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Abstract

This work focuses on several important issues of reservoir characterization and data
integration using wavelet analysis. The goal of reservoir characterization is to estimate
the spatial distribution of the reservoir properties, e.g., permeability and porosity,
by proper integration of all types of data available (either static or dynamic). We
considered the integration of production history data, seismic data, and well test data

in this work.

One of the key issues in parameter estimation is to develop an efficient and reliable
nonlinear regression procedure. We adapted wavelet analysis to describe the distribu-
tion of sensitivity coefficients, to gain advantage from the multiresolution properties
of wavelets. Wavelet analysis can compress the model parameter space, stabilize the
algorithm, and avoid local minima. This new approach also significantly improves the
computational efficiency by varying the resolution of estimation at different regression

stages.

Wavelet analysis also has the capability to integrate different types of data ef-
ficiently, using different levels of wavelets to incorporate different data types. We
can account explicitly for the resolving power of different data and estimate reservoir

properties with nonuniform resolution.

We have applied this newly developed procedure to some multiphase reservoir
examples that demonstrate the reliability and flexibility of the approach. We also
gained very good convergence rates and excellent computational efficiency compared
to conventional methods. The most important conclusion of this work is that wavelet

analysis is a very useful tool for reservoir parameter estimation, and can speed up the



computation and improve the performance. The nonlinear regression procedure with

wavelet analysis has substantial advantages over the conventional algorithms.
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Chapter 1

Introduction

1.1 Statement of the Problem

The most commonly encountered and probably the most challenging work in reser-
voir engineering is to describe the reservoir accurately and efficiently. An accurate
description of a reservoir is crucial to the production management and oil recovery.
The goal of reservoir characterization is to estimate the spatial distribution of the
reservoir properties, e.g., permeability and porosity, by integrating all kinds of in-
formation available. The information is usually divided into two categories: static
information and dynamic information. The static information includes any termino-
logical information on the spatial distribution from geological knowledge (core, log,
seismic and geologic information, etc., they need not come from actual reservoirs).
The dynamic information includes production data, pressure transient data, tracer
testing data, long-term pressure history, etc. Recently, the introduction of 4-D seismic
surveys has provided another type of dynamic data.

Reservoir characterization is a process of inferring the parameters from indirect
measurements (or observations). Thus the process is posed as an inverse problem,
or parameter estimation problem, which is commonly encountered in the fields of
optimization, operations research and economics systems. Although there are many
mathematical techniques available for this kind of problem, the reservoir characteriza-

tion is unique and extremely difficult for many reasons. First of all, permeability and
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porosity are the parameters that have the largest influence on reservoir performance.
Usually we can not obtain any direct measurements of these parameters (the forma-
tions are often several thousand feet deep underground). Even if we can make some
direct measurements, for example, using well logs, the sampling locations are sparse
and the amount of information is scarce. Secondly, direct and indirect measurements
are obtained with different technologies and reflect different aspects of reservoirs at
different scales. Furthermore, due to the complex nature of the reservoir, we usu-
ally need to use a numerical reservoir simulation as the mathematical model of the
reservoir behavior. It is problematic to implement an efficient and robust inverse
procedure based on the numerical simulator. One reason is that the computational
load is extremely heavy, another reason is that the inverse problem is ill-posed due
to the scarcity of information in comparison to the number of unknown parameters
in the simulation grid.

In the context of reservoir engineering, the parameter estimation problem has
several key issues to be addressed: parameterization of the system, data integration,
inversion procedure, and preservation of geological structures. Although many studies
have focused on these issues, the problems are far from being solved and are currently
the subjects of major research effort in several places. The current work addresses
several of these important issues by incorporating inverse problem theory and wavelet
analysis. The forward mathematical model is a finite-difference reservoir simulator,

and the inverse approach is a gradient-based Gauss-Newton algorithm.

1.2 Literature Review

1.2.1 Sensitivity Coefficients and Gradient-Based Methods

Reservoir characterization has been a major research subject in reservoir engineering
since the 1960s. There are numerous papers available and a significant number of
ongoing studies; a brief review is given here to summarize the recent related works.
Reservoir characterization is a broad concept, for instance, well logging is one type

of reservoir characterization used to infer reservoir properties. In this study, we
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will restrict our scope to parameter estimation using automatic history matching

procedures with numerical simulators.

Jacquard and Jain (1965) introduced an automated history matching procedure
adapted from variational analysis in electric networking. Since then, there have been
several developments of concepts and algorithms along similar lines. In 1974, Carter,
Pierce, Kemp & Williams (1974) introduced the concept of sensitivity coefficients
and derived a method to calculate them. Carter’s method has high computational

efficiency, although with the limitation that it is only applicable to linear problems.

In 1970s and early 1980s, several important works (Chen, Gavalas, Seinfeld &
Wasserman 1973, Watson, Seinfeld, Gavalas & Woo 1979, Yang and Watson 1987)
extended the scope of parameter estimation procedures using optimal control the-
ory. These studies developed a more efficient method to compute the gradient of
the objective function with respect to permeability and porosity without calculat-
ing the sensitivity coefficients. This method is computationally efficient, because it
calculates the gradient of a form of the objective functions instead of sensitivity co-
efficients. However, this method is difficult to implement for numerical calculation.
The parameter estimation algorithms using this method are also not as efficient as
those using sensitivity coefficients, such as the Gauss-Newton algorithm.

In 1982, Tarantola and Valette (1982) published an important paper in the field
of geophysical inverse theory. This paper provided a set of algorithms for generalized
nonlinear inverse problems, using the least-square criterion. In 1987, Tarantola (1987)
provided a comprehensive exposition for inverse problem theory for data fitting and
model parameter estimation. Tarantola’s work also provides a method to include a
priori information into the definition of the objective function, under the assumption
of multi-Gaussian probability distributions. Menke (1984) and Parker (1994) have
also made contributions in this field.

Tang, Chen, Chen & Wasserman (1989) and Chen, Gavalas, Seinfeld & Wasser-
man (1973) presented the GPST (Generalized Pulse-Spectrum Technique) for history
matching. The GPST does not compute sensitivity coefficients and is difficult to
apply to certain parameter estimation algorithms, though Oliver (1994a) used the

GPST approach to incorporate transient pressure data into reservoir characterization.
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Starting in 1994, a series of papers (Reynolds, He, Chu & Oliver 1995, Chu, Reynolds
& Oliver 1995, Chu & Komara 1996, He, Reynolds & Oliver 1996, Wu, Reynolds
& Oliver 1998) used the modified GPST method to calculate the sensitivity coeffi-
cients. The efficient computation of sensitivity coefficients enabled the application
of the Gauss-Newton algorithm for parameter estimation and the geophysical inverse
theory to include a priori information. About the same time, Anterion, Eymard &
Karcher (1989) also developed a similar procedure to compute sensitivity coefficients.
This method was referred to as the gradient simulator. There have been several
applications in the literature (Bissel, Sharma & Killough 1994, Bissel 1996, Tan &
Kalogerakis 1991, Tan 1995) using this approach.

Streamline simulators offer substantial computational efficiency and minimize nu-
merical diffusion compared to traditional finite-difference methods (Thiele, Baty-
cky & Blunt 1997). Therefore, a streamline simulator will hold some advantages
over a finite-difference simulator as forward modeling, in the sense of computa-
tional efficiency. Many studies have shown favorable results from integrating dynamic
data into reservoir modeling using streamline simulators (e.g. Datta-Gupta, Vasco &
Long 1995, Vasco, Yoon & Datta-Gupta 1998). Furthermore, a streamline simulator
can provide semi-analytical sensitivity coefficients for watercuts at wells.

Recently, several students in SUPRI-D (Stanford University Petroleum Research
Institute: Consortium on Innovation in Well Testing) have been working on reservoir
characterization and data integration in different aspects. In 1997, Landa (Landa
1997, Landa & Horne 1997) investigated the impact of different data on reservoir char-
acterization and uncertainty. Landa also studied the object-based approach, which
can reduce the number of unknown parameters tremendously. In 1998, Phan (1998)
looked into depth-dependent reservoir properties. In 1999, Wang (1999) presented an

application integrating resistivity data into the parameter estimation problem.

1.2.2 Reparameterization Techniques

For any problem with a large number of model parameters, it is very difficult to apply

gradient-based algorithms. First of all, the inverse problem will be under-determined
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with too many parameters, while the available information does not have enough
resolving power. Secondly, the computational overhead for gradient calculation is
usually proportional to the number of parameters. As the number of parameters
increases, the computational load will be too huge to be practical. Furthermore, it
takes far more iterations for the nonlinear regression to reach convergence with a huge

number of parameters.

These problems with gradient-based algorithms can be alleviated or even elim-
inated with reparameterization techniques. In reparameterization approaches, the
model parameter space (usually the permeability and porosity fields) are written as
linear combinations of a relatively small set of bases: @ = A - ¢, where A is the trans-
formation matrix (set of basis vectors), @ is the original model parameter vector, and

 is the reduced parameter vector.

The simplest reparameterization is zonation, first introduced by Jacquard and Jain
(1965), in which a reservoir is divided into blocks larger than simulation gridblocks.
In other words, instead of using the simulation gridblock properties as model param-
eters, a zonation technique uses the properties of the large blocks (zones) as model
parameters, which imposes a uniform distribution over each zone. Bissel, Sharma &
Killough (1994) proposed a variation of the zonation technique, in which the reser-
voir is divided into high-sensitivity zones and a fast initial reduction in the objective

function can often be achieved.

Another reparameterization technique is to use the eigenvectors with the largest
eigenvalues of the covariance matrix as model parameters (e.g. Gavalas, Shah &
Seinfeld 1976, Oliver 1996, Reynolds, He, Chu & Oliver 1995). This method is
effective only if the eigenvalues decay rapidly. Similarly, singular value decompo-
sition (SVD) has been used to choose the set of basis vectors dynamically (e.g. Shah,
Gavalas & Seinfeld 1978, Dietrich 1990). This approach might give optimal set of ba-
sis vectors at each iteration. The subspace method (Oldenburg et al. 1993), which is
related to SVD methods, can reduce computational overhead of sensitivity coefficient
calculation and singular value decomposition.

de Marsily et al. (1984) introduced the pilot point method, which is another form of
reparameterization (as stated by McLaughlin & Townley 1996). Pilot-point methods
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(and related master-point methods) have been used extensively in groundwater field
to reduce the number of parameters in history matching (e.g. LaVenue & Pickens 1992,
LaVenue et al. 1995). An iterative geostatistically-based inverse technique, called the
sequential self-calibrated (SSC) method, has been developed and previously shown to
be quite efficient for constructing multiple equiprobable reservoir models that honor
single-phase historical pressure data (Gémez-Hernandez, Sahuquillo & Capilla 1998,
Capilla, Gémez-Herndndez & Sahuquillo 1998). The SSC utilizes the concept of
master point to reduce the parameter space to be estimated in the optimization
process. Wen, Deutsch & Cullick (1997, 1998) extended the SSC and proposed a
fast streamline-base inverse method to integrate multiphase dynamic data. In this
approach, the spatial correlation structure is honored through the kriging equations
in the SSC. This leads to better-behaved objective functions with low final values and

preserves the prior model spatial characteristics.

1.2.3 Wavelet Analysis

The development of wavelets is fairly recent in applied mathematics, although wave-
lets have already had a remarkable impact in the fields of signal processing, image
analysis and data compression. There are numerous publications on this subject, we
will only review some central works. Ogden (1997) presented an overview of some
essential aspects of wavelets for statistical applications and data analysis. Mallat
(1998) gave a quick tour of the use of wavelets in signal processing. Both publications
provide substantial background on both theoretical and practical aspects. Foufoula-
Georgiou & Kumar (1994) reviewed some important papers in the field of geophysics,
most of which focus on seismic data interpretation and multiscale analysis of rock

structures.

In the late 1990s, there were some applications of wavelets in reservoir engineer-
ing. Panda, Mosher & Chopra (1996) and Chu, Schatzinger & Tham (1996) pre-
sented some applications of wavelets for reservoir data analysis and property scaling,
although their works focused mainly on reservoir property upscaling and multiresolu-

tion analysis. In 1997, Kikani & He (1998) investigated long-term pressure transient
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data using wavelet methods. Later on, in 1999, Athichanagorn (1999) used wavelet

methods to interpret long-term pressure data from permanent downhole gauges.

1.3 Overview

The methodologies and algorithms discussed so far addressed some most important
aspects of reservoir characterization. However, early works were still problematic. For
instance, gradient-based methods can give fast convergences, but are highly dependent
of sensitivity calculation and may have huge computational overhead. Furthermore,
most inverse problems are ill-posed with a large number of parameters. The repa-
rameterization techniques can compress the model parameter space and improve the
efficiency of gradient-based inverse algorithms to some extent. However, there are

still some potential problems with previous approaches (Oliver et al. 2001):

e Zonation technique may result in discontinuous reservoir properties at zonation

boundaries.

e Spectrum and singular value decomposition have strong dependency on eigen-
value decaying patterns. Furthermore, singular value decomposition needs the
calculation of all sensitivity coefficients and a huge matrix decomposition. The
subspace method can avoid the computational overhead, though with a trade-off

of slower convergence.

e Pilot-point and master-point methods can result in unappealing visual artifacts
at the pilot point locations and may cause errors in quantification of uncertainty
(Omre et al. 1999).

In this study, we applied the wavelet analysis as a new reparameterization tech-
nique. The primary reason is that the wavelet analysis has some very attractive
properties, such as multiresolution analysis, good time-space localization, and fast al-
gorithms. Our study shows that wavelet analysis can compress the model parameter
space, stabilize the algorithm, and avoid local minima. Our new approach also signif-
icantly improves the computational efficiency by varying the resolution of estimation

at different regression stages.
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Wavelet analysis also has the capability to integrate different types of data ef-
ficiently, using different levels of wavelets to incorporate different data types. We
can account explicitly for the resolving power of different data and estimate reservoir
properties with nonuniform resolution.

In the following chapters, we will discuss our new approach in more detail. The

organization of this thesis is as follows:

e Chapter 2 describes some mathematical preliminaries and background informa-

tion, such as general inverse problems and basic concepts of wavelet analysis.

e Chapter 3 shows the reservoir modeling and reparameterization techniques.

More specifically, we will discuss how to parameterize reservoirs using wavelets.

e Chapter 4 demonstrates how wavelets can be applied to reservoir characteriza-
tion to yield a relatively small set of parameters to describe a reservoir. Also, we

will look into the feasibility of integrating different types of data using wavelets.

e Chapter 5 shows the methodology and implementation with applications on a

simple synthetic reservoir.

e Chapter 6 gives some more applications and test cases to demonstrate the effi-

ciently and applicability of our new approach.

e Chapter 7concludes this thesis and addresses several open issues on this subject.



Chapter 2

Mathematical Preliminaries

2.1 General Discrete Inverse Problem

2.1.1 Model Space and Data Space

Let S be the physical system under study. In this work, S is the reservoir formation.
As stated by Tarantola (1987), the scientific procedure for the study of a physical

system can be divided into the following three steps:

1. Parameterization of the system: discovery of a minimal set of model parameters

whose values completely characterize the system (from a given point of view).

2. Forward modeling: predictions that the physical laws governs, as to the results
of measurements on some observable parameters, for given values of the model

parameters.

3. Inverse modeling: use of the actual results of some measurements of the observ-

able parameters to infer the actual values of the model parameters.

Because numerical reservoir simulators have been well defined and are widely used
in the oil industry, in this study, a finite-difference reservoir simulator was used as
the forward modeling tool, as well as the sensitivity-coefficient generator. Thus this

study focuses on the first and the third steps: parameterization and inverse modeling.

9
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Throughout this work, we denote the model parameters as @ in the parameter

space M, and the observable parameters (or data) as d in the data space D.

2.1.2 Probability Distribution

The measurement experiment will give a certain amount of information as to the true
values of the observable parameters. Let fD(Jj be the probability density function
describing this information. A priori information is the information obtained inde-
pendently of the results of measurements. Let f (d_: @) be a joint probability density

function on the parameters (CZ a). We can also define the marginal probability density

functions
fuld@) = [ ddf(da), (21)
fold) = [ daf(da). (2:2)
and the conditional probability density function
Fanp(@d) = f(d™, @)/ fo(d™), (2.3)
fD\M(CZI&) = f(CZ&)/fM(&)- (24)

Following the Bayesian theorem, we also have
Fanp(@]d™) = fopu(d|@) far(@)/ fo(d™*) (2.5)

Let Q(Cﬂ&) be the conditional probability density function describing the theoretical
relationship between d and & and let V(cﬁ’bslcf) be the probability density function
for the output of a measuring instrument to be d°s when the input is d. Then the

conditional probability distribution function defined in Eq. 2.4 is given by

- -

fop(@1@) = [ ddv(d@|d)o(dla). (2.6)

Then Eq. 2.3 gives

—

Fuup (@) = fu(@) [ ddv(d|Do(da)/ fo(@) (2.7)
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2.1.3 Some Special Cases
We can further simplify Eq. 2.7 in some special cases.

1. Errors of the measurement are independent of the input, and errors in the theory

are independent of the model value. In this case, we have

& = d+é, (2.8)
d = d+ér, (2.9)

and the theoretical model is
d = 3(a), (2.10)

where €; and € are unknown errors with known probability distribution func-
tions fy(€y) and fr(ér). Then

v(d™*|d) = fo(d™ — d), (2.11)
o(dl@) = fr(d—d™). (2.12)

Eq. 2.7 then gives
Fanp(@1d™) = far(@) F(d* = d™)/ fp(d), (2.13)

where f(€) is the convolution product of f;(€;) and fr(€),
f(€) = fax fr(9). (2.14)

2. Gaussian modeling and observation errors. This case is a step further beyond

the previous case. In this case, we have

v(d™|d) = Ngu.(d,Cy), (2.15)
o(dla) = Nyd™, Cr), (2.16)

and
Foin (d7]@) = Nns (d°, Cp). (2.17)

with

Cp = Cy+ Cr. (2.18)
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Nz(ji, Cz) is the Gaussian distribution defined as

1 1

Nz, Cz) = ———— —— (- oMz — ). 2.19
(4, Cz) TV IC exp|—5 (% — fi)" Gz (7 — )] (2.19)

Eq. 2.13 becomes
Fanp(@1d™*) = far(@) N (@, Cp)/ fo(d). (2.20)

If the model parameters also follow the Gaussian distribution, we would have
fu(@) = Nz(@", Cur), (2.21)
thus Eq. 2.20 becomes
fM‘D(o_Z]JObS) = const - exp[—E(a)], (2.22)
where E(d) is the objective function defined as
B(@) = S[(d — ) O @ — @) + (0 — @) Oy (6 - 7). (2.23)

The goal of the inverse problem is to obtain a maximum likelihood estimation,

or to minimize the objective function, as demonstrated in Section 2.2.

2.2 Maximum Likelihood Methods (I; norm)

2.2.1 Basic Concepts

In this study, we focus on the least-square (I3 norm) criterion, which we have jus-

tified in Section 2.1. The basic assumption is that all the probability distributions

are Gaussian, including the measurement errors, the theory errors and the model

parameters. Least-square methods are popular for solving inverse problems because

they lead to the easiest computations. One drawback is the lack of robustness, i.e.,

the strong sensitivity of the least-square approach to a small number of large errors

(outliers) in a data set.
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If the forward problem is linear, we have
4! = G(a) = Ga, (2.24)

the a posteriori probability density function fj/(&) is then Gaussian:

fu(@) = Na(< a>,C5), (2.25)
with center
<d>=a"+ (GTC G+ Oy '\GT O (A — Gar), (2.26)
and covariance matrix
csl = (GToy'G + o) (2.27)

The value < @ >, center of the Gaussian, is both the mean value of fy/ (@) and its
maximum likelihood point. Therefore, for linear problems, we have explicit expres-
sions for the solution and for the a posteriori covariance matrix.

The Gauss-Markov theorem (Rao 1973) shows that, for linear problems, the least-
square estimator has minimum variance among all the estimators that are linear
functions of d°* and aPrt . irrespective of the particular form of the probability density
functions of the random variables d and @. This is why the least-square criterion is
sometimes used even if the form of the density functions is not Gaussian.

If the forward problem is nonlinear, the a posterior: probability density function
is Gaussian, and the analysis of the solution is not so straightforward. If fy,(d) is
reasonably well behaved, the a posterior: information in the model space may be well
represented by a central estimator of fj;(@) and a properly defined covariance matrix.
Among all the central estimators, the easiest to compute is generally the maximum

likelihood point @pp.:
As defined in Eq. 2.22, this is equivalent to

E(&) MINIMUM for &= @y (2.29)
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2.2.2 Gradient-Based Optimization Algorithms

There are many nonlinear regression algorithms available. In this study, we used
gradient-based methods, mainly because algorithms in this category yield faster con-
vergence. On the other hand, gradient-based algorithms require calculations of gra-
dients, which introduce heavy computational overhead. Section 2.3 will outline the
modified generalized pulse-spectrum technique (GPST), which makes the calculation
of gradients (or sensitivity coefficients) much more efficient. The GPST technique
also makes gradient-based algorithms feasible for this study.

In this section, several different algorithms will be outlined and compared. As
mentioned earlier, our goal is to minimize the objective function F(&). Assuming
the function is smooth enough, this objective function can be approximated in the

neighborhood of @, with a Taylor’s expansion

E@) = B(d,+0d)
— (@) + FToa + ;507TH”507 +0(5a®)

- 1
~ EB(d,)+ Fr'éa+ ié&THn(So?, (2.30)
and
VE(d) ~ F, + H,dd, (2.31)
where
E, = VE(a,) (2.32)
is the gradient vector and
H, =VE, = VVE(d,) (2.33)

is the second-derivative matrix, or the Hessian matrix. The core concept of any
gradient-based method is to find a step d@ to reduce the objective function E(&), on
the basis of the gradient F.

For least-square minimization, there are mainly three categories of methods: steep-
est descent and conjugate gradient methods, Newton and Gauss-Newton methods,
and quasi-Newton (variable metric) methods. Oliver et al. (2001) gave an overview

of different methods in the context of reservoir engineering.
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Steepest Descent and Conjugate Gradient Methods

The most straightforward gradient-based method is the steepest descent method, in

which the direction of da, is given by
—F, = —VE(d,), (2.34)

which is the local downhill gradient. Thus &1 = @, + 0d,, minimizes E(&) on the

line given by —F,. and we have

VE(@i1) - (~Fy) = (~Fosa) - (<) = 0. (2.35)
Therefore, any two consecutive steps in the steepest descent method are perpendicular
to each other. The problem with the steepest descent method is that the method will
perform many small steps in going down a long, narrow valley, even if the valley is in
a perfect quadratic form.

Conjugate gradient methods form a class of algorithms that generate directions of
search directions without storing a matrix, in contrast to the Newton-type methods
we will discuss in the next section (Gill, Murry & Wright 1981). Conjugate gradient
methods are essential in circumstances when methods based on matrix factorization
are not viable because the relevant matrix is too large or too dense.

The procedure of the conjugate gradient algorithm is outlined as follows. Starting
with an arbitrary initial vector go = —V E(d) and letting ho = Jo, the algorithm

constructs two sequences of vectors from the recurrence

Gny1 = —VE(@41) (2.36)
En-&-l = §n+1 + ’Yn}_im (237)

where n =0, 1,2, ..., and the iterative procedure is
Gni1 = On + Al (2.38)

The scalar A, can be solved by minimizing E(@,11). 7y, is given by

Yo = L Intl, (2.39)
9n " Gn



16 CHAPTER 2. MATHEMATICAL PRELIMINARIES

Therefore, this algorithm does not require knowledge of the Hessian matrix H. A
sequence of directions h,, is constructed using only line minimizations, evaluations of
the gradient vector, and an auxiliary vector to store the latest in the sequence of g’s.

The algorithm described so far is the original Fletcher-Reeves version of the con-
jugate gradient algorithm. Polak (1971) introduced one small but also significant

change, where 7, is given by

9n " Gn

Tn+1 =

The conjugate gradient algorithm was derived on the basis that the objective
function is in a quadratic form. If an objective function E(d) is not in a quadratic
form, two modifications need to be introduced. First of all, the scalar A, can not be
solved analytically and must be calculated by an iterative process. Secondly, a restart
procedure is required to reset f_in to the steepest descent direction g, after a certain
number of iterations.Gill, Murry & Wright (1981) have shown that the conjugate
gradient algorithm is theoretically n—step superlinearly convergent. However, the
conjugate gradient method is nearly always linearly convergent, regardless of whether
or not restarting takes place. Although conjugate-gradient-type algorithms are far
from ideal, they are currently the only reasonable method available for a general

problem in which the number of variables is extremely large.

Newton and Gauss-Newton Methods

We can use the second-order approximation to calculate a step to reduce E. Setting

the gradient to zero in Eq. 2.31, we have
H,6@, = —F,, (2.41)
and
Op1 = Oy + 00, (2.42)

The method described by Eqgs. 2.41 and 2.42 is known as Newton’s method. It is well
known that this method does not give a direction of descent unless the matrix H,

is positive-definite. Besides, Newton’s method has a major drawback: second-order
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derivatives are required to form the Hessian matrix H,,, which therefore can be very
expensive or even impossible to calculate in practice. The Gauss-Newton algorithm
as used in this work avoids the computation of second derivatives.

The objective function is shown in Eq. 2.23, therefore we can write the gradient

vector ﬁn and the second-order matrix H,, of Newton’s method as

F, = VE, = GICRN(di" — d™) + Cy (@ — ™), (2.43)
and
H, =VFE, =GIC'G, + Cyft + VG - CpH(d™s — dohy, (2.44)
where S
G, = aggl (2.45)

is the sensitivity coefficient matrix.

In the Gauss-Newton method, we can further simplify Eq. 2.44 by omitting the
last right hand side term. This approximation holds as far as the second-order deriva-
tives of the errors are negligible. Thus we have the Gauss-Newton Hessian matrix
as

HN = GTCplG, + Oy (2.46)

Finally, the regressive iteration is written as
&n—&—l = C_\Zn - [LnH;1VEn, (247)

where 11, is the line-search coefficient or the damping factor.
A popular variation on the Gauss-Newton method is Levenberg-Marquardt meth-

od. The Levenberg-Marquardt search direction is given by
(HSN 4+ v, 1), = —F,, (2.48)

where v, is a non-negative scalar. The Levenberg-Marquardt method improves the
condition of the Hessian matrix and usually results in faster convergence. This vari-
ation of the Gauss-Newton approach was used in this study.

The major advantages of Gauss-Newton algorithm can be summarized as follows:
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e Positive-definite Hessian matriz. The Hessian matrix is positive-definite, and
the inclusion of the Cp further stabilizes the Hessian matrix. Therefore the

direction da is always descending.

e Quadratic convergence. In the neighborhood of the true solution, we have
HSN — H. Because the Newton method has quadratic convergence, the Gauss-

Newton method will also have quadratic convergence near the true solution.

e Only first derivatives. We only need to calculate the first derivatives (or sensi-

tivity coefficient matrix ).

The Gauss-Newton formulation also has some disadvantages. First of all, we
still need to calculate sensitivity coefficients, which can be time-consuming in the
case of reservoir characterization. The problem can be alleviated by using the modi-
fied generalized pulse-spectrum technique (GPST) to calculate sensitivity coefficients.
Secondly, we need to construct the Hessian matrix, which is a dense matrix and can

be huge if the number of parameters is large.

Quasi-Newton (Variable Metric) Methods

The goal of variable metric methods (also called quasi-Newton methods), is not much
different from the goal of conjugate gradient methods: to accumulate information
from successive line minimizations so that N such line minimizations lead to the
exact minimum of a quadratic form in N dimensions. The variable metric methods
differ from the conjugate gradient methods in the way that it stores and updates the
information that is accumulated. The basic idea of the variable metric methods is
to build up, iteratively, a good approximation to the inverse Hessian matrix H 1,
without storing or solving the Hessian matrix. The process is to construct a sequence
of matrices A;, with the property

lim A, = H ™" (2.49)

n—oo

Press, Teukolsky, Vetterling & Flannery (1992) showed that the variable met-

ric methods do not hold any overwhelming advantage over the conjugate gradient
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methods, except perhaps a historical one. Therefore, we will not get into details of
this approach. Yang and Watson (1987) investigated the use of four variable met-
ric methods: the BFGS method, Fletcher’s switch algorithm, a self-scaling variable

metric method, and an optimally conditioned self-scaling variable metric method.

In general, the hybrid methods combining steepest descent with Gauss-Newton are
most efficient for relatively small problems and conjugate gradient or quasi-Newton
methods would be required for large practical problems (Deschamps, Grussaute, May-
ers & Bissel 1998).

One major objective of this study is to reduce the number of model parameters
using reparameterization techniques (specifically, the wavelet analysis in this study).
Thus the Gauss-Newton can still be used effectively for larger problems with a small
parameter set. Furthermore, different set of model parameters are used at each iter-
ation in our approach. Therefore, it is not very convenient to apply either conjugate

gradient methods or quasi-Newton methods.

2.3 Generalized Pulse-Spectrum Technique

As mentioned in Section 2.2.2, we need to calculate sensitivity coefficients. In this
section, a brief description is given of an efficient algorithm to calculate sensitivity

coefficients.

Tang, Chen, Chen & Wasserman (1989) presented an approximate method for
solving inverse problems by a method called the generalized pulse-spectrum tech-
nique (GPST) for history matching. The GPST does not calculate sensitivity coef-
ficients and is difficult to apply to certain parameter estimation algorithms. Chu,
Reynolds & Oliver (1995) proposed the modified GPST to calculate sensitivity coef-
ficients for two-dimensional, single-phase reservoirs, which is slightly different from
the original GPST. Landa, Kamal, Jenkins & Horne (1996) presented another ver-
sion of modified GPST, which is suitable for two-dimensional, two-phase black-oil
models. In this study, a similar approach was used with some slight modification for

three-dimensional, multiblock-completion models.
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A discrete reservoir system can be written as a set of partial differential equations

fED = @, a5 At @) = 0, (2.50)

where 7*)

are reservoir response at timestep k (well pressure, watercut, saturation dis-
tribution, etc.), ¥ are known reservoir properties, & are unknown reservoir properties
(permeability, porosity, etc.), or model parameters. If we impose a small perturbation

0d on the model parameters, we have
F@* D + 5q%+) q® 4 5q® 5 At, @ + 6a) = 0. (2.51)

We can expand Eq. 2.51 into a Taylor’s series as follows

Flk+1 Flk+1 k41
afl )5%“) N o f! )511(’“) N O flkt1)

Flk+1)
P g 0 FIG) 94

6d 4+ 0(6%) = 0. (2.52)

The first right hand side term is zero from Eq. 2.50. If we drop high-order terms
0(6%), Eq. 2.52 is written as

J(k+1)5ﬁ(k+1) — _D(k+1)5ﬁ(k) o Y(k+1)50_2, (253)
where .
af k+1
(k+1) _
J = 76D (2.54)
is the Jacobian matrix, which can be obtained from the simulator, and
o J?(k;+1)
(k+1) _
D 570 (2.55)
is a block-diagonal matrix, which is very sparse and easy to calculate, and
ajT’(kJrl)
Yo = 2 2.56
9a (2.56)

is also a sparse matrix with a similar pattern as the Jacobian matrix, which is also
very easy to calculate.
In a conventional approach (i.e., pixel modeling), Eq. 2.53 is expressed as a

recursive relationship for sensitivity coefficients

JUAD gkt1) — _ kD) g(k) _ g (k1) (2.57)
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where

ok
(k) _
S BE; (2.58)

is the sensitivity coefficient matrix. Therefore we can use the recursive relation to

calculate all the sensitivity coefficients necessary for the nonlinear regression.

In a more general approach, Eq. 2.53 becomes

J(k+1) aﬁ(kJrl) — _D(kJrl) aﬁ(kJrl) . Y(kJrl) . @

. 2.59
oc oc oc (2:59)
Eq. 2.59 can be rewritten as
Jh+D) gltl) _ pk+1) gk) _ y (k1) (2.60)
where
ou)
S = 2.61
is the generalized sensitivity coefficient matrix and
oa
T=— 2.62
55 (2.62)

is the transform matrix, ¢ is a set of parameters used for nonlinear regression. It is
obvious that Eq. 2.60 will be reduced to Eq. 2.58 if the set of regression parameters is
chosen the same as the reservoir parameters, because the transform matrix 7' becomes
an identity matrix. We should note that T" should not necessarily be constant. For

example, in the case of a dynamic-object approach, the object can be expressed as

—

a= o), (2.63)
where the relationship defined by JF is not constant. Therefore

_oa_of

T="—=
oc  oc

(2.64)

varies as the object floats around inside the reservoir in different iterations.
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2.4 Basic Concepts of Wavelet Transform

2.4.1 Overview and Background

The development of wavelets is fairly recent in applied mathematics, but wavelets
have already had a remarkable impact. A lot of people are now applying wavelets
to all aspects of the real world, and many are reporting favorable results. Broadly
defined, a wavelet is simply a wavy function carefully constructed so as to have
certain mathematical properties. A wavelet usually has such properties as good time-
frequency localization, fast algorithms, simplicity of form, and the most important in
our study, the capability of multiresolution analysis.

The good time-frequency localization is perhaps the most important advantage
that makes wavelets so unique. Wavelets have a built-in “spatial adaptivity” that
allows efficient estimation of functions with sharp spikes, and discontinuities in the
function itself. Thus wavelet methods are useful in nonparametric regression for a
very broad class of functions. Wavelets are intrinsically connected to the notion of
“multiresolution analysis.” That is, objects (signals, functions, data) can be examined
using widely varying levels of focus. This is also known as the “zoom-in, zoom-out”
property.

Because of these useful properties, wavelets have gained popularity in several
practical fields. The most common application of wavelets is in signal processing
(Mallat 1998). Image analysis is actually a special case of signal processing, one
that deals with two-dimensional signals representing digital pictures. The general
aim here is to remove as much of the noise as possible, but not at the expense of
fine-scale details. The aim in data compression is to transform an enormous data set,
saving only the most important elements of the transformed data, so that it can be
reconstructed later with only a minimal loss of information or accuracy. Wavelets
have proven extremely useful in solving such problems. This turns out quite useful
in parameter estimation as well. In multiple linear regression, for example, it is
desired to choose the simplest model that represents the data adequately, to achieve a
parsimonious representation. With wavelets, a large data set can often be summarized

well with only a relatively small number of wavelet coefficients.
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2.4.2 Wavelet Transform

The wavelet transform decomposes signals (functions) over dilated and translated

wavelets. A wavelet is a function ¢ € L*(R) with a zero average:

+oo
/ W(t) dt = 0. (2.65)
The function is normalized as ||¢)|| = 1, and centered in the neighborhood of t = 0. A

family of time-frequency atoms is obtained by scaling ¥ by s and translating it by w:

1 t—u
The wavelet transform of f € L?(R) at the time u and scale s is
) 1 _
Wf(u, s) = (f, Yus) = /; f(t)\/gw*(t : “) dt. (2.67)

The wavelet transform can be rewritten as a convolution product:

Wi s) = (1t = [ 1020 (i fai) (269
with
) = =05 (2.69)

By applying the Fourier-Parseval formula, the transform can also be written as a

frequency integration:

~

Wt s) = (Fbus) = [ s =5 [

n =/ (W (W) dw.  (2.70)

In practice, real wavelets are often used to detect sharp signal transitions. In
this study, we also focused on real wavelets. Therefore, throughout this study, real
wavelets are assumed unless stated otherwise explicitly.

The wavelet transform can detect and characterize transients with a zooming
procedure across scales. Because v has a zero average, a wavelet coefficient W f(u, s)
means the variation of f in a neighborhood of u whose size is proportional to s.
Sharp signal transitions create large amplitude wavelet coefficients. Singularities are

detected by following across scales the local maxima of the wavelet transform. In
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images, high-amplitude wavelet coefficients indicate the position of edges, which are
sharp variations of the image intensity.

In parameter estimation, we need to describe a reservoir with a relatively small set
of parameters, without losing vital information, such as major geological structures
(faults, channels, etc.). So we can take advantage of wavelet’s ability to reparame-
terize the reservoir and reduce the number of parameters to be estimated. This is
described later in Chapter 3.



Chapter 3

Reservoir Modeling and

Reparameterization

3.1 Reservoir Modeling and Numerical Simulation

3.1.1 Physical Laws and Assumptions

Oil and gas reservoirs lie deep underground and have very complex configuration and
properties. In practice, we can only obtain data at a few widely spread locations with
very different resolutions. One of the most challenging tasks in reservoir engineering
is to describe the reservoir accurately and efficiently. An accurate description of a
reservoir is crucial to the management of production and the efficiency of oil recovery.
However, a reservoir is mathematically an infinite-dimensional system (the dimension
here refers to the number of parameters, not the dimension in space), i.e., we need
an infinite number of parameters to describe a reservoir fully, because both the for-
mation and the fluid in the porous media are continuous and have very complicated
properties. Usually, the formation is heterogeneous, compressible, while the fluid is
multiphase, multicomponent, and with interaction between phases and components.

The physical system is governed by several fundamental laws:

e Mass conservation law: this is the major driving force behind the reservoir

mechanism. In any physical system, the total mass is conservative, i.e., the

25
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mass gain (or loss) within any given volume is equivalent to mass source (or

sink) minus the flux across the bounding surface.

Energy conservation law: in any physical system, the energy is conservative.
However, except in some special situations (e.g., geothermal reservoirs, thermal
recovery, etc.), we will not consider the energy conservation law in oil and gas
recovery. In most cases, we always assume the reservoir is isothermal, i.e., with

a uniform temperature distribution.

Darcy’s law: this is the dynamic mechanism governing the flow through porous
media. Although the Darcy’s law is only an approximation with some limi-
tations, it suits our purpose very well in this study. Darcy’s law is expressed

as

@ = —IZ’V(M + Ppg2). (3.1)
Equation of state: an algebraic expression that can represent the volumetric
behavior and phase behavior of the fluid, both in and on the two-phase envelope.
For a two-phase, oil-water system, the equation of state for each phase can be
expressed as

PpVp = Y1, RT. (3.2)

Relative permeability and capillary pressure relationships: these are dynamic
relationships in multiphase flows. In this work, we consider only the two-phase
flow. The relative permeability of phase p is k., = k,,(Sy), a function of the
water saturation S,. The capillary pressure is p. = p.(Sy), also a function of
Sw-

Combining these fundamental laws and the initial and boundary conditions, the

physical system under study (the reservoir) can be represented as a mathematical

model: a set of partial differential equations with suitable initial and boundary con-

ditions. Usually, it is impossible to obtain an analytical /explicit solution to the partial

differential equations, except for some very special cases, e.g., some well testing so-

lutions. Therefore, it is necessary to use numerical methods to solve the problems
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in this category. Numerical reservoir simulation is one of the most important ap-
plications in petroleum reservoir engineering. In order for a numerical simulator to
describe and simulate (or approximate, more precisely speaking) a reservoir, we have

to make some further assumptions and approximations.

First of all, the continuous system has to be described as a discrete system, with
sufficient parameters to characterize the physical system as well as possible (or nec-
essary). The most commonly applied discrete solution method, the finite-difference
method, is a very powerful and efficient method in solving initial and boundary value
problems. In this study, a fully-implicit finite-difference numerical simulator was
applied, using Cartesian grids.

Secondly, the flow of fluid through porous media is multiphase and multicompo-
nent, with interaction between different phases and components. In order to simplify
the implementation and emphasize the major features of the study, we used only an
oil-water model for this work. Therefore, there are only two phases (oil and water)
in the system and each phase is treated as a single component. Furthermore, there is

no dissolved water in the oil phase, and also no dissolved oil in the water phase.

3.1.2 Numerical Simulator

Based on all the assumptions and approximations stated above, the mathematical
model for the physical system can be described and solved by a numerical simula-
tor. In this study, we always refer to the numerical simulator as the mathematical
(forward) model and will not make any distinction, although the numerical approxi-
mation is only accurate to a certain extent. More specifically, the numerical simulator
is a three-dimensional, oil-water, black-oil, finite-difference simulator. Thus the in-
verse problem (parameter estimation problem) becomes a discrete inverse problem,
and the general discrete inverse theory is fully applicable for our purpose, because

the forward mathematical model is a discrete numerical simulator.

In this section, we will outline the setup of a two-phase, black-oil reservoir sim-
ulation. More details can be found in Aziz (1979) and Peaceman (1977). In the
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numerical simulator, the primary variables are the oil pressure p, and water satura-
tion S, at each gridblock, because there are two phases in the system. Accordingly,
there are two mass conservation equations in each gridblock. The discrete differential

equations for phase p at gridblock ¢ and timestep k£ + 1 are

f(,lzﬂ) - Z Tp,ij(Ppj — Ppi) — dpi — AL ((Bp> - ?p =0,

jeconnection p P/
(3.3)

where p = o,w stands for oil phase and water phase respectively. The capillary

pressure equation is
DPw = Po + pc<Sw)7 (34)

where p.(S,) is the capillary pressure between the two phases and is a function
of water saturation. ®,;, = p,; + ppgAh; is the phase potential, g,; is the phase

production rate, 7, ;; is the transmissibility defined as

k.. AA
G X 3.5
Pt <BO/J,OAL>M’ (3.5)

where ffp,ij is the average phase permeability between two connected gridblocks, AA
and AL are the cross-section area and distance between the two gridblocks. Depend-
ing on different implementations, the average phase permeability can be expressed as
either a first-order or second-order upstream average. Along each wellbore, we have
one more constraint for the production rate:

fuei = Qoi— X 4ps =0, (3.6)

jewellbore

where @), ; is the production rate of Well ¢, and p = o, w,T', because the production
rate constraint can be either water, oil, or total flow rate. The wellblock production

rate can be written as
Qp,; = Wlp,j(pp,j - pwell,j)a p=o,w, (37)
ar; = Guw,j T o, (3.8)

where the well index W1, ; is given by Peaceman (1977) as

2rkk,., Az
I = P .
w p,J (Bp,up ln(% + S)>j

(3.9)
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This equation only applies for isotropic formations, i.e., k, = k, = k..

Generally, for a reservoir with nBlock gridblocks and nW ell wells, there are totally
2nBlock + nWell variables (nBlock oil pressures, nBlock water saturations, and
nWell downhole pressures) and 2nBlock + nWell equations. Therefore, the discrete
system is expressed as

- —

e = k+1 = k ~
oD, S0 GUTY 5 S0 500 k6, At = 0, (3.10)
— - k -, k - = —
Fu(PHD, S0 500 50 S0 50 k6, At = 0, (3.11)
— — k -, k - = —
fwell (ﬁgﬁ_l)a 1(1;k+1)7]5f(w511)7ﬁ(()k)7 S&k)vﬁ(we)llﬂ k? ¢07 At) = 07 (312)

where ¢?0 is the porosity at the initial reservoir conditions, and ¢; = ¢;(¢Y, pwi). A

more general form for the discrete system is

F@*n, @™ g At; @) =0, (3.13)
where
.]F - [fo,h fw,h ceey fo,nBlocky fw,nBlock; fwell,h ceey fwell,nWell]T ) (314)
U = [po,la Sw,la -«+y Po,nBlock S’w,nBlock; Puwell,1, -"7pwell,nWell]T 5 (315)
and .
k
5] »

U is a vector of other (known) reservoir properties.

In order to make the numerical solution stable and consistent, we usually solve the
discrete system Eq. 3.13 in a fully implicit form. Thus Eq. 3.13 is a nonlinear system
and can not be solved directly. One of the most frequently-used methods for solving
nonlinear equations is the Newton-Raphson method, an iterative process. Instead of
solving the nonlinear system, a series of linear systems are solved iteratively, until the

system reaches convergence. At each iteration, the linear system to solve is
JEHD) [ sktl) — _f_'(k+1) (3.17)
v v 14 Y .

with

u,(jfll) = uFD o Sy (3.18)

14
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FID = Fa D, a® 6 At ). (3.19)
The Jacobian matrix is
Flk+1
JUHD = af%k 13. (3.20)
Y oyt

The iterative process stops when H(W’(’HDH < €, and Hﬁ(’f“)H < €f.
The structure of this iteration process and the form of the Jacobian is important
to the construction of the sensitivity coefficient matrix, as is described in the next

section.

3.2 Calculation of Sensitivity Coefficients

Gradient-based parameter estimation algorithms rely heavily on the calculation of
sensitivity coefficients. By definition, sensitivity coefficients are the partial derivatives
of reservoir response variables with respect to reservoir parameters: S = 0u/0d.
However, the discrete system described by Eq. 3.13 is nonlinear and does not have
an analytical solution, therefore we can only obtain a numerical approximation of the
partial derivatives. In practice, the first-order approximation has sufficient precision
and was shown to be adequate by many numerical experiments. In this study, we
also use the first-order approximation of partial derivatives, i.e., the finite difference:
ou(a)  u(d+ Ad) — u(a)

= : 21
oa Ad (3:21)

3.2.1 Substitution Method

There are several different approaches to calculate the finite differences. The most

straightforward algorithm is the substitution method. The algorithm is as follows:
1. Solve Eq. 3.13 (a single simulation run) with & = &, to obtain @y = @(dy).

2. For each parameter o, i = 1,2,...,nPar, solve Eq. 3.13 with a; = ag; + do; to

obtain @}, where da; is a small perturbation.
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3. The sensitivity is calculated by

ou) G = (3.22)

30@ S = 5042'
a=do

This method is very straightforward and does not require any modification to the
numerical simulator. The substitution method is feasible when the calculation in-
volves only a small number of parameters. However, this approach has a very serious
drawback: it is computationally inefficient. The total calculation for nPar param-
eters requires 1 + nPar simulation runs. In situations where many parameters are

involved, the substitution method is no longer feasible.

3.2.2 Modified Generalized Pulse-Spectrum Method

As described briefly in Chapter 2, the modified generalized pulse-spectrum method

is much more efficient than the substitution method. The algorithm is expressed as:
J(k+1)S(k+1) _ _D(k-‘rl)S(k’) . Y(k-i—l)7 (323)

with the sensitivity coefficient matrix S® = 9a® /9a. In Eq. 3.23, J**V is the
last Jacobian matrix computed in the Newton-Raphson method in the numerical

simulator. D®HD = 9 fU+D /57®) s a block-diagonal matrix, where

DSty = AA‘f <8(¢§;i BO))fk), (3.24)
Dy, = SY (a((ﬁaSE{UBO))(,k)’ (3.25)
Dyisly = AA‘f (a(gb%;iBw))%k)’ (3.26)
Diia’ = AA‘f (a(gbgg{va))f’“)’ (3.27)

for i = 1,2, ...,nBlock. Both the Jacobian matrix J®and the block-diagonal matrix

D®) are constant for all the parameters, therefore we only need to calculate them once
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at each timestep and there is no computational overhead at all. The other matrix

Y k41 ig a little more complicated:

y (k1) — M — Ofth ok (3.28)
oa af’(kﬂ)/aé‘o ’ '
fd%““) = 9 flk+1) /0¢? is calculated as follows:
> (k+1) afo,i 8fw,i ’
Y¢? =10--- 960 Dep -0l (3.29)
with
Ofoi _ AV ((S,00\* (5, 90\" (3.30)
060~ Al B,94" ). B,o¢ ). |’ .
Ofui _ AV (S, 96\ * (5, 95\ (3.31)
8¢? - At Bw 8¢0 ; Bw 8¢0 . . .

0 ]F(k“) / Ok has a similar sparse structure to the Jacobian matrix, the details can be
found in Landa (1997) and Phan (1998).

In practice, the permeability distribution varies over a very wide range, usually
from 0.01 md to over 1000 md. It is advantageous to use the logarithm of the per-
meability (Ink) as the model parameter, to remove extreme values. The sensitivity
of variables with respect to In k is easy to calculate as:

ou _0u ok k@u

olnk okomnk ok (3.32)

However, sometimes we need to use object modeling (as described in Section 3.3.2)
to parameterize the system, in which case the model parameters are functions of k
or Ink. It would be much more efficient to calculate the sensitivities directly inside
the modified GPST algorithm. We only need to make a minor modification to the
modified GPST method to fulfill this purpose. The model parameter becomes

d= {lzf } , (3.33)
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while Eq. 3.28 becomes

- . -
y(k+1) af(kjl,) - af(fl)/ahik . (3.34)
oa Af+D /540
The 8]‘?(’““)/8 Ink can be calculated easily by
of _,of
olnk k@k' (3:35)

3.2.3 Sensitivity of Dynamic Data

As required by the parameter estimation algorithm (in our case, the Gauss-Newton
algorithm), we need to calculate the sensitivity of the observed dynamic data (reser-
voir responses) with respect to the model parameters (the permeability and porosity
field, for the pixel approach). All these sensitivities can be calculated easily using
Eq. 3.23. In this study, the dynamic data were the bottomhole pressure at each well,
watercut in each well, and water saturation change in the reservoir during a given
time interval (from 4-D seismic information).

The sensitivity of the bottomhole pressure with respect to the parameters is al-

ready calculated in Eq. 3.23, because ug:L)Block = pq(fglm-. Thus

(k) k
OPwenn i au;n)Blockﬂ' — g

86.; 86.; 2nBlock-+i- (336)

At each well, the watercut at standard conditions is defined as:

_Qu
Qr’
where Qr = Q., + @, is the total production rate. To simplify the problem, we only

wce (3.37)

considered two different well production constraints: fixed total production rate and
fixed oil production rate. For a well with a fixed total production rate (0Q7/0a = 0),

the sensitivity of watercut is

due _ 109,
oo - QT Ox '
On the other hand, for a well with a fixed oil production rate (0Q,/0a = 0), the

sensitivity of watercut is

Jwe Qo 0Qu
da Q3 O

(3.38)

1 0Qu
QT da

(3.39)

= (1 —we)
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Obviously, we only need 9@Q),, /0« to calculate the sensitivities of watercuts. Because

Qu = X jcwel] dw.j» We have

8Qw OQw vl
. = - A4
90— D ot (3.40)
]GWGH
with
G = Wl j(Pwj — Duweit,j); (3.41)
and
2k, Az
Wi, ., = e . 42
J <Bw In(ro/ry —i—s))j (3.42)

In general, we have

= (pw,j - pwell,j) - W]w,j( -

o O O oo (3.43)

In Eq. 3.43, both dp,, ;/0a and Opyen,j/Oc are already calculated, therefore, the only

missing term is 0W 1, ;j/0a. The calculation is as follows:

Wgﬁj _— (;gjbjagg;@ kjcjagzj> +Wz§m b (3.44)
aamlfnfzj = q (kjbjm+kjcjm>+wud% (3.45)
avavqi)w,j = q (@@%Mﬂj%), (3.46)
with
v <u2/A+>> (347)
b= @’w) (3.43)
G = asaw,j (?32]]) (3.49)

The water saturation change AS,, at the i** gridblock during the time interval
[t1,to] is defined as:
AS,,; =52, — Sk (3.50)
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The sensitivity is computed as follows:

OAS,,; ast. oSt

ok, ok, ok’ (3:51)
OAS,; OS2, ash, 552
8lnk:j N 8111]{3]' 8111]{:]-’ )
0AS,, ; ostz. oSl

el 7 A (3.53)

3.2.4 Validation of the Modified GPST Method

The accuracy of the modified GPST method has been verified in several published
papers (e.g. Chu & Komara 1996, Landa, Kamal, Jenkins & Horne 1996). In this
section, we will show a simple numerical experiment to demonstrate the application
of this method.

The test reservoir is a two-dimensional, rectangular formation with two-phase flow
(water/oil), as depicted in Fig. 3.1. There are four wells located one at each corner,
among which Well #1 is the injecting well, the others are producing. The water
injection rate is fixed at 10050 STB/D, and the total production rates (Q.,,+@,) at the
producing wells are fixed at 3000 STB/D, 3000 STB/D and 4000 STB/D respectively.
The permeability distribution is as depicted in Fig. 3.1: a high-permeability strip with
k = 2500 md is located in the middle of the reservoir, while the rest of the reservoir has
k = 500 md. The initial porosity is uniform at ¢ = 0.22. The reservoir is discretized
with a 32 x 32 grid (totally 1024 gridblocks), while each gridblock is 50 x 50 x 100
ft3. In order to verify the accuracy of the sensitivity calculation, the permeability
and porosity at gridblock #101 (ky0; and ¢%,, respectively) were perturbed and the
sensitivity of dynamic responses were calculated with the substitution method. Fig.
3.2 shows the water saturation change in the period between ¢t = 100 days and ¢ = 200
days. Fig. 3.3 shows the water injection pressure in Well #1, while Fig. 3.4 shows
the bottomhole pressure and watercut in Well #2. Figs. 3.5 through 3.10 show the
sensitivities of dynamic data calculated by both the substitution method and the
modified GPST method. The two computations gave almost identical results for this

particular case. If we take the substitution method as the benchmark, the modified
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GPST method gives very good results.
However, if the sensitivity is very small, both of the methods will be less reliable,
especially in the case of the substitution method.

In the substitution method, the sensitivity is approximated as a finite difference

ou(a)  u(a+ Aa) — u(a)
e Ao + O(Aa), (3.54)

where the perturbation A« has to been very small to make the finite difference ap-

proximation accurate. However, the calculation of the response u has a numerical

error €, which is independent of A«. Therefore, the numerical calculation is

ou(a)  u(a+ Aa) — u(a)
e Ao + O(Aa)

In the situation that the sensitivity is very small, the numerical error e¢/Aa will

(3.55)

—I—E.

dominate the calculation.

The modified GPST method has a similar problem for the calculation of small
sensitivities, though with a different mechanism. Eq. 3.23 introduces a numerical
error while computing the Y term, of the order of A« (if a finite-difference method
is used). The total computational error is O(Aa) + €, not O(Aa) + ¢/Aa as in the
substitution method. Therefore, the relative error of the modified GPST method is
much smaller than that of the substitution method, in the case in which both the
sensitivity and A« are very small.

In summary, the modified GPST method is accurate enough for practical purposes.
though resulting from the numerical errors, the calculation of small sensitivity is not
very reliable and there is always some difference between the two different calculations.
As shown here, the substitution method may not be a good benchmark to validate the
accuracy of other methods, because its accuracy will be degraded severely in certain

situations.

3.3 Parameterization of the System

As described in Section 2.1, an important step in the study of a physical system is

to parameterize, i.e., to determine a minimum set of model parameters whose values
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Figure 3.1: Reservoir permeability distribution
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Figure 3.2: Water saturation change distribution during time t=100,200 days
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Figure 3.3: Bottomhole pressure at the injection well (Well #1)
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Figure 3.7: Sensitivity of water saturation change with respect to the permeability in
gridblock #101, as calculated by the modified GPST.
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Figure 3.8: Sensitivity of water saturation change with respect to the permeability in
gridblock #101, as calculated by the substitution method.
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Figure 3.13: Sensitivity of water saturation change with respect to In kg1, as calcu-
lated by the modified GPST

32

0.0000

-0.0002

-0.0004

North

-0.0006

-0.0008

-0.0010

East 32

Figure 3.14: Sensitivity of water saturation change with respect to In k191, as calcu-
lated by the substitution method
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completely characterize the system. In this study, the physical system under inves-
tigation is a reservoir. The reservoir is represented as a discrete three-dimensional
system with N gridblocks, in which each block is fully characterized by its permeabil-
ity (k) and porosity (¢), the variables that have the largest influence in determining
the performance of the reservoir. In a conventional approach (also referred to as pixel
approach), the permeabilities and /or porosities of all blocks are the model parameters.
A particular choice of model parameters is a parameterization of the system.

The choice of the model parameters to describe a system is generally not unique.
For example, in order to describe a reservoir, we need to know the permeability and
porosity of each gridblock. However, if there is a relationship between the permeability
and the porosity, we can use either the permeability or the porosity as the model
parameter. In this case, the two different parameterizations are equivalent because
they are correlated.

This work explored several different approaches to define the model parameters,
i.e., to determine the suitable parameterization. All the approaches have the same
objective, to estimate the spatial distribution of reservoir properties (in this work,

permeability and porosity).

3.3.1 Pixel Modeling

To describe the reservoir system, we need N parameters (if £ and ¢ are correlated) or
2N parameters (if k£ and ¢ are uncorrelated) for a complete characterization. We need
to infer these parameters from the observations such as production data, downhole
pressure, etc.. There are many studies that have been done in this way. This approach
(referred to as pizel modeling) has many advantages. Because the permeability and the
porosity are used as the unknown parameters, we can obtain a direct description of the
reservoir. This approach also computes the distributions of permeability and porosity
at the smallest level of the simulation grid. Another advantage is that it is very
easy for us to apply gradient-based methods in the parameter estimation problem,
because all the sensitivity coefficients can be obtained easily using the modified GPST

algorithm described in Section 3.2.
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The problem with this approach is that it requires the computation of sensitivity
coefficients for a large number of parameters, which in general is of the order of
thousands (in a real simulation, the number of gridblocks may be up to the order
of millions). The inverse problem is highly under-determined because the data are
insufficient to resolve such a large number of parameters. As a result, the application
of this approach may result in distributions of permeability and porosity that match
the dynamic data but cannot be accepted from a geological point of view (Landa,
Kamal, Jenkins & Horne 1996).

3.3.2 Object Modeling

In order to overcome the disadvantages of the pixel modeling, another approach has
been developed as a way to reduce the number of parameters and also to preserve
the large-scale information. In this approach (referred to as object modeling), the
distribution of permeability and porosity can be described by a geometric or geosta-
tistical model with a relatively small number of parameters (Landa 1997). Therefore,
the model parameters are no longer the permeability and porosity. Instead, the
model parameters are a set of parameters to define the geometry of the permeabil-
ity and porosity distributions. Furthermore, because the number of parameters is
much smaller than that in pixel modeling, the inverse problem is better determined.
There is another important advantage in that the object modeling can preserve the
large-scale geological information very well. In object modeling, the permeability and

porosity distributions are expressed as:

E o= k@), (3.56)

P = @) (3.57)

—~

In practice, it is always desirable to choose objects such that the size of parameter
set @ is much smaller than that of the original pixel parameter set. As an example,
one of the simplest objects is a sinuous channel object describing a permeability

distribution, which is defined as follows:

y1 = agsin(oer + ag) + ag, (3.58)
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Yo = apsin(aer + az) + as, (3.59)
cify <y <

k(z,y) = {% Ssgsl (3.60)
a7 : otherwise

Each of the parameters has the following physical meaning:
e « is the “amplitude” of the sinuous channel.
® ( is the “sinuosity” of the sinuous channel.
e (3 is the displacement of the channel in the x direction.
e «y is the displacement of the higher channel bound in the y direction.
e «; is the displacement of the lower channel bound in the y direction.
e «y is the permeability inside the channel.
e (7 is the permeability outside the channel.

Obviously, ay — a5 is the “width” and (ay + as)/2 is the center of the channel in

the y direction. The channel object can be rewritten as
k(z,y) = k(z,y,d) (3.61)

with @ = [ay, o, a3, ag, as, ag, a7]T. As we can see, there are only seven channel
parameters to describe the spatial permeability distribution fully.

Just as in pixel modeling, we need to calculate the sensitivity of the pressure and
watercut in the wells and the change of water saturation distribution in the reservoir
with respect to the parameter set &. The sensitivity matrix is defined as:
_ou

S@’—%.

(3.62)

The sensitivity of response variables with respect to a specific parameter «; is a vector

defined as:
ot

s, =24
! (9061'

(3.63)
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The easiest method to calculate the sensitivity would be to use the chain rule.
The sensitivity is calculated as the total differential with the partial derivatives and

the basic sensitivities calculated with Eq. 3.23. The formulation is

- nBlock (i Ok; O 09 nBlock (o 0
. Ok; 900 da; ) o+ Sy 64
Saz ]gl (akj aai 8@59 3%) J;l (Skﬂ o; + Sd’] 6az> ) (3 6 )

where the 0k;/0c; and 8¢? /Oa; terms can be calculated very easily. This approach
shown in Eq. 3.64 is very easy to implement and there is no need to modify the original
sensitivity calculator used in the pixel modeling. However there is one serious problem
in that this approach would be very inefficient for the calculation of a small number
of parameters, because the algorithm requires the calculation of all §kj and §¢>§? for
7 =1,2,....nBlock. Therefore, we need to solve Eq. 3.23 2 x nBlock times. In most
cases, the number of object parameters nPar is much smaller than the number of the
gridblocks nBlock, i.e., nPar < nBlock.

An alternative to calculate sensitivities with respect to object parameters would
be to modify the mathematical formulation Eq. 3.23. By applying the chain rule on
Eq. 3.23 directly, we have

J(k+1)5ék+1) _ _D(k:—i-l)ng) _y®) (3.65)
where
k —
T=09 [ Q_S,O ] /oa (3.66)

is the object transformation matrix. We should note that 7" is not constant in the
case of a dynamic-object approach, T varies as the object floats around inside the
reservoir in different iterations. In this approach, we do not need to modify the
numerical simulator and only need to solve Eq. 3.65 nPar times.

The sensitivity of dynamic data (pressure, watercut in the wells and change of
saturation distribution) can be calculated in a way similar to that of pixel modeling.
The sensitivity of well pressures is

32931)1” k
a&» == Sgn)Block-‘ri' (367)
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We only need 0Q.,/0a = 3=; 0qy,;/0a to calculate the sensitivities of watercuts.
0qu,;/0c is given by Eq. 3.43:

(9qwj aW]w] apw j apwell j
’ = w we . J— I’LU . »J _ 5J .
Do Do (p gD ll,]) 44 J( o da )7 (3 68)
where both dp,, j/0c and Opyen j /O are already calculated. OW 1, j/Oc is calculated
as follows: oW, 5 9 W ok
Po.j w,j w,j J
— = k;b; + kic; — 3.69
O ( O " 9 ) k; Oa’ (3.69)
o oW1 0 85 Olnk;
TEwd g by 2o 4 e, 220 ) 4w, 3.70
da ( da 9 0a ) “i ga (3.70)
where the definitions of a;, b;, ¢; are the same as in Section 3.2.
The sensitivity of change of water saturation dAS,, ;/J« is given by
AS,; 0S2. oS,
085w _ 95wi _ 9owi (3.71)

da Oa Oa

We should notice that if we substitute o with either k; or ¢?, the calculation is
exactly the same for both the sensitivity of object parameters and those of the original
gridblock parameters. In other words, the gridblock permeability and porosity are
special objects, though in that case the transformation matrix is an identity matrix.
Therefore the calculation of sensitivity of object parameters is a general formulation
and can be used with different variations. As described in the following section, the
formulation described in Eq. 3.65 is used to calculate sensitivities in both the wavelet
analysis approach and the multicolor seismic data approach.

Although the object approach has many advantages, it may be difficult to choose
a suitable model. Object modeling also may oversimplify the system, especially when
the reservoir has complex configurations. Therefore, this approach may have very
limited application in practice. Many different reparameterization techniques have
been introduced to improve the efficiency and overcome the disadvantages of both
pixel and object modeling. Oliver et al. (2001) gave a comprehensive review of dif-
ferent approaches. These approaches have different drawbacks and disadvantages in
practice, as shown in Section 1.2. A more powerful and flexible modeling procedure
is desirable for better performance. In the following section, we will explore the

application of wavelet analysis in reservoir parameterization.
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3.3.3 Parameterization with Wavelets

The central concept in this work was to use wavelet analysis to parameterize the pa-
rameter estimation problem. The object of this approach is still to obtain a reliable
description of the reservoir, or in the case of a discrete system, the estimation of per-
meability and/or porosity of each gridblock. Unlike the pixel or object modeling, the
wavelet analysis will treat the distribution of permeability and porosity as an image
and perform a wavelet transform on this image. Section 2.4 has already described the
basic concepts of the wavelet analysis. Although it is the three-dimensional distribu-
tion of permeability or porosity that is under investigation, we only considered the
two-dimensional distribution of permeability or porosity within a single layer, at least
at the current stage of the study. In this way, we do not have to perform the wavelet
transform in the vertical direction and can stay with the two-dimensional wavelet
transform. The reason is that there are many successful applications in the field of
image processing, which is two-dimensional, therefore we can adapt many available
theories and implementations of the techniques.

Nevertheless, we can still use the two-dimensional wavelet transform to describe
the three-dimensional distribution of a reservoir. In most cases, a three-dimensional
discrete reservoir can be treated as a summation of two-dimensional layers. Therefore,
each layer can be parameterized using the two-dimensional wavelet transform. The
drawback is that this approach can not take advantage of the multiresolution analysis
in the vertical direction. However, in order to make problems practical and solvable,
the number of layers in reservoirs is usually very small. Under such circumstances,

the wavelet analysis will not help much in the vertical direction anyhow.

Wavelet Representation

Any function f € L%*(R?) can be decomposed over a wavelet basis of L?(R?):

+o0 3

Fen =3 S S dimnlel, (@), (3.72)

l=—00 mn=—00 k=1

where

dfim,n] = (f,f ) for k=123 (3.73)
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lekmn is the [""-level wavelet coefficient on k direction. We always take the reservoir
as a discrete system for the purpose of characterization, therefore we focus on the
two-dimensional discrete wavelet transform. The original discrete image agli, j] char-
acterizes uniquely f defined by aoli, j] = (f, ¢0,,;), and ¢g, ; is the scaling function.
At all scales [ > 0, we denote

ai[m,n] = (f, Bimn)- (3.74)

The wavelet representation of agy at scale L is

+o00 L +o0 3
ali,j] = D aclm.nlopmali ] +Y Y0 Yo dilmnfel, i g),  (3.75)
m,n=—o0 =1 mn=—00 k=1
where
¢L,m,n[i7 j] = ¢L,m,n(‘ri7 yj) and wlk,m,n[la j] = 1/Jlk,m,n(xia yj)' (376)

When qag is a finite image of N by N pixels, the wavelet decomposition gives the coef-
ficients in a wavelet basis of L?[0, N]?. Assuming N = 27, the wavelet representation
of ag at scale L is
2711 27-1-1 3
aoli, j] =Y. arlm,nlérmali. ]+ e lm, e, nlis gl (3.77)
m,n=0 =1 mn=0 k=1
The number of wavelet coefficients
L
22U=0) 1 3.5 0200 =27 . 9/ = N x N (3.78)

=1

is the same as the number of original pixels. Therefore this is a perfect-reconstruction

filter. We can reconstruct the original image ag from the wavelet coefficients perfectly.

Linear Transform Representation

In a more concise way, the discrete wavelet transform can be expressed as a linear

transformation

c=W -y, (3.79)
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where dj is the original image, ¢ is the wavelet coefficients after the transformation,
and W is the wavelet transformation matrix. ¢ is a combination of the scaling co-
efficients @y and the decomposition coefficients cZ{“, forl =1,2,...,Land k =1,2,3.

Because W is an orthogonal matrix, the inverse wavelet transform is
do=W1t-e=w".c (3.80)

In this work, the original finite image is the distribution of permeability & (or In k)

or porosity ¢°, i.e., dy = k (dp = In E) or dy = 50. The wavelet transform becomes

G = W-k, (3.81)
Gk = W-Ink, (3.82)
G = W-g" (3.83)

The inverse wavelet transform becomes

E = wrh.g, (3.84)
Ink = W7 G, (3.85)
& = WG, (3.86)

One of the major objectives of this study has been to reduce the number of
parameters. Apparently the wavelet transform will not help in this sense, because
the numbers of parameters are the same for the wavelet coefficients and the original
pixels. However, we only need to keep the most important elements of the wavelet
coefficients so that the original data can be reconstructed later with only a minimal
loss of information. In the field of data compression (mostly audio signals or images),
it is very common to obtain a compression ratio of 5 ~ 7 without degrading the
reconstructed signals noticeably.

In imaging applications, a typical gray-level image has 512 by 512 pixels, each
pixel coded with 8 bits. Usually images include many types of structures that are
difficult to model. Currently, the best image compression algorithms are transform
codes, with cosine bases or wavelet bases, e.g., the JPEG and JPEG-2 standards.

The efficiency of these bases comes from their ability to construct precise nonlinear
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image approximations with few nonzero vectors. With fewer than 1 bit/pixel (a
compression ratio of 8.0), visually perfect images can be reconstructed. At 0.25
bit/pixel (a compression ratio about 32.0), the image remains of good quality.

The horizontal distribution of permeability or porosity can be considered as a
gray-level image, with the gray level representing the value of properties. Therefore,
image compression algorithms could be adapted to reduce the number of parameters
in reservoir characterization. In other words, we can use much fewer elements to

represent the distribution image and yet still obtain a good reconstruction later on.

Sensitivity of Wavelets

We can still use the chain rule to calculate the sensitivity with respect to wavelet

coefficients as follows:

nBlock 8l€

S = > S 5, A (3.87)
7j=1
nBlock 0lnkj
Sclnk = Z Slnlc] B = Sk W (388)
nBlock ) 0
S,, = Z Syt ¢ = Sy - WT. (3.89)
¢ — 38C¢0

In a more general way, Eq. 3.87-3.89 can be written as

S. =8, w7, (3.90)

oY

where ¢, = W(a) is the wavelet transform of . Therefore, in the case of the or-
thogonal wavelet transform, the wavelet transform of the sensitivity of parameters is
equivalent to the sensitivity of the wavelet transform of parameters.

Apparently the chain rule approach is practical in this case, because the wavelet
transform is a perfect-reconstruction filter, and the number of pixels in the original
image equals that of wavelet coefficients. However, this will not be the case in our
implementation because we do not use all the wavelet coefficients. Therefore, we use

the same approach as in Section 3.3.2 with some minor modifications. First of all,
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the transformation matrix 7' becomes W7. Secondly, Eq. 3.69 becomes

_[w' o) W]w
a‘ggd _ (k bja;f k]c]agﬂ> T (3.91)
k 7
OW I, ; Ip S, ; o
A kib; 200 4 oo, Wi, Wr 3.92
D ( 7 Dene Cjaank> W ey (3.92)
OW I, ; Ip dS
W — b, =200 4 o T .
86’¢o ( J 3_' J ] aC¢0 ) (3 93)

where W]-T is the j** column of W7. In order to calculate the sensitivity of a particular

wavelet coefficient, we only need to solve Eq. 3.23 once.

3.3.4 The Haar Wavelets

In this work, we mainly used the Daubechies wavelet family (Daubechies 1988) for the
wavelet analysis. Daubechies wavelets have several properties that are suitable for our
purpose. First of all, Daubechies wavelets have a compact support of minimum size
for any given number n, of vanishing moments. Furthermore, Daubechies wavelets
are also orthogonal transforms and it is much easier to analyze the variance and
resolution of the parameter estimation procedures.

We denote the Daubechies wavelet with a vanishing moment of p as D,, and the
discrete filter h[n] has 2p non-zero coefficients. In this work, we used only Daubechies
wavelets with vanishing moments of 1, 2, and 3. When p = 1, the Daubechies wavelet
becomes the Haar wavelet, which is very simple and easy to implement.

The Haar wavelet has the shortest support among all orthogonal wavelets. The
Haar wavelet is not well-adapted to approximating smooth functions because it has
only one vanishing moment. However, the Haar wavelet does have some attractive
properties that suit our purpose very well. Above all, the formulation is very simple,
therefore the transform algorithm is straightforward and fast, and it is also easy to
implement. Actually in the case of a 27 x 27 image, we do not even need to consider
boundary wavelets. Secondly, reservoirs in the real world always have some singular-
ities (or discontinuities in some sense), such as faults, channels and shales. Because

wavelets that overlap the singularities always create high amplitude coefficients, it
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would be reasonable to use wavelets with short supports. The Haar wavelet has the

shortest support.

Definition of the Haar Wavelet

We will demonstrate the power and feasibility of wavelet analysis with the Haar
wavelet basis. The Haar basis is obtained with a multiresolution approximation com-
posed of piecewise constant functions. The scaling function is ¢ = 1[0, 1], where

the indicator function 1[a,b] is 1 in [a,b] and 0 outside. Because the filter h[n] =
<%¢ (%) ,0(t —n)), it follows that

1 _
h[n]:{ va =01 (3.94)
0  otherwise
and
—% if n=0
gl = (=)'l =n]=q L if n=1 (3.95)
0 otherwise
Hence N
1/t £ 1
750 (5) = X slnlott —m) = (6t = 1) = 6(0), (396)
SO

-1 if 0<t<3
Pt)=9 1 if $<t<1 . (3.97)
0  otherwise
Fig. 3.15 shows the scaling function ¢(t) and the wavelet () for the Haar wavelet

basis.
As defined in Eq. A.37 and Eq. A.38, the fast wavelet decomposition for the Haar

wavelet is
aalp] = f Bln — 2pla;ln] = h0la;(2p] + h[1]a;[2p + 1]
= L (a20 + 020+ 1)), (3.98)

V2
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Figure 3.15: The scaling function ¢ and the wavelet ¢ for the Haar wavelet basis.

and
Gl = > gln— 2la;ln] = gl0)ay2] + g[tlay[2p + 1]

n=—oo

- \}5(—% 2] + a;[2p + 1)) (3.99)

Eq. 3.98 and Eq. 3.99 have very obvious mathematical meanings: the scaling

coefficient a;41[p] is the normalized arithmetic average of two adjacent data points

(a;[2p] and a;[2p + 1]) at lower decomposition level j (higher resolution level); the

wavelet coefficient d;1[p] is the arithmetic difference of those two coefficients. Eq.
3.98 can be rewritten as

a;[p] = (é) Z_: ag[2’p + i, (3.100)

n=0
which shows that any scaling coefficient at Level j is a normalized arithmetic average
of 27 signal points at Level 0, i.e., the original signal ag[n].

At the reconstruction, we have

@29 = l0lasalp) + gl00dsialp) = —slazlp] — dysalpl), (3101

-5

wp 1] = kel +ollldalpl = s(aab] + dialp)).  (3.102)

As demonstrated through Eq. 3.98 to Eq. 3.102, the wavelet transform is a linear
transform, therefore any wavelet coefficient a;[p] is a linear combination of the original

signal ag[n].
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Figure 3.16: One-dimensional steady-state flow through a series of blocks with per-
meability of k;

One-Dimensional Flow Example

Until this point, we have not explored any specific advantage of the wavelet analysis
in parameter estimation problems. The following simple example shows some useful
aspects of wavelets under the circumstance of a one-dimensional flow through a porous
medium. Fig. 3.16 shows a series of cores connected together, each core with a
different permeability k;. At steady state, the pressure at the right end is fixed at 0,
while the pressure at the left end is p. A constant flow rate @) is injected from the
left end. The Darcy’s law gives the pressure drop as
QuL X 1

Z — (3.103)

where A is the cross-section area, L is the length of each block, N is the total number

of blocks. The sensitivity of pressure p with respect to permeability of Block #i (k;)

is given by
dp  QuL 0 QuL 1
= . 3.104
ok, A Ok A k2 ( )
The wavelet decomposition of the permeab1l1ty distribution at Level 1 is
1
ai = —=(kgi + koir1), 3.105
Tkt b (3,105
1
di = —(—koi+ kois1). 3.106
Tkt ) (3.106)
The reconstruction is given by
1
ky = ——(a; —d;), 3.107
0 = la—d) (3.107)
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1

Therefore the sensitivities of pressure p with respect to the scaling coefficient a; and

the wavelet coefficient d; are

- S e 1
8ai @kgl E)ai 8l<;22-+1 8az~ \/ﬁ A (k’%z + k%’i-‘rl), (3 09)
Ip Op Oky; Op  Okgiyy L QuL, 1 1

_ _ o teeb L Ly g
0d; = Ohu 0di Ok 04 V2 A UK R, 1O

In a case in which the core is almost homogeneous, i.e., {k;};—1. n are are not

very different from each other, dp/dd; would be very close to zero. In other words,
the pressure response is not sensitive to the wavelet coefficient d;. In the context
of parameter estimation, the value of d; will not be resolved. Therefore, it is not
necessary to calculate the sensitivity of d;, because we can not have a good estimation
of it. In this particular case, only one parameter can be truly resolved, which is the

average permeability

- N
k= ——, 3.111
Zj'v:1 1/kj ( )
because the pressure response can be written as
QuNL
= . 3.112
p=— (3.112)

The average permeability & is the only parameter that can change the output p. This
is a very extreme case: there is no transient for the steady-state flow, thus there is
only one data point for the response: the pressure at the left end. Even so, we can

make some very important observations regarding this simple case:

e Sensitivities with respect to certain wavelet coefficients are very small, i.e.,
the reservoir response is not sensitive to certain linear combinations of original

parameters.

e In some cases, it is almost impossible to resolve individual parameters, if the
response data do not have enough resolving power. However, certain combina-
tions of parameters can be resolved much better, e.g., the average permeability

k in the test case.
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e Sensitivities with respect to high permeability are smaller than sensitivities with
respect to low permeability, as shown in Eq. 3.104. Even in logarithm scales,

this statement is still true, because

O _ _QuLl (3.113)

These observations are also applicable to more general situations, e.g., parameter
estimation with production history matching. The following section demonstrates the

application of wavelets in a more general situation.

Verification of Sensitivity Calculation

The accuracy of the modified GPST method for the pixel modeling has been validated
by the numerical experiment shown in Section 3.2.4. In this section, we will use the
same example to verify the modified GPST method for wavelet coefficients, still using
the substitution method as the benchmark.

In this work, we mostly used the logarithm of permeability (In k) as the parame-
ters, instead of permeability (k). Therefore, we calculated the sensitivity of dynamic
data with respect to the wavelet transform of In k. The wavelet representation of In k

at scale L is

+oo L +o00 3
kij= > aglmnlopmali,il+3 > Y dilm ), 00, (3.114)
m,n=—00 [=1 mn=—00 k=1

with ay[m, n] is the scaling coefficient at scale L, and df[m, n] is the wavelet coefficient
at scale [ in the k' direction. In this particular case, the decomposition level is set
to L = 2. The sensitivity of dynamic data with respect to az[0, 1] is calculated using
both the two methods.

For the Haar wavelet, as[0, 1] has a very simple form:
1 4 7
as[0, 1] = ZZZlnkm, (3.115)
i=0 j=4

representing an arithmetic average of 16 gridblocks. Effectively, a small perturbation

on az[0, 1] imposes perturbations on these 16 gridblocks, similar to a static object. We
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should also notice that these 16 gridblocks are connected together to form a square
region around Block #101, i.e., the gridblock located at (3,5).

Figs. 3.17 and 3.18 show the sensitivities of dynamic data with respect to as[0, 1]
calculated by both the substitution method and the modified GPST method. The
two computations give almost identical results for this particular case.

The same calculation can be performed for the wavelets of porosity ¢°. In this

case,

NH

24:27: (3.116)

Figs. 3.19, 3.20 show the sensitivities of dynamic data with respect to a0, 1], though
as]0,1] is the wavelet for ¢° now.
For the logarithm permeability field, we can compare the impacts of different

parameters: k35, as[0, 1], and d}[1, 2], with
1
d?[]_, 2] = i(ln k274 + In k375 —1In k’275 —1In k?374). (3117)

Figs. 3.21 through 3.23 show the sensitivity of the bottomhole pressure in Well
#2 with respect to these three parameters. As we can see, though these three pa-
rameters are localized in the same region around Block (3,5), the sensitivities are
quite different from each other. The sensitivity of as[0,1] is very close to that of
In k35, because a0, 1] is a normalized arithmetic average of permeability of the re-
gion around Block (3,5). However, the sensitivity of d3[1,2] is about one magnitude
smaller than that of In k35, because d3[1,2] represents an interblock difference with
several blocks. Obviously, the well response is not sensitive to the local variation of
gridblock properties.

Figs. 3.24 through 3.26 show the sensitivity of the watercut in Well #2 with re-
spect to these three parameters. The comparison between the sensitivities are similar
to those of the bottomhole pressure. These comparisons show that well responses are
sensitive to certain linear combinations of gridblock properties, as shown in this case,
the arithmetic average. On the other hand, well responses are not sensitive to some

other linear combinations, e.g., as shown above, the local variation represented by
d3[1,2].
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One issue of wavelet reparameterization is to reduce the number of parameters
to be estimated. In Chapter 5, we will discuss how to compress the model space us-
ing wavelets on the basis of variance analysis and data integration. Wavelets are also
important to uncertainty and variance analysis, which are discussed in Chapter 4. Al-
though the wavelet transform itself is a linear transformation (perfect reconstruction
filter), the approaches proposed in next few chapters give nonuniform representation
of reservoir properties and use different resolutions at different iterations. This is
usually referred to as nonlinear estimation (Mallat 1998), although we will use the

terminology nonuniform resolution here to avoid confusion.
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Chapter 4

Analysis of Variance and Data

Integration

4.1 Analysis of Variance and Resolution

We know that inverse problems are usually under-determined and frequently have
nonunique solutions. One important question we should always ask ourselves: what
does it mean to “solve” an inverse problem? The answer to this question depends on
different applications. In reservoir parameter estimation, there are several important

considerations:

e The uncertainty of the estimated values: the probability that the true values of

the model parameters lie in a given range.

e The resolution of the estimation: how closely the values the model parameters

are determined by the estimation procedure.

4.1.1 Computation of the Posterior Covariance Operator

If the probability density function fy; defined in Eq. 2.1 does not have a very com-
plicated shape, i.e., it is very close to multi-Gaussian distribution, it is possible to

describe it adequately by its central estimators and estimators of dispersion. Among

65
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the central estimators, the most frequently used are the maximum likelihood value

—

QML

&ML Maximizes fM7 (41)

and the mean value (the mathematical expectation) (@):

(@) = le /M & far(@)da. (4.2)

We always use the posterior covariance operator as the estimator of dispersion:

Cap = [, (6= {@)(@ — (@) (@) (43)
|
= ~/,% fu(@)da — (@) (a)" . (4.4)

An important note that has to be taken is that the covariance operator can give useful
information only in the case when f3/(&) can be fitted reasonably well by a Gaussian
function.

If the forward mathematical model §(@) is linear:
7@ = Ga, (4.5)

the posterior probability density is then Gaussian, and the covariance operator is
given by
—1
Cup = (GTCR'G+Ch}) (4.6)

In most cases, ¢(d@) is nonlinear. If the probability distribution of the model
parameters fy/ (&) is reasonably well behaved, we can still approximate Eq. 4.6 with

a linearized approximation around a reference point @y :
§(@) = §(Gres) + G(@ — ahey). (4.7)

For true nonlinear problems, the approximation Eq. 4.7 is no longer applicable. If
the nonlinearity is not too strong, then g(&) is linearizable in the region of significant
posterior probability density, i.e., g(@) is linearizable around the maximum likelihood
point dpp.:

gla@) = glamr) + Gur(d — dur), (4.8)
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where @), is obtained using a nonlinear algorithm, and

9g
Gur = |43 : 4.9
m <8&> ML (49)
The covariance operator is
-1
Cop = (G1.Cp' G + Coft) (4.10)

As shown in Eq. 2.46, the Hessian matrix at the n'” iteration for the Gauss-Newton
method is defined as
H, = GLCop G, + Oyt (4.11)

If the nonlinear regression is close enough to the maximum likelihood point and the
assumption of Gaussian distribution still holds, the covariance operator can be written

as the inverse of the Hessian matrix:
Cuip = H,', (4.12)

Using Eq. 4.12, we can obtain an estimation of the covariance operator from the
Gauss-Newton regression engine very easily. In practice, the Gaussian assumption
usually does not hold, therefore, the estimation given in Eq. 4.12 is only an approxi-
mation and not well defined. Even though, the inverse of the Hessian matrix is still

an important indicator for uncertainty of estimation.

4.1.2 Analysis of Resolution

The diagonal elements of the posterior covariance matrix calculated in Section 4.1.1
are the variances of the estimation, with the square roots as the standard deviations.
In most cases, the variances/standard deviations are used to describe the uncertainties
of the posterior values of the model parameters.

The off-diagonal elements (covariances) describe the correlations between different
parameters. A strong correlation in uncertainties means that the two parameters have
not been resolved independently by the data set, and only some linear combinations
of the parameters are resolved.

The concept of resolution defined by Tarantola (1987) has two meanings:
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e A parameter is well resolved by the data set if the standard deviation of the

estimation is much smaller than the prior one.

e Usually covariance matrices Cyp are not diagonal, but are “band diagonal”
with covariances between neighboring parameters not zero. In this case, the
neighboring parameters have correlated errors. The greater the correlation, the

worse is the resolution.

Let @' represent the “true” model parameters. The observed data dobs generally

—

do not equal the computed values g(a'“¢) due to measurement and modelization

errors. Tarantola (1987) gave the following relationship:
(@) — aP™ = R(a'™e — arm), (4.13)
where the linearized resolution operator R is defined as

R = [¢"Cy'G+ Gy drepla (4.14)
= I—CupCy/- (4.15)

Typically, the resolution operator is introduced only in approaches not directly
based on probabilistic concepts. In this work, this is not the case. Nevertheless, we

can use the resolution operator in some special cases to explore some basic concepts.

4.1.3 Some Special Cases
High-Certainty Prior Information

If the prior covariance operator C}; is with very small elements, Eq. 4.14 can be

rewritten as
R—T- (CM — Cu G (GCUGT + Cp) GCM> A T — CyCit = 0. (4.16)

In this case, the prior information is good enough to resolve the model parameters,

the inverse procedure would not give much new resolving power.
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No Prior Information

If there is almost no prior information or the prior information is highly uncertain,

Cyr would be very large and C;; would be close to zero. Eq. 4.14 becomes

R=H'-H, (4.17)
and Eq. 4.6 becomes

Cup=H, (4.18)
where

H=G"Cp'a (4.19)

is the Hessian matrix without any prior information. Apparently, R should equal
the identity matrix [ in this case. However, in most cases, the Hessian matrix H is
very close to singularity and is therefore unstable. Small perturbations on the data
set will cause large changes in the model parameters. Menke (1984) described the
singular value decomposition (SVD) method to reduce the uncertainty of estimation.

The singular value decomposition of C’Bl/ G is
1
Cp2G =UAVT, (4.20)

where both U and V' are orthogonal matrices with a dimension of nPar x nPar and
nData x nData respectively. A is a nPar x nData diagonal matrix with diagonals

Ai, for i = 1,2,...,nPar (assuming nPar < nData). Eq. 4.20 can be written as

A, 0
Ao

‘/pT

Cp*G = [Up Uo] VT
0

, (4.21)

where Ay is almost a zero matrix. For a particular p, we can take Ay as a zero matrix

1
-3

Cp2G=UAV,). (4.22)

Originally the Hessian matrix is
T
H:Oﬁ@(%%%ﬂ%ﬂ%%ﬁ)
= VATAVT = VAVT, (4.23)
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where A is a diagonal matrix with diagonal elements \?, for ¢ = 1,2,...,nPar. The

posterior covariance matrix Cyp is
Cup=H"'=VA'V" (4.24)

We can define the total uncertainty of estimation ¥ as the summation of variances

(the trace of the covariance matrix):

Y = Trace(Cyp) = Trace(VAT'VT) (4.25)
5 nPar 1

= Trace(A™") = Y vk (4.26)
i=1 "

In this case, the resolution matrix R is an identity matrix, though Eq. 4.25 shows
that the total uncertainty will be very large if any of \; is close to zero. Using the

singular value decomposition defined in Eq. 4.22, the Hessian matrix H becomes
H=V,A V] (4.27)
the posterior covariance matrix Cyp becomes
Cyip=H 9 =V,A 'V (4.28)

The total certainty is

¥y = Trace(Cup) = 2 (4.29)
i=1 "\
and the resolution matrix is
R=V,V. (4.30)
The Gauss-Newton method becomes
_1 -

a1 = o+ VAU CL ((A,) — d™)

1 N9 _1 =
— &+ (CD2G> Cp? () — ), (4.31)

where

_1 -9
(CDQG) = VAU (4.32)
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Uniform Independent Model Variance (Cy = o3,1)

71

When we have prior information, the SVD analysis is no longer applicable. However,

we can derive a SVD formulation for a special case: the prior model covariance matrix

is diagonal with the same diagonal element 0%, i.e, Cyy = 03,I. The Hessian matrix

18

H = GT'CH'G+Cyf = VAVT 40,21

= V(A+0321) VT =Vdiag (A +1/03,) V. (4.33)
the covariance of estimation becomes
1
C =H'=V-di — |- vt 4.34
Therefore the total uncertainty is
nPar 1
Y =Trace(Cyip) = —_— (4.35)
| ; A2+ 1/0%,
the resolution matrix is
22
R=V -diag | ——— | VT. 4.36

There are several aspects of this case that we need to note:

o The total certainty is bounded. Even with some A; close to zero, the total

uncertainty is bounded by nPar x o3,. In the case in which there is no prior

information, any small )\; will make the uncertainty very large.

The Hessian matriz is better-conditioned. Fq. 4.33 shows that the condition
number of the Hessian matrix is
_ N +1/0k

Cond(H) = X1/,

(4.37)

which is much better than the condition number for the case with no prior
information:

Cond(H) = 2. (4.38)

With a better condition number, it is much more stable to solve the Hessian

matrix.



72 CHAPTER 4. ANALYSIS OF VARIANCE AND DATA INTEGRATION

e The resolution matrix is not identity in any case, even with the full set of

parameters.

These observations are applicable in the general situation, with some modifica-
tions. The total certainty is bounded by Trace(Cys). The condition number of the

Hessian matrix is bounded by

/\znaa: + 1/0-72mn
Cond(H) < . T1jot. (4.39)

2 and o2, are the largest and smallest eigenvalues of C); respectively.

min max

where o
Therefore, the prior information always reduces the total uncertainty of estimation
and stabilizes the inverse procedure. In practice, it is always desirable to obtain as

much prior information as possible.

4.2 Analysis of Variances for Wavelets

In this work, we always use the wavelets of the original pixel parameters as the model

parameters. As defined in Section 3.3.3, we have
c=W-a, (4.40)

where W is the wavelet transformation matrix, an orthogonal matrix.

4.2.1 Gauss-Newton Method for Wavelets
Section 2.2.2 gives the formulation for the Gauss-Newton algorithm:

Gni1 = 8y — pin (H'VE) . (4.41)
Multiplying both sides of Eq. 4.41 by W, we have

W anr = W@y — un (WH—1VE)n
= W&, —p, (WH'W'WVE) . (4.42)

In Eq. 4.42, several terms can be simplified as follows:

& =W -, (4.43)
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WHWT = W (G"Cp'\G + it ) W™
= (ew™) cpt (GWT) + WoywT
= Gy Cp'Gw + CL = Hy, (4.44)

and

WVE = W (GTCpM(d™ — d™) + Cy/l (@ — a7™))
= (eW") CpM @t — &) + WO W (Wa — Warr)
= GLORHd™ — d™) + CRl (@ — @) = VEy, (4.45)

where Cy = WCy W7, Gy = GWT. Therefore, Eq. 4.42 becomes
Gopr = G — i (Hy' VEW) (4.46)

which is exactly in the same form as Eq. 4.41. The sensitivity coefficient matrix Gy,

for wavelets is . .
_od 0a_od
0a o¢  oc
which can be calculated directly using the modified GPST method described in Sec-
tion 3.3.3.

Gw =G -WT (4.47)

4.2.2 Covariance Operator of Wavelets

The posterior covariance operator for wavelet coefficients is
-1
Cwip = Hy' = (WHWT) " = WH'W" = WCypW, (4.48)

because W is an orthogonal matrix. In other words, Cyy|p is a similarity transforma-
tion of Cyp, and a similarity transformation has several invariant variables, among
which are the eigenvalues and the trace. Therefore, the total uncertainty of wavelets

Yw equals the original uncertainty:
Yw = Trace(Cwp) = T'r’ace(WC’M‘DWT) = Trace(Cw|p) = Xm. (4.49)

Cw/p also has the same set of eigenvalues X as Cwyp- Hence the wavelet transform

does not change the overall uncertainty of the estimation. Apparently, the wavelet
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transform does not do us any good if we use the full set of parameters for the inverse
problem. However, in practice, we do not use the full set of parameters to model the
spatial reservoir distribution. It is usually desirable to run the nonlinear regression
with a reduced number of parameters, to have a faster procedure with higher stabil-
ity. In this case, the wavelet analysis holds a huge advantage over the conventional
approaches (pixel modeling and object modeling).

We can reorder the wavelet coefficients according to their variances, such that the
p" wavelet coefficient ¢; has the p* smallest variance, i.e., the p'* highest certainty. If

(AAS)

covariance operator of wavelets is approximately

- - Hyt 0
Cwip=Hy! = """ 1, (4.50)
0 0
where we assume Hyy is in the following form:
Hy, B
Hy = BTP ) (4.51)

and Hyy,, is the p x p submatrix of Hy,. We need to make one note here: C~’W‘ D is

not the p x p submatrix of Hy', because Hy is not a diagonal matrix. The inverse

of Hyy is
H;' B
Hpt=| , 4.52
W AT A (4.52)
where
~ _ —1 _
Hy', = (Hw, - BTA'B) # Hy), (4.53)

and A is a positive-definite matrix. The total uncertainty of the estimation with p

parameters is

Swip) = Trace(Hy') < Tmce((HWm — BTA’1B>_1)
= Trace( A;V}p) = Sy — Trace(A), (4.54)

~

where T'race(A) is the summation of the variances for parameters {¢; }i—p+1,n. There-

fore, the total uncertainty of estimation with a smaller number of parameters is always
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smaller than the original uncertainty:
Sw(p) < Ew, for p < N. (4.55)

Similarly, we can have the same conclusion for the estimation with the pixel pa-

rameters:

Yu(p) < Xy, for p < N. (4.56)

However, numerical experiments show that, for a small p, the following relationship

holds:

Sw(p) < Sa(p). (4.57)

This is not unexpected. Mathematically, the wavelet coefficients are linear combi-
nations of the original model parameters @. Some of the wavelet coefficients are
low-resolution spatial averages of the model parameters, the others are local varia-
tions at different resolution levels. In a situation in which the information does not
have sufficient resolving power, especially where there is not much spatial informa-
tion, the lower-resolution spatial average will be better determined. For example,
it is very difficult to resolve the properties of an individual gridblock far away from
any wells, because most of the information is concentrated around wellbores, e.g.,
bottomhole pressures, watercuts, etc. On the other hand, the certainty of estimation
for the spatial property average of gridblocks around that particular gridblock would
be much higher.

4.2.3 Comparison Between Pixel and Wavelet Modeling

In this section, we will use a simple numerical experiment to demonstrate the advan-
tage of the wavelet approach over the pixel modeling. The test reservoir is similar
to the one shown in Section 3.2.4, with some slight difference. We used a 16 x 16
grid (totally 256 gridblocks) instead of a 32 x 32 grid. It is easier for us to show the
covariance matrix with a coarser grid. In this case, each gridblock is 100 x 100 x 100
ft3. There are four wells located at corners, among which Well #2 (the well in the

left-lower corner) is the injecting well, the others are producing. The water injection
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rate is fixed at 10000 STB/D, and the total production rates (Q,, +@,) at the produc-
ing wells are fixed at 2000 STB/D, 2000 STB/D and 6000 STB/D respectively. The
permeability distribution is as depicted in Fig. 4.1: a high-permeability strip with
k = 2500 md is located in the middle of the reservoir, while the rest of the reservoir
has & = 500 md. The initial porosity is uniform at ¢ = 0.22.

In this example, we assumed no a priori information was available, i.e., the vari-
ance of logarithm permeability field is very large, o1, = 10. There are three different
types of dynamic data available: the bottomhole pressure in each well, watercut at
each producing well (shown in Figs. 4.3 through 4.6), and water saturation change
in the time period between ¢ = 100 days and ¢t = 200 days (shown in Fig. 4.2). We
also assumed that the standard deviations for the pressure, watercut and saturation
change data are 1.0 psi, 0.003 and 0.06 respectively. There are no correlations between
data points.

We used two different choices of reservoir model parameters: (a) gridblock log-
permeability, Ink, (b) Haar wavelet coefficients of log-permeability, ¢, ;. For both
cases, the posterior covariance matrix Cyp (C’W| p for wavelets) was calculated using

the Hessian matrix at the maximum likelihood point, i.e.,

Cup = H, (4.58)
Cwip = Hy'. (4.59)

Figs. 4.7 and 4.8 show the covariance matrices for the pixel modeling and the wavelet
modeling, respectively. There are many off-diagonal nonzero elements in both matri-
ces, though with different patterns. In this particular case, there are no off-diagonal
elements in the prior covariance matrix, therefore the posterior covariance matrix
does not show strong correlations between parameters, except for those close by.
The off-diagonal nonzeros in Cy;p are not concentrated, except around the diagonal.
Cw|p has most of the significant off-diagonal elements clustered in small groups. In
this particular case, there are two significant off-diagonal bands in Cyp, showing
correlation patterns at different resolution levels.

As shown in Section 4.2.2, Trace(Cyip) = Trace(Cwp), i.e., the summation

of diagonal elements for the two covariance matrices are equivalent. However, the
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distribution of the diagonal elements are different. In Cjsp, most of the diagonal
elements are significant, with only a few small elements. In Cy|p, there are some
clusters of small diagonal elements. In other words, the diagonal of Cyp is more

uniform than that of Cyp.

Figs. 4.9 and 4.10 show the variances of each parameter in the two approaches.
Fig. 4.9 shows that the uncertainty of estimation is very high except for the regions
nearby wellbores, i.e., we can not have a reliable estimation for most of the reservoir,
at the gridblock level. Fig. 4.10 shows that, for those regions far away from any
wellbores, the estimation of lower-resolution averages (linear combinations) is with
much higher certainty than the individual gridblocks (the upper-left region in Fig.
4.10 represents the lower-resolution parameters). Therefore, in addition to wellbore
neighborhoods, we can have a better estimation of the rest of the reservoir, though
at a lower-resolution level. The concept is easy to understand: the well response is
not sensitive to local variations in a region far away from the well. However, the well

might be sensitive to overall property averages within such distant regions.

Fig. 4.11 shows the posterior variance of each parameter in order of magnitude.
This figure shows clearly the difference in uncertainty distribution between the two
approaches: the pixel approach yields very small variances (high certainty) for a
small set of parameters (wellblocks, mostly); the wavelet approach has a higher re-
solving power for a much larger set of parameters (wellbore neighbors plus some
lower-resolution averages). For the rest of the parameters, both approaches give an
estimation variance close to the prior variance, that is, the inverse procedure does not
improve the certainty of those parameters very much. Fig. 4.12 shows the inverse of

parameter variances (certainty, in some sense), which demonstrates a similar trend.

Fig. 4.13 shows the total uncertainty ¥(p) (trace of the covariance matrix) of
estimation for the two approaches. Obviously, there is not much difference when
there are many parameters in the inverse procedure. Furthermore, if we use the full
set of parameters, the total uncertainty should be the same for the two approaches, as
shown in Eq. 4.49. However, as shown in Figs. 4.11 and 4.12, we can only resolve a
small set of parameters with high certainty. Fig. 4.14 shows that the total uncertainty

of the wavelet approach is much lower than that of the pixel approach, when a small
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number of parameters is used. For instance, for p = 60 (using 60 parameters for the
inverse procedure), the total uncertainty of the wavelet approach is 7.15, which is
much lower than that of the pixel approach (26.59).

In summary, the wavelet approach holds huge advantages over the pixel approach

in the following aspects:

e The pixel approach estimates the parameters with a uniform grid, though each
parameter might be with different variance. The wavelet approach estimates
the parameters at multiple resolutions, and the different resolution level will

reflect different scales of information provided by production data.

e Because the wavelet approach uses multiresolution analysis, it is possible for
us to obtain a nonuniform resolution in the parameter estimation. That is, in
regions without enough information (therefore, not much resolving power), we
can have an estimation with sufficient certainty at a lower resolution. At the
same time, we do not need to give up the high resolution at the other regions,

e.g., wellbore neighborhoods, strong geological discontinuities, etc.

e The wavelet approach can reproduce the reservoir property distribution with
a smaller set of parameters. Therefore, the inverse procedure would be much
more efficient and stable. Because the calculation of sensitivity is a major part
of the total computational load, the computational time will be dramatically

reduced with a smaller set of parameters.

4.3 Impact of Additional Information

In practice, it is always desirable to have as much information as possible. More
information usually means that there are more constraints on the model parameters,
no matter if the information is dynamic or static data. More constraints can make
an inverse problem better determined. In this section, we will explore the impact of

different information on reservoir parameter estimation.



4.3. IMPACT OF ADDITIONAL INFORMATION 79

16

1000

800

North

600

400

200

0
0 East 16

Figure 4.1: Reservoir permeability distribution

16

0 East 16

North

0

Figure 4.2: Water saturation change distribution during time t=100,200 days



80

CHAPTER 4. ANALYSIS OF VARIANCE AND DATA INTEGRATION

7000

6500

Pressure (psi)

4500 |

1.0

6000
5500 |

5000 |

watercut

4000 E.
0 100

5000 [

Pressure (psi)

3800 |

3400 Cooi b
0 100

4600 -

4200 |

bottomhole pressure

102

1 0.0

200

Time (day)

300

400

Figure 4.3: Bottomhole pressure and watercut at Well #1

watercut

bottomhole pressure

108
06
04

0.2

10.0

200

Time (day)

300

400

Figure 4.4: Bottomhole pressure and watercut at Well #2

Watercut

Watercut



4.3.

IMPACT OF ADDITIONAL INFORMATION

Pressure (psi)

Pressure (psi)

08
5000 [~ ]

B 106
4600 |

[ 104
4200 |
3800 | 102

a bottomhole pressure .

o watercut ]
3400 Fooooi i L 1100

0 100 200 300 400

Time (day)

Figure 4.5: Bottomhole pressure and watercut at Well #3
5500 _ 0.8
5000 | :

K 106
4500 £
4000 | 104
3500 | E

Jo02
3000 £ bottomhole pressure

g watercut :
2500 F e e e ... 100

0 100 200 300 400

Time (day)

Figure 4.6: Bottomhole pressure and watercut at Well #4

Watercut

Watercut

81



82 CHAPTER 4. ANALYSIS OF VARIANCE AND DATA INTEGRATION

1.0
1 0.8

1 0.6

North

1 0.4

0.2

0.0

256

1 0.8

1 0.6

North

1 0.4

0.2

0.0

East 256

Figure 4.8: Covariance matrix for wavelet modeling (256 parameters), Cyy|p



4.3. IMPACT OF ADDITIONAL INFORMATION 83

Figure 4.9: Variance distribution for pixel modeling (256 parameters)
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Figure 4.10: Variance distribution for wavelet modeling (256 parameters)
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4.3.1 Additional Dynamic Data

Mathematical Analysis

In the process of reservoir characterization, we may have additional dynamic data
available. For example, a newly-drilled well can give us some production data, and
a 4-D seismic survey can provide some spatial information. Let us denote the new
dynamic data set as J;’e“’, the total reservoir response becomes

. Jold
dobs = [ ] . (4.60)

—
dnew

The sensitivity coefficient matrix is

. dd |oa G
e I I (4.61)
od™" Jod G
In this section, we assume the data has been scaled by its covariance, i.e.,
de = oM, (4.62)

and we will omit the superscript scale in this section. Thus the covariance matrix for

the data is

Cp = [P (4.63)
Polpror | '
where P is the covariance matrix between d”¢ and d™. It can be shown that
- -1
o=l I P
SO IV |
(1-PPT) ~P (1~ PTP)_l
- I o (160
—(I—P P) P (I—P P)
(7 0] P(I—PTP)_IPT —P(J—PTP)_1
= +

—(1- PTP)_1 P (1~ PTP)_l

B Ig ., —Ip].([_PTP)_l_[_PT 7], (4.65)
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where a relationship holds
(1-PP") ' =1+P(1-P"P) P". (4.66)

-1
We should also notice that (I — PTP> , the right-lower submatrix in Eq. 4.64, is
positive-definite, because Cp, is positive-definite.

Eq. 4.65 yields a new Hessian matrix

H = G'Ch'G+Cyf
= GTG+(G"-G"P) (1-P"P) " (G- P"G) +Cif

= H+G'CRlG, (4.67)

where
G = G-P'a, (4.68)
Cp = (I-P"P), (4.69)

which are the effective sensitivity coefficient matrix and the effective data covariance
matrix for the additional data.

The posterior covariance matrix for the estimation becomes

Cup = H'=(H+G"Cp'G) "
= H'-H G (CHG" +Cp') GH™
= Cup — Cuip (4.70)

where

. e e ST

Coypp = H'GT (GHGT + Cp') GH™ (4.71)
is a positive-definite matrix. All the diagonal elements of C M|p are positive, thus Eq.

4.70 yields
Copai < Crrpas, for i = 1,2, ..., nPar, (4.72)

which means the variances of estimation for all the parameters are reduced with the

new dynamic data. Therefore, as long as the data are properly weighted, additional
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dynamic information (more constraints) always stabilizes the inverse problem and
gives parameter estimation with a higher certainty.
Eqgs. 4.70 and 4.71 show that the impact of the additional dynamic data depends

on several aspects:

o Effective sensitivity: Eq. 4.68 gives the definition of the effective sensitivity of
the new data: G = G — PTG. Because G = 0d°** /9, we can impose a small
perturbation d&@ on the parameter set @ and 5d = Géa. The effective response

due to the new data is
6d¥! = Goa = (G — PTG)éa = 6d™™ — PT§d™. (4.73)

This equation shows clearly that if there is strong correlation between 4 and
cf”ew, the effective response §d¢!f would be much less significant than the real

data response sdnew.

o Effective covariance: Eq. 4.69 defines the effective covariance operator for the
new data as Cp = (I — PTP). Cp shows that if the correlation between the
two data sets is high, the effective data covariance will be small. In other words,

the data correlation has an opposite impact on the effective covariance.

e The resolving power of the new data: Even if there is no correlation between
the two set of data, P = 0, the estimation still depends on the resolving power

of the new data. In this case, Eq. 4.71 becomes
Cuip = H'G” (GHGT - I>_1 GH™. (4.74)

In practice, we usually assume that there is no correlation between different sets
of data. For example, the correlation can be neglected between different data
types at the well (e.g., bottomhole pressure and watercut), between the same
data types at different wells, or between different data types at different wells.

In most cases, Eq. 4.74 is a very good approximation.
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An Example with Two Data Points

As shown in the previous section, it is not very easy to define the impact of the
data correlation, i.e., it is not very straightforward for us to determine whether the
correlation reduces the estimation uncertainty. In this section, we will use a very
simple example to show the impact of the data correlation. In this particular case,
there is only one model parameter a without any prior information. We originally
had only one data point d; with a variance of 1 and a sensitivity of 1. Therefore, the
estimation covariance Cyyq, = 1. Now we obtained one more data point dy also with
a variance of 1, but a sensitivity of g. The correlation between d; and ds is p. The

final estimation covariance is

which is a function of p and g.

Fig. 4.15 shows the estimation variance as a function of p, with different g values.
In this example, when g = 1.0, the variance increases monotonically as p increases.
When ¢ = —1.0, the variance decreases as p increases. With other g values, the
variance does not change monotonically. Fig. 4.16 shows the estimation variance as a
function of g at different p values. The estimation variance reaches a maximum when
p = g. This example shows that the data correlation is not an isolated factor. It is
not always true to state that strongly correlated data provide less new information.
However, if there is strong correlation between two data sets, it would be safe to
assume that the sensitivity would be in phase with the correlation. That is, the

following relationship holds in linear cases
G~ P'G. (4.76)

Therefore, in most practical cases, strongly correlated data usually provide little new

information.
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Numerical Experiment

We used the same test reservoir shown in Section 4.2.3 to explore the impact of dif-
ferent data on the parameter estimation. The reservoir is as depicted in Fig. 4.1.
We will look into the variance distribution for four different data settings: 10-day
bottomhole pressure history, 250-day bottomhole pressure history, 400-day produc-
tion history with bottomhole pressures and watercuts, 400-day production history
with some information for water saturation change. We assumed that there is no
correlation between any two different data sets. In each setting, we used two choices

of model parameters: gridblock logarithm permeability (In k) and wavelet coefficients

(Clnk:)'

e Figs. 4.17 and 4.18 show the variance of estimation for the inverse procedure
with only short-term data. In this case, the dynamic data are too scarce to
resolve the model parameters, except for the parameters around wellbores. The

wavelet analysis does not help much in this case.

e Figs. 4.19 and 4.20 show that long-term bottomhole pressure data can reduce
the uncertainty of estimation. The pixel approach can resolve the model param-
eters around the injecting well (the well at the left-lower corner). Because water
has not broken through yet in this case, the inverse procedure can resolve only
a few parameters around the three producing wells. The middle of the reservoir
is left unresolved. The wavelet approach performed much better than the pixel
approach here. Instead of resolving the individual pixels, the wavelet approach
was able to resolve the low-certainty regions with lower-resolution averages. The

high-resolution local variations for these regions will be not resolved.

e Figs. 4.21 and 4.22 show that the watercut information has a large impact on
the parameter estimation. Both the pixel approach and the wavelet approach
can resolve most of the model parameters around the wellbore neighborhoods.
Because both the pressure and watercut do not have enough spatial resolving
power, the pixel approach can not resolve the region in middle of the reservoir.

The wavelet approach can resolve almost all the low-resolution parameters with
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very high certainty.

e Figs. 4.23 and 4.24 show the effect of water saturation change information.
Though being interpreted from 4-D seismic surveys and with very high uncer-
tainty, this information provides the spatial resolving power lacking in both the
pressure and watercut data. Some parameters in middle of the reservoir are

better determined.

Figs. 4.25 and 4.26 show the trade-off curves for different data settings, with
pixel modeling and wavelet modeling respectively. As new data are added (longer
production history, watercut, 4-D seismic data, etc.), the total uncertainty of the
estimation is reduced. The impact of additional data is more dramatic for the wavelet
approach. Instead of estimating the uniform-grid pixels with varying uncertainty, the
wavelet approach can estimate a set of model parameters with lower uncertainty at
different resolution levels.

Figs. 4.27 and 4.28 show the average uncertainty as a function of the number of
parameters. The average uncertainty is defined as the total uncertainty divided by
the number of parameters. The average uncertainty is an indicator of how well an
inverse procedure can resolve the model parameters. As shown in Figs. 4.27 and 4.28,
the average uncertainty for the wavelet approach increases much slower than that for

the pixel approach, especially in the case where there is not much spatial information.

4.3.2 More Accurate Measurement

If we can reduce the measurement errors of the observed data, the variances of esti-
mation will be reduced. In other words, the uncertainty of the estimation is reduced.

However, there are two factors that limit the impact of the measurements:

e As long as the assumption of Gaussian distribution holds, the covariance oper-
ator of the data Cp is the summation of the measurement errors C,; and the

model errors Cr:

Cp = Cy+ Cr. (4.77)
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Therefore, even if we can reduce the measurement errors to some extent, Cp
is still bounded by the model errors C7, which can not be reduced unless we
use different mathematical and numerical models. Furthermore, the accuracy

of measurements has its own limit and can not be reduced infinitely.

e With a smaller Cp, the unresolved parameters will remain unresolved. We will

address this issue in this section.

We can use a special case to investigate the impact of the accuracy of measure-

ments. As shown in Section 4.1.3, if Cj; = 03,1, the covariance of estimation is

CM\D —H'=V. diag ( VT, (478)

1
22 + 1/0%) '
where

H=G"Cp'G + Cyf (4.79)

If Cp is reduced by a factor of 0, i.e., Cp = 0Cp, the covariance of estimation

becomes

C“M‘D = H'=V-diag ( VT, (4.80)

1
N0+ 1/0%) '
Let us consider three different cases:

e The parameter is well resolved: In this case, \; > 1/o), and

1 1
~ 0 - . 4.81
I ER VA vy (4.81)

Therefore, if a parameter is well resolved, then the more accurate measurement
will make the uncertainty even lower. However, this does not help much, because

we already have high-certainty estimation for that parameter.

o The parameter is partially resolved: In this case, \; should be roughly of the
same order as 1/0,;. We have

1 1
< .
NJO+1/02, ~ N2+1/03,

(4.82)

If a parameter is partially resolved, then the more accurate measurement will

make this parameter better resolved.



98 CHAPTER 4. ANALYSIS OF VARIANCE AND DATA INTEGRATION

e The parameter is not resolved at all: In this case, \; < 1/0y, and

1 1
A2/0+1/0%, - A +1/03,

(4.83)

Therefore, if a parameter is not resolved, then the more accurate measurement
will not make the estimation any better. In reservoir parameter estimation
problems, the observed data usually do not have enough resolving power to
resolve all the parameters. Many parameters are left unresolved, even with

more accurate observed data.

In summary, the higher accuracy in observed data only affects the parameters that
are already partially resolved. The partially-resolved parameters are only a portion
of all the parameters, as shown in the following numerical experiment.

We used the same test case as in Section 4.3.1 to demonstrate the impact of
measurement accuracy. The original case is with variances of 1.0 psi2, 1 x 107° and
0.004 for pressure, watercut and saturation change. In this case, we assumed smaller
variances for the pressure and watercut data, at 0.5 psi? and 5 x 107 respectively.
Fig. 4.29 shows the variance distribution for the original case. Fig. 4.30 shows
the variance distribution with reduced data variances. Obviously, there is not much
difference between these two cases. With reduced data variances, the variance of
estimation is reduced for only a small portion of the parameters.

Fig. 4.31 shows the singular values for the posterior covariance matrices, both for

the original case and the reduced-variance case. The singular values are defined in
Cuvip =V - diag (v;) - V7, (4.84)

where v; are ordered according to the magnitude. As we can see, the higher accuracy
reduces most of the singular values. However, for very small singular values, any
further reduction in magnitude does not make any difference, because the values are
already small. For large singular values, the reduction in magnitude is too small. The
effect of the higher accuracy in observed data is only visible for a small number of

parameters.
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Fig. 4.32 shows the trade-off curves for the original case and the reduced-variance

case. The total uncertainty with the p smallest singular values is

X(p) = Z vi. (4.85)

With higher-accuracy data, the reduction in the total uncertainty is negligible for

most of the p values.

4.3.3 Additional Static Information

Parameter estimation based purely on the dynamic data may suffer from instability
and nonuniqueness. Furthermore, the resulting distributions may not capture the
major geological structures and yields unrealistic predictions. In this work we used
two different strategies to deal with static information. The first choice is to treat
static information as prior information, i.e., we can obtain a realization of model
parameters prior to the parameter estimation procedure. The other choice is to
integrate static information directly into the parameter estimation procedure. We
will discuss the second strategy in Chapter 5. In this section, we focus on the prior
information.

The posterior covariance operator Cyp is
T -1 A
Cup = (GTCR'G+Ch}) (4.86)

where C; is the covariance operator of model parameters based on prior informa-

tion. Let us denote C‘M| p as the posterior covariance operator without any prior

information:
Cup = (G7CH'G) (4.87)
it can be shown that
51 -\t A = = -1 x
Cuip = (Gafip +Co) = Canip — Coapp (Car + Canip) Caupo- (4.88)

Because the second term on the right-hand side of Eq. 4.88 is a positive-definite

matrix, we have
Trace(Canp) < Trace(Cap), (4.89)
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which means that prior information always reduces the uncertainty of estimation.
Also as shown in Section 4.1.1, the Hessian matrix is better conditioned with prior
information.

In this chapter, we demonstrated how to apply wavelets to reservoir characteri-
zation and to describe a reservoir with a relatively small set of parameters. We also
looked into the feasibility of integrating different types of data using wavelets. In
Chapter 5, we will shows the methodology and implementation with applications on

a simple synthetic reservoir.



Chapter 5
Methodology and Implementation

In Chapter 3, we presented the methodology for a new parameterization technique
using the wavelet analysis. As shown in Chapter 4, analysis of variance shows that
the wavelet approach holds huge advantages over the conventional approaches (pixel
or object modeling). However, in the context of reservoir parameter estimation, we

still have several issues to address:

e How to select the parameter set: The original model parameters are the prop-
erties at each gridblock. Using the wavelet analysis, the model parameters
become the wavelet coefficients of the original parameters. However, as shown
in Chapter 4, the transformed model space is equivalent to the original model
space. Our primary goal is to use a reduced parameter set to describe (or re-
produce) the reservoir as well as possible. Several strategies are outlined for the

parameter selection in this chapter.

o Impact of different wavelet bases: As we know, there are many different wavelet
families, and in each family, there are different wavelet bases. Different wavelets

will have different effects on the reservoir parameter estimation procedure.

o Different reservoir types: One of the major concerns about an inverse problem
is that the procedure is usually under-determined and has nonunique solutions.

The procedure is also problem-dependent. It is a primary consideration in this

103
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study to investigate the viability of the inverse procedure for different reservoir

configurations.

e Feasibility on field-scale problems: In practice, numerical reservoir simulations
usually have discretizations with 100,000 to 1,000,000 gridblocks. With such a
huge number of gridblocks, the computation is very intensive. Hence reservoir
parameter estimation becomes very difficult, in the sense of computational loads
and feasibility. Wavelets show promise as a means to reduce the size of the
parameter space, however it remains to be seen whether the process of selection
is computationally feasible with such large starting parameters - this issue will

also be addressed here.

5.1 Image Compression

As described in Section 3.3.3, the discrete system (in this study, the discretized reser-
voir) can be reparameterized using the wavelet analysis. The new model space using
wavelets is equivalent to the original model space, and the number of wavelet coeffi-
cients is the same as the number of the original parameters. One major objective of
this study is to use as few parameters as possible to represent the discrete system.
In other words, we want to compress the dimension of the model space. Wavelet
analysis has proven to be very efficient in this category. By reducing the dimension
of the model space, the inverse problem is better determined, and the computational
load will be also decreased. The wavelet analysis is also a powerful tool for data
integration, because it allows for the constraint of different resolutions to different

types of data.

Wavelet analysis has gained popularity in image processing and compression. For
instance, the JPEG-2 standard used the wavelet transform to replace the local cosine
transform used in the JPEG standard. As demonstrated by the JPEG-2 standard,
the wavelet analysis can compress images by a very large compression rate without

losing much resolution.
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The basic idea behind the data compression using wavelets is very straightfor-
ward: the wavelet transform can focus on localized signal structures with a zooming
procedure that progressively reduces the scale parameter. Singularities and irregu-
lar structures often carry essential information in a signal. An image & is also a
two-dimensional signal (we use one-dimensional vectors to represent two-dimensional
arrays throughout this study, in order to simplify the notation). The two-dimensional

discrete wavelet transform can be represented as
c=W-a, (5.1)

where W is the transformation matrix. The structure of W varies with responding
to different wavelet bases and does not have to be orthogonal, though in this study
we only considered orthogonal wavelet bases. Typically the number of significant
wavelet coefficients is much smaller than the number of pixels in the original image.
By eliminating the insignificant wavelet coefficients, we can reduce effectively the size

of the transformed image. The image can be reconstructed by
av=w-rt.ev (5.2)

where ¢ is the wavelet coefficient vector with insignificant coefficients set to zero.
The compression rate is defined as R, = N/N,,, with N,, is the number of significant
wavelet coefficients and N is the total number. We need to notice that this definition
of compression rate is a little different from the one used in image compression, which
is the ratio between the bit storage for an image before and after the transformation.

There are many techniques to optimize this data compression procedure, e.g.,
optimal wavelet basis, utilization of modulus maxima, etc. Nevertheless, the ba-
sis concept remains the same: reduce the number of coefficients without sacrificing
resolution. The criterion for coefficient selection is based purely on the magnitudes.

The wavelet image representation of the original image ag is composed of 3L + 1

subimages:

{aL’{d;’d‘?’d?}lSjSL}' (53)

Fig. 5.1 shows the disposition of wavelet coefficients d;‘? [m,n] for decomposition level
L = 3. More details can be found in (Mallat 1998).
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Figure 5.1: The disposition of wavelet coefficients d;? [m,n| = < fs l/ﬁkmn> for decom-
position level L = 3

We demonstrated the feasibility of the image compression with a reservoir property
description. Fig. 5.2 shows the porosity distribution (64 x 64 pixels) of a reservoir,
which was generated by SGSIM in GSLIB (Deutsch & Journel 1997). The Haar
wavelet was used as the orthogonal wavelet basis. Though the Haar wavelet only has
a vanishing moment of ¥ = 1 and has a tendency to yield blocky reconstructions, this

wavelet still gave very good compression rates and low-distortion reconstructions.

In order to demonstrate the structure of the wavelet coefficients, Figs. 5.3 through
5.5 show the wavelet coefficients after discrete wavelet transforms with different de-
composition levels. For instance, Fig. 5.3 shows the wavelet image representation of
the original porosity distribution shown in Fig. 5.2 with L = 1. The wavelet image

representation is composed of 4 subimages: {a1,d}, d,d}}, each with a size of 32 x 32.
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ay is the left-top subimage, d] is in the left-bottom, d} is in the right-top, and dj is in
the right-bottom. a; is the scaling function at Level 1, while d¥ are the wavelet de-
composition coefficients at Level 1. In other words, a; is the lower-resolution average
at Level 1, d¥ are the local variations in three different directions. As we can notice
from Fig. 5.3, most of the decomposition coefficients are very close to zero. There
are only a small number of significant coefficients.

As shown in Appendix A, the discrete wavelet transform is a cascade procedure.

The wavelet representation at Level L + 1 is composed of 3 x (L + 1) 4+ 1 subimages:

1 72 53
{aL-i-la {dj’dj’dj}lngL—l-l},

which can be rewritten as

{{CLL+1, dlL+17 d%—&-l? d%—i—l} ) {d]l> d?? dﬁ}lﬁjSL} . (54)

The only difference in Eq. 5.4 from Eq. 5.3 is that a; in Eq. 5.3 is replaced by
{a 1, A, d7 L ds } Therefore, once we have the wavelet representation at Level
L, we can obtain the wavelet representation at Level L 4+ 1 by decomposing ay, the
scaling functions at Level L, without changing any other decomposition coefficients.
Figs. 5.4 and 5.5 show the wavelet representations of the original porosity distribution
with L = 2 and L = 3. In each of these figures, the subimage in the left-top corner
is the scaling function ay, at Level L, though with different sizes. As L increases, the
size of a; decreases.

What interests us most in the wavelet decomposition is that most of the decom-
position coefficients are not significant. Therefore, we can threshold the coefficients
and keep only the most significant coefficients. If we keep all the coefficients without
thresholding, the inverse wavelet transform is a perfect reconstructor, which means
the original image is reproduced perfectly. Fig. 5.6 shows the perfectly reconstructed
porosity distribution, which is exactly the same as the distribution shown in Fig.
5.2. As we know, the redundancy in the image is very high, and we can reduce the
redundancy by eliminating the insignificant coefficients.

Fig. 5.7 shows the reconstructed porosity distribution with 2390 wavelet coeffi-
cients. There is no visible difference between Fig. 5.6 and Fig. 5.7. In fact, the total
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Table 5.1: Comparison between different reconstructed images

| parameter# | E, | D,(107%) [ (%) | R. |
4096 || 0.000 0.00 0.000 | 1.000
2390 | 0.519 0.18 0.067 | 1.714
982 || 4.460 1.09 0.413 | 4.171
267 || 12.75 3.11 1.181 | 15.34

reconstruction error E, is only 0.519, i.e., the standard deviation D, is 1.76 x 1074,
Because the average porosity ¢ is 0.26346, the relative error €, is only 0.0667%. Figs.
5.8 and 5.9 show the reconstructed porosity distributions with 982 and 267 wavelet co-
efficients respectively. Even with such small numbers of coefficients, the reconstructed
images are not much different from the original image. There is little visible difference
in the reconstruction for both the figures. Table 5.1 shows the quality of reconstruc-
tion with different compression rates. Even with only 267 wavelet coefficients, the
relative error of the reconstruction is only 1.181%.

We should also note that we used the Haar wavelet in this case. The Haar wavelet
has a very compact support and a vanishing moment of 1, therefore it is not the best
choice for image compression, especially when the compression rate is very large. For
instance, Fig. 5.9 shows some blocky features in the reconstructed image. Even so,
the reconstruction is still close enough to the original porosity distribution, for the

purposes of reservoir performance prediction.

5.2 Different Choices for Parameter Selection

In Section 5.1, we explored the capability and efficiency of the wavelet analysis for
image compression. In other words, we can use the wavelet analysis to reduce the
number of parameters in images. In the case of a discrete inverse problem, we can
effectively reduce the dimension of the model space this way. However, there is still
an important question mark remaining: how to select the parameters? In inverse

problems, the objective is to obtain an estimation, in our case, to obtain an image.
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Thus we do not have the image when the inverse procedure starts. Without the

image, it is almost impossible to obtain a wavelet coefficient representation.

In this section, we will discuss several strategies to select a set of parameters for the
reservoir parameter estimation problem. The test problem considered in this section
represents two-dimensional, two-phase flow in a reservoir of uniform thickness h = 100
ft, with no-flow boundaries. The reservoir is rectangular with dimensions 1600 x 1600
ft2.  The reservoir is partitioned into 32 x 32 uniform gridblocks. No particular
permeability distribution is assumed, except that the mean permeability is about
700 md and with a logarithm variance of 0.3, and no correlation between gridblocks.
The permeability field is also assumed to be isotropic. The porosity distribution is
assumed to be uniform at 0.22. Other relevant reservoir and fluid properties are as

- wellbore radius 7.y = 0.25 ft;

follows: system compressibility, ¢; = 3.0 x 1076 psi~
and the initial pressure is 5200 psi. Table 5.2 shows fluid viscosities and formation
volume factors; Table 5.3 shows the relative permeability and capillary pressure (Fig.
5.10 shows the relative permeability curves). The standard deviation of measured
data are assumed to be g, = 1.0 psi for bottomhole pressures, and o, = 0.3% for

watercuts.

1.0

Relative permeability

0.8

Figure 5.10: Relative permeability curves
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Table 5.2: Fluid properties as functions of pressure

[ Po (psi) | Bo [ o (cp) | Bw | s (cp) |

14.7 [ 1.2204 | 1.500 | 1.0560 | 0.6
40147 || 1.1218 | 1.656 | 1.0391 | 0.6
8014.7 | 1.0232 | 1.812 | 1.0222 | 06

Table 5.3: Fluid properties as functions of water saturation

[ Sy | Firo | krw | P (psi) |
0.3 0.8 0.0 5.0
0.4 0.4579467 | 1.5558304E-03 4.0
0.5 0.2230838 | 2.0219631E-02 3.0
0.6 || 8.0954306E-02 | 9.0638116E-02 2.5
0.7 || 1.4310835E-02 0.2627751 2.0
0.8 0.0 0.6 1.0

Fig. 5.11 shows the true reservoir permeability distribution: a high-permeability
strip with £ = 2500 md is located in the middle of the reservoir, while the rest of
the reservoir with £ = 500 md. There are four active wells in the reservoir, with grid
indices (3,3), (3,29), (29,3), (29,29) respectively. The well at the left-bottom corner is
the injecting well with an injection rate at 10000 STB/day, the rest are all producing
wells with production rates at 2000, 2000, 6000 STB/day respectively. The elapsed
time is 400 days and all the producing wells have water breakthrough. Information
for both the bottomhole pressure and watercut at each well is available. Figs. 5.13
through 5.16 show the production history at each well. We also assumed that 4-D
seismic data is available. Throughout this chapter, when referring to 4-D seismic data,
we mean the interpretation of 4-D seismic data, that is, the water saturation change
inferred from two 3-D seismic surveys. Landa (1997) gave some methods to interpret
3-D seismic data to yield maps of water saturation changes. Because the seismic data
are usually with high uncertainty, we need to associate the information from water
saturation changes with larger variances. Fig. 5.12 shows the water saturation change
between ¢ = 100 days and ¢ = 200 days.
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In this section, all the dynamic data (bottomhole pressure, watercut, 4-D seismic
data) are synthetic data, which were generated from the true reservoir property dis-
tribution without any errors. All the computations were carried out on a SGI Origin
200 workstation with four 270MHz MIPS R12000 (IP27) CPUs (we used two of the
four CPUs for the test cases in this chapter). The program was parallelized using MPIT
and PETSCc (Balay, Gropp, Mclnnes & Smith 1999). Because we did not assume
any prior distribution, we always started the nonlinear regression from a uniform per-
meability distribution k° = 700 md. Certainly this is not the best choice, it is always
desirable to have a good initial guess. Nevertheless, the following examples show that
our algorithms gave solutions matching the true permeability distribution very well,

even without any prior distribution and with this poor initial guess.

5.2.1 Conventional Approach (Pixel Modeling)

Pixel modeling is perhaps the best-explored algorithm for this type of problem, as
described by Landa (1997). The example problem contains 32 x 32 pixels or 1024
unknown permeability parameters.

In order to speed up the computation, we used a multistage approach for the
pixel modeling. The first stage uses only the early-time bottomhole pressure data
(including well test data). At this early stage, there is no water breakthrough in
any producing wells, and the 4-D seismic data is not available yet. In this particular
example, the test period is 50 days. This stage is very fast and takes only four
iterations. Fig. 5.17 shows that the objective function is reduced to less than 40.
Fig. 5.18 shows that each iteration takes only about 300 seconds. In total, the first
stage takes less than 20 minutes to complete. However, the short-term pressure data
does not have enough resolving power for all the parameters. As shown in Fig. 5.19,
except for the wellbore neighborhoods, other parameters are not changed. In other
words, most of the reservoir parameters are outside the investigation radius of the
wells.

The second stage takes the long-term pressure data into consideration. This period

is about 160 days. Fig. 5.20 shows that the investigation radius of wells reached the
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middle of the reservoir. This part of the reservoir is partially resolved. This stage
takes three iterations. Therefore, the first and the second stages only take seven
iterations together and the total computational time is about 72 minutes. In contrast
to these two stages, the third stage takes much longer and the regression converges

with great difficulty.
The third (final) stage makes use of all the dynamic data available: bottomhole

pressures, watercuts, and the saturation change distribution. Though the first two
stages have reduced the objective function to less than 100, due to the inclusion of
watercut information, the overall objective function rises to more than 1 x 10%. This
example suggests that it is much easier to match the bottomhole pressure data than to
match the watercut data. Also as shown in Section 3.2, the sensitivity of a parameter
(in pixel modeling, the gridblock property) is much higher when the water front
reaches the neighboring region of the particular parameter. In other words, the water
front carries much more information and has a high resolving power. Vasco, Yoon &
Datta-Gupta (1998) showed that most of the dominant features of the reservoir at the

modeling scale become apparent even when only the first arrival times are matched.

Figs. 5.21 and 5.22 show the permeability distribution at the 26" and 37" itera-
tions respectively. The estimated permeability distribution matches the true perme-
ability distribution shown in Fig. 5.11 very well. Well #4 (the well at the right-top
corner) breaks through last and there is only about 50-day watercut information
available. Therefore, the mismatch around this area is much higher than the other

wellbore neighborhoods.

Fig. 5.18 also shows the number of parameters used in each iteration. Because
there is not any parameter reduction involved, the algorithm used all the parameters

at each iteration.

5.2.2 Uniform-Resolution Wavelet Approach

In this study, we only consider orthogonal wavelet bases. Let B = {g,,} be an

meN
orthogonal wavelet basis, the best linear estimation of a signal f is to estimate the



120 CHAPTER 5. METHODOLOGY AND IMPLEMENTATION

first M parameters. The resulting approximation is

. Mo M
M = < ) _’m> gm = Z QG (55)
m=1 m=1
where
am:<ﬁ§m>, form=1,2,..., M. (5.6)

That is, the dimension of the model space is reduced to M with {a,, }1<m<n as the
model parameters, and the model space is spanned by {g}, <m<n- Lhe approxima-

tion error is

—

N
m 1
and

- - 12
ex = |7 = ful =

(5.8)

m=M+1
This estimation is efficient only if €;; has a fast decay when M increases, which
depends on the properties of f and of the basis. If the signal f is uniformly smooth,
the linear estimation will be efficient. However, this is not usually the case in reservoir
parameter estimation. Reservoir property distributions usually have irregularities and
discontinuities, such as channels and faults.

Yoon, Datta-Gupta, Vasco & Behrens (1999) presented a multiscale approach to
production data integration. Different numbers of parameters are used at different
iterations, but the grid spacing for parameters remains uniform. Let us suppose the
two-dimensional reservoir griding is composed of 2™ x 2V regular grids. At first,
only 2% x 2N=L parameters are used in the integration. Later on, more and more
parameters are added into the integration. There are totally L + 1 different settings,
each with 2= x 2V~ parameters, for [ = 0, 1, ..., L. At the [*" setting, the parameters

are as follows:
| 212
ZZ Z [i-2'+p,j-2 +4q), (5.9)

fori=0,1,...,2M"t —1,7=0,1,...,2Y7 — 1. Therefore, a parameter at the [*" scale

is an arithmetic average of 4! original parameters.
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In general, the wavelet image representation of the original image ag is composed

of 3L + 1 subimages:
{or{d .}, } (5.0
If we only keep the parameters at the coarse level L, i.e., only the scaling functions
{ar}, the parameter estimation becomes a uniform estimation. Furthermore, the
parameters have uniform resolution. The approach proposed by Yoon, Datta-Gupta,
Vasco & Behrens (1999) is actually a special case of the linear estimation with uniform
resolution, which we denoted as the uniform-resolution approach. If we use the Haar
wavelet as the orthogonal wavelet basis, the parameterization is slightly different from

Yoon, Datta-Gupta, Vasco & Behrens (1999)’s approach, defined as

2l—12t—-1

al[z',j]zzllz Y ali- 2 +p,j-2 +q. (5.11)

p=0 ¢=0

As in Section 5.2.1, we used a multistage approach for the nonlinear regression.
The first stage uses the early-time bottomhole pressure history data (including well
test data). The second stage takes the long-term bottomhole pressure data into
consideration. The third (final) stage uses all the dynamic data available: bottom-
hole pressures, watercuts, and the saturation change distribution. However, in this
uniform-resolution wavelet approach, we used only 64 parameters (L = 2) for the
first two stages. The final stage used the level by level approach, i.e., the nonlinear
regression used the 64 parameters (L = 2) at first, then 256 parameters (L = 1), and
at last, all the 1024 parameters (L = 0).

In the first two stages, there is no water breakthrough in any producing wells, and
the 4-D seismic data is not available yet. The computation for the first two stages is
very fast and takes only seven iterations. Unlike the first two stages in Case 5.2.1,
although the bottomhole pressure data still does not have enough resolving power
for each individual parameter at the gridblock level, it can resolve the arithmetic
averages (which are included inherently among the wavelet coefficients). As shown
in Fig. 5.25, in addition to the wellbore neighborhoods, the production data is also
sensitive to the parameters in the middle of the reservoir, even though we were not
able to distinguish each individual gridblock. In other words, this part of reservoir is

only resolved at a coarse resolution level.
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There are three different resolution levels in the final stage. When the objective
function does not decrease fast enough, or it is already below a certain threshold, the
regression algorithm will switch to the higher-resolution level, as shown in Figs. 5.23

and 5.24. The regression results are outlined here:

e Fig. 5.26 shows the permeability distribution with only 64 parameters. As we
can see, though with a very low resolution, the distribution captures the overall

structure of the reservoir.

e Fig. 5.27 shows the permeability distribution with 256 parameters. At this
point, the estimated permeability distribution matches the true permeability

distribution shown in Fig. 5.11 very well.

e Fig. 5.28 shows the permeability distribution with all the 1024 parameters.
There are only slight differences from the result shown in Fig. 5.27. Most of

the permeability distribution is not changed much.

This uniform-resolution wavelet approach has several advantages over the pixel
modeling. First of all, the regression is much faster, because we used no more than 256
parameters most of the time. Secondly, with lower resolutions, we can have a better
understanding of the reservoir structure. However, there are also some drawbacks

associated with this approach:

e This method does not consider the heterogeneity around wellbores. In the situa-
tions where the heterogeneity is very high, the low-resolution parameterization
might not be able to match the data. Even with matched data, the history

matching may result in unrealistic estimation.

e There is still some computational inefficiency associated with this method. For
instance, as shown in Fig. 5.24, because we need to calculate sensitivity of all
the parameters, the CPU time for each iteration at the highest resolution is
very high (more than 2000 seconds for the test case), yet not all the parameters

contribute to the parameter estimation.
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e The uniform-resolution wavelet approach always uses uniform parameterization.
This parameterization technique only applies when the reservoir distribution is
uniformly smooth. This assumption usually does not hold in reservoir parameter

estimation.

5.2.3 Nonuniform-Resolution Wavelet Analysis

In order to avoid some of the disadvantages of the uniform-resolution wavelet ap-
proach, we applied a nonuniform-resolution estimation using the wavelet analysis.
Instead of always using the first M parameters to approximate a function f, the
nonuniform-resolution estimation uses the best M parameters. The approximation is
M M
fur = Zl (. Gitm)) Gotm) = Zl ) Fifm (5.12)
m= m=

where {j[m]}1<m<np is the best parameter sequence,
Ajlm] = <f,§_]}[m}> s for m = 1, ceey M (513)

are wavelet coefficients on the M best bases. For the uniform-resolution estimation,

the parameter sequence j[m] is simply
jlm] =3, form=1,2,..., M. (5.14)

For a function with uniform regularities, these two approaches are not very dif-
ferent from each other. However, many signals and images we encounter in practice
do not preserve such nice properties, e.g., smoothness and regularity. In reservoir
parameter estimation, there are two major factors that make the uniform-resolution

estimation unsuitable in many cases:

1. The observed data are usually concentrated around wellbores, e.g., bottomhole
pressure, watercut, well logging, coring, etc. In this sense, the data is much
more sensitive to well neighborhoods. Appropriate modeling for these areas
is crucial to reservoir parameter estimation. For reservoirs with very strong
heterogeneities, these parameters have to be (and can be) estimated with high
resolution. The uniform-resolution estimation can not account for this local

refinement.
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2. There are many geological structures in reservoirs, e.g., channels, faults, etc.
These geological structures have very strong discontinuities. Though the dis-
continuities may be at very small scales, the reservoir behaviors may depend on

them heavily.

In this section we focus on the nonuniform-resolution estimation using wavelet
analysis. For this nonuniform-resolution approach with wavelets, there are several

issues to be addressed:

e Choice of wavelet bases §,,: There are many different wavelet bases with differ-
ent properties. In practice, our choices are limited to several wavelet families.
First of all, we should use a wavelet basis with a compact support, because the
number of gridblocks in the discrete system is not very large, usually no more
than hundreds in any dimension. Secondly, the orthogonality is a desired prop-
erty in this study, for the sake of variance analysis. Therefore, the best choice is
an orthogonal wavelet basis with a compact support. Because the Daubechies
wavelets have the most compact supports with given vanishing moments, we

always used the Daubechies wavelets in this study.

e Best parameter set jim]: It is a challenging task to select the best parameter
set for the nonuniform-resolution estimation. In image processing, we have an
image at hand. The reduced parameter set can be determined by the properties
of the image. This is not the case for inverse problems, in which we do not
have a very good understanding of the property distribution. Usually, the prior
distribution can provide some guideline for the parameter selection. In this
section, we will describe several strategies to select parameters, in two major

categories.

e Parameter estimation for {a,,}: The ultimate objective in this study is to
estimate the parameters, in this case, the wavelet coefficients {c,,}. The core
of the nonlinear regression is the Gauss-Newton algorithm, with some necessary

modifications.



5.2. DIFFERENT CHOICES FOR PARAMETER SELECTION 127

10°
10° |
104 |

103 |

Objective Func

102 |

107”” R O R E S RS RS R
0 10 20 30 40

Iteration

Figure 5.29: Convergence curve (4-D seismic and Haar wavelets, Case 5.2.3)

350 800
r ° se0e0 1
r e 4
300 L =
. . # of Parameter ]
_ 250 [ CPU time e - 600
[ E )
£ 200 F 1 E
g E 1400 §
L [ N} B s
0_150; ] §
S i 3 Q
#100? 1200
50|Eoooooo 0000000000000 0O0COCOCT ]
OjHHHH\HHHH\HHHH\HHHH:O
0 10 20 30 40
Iteration

Figure 5.30: Number of parameters and CPU time at each iteration (4-D seismic and
Haar wavelets, Case 5.2.3)



128 CHAPTER 5. METHODOLOGY AND IMPLEMENTATION

North

32.0
1000
800
600
400
200

0.0

0.0 320

East

Figure 5.31: Permeability distribu-
tion after the 7% iteration (4-D seis-
mic and Haar wavelets, 64 parame-
ters, Case 5.2.3)

32.0
1000
800
600
400
200
0.0
0.0 32.0

East

North

Figure 5.33: Permeability distribu-
tion after the 29" iteration (4-D
seismic and Haar wavelets, 166 pa-
rameters, Case 5.2.3)

320

North

1000

800

600

400

200
0.0 32,0

East

0.0

Figure 5.32: Permeability distribu-
tion after the 23™ iteration (4-D
seismic and Haar wavelets, 331 pa-
rameters, Case 5.2.3)

1000

800

600

400

200
0.0 East 32.0

Figure 5.34: Permeability distribu-
tion after the 33™ iteration (4-D
seismic and Haar wavelets, 331 pa-
rameters, Case 5.2.3)

32.0

North

0.0



5.2. DIFFERENT CHOICES FOR PARAMETER SELECTION 129

In this section, we describe a method to account for the heterogeneities of wellbore
neighborhoods. We used the Haar wavelet for this test case. As in the uniform-
resolution estimation (Section 5.2.2), we used the first 64 parameters (L = 2) for the
first two stages. Therefore, at first the regression process is exactly the same as in
Section 5.2.2. Fig. 5.31 shows the permeability distribution after the first two stages.

After the first two stages, we have a clearer pattern of the overall reservoir struc-
ture. Any further regression will only change the local variation of the reservoir to
further match the observed data. Because the flow pattern will not change much
after the initial matching, we can perform the analysis of variance on the basis of the
current permeability distribution. We can set up an initial parameter set {GEO)}lgiS M,
with all the parameters at a low-resolution level (in this case, L = 1), plus some local
refinement at wellbore neighborhoods. In most cases, this parameterization should
have sufficient resolution to capture the major flow pattern. There are two different
implementations in this case. The two implementations are slightly different in the

way to reorder and to select the parameters. The first algorithm is outlined as follows:
1. Run the nonlinear regression for one iteration, with the parameter set {a®}.

2. The uncertainty of each parameter in {a(o)} can be estimated using Eq. 4.12.
We can discard the parameters with higher uncertainty (or lower sensitivities)
from the parameter set {a(®’}. Thus we have a new parameter set {agl)}lgig M
with M/ much smaller than M.

3. Rerun the nonlinear regression for several iterations, with the parameter set
{a®}. Then calculate the uncertainty of each parameter in {aM}, discard
those with high certainty and put them back to the original parameter sequence.
Choose the best parameters next in line in the original parameter set. Now we

have a new parameter set {a(®}.
4. Set {aM} = {a®} and go back to step 3.

5. Once we have used up all the parameters in the original set {a(®}, we need only

include the parameters with higher resolutions.
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The advantage of this method is that it is very easy to implement. However, we
have to assume the variance sequence to be fairly static during the regression. The
second method can select the parameters adaptively, even beyond the scope of {a(o)}.

The algorithm is as follows:
1. Run the nonlinear regression for one iteration, with the parameter set {a(®}.

2. The uncertainty of each parameter in {a(”’} can be estimated using Eq. 4.12.
We can discard the parameters with higher uncertainty from the parameter set
{a®}. Thus we have a new parameter set {agl)}lgig M, with M7 much smaller
than M.

3. As we know, the initial parameter set is not complete, because it does not in-
clude all parameters with high certainty. The high-resolution parameters are
not included in the parameter set. We can then do local refinement for those
parameters with lowest uncertainty. That is, if a parameter with high certainty
is not at the highest resolution, we include the higher-resolution wavelet coeffi-

cients at the same location. Now we have a parameter set ({a?}1<i<nv
4. Set {a®} = {a@}, and go back to Step 1.

In this particular test case, the two algorithms are not very different from each
other in performance. The following figures show the results from the first algorithm.

Fig. 5.32 shows the permeability distribution after the 23" iteration. This is the
first iteration after running the regression with the low-level parameters. In fact, in
this iteration, we included 331 parameters in the active parameter set. Fig. 5.32
shows that the resolutions are different in different regions, because we refined the
wellbore neighborhoods locally.

Fig. 5.33 shows the permeability distribution with 166 parameters. At this point,
the objective function has been reduced to 118, and the estimated permeability dis-
tribution matches the true permeability distribution shown in Fig. 5.11 very well.

Fig. 5.34 shows the permeability distribution with all the 331 parameters in {a®}.
Because the objective function is already very small, we did not perform any further

refinement of the parameterization.
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In summary, there are several advantages in using nonuniform-resolution estima-
tion. First of all, the computational load is significantly reduced, compared with
the pixel modeling and the level-by-level uniform-resolution approach. Secondly, the
nonuniform resolution can account adaptively for the resolution of the observed data
by refining the parameterization only at regions with most impact on reservoir re-
sponses. Therefore, we do not need to refine uniformly across the reservoir. We do not
even need to keep the same resolution in different directions. Thirdly, this approach
can also effectively avoid local minima by running the regression at lower resolution
first.

5.2.4 Integrated Static Information (3-D Seismic Data)

In previous approaches, we used the 4-D seismic data as additional dynamic data.
The 4-D seismic data provides the spatial resolving power lacking in both the pressure
and watercut data, as shown in Section 4.3.1. However, the 4-D seismic data is not
always available in practice. It is also very difficult to interpret the 4-D seismic data.

In practice 3-D seismic data is more widely used and is much easier to obtain.

In this work, we developed an algorithm to integrate 3-D seismic data directly
into the inverse procedure, using the wavelet analysis. Given a seismic data set
(assuming the seismic data is at the same resolution as the numerical simulation),
we can perform the wavelet transform on this data set. In most cases, the large-
amplitude coefficients or local maxima indicate the locations of discontinuities or
edges. In reservoirs, the discontinuities are usually the major geological features such
as faults and channels, which are important to the reservoir characterization and
performance. We can use the 3-D seismic image as a basis to pick up the first p most
significant wavelet coefficients as the model parameters in our inverse procedure. The
procedure is as follows. First, we have to center the variations of the seismic data

to zero, that is, to subtract the mean p., from 7:

P =5 . (5.15)
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Then we perform the wavelet transform on 7° as

ij o Wy =0
BRI

where &, are the first p significant wavelet coefficients for 7°. Eq. 5.16 implies that
@,

© = )| 7]

Wo

= WG, + Wy o = W, &, (5.17)

If we assume the 3-D seismic data (or its interpretation) is correlated with the reser-
voir property distribution, the transformation matrix W), usually characterizes the
reservoir as well. Therefore, we can choose ¢, = W, - @ as the new model parameters.
The real reservoir model parameters become @ = Wg - Gp. In other words, instead
of using the seismic data directly, we use the pattern captured by the transformation
matrix W, as a mask to pick up the active parameter set in the wavelet space.

Unlike the spectral decomposition technique(Oliver 1994b, Reynolds, He, Chu &
Oliver 1995), we do not need to assume any explicit prior probability distribution
for the model parameters. Furthermore, because we do not use the actual seismic
distribution to infer any individual parameter, but only the overall structure (the
mask as defined by W,), this technique will work well even if the 3-D seismic data is
only loosely correlated with the reservoir property distribution.

This approach has several advantages:

e The total uncertainty of estimation is reduced. As shown in Section 4.2.2, the

estimation with a smaller number of parameters always has a lower uncertainty:

Yu(p) < Xy, for p < N. (5.18)

e The seismic data reflects the geological structure of the reservoir, therefore, the

wavelet mask can preserve the same geological structure as well.

e [t is not required to have any assumption about the prior probability distribu-
tion, as long as the seismic data is coupled with the reservoir property distri-

bution.
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Table 5.4: Conjugate mirror filters h[n] for the two wavelet bases

|

n || h[n] Haar | h[n] Daubechies-4 |
0 | 0.70710678 | 0.48296291
1] 0.70710678 | 0.83651630
2
3

0.22414387
-0.12940952

Fig. 5.35 shows the synthetic 3-D seismic map of the reservoir shown in Fig.
5.11. In this example, the synthetic seismic map was generated by smoothing the
permeability field and adding random noises. This seismic map is closely correlated
to the permeability distribution. We used two different wavelet bases to analyze the
seismic map: the Haar wavelet and the Daubechies-4 wavelet. The conjugate mirror

filters h[n] for the two wavelet bases are shown in Table 5.4.

Integration with the Haar Wavelet

Fig. 5.36 shows the wavelet representation of the 3-D seismic map using the Haar
wavelet. It is very obvious that most of the wavelet coefficients have very small
amplitudes. This fact implies that we can have a good reconstruction with a very
small number of wavelet coefficients. Fig. 5.37 shows the nonzero pattern with only
241 wavelet coefficients. Fig. 5.38 shows the reconstructed seismic map with the
241 wavelet coefficients. As we can see, we did not lose much information in the
reconstruction. The reconstructed map still keeps the overall geological structure.
Because the seismic map is closely correlated with the permeability distribution, we
can use the same mask to select the active parameter set in the nonlinear regression.

Figs. 5.41 and 5.42 show the permeability distribution estimation using only the
low-level parameters (the first 64), the same as in Section 5.2.3.

Fig. 5.43 shows the permeability distribution estimation using the most significant
102 parameters from the seismic map. In this case, the resolution around the high-
permeability strip is very high, even with such a small number of parameters.

Fig. 5.44 shows the permeability distribution estimation using the most significant
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241 parameters from the seismic map. Now we have a fairly accurate estimation of
the permeability field. Though there are some mismatches with the true permeability
distribution, the regression captures the overall structure. Furthermore, the usage
of the seismic map helps identify the discontinuities in the reservoir, with a higher
resolution.

Fig. 5.39 shows that the objective function decreases very rapidly, even with such
a small number of parameters. At the 35" iteration, the objective function is reduced
to around 100. Fig. 5.40 shows the number of active parameters and CPU time at
each iteration. Because the algorithm keeps the number of active parameters as small
as possible, the computational load is very low for all the iterations.

In this example, the Haar wavelet is a very efficient way to reduce the number of
parameters, to identify the geological discontinuities, and to avoid the local minima.
Nevertheless, the Haar wavelet has some undesirable properties. Because the Haar
wavelet is piecewise linear and has a vanishing moment of 1, the Haar wavelet has a
very compact support and is not smooth at all. Therefore it is not suitable to use
the Haar wavelet in more realistic situations. As shown in Fig. 5.44, the regression

yields some unrealistic blocky distributions, and also some straight edges.

Integration with the Daubechies-4 Wavelet

Because the Haar wavelet has some undesirable properties, we investigated the feasi-
bility of another wavelet basis: the Daubechies-4 wavelet. The Daubechies-4 wavelet
has a vanishing moment of 2 and is smoother than the Haar wavelet. The inversion
procedure is exactly the same as for the Haar wavelet.

Fig. 5.46 shows the Daubechies-4 wavelet representation of the 3-D seismic map.
Just as we expected, most of the wavelet coefficients have very small amplitude.
Fig. 5.47 shows the nonzero pattern with only 236 wavelet coefficients. Fig. 5.48
shows the reconstructed seismic map with the 236 wavelet coefficients. Obviously,
this reconstruction is much better than the reconstruction using the Haar wavelet
(Fig. 5.38). No blocky distributions are introduced in this reconstruction.

Figs. 5.51 and 5.52 show the permeability distribution estimation using only the

low-level parameters (the first 64). We should notice that the regression results are



5.2. DIFFERENT CHOICES FOR PARAMETER SELECTION 135

2.0

0.0

North

-2.0

0.0

Figure 5.35: Synthetic 3-D seismic Figure 5.36: Haar wavelet trans-
data distribution form of the 3-D seismic data

320

101

15

.
201

North

.
251

oo
30 e

0.0

Figure 5.37: Nonzero pattern of the Figure 5.38: 3-D seismic recon-
wavelets of 3-D seismic data struction



136 CHAPTER 5. METHODOLOGY AND IMPLEMENTATION

Objective Func

107”” R O R E S RS RS R
0 10 20 30 40

Iteration

Figure 5.39: Convergence curve (3-D seismic and Haar wavelets, Case 5.2.4)

300 _ 600
g 1500
250 1 . # of Parameter 1
g CPU time * 1
S g 1400 o
@ 200 £ ] £
= | a0 2
g : e 1300 §
o 150 © ] ©
o F 1200 &
#* F o 1 -
100; X ;100
l;........ 00 000000O0OC0OCOCOFOFOGFNOGDS 7
50F. 1 i i a0 10
0 10 20 30 40
Iteration

Figure 5.40: Number of parameters and CPU time at each iteration (3-D seismic and
Haar wavelets, Case 5.2.4)



5.2. DIFFERENT CHOICES FOR PARAMETER SELECTION

32.0
1000
800
600
400
200

0.0

0.0 320

North

East

Figure 5.41: Permeability distribu-
tion after the 7% iteration (3-D seis-
mic and Haar wavelets, 64 parame-
ters, Case 5.2.4)

North

East

Figure 5.43: Permeability distribu-
tion after the 30™ iteration (3-D
seismic and Haar wavelets, 102 pa-
rameters, Case 5.2.4)

32.0
1000
800
600
400
200
0.0
0.0 32.0

137

320

North

1000

800

600

400

200
0.0 32,0

East

0.0

Figure 5.42: Permeability distribu-
tion after the 26" iteration (3-D
seismic and Haar wavelets, 64 pa-
rameters, Case 5.2.4)

1000

800

600

400

200
0.0 East 32.0

Figure 5.44: Permeability distribu-
tion after the 35™ iteration (3-D
seismic and Haar wavelets, 241 pa-
rameters, Case 5.2.4)

32.0

North

0.0




138 CHAPTER 5. METHODOLOGY AND IMPLEMENTATION

not the same as in Section 5.2.3. The reason is that the low-resolution Daubechies-
4 wavelet coefficients are not the arithmetic averages of gridblocks. Instead, the
wavelet coefficients are certain linear combinations of gridblocks. Fig. 5.52 also
shows some variations along the reservoir boundaries. The boundary effects are due
to the fact that we used the periodic wavelets to decompose the image over an interval
(Appendix A.2.2). This construction has the disadvantage of creating high-amplitude
wavelet coefficients along the boundaries, because the border wavelets have separate
components with no vanishing moments. This problem can be solved either using
folded wavelets or boundary wavelets. In this study, we did not attempt to apply

either of these techniques.

Fig. 5.53 shows the permeability distribution estimation using only 97 parameters.
The regression has already captured the shape of the high-permeability stripe. At
the same time, there are still some local variations in the estimation. Fig. 5.53 shows
the permeability distribution using 236 parameters picked by the seismic map shown

in Fig. 5.47. Now we have a fairly accurate estimation of the permeability field.

Fig. 5.49 shows a similar convergence behavior as for the Haar wavelet. The
objective function can be reduced to below 100, even with a very small number of
parameters. The Daubechies wavelet also has a slower convergence rate, compared to
the Haar wavelet. Fig. 5.50 shows the number of active parameters and CPU time

at each iteration.

In this example, the Daubechies wavelet is also a very efficient way to reduce
the number of parameters, to identify the geological discontinuities, to avoid the
local minima. Furthermore, the Daubechies wavelet avoids the unrealistic blocky
distribution and straight edges. However, because we used the periodic wavelets, the
implementation introduced some undesirable boundary effects. Another disadvantage
of the Daubechies wavelet is that the true permeability distribution has some very
sharp discontinuities. It is not very easy for a smooth wavelet like the Daubechies-4

wavelet to approximate a strong discontinuity.
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Table 5.5: Comparison for the test cases in Section 5.2

’ Case No. H # of iteration \ total CPU time (min.) \ # of unknowns ‘

5.2.1 37 1104.5 1024
2.2.2 28 243.3 64 ~ 1024
5.2.3 35 200.0 64 ~ 331
5.2.4 35 165.5 64 ~ 241
5.2.5 46 269.0 64 ~ 236

5.2.5 Summary of Different Approaches

Table 5.5 shows the performance of different approaches. The performance of each

approach can be summarized as follows:

o [Estimated permeability distribution: All the approaches yielded very good esti-

mation of permeability distribution, though with different characteristics. The
pixel modeling gave a realization with uniform fine-resolution. However, it
also gave some unnecessary details. The level-by-level approach and the Haar
wavelet gave quite similar results. They all had the tendency to yield blocky
distributions. The Daubechies wavelet gave a more realistic distribution, but

with some undesirable boundary effects.

Number of iterations: There were no significant differences in the number of
iterations. The number of iterations ranges from 28 to 46. The Daubechies
approach took longer to converge, because it is not very suitable to approximate

a strong discontinuity.

Computational time: It is very obvious that the pixel modeling is the most
inefficient approach, because it uses all the 1024 parameters in each iteration.
There were no substantial differences among the four wavelet approaches. This
is mainly due to the size of the reservoir discretization. For larger reservoirs,
the nonuniform-resolution wavelet approach should hold advantages over the
level-by-level approaches. At very high resolution levels, it is very difficult to

use the level-by-level approach.
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o Feasibility for large reservoirs: There is no doubt that the pixel modeling is
not applicable for very large reservoirs, as the computational load is just too
great to be practical. The level-by-level approach solved this problem partially
by accounting for the data resolution with different resolution levels. But this
method is still very inefficient when the number of parameters is large. The
nonuniform-resolution wavelet approach can use either the variance analysis
or correlated data to reduce the number of parameters down to a reasonable
level. Even with a very small number of parameters, the nonuniform-resolution

wavelet approaches could still capture the overall geological structures.

e Data integration: All the approaches can integrate dynamic data: bottomhole
pressures, watercuts, and saturation change distribution. The wavelet approach
also provides a powerful tool to correlate with other static data. As shown in
this study, we can effectively embed the 3-D seismic map into the inversion pro-
cedure. This approach is not limited only to 3-D seismic data, other geological

information can be integrated as easily.
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Chapter 6
Applications and Test Cases

In Chapter 5, we have outlined the basic methodologies for reservoir parameter esti-
mation using the wavelet analysis. A simple test case has been used to test different
methods. In this chapter, several additional test problems are presented to further
investigate the multiresolution approach. In this chapter, except for the permeability
and porosity distribution, all the other relevant reservoir and fluid properties are the
same as defined in Section 5.2. In all the test cases, the objective functions have been
reduced to very small values. Hence only the observed data are plotted in this chap-
ter, because there is almost no visible mismatch between the observed and calculated

data.

6.1 Effects of Noisy Data

In Section 5.2, we used the “perfect” data for all the test cases. The perfect data
were generated from the true property distribution, with no model or measurement
errors. In most test cases, we were able to reduce the objective functions to very small
values. However, this is not the case in practice. The observed data always include
measurement errors, noise, etc. Furthermore, the forward mathematical model (the
reservoir simulator) has inherent errors, such as discretization errors, dispersion errors,
etc. When the system is under-determined, which is usually the case in reservoir

parameter estimation, parameters are sensitive to these errors. In other words, small

145
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errors in the observed data may cause large errors in estimated parameters. In this

study, the objective function is defined as
E = (& —d™)" cpt (@ — ). (6.1)

The mean value of the objective function is nData, the number of data. Therefore,
in real cases, we can not reduce the objective function to a value significantly smaller
than nData. Even if we do have a very small objective function, we might have
overfitted the observed data.

In order to investigate the impact of errors in data, we set up a test case in which
all the observed data have errors associated with them. The reservoir configuration
is exactly the same as the one in Section 5.2. The only modification is that we added

some errors into the data as follows:

e Bottomhole pressure: Random noises with a standard deviation of 1.0 psi.

e Watercut: Random noises with a standard deviation equivalent to 1% of the

amplitude.

o Water saturation change: The saturation change was remapped with a resolu-
tion of 0.1:
ASPY = |AS,/0.14+0.5] x 0.1, (6.2)

which is shown in Fig. 6.1.

o 3-D seismic map: No additional noises. Fig. 6.2 shows the 3-D seismic map.

We repeated the five different cases from Section 5.2, with the new data with

artificial errors. The results are summarized as follows:

1. Pizel modeling: Fig. 6.3 shows the permeability distribution only using the
early-time data. There are some local variations around wellbores, especially
around the injecting well. Fig. 6.4 shows the final regression result, which is
not as good as the estimation without data errors (Fig. 5.22). There are many
unresolved parameters in the pixel modeling. In this example, the system is
under-determined and the unresolved parameters are very sensitive to errors in

the observed data.
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2. Lewvel by level: Fig. 6.5 shows the permeability distribution using only 64 low-
resolution parameters. Even though there are errors in the observed data, the
data still has enough resolving power to resolve most of the low-resolution pa-
rameters. However, at the high-resolution level, as shown in Fig. 6.6, the

algorithm was not able to resolve most of the fine-scale parameters.

3. Nonuniform-resolution Haar wavelet: Fig. 6.7 shows the permeability distribu-
tion using the Haar wavelet with only 331 parameters. Because the system is
much smaller than the original one, and most of the parameters are well defined
with low uncertainty, the algorithm was able to resolve most of the parameters

with high certainty.

4. Nonuniform-resolution Haar wavelet with 3-D seismic data: Fig. 6.8 shows the
permeability distribution using the 3-D seismic mask. The 3-D seismic map
provides some spatial information for the reservoir, therefore, we were able to

resolve some fine-scale parameters in the middle of reservoir.

5. Nonuniform-resolution Daubechies-4 wavelet with 3-D seismic data: This test
case is not much different from the previous one with the Haar wavelet. Figs. 6.9
and 6.10 show the permeability distributions using 64 low-resolution parameters

and 258 parameters respectively.

Regarding the sensitivity to data errors, the nonuniform-resolution wavelet ap-
proaches hold an advantage over the pixel modeling and the uniform-resolution level-
by-level approach. The wavelet approaches are able to produce reliable estimations
even with noisy observed data. These wavelet approaches can account for the data
resolution using different resolutions in different regions. The wavelet approaches
also stabilize the inversion in three main ways: reducing the number of parameters,

integrating as much data as possible, and keeping the uncertainty as low as possible.
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6.2 A Reservoir with a Fault

In this example, we tested a different reservoir configuration. Fig. 6.11 shows the
true reservoir permeability distribution: a low-permeability strip with £ ~ 25 md
is located in the middle of the reservoir, while the rest of the reservoir has a mean
permeability of & = 500 md. There are four active wells in the reservoir, with grid
indices (3,3), (3,29), (29,3), (29,29) respectively. The well at the left-bottom corner is
the injecting well with an injection rate at 10000 STB/day, the rest are all producing
wells with production rates at 2000, 2000, 6000 STB/day respectively. The elapsed
time is 500 days and all the producing wells have water breakthrough. Information
for both the bottomhole pressure and watercut at each well is available. Figs. 6.13
through 6.16 show the production history at each well. We also assumed that water
saturation change distribution is available. Fig. 6.12 shows the water saturation
change between ¢t = 100 days and ¢ = 200 days.

This is a very challenging problem, due to the very special reservoir configuration.
Because the permeability of the strip is so low, it can almost be treated as a no-flow
fault. The downstream side of the fault is not well defined, because the amount of
fluid flowing across this strip is very small. Furthermore, Wells #2 and #3 break
through very early, while Well #4 breaks through after ¢t = 400 days.

We used two different methods to estimate the permeability distribution: the pixel

modeling and the wavelet approach.

1. Pixzel Modeling: Fig. 6.17 shows the permeability distribution with only 150-
day production history. Even with only the bottomhole pressure data, the
algorithm can “see” the existence of the low-permeability region. However, the
region downstream of the fault has very low sensitivities and does not have much
impact on the observed data. Fig. 6.18 shows the final permeability distribution
with all the data available: bottomhole pressures, watercuts, and the saturation
change distribution. Though the upstream side of the fault is reasonably well
defined, the downstream side remains unresolved. The variance distribution
map (shown in Fig. 6.21) indicates different impacts of the dynamic data. The

observed data from wells can only resolve the parameters around wellbores.
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These data can not constrain the parameters in middle of the reservoir. The
saturation change information helps resolve the upstream side of the fault. None
of the dynamic data has sufficient resolving power for the downstream side of
the fault.

2. Wawvelet Approach: Fig. 6.19 shows the estimate of the permeability distribu-
tion with 91 low-resolution parameters. Because there are some heterogeneities
around the wellbores, we need to do some local refinement in the wellbore
neighborhoods. With only 91 parameters, the upstream side of the fault is
very well defined, with the downstream unresolved. Fig. 6.20 shows the final
permeability distribution with 325 parameters. Obviously, there is not much im-
provement for the downstream side of the fault. The variance distribution map
(Fig. 6.22) shows that the observed data can not resolve any high-resolution
parameters with high certainty, except for the low-resolution parameters and

wellbore neighborhoods,

Fig. 6.24 shows the variances of parameters for the two approaches. The pixel
modeling can only resolve a small number of parameters with high certainty. The
wavelet analysis performs much better than the pixel modeling. In both cases, the
observed data do not allow us to resolve all the parameters. Fig. 6.23 shows the
total uncertainties for the two approaches. For a small number of parameters, the
total uncertainty of the wavelet approach is substantially lower than that of the pixel
modeling. For instance, using 100 parameters, the total uncertainty of the wavelet

approach is only 13.06, while the pixel modeling gives a total uncertainty of 27.42.

6.3 A Reservoir without 4-D Seismic Information

So far, we have only used test cases with simple geometries. In this section, a more
realistic reservoir configuration is tested. Fig. 6.25 shows the true reservoir perme-
ability distribution. There are six active wells in the reservoir, as shown in Fig. 6.26.
Well #1 is injecting with a constant injection rate at 10200 STB/day. Wells #2, #3,
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Figure 6.17: Permeability distri-

bution with 150-day history(pixel
modeling, Case 6.2.1)

Figure 6.18: Permeability distribu-

tion with all observed data (pixel
modeling, Case 6.2.1)

32.0

North

Figure 6.19: Permeability distri-
bution with 91 parameters (Haar
wavelet, Case 6.2.2)

Figure 6.20: Permeability distri-
bution with 325 parameters (Haar
wavelet, Case 6.2.2)
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Figure 6.21: Variance distribution map for pixel modeling

Figure 6.22: Variance distribution map for Haar wavelets
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#4 are producing with total production rates at 2000, 2000, 6000 STB/day respec-
tively. Wells #5, #6 are observation wells, each with a low production rate at 100
STB/day.

The elapsed time is 400 days and all the producing wells have water breakthrough.
Information for both the bottomhole pressure and watercut at each well is available.
We also assumed that the water saturation change distribution (from 4-D seismic) is
not available. Instead, we had a 3-D seismic interpretation, as shown in Fig. 6.27.

In this test case, two different wavelet bases were used. For each wavelet basis,
two different runs were performed, with and without 3-D seismic data, respectively.

The results are summarized as follows:

o Haar wavelet: Figs. 6.28 and 6.29 show the results for nonlinear regression with
and without the 3-D seismic information. There is no substantial difference
between the two runs, because this reservoir is well defined with six active wells
in it. Even without 3-D seismic data, the parameters can be resolved very well.
However, the 3-D seismic data does help reduce the number of parameters.
The regression integrating the 3-D seismic data used only 223 parameters to
reconstruct the reservoir permeability distribution, while the other method used
382 parameters. Both methods yield unrealistic blocky distributions, due to the
fact that the Haar wavelet has a very compact support and a vanishing moment
of 1.

e Daubechies-4 wavelet; Figs. 6.30 and 6.31 show the results for nonlinear regres-
sion with the Daubechies-4 wavelet, with and without 3-D seismic data. The
3-D seismic data does not have much impact in this case either. The estimated
permeability distribution is more realistic in appearance than those obtained

using the Haar wavelet.

6.4 Larger Problem

In this example, the algorithms were applied to a problem involving a larger reser-

voir, with more complex configurations. Figs. 6.32 and 6.33 show the true reservoir
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permeability and porosity distributions respectively. Fig. 6.34 shows the strong cor-
relation between the permeability and porosity fields. Instead of using permeability
and porosity as independent parameters, we assumed there is a fixed relationship
between them:

5 k) —b

In this example, we set a = 10.0 and b = 2.5.

(6.3)

a

There are 11 active wells in the reservoir, as shown in Fig. 6.35. Wells #1
through #4 are injection wells, with bottomhole pressures and injection rates shown
in Figs. 6.38 through 6.41. Wells #05 through #11 are producing with constant total
production rates at 1000, 1000, 1000, 1000, 1500, 1000, 500 STB/day respectively.

The elapsed time is 800 days and only four producing wells have water break-
through (Wells #5, #8, #9 and #10). The bottomhole pressures and watercuts for
these wells are shown in Figs. 6.42 through 6.45.

In this test case, we assumed the availability of both 3-D seismic and 4-D seismic
data. Fig. 6.36 shows the 3-D seismic map, and Fig. 6.37 shows the water saturation
change between ¢t = 400 days and ¢ = 600 days. However, in this particular case,
neither of the seismic data has much impact on the parameter estimation. First of all,
the 3-D seismic map is only loosely correlated with the reservoir property distribution
(permeability and porosity). Therefore, the 3-D seismic data can only provide low-
resolution information. Because there are active wells across the whole reservoir, most
of the low-resolution information can be provided by the observed data at the wells,
even without 3-D seismic data. Secondly, the water sweep area in this example is
very small, compared with previous examples. Several producing wells did not have
water breakthrough. The 4-D seismic data can only provide some spatial information
in very limited regions.

This sample reservoir is under-determined and it was very difficult for us to ob-
tain a reliable estimation. There are a total of 4096 parameters and the correlation
between permeability and porosity is not very precise. Nevertheless, the wavelet ap-
proach effectively reduced the number of parameters down to 328, as shown in Fig.
6.47. Though we could not obtain any detailed estimation about the reservoir, the

algorithm was able to capture the major geological trends. We also had a very good
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match in both bottomhole pressures and watercuts at all the wells, with a fairly small
residual objective function, as shown in Fig. 6.46. Fig. 6.48 and Fig. 6.49 show the
estimations for permeability and porosity fields respectively. Because we only used
a reduced number of parameters in the inversion procedure, the estimation can not
fully account for the reservoir heterogeneity, resulting in a much smoother realization

than the true distribution.
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Figure 6.37: Water saturation change between ¢ = 400 days and t = 600 days
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Chapter 7

Conclusions and Open Issues

7.1 Conclusions

In this study, we found out that most of the properties of the wavelet analysis are
very desirable in reservoir characterization and data integration. Not only can the
wavelet analysis overcome most of the shortcomings of the conventional parameter
estimation methods, but also can make the algorithm much more efficient and stable.
Furthermore, we can balance the trade-off between resolution and uncertainty very
easily. Although there are still several issues to investigate, the application of wavelet

analysis is very promising.

e Fust and efficient algorithms for the wavelet transform. As mentioned in Sec-
tion 2.4, the computational cost for the wavelet transform of N data is O(N).
Therefore there is almost no additional computational cost for the wavelet trans-

form, in comparison to the numerical simulator.

o Wavelets are powerful in reducing the number of parameters. All the wavelet
coefficients are distributed at different resolution levels, therefore the sensitivity
of the reservoir responses are different on different levels. In the case of the
sensitivity coefficients of the downhole pressure, except for the region nearby
wellbores, the sensitivity is very small at high levels (as demonstrated in Chapter

4). In other words, it is impossible for us to have a high-resolution description
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in most of the reservoir. Therefore it makes no practical sense to consider those
insignificant wavelet coefficients. Using different configuration and thresholds,
we can reduce the number of wavelets to 15-20% of the original set. This
mechanism improves the performance in several ways: first of all, it reduces the
number of unknowns, so the regression will converge much faster; secondly, in
each iteration it takes far less time to compute sensitivity coefficients on the

reduced set of wavelets.

The wavelet analysis is powerful and flexible in data integration. Due to the
complex nature of the multiple scales of heterogeneity in reservoirs, different
types of information may be sensitive to different scales of heterogeneities, or
localized at different resolution levels. For example, production data give low-
level information, while core and log data give high-resolution information, but
only in a very small region. 4-D seismic data is more likely to be localized
on an intermediate level, but more powerful in spatial resolution than core
and log data. Each type of information has its own advantage and limitation.
The wavelet analysis gives us a powerful tool to integrate all this information
at the appropriate scale. We also proposed a new algorithm to integrate 3-D
seismic data into the nonlinear regression in the form of a “mask” on the wavelet

coefficient map.

The wavelet analysis provides a method to incorporate geological information
and preserve the geological structure of reservoirs. The wavelet analysis has a
wide range of application in image analysis, especially in pattern recognition.
The pattern recognition is very useful in reservoir characterization, in which
we try to capture the major geological structures, e.g., faults, channels, and
bounding surfaces. All of the geological structures can be treated as localized
discontinuities, or edges. The wavelet analysis will show large coefficients at
certain levels, which represent object edges, thus providing a means of edge

detection.

Optimal set of parameters. An optimal set of parameters are crucial in param-

eter estimation problems. In this study, we developed several methods to select
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the optimal parameter set. The wavelet decomposition provides a very conve-
nient way of estimating the natural combination of parameters that not only
describe the reservoir but also honor the resolution power of the constraining
data.

e The algorithm is very easy to parallelize. All the numerical computations in this
work were carried out on a SGI Origin 200 workstation with four 270MHz MIPS
R12000 (IP27) CPUs. The program we developed has very good scalability and
was parallelized to use all four processors in the machine. A parallelized program
would be the most appropriate choice for practical problems, which would have

thousands of cells, requiring large memory storage and computing power.

e The new approach is very general. First of all, though we used a finite-difference
reservoir simulator as the forward mathematical model, the application is not
restricted to this category. It is very easy to apply this approach to other types
of simulators, such as streamline simulators and finite-element simulators. Sec-
ondly, because this approach is powerful to reduce the number of parameters to
be estimated, the wavelet analysis will improve efficiency and performance even
for non-gradient methods, such as neural-network methods, simulated annealing

methods, genetic algorithms, etc.

7.2 Future Work

Although the parameter estimation algorithm and the wavelet analysis are very pow-
erful tools and enable us to explore the problem of reservoir characterization and
data integration in depth, some aspects of this subject still need further investiga-

tion. Some open issues are:

e Different wavelet bases. In this work, we only demonstrated the use of the

Daubechies wavelets, which are the simplest orthogonal wavelet bases. The
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Daubechies wavelets have some properties unsuitable for our purpose. For in-
stance, the Daubechies wavelets are very asymmetric and have compact sup-
ports. In this sense, some other wavelet bases should be taken into consider-
ation. In order to avoid the boundary effects introduced by periodic wavelets,

boundary wavelets should be implemented.

Adaptive wavelets. Due to the complex nature of the heterogeneity in reservoirs,
the statistical distributions are not strictly stationary in most cases. Therefore it
is desirable to choose wavelet bases adaptively for different probability distribu-
tions. For example, in regions with strong discontinuities, a wavelet with shorter
support is a better choice to avoid large wavelet coefficients. This approach will

depend strongly on geological information to identify geological structures.

Pattern recognition techniques. The pattern recognition technique is very use-
ful in reservoir characterization. Though this study has applied some simple

techniques, this aspect of the problem requires further investigation.



Nomenclature

A Cross-section area, ft?

B Formation factor

Cp Data covariance (total)

Cy Data measurement covariance
Cy Model parameter covariance
Cr Theoretical model covariance
Ct Total isothermal compressibility, psi~*
D Data space

d Observed parameters (data)
E Objective function

F Gradient of objective function
f Probability density function
G Sensitivity coefficient matrix
g Gravity, ft/s?

g[n| Discrete wavelet filter

H Hessian matrix

h Height, ft

hln| Discrete wavelet filter

J Jacobian matrix

k Permeability, md

k, Relative permeability

L Length, ft

M Model space

175



176 CHAPTER 7. CONCLUSIONS AND OPEN ISSUES

N Gaussian distribution

P Pressure, psi

De Capillary pressure, psi

q Flow rate, STB/day

Q Total flow rate, STB/day

R Resolution operator

To Equivalent wellbore radius, ft
T Wellbore radius, ft

S Sensitivity coefficient matrix
S, Oil saturation

Sw Water saturation

T, Transmissibility of Phase p
t Time, day

U Reservoir response

1% Volume, ft3

U Known reservoir properties
|44 Wavelet transformation matrix
Wi Well index

we Watercut

z Height, ft

GREEKS

a Model parameters

§(z, ) Dirac delta function

10} Porosity

o(t) Scaling function

v, Phase potential

W»(t) Wavelet function

1 Fluid viscosity, ¢p
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Small error

w Frequency

P Density, Ibm /ft?
SUBSCRIPTS

0 Initial

D Data

1, 7,1 Integer indices
M Model

ML Maximum likelihood
n [teration number
0 Oil phase

P phase

r Reference

T Theoretical

w Water phase

well Wellbore
SUPERSCRIPTS

cal Calculated

est Estimated

GN Gauss-Newton method
(k) Timestep number
obs Observed

pri Prior

T Transpose

* Conjugate

Laplace transformed variable
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Fourier transformed variable



Appendix A

Wavelet Analysis

A.1 Wavelet Bases

The wavelet transform W f(u, s) is a two-dimensional representation of a one-dimen-
sional signal f. This indicates the existence of some redundancy that can be reduced
and even removed by subsampling the parameters of the transform. Subsampling the
transform defines a complete signal representation if any signal can be reconstructed
from linear combinations of discrete families of wavelet atoms {4y, s; }(jn)ez2. Com-
pletely eliminating the redundancy is equivalent to building a basis of the signal space.

One can construct wavelets ¢ such that the dilated and translated family

Winlt) = =0 e (A1)

is an orthonormal basis of L*(R).

A.1.1 Multiresolution Approximations

Orthogonal wavelets dilated by 2/ carry signal variations at the resolution 277. The
construction of these bases can thus be related to multiresolution approximations. A
multiresolution approximation of a function f at a resolution 277 is specified by a
discrete grid of samples that provides local averages of f over neighborhoods of size

proportional to 2/. Formally, the approximation of a function at a resolution 277
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is defined as an orthogonal projection on a space V; C L*(R), which regroups all
possible approximations at the resolution 277. The orthogonal projection of f is the
function f; € V; that minimizes ||f — f;||. The following definition introduced by
Mallat (1987) and Meyer (1992) specifies the mathematical properties of multireso-
lution spaces. A sequence {V,};cz of closed subspaces of L?(R) is a multiresolution

approzimation if the following six properties are satisfied:

v(jak)6227 f(t)EVj A f(t_ij)EVj7 (AZ)
VieZ, V1 CV,, (A.3)
. t
VieZ, ft)eV; & f(§) €V, (A4)
+0oo
lim V= (] V;={0}, (A.5)
Jj—+oo j=—00
+o0o
lim V; = Closure( |J V;)=L*(R). (A.6)
Jj——00 oo

There exists 6 such that {6(t — n)}necz is a Riesz basis of V.

The approximation of f at the resolution 277 is defined as the orthogonal pro-
jection Py, f on V;. To compute this projection, we must first find an orthonormal
basis of V. The following theorem orthogonalizes the Riesz basis {8(t — n)},cz and
constructs an orthogonal basis of each space V; by dilating and translating a single
function ¢ called a scaling function.

Let {V,};ez be a multiresolution approximation and ¢ be the scaling function

whose Fourier transform is

h(w) = ?@)) AT
P e+ 2k} o
Let us denote
1 t—n
binlt) = \@qs( ). (A8)

The family {¢;,}nez is an orthonormal basis of V; for all j € Z.
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The orthogonal projection of f over V; is obtained with an expansion in the

scaling orthogonal basis

+oo +oo
where the inner products
aj[n} - <f7 ¢j,n> (AIO)

provide a discrete approximation at the scale 2/. A multiresolution approximation is
entirely characterized by the scaling function ¢ that generates an orthogonal basis of
each space V;. Any scaling function is specified by a discrete filter called a conjugate

marror filter.

A.1.2 Conjugate Mirror Filters

The multiresolution causality property Eq. A.3 imposes that V,; C V,_;. In partic-
ular %qﬁ (%) € V; C Vy. Because {¢(t — n)}nez is an orthonormal basis of Vg, we

can decompose
1 [t =
75 (5)- 3 et~ ), (A.11)
with

hln] = (0 (5) ot = ). (A12)

This sequence h[n| will be interpreted as a discrete filter. The Fourier transform of
both sides of Eq. A.11 yields

(2w) = ﬁﬁ(w)é(m (A.13)
for .
hw) = :Z_ hln]e=™. (A.14)

As Mallat (1987) and Meyer (1992) proved, if ¢ € L*(R) is an integrable scaling
function, the Fourier series of h[n] = (J5¢ (%) , 0(t —n)) satisfies

Vw e R, |hw)? + [h(w+m)]? = 2, (A.15)
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and

h(0) = V2. (A.16)

Conversely, if h(w) is 27 periodic and continuously differentiable in a neighborhood
of w =0, if it satisfies Eq. A.15 and (A.16) and if

inf  |h(w)| >0 (A.17)

then
(A.18)

is the Fourier transform of a scaling function ¢ € L?*(R). Discrete filters whose

transfer functions satisfy Eq. A.15 are called conjugate mirror filters.

A.1.3 Orthogonal Wavelets

The approximation of f at the scales 2/ and 2! are respectively equal to their
orthogonal projections on V; and V;_;. Let W, be the orthogonal complement of
V;and V;_i:

V,.1=V,pW;. (A.19)

The orthogonal projection of f on V,_; can be decomposed as the sum of orthogonal

projections on V; and Wj:
Py, .f=Pv,f+ Pw,f. (A.20)

The complement Py, f provides the details of f that appear at the scale 27-1 but
which disappear at the coarser scale 2/. Mallat (1987) and Meyer (1992) proved that
one can construct an orthonormal basis of W; by scaling and translating a wavelet
1. Let ¢ be a scaling function and h the corresponding conjugate mirror filter. Let

1) be the function whose Fourier transform is

h(w) = \}if’ <§) ¢ ((‘2)) , (A.21)
with
G(w) = e “h* (w + 7). (A.22)
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Let us denote

bjn(t) = ;2—].@/) (t _;jn> . (A.23)

For any scale 2/, {t;,}nez 1s an orthonormal basis of W;. For all scales, {9, }nez

is an orthonormal basis of L*(R). It can also be shown that ¢ is the Fourier series of

1 t
_ z t— A.24
oln] = (750 (5) vt =), (A21)
which are the decomposition coefficients of

S0(3) = 3 lnlott = n) (A.25)

n=—oo

Calculating the inverse Fourier transform of Eq. A.22 yields
g[n] = (=1)*""h[1 —n. (A.26)

This mirror filter plays an important role in the fast wavelet transform algorithm.

A.1.4 Daubechies Wavelets

In this work, we used the Daubechies wavelet family for the wavelet analysis. Dau-
bechies wavelets have several properties that are suitable for our purpose. First of
all, Daubechies wavelets have a compact support of minimum size for any given num-
ber n, of vanishing moments. Furthermore, Daubechies wavelets are also orthogonal
transforms and it is much easier to analyze the variance and resolution of the param-
eter estimation procedures.

Usually, we denote the Daubechies wavelet with a vanishing moment of p as D,,
and the discrete filter h[n] has 2p non-zero coefficients. In this work, we used only

Daubechies wavelets with vanishing moments of 1, 2, and 3.

A.1.5 Separable Wavelet Bases

A separable wavelet orthonormal basis of L?(R?) is constructed with separable prod-

ucts of a scaling function ¢ and a wavelet 1. We define three wavelets:

Wz, y) = o(x)v(y) . V¥ (x,y) = (2)o(y) . ¥ (z,y) = ()(y), (A.27)
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and for 1 <k <3

b (,0) = S0t (x _2j2j”7 y _2]2.jm> . (A.28)
The wavelet family
(V70 (1) 05 (T, 9), 02 1 (2 9) (my e 22 (A.29)
is an orthonormal basis of VV]2 and
{00 (@, 1) U5 o (2, 9), 5 1 (2, 9) (e 22 (A.30)

is an orthonormal basis of L?(R?).

A.2 Fast Orthogonal Wavelet Transform

A.2.1 One-Dimensional Discrete Transform

Decomposition coefficients in a wavelet orthogonal basis are computed with a fast al-
gorithm that cascades discrete convolutions with h and g, and subsamples the output.

Given a discrete signal ag[n], let us define

“+oo

f) = anlélt —n) € V. (A31)

n=—oo

Because {¢(t — n) }nez is orthonormal,

ao[n] = (f(t), p(t —n)) = f * d(n). (A.32)

The discrete wavelet coefficients of ay are defined to be the wavelet coefficients of f:

dj[n] = (f,¥jn)- (A.33)

Py;, the projection of f on the space Vj, is characterized by

a; [n] = <f7 qu,n)- (A.34)
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Mallat (1989, 1998) showed that the wavelet decomposition and reconstruction is

calculated with discrete convolutions. We denote

z[n] = x[—n] (A.35)
and
#n] = zlp] if n=2p (A.36)
0 ifn=2p+1 '
In the decomposition,
“+oo
walpl = 3 M- 2lafn] = a2, (A.37)
“+oo
ditilp] = Z gln — 2pla;[n] = a; * g[2p). (A.38)
In the reconstruction,
+00 too
ajlp] = Z hlp — 2n]aj1[n] + Z glp — 2n]d;+1[n]
= 1 % hlp] + djp1x g[p]. (A.39)

A.2.2 Wavelet Bases on an Interval

To decompose signals f defined over an interval [0, N], it is necessary to construct the
wavelet basis of L2[0, N]. Such bases are synthesized by modifying a wavelet basis
{¥jn}timezz of L*(R). If 1;, has a support included in [0, N], it is not modified.
The “border” wavelets 1, ,, whose supports overlap ¢ = 0 or t = N are transformed
into functions with support in [0, N], providing the necessary complement to generate

a basis of L2[0, N]. There are several different ways to construct such wavelet bases.

o Periodic wavelets: A wavelet basis {1);,}(jn)ez2 is transformed into a wavelet

basis of L?[0, N| by periodizing each 1;,. The periodization of f over [0, N] is

P (t) = io Flt+EN). (A.40)

k=—o00
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The periodic wavelets are

o J t—2n+ kN
0= o5 3 v (2) (A41)

Thus periodizing a wavelet orthogonal basis of L?(R) defines a wavelet orthog-
onal basis of L?[0.N]. However, this basis construction has the disadvantage of
creating high amplitude wavelet coefficients in the neighborhood of ¢ = 0 and
t = N because the border wavelets have separate components with no vanishing

moments.

Folded wavelets: To avoid creating discontinuities with simple periodization, the
signal is folded with respect to t = 0: fo(t) = f(t) + f(—t). The support of fy
s [=N, N] and it is transformed into a 2N periodic signal

Frot(t) Z fo(t = 2kN) = Z f(t —2kN) + Z f2kN —1). (A.42)

k=—o00 k=—00 k=—o00

Decomposing f/°'¢ in a wavelet basis {¥jn}(jnyez2 is equivalent to decomposing

f on a folded wavelet basis {wf old (jm)ez?-

Boundary Wavelets: The restriction of periodic and folded “border” wavelets
in the neighborhood of t = 0 and ¢ = N have respectively 0 and 1 vanishing
moment. To avoid creating large amplitude wavelet coefficients at the borders,
one can synthesize border wavelets that have as many vanishing moments as

the original wavelet 1.

Each of the cascade algorithms decomposes ag into a discrete wavelet transform

ay,{d;}1<j<; with O(N) operations. The reconstruction algorithm is also with O(N)

operations.

A.3 Banach and Hilbert Spaces

A Banach space H is a vector space that admits a norm. A norm satisfies the following

properties:

VeeH, ||z|| >0 and ||z]| =0 < x=0, (A.43)
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vAaeC [[Azf = [A]- [, (A.44)
Yo,y € Hy o +yll < =] + [yl (A.45)

With such a norm, the convergence of {x, },en to  in H means that

lim z,=2 & lier |xn, — || = 0. (A.46)

n—-+00

To guarantee that we remain in H when taking such limits, we impose a completeness
property, using the notion of Cauchy sequences. A sequence {z,},cn is a Cauchy
sequence if for any € > 0, if n and p are large enough, then ||z, —z,|| < e . The space
H is said to be complete if every Cauchy sequence in H converges to an element of
H.

A Hilbert space H is a Banach space with an inner product. The inner product of

two vectors (x, y) is linear with respect to its first argument:
V)‘la )‘2 € C’ <)\1ZE1 + )\21’2, y) = )\1<$1, y> + )\2<I’2, y) (A47)

The inner product has an Hermitian symmetry:

(z,y) = (y, 2)". (A.48)
Moreover
(x, ) >0 and (z,x) =0 < x=0. (A.49)
It can be easily verified that ||z|| = (z, z)!/? is a norm.
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Appendix B

Parallelization

B.1 Parallel Computing

Parallel computations have become a mainstay of scientific and engineering com-
puting, including physics, chemistry, material science, biology, earth sciences, and
others. A direct correspondence can be drawn between levels of computational per-
formance and the problems that can be studied and solved through simulation. A
report from Federal Office of Science and Technology Policy (1993) summarizes the
grand challenge applications: a collection of important scientific and engineering prob-
lems, including 72-hour weather forecast, oil reservoir modeling, fluid turbulence,
chemical dynamics, structural biology, etc. These applications have very challeng-
ing performance and storage requirements, which can not usually be fulfilled by a
single-processor computer system.

In this study, we proposed a new approach to improve the efficiency and perfor-
mance of reservoir parameter estimation. Nevertheless, the computational load is still
very intensive. Parallel computing proved to be a very effective approach to further
improve the performance. The parameter estimation algorithms used in this study
have a very high level of parallelism.

In our approach, the computational load per iteration can be divided into two

categories: the simulation run and the calculation of sensitivity coefficients, as follows:

7ﬁz‘ter - Tsim + Ny - Tsen7 (B]-)
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where n,, is the number of model parameters. Eq. B.1 is a simplified formula with the
assumption that the computational load for sensitivity calculations is proportional to

the number of model parameters. Eq. B.1 can be generalized for multiprocessor cases:

o Tsim N
Vsim (p) Vsen (p>

Eter(p) : Tsena (B2)

where p is the number of processors, Ysim(p) and e, (p) are speedup factors for the
calculations of simulation and sensitivities respectively. The speedup factor on p
processors is defined as (Culler, Singh & Gupta 1999)

_ Performance(p)

(B.3)

1(p) = Performance(1)’

For a single fixed problem, the performance of the system is simply the reciprocal of

the time to complete the problem, so we have the following important special case:

Time(1)

ire = - . B4
Therefore, the speedup of the overall computation in our approach is
,-Tz'ter Tsim + Ny - Tsen
V(p) = = : (B.5)
7j’iter (p) Tsim/f}/sim (p) + nm/f}/sen (p) ' Tsen
Another key indicator for the performance is the parallel efficiency, defined as
Tsim + Ny - Tsen
n(p) =~(p)/p= (B.6)

Tsim/nsim (p) + nm/nsen (p) : Tsen ‘

B.2 Implementation for Simulation

The parallel efficiency of the simulation is usually much less than one when the
number of processors is large. The implementation of an efficient parallelization
requires very efficient parallel solvers, good partitions, and hardware support for
parallel architectures in some cases. Most of these subjects are out of the scope of
this study. In order to simplify the implementation and focus on the major objectives,
we used the parallel computing software package PETSc (Balay, Gropp, Mclnnes &

Smith 1999) in this study. For uniprocessor cases, we used the preconditioned Krylov



B.2. IMPLEMENTATION FOR SIMULATION 191

subspace solver GMRES (Saad & Schultz 1986), with the ILU(n) preconditioner.
For multiprocessor cases, PETSc supports the block Jacobi and overlapping additive
Schwarz methods in parallel. However, only the uniprocessor version of the block
Gauss-Seidel method is currently in place. By default, the PETSc implementations
of these methods employ ILU(0) factorization on each individual block.

We investigated the impact of the problem size and the number of processors on
parallel efficiencies using two different reservoir examples. Case 1 is a reservoir with
32 x 32 gridblocks as shown in Section 5.2, and Case 2 is a reservoir with 64 x 64
gridblocks as shown in Section 6.4. In both the cases, the simulation will run for a
simulated time of 500 days. The computations were carried out on a SGI Origin 200
workstation, with four 270 MHZ MIPS processors. Fig. B.1 shows the computational
time for the two cases, with different numbers of processors. Fig. B.2 shows the
parallel efficiency for different configurations. With two processors, Case 2 yields a
very good parallel efficiency of 0.813, while Case 1 yields a parallel efficiency of 0.631.
With four processors, both cases yield very poor parallel efficiencies below 0.5. We

can make several observations from the numerical experiments:

e First of all, with the same number of processors, larger problems have bet-
ter parallel efficiency, because the boundary/volume ratio is smaller for larger
problems. The relative communication costs are roughly proportional to the

boundary/volume ratio.

e Secondly, for a fixed-size problem, as the number of processors increases, the
parallel efficiency decreases. This is mainly due to communication overhead and

partition costs.

e There is one more factor in the parallel performance: the communication band-
width. Although PETSc uses the message passing interface (MPI) to implement
the parallel solvers, the SGI Origin 200 employs the shared address space archi-
tecture with a shared bus. This architecture implies that the communication
bandwidth per processor is only 1/p of the overall bandwidth, which further

deteriorates the performance.
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B.3 Implementation for Sensitivity Calculation

If we use the same parallelization scheme for the sensitivity calculation, the overall
parallel efficiency would be the same as the parallel efficiency of the simulation, as
given by Eq. B.5 and Eq. B.6. Section B.2 shows that it is very difficult to improve
the parallel efficiency of the simulation, with general parallel solvers. In order to
overcome this disadvantage, we implemented a different algorithm to calculate sensi-
tivity coefficients in parallel. Because we use the modified GPST method to calculate
sensitivities, we need to solve the linear system with the same left-hand side many
times. This system has a very high level of parallelism. The parallel implementation

per simulation timestep is outlined as follows:

1. Parallel solvers for the Newton-Raphson algorithm: The nonlinear mass balance
equation is solved iteratively using the Newton-Raphson algorithm, while the
Jacobian matrix is updated accordingly, as shown in Section 3.1.2. The iterative

linear system shown in Eqs. 3.17 through 3.20 is restated here:

J£k+1) . 611’,(,1““) _ _f_l'(/k+1)7 (B.7)
with
u,(ffll) = D 4 gy, (B.8)

At this step, Eq. B.7 is solved using PETSc parallel solvers, as described in
Section B.2.

2. Sequential Solvers for the Modified GPST algorithm: As shown in Section 3.2.2,
the modified GPST algorithm is expressed as:

JEFD G+ —  pktD) glh) (k1) (B.9)

where J®**1) is the last Jacobian matrix computed in the Newton-Raphson
method in the numerical simulator. Suppose we need to calculate sensitivity
coefficients for n,, parameters, then Eq. B.9 need to be solved n,, times, with
the same Jacobian matrix J**1) and n,, different right-hand-side vectors. The

Jacobian matrix can be distributed to all the processors using the Message
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Passing Interface (Message Passing Interface Forum 1997). Therefore, each
processor will keep a local copy of the Jacobian matrix. The n,, parameters
can also be distributed to all the processors, with each processor keeping n,, /p
parameters. On each processor, Eq. B.9 will be solved using a sequential solver
(in this case, we used the GMRES solver with the I LU (1) preconditioner). The
computational time would be n,,/p - Tsen, assuming the processors have good
load balance and light communication overhead. Therefore, the speedup factor

for sensitivity calculation is

_ Time(1) - Teen

sen - . ~ =D, BlO
Vsen(P) = @) =y T P (B.10)
and the parallel efficiency 74, (p) is very close to one.
The overall speedup can be rewritten as
Tsim + N - Tsen

v(p) ~ , B.11
( ) Tsim/’}/sim (p) + nm/p : Tsen ( )

and the parallel efficiency becomes

Tsim + N - Tsen

n(p) =v(p)/p~ (B.12)

Tsim : /nszm (p) + Ny Tsen .

For fixed Tg;,, and T.,, Eq. B.12 implies that the overall parallel efficiency depends
on two major factors: the parallel efficiency for the simulation 7, and the number
of parameters n,,. If the simulation parallel efficiency is very good, then the overall
parallel efficiency would be very close to one, regardless of n,,. With a given parallel
solver and a fixed problem, the parallel efficiency for the solver is fixed and will
not have further impact on the performance. However, in our study, we usually
have n,, >> 1, therefore the overall parallel efficiency is very good, even using a
parallel solver with a low parallel efficiency. In real life, there is always some overhead
associated with communications and partitions. Therefore, the real parallel efficiency
is usually less than that given by Eq. B.12.

We used the two cases shown in Section B.2 to study the parallel efficiency of our
approach. For each case, we ran the simulation with sensitivity calculations of 100

model parameters. Fig. B.3 shows the computational times for both the cases, while
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Fig. B.4 shows the parallel efficiencies. For both the test cases, the parallel efficiency
is fairly good with different configurations.

In summary, the parallelization approach used in this study has very good parallel
efficiency. However, there are some aspects that could be further improved. First
of all, a better parallel solver could further improve the parallel efficiency of the
simulation. Secondly, an optimized implementation could reduce the communication
costs. Furthermore, a different hardware architecture is required to implement high-

performance parallel algorithms.
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