 ( )
[(10(0'1) —|— K189 —|— K981

where (1)

[(0 g1
K? = — 3.17
1(0-1) 0_1[(1(0_1) ( )

A A
oy ==+ = (3.18)

K1 K2

By definition, the average skin value is also affected by A, since the terminal

production rate from each layer is a function of .

S=81¢ip+ ...+ Suqup (3.19)

Thus, even the simplest cases when the outer boundary condition is infinite acting,
each case reaches to the proper semilog straight line, but not the same line because

of the small variation in the average skin of the system.
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3.6 Effect of Wellbore Storage

As the pressure drops, reservoir fluid expands. The fluid of expanded volume cannot
stay inside the original pore space and flows toward the lower pressure zone. This
expansion happens not only in the reservoir but also in the wellbore. Thus when
we say that we produce the reservoir fluid at a constant rate at the wellhead, some
portion of the production comes from the expanded volume of the fluid that fills
the wellbore while the rest comes from the reservoir pore space. The contribution
of the expansion of the reservoir fluid in the wellbore to the pressure or the layer
production rate is called wellbore storage effect. This wellbore storage effect is taken

into consideration as an inner boundary condition:

dp.y " 2n(kh); Op,
= - _ lr=r 2
]_
or in a dimensionless form:
dpwp - apy‘D
1= _ , A 21
CD dtD ;K] aTD |7’D—1 (3 )
where C
Cp = 27 (ph)er?

As mentioned in Section 3.1, early time behavior of the crossflow system is identical
to that of the commingled system. Thus, as can be seen in Appendix B, wellbore
pressure at early time for the multilayered crossflow system with wellbore storage

effect is:

1
2[Cpz+ X5y ol Hkgk](l(gk)(gk)]

Uk)+5k0k1\/y1

Pub = (3.22)

Since z becomes very large at early time, the first term in the denominator, Cpz,

is large enough to dominate over the summation terms, and the p,p can be approxi-

mated as:
s o L (3.93)
PwD = CD22 .
or in an inversely transformed dimensionless time domain:
lp
PwD X (3.24)

Cp
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This is just a unit slope straight line in a log-log scale plot as can be seen in Fig.
3.17 and none of the reservoir information can be obtained while wellbore storage
effect dominates the well test data. Fortunately, z gets smaller as time increases
and the wellbore storage effect (Cpz) becomes negligible. Thus it may be said that
the effect of wellbore storage in a multilayered crossflow system is just to mask the
valuable reservoir information at early time, as in many other reservoir models.

Early time data is as important as late time data, since the former shows diverse
pattern according to the individual layer parameters while the latter shows only the
average values of the total system such as (kh), or 5. Ehlig-Economides and Joseph
(1985), however, discovered a useful way to minimize the effect of wellbore storage
on the wellbore pressure and the layer production rate.

From Eq. 3.22, wellbore pressure without storage effect can be written as:

1

n REop K1 (o)
Z[Zk:l Ko(og)+spor K1 (Uk)]

(3.25)

wa,CDZO —

where p,p.c,=0 means wellbore pressure without storage effect.
From Eq. 3.22 and Eq. 3.25, we can find a relationship between the wellbore

pressure with and without storage effect, which is:

1 1
PwD PwD,Cp=0

By rearranging for p,p.cp=o.
1 PwD

S _ 3.27
PebCo=0 = 022 = 1= Cp2*pup 2

PwD

Examples of eliminating the storage effect from wellbore pressure using Eq. 3.27 for
various storage coefficient are shown in Fig. 3.17.

Analogy is found in the equation for the layer production rate. From Appendix

B, the production rate from layer j with storage effect is:

__ rRioilalog)
D = » 3.28
q]D [(0(0']‘) —|— S]‘U]‘[X’l(a'j)p D ( )
where
o= 22 (3.29)
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From Eq. 3.26,
1

. (3.30)

wa,CD:O

PwD

CD22 +

wa,CDZO
Cpz*PuD.cp=o0 + 1

Substituting Eq. 3.30 into Eq. 3.28 yields:

ko Ki(o;)

qu - [(0(0']‘) —|— S]‘O']‘[X’l(O'j)pWD (331)
_ k0K (0;) Pub.Cp=o
"~ Ko(oj) +5;0,K1(0;) Cp22Pupcp=o + 1
4;D,Cp=0

Cpz*puncp=o + 1

where ¢;p ¢, =0 means the production rate from layer j without wellbore storage effect.

By simple rearrangement, Eq. 3.31 can be written as:

70 = (1= Cpz*Pun)qDcp=0 (3.32)

By taking the summation for the production rate from each layer:

Z ;D
7=1

(1 —Cp=*Pup ZQjD,CDZO (3.33)

= (1 - Cpz*pup)
There is a relationship between Eq. 3.32 and Eq. 3.33 such that:

¢Gp (1= Cppup??)
Yiiqgp (1= Cppupz?)

4;D,0p=0 (3.34)

Finally, the layer production rate with the wellbore storage effect eliminated is:

4D

—_— 3.35
Z?:l q]D ( )

4;D,Cp=0 =

which means the ratio of the layer production rate and the sum of the production
rate from the reservoir is equivalent to the layer production rate with no wellbore
storage effect. Examples of eliminating the storage effect using Eq. 3.35 can be found

in Fig. 3.18 for various wellbore storage coefficients.
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3.7 Effect of Layering Order

The order of layers also has some effect on the wellbore response. The change of
order will also change the values of the \’s, the parameters representing crossflow
between layers, since each layer has different vertical permeability. These modified
A’s will affect intermediate and late time response of the multilayered reservoir with
crossflow. The early time response does not change because the system is behaving
like a commingled system. Fig. 3.19- 3.21 show the effect of layering for a three

layered crossflow system with the reservoir parameters in Table 3.6.

Table 3.6: Reservoir Parameters for Studies of the Effect of the Order of the Layers

Case | ky(md) | ko(md) | ks(md) | s1 | s2 | s3
A 1000 10 1000 5111 3
B 10 1000 1000 1 15]3
C 10 1000 1000 11315

Considering that the heterogeneities in permeability are 100 fold, it may be said
that there is little difference in response among the three sample cases. This is same
as the observation of Gao (1983 b). If the heterogeneities in skin factor and vertical
permeability are not big, the effect of layering order in a multilayered reservoir with
crossflow is not significant. However, when the heterogeneities in vertical permeability
is very big and the least permeable layer is placed between more permeable layers as
in case B, the system behaves like a commingled system.

As a special case, when skin is zero in every layer, or more generally, when the
skin factors are all of equal magnitude, s, then wellbore pressure at late time and the

layer production rate are as follows, as shall be discussed in Section 3.9.

|
pup® = 5 Inip +0.404535 + 3 (3.36)

where

LT LT
91D 51+---+an Sn

= (Q1DLT + ...+ %DLT)S

|
Il

(3.37)












CHAPTER 3. MULTILAYERED CROSSFLOW SYSTEM 51

and -
QJDLT G (klh)lt

Since the layer production rate is equivalent to x at late time, the average skin is

(3.38)

never affected by the order of layering, neither is wellbore pressure. Thus, when the
skin of each layer is all same, there is no effect of layering on the wellbore response in
the late time either. If skin factors are different from each other, then layer production
rate is not k but some other constant determined by the skin factors and vertical
permeabilities as well as radial permeabilities. Hence the average skin changes with

¢;p and the wellbore pressure also change with 5.
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3.8 Early Time Behavior

As many authors have pointed out, the early time behavior of the crossflow system is
identical to that of the commingled system. However, Ehlig-Economides and Joseph
(1985) were the first to have proved it rigorously.

The Laplace transformation of the pressure drop and the production rate from
each layer in a commingled system, have been solved by Lefkovits, et al. (1961).
Their solution is for a closed system and is in dimensional form. Assuming that the
early time behavior of the system is not affected by the outer boundary conditions,
we can more easily analyze the early time behavior by investigating the solutions for

an infinite reservoir in a dimensionless form as in Appendix B:

1
PuwD = n k0K (o (339)
z[Cpz + Zj:l Ko(gj)is]gili'i(a])]
L ko K1(o;) -
— _ - 3.40
where
w]‘Z
R bt o 3.41
= 2 (3.41)

By the method mentioned in Section 3.6, the effect of wellbore storage can be
eliminated. So, in this section, we just consider the case with no wellbore storage.
At early time, z becomes large and so does o. Thus, using the approximation of

the Ky and K for the large argument:

lim folo) 1 (3.42)
c== 0;Ki(0;) o
The equation for g;p becomes:
lj—Jsgir
D= 5 mns Jiéi’;k (3.43)

As mentioned earlier in Section 3.1, the limiting forms of the early time layer
production rate are constant. Since a multilayered crossflow system can be classified

by the combination of skin factors as follows:
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1. Case (A) : All skin factors are zero,
2. Case (B) : All skin factors are non-zero, and
3. Case (C) : Some skin factors are zero, while others are not.

the constant values of the early time layer production rate can be determined case by

case.

3.8.1 Case A: s, =0 for all k

Since all skin factors are zero:

Then, the production rate of the layer j at early time becomes:

— KjO;
D = —— 3.45
q]D z Zzzl KO ( )

Wiz
/ij it ok
Ky

z Zz:l Rk \/ "‘;_kkz
ViR
23 =1 VWERE

and, if transformed into real space, it becomes:
NI
4D = =, — . (346)
2 k=1 VWkEk
Thus, at early time, each layer produces at a constant rate determined by the fraction

of \/w;k;. An Example for case A is shown in Fig. 3.22.

3.8.2 Case B: 5, #0 for all &

At early time, o, = | /“;—’f is much greater than one. If s; is a reasonably big number,
then:
1 + S0 ™~ SLO} (347)
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Thus the production rate of the layer j at early time becomes:

Tp = —— 22— (3.48)

ED DY

and, if transformed into real space, it becomes:

Kifs;
¢p = =———F— 3.49
T ekl s (349)
which is also a constant rate determined by the fraction of =£. Example for case B is
J

shown in Fig. 3.23.
A question might be raised about the limiting production rates of the layers with
very small non-zero skin factors. The answer for the question can be sought in the

validity of the approximation of Eq. 3.47.
1 + S0 ™~ SLO} (350)

Eq. 3.47 is valid only spoy is much larger than 1. For example, if we assume that

it is valid when s,o; is greater than 100 and s; is a very small number like 0.0001,

then:
spop = 0.0001, /222 (3.51)
Kk

~ 0.0001,/z
> 100

Eq. 3.47 is valid only when z is greater than 10'%2. As stated in Chapter 2, the
governing equation for a multilayer crossflow system is solved in Laplace space first
and inversely transformed into real domain using the Stehfest algorithm. Such a big
argument, z = 10'? is generated in the Stehfest algorithm when ¢p is as small as
1072, which is too small a time in most well testing analysis. Actually, at early
time when tp ~ 0.001, s,o} is much smaller than 1, and Eq. 3.44 is a more proper

approximation than Eq. 3.47 and the system behaves as if the skin factors are zero.
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3.8.3 Case C: some s, =0 and others are not

From the previous subsections, we know that:

ki

~ K

1 3%
—|— S]‘O']‘

J

if the skin factor of the layer is zero, and that:
_Ri% LR
1 —|— S]‘O']‘ B S]‘

if the skin factor of the layer is non-zero.
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(3.52)

(3.53)

Thus, the layer production rate in case C should be considered separately based

on whether the layer has zero or non-zero skin.

In the first case, when s; = 0, the layer production rate of layer j becomes a
constant.
K393
_ 1+s50;
4D = —=n  wo (3.54)
' ZZk:l 1‘|‘Zkl;k
R;0;
= 3.55
2[3 0,20 Bk Sk + 2s,=0 KkOK] (3.53)
Rj %JZ

2[00 Bk /5K + 25,20 /fk\/“;:’f]
VWi
V[ s 20 Kr/ Sk + 25,20 VOREEZ)
VIR [ s=0 V/WREE
NN

_ Zsk;ﬁo :_:
Zsk:O VWERE
From Abramowitz and Stegun (1970),
1 2
——— — " Perfelayt
NENE fetavio)

Thus, final expression of the layer production becomes:

where

a

W, K
G = e e felav/Ip)
Sp=

(3.56)

(3.57)

(3.58)
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At very early time (tp =~ 0),
=1 (3.59)

erfe(0) =1 (3.60)

Thus, the production rate of layer j at very early time becomes a constant, determined
as follows:
fimpaip = Jim, S erfefayTp) (3.61)
VWikj
ZskZO VWERE

In the second case, when s; # 0, the production rate of layer j becomes zero.

__ 1—|—Jsgir
D = T oo 3.62
q]D sz | lik’s:f’_k ( )
J/Sj
= 3.63
2[ .20 Bk Sk + 2s, =0 KkOK] (3.63)
_ kil
Z[Zsk;éo /ik/Sk + ZskZO \V/ CUk/ikZ]
B H—J/(Zsk —o V/FEWk)
- ;£0 Hk/sk
B j/Sstk:O NI ( 5,0 :_:/Zsk —o /WrkL)? (3.64)
B (Zsk;éo /fk/sk)z [\/— _I_ k;éO rk/ sk ] ’
o TR
By defining b as follows:
S0 2
b= 2 (3.65)

B Zsk:O VWERE

we have a simpler form for g;p:
_ /fj/Sstk:o VWERE b?
= 3.66
4;D (Zsk;éo /ik/Sk)Q Z[\/E—I- b] ( )
From Abramowitz and Stegun (1970),
b2
ENE

s b[1 — PP er fe(by/tp)] (3.67)
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Thus, the inversely transformed expression for ¢;p becomes:

3/ 852 =0 V/OkFk B[l — tr er fe(by/tp)]

q;D

(Xsez0 #k/5%)?

At very early time, ¢;p becomes zero, since
e =1

erfe(0) =1

An example for case C is shown in Fig. 3.24.

39

(3.68)

(3.69)

(3.70)
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3.9 Late Time Behavior

Unlike a commingled system, a crossflow system shows many advantageous charac-
teristics in the late time behavior of wellbore pressure and layer production rate. The
first is that layer production rates become constant, the second is that the vertical
pressure difference between layers becomes constant and the last is that wellbore pres-
sure can be approximated as a semilog straight line of the equivalent homogeneous
system. All these can be proven mathematically in a two layered system. However,

they still hold for multilayered systems when there are more than two layers.

3.9.1 Constant Terminal Layer Production Rate

Bourdet (1985) derived the solution for wellbore pressure in double layered reservoir,

which is introduced briefly in Appendix C. Following Bourdet:
pip = a1 B1Ko(o1rp) + a; BaKo(o2rp) (3.71)

psp = BiKo(owrp) + B2 Ko(oarp) (3.72)

where each variable is defined as:

—_

ap =1+ (X)[wgz — Kyo}] (3.73)
1 2
a; =14+ (X)[wgz — ko074 (3.74)
1 wyz+ X wiz+ A
2 2 1
= — A .
ot = (IR LB (3.75)
1 A A
oo (2EEA @A L (3.76)
2 K2 K1
2
A:¢(w22—|—)\_w12—|—)\)2+ 4\ (3.77)
R2 R1 R1K2
By applying inner boundary conditions, we can get:
1
0'1[(1(0'1)B1 = _;[GQ(I(IO(O-Q) + 81) — ([(?(0'2) + 82)] (378)
1
0'2[(1(0'2)B2 = ——[al([({)(al) —|— 81) — ([(10(0'1) —|— 82)] (379)

czZ
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where Ko(o)
1ol O
K? = .
X1(0-) U](i(a) (3 80)

and

¢ = (k102 + wa)[ar(K7(01) 4 51) — (K7(01) + s2)]
= —(k1a1 + KQ)[GQ([(?(O’Q) +51) — (Kf(ag) + 39)] (3.81)

Since we are looking for the limiting form at late time, we need to get the limiting

values for all the variables for small Laplacian argument z.

. . A A w2 w1 51_2 B Hl_l 2

A 2T

A
lim Uf = lm[—+ — + + T2+ 0(22)]

z—0 z—%)ﬁz K1 ;; ;;
AA
ARSI 3.83
- Ko + kl ( )
wldw?2
lin% or = lin%[ 2o 4 O(2%)]
L. (3.84)
li = liml (L :
lme, = lml+ (X)[wzz — K207 ]
: 1 A
= lim 1+ (3)wsz — 52(;1 + K—z)]
K2
= 3.85
S 3:)
li = liml ! ;
ma; = ml+ (X)[wzz — K203)]

1
= liml+ (X)[wgz — Koz|

z—0

— 1 (3.86)
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lime = lim(kiaz + #2)[a1(KY(01) + 51) = (K7(01) + 52)]
—(r1ay + K2)[aa(KY(02) + s1) — (K7 (02) + 52)]
= —%(K?(Ul) +51) — (K%01) + s9) (3.87)

1

Substituting these limiting values into Eq. 3.78 and 3.79 yields:

oK (o) B = = [(K%(0n) + 1) — (K¥(s) + 52)]

cz
K1 (51 - 32)

= X (3.88)

(o) BT = [ o) 4 o) - (Ko 4 )] (389)
1

Then, the production rate of layer 2 becomes:

e
LT P
(%55) = —528725%:1
= 52[B10'1[(1(0'1) —|— BQO’Q[(l(O'Q)]LT (390)
K k(81 — s
_ _2[1 b 1(s1 2)
z KP(01) 4 K182 + K28y
Similarly:
LT R1 /432(32 - 31)
e} = — 3.91
(D) z [ K{(o1) 4+ K182 + K281 ( )

Since all the values are constant except z, transformation into real domain yields

constant values:

LT /12(32 - 31)
= k1|l + =
) il K{(o1) 4+ K182 + K281
/431(81 — 82)
[(?(O'l) + K152 + K251

These formulae for layer production rate at late time imply several things:

(¢1p (3.92)

)LT

(g2p)” = Kol + (3.93)

1. The terminal production rate from each layer is constant.

2. If s = s, then the layer production rate is proportional to the productivity

ratio.
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3. If sy # sq, then the layer with smaller skin produces more than s, suggesting
that the formation crossflow occurs from the layer with larger skin to the layer

with smaller skin, as explained in Section 3.4.

When there are more than two layers, the expression for the pressure is not avail-
able in a closed form, and above derivation is not possible. However, we still can try
the approximated forms for the terminal layer production rate, since the expressions

are very symmetrical. Taking the similar forms, we can suggest:

™ = ki1 + gﬁ; [(?(U;];(j'k/i_k;jl KjSk] (3.94)

o KY(o);) = % (3.95)
o = % + %’j (3.96)

Akj = (o), ZZ;Z?_ n %) (3.97)

The sign =+ is determined by the order of k and j. If £ is smaller than j, then the

sign 1s positive.

For example, ¢:p"7 in a three layered system can be expressed as:
LT Ko(sg — 1) ka(s3 — 1)
= k[l + —= - 3.98
o il A?(UU) + K189 + Ky A?(UB) + K183 + /43351] ( )
where
A A
oy =1/ 2+ 2 (3.99)
K1 Kg
A A
o=+ — (3.100)
K1 K3
22
)\12 — W (3101)
(o) + 22)
2 2
Az = & o (3.102)

(kh)o(3- + 272 + )
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Fig. 3.25 and Fig. 3.26 compares the real production rate history and the terminal
production rate for a two layered and a three layered system each. Fig. 3.25 is for a
two layered case and the terminal production rate was calculated from Eq. 3.92 and
Eq. 3.93. Both show an exact match naturally. However, Eq. 3.94 was applied in
approximating the terminal production rates for a three layered case as in Fig. 3.26,
It also showed a very nice match. These approximations become less credible when

the reservoir is composed of many layers, as might be guessed.

3.9.2 Constant Vertical Pressure Gradient
The layer pressure at an arbitrary point (r = rp) is given by Eq. 3.71 and Eq. 3.72:
pl—D = CllBl[(O(O'er) —|— GQBQ[(O(O'QTD) (3103)
p2—D = Bll(o(a'er) —|— BQ[(O(O'QTD) (3104)

Define the pressure difference between the layers as App:

App = Pip—Pp (3.105)
= (Cll — 1)B1[(0(0'1TD) —|— (GQ — 1)B2[(0(0'2TD)

At late time, from Eq. 3.85 and Eq. 3.86:
K2

ay =1 (3.107)
Thus the second term in the right hand side drops out and AppL? becomes:
AFET = (=22 1B Ko(owrp) (3.108)
R1
1
= ——BlKo(Uer)
R1
By can be obtained from Eq. 3.88:
(o1 By Ky (o) = 2 L (3.109)

;[(?(0'1) + K152 + K251
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Thus, App™" becomes:

1
App™" = ——BiKo(owrp) (3.110)

R1
1 S9 — &1 Ko(oyrp)
z [(10(0'1) —|— K182 —|— K981 0'1[(1(0'1)

Transformation of the above equation into the real domain yields:

— Ko(o1rp)
App™T = 22 0 3.111
Pp [(?(O'l) + K152 + K251 0'1[(1(0'1) ( )

This implies two things:

1. At a specified distance from the wellbore (r = rp), all the variables become
constant at late time. Thus the pressure difference or the vertical pressure

gradient becomes constant, and

2. The direction of the formation crossflow at late time is entirely determined by

the magnitude of the skin factors.

For example, in the case when s; is bigger than sy, App becomes negative. How-

ever, from the definition of the dimensionless pressure:

App = pip —Ppp (3.112)
_ 2m (kh)i(pi — p1) B 27 (kh):(pi — p2)
qe qelt
2w (kh —
_ Zrlkh)idps = 1) _
qept

Thus, the real pressure in layer 1 is bigger than the pressure in layer 2. Thus the di-
rection of formation crossflow is from layer 1 to layer 2. In other words, the formation
crossflow is from the layer with bigger skin to the layer with smaller skin.

Examples can be seen in Fig. 3.10 in Section 3.3, which shows that skin factors
alone determine the direction of formation crossflow at late time. However, this might
not be accurate because the crossflow effect is not treated two-dimensionally, as stated
in Chapter 2.

In Fig. 3.27, an example was given where each layer was divided into three sublay-

ers to study the effect of two-dimensional crossflow, for a two layered reservoir with
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parameters listed in Table 3.7. In the beginning, the pressure in layer 2 (sublayers
4, 5 and 6) is higher than that in layer 1 (sublayers 1, 2 and 3), since layer 1 has
bigger permeability than layer 2, as mentioned in Section 3.3. At late time (¢ > 1 hr),
however, the pressure in layer 1 is greater than that in layer 2, since layer 1 has bigger
skin than layer 2. Notice that the pressure difference between two layers are constant
throughout late time stage, which justifies the one-dimensional approximation of the

crossflow using the semi-permeable wall model.

Table 3.7: Reservoir Parameters for the Example Showing the Constant Pressure
Difference in Vertical Direction at Late Time with Two-Dimensional Crossflow

Layer | Sublayer | k(md) | k,(md) | s
1 500 50 3

1 2 500 50 3

3 500 50 3

4 100 50 0

2 ) 100 50 0

6 100 50 0

3.9.3 Wellbore Pressure as a Semilog Straight Line

Wellbore pressure in a multilayered reservoir is defined as:

Jp;p

PuD = PiD = 857, “lro=1 G=1....n) (3.113)
or for the second layer:
0P2p
R B (3.114)
D

= Bll(o(O'l) —|— BQ[(O(O'Q) —|— SQ[O’lBl[X’l(Ul) —|— O-QBQI(l(O-Q)]

However:

_ Ip2D
= — - Id — 3-115
42D K2 o lrp=1 ( )

= K?[UIBII(I(O-I) —|— O'QBQ[(l(O'Q)]
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Thus, p,p becomes:

be e S ____
PuD = B1Ko(01) + BaKo(oa) + ;292D

2

At late time, z becomes very small. From 3.84 and Eq. 3.89:

1
I:O-QBQI(l(O-Q)]LT = ;
[Uz]LT =z
From Abramowitz and Stegun (1970):
im Ka(z) = —1n & —
i{r(l)[&o(x) =—1In 5 7
1

01011% [Xl(l’) = ;
Thus the second term of the right hand side of Eq. 3.116 becomes:
1 [(0(0'2)

z 0'2[(1(0'2)

1 —1In(o2/2) — 4

1
z 0'25

[ByKo(02)]""

z
=~ 2+

Similarly, for the first term:

R1 51 — 82

;I(?(Ul) + K153 + K251

[O'lBl[(l(O'l)]LT =

](0(0'1) K1 S1 — S9

By Ko(o)MF —
[B1Ko(01)] o1 Ki(o1) 2 K{(oq) + k182 + K281

EL(s1 — 52)

[(10(0'1) —|— K182 —|— K981

= [(10(0'1)

From Eq. 3.91:

T K1 /432(32 - 31)
= —1
ap z [T+ KY(oy) + k182 + Koy

By rearranging the above equation:

-0 . /432(32 - 31)
[‘1(01) —|— K189 —|— K981 = 72'@1’11 ~ 1
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(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)
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Solving for K¥(oy) yields:

[(?(0'1) = _Klﬁ2(782 — 81) — K189 — K287

—IT
ZipT — kK1

Kika(8y — 81) — 5132(291—DLT — Ky) — 5231(291—DLT

— ,{1)

—IT
Z1p7T — K1

Since:
é — " + T
1 = g5 + zgptT
= K1+ K
Gt = Ky = Ky — 2T

K)(oy) can be expressed as:

[(?(O'l) =

Kika(Sy — 81) — K189( kg — Z%—DLT) - 5231(291—DLT

— ,{1)

—IT
ZQ1pTT — kK1

— LT — LT
2(5132Q2D — R281491D )

—IT
2D — kK1

Also from Eq. 3.90:

—LT _ @[1 /11(51 - 82)
20 K{(o1) 4+ K182 + K251

By rearranging the above equation:

[ Ki(sg — 51) _ %—DLT—Z—Z)
KY(o1) + k152 + K25y Koz
1
= —(z@p"" — k)
)
_ —Fapt 4w
R2
= Lt — )
oy 1

Substitution of Eq. 3.126 and Eq. 3.132 into Eq. 3.123 yields:
2—1(31 - 32)
K{(o1) 4 k182 + k251

—— LT — LT
2(5152Q2D — R281G1D )—1

Bll(o(a'l) = [(10(0'1)

= T —(ZCZI—DLT - ’fl)

Z1pTT — K1 ZRg
kKt 1T LT
= _K_52QZD + s1¢1p
2
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(3.126)

(3.127)

(3.128)

(3.129)

(3.130)

(3.131)

(3.132)

(3.133)
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Substitution of Eq. 3.121 and Eq. 3.133 into Eq. 3.116 yields:

P — ' ' S R
ol = BiKy(oy) + ByKo(oy) + fquLT (3.134)
2

k1 T LT - S2___ 1T
= — %D + s1qp " 4 B2Kol(oa) + @D
2 2

= ByKo(oz) + 5191—DLT + 52Q2—DLT

1.1 =z

= —;[5 hlz +9]+ 510" + 2™
llnz In2-—

= —§7+ . 7‘|‘51Q1DLT‘|‘5292DLT

From Abramowitz and Stegun (1970):

1
= ntp— (y = 0.5772) (3.135)

z

The inversely transformed equation for wellbore pressure becomes:
1
poptt = —5(— Intp —7)+m2—~+s1qp™ + s5q2p™" (3.136)
1
= 5 Inip +0.404535 + s1qan™" + s2qan"”

1
= 3 Intp + 0.404535 + 3

Thus, the late time behavior of wellbore pressure is exactly same as the semilog

straight line of the equivalent homogeneous line.



Chapter 4

Determination of the Reservoir

Parameters

Conventional well test analysis is performed by matching the measured data, com-
monly the wellbore pressure, graphically with the mathematically or numerically
computed data either on a semilog or on a log-log scale. The pressure response of
some reservoir models at late time can be approximated as a straight line on a semilog
plot, from which we can directly calculate several reservoir parameters. When the
test is too short for a semilog straight line to develop or when the reservoir model does
not produce a semilog straight line inherently, log-log type curve matching technique
is applied to analyze the measured data.

If type curve matching is to be done manually, a lot of uncertainty and subjectivity
may be involved, because many of the type curves generated with different reservoir
parameters may look very similar in some cases. This gets more difficult if we consider
the deviation of the well test data from the type curve due to the small measurement
error. Besides, it is almost impossible in the sense of simplicity and efficiency to
represent all the type curves graphically when there are too many unknown reservoir
parameters, because the curves are to be shown only two-dimensionally. For example,
even in the simplest case of the multilayered system when all the other parameters are
known except the permeability of the individual layers, there are too many possible

cases to allocate the total productivity to each layer. In this case, many trials and

74
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errors are required to get an acceptable match, hence considerable analysis time and
human efforts will be wasted.

Automated type curve matching with the aid of computers has been widely used
since its introduction and claimed by many authors to be powerful and have many

advantages compared to the conventional analysis. Some of the advantages are:

1. Calculation is fast and numerically free of error. The analysts can have as high
resolution as they want. It also saves the analysts a lot of time and labor doing

calculations needed in building a Horner plot or Miller-Dyes-Hutchinson plot.

2. Because the method uses the entire well test data, even the data from the test
of short duration that does not produce a proper semilog straight line can be
analyzed. Similarly, it also eliminates the danger of the subjectivity in the

choice of a correct semilog straight line.

3. The method does not necessarily require maintaining the restrictive test condi-
tions such as a constant rate production or constant wellbore pressure. It can
also handle complex reservoir models for which analytical solution is hard to

obtain.
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4.1 Nonlinear Parameter Estimation

The idea of most parameter estimation methods is to find values of unknown param-
eters so that the objective function for those values be minimized or maximized. The
objective function should be defined as a proper measure of the discrepancy of two
data sets; one is observed or measured data and the other is calculated data either
analytically or numerically from the reservoir model. Example of the objective func-
tion to be minimized is the sum of square of the residuals and to be maximized is
the likely hood function (Bard, 1974). In this study, one of the most widely accepted
objective function, the sum of squares of residuals (SSR), will be minimized.

For example, in case of matching both wellbore pressure and production rate from

each layer, the SSR can be defined as:

. Ny Na N .
SSR( ) = Z%[Apgf(t ) prf 9 t 24 Zzbzl QI i - q;(‘gati)]z (4-1)
=1 =1 1=1
where:
0 a set of unknown parameters

Apys(t;) pressure drop at the wellbore at time ¢;

q(t;) production rate from layer [ at time ¢;
Ny number of data
N, number of layers
m measured data
c calculated data
a;, by proper weighting constant

If the unknown parameters (5) are close enough to the real value, the objective
function (SSR) will be negligibly small and there will be no big change in 0 for the
next iteration (convergence).

The minimization process is done in a systematic and iterative way. Initially we
should guess values of 0y and apply the regression technique to determine (9:, for which
we hope the objective function gets smaller (SSR(@O) > SSR((%)). We substitute (9:
for 0y and continue this process again until SSR(@) becomes negligibly small after

several iterations.
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Many ideas on regression technique have been developed since Legendre suggested
the use of the least squares criterion for estimating parameters in linear curve fitting
(Bard, 1974), such as Steepest Descent method, Gauss-Newton method, Marquardt
method and Gauss-Marquardt modification. However none of them has been proved
to be best in all nonlinear parameter estimation problems. Each method must be
compared in particular cases (Rosa and Horne, 1983). In this study, the Gauss-

Newton method is selected as the regression method for three reasons:

1. It is not the purpose of this study to find the best regression method,

2. Gauss-Newton method is easy to apply and it always worked satisfactorily for

the problems in this study, and

3. Hessian matrix is always positive definite, which guarantees the presence of the

minimum point of the objective function.

Gauss-Newton Regression

Suppose the objective function is defined as in Eq. 4.1 and call it S(8). By applying

the second order Taylor expansion, S(#) can be approximated as:

. L& 08 (0,
S(0) = S(0) + Z(&ej)ia(e 40) (4.2)
7=1 J
1 X e 925(6y)
+5 (66;)(60x)
25 T 9000,

where

N, number of unknown parameters

0y a set of initial estimates of N, parameters

f; a set of parameter values after the first iteration
60, 0,;—0y;

0o, the value of j;;, parameter of the initial estimates

01, the value of j;;, parameter after the first iteration
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Define G and H such that:

_05()
Gj=— 0 (4.3)
0*5(6y)
" 00,00, (4)
Then from Eq. 4.1:
Nd . NP, (0o, t;
Gy = =2 ailAply(ti) - Apfuf(QOvti)]% (4.5)
=1 J
Nd Ni - - At (9_’7t2,
=23 " bijla () — g; (‘907@)]%
=1 =1 J

Nd apr (007 )apr (007 )
J

L OPAPE (0, ;)
_9 (A ApE (0, 1)) —eef 2
Za ( pwf ) pwf( 0 )) ae]aek

NENC Ogf (0o, 1) Dgi (G0, L) o 0% (0o, 1)
+ 2;;52] ( 8(9 90, — [q; (tz) — ql(eo,ti)]W (4.6)

Then S(@:) can be written as:

Np Np
S(07) = S(0o) + 250 G+ - Z > 60,60, H (4.7)
] 1k=1
or in a matrix form: |
S(07) = S(fo) + 60 G + S ' 16t (4.8)

For S(@:) to have a minimum point, A (Hessian matrix) must be positive definite.
Since in Gauss-Newton method, all the second derivatives are neglected, the elements

in Hessian matrix reduce to:

=1

Nd (aprf(ao, §) OAPS, (0o, t; ))

Nd Nd aQI 007 )a%(aov )
+22 2 b ( 956, 06y

=1 =1
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The symmetry and the positive diagonal elements guarantees the Hessian matrix

to be positive definite. At the minimum point:

05 + Ho6 (4.10)
a(80) =

Il
I

Il
o

Thus, we can solve for 60 that minimizes SSR.

§0 = 6, — 06, (4.11)
= —H!

I

After the first iteration, the set of parameters, (9_;, becomes:

0, = 0, + 60 (4.12)

Above was the process for the first iteration. Since we approximated the objective
function using Taylor series, (9_; is not the real answer and we need to iterate the
process several times. With substitution of 0, in place of (9_(;, iterate the whole process

and continue until SS R becomes negligible.
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4.2 Initial Estimation

Initial values are extremely important in parameter estimation. Depending on how
good the initial estimation is, the optimization process may converge to the real
answer, or to the wrong answer (local minimum) or may not converge at all. Even

the speed of the convergence is affected by the initial guess.

4.2.1 OIld Methods

For multilayered systems, several methods for the initial estimation have been sug-
gested by earlier authors. Kucuk, et al. (1985) suggested the sandface flow rate
convolution method, which is in essence a multirate test applied to a multilayered
reservoir without formation crossflow (commingled system). They assumed the cou-
pling of wellbore pressure and production rate would yield a semilog straight line by
noticing that the wellbore pressure is a function of the reservoir parameters while the
layer production rate is a function of the layer parameters only.

From the Appendix B, the wellbore pressure and the layer production rate for the

commingled system is:

1
m = n ky0;Kq1(05) (413)
2[Cpz + ¥ I(O(UJ)JFSJUJA}(UJ)]

_ k0 K1(0;)pubD
D = 4.14
q]D [(0(0']‘) —|— S]‘O']‘[X’l(O']‘) ( )

where:
w]‘Z
L= 4.15
a; Py ( )
Coupling of p,p and g;p yields:

m _ [(0(0']‘) —|— S]‘O']‘]X’l(a']‘) (4 16)

Zq,D zkjo; K1(0;)

= L[f(f(aj) + 3]

2K
This is identical to the pressure response of a single layered system, where the reser-
voir parameters are same as the parameters of layer j. With this equation, we can

determine x; and s; using conventional well test analysis.
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Ehlig-Economides and Joseph (1985) used the same idea in a multilayered cross-
flow system by noting that early time behavior of the crossflow system is identical
to that of a commingled system. They analyzed early time data to determine layer
properties, x; and s;. The problem is that the early time interval should be long
enough that the equation develop a semilog straight line. Thus this method for the
crossflow system will not be adequate when the vertical permeabilities of the layers
are big.

Both authors have applied the same principle but Kucuk, et al. (1985) only
obtained the rough result in estimating the layer properties while Economides and
Joseph obtained satisfactory result. The difference is in their methods of data acqui-

sition. The idea of data acquisition of Kucuk, et al. (1985) is as follows:

1. Place the tool at the top of the uppermost layer and start production. The
test time should be long enough to identity the average parameters of the total

system, but not too long to detect the outer boundary conditions.
2. Survey the production profile to decide the number and the location of layers.

3. Position the tool at the top of bottom layer and measure the pressure and
the flow rate from the bottom layer with changing the production rate at the
wellhead.

4. Position the tool at the top of next higher layer and measure the pressure and

the flow rate from all the layers below spinner.

5. Continue step 4 for all layers identified during step 2.

With this method, they assumed to be able to obtain the average properties of
the layers below the tool. For example, when the tool was placed at the top of the
kg, layer, the data they measured was the bottom hole pressure and the cumulative

layer production rate, 3°7_, ¢;;. And the parameters they could obtain was (kh); and

P
n

(kh)e =Y kih; (4.17)

i=k
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— 2=k Sl
p= === I
Z?:k 4qij

where ¢;; is the stabilized flow rate of the j;;, layer at the end of the ¢, flow test.

(4.18)

Since N flow tests are executed for an N-layered reservoir, there will be N es-
timates of average values for permeability and the skin. With simple algebra, the
parameters of individual layer are calculated. However, in reality, there is no semilog
straight line in a commingled system, unlike crossflow systems as can be seen in many
pressure derivative curves in Chapter 3. The truth is that the pressure curve is only
approaching to a semilog straight line. Thus there is a big difference between reality
and the assumption that (kh); and ), can be obtained from each flow test. Besides,
the method calculates the parameters of the bottom layer first. That is the reason
why the estimation of the individual layer is most accurate for the bottom layer. In
fact, Kucuk, et al. (1985) used the estimate only as an initial values for the un-
known reservoir parameter and improved by nonlinear parameter estimation method.
However, Ehlig-Economides and Joseph (1985) simply assumed the availability of the
production data for the individual layer from the beginning. Thus, unlike Kucuk, et
al. (1985), they could obtain much better result in estimating layer permeability and
skin.

Gao (1985) developed another method to determine the reservoir properties of
the individual layer. He suggested that N layers be separated into two sections by
a packer and produce only from the upper section, until two different straight lines
appear. The first line determines the average permeability of the producing section
and the second line determines the permeability and the skin of the entire system.
This would be followed by (N — 1) drawdown tests, lowering the packer by one
formation every time. With these N average values, the individual layer permeability
can be calculated. Fig. 4.1 and Fig. 4.2 show this idea, for a four layered reservoir
with parameters in Table 4.1.

As Gao observed, Fig. 4.1 shows two obvious semilog straight line when the vertical
permeabilities are small (k,/k = 0.01 or 0.0001) and from Fig. 4.2, the gradient
of the two lines are 1.35 and 0.5. By conventional method, we can determine (kh); =

27,000 md-ft from the second straight line and (kh); can be deduced by the simple
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Table 4.1: Reservoir Parameters for the Example of Estimation Using Partial Pro-

duction Method

Layer | k(md) | s | h(ft)
1 1000 | 3 10
2 100 2 10
3 600 1 10
4 1000 | 4 10

Total (kh), = 27000 md-ft
case A: k,/k = 1.0
case B: k,/k = 0.01

case C: k,/k = 0.0001

relationship with the (kh), as follows:

(kh),  1.35
= 4.19
(kh); 0.5 (4:19)
0.5
However, if the crossflow effect is very strong (k,/k = 1.0), then we may not

observe the first semilog straight line which determines (k%) from the producing zone.
Besides, the testing procedure is very difficult, requiring moving the packer during
production at a constant rate. As can be seen in Fig. 4.2, the method failed even
in the simplest case when the production was only from the first layer and when the
vertical permeability of the system was very large (k,/k = 1.0). This is aggravated

when the production is from several layers, due to the crossflow effect.

4.2.2 New Methods

This work suggests two new methods to obtain the initial estimate of the reservoir
parameters. The first method is applicable only to isotropic two layered reservoirs.
The second method is generally applicable for N-layered reservoirs and works better
when the reservoir is a commingled system or when the vertical permeabilities are

small.









CHAPTER 4. DETERMINATION OF THE RESERVOIR PARAMETERS 86

First Method

Data needed in the first method are wellbore pressure and ¢l7, the late time produc-
tion rate from the bottom layer. The method does not require the entire history of
the production rate.

Firstly, measure (kh), and S for the entire system by the conventional method.
By knowing (kh); we can nondimensionalize the pressure and the time.
_ 27 (kh)i(pi — puy)

qept
(kh)t

=
(ph)ipeers,
Secondly, prepare the semilog plots of the dimensionless pressure and its derivative.

PuwD (4.21)

(4.22)

Thirdly, identify the transition period by comparing with the pp curve of a ho-
mogeneous system whose reservoir parameters are (kh); and 3. As mentioned in
Section 3.1 and Section 3.2, two cases are possible in identifying the transition pe-

riod:

1. In general, the derivative curve of dimensionless pressure shows small concavity.
Locate 1}, when the small concavity reaches the minimum, which is equivalent

to the inflection point in the pressure curve.

2. When the less permeable layer has very small skin and the pressure derivative
curve does not show a small concavity, locate ¢}, when pp curve switches from

the commingled system to the homogeneous system.

As long as all the reservoir parameters are same except the skin factors, ¢3,, which
represents the most diagnostic transition time is same for both cases. As mentioned in
Section 3.4, the transition is entirely determined by the crossflow, which is governed

by the parameter A. Since this method assumes isotropic layers, A is defined as:

r2  k
A = Y (=), 4.2
(kh)t(h)15 ( 3)
B rfu 2
B k1h1‘|‘k2h2%‘|‘ 22
2 2
- L (4.24)

hi + (:—;)hlhz + (i—f)hlhz + h3
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Since we know r,, hy and hy, A is entirely governed by (2—;) Using the type curve

method we can determine (’Z—;) With this ratio and (kh);, we can calculate k; and

ks.
Skin factors can be uniquely calculated by measuring ¢ld (= 1 — ¢FL), because we
have the relationship between s; and s, as described in Section 3.9. At late time, the

production rate from the first layer is:

/432(32 - 31)

LT
= k(1 + — 4.25
qlD 1( [XIO(O'l) —|— K189 —|— K981 ( )
By rearranging the above equation:
qLT gy = Kika(sy — 1) (4.26)
1D [(10(0'1) —|— K189 —|— K981
-0 . /11/432(82 - 31)
[‘1(01) —|— K189 —|— K981 = —Ir . (427)
Gip — R
Moving every term that contains s, to the left hand side:
R1K2S2 R1K251 -0
K183 — ——— = ——7—— — K281 — K[ (01) (4.28)
UWH =KL Gip — '
By rearranging the above equation:
(L)L) Ko (129)
K1So(—7——) = ——7——(K281) — o .
12Cth—’fl ap — o o
Since:
Ub + @b =1 =k +r (4.30)
We can simplify Eq. 4.29 as:
G k152 = qipras + (a1p — k1) K7 (o) (4.31)
The average skin is defined as:
5= qipsi + Gps2 (4.32)

We can obtain:

qug/ﬁSQ = K5 — qng/ﬁSl (4.33)
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Finally, Eq. 4.31 is further simplified as:
¢ Psy = k15 — (gl — k) KD (o) (4.34)

or using ¢lb:
(1 = gp)si = w15 = (1 = g3 — k1) K7(0) (4.35)

Similarly, we can get the equation for s,:
G3p s2 = K25 — (45 — #2) K7 (01) (4.36)

By knowing 3 and the total productivity from the semilog straight line and &4
and xy from the location of ¢}, we can calculate s; and s, directly by measuring ¢l .
Since ¢l is a constant value, we only have to measure ¢l just once at late time. An

example will be given in Section 4.3.

Second Method

The second method is more general. It can be applied to a multilayered reservoir,
but needs the entire history of wellbore pressure and layer production.

Firstly, we determine the total productivity and the average skin factor of the
reservoir from the semilog straight line.

The second step is to plot the production history of each layer. Production data

for this step can be acquired in three ways.

1. Conventional Superposition Method

Place the production logging tool at the top of the uppermost layer and begin
production. Then the measured data will be the sum of the production rate from
each layer. After the production rate becomes stable, lower the tool slowly and
survey the production profile to decide the number of layers and the formation
thickness. Place the tool at the top of the bottom layer. Start measuring
the sandface flow rate after changing the total production rate at the wellhead.
Naturally, the production rate from the bottom layer would be different from the

rate before changing the total production rate, which is not measured. However,
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in a dimensionless scale, when each rate is divided by the total production rate
at the measurement time, the two curves would be identical except the very early
time of adjustment to the new production rate. Raise the tool to the top of
the next higher layer. Start measuring after changing the total production rate.
The measured date would be the summation of the production rate of the layers
below the logging tool. Non-dimensionalize by dividing the measured data by
the total production rate at the measurement time. Subtract the dimensionless
production rate of the bottom layer from the nondimensionalized data of current
stage, and we will get the dimensionless production rate of the next higher layer
from the bottom. Repeat the same process until we get the rate history of all
the layers. An example of the superposition method is shown in Fig. 4.3. The
demerits of this method are a longer testing time and the wiggling effect after

changing the total production rate at the wellhead.

2. Multi-Spinner Without Superposition

Locate the spinners at the top of each layer and start measuring. If there
are four layers in the system, then we will get four sets of production data.
Each will represent the summation of the production rates below the tool. By
subtracting, we can easily determine the production rate of each layer. An
example is shown in Fig. 4.4, with the schematic diagram of the multi-spinner
method. The demerits are that we have to know the number of the layers and

the thickness of the formations prior to placing the spinners.

3. Single Spinner Without Superposition

The multi-spinner method can be replaced by a single spinner method, where
the spinner measures the production rate below the tool, constantly moving
upward and downward. Then the data we get will be a spike-like curve which
is composed of four different production curves, as can be seen in schematic
diagram in Fig. 4.5. The demerit, besides the one in the multi-spinner method,
is that the accuracy of the measurement gets worse by moving the spinner
constantly and that we might lose data from the very early time portion by the

limit of the moving speed of the spinner.
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Even if the system has the wellbore storage effect, it can be minimized by the
method suggested in Section 3.6.
4;D

—_— 4.37
Z?:l q]D ( )

4;D,Cp=0 =

This idea is to notice that ¢;pc,=¢ is an S-shaped curve in which both ends
(qupD:OET and qupD:OLT) are constant. As mentioned in Section 3.4, the crossflow
term, A, determines the time when transition starts and ends. The smaller A is, the
greater will be the portion of data identical to the response of commingled systems.

At late time, the layer production rate of a commingled system is:

A%
LT —Inoj+s;
o = lim — 2 (4.38)
J z2—0 sz—l —lno’l;-l—sk
where:
Wiz
;= % (4.39)

This value is not a constant, but slightly changing with time z. At very late
time, the terminal production rate from each layer eventually converges to «;, the
productivity ratio, by the following derivation.

At very late time, z becomes extremely small. Thus:

. . Ky
i (o, ) = ([ ) )
Py

= hm(—ln——l—ln —]—I—Sj)
z2—0 z uj]
1

— —hql
2 oz

and the terminal production rate from layer j becomes:

—_

w |-

o
o’ = lm | —22= — 4.41
q; m

z—0 ZZ”_ Tk
. K

= hm nij
z—0 \ 2z Zk:l KL
fy

—
z
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When it is converted back to the real domain, the production rate from each layer

is identical to the productivity ratio of the layer:
quLT = Ry (442)

Usually the time when q]Lg in a commingled system approaches «; is too big for a
computer to deal with.

Next, we can extrapolate the layer production data of the early and the inter-
mediate period of the crossflow system to simulate the production history of the
commingled system. This is the subjective part in the application of the second
method.

At early time, the limiting value of the layer production rate is determined by the
skin conditions as discussed in Section 3.8. For example, when the skin values of each
layer are all non-zero, the early time limiting production from each layer is given by:

Ky

0p = = (4.43)

J

At late time, q]Lg is also a constant which is determined by permeability, skin and A
as discussed in Section 3.9.

All skin factors can be expressed in terms of q]Eg and &;:

K1

ET 51
UD = v E& (4.44)
S,
Ry
BT 55
GD = Sn m (4.45)
D D
Then s; can be expressed in terms of sq:
ET
%Yo Ry
S; = 7S 4.46
=t (1.4
Since average skin value is defined as:
5= qrL sy (4.47)
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Substitute Eq. 4.46 into Eq. 4.47:

oy Q1D i
81 (4.48)
Thus s can be expressed as:
51 = i (1.49)

> he1 U qlEDT :lf
By knowing q]E and q]D, we can calculate all the skin values using Eq. 4.46:

%D’f
§; = —3 4.50
T i 0
ET
fp Rz

Zn LT qlD 273
k=19%D §FT &,

Thus x; and s; for every layer is determined. Several examples of the second

method will be given in Section 4.3.
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4.3 Examples of New Initial Estimation

As mentioned in the previous section, two new methods for determining the initial
values for the nonlinear parameter estimation were suggested. The first method
is applicable for a two layered crossflow system where the layers are isotropic and
the second method is applicable for an N-layered crossflow system. The second
method works better if the system is commingled only in the wellbore. In this section,
examples are shown for each method. The example for the first method would be

very hypothetical and the examples for the second method would be more realistic.

4.3.1 First Method

Data needed in the first method are the entire history of the wellbore pressure and
the one time measurement of the production rate from the bottom layer in the late
time. Wellbore pressure was calculated for a two layered reservoir with parameters
in Table 4.2 and listed in Appendix D. The number of data selected for the analysis

was ten per log cycle with uniform interval in the logarithmic time scale.

Table 4.2: Reservoir Parameters for the Example of the Initial Estimation Using the
First Method

Layer | k(md) | k,(md) | s | h(ft) | ¢
1 1000 1000 10 | 0.3
2 100 100 41 10 |0.3

q; = 100(bbl/day)

p =50 (cp)

¢ = 0.000006(1 /psi)

ro = 0.301(ft)

—_

The first step is to determine the total productivity of the system and the average
skin. Since the crossflow system always behaves like a homogeneous system in the
late time, it shows the clear semilog straight line (Fig. 4.6). Using the conventional

method, we can determine (kh), as 11000 md-ft and 5 as 1.167.
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The second step is to generate the plot of the derivative curve for the dimen-
sionless pressure (Fig. 4.7). Non-dimensionalization is possible if we know the total

productivity of the system:

(kh),

_ (p; — po 451
0002637 (kh),t

__ 0.0002637(kh). (452)

(ph)ipeers,

The third step is to match the location of ¢}, the most diagnostic point of the
transition phenomenon (Fig. 4.7). In most cases, the crossflow system shows the
small concavity in the derivative of the dimensionless pressure curve. However, in
some cases when the less permeable layer has very small skin factor, we may not have
the small concavity. In these cases, we can still locate 7, in the dimensionless pressure
curve, by noting that the commingled system and the equivalent homogeneous system
cross each other just at the point 17,, as explained in Section 3.1. The location of
17, is a function of vertical permeability only. Since we assume isotropic layers, the
location varies only with permeability ratio between the two layers. By generating
several type curves of different (k1/ks), we can closely match the real permeability
ratio between layers. With this ratio and the total productivity, we can determine

the permeability of each layer, since we have two unknowns and two equations.

Mg (4.54)
k2

The thickness of each formation can be obtained using the production logging tool

by noting the abrupt change in production profile at the intersection.
Thus we can obtain the permeability of each layer as:

ky = 1000(ft) (4.56)
ky = 100(ft)
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The fourth step is to measure the production rate from the bottom layer at late
time. Using the production logging tool, this can be easily done along with the

measurement of the formation thickness:

¢=" = 5.55(bbl/day) (4.57)
or in a dimensionless scale:
5.55
e = 0.0555 (4.58)
Gt

The final step is to determine the skin factor of each layer. The equations devel-

oped in Section 3.9 will be used in this step.

G352 = K25 + (1 — a3 — k1) K7(0) (4.59)

where: i
K{(oy) = % (4.60)
o1 = % + % (4.61)

By substituting all the known values into Eq. 4.59, we can determine s; as 1. And

from the definition of the average of the skin factor of the total system:

qusl =3 — qQLgsz (4.62)
we can determine sy as 4.
S9 = 4

4.3.2 Second Method

In this subsection, three examples of the application of the second method will be
demonstrated. The first example is for a four layered isotropic reservoir with pos-
itive skin factors, the second example is for a three layered reservoir with vertical
permeabilities different from radial permeabilities, and the last example is for a three

layered isotropic reservoir with negative skin factors.
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Example 1

The first example is for a four layered reservoir where each layer is isotropic and has a
positive skin factor, with parameters in Table 4.3. Data of wellbore pressure and layer
production rates are listed in Appendix E. As in the example of the first method, the
number of data for the analysis was ten per log cycle with uniform interval in the

logarithmic time scale.

Table 4.3: Reservoir Parameters for Example 1 of Initial Estimation Using the Second

Method

Layer | k(md) | k,(md) | s | h(ft) | ¢
1 900 900 21 10 |03
2 300 300 1{ 10 0.3
3 700 700 51 10 |0.3
4 100 100 21 10 (0.3

¢, = 100 (bbl/day)
p =50 (cp)
¢:=0.000006(1 /psi)
ro=0.301 (ft)

The first step is to determine the total productivity and the average skin of the

system using the conventional semilog method, as in the example of the first method.

(kh); = 20000md-ft (4.64)
5 = 254

The second step is to plot the history of the production rate from each layer
obtained by one of the three data acquisition methods described in Section 4.2.

The next step is the subjective part in the application of the second method.
Using the data at early time and at intermediate time, approximate the production
history for the commingled system with same reservoir parameters, from the early
time to the late time (Fig. 4.8). If the vertical permeabilities of the layers are smaller,
we will have longer portions of the early time and the intermediate time data, which

will make the approximation more accurate. At this moment, we are not determining
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the real values of the reservoir parameters, but are just trying to obtain reasonable
values for the initial estimates which are needed for regression.

At very late time, the layer production rate of the commingled system is equivalent
to the productivity ratio, x;, as mentioned in Section 4.2. Thus, we can use the long
time limiting values of the production rate from each layer as the initial estimate
of the layer productivities. In this example, the estimates for permeability, k7, are

shown in Table 4.4.

Table 4.4: Estimation Procedure for Example 1 Using the Second Method

Layer q]]’[’* (bbl/day) | &* | k*(md) qu[’* (bbl/day) | s:
1 50.0 0.50 | 1000 46 2.332
2 14.0 0.14 280 32 0.940
3 32.0 0.32 640 15 4.580
4 4.0 0.04 80 7 1.227

* means the estimation

At very early time, the layer production rate is determined by the permeability
and skin factor. If some layers show no production at very early time, then we
can tell that those layers have non-zero skin factors, while the others have zero skin
factors. If every layer is producing, then the rate is determined by the ratio of the
Z—j to the summation of the ratios, as discussed in Section 3.8. With these early time
production rates coupled with the late time production rates, we can determine the

initial estimates for skin factors of each layer, as mentioned in Section 4.2. In this

example, the early time limiting layer production rates are estimated as follows:

@ = 46.0bbl/day (4.65)
""" = 32.0bbl/day
¢s71* = 15.0bbl/day
P = 17.0bbl/day

Since every layer produces at very early time in this example, there is not a layer

which has zero skin factor. Using Eq. 4.46, obtain an expression for the skin of any
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layer in terms of skin of layer 1.

qET,* K
3; = IEDT* —iST (4.66)
%p ™
For example, the skin factor of layer 2 is:
. 46.0 0.14 y
So = % @ 51 = 0.4025 Sq (467)
Likewise:
sy = 1.9627s] (4.68)

sy = 0.5257s]
Using the definition of the average skin of the total system:

G5 =S 4 s (4.69)

100x2.54 = 48.6s] + 20.8s5 + 24.955 4 5.7s} (4.70)
— (48.6 + 20.7x0.4025 + 24.9x1.9627 + 5.7x0.5257) "

Solving for s7 and substituting the result into Eq. 4.66 yields:

§ = 2.332 (4.71)
s5 o= 0.940
s = 4580
s5o= 1.227

The initial values, k7 and s7, obtained by the second method were named as “Initial
Estimates A”. Another set of initial estimates were made to see how sensitive the
regression algorithm is to the poor estimation (“Initial Estimates B”). The estimation
method for permeabilities are the same as before. However, at this time, skin factors
of each layer were assumed to be the same as the average skin factor of the total

system, obtained from the pressure analysis.

§E=5=254 (4.72)

J
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The second method of initial estimation uses the limiting form of layer production
rates at early time and at late time in obtaining the estimates of skin factors of each
layer. Thus, if early time data are not so reliable, then we do not have many clues
for skin factors. This is the reason for the choice of Eq. 4.72.

Some modification might be possible. The fractional production rates of each
layer at late time can be taken as the productivity of the layer.

q,ET’* = /Q’f (473)

J J

This is a reasonable assumption when the vertical communication between layers is

negligible due to small vertical permeabilities.

s
7

From the productivity, %, estimated by the second method and measured pro-
duction data at late time, q]LT, we can modify the skin factors of each layer. If 7 is
greater than q]Lg, then s; can be assumed smaller than 5, and if «; is smaller than q]Lg,
then s; can be assumed greater than 5, as might be guessed from Section 3.9. The
magnitude of modification cannot be mathematically determined, but, in general,
greater change is expected if the difference between «; and q]Lg is bigger. Actually,
this type of initial estimation for skin factors was used in the third example, since
the case does not show early time limiting production rates clearly.

In addition to the comparison of the results of Initial Estimates A and B, each
set was tested for two cases; one case is to analyze wellbore pressure only and the
other case is to analyze both wellbore pressure and layer production rate with proper
weighting constants. That proper constants were taken so that production rates be
the numbers of similar magnitude to the pressure data.

Using these initial estimates for the permeability and the skin of each layer, the
optimization program in Appendix [ is executed to determine the best fit reservoir
parameters. As shown in Table 4.5, the regression method converged to the real
answer after eight iterations. As can be seen from the results, the simultaneous

analysis of pressure and production rates with proper weighting constants, always

yielded quick convergence to the correct reservoir parameters.
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Table 4.5:

The Results of Parameter Estimation for Example 1

Original Parameter Values

After 8, Iteration

ki | 900.0 md s1 ] 2.0
ky | 300.0 md sy | 1.0
ks | 700.0 md s3 | 5H.0
ks | 100.0 md 841 2.0
Initial Estimates A
ki | 1000.0 md s1 | 2.358
ko | 280.0 md s | 0.949
ks | 640.0 md s3 | 4.629
ky 80.0 md sq | 1.240
With Weighting on Production Rates

ki | 900.8 | (0.073) | s; | 2.005 | (0.193)

ky | 300.1 | (0.094) | s, | 1.002 | (0.276)

ks | 701.1 | (0.136) | s3 | 5.013 | (0.227)

ky | 100.0 | (0.144) | s4 | 2.002 | (0.263)

Without Weighting on Production Rates
After 8, Iteration

ki | 1001.9 | (0.504) | s1 | 2.523 | (0.193)

ko | 238.8 | (0.417) | s2 | 0.859 | (0.276)

ks | 637.4 | (0.654) | s3 | 4.167 | (0.227)

ky 77.9 | (0.813) | s4 | 1.407 | (0.263)
Initial Estimates B

ky | 1000.0 md | s | 2.54

ky | 280.0 | md | sy |2.54

ks | 640.0 | md | s3|2.54

k4 80.0 md | s4 | 2.54

With Weighting on Production Rates

After 8, Iteration

ki | 900.6 | (0.342) | s; | 2.003 | (0.888)

ks | 300.3 | (0.406) | s2 | 1.002 | (1.189)

ks | 698.7 | (0.521) | s3 | 4.986 | (0.867)

ky | 100.0 | (0.683) | s4 | 1.999 | (1.327)

No Convergence

Without Weighting on Production Rates

‘ (* ) : Confidence Interval in %
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Example 2

The second example is for a three layered reservoir where each layer is anisotropic and
has different porosity. Reservoir parameters for this example are listed in Table 4.6

and data for wellbore pressure and layer production rates are listed in Appendix F.

Table 4.6: Reservoir Parameters for the Example 2 of Initial Estimation Using the
Second Method

Layer | k(md) | k,(md) | s | h(ft) | ¢
1 800 500 51 10 |0.3
2 100 70 11 20 |0.1
3 500 250 8| 15 (0.2

¢: = 100 (bbl/day)
p =50 (cp)
¢:=0.000006(1 /psi)
ro=0.301 (ft)

The total productivity and the average skin factor of the system were obtained

using the conventional semilog method:
(kh); = 17500md-ft (4.74)

5=10 (4.75)

The production rates from each layer and the simulated production curves for the
commingled system are plotted in Fig. 4.9. As in the first example, productivity ratio
of each layer were obtained from the production curves of the commingled system at
very late time.

The estimates for the productivity and the permeability of each layer are:

k1 = 0.50
Koy = 0.15
ks = 0.35 (4.76)
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k, = 132 md
ks = 408 md

The estimates for vertical permeability were taken as half of radial permeability of
each layer.

Layer production rates at very early time were estimated as follows:

@t = 20 bpd (4.77)
qQET’* = 20 bpd
qu’* = 10 bpd

Using Fq. 4.46, skin factors are estimated as follows:

ET*

¢ RS
S9 = IET,* —i = 0.381 (478)
4z k1
ET*x «
_ q1 /i3 _ 1 4
S3 = m; = 1.485¢
q3 1

Since we can determine s; from the expression of the average skin factor, skin

factors of each layer were determined as:

si = 5.14 (4.79)
sy = 1.54
S3 = 712

As in the Example 1 of the second estimation method, these estimates for perme-
abilities, vertical permeabilities and skin factors were named as “Initial Estimates A”.
The procedure of determining the “Initial Estimates A” is summarized in Table 4.7.

For the purpose of comparison, another set of estimates was prepared where all
skin factors were the same as the average skin value of the system. Also, each set was
used twice in running the optimization program; one was run with proper weighting
constants and the other was without weighting. The results were listed in Table 4.8.

After five iterations, Initial Estimates A with proper weighting constants con-

verged to the correct permeabilities and skin factors. The converged value for vertical
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Table 4.7: Estimation Procedure for Example 2 Using the Second Method

Layer q]LT (bpd) | &* | k*(md) | k*(md) q]ET’* (bpd) | s7
1 22.72 0.50 | 875.0 437.5 20.0 5.14
2 11.12 0.15 | 132.0 66.0 20.0 1.54
3 16.16 0.35 | 408.0 204.0 10.0 7.12

* means the estimation
Table 4.8: The Results of Parameter Estimation for Example 2
Original Parameter Values
ki | 800.0 | &, | 500.0 | sq 5.0
ks | 100.0 | &y, | 70.0 | s2 1.0
ks | 500.0 | Ky, | 250.0 | s3 8.0
Initial Estimates A
ky | 875.0 | Ky, | 437.5 | 51 5.14
ky | 132.0 | Ky, | 66.0 | s2 1.54
ks | 408.0 | ky, | 204.0 | s3 7.12
With Weighting on Production Rates
After by, Iteration
ky | 800.0 | Ky, | 187.6 | sq 5.0
ky | 100.0 | Ky, | 79.3 | s2 1.0
ks | 500.0 | Ky, | 160.4 | s3 8.0
Without Weighting on Production Rates
After 5, Iteration
ky | 8434 | Ky, | 441.3 | 54 6.612
ky | 1434 | Ky, | 45.2 | 59 1.171
ks | 413.6 | ky, | 141.0 | s3 6.886
Initial Estimates B
ky | 875.0 | Ky, | 437.5 | 51 5.08
ky | 132.0 | Ky, | 66.0 | s9 5.08
ks | 408.0 | ky, | 204.0 | s3 5.08

With Weighting on Production Rates

No Convergence

Without Weighting on Production Rates

No Convergence
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permeabilities might look incorrect. However, the multilayered system with crossflow
cannot distinguish the vertical permeabilities of two layers as long as A, a dimen-
sionless term representing the formation crossflow between the layers, are the same.
Actually, A; calculated using the original parameters are not different from A; cal-
culated using the converged parameters. Thus, Initial Estimates B with weighting

constants can be said to have converged to the correct parameters.

Original Parameters New Parameters
A 0.934579E-04 0.934504E-04
Ag 0.826446E-04 0.826506E-04

The analysis of the pressure data only with the same Initial Estimates A did not
converge to the correct answer. This means that coupling wellbore pressure and layer
production rate is useful not only for obtaining the initial estimates but also for the
analysis of well test data.

However, Initial Estimates B did not converge at all for either the analysis of the
pressure data only or the analysis of the pressure data and the production data at the
same time. This means that good initial estimates are essential to obtain the correct

reservoir parameters using the nonlinear regression technique.

Example 3

The last example is for a three layered reservoir with negative skin factors. Wellbore
pressure and layer production rates were calculated from the reservoir parameters in
Table 4.9 and listed in Appendix G.

From the pressure analysis, we can determine the total productivity and the av-

erage skin of the system as follows:

(kh), = 4500md-ft (4.80)
5= 172

As before, plot the production rates for each layer using the measured data and
simulate the production curves of the commingled system with the same reservoir

parameters (Fig. 4.10).
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Table 4.9: Reservoir Parameters for Example 3 of Initial Estimation Using the Second
Method

Layer | k(md) | k,(md) | s | A(ft) | ¢
1 180 180 -1 10 [0.3
2 100 100 21 20 1041

3 70 70 -3 10 0.2
¢, = 100 (bbl/day)
p =50 (cp)

¢=0.000006(1 /psi)
r,=0.301 (ft)

Table 4.10: Estimation Procedure for Example 3 Using the Second Method

Layer q]LT (bpd) | #* | k*(md) | s7
1 22.21 0.32 | 144.0 |-1.19
2 34.16 0.45 | 102.0 |-1.27
3 43.63 0.33 99.0 -3.40
* means the estimation

The fractional production rate of the commingled system at very late time can
be taken as the productivity ratio of the layer and the permeability of each layer can
be determined by knowing the formation thickness. Using the late time production
rate and the estimated productivity ratio of each layer, determine initial estimates
for the skin factors. These estimates for permeability and skin were named as “Initial
Estimates A” and summarized in Table 4.10.

Again, make “Initial Estimates B” for study of the effect of poor estimation. Each
set was tested twice with and without analysis of the production rates together. The
results for the test are shown in Table 4.11.

When the layer production rates were analyzed together with proper weighting
constant, Initial Estimates A converged to the correct reservoir parameter values.
However, the other cases did not approach to the correct parameters. This again

emphasizes the importance of coupling the production data in the analysis of well



CHAPTER 4. DETERMINATION OF THE RESERVOIR PARAMETERS

Table 4.11:

The Results of Parameter Estimation for Example 3

Original Parameter Values

ky | 180.0 | (md) | sy | -1.0
ky | 100.0 | (md) | s2 | -2.0
ks | 70.0 | (md) | s3 | -3.0
Initial Estimates A
ki | 144.0 | (md) | 81 | -1.19
ky | 102.0 | (md) | so | -1.27
ks | 99.0 | (md) | s3 | -3.40
With Weighting on Production Rates
After by, Iteration
k1| 179.5 | (md) | s | -1.014
ky | 99.9 | (md) | s | -2.041
ks | 70.0 | (md) | s3 | -3.000

Without Weighting on Production Rates

No Convergence

Initial Estimates B

With Weighting on Production Rates

No Convergence

Without Weighting on Production Rates

No Convergence
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test data of a multilayered reservoir.



Chapter 5
Conclusion

1. A multilayered system with formation crossflow responds to the production in
three progressive stages. It behaves like a commingled system at early time and
like an equivalent homogeneous system at late time (the semilog straight line

in the pressure curve). Transition occurs in the intermediate stage.

2. Due to the transition phenomenon, a small concavity develops in the derivative
of the pressure, the location of whose minimum point is identical to the inflection
point of the pressure curve in the intermediate stage. It is also identical to
the crossing point of the pressure curves of the commingled system and the
homogeneous system in case the concavity does not develop because of the

small skin factor of the less permeable layer.

3. The initiation and the termination of the transition is governed only by the
vertical permeabilities. The transition occurs earlier when the vertical per-
meabilities of the system is larger and advances inversely proportional to the

magnitude of the vertical permeability in logarithmic time scale.

4. The direction of the crossflow is governed first by the permeabilities and next
by the skin factors. The crossflow starts from the less permeable layer to the
more permeable layer in the beginning and from the layer with greater skin to

the layer with smaller skin later.
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5. Outer boundary conditions do not affect the production response of each layer
as long as the transition terminates before the system feels the boundary. If the
system feels the outer boundary before the transition is over, the production rate
of a layer changes depending on the outer boundary condition. Under constant
pressure conditions, the production rates are identical to the production rates
of the system of infinite reservoir size, but reach earlier to the value. Under
no flow conditions, the production rates are different from those of the infinite

system.

6. By comparison of the sand face rate of a layer with the total sand face rate, we
can eliminate the wellbore storage effect in the rate response of the multilayered
crossflow system. By comparing the original production of the layer with the
production rate with eliminated wellbore storage effect, we can determine the
storage coefficient. And by knowing the storage coefficient, we can construct

the pressure curve with no wellbore storage effect.

7. The order of layer changes the wellbore response in the intermediate and at
late time by affecting A, the parameter representing the crossflow, between two
adjacent layers. However, the difference is negligible unless the heterogeneity of

the system is very large.

8. At early time, the layer production rate becomes constant and is determined by
the fraction of the ratio Z—j over the summation of the ratios for all the layers,
when all layers have non-zero skin. If all layers have zero skin, the production
rate is determined by the fraction of the ratio ,/;x; over the summation of the
ratios for all the layers. As a general case when some of the layers have non-zero
skin and the others have zero skin, the layers of non-zero skin produce nothing
at very early time and the other layers produce according to the fraction of the

ratio /w;k; over the summation of the ratios of the layers with zero skin.

9. At late time, all layers produce at constant rates determined by the radial per-
meabilities, the vertical permeabilities and skin factors. In particular, when all

the layers have skin factors of the same magnitude, then the ratio is exactly
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10.

11.

12.

13.

the same as the productivity ratio. In the two layer case, the layer with smaller
skin produces more than the productivity ratio and vice versa. Thus, the pro-
duction curve is an S-shaped curve whose early time limit and late time limit

are constant.

At late time, the pressure response is the same as that of the equivalent homo-
geneous system (the semilog straight line part). Besides, the vertical pressure
difference between layers becomes constant. Especially, in two layer systems,
the pressure difference between layer 1 and layer 2, (App = pp1—pp2), becomes
positively constant when layer 1 has smaller skin and negatively constant when
layer 1 has bigger skin than the average skin of the system. When the skins
of the two layers are of the same magnitude, then there is no vertical pressure

difference and no crossflow between layers.

Two new methods for the initial estimation for the unknown reservoir parame-
ters were suggested and tested for the multilayered crossflow system. This part
may be significant since there is little study in the junction of the qualitative
description of the multilayered system and the quantitative analysis of the au-
tomated well test without explaining the reason for the initial estimates for the

unknown reservoir parameters.

The first method works for the isotropic two layered crossflow system, where
the required data are the production history of the wellbore pressure and one

time measurement of the production rate from any layer at late time.

The second method requires the pressure and the layer production data for
the entire time range. Three possible methods for the data acquisition were
described. This method works best in multilayered system with no formation
crossflow, although the example was for the crossflow system. It works better
if the vertical permeabilities of the layers are smaller, where we can obtain a
longer portion of the data at early time and at intermediate time, needed in the

constructing the production history of each layer.
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Nomenclature

[SN/svisol

[

8

Q

Pwf
App

Coefficient Matrix of Governing Equations
Coefficient Matrix of Eigen-System
Modified Coefficient Matrix of Eigen-System
Coefficient Matrix For

Functional Relationship Between A?
Proper Weighting Coefficient

Storage Coefficient

Total Compressibility

Average Permeability

Radial Permeability

Vertical Permeability

Modified Bessel Function

Formation Thickness

Number of Data

Number of Layers

Number of Parameters

Pressure of Layer j

Wellbore Pressure

Dimensionless Vertical Pressure Difference
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psi/ft
psi~
md
md

md

ft

psi
psi
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q; Production Rate from Layer j bbl/day
G Total Production Rate at the Wellhead bbl/day
r Radial Distance ft
Te Outer Boundary Radius ft
Tw Wellbore Radius 1t
SSR  Objective Function Sum of Square of Residuals
s Average Skin Factor
5 Skin Factor
t Time hr
135 The Most Diagnostic Point
of the Transitional Phenomenon
z Vertical Distance ft
or Laplacian Argument

~ Euler Constant 0.57722
K Dimensionless Productivity
A Dimensionless Vertical Permeability
1 Viscosity cp
w Dimensionless Storativity
0] Porosity
o? Figenvalue of Matrix B’
0 A Set of Unknown Parameters

Subscripts Superscripts
m  Measured ? Initial
¢ Calculated LT Late Time Limiting
7 Layer j ET  Early Time Limiting

D Dimensionless * Estimated
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Appendix A

N-Layered Crossflow System

The solutions for wellbore pressure and layer flow rate in a multilayered crossflow

system are firstly developed for a two layered case by Bourdet (1985) and generalized

for an N-layered case by Ehlig-Economides and Joseph (1985). The governing equa-

tion and all the conditions are transformed into Laplace space, and the solutions are

sought and inversely transformed back to real space by the Stehfest (1970) algorithm.

Dimensionless variables and parameters are defined as follows:

pip(rp,tp) = (pi — ;)
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(khlgj
kh),
¢h)

™

/ij:

(A.1)

(A.2)

(A.3)
(A4)

(A5)

(A.6)
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C
T e A
where: .
(kh)e = kih; (A.10)
7=1

(6h)e = 3 6ih (A1)

The governing equations and the conditions in Chapter 2 are nondimensionalized
as follows.

Governing equation:

Ipip
k;V2pip + Ajp1(pisip — pip) + X_1(pj—ip — pip) = w; 8t]D (A.12)
Inner boundary condition for wellbore pressure:
ap iD .
PuwD = (ij - Sja—]) lrp=1 J=1...,n) (A.13)
D
Inner boundary condition for constant production rate at the wellhead:
dpup <~  9Ipip
=0 _ L A.14
AP ;’% arp |rp=1 ( )
Initial condition:
p]‘D(TD,O) =0 (A15)
Outer boundary conditions:
lim p;p(rp,tp) =10 for infinite reservoir (A.16)
rp—00
OPiD (1 1) = 0 for closed botund AT
o (rep,tp) = or closed boundary (A.1T7)
pip(rep,tp) =0 for constant pressure outer boundary (A.18)

These nondimensionalized equations and the conditions are transformed into Laplace
space as follows.
Governing equation:

k; VD + A1 (b — Pip) + A_1 (P/=ip — BiD) = w;i#PiD (A.19)

1
2
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Inner boundary condition for wellbore pressure:

[ Jpip .
PwD = (ij - SjaT]DD) |7°D=1 (] = 17 oo 7n) (AZO)

Inner boundary condition for constant production rate at the wellhead:

1 “~ Ipip
i 2 _ A21
B DZPwD ;K] aTD |7’D—1 ( )
]_
Outer boundary conditions:
lim pp(rp,z) =0 for infinite reservoir (A.22)
D —00
Ipjp _
a—(reD, z)=0 for closed boundary (A.23)
D
Pip(rep,z) =0 for constant pressure outer boundary (A.24)

As Bourdet (1985) mentioned, the solutions for this system are the modified Bessel
function ly(orp) and Ko(orp). Thus the dimensionless wellbore pressure and dimen-

sionless production rate from layer j in Laplace space may be sought in the form

of:

Pin(rp,z) = AjKo(orp) + BjKo(orp) (A.25)
. Ip;p
Gp = —’%ﬁ%:l (A.26)

= Ajr;oKi(0)+ BjrjoKi(o)
Substitution of Eq. A.25 into Eq. A.19 results:

)AJ' + )\j+%Aj+1]
)Bj+ A1 j+1] =0
J=1,...,n) (A.27)

[T

I(O(UTD) [)\]‘_%Aj—l + (/43]0'2 — Wz — )‘j—% - )‘j-l-
A

+1o(orp) [)‘j-l— Bj_i + (kjo? —w;z — Aiy

J+

[
[

1
2

These N homogeneous equations can be expressed in the matrix form as follows:

AX =0 (A.28)
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where A is a symmetric tridiagonal matrix:

a11 12
a11 22 Q23
A=
tpn-1,1 Gp—1,n—2
L an,l

and each element a;; in matrix A is:

).

1
J=32

A
0

it3

and X is a vector defined as:

J

K072 —wjz—)\l_% —I')‘j-l—%

a1y
Aoy,

an—l,n—l an—l,n
an,n—l an,n

fork=j—-1(>1)
for k=

for k=j+1( <n)

for other elements

>

[ All(o(O'TD) —|— BIIO(O-TD)

A;Ko(orp) + BjIo(orp)

I A, Ko(orp) + Bulo(orp) |
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(A.29)

(A.30)

(A.31)

For the system to have a nontrivial solutions, the determination of matrix A must

be zero:

det A(o) =0

(A.32)

To find o in A that satisfies Eq. A.32 is equivalent to find eigenvalues in NV by N

matrix B’, whose elements may be defined as:

/

A
—E k=1 > 1)
wjz—l—i\H_l .
HJ =]
o k=i 413 <n)
J

for other elements

(A.33)
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The matrix B’ is asymmetric matrix, and jeopardizes the necessity for the system
to have N real eigenvalues. Fortunately, the determinant of asymmetric tridiagonal
matrix B’ is identical to the determinant of the N by /N symmetric matrix 5, whose

elements are defined as:

_ - - . i
o k=j—1(>1)
WJZ+/\J+% k .
b= %, ’ (A.34)
Jy . )
0 for other elements |

Above argument can be proved by the fact that the determinant of a tridiagonal

matrix can be expressed in the recursive form as follow:

Yn = bn,n’}/n—l - bn,n—lbn—l,n’}/n—Q (A35)

where v, is the determinant of a tridiagonal matrix of order n, with vy = 1 and
= 51,1-
In Eq. A.35, the coefficient of the second term in the right hand side can be

modified as:

. Ao A A.36
5i=1%-1 = VERj—1 \/EjRj-1 A
X )\j_l

1
I—3 2

R; Rj_q

/ /
= bjj-1bi-1;

Since the diagonal elements of the two matrices B and B’ are the same, the
eigenvalues for the matrices are also the same. Because the matrix B is symmetric,
the eigenvalues are all real, which is what we want.

Even if the system has such a simplicity as the tridiagonal symmetric matrix like
B, there is no general solution in a closed form for the eigenvalues. However, the
eigenproblem may be solved numerically. In this study, the subroutine SYMEIG.F is

used to solve for the eigenvalues for the N by N tridiagonal symmetric matrix.
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Once all the eigenvalues are found, then the general solution for the dimensionless

pressure in layer j can be expressed as:

pip = | AYKo(owrp) + Bl Io(owrp) (A.37)

k=1
The total numbers of coefficients, A? and B]k, are 2n? whereas we have only 2n in-
ner and outer boundary conditions. As Ehlig-Economides and Joseph (1985) showed,
the functional relationship between coefficients must be exploited. The outer bound-
ary condition reduces the number of unknowns by half, since there is a relationship

between A? and BJIg for each eigenvalues for each layer:

ko 1k opk
where:
0 for the infinity outer boundary condition
by = Klowren) for no flow outer boundary condition (A.39)

Ii(ogreD)
—%% for constant pressure outer boundary condition
Thus the dimensionless pressure in layer 5 may be simplified as:
70 = > Al [Ko(owrp) + 6" Io(orp)] (A.40)

k=1

For each eigenvalue o, we have (N — 1) functional relationships:

[ Alf {I(O(O-krD) —|— bk]O(O-kTD)} ]
Ag {I(O(O'krD) —|— bk]O(O'kTD)}

0= A(oy). (A.A1)
I A {Ko(akrp) + bkjo(O'kTD)} ]
Thus the A? can be expressed in terms of Aj:
A= —mab = ol
Al = —al;(aglA‘]f +anAl) = ofAk (Ad2)
AL = —o(anaaAly) = anAy

An,n
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After solving for each eigenvalue, we have only N unknown coefficients, A} for k =
1,...,n, which can be solved using N inner boundary conditions.

The equation for the dimensionless pressure is now:
70 = Y af A { Ko(owrp) + b lo(orp) } (A.43)
k=1
Inner boundary conditions are applied to solve the last N unknown coefficients,
A¥(k =1,...,n), using the following N equations.

Ip;p Ipirip

DD — Sj—arD lrp=1 = Dj41D — SHI*@TD [— (A.44)
1 " Jp;p
N Wt < LA R A 45
- DZPwD ]Z:;/i] 6rD | p=1 ( )

Once we solve for the N coefficients of A, then we can also solve for A? using
Eq. A.42. Combining with the eigenvalues sought from the subroutine SYMEIG.F,
we have the expression for the pressure and the sand face production rate for each

layer as in Fq. A.25 and Eq. A.26:

Pio(rp,z) = A;Ko(orp) + BjKo(orp) (A.46)
- Jp;p
q]D = _/f]‘ aTJD |7’D:1 (A47)

= AjkjoKi(0)+ BjrjoKi(o)
Wellbore pressure is determined using A.20.

Y S Ipip .
o= (5= 5 et =L (A1)

These solutions sought in Laplace domain are inversely transformed into real do-

main numerically using the Stehfest algorithm.



Appendix B

Infinite Commingled System

This part shows the derivation of the analytical solution for the pressure and the
prodution rate from each layer for the infinitely large N-layered commingled system.
The solution is a simplified form of the solution of Lefkovits, et al. (1961) as it is
derived in terms of dimensionless variables and parameters, especially for the infinite
system. For the definition of the dimensionless terms, refer to Appendix A.

The governing equation is the same as that in Appendix A, except that all A’s |

which represent the crossflow effect between layers, are zero:

a .
/ijijD = wj apt]DD (Bl)

Inner boundary conditions are:

dp;
PwD = Pjp — Sj@Tf|TD:1 (B.Q)
dwa - ap iD
1=C — — B.3
b dtD Z:; i aTD ( )
Outer boundary condition is:
Jim pip(rp,tp) =0 (B.4)

These nondimensionalized equations are transformed into Laplace domain first.

The governing equation is then:
k; VDD = w;zPiD (B.5)
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Inner boundary conditions become:

_____  _9pip .
wa:ij_S]‘ﬁ“D:l (]:17771)

1 - Jpip
—=Cp2pwp — Y K;j—2
- DZPwD ]Z:; ]87“1)

Outer boundary condition is:

T}}LHOOW(TD, tD) = 0
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(B.6)

(B.7)

(B.8)

The suggested solutions for these n equations are the combination of the modified

Bessel functions (Ko and Ip):

pj—D = AJ‘[X’O(U]‘TD) —|— Bj]o(O']‘TD)

(B.9)

To satisfy the outer boundary condition, the coefficient B; must be zero. Thus

the solution for the pressure in layer j becomes:
Pip = AjKo(oirp)
Substitution of Eq. B.10 into Eq. B.5 results:
/ijO'?[(o(O']‘TD) = w;Ko(ojrp)

Solve for o;:

Then the solution for the production rate from layer j becomes:

_ Ip;p
4D = —ﬁj%%:l
= Ajr;oiKi(o;)
and wellbore pressure becomes:
_ . Iv;p .
PwD = ij_Sjﬁ“D:l (] :17”‘77@)

= Aj[Ko(o;) + s;0;K1(0;)]

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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We can decide A; from Eq. B.14:

PwD
A= B.15
I [(O(U]‘)—I-S]‘U]‘[X’l(dj) ( )

Substitute Eq. B.15 into Eq. B.7, the other inner boundary condition for the constant
total production rate at the wellhead:

1 - ,
; = CDZm+2AjKjUj[X1(Uj) (B16)
j=1
= CDZW—I-Z k0 K1(0;)puD

=1 Kolaj) + sj0; K1 (0;)

Finally, the desired solution of wellbore pressure in an infinitely large commingled

system becomes:

1
PuwD = n ky0;K1(05) (B17)
< CDZ + 2]21 Ko(oy)+sj0;K1 (crj)]
and the solution for the production rate from layer j becomes:
Qj—D = —/ijA]‘O']‘[X’l(O']‘) (B18)

k;0 K1 (0;)PuD
[(0(0']‘) —|— S]‘O']‘[X’l(O'j)




Appendix C

Two Layered Crossflow System

This part is the derivation of the solutions for wellbore pressure and the production

rate from each layer for a two layered crossflow system, done by Bourdet (1985). The

solutions are first sought in Laplace domain in terms of dimensionless variables and

parameters, and numerically inverse transformed into real space. For the definition

of the dimensionless terms, refer to Appendix A.

The governing equations are:

Ipip
/€1V2p1D + AMp2p — pip) = wn !
dtp
Ipap
/fzvzpzD - )‘(p2D - plD) = Wy
dtp
Inner boundary conditions are:
Ipip
PwD — P1iD— 51 P
D
— pup— 5 dpap
2D~ 275
D dtD 1 aT‘D TD:1 2 aT‘D TD:1
Outer boundary conditions are:
lim p;p =0 infinite reservoir
rp—00
0.
Pib lrp=r.p =0 no flow boundary
8rD ©

pip(rep,tp) =0 constant pressure boundary
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(C.4)

(C.5)

—~
@
(@

~——
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Initial condition is:
p]‘D(TD,O) = 0 (08)

Laplace transformation of the above equations yields the following.

Governing equations are:
£1V°Pip + MP2p — Pip) = w12PiD (C.9)

#:V?Pan — MPap — Pip) = @22P2D (C.10)

Inner boundary conditions are:

— — IPip
wD = — $1—— C.11
PwD D — 51 arp ( )
— T IP2D
P2p 2—arD
1 d d
- = CDprD - K1£|7’D:1 - K2ﬂ|7’pzl (012)
z Jrp Jrp
Outer boundary conditions are:
lim p;p =0 infinite reservoir (C.13)
rp—00
o
ﬂhD:T , =0 no flow boundary (C.14)
aTD ¢
P;p(rep,z) =0 constant pressure boundary (C.15)
The suggested form for the pressure is:
PiD = AJ‘[X’O(O'TD) + Bj]o(O'TD) (016)

Substitution of Eq. C.16 into Eq. C.9 and Eq. C.10 yields

k10°Pip = wi12Ppin — MP2p — Dip) (C.17)

K90 Pap = wezPap + MPap — PiD) (C.18)
By rearrangement:

(510% — w1z = \) Pip + Apap = 0 (C.19)

APiD + (/4;202 — Woz — )\) P =0 (C.20)
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For Eq. C.19 and Eq. C.20 to have non-trivial solution:

(k10?7 —wiz — A) A

det =0

(ko0? —wyz — A)
Solving for o2 that satisfies Eq. C.21:
(k10% — w1z — A)(kpo? —wyz — ) = A2 =0

r1kaot — [k (waz + A) + ka(wiz + A)]o? + (w2 + M) (wez +A) = A2 =0

e (wlz—l—)\ +w22+)\) . (W12 + A (wez + X)) — A2 0
K1 Ka K1Kg
Then, we will have two different values for o
1 {wiz4+ A wez+ A
2 1 2
= — — A
71 2 l K1 + K2 ]
1 A A
U%z—lwlz—l— -|-w22+ —I-A]
2 K1 K9
where A is:
A - lwlz—l—)\_I_wzz—l—)\r_4(wlz+)\)(w22—|—)\)—)\2
K1 K2 Rikzg
A A 42
_ [wlz + B w9z + ] n -0
K1 K9 K1K9

By superposition, the equations for the pressure in the layers become:
pl—D = A%[(O(O'lrp) —|— A%[{O(O‘QTD) —|— B%]O(Ulrp) —|— B12]0(0'2TD)

p2—D = A%[(O(O'lrp) —|— A%[(O(UQTD) —|— B%]()(O'lTD) —|— B22]0(0'2TD)

The coefficients A and B have the following relations.

A% = CllA%
A% = aQA%
By, = aB]
B% = G2B12
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(C.21)

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)
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where:

K10} —wiz — A

a; = )\
1 2
= 14 —(wiz — ky07)
A
K103 — w1z — A
ay, = —
: A
1 2
= 14+ X(wlz—ﬁ;laz)

From the outer boundary conditions, A? have following relations with B]k:

ko 1k opk
Bl = b A7
where:
=0 infinite reservoir
K(opr.
b= M no flow boundary
]1(0 kTeD)
K .
b= —M constant pressure boundary
]o(U kTeD)

Now, the equations for the layer pressure can be written as:
pl—D = A%[[(O(O'lrp) + 61]0(0'17"D)] + A%[[{O(O‘QTD) + szo(UQTD)]

p2—D = CllA%[[(o(O'ﬂ"D) —|— 61]0(0'17"D)] —|— CLQA%[[(O(O-QTD) —|— szo(O-QTD)]
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(C.31)

(C.32)

(C.33)

(C.34)
(C.35)

(C.36)

(C.37)

(C.38)

At this stage, we have two unknowns, Al and A?, and two inner boundary conditions.

Define X and Y as:

Xi = Ko(oyrp) +b'Io(oyrp)
Xy = Koloarp) + b Io(o2rp)
Yy = oy[Ki(o1rp) — b L (oyrp)]
Y, = oy[Ki(ozrp) — b 11 (03rp)]

(C.39)
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Then:
P2p = GlA%X1 + GzA%Xz

Substitute Eq. C.40 into the first inner boundary condition for wellbore pressure.

. Opap
PiD — 31—|TD:1 = PaD — 32p—2|7«D:1 (0.41)
aTD aTD

Then we have:

AL ([Ko(o1) + b Io(01)] + s101[ K1 (1) — ' 1 (01)]) (C.42)
+ A ([Ko(o2) + B To(02)] + s10:[Ki(02) — P 11(02)])
= A} ([Ko(or) + b Io(00)] + 5200 [ Ky (00) — 'Ly (o))
+ a2 A7 ([Ko(02) + b Io(02)] + 5203 K1 (02) — L1 (02)] )
or using the definitions for X and Y
AL[XT 4 1 Y1) + AT[X, + 51 Y5 (C.43)

= A{[X) 4 V1] + a AT[X, + 5,Y5]
By rearrangement:
0=A}[(a1 — 1) X1 + (@152 — 51)Y1] + A3 [(ay — 1) Xy + (ag55 — 51)Y2] (C.44)
Solve for Aj:

(ay — 1) X5 + (azsy — s1)Ys
(an — 1) X7 + (a152 — s1)Yh

Al = — A2 (C.45)

Let us define IV as:

E— _(Ch — D)Xy + (a152 — 51)Y; (C.46)
(ag — 1) X5 + (@282 — 51)Y> '

Then:
Al = BA; (C.47)
Apply the second inner boundary condition for the constant total production rate
at the well head with no wellbore storage effect for the moment.

1 opip Jp2p
oy 90Dy .48
z K18TD|D1 KQ@TD|D1 ( )
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Using Eq. C.40 and Eq. C.47, we can modify Eq. C.48 as:

1
= = w (A 4 A + kg (00 A]Y) + apATY) (C.49)

z
= /43114% (Y1 + EY3) + /43214% (a1Y1 + a2 BY3)

The only unknown A} can be determined as:

1
Al = C.50
U Tl Oh 1 EYS) § g (Y § apBY))] (6:50)

1
2 [(k1 4+ a162) Y1 + (k1 + azk2) BY3]

By defining F' as:
F = (/il —|— Cl1/€2) 1/1 —|— (/il —|— GQ/QQ) EX/Q (051)

we can have the following equations:

Al = % (C.52)

At = % (C.53)

pip = % (X1 + EX,) (C.54)
P2p = % [a1 Xy + a, E X)) (C.55)

Then, the wellbore pressure with no wellbore storage effect becomes:

1
wa,CDZO = ﬁ [Xl —|— 81}/1 ‘|‘ E(X2 —|— 81}/2)] (056)

Now considering wellbore storage effect, the inner boundary condition becomes:

1 _— Opip Ip2p
i CpzPup = _Klﬁh’D:l - KJQﬁL«D:l (C.57)
Y
Solving Eq. C.57 for wellbore pressure:
1
1 pR—
A= ~F (1 — Cpz wa) (C.58)

1
b= (1= Cp2*up) X1 + 511 + B (X5 + 5,13)] (C.59)

z
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Using Eq. C.56:

pw—D = (1 — CDZ2wa) wa,CDZO (060)

Finally, the wellbore pressure with the consideration of wellbore storage effect be-

comes:
PuwD = O -I-lm (C.61)

and the sandface production rate from each layer is determined as:
7ip = :—} (1= Cp2*up) [Yi + BV (C.62)
5 = = (1= Co="Fup) [V + a:BY;) (C.63)
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Data for the First Method

t(hr)

Pwy (psi)

qi(b/d)

¢>(b/d)

0.50000E-05
0.62946E-05
0.79244F-05
0.99762E-05
0.12559E-04
0.15811E-04
0.19905E-04
0.25059E-04
0.31547E-04
0.39716E-04
0.49999E-04
0.62945E-04
0.79244E-04
0.99762E-04
0.12559E-03
0.15811E-03
0.19905E-03
0.25059E-03
0.31547E-03
0.39715E-03
0.49999E-03

0.9482E+02
0.9748E+02
0.1003E+03
0.1034E+03
0.1068E+03
0.1103E+03
0.1142E+03
0.1183E+03
0.1226E+03
0.1272E+03
0.1320E+03
0.1370E+03
0.1423E+03
0.1478E+03
0.1535E+03
0.1594E+03
0.1654E+03
0.1716E+03
0.1780E+03
0.1845E+03
0.1911E+03

0.9674E+02
0.9666E+02
0.9658E+02
0.9649E+02
0.9639E+02
0.9629E+02
0.9618E+02
0.9607E+02
0.9596E+02
0.9584E+02
0.9571E+02
0.9559E+02
0.9546E+02
0.9533E+02
0.9520E+02
0.9508E+02
0.9495E+02
0.9483E+02
0.9471E+02
0.9459E+02
0.9448E+02

0.3251E+01
0.3330E+01
0.3415E+01
0.3506EE+01
0.3602E+01
0.3704E+01
0.3811E+01
0.3923E+01
0.4039E+01
0.4160E+01
0.4283E+01
0.4409E+01
0.45361E+01
0.4664E+01
0.4792E+01
0.4919E+01
0.5044E+01
0.5166E+01
0.5285E+01
0.5400E+01
0.5511E+01
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Table Continued

t(hr)

Pwy (psi)

qi(b/d)

¢>(b/d)

0.62945E-03
0.79243E-03
0.99761E-03
0.12559E-02
0.15811E-02
0.19905E-02
0.25058E-02
0.31547E-02
0.39715E-02
0.49998E-02
0.62944F-02
0.79242F-02
0.99760E-02
0.12559E-01
0.15811E-01
0.19904E-01
0.25058E-01
0.31547E-01
0.39715E-01
0.49998E-01
0.62944E-01
0.79242E-01
0.99760E-01
0.12559E4-00
0.15810E+00
0.19904E4-00
0.25058 E4-00
0.31546 400
0.39715E+00
0.49998E4-00
0.62943E+00
0.79241E+00
0.99759E4-00
0.12558E401
0.15810E401

0.1979E+03
0.2047E+03
0.2116E+03
0.2186EE+03
0.2256E+03
0.2327E+03
0.2398E+03
0.2469E+03
0.2541E+03
0.2613E+03
0.2684E+03
0.2756 E+03
0.2827E+03
0.2898E+03
0.2968E+03
0.3038E+03
0.3107TE+03
0.3175E+03
0.3243E+03
0.3308E+03
0.3373E+03
0.3437E+03
0.3499E+03
0.3561E+03
0.3622E+03
0.3683E+03
0.3746EE+03
0.3810E+03
0.3875E+03
0.3943E+03
0.4012E+03
0.4082E+03
0.4154E+03
0.4227E+03
0.4299E+03

0.9438E+02
0.9428E+02
0.9418E+02
0.9410E+02
0.9401E+02
0.9394E+02
0.9387E+02
0.9380E+02
0.9374E+02
0.9369E+02
0.9364E+02
0.9360E+02
0.9356 E+02
0.9353E+02
0.9351E+02
0.9350E+02
0.9350E+02
0.9350E+02
0.9352E+02
0.9355E+02
0.9359E+02
0.9364E+02
0.9370E+02
0.9378E+02
0.9386E+02
0.9394E+02
0.9402E+02
0.9410E+02
0.9416EE+02
0.9422E+02
0.9427E+02
0.9431E+02
0.9434E+02
0.9436E+02
0.9438E+02

0.5616E+01
0.5716E+01
0.5810E+01
0.5899E+01
0.5982E+01
0.6059E+01
0.6130E+01
0.6195E+01
0.6255E+01
0.6309E+01
0.6357E+01
0.6398E+01
0.6434E+01
0.6462E+01
0.6482E+01
0.6495E+01
0.6498E+01
0.6492E+01
0.6475E+01
0.64461+01
0.6406E+01
0.6354E+01
0.6291E+01
0.6218E+01
0.6139E+01
0.6056E+01
0.5975E+01
0.5899E+01
0.5830E+01
0.5772E+01
0.5724E+01
0.5686E+01
0.5656E+01
0.5633E+01
0.5616E+01
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t(hr)

Pwy (psi)

qi(b/d)

¢>(b/d)

0.19904E4-01
0.25058E401
0.31546E4-01
0.39714E401
0.49997E401
0.62943E401
0.79241E401
0.99758E401
0.12558E4-02
0.15810E+02
0.19904E4-02
0.25058 E4-02
0.31546 402
0.39714FE+02
0.49997E4-02
0.62943FE+02
0.79240E+02
0.99757E4-02
0.12558E4-03
0.15810E+03
0.19904E4-03
0.25057E4-03
0.31546 403
0.39714FE+03
0.49997E4-03
0.62942F+03
0.79239E4-03
0.99757E4-03
0.12558E404
0.15810E404
0.19904E4-04
0.25057E404
0.31545E404
0.39713E404
0.49996 404

0.4373E+03
0.4446E+03
0.4520E+03
0.4593E+03
0.4667E+03
0.4741E+03
0.4814E+03
0.4888E+03
0.4962E+03
0.5036E+03
0.5110E+03
0.5184E+03
0.5258E+03
0.5332E+03
0.5405E+03
0.5479E+03
0.5553E+03
0.5627E+03
0.5701E+03
0.5775E+03
0.5849E+03
0.5923E+03
0.5997E+03
0.6071E+03
0.6145E+03
0.6218E+03
0.6292E+03
0.6366E+03
0.6440E+03
0.6514E+03
0.6588E+03
0.6662E+03
0.6736E+03
0.6810E+03
0.6884E+03

0.9439E+02
0.9440E+02
0.9441E+02
0.9442E+02
0.9442E+02
0.9443E+02
0.9443E+02
0.9443E+02
0.9443E+02
0.9443E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02
0.9444E+02

0.5603E+01
0.5592E+01
0.5584E+01
0.5578E+01
0.5573E+01
0.5569E+01
0.5566E+01
0.5564E+01
0.5562E+01
0.5561E+01
0.5559E+01
0.5558E+01
0.5558E+01
0.5557E+01
0.5557E+01
0.5556E+01
0.5556E+01
0.5556E+01
0.5556E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
0.5555E+01
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Appendix E

Data for Example 1

0.5000E-03
0.6294E-03
0.7924E-03
0.9976E-03
0.1255E-02
0.1581E-02
0.1990E-02
0.2505E-02
0.3154E-02
0.3971E-02
0.5000E-02
0.6294E-02
0.7924E-02
0.9976E-02
0.1255E-01
0.1581E-01
0.1990E-01
0.2505E-01
0.3154E-01
0.3971E-01
0.5000E-01
0.6294E-01
0.7924E-01

0.129E4-03
0.131E403
0.134E403
0.137E403
0.141E403
0.144E403
0.148E4-03
0.152E403
0.156E4-03
0.159E4-03
0.163E4-03
0.167E403
0.172E403
0.176E4-03
0.180E403
0.184E403
0.188E4-03
0.192E403
0.196E4-03
0.200E4-03
0.205E4-03
0.209E4-03
0.213E4-03

0.4761E4-02
0.475E4-02
0.474FE402
0.473E4-02
0.473E4-02
0.472E402
0.472E402
0.472E402
0.472E402
0.472E402
0.472E402
0.473E4-02
0.473E4-02
0.473E4-02
0.473E4-02
0.474FE402
0.474FE402
0.474FE402
0.475E4-02
0.475E4-02
0.4761E4-02
0.4761E4-02
0.477E4-02

0.267E4-02
0.263E4-02
0.260E4-02
0.257E4-02
0.253E4-02
0.250E4-02
0.247E402
0.244F402
0.242FE402
0.239E4-02
0.237E4-02
0.235E4-02
0.232E402
0.230E4-02
0.228E402
0.226E402
0.225E402
0.223E402
0.222E402
0.220E402
0.219E402
0.218E402
0.217E402

0.19614-02
0.199E4-02
0.202E402
0.205E4-02
0.207E4-02
0.210E402
0.213E402
0.215E402
0.218E402
0.220E402
0.222E402
0.224FE402
0.227E402
0.229E402
0.230E4-02
0.232E402
0.234E402
0.236E4-02
0.237E4-02
0.238E4-02
0.239E4-02
0.240E402
0.241E402

0.594E4-01
0.614E401
0.629E4-01
0.642E4-01
0.651E401
0.659E401
0.664E4-01
0.667E401
0.669E401
0.670E401
0.670E401
0.669E401
0.667E401
0.6651E401
0.663E401
0.660E401
0.657E401
0.654E4-01
0.651E401
0.647E401
0.643E4-01
0.639E401
0.635E401
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t(hr)

Puwy(psi)

q(b/d)

¢(b/d)

g3(b/d)

¢a(b/d)

0.9976E-01

0.1255E+00
0.1581E+00
0.1990E+00
0.2505E+00
0.3154E+00
0.3971E+00
0.5000E+00
0.6294E+00
0.7924E+00
0.9976E+00
0.1255E+01
0.1581E+01
0.1990E+01
0.2505E+01
0.3154E+01
0.3971E+01
0.5000E+01
0.6294E+01
0.7924E+01
0.99761+01
0.1255E+02
0.1581E+02
0.1990E+02
0.2505E+02
0.3154E+02
0.3971E+02
0.5000E+02
0.6294E+02
0.7924E+02
0.9976E+02
0.1000E+03

0.217E403
0.221E403
0.225E4-03
0.229E4-03
0.232E403
0.236E4-03
0.240E4-03
0.244FE403
0.248E4-03
0.252E403
0.256E4-03
0.260E4-03
0.264F5403
0.268E4-03
0.272E403
0.276E4-03
0.280E4-03
0.284F403
0.288E4-03
0.292E403
0.296E4-03
0.300E4-03
0.304E403
0.308E4-03
0.312E403
0.316E4-03
0.321E403
0.325E4-03
0.329E4-03
0.333E4-03
0.337E403
0.337E403

0.477E4-02
0.478E4-02
0.478E4-02
0.479E4-02
0.480E4-02
0.480E4-02
0.481E402
0.482E402
0.483E4-02
0.483E4-02
0.484F402
0.484F402
0.485E4-02
0.485E4-02
0.485E4-02
0.485E4-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02
0.48614-02

0.216E402
0.216E402
0.215E402
0.215E402
0.215E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402
0.214E402

0.242FE402
0.242FE402
0.243E402
0.243E402
0.243E402
0.243E402
0.243E402
0.243E402
0.243E402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.242FE402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402
0.241E402

0.630E401
0.625E4-01
0.620E4-01
0.615E401
0.609E401
0.604E4-01
0.599E401
0.594E4-01
0.589E401
0.585E401
0.582E4-01
0.580E401
0.578E401
0.576E401
0.575E401
0.574E401
0.573E401
0.573E401
0.572E401
0.572E401
0.572E401
0.572E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401
0.571E401




Appendix F

Data for Example 2

t(hr)

pwf(pSi)

q1(b/d)

q2(b/d)

g3(b/d)

0.5000E-03
0.6294E-03
0.7924E-03
0.9976E-03
0.1255E-02
0.1581E-02
0.1990E-02
0.2505E-02
0.3154E-02
0.3971E-02
0.5000E-02
0.6294E-02
0.7924E-02
0.9976E-02
0.1255E-01
0.1581E-01
0.1990E-01
0.2505E-01
0.3154E-01
0.3971E-01
0.5000E-01
0.6294E-01
0.7924E-01

0.118E403
0.120E4-03
0.122E403
0.124E403
0.127E403
0.129E4-03
0.131E403
0.134E403
0.136E4-03
0.139E4-03
0.141E403
0.144E403
0.147E403
0.149E4-03
0.152E403
0.155E4-03
0.157E403
0.160E4-03
0.163E4-03
0.165E4-03
0.168E4-03
0.170E4-03
0.173E403

0.206E4-02
0.207E4-02
0.209E4-02
0.210E402
0.211E402
0.213E402
0.214E402
0.215E402
0.216E402
0.217E402
0.218E402
0.219E402
0.219E402
0.220E402
0.221E402
0.222E402
0.222E402
0.223E402
0.223E402
0.224FE402
0.224FE402
0.225E402
0.225E402

0.163E4-02
0.160E4-02
0.157E402
0.154E402
0.151E402
0.148E402
0.145E402
0.143E402
0.140E402
0.138E4-02
0.136E4-02
0.133E4-02
0.131E402
0.129E402
0.128E402
0.126E402
0.124FE402
0.123E402
0.121E402
0.120E402
0.119E402
0.118E402
0.117E402

0.130E4-02
0.132E402
0.133E4-02
0.135E4-02
0.137E4-02
0.138E4-02
0.140E402
0.141E402
0.143E402
0.144E402
0.145E402
0.146E402
0.148E402
0.149E402
0.150E4-02
0.151E402
0.152E402
0.153E4-02
0.154E402
0.155E4-02
0.155E4-02
0.156E4-02
0.157E402
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APPENDIX F. DATA FOR EXAMPLE 2

t(hr)

Pws(psi)

q1(b/d)

¢2(b/d)

gs(b/d)

0.9976E-01

0.1255E+00
0.1581E+00
0.1990E+00
0.2505E+00
0.3154E+00
0.3971E+00
0.5000E+00
0.6294E+00
0.7924E+00
0.9976E+00
0.1255E+01
0.1581E+01
0.1990E+01
0.2505E+01
0.3154E+01
0.3971E+01
0.5000E+01
0.6294E+01
0.7924E+01
0.99761+01
0.1255E+02
0.1581E+02
0.1990E+02
0.2505E+02
0.3154E+02
0.3971E+02
0.5000E+02
0.6294E+02
0.7924E+02
0.9976E+02
0.1000E+03

0.176E4-03
0.178E403
0.181E403
0.183E4-03
0.186E4-03
0.188E4-03
0.191E403
0.193E4-03
0.195E4-03
0.198E4-03
0.200E4-03
0.203E4-03
0.205E4-03
0.207E4-03
0.210E4-03
0.212E403
0.214E403
0.217E403
0.219E4-03
0.221E403
0.224FE403
0.226E4-03
0.228E4-03
0.231E403
0.233E4-03
0.235E4-03
0.238E4-03
0.240E4-03
0.242E403
0.245E4-03
0.247E4-03
0.247E4-03

0.225E402
0.225E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.226E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402
0.227E402

0.116E402
0.115E402
0.114E402
0.114E402
0.113E402
0.113E402
0.112E402
0.112E402
0.112E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402
0.111E402

0.158E4-02
0.158E4-02
0.159E4-02
0.159E4-02
0.160E4-02
0.160E4-02
0.160E4-02
0.160E4-02
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
0.161E402
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Appendix G

Data for Example 3

t(hr) Pwy(psi) q1(b/d) q2(b/d) g3(b/d)
0.50005-02 | 0.263E-01 | 0.124E-01 | -0.161E401 | 0.101E403
0.6294E-02 | 0.547FE-01 | 0.129E-01 |-0.196E4-01 | 0.101E+03
0.7924E-02 | 0.690FE-01 | 0.725E-02 |-0.233E4-01 | 0.102E+-03
0.9976F-02 | 0.473E-01 | 0.112E-01 | -0.265E401 | 0.102E403
0.1255E-01 | 0.414FE-01 | 0.787E-01 |-0.272E4-01 | 0.102E+03
0.1581E-01 | 0.314FE+00 | 0.317E+00 | -0.230E4-01 | 0.101E+03
0.1990E-01 | 0.150E+01 | 0.888E4-00 | -0.112E4-01 | 0.100E4-03
0.2505E-01 | 0.473E+01 | 0.197E+01 | 0.107E+01 | 0.969E+02
0.3154E-01 | 0.114E+02 | 0.370E4-01 | 0.437E+01 | 0.919E402
0.3971E-01 | 0.232E402 | 0.609E4-01 | 0.860E+01 | 0.852E4-02
0.5000E-01 | 0.405E+02 | 0.897E4-01 | 0.133E+02 | 0.777TE4-02
0.6294E-01 | 0.630E+02 | 0.119E+02 | 0.179E+02 | 0.701E+02
0.7924E-01 | 0.888FE+02 | 0.147E+02 | 0.218E+02 | 0.634E4-02
0.9976E-01 | 0.115E+03 | 0.169E+02 | 0.247E+02 | 0.582E4-02
0.1255E4-00 | 0.141E+03 | 0.186E+02 | 0.267E+02 | 0.546E4-02
0.1581E400 | 0.166E+03 | 0.197E+02 | 0.280E+02 | 0.521E4+02
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APPENDIX G. DATA FOR EXAMPLE 3

t(hr)

Pws(psi)

q1(b/d)

¢2(b/d)

gs(b/d)

0.1990E+00
0.2505E+00
0.3154E+00
0.3971E+00
0.5000E+00
0.6294E+00
0.7924E+00
0.9976E+00
0.1255E+01
0.1581E+01
0.1990E+01
0.2505E+01
0.3154E+01
0.3971E+01
0.5000E+01
0.6294E+01
0.7924E+01
0.99761+01
0.1255E+02
0.1581E+02
0.1990E+02
0.2505E+02
0.3154E+02
0.3971E+02
0.5000E+02
0.6294E+02
0.7924E+02
0.9976E+02
0.1000E+03

0.189E4-03
0.210E4-03
0.231E403
0.251E403
0.271E403
0.290E4-03
0.309E4-03
0.328E4-03
0.347E4-03
0.365E4-03
0.384E403
0.402E403
0.420E4-03
0.439E4-03
0.457E403
0.475E403
0.494FE403
0.512E403
0.530E4-03
0.548E4-03
0.56614-03
0.584FE403
0.602E403
0.620E4-03
0.639E4-03
0.657E403
0.675E403
0.693E4-03
0.693E4-03

0.205E4-02
0.210E402
0.213E402
0.216E402
0.218E402
0.219E402
0.220E402
0.220E402
0.221E402
0.221E402
0.221E402
0.221E402
0.221E402
0.221E402
0.221E402
0.221E402
0.221E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402
0.222E402

0.290E4-02
0.298E4-02
0.304E402
0.311E402
0.316E402
0.321E402
0.325E402
0.328E402
0.331E402
0.333E4-02
0.334E402
0.33614-02
0.337E4-02
0.338E4-02
0.339E4-02
0.339E4-02
0.340E402
0.340E402
0.340E402
0.340E402
0.341E402
0.341E402
0.341E402
0.341E402
0.341E402
0.341E402
0.341E402
0.341E402
0.341E402

0.504E402
0.491E402
0.481E402
0.472E402
0.465E4-02
0.459E4-02
0.454FK402
0.450E4-02
0.447E402
0.445E402
0.443E402
0.441E402
0.440E402
0.439E4-02
0.439E4-02
0.438E4-02
0.437E4-02
0.437E4-02
0.437E4-02
0.437E4-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
0.43614-02
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