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ABSTRACT

In this study, the rate decline and rate decline derivatives of a constant pressure
well are presented for infinite, constant pressure outer boundary, and closed outer
boundary homogeneous reservoirs. A rate derivative type curve is provided for these
cases as well. The effects of the dimensionless reservoir exterior radius are discussed.
Rate decline and rate decline derivatives of a constant pressure well in an infinite com-
posite reservoir are also presented. For composite reservoirs, the effects of mobility
ratios and discontinuity distance on both rate decline and rate decline derivatives are
presented. Type curves for dimensionless wellbore flowrate derivatives for infinite
compasite reservoirs are provided. A new correlating group for the derivative type
curve is provided, and is different than the correlating group for the rate type curve
presented Iin the past. Finally, an analysis method that comprises type curve and
derivative type curve matching to determine the dimensionless variables is proposed

and damonstrated with a simulated example.
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INTRDDUCTION

In the evaluation of petroleum and natural gas reserves, and in the evaluation of
ground water aquifers, transient rate tests are performed. In these tests, the under-
ground formation is produced at a constant pressure and the rate response at the active

wellbore IS measured.

Recent developments in the recording of flowrates with the use of spinners allows
for the collection of very frequent rate measurements. Hence, the rate data is

differentiable and a rate derivative response as a function of time can be constructed.

This study first concentrates on wellbore flowrate and flowrate derivative
responses in three types of homogeneous reservoirs: infinite, constant pressure outer
boundary, and closed outer boundary. Fetkovich (1980) examined decline rates of
infinite and closed outer boundary reservoirs and developed a method of collapsing
them into type curves. Next, flowrate derivative responses for infinite composite reser-
voirs are examined. The configuration of a composite reservoir is illustrated in Figure
1 (aftar Turki, 1986). A composite reservoir is defined as a system of two concentric
regions with a single well at the center. The two reservoir regions have different pro-
perties (permeability, porosity, fluid viscosity, reservoir volume factor, and compressi-
bility). An infinitesimally thin radial discontinuity is assumed to separate the two
reservdir regions. Turki (1986) collapsed the flowrate responses for infinite composite
reservdirs into type curves using the same method as Fetkovich (1980) and was able to
determine the discontinuity distance and mobility ratio for certain conditions. In this
way, Turki (1986) showed that graphed solutions for the dimensionless wellbore

flowrate in composite reservoirs exhibit at least two inflection points. Thus, if the

flowrate derivative is graphed instead of the flowrate, these inflection points correspond
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Figure 1.  Composite reservoir configuration. (After Turki 1986)




to either minima or maxima that can be easily identified. This study also examines the

possibility of collapsing the rate derivative responses of infinite composite reservoirs.




THEORY

The pressure responses in the two reservoir regions are described by two partial
differential diffusivity equations. These equations are converted into a system of ordi-
nary differential equations using the Laplace transformation. By applying the
appropriate boundary conditions, Laplace space solutions for the transient rate decline
in a camposite reservoir are generated for infinite, closed outer boundary, and constant
pressute outer boundary reservoirs. The inversion of the Laplace solutions to real
space is performed numerically by an algorithm developed by Stehfest (1970). Here,

the treatment of the theoretical background is modeled after the work of Turki (1986).

The usual assumptions of slightly compressible fluid, isotropic and homogeneous
reservair, and small pressure gradients everywhere are assumed in deriving the
diffusivity equations in both reservoir regions. In addition, a few other assumptions

are needed to solve the transient rate decline problem in the composite reservoir:
1. The formation is horizontal and of uniform thickness.
2. The discontinuity is of infinitesimal thickness in the radial direction.

3. Only single phase flow is considered. Furthermore, only one kind of fluid

is considered in a given reservoir region.
4. During the testing period, the distance to the radial discontinuity is constant.

5. The sandface wellbore pressure is maintained constant throughout the test-

ing period.

Fluid flow through both reservoir regions described in Figure 1is idealized by the

\

diffusivity equation.




For Region I

2 A
ap; L1 op; _ Puc gt ry< r< R (1)
or r or k ) ot
For Region 11:
p; 1 9pp _ |oue | Opy
— = oo 2
~ + - = |, a0 R< 1< 2)

where R is the radial distance to the discontinuity.

The initial and inner boundary conditions are specified by the following equa-

tions:
pi@,0)=p  Tw<I<R 3)
Pt ,00=p; R<1<oo (4)
Pty > 1) =R (5)

Equations (3) and (4) specify that the entire reservoir is initially at a constant pressure,

p;- At the discontinuity, Equations (6)and (7) hold.

PR, ) =pR , 1) (6)
4
5 T r=Randt>0 (7

where A is the mobility ratio to be defined later. To completely specify the problem,

the appropriate outer boundary condition is needed. If the reservoir is infinite, the con-

dition is:

pa(r . )—-p; , I—eo 8)

L}

For a dlosed outer boundary reservoir, the condition is expressed as:

op,
a5 (. ,t)=0 R<r.< oo 9




The condition for a constant pressure outer boundary is:

pate , t) =D R< 1< o

(10)

Expressing all of the above equations in dimensionless variables results in the fol-

lowing set of equations:

azpm 1 9pp1 dpp;

arDz I'p aI'D atD

le(l'D s 0) =0 i< rD< RD
pDZ(rD s O) =0 RD< I'D< oo
ppi(1, tp) =1

PpiRp 5 tp) = ppRp » tp)

opm2 _a dpp;
arD aI'D

rD=RDandtD>0

For the infinite outer boundary case:

pDZ(rD , tD)—)O , TIp—de0

For the closed outer boundary case:

opp2
——a (I'CD s tD) =0 RD< I'eD
D

For the constant pressure outer boundary case:

Pp2ltep > tp) =0 Rp<rp

(1)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

20)




The dimensionless variables are defined as follows:

Pi—P

= 21
PP i~ Aw @)
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[¢uctrw2 ]1 :
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Ip = r_ (23)
w
Rp=— (24)
w
r—k—~
i
7\, = f 1 (25)
X
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r k -
opc, [¢Ct]
n=——=l =) 732 (26)
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From Darcy’s equation, the relationship between the flaw rate and the pressure at any

location within the composite reservoir is derived.

For Region I:
2rkh | 9p;
Lt = , <
q(r,t); [ " ]lr » r,r1R (27)
For Region 1L
_ | 2nkh op,
q(r,t); = ,  RSr<eo (28)
, Or




In terms of dimensionless variables, Equations (27) and (28) can be expressed as:

qp1 = ~Tp aml ,  1=p<Rp (29)
1 opp2
q = —— T s Rn< ry< oo (30)
D2 \ D arD D= ‘D

where the dimensionless flow rate is defined in the following manner:

uIQ(r,t)

L L G1)
4o kih(p; — pw)

Applying the Laplace transformation to the partial differential Equations (11) and
(12), and using the initial conditions of Equations (13) and (14) yields a set of ordi-

nary differential equations:

d%pp; 1 dpp;

dI'D2 Ip er

= SPp1 » 1< rg< RD (32)

dzpm 1 dpp2
+ — ——= =NsPpy » Rp< rp< o0 (33)

Equations (32) and (33) are simple forms of modified Bessel equations (Abramowirz
and Stegun pp 374, 1964). The general solutions to the equations where the Laplace
transformation of the pressure, Pp, is a function of the Laplace variable, s, and the spa-

tial variable, rp, are:

Pp1 = CrlppVs) + CoKo(rpVs) I<mp<Rp (34)
§D2 = C2IIO(IDW) + C22K0(I'D\jﬁS—) s RD< T D< =S (35)

The flow in any of the two reservoir regions can be obtained by using either Equation

(36) or Equation (37) which are respectively the Laplace transformations of Equations

(29) and (30).




qp1 = -Tp drp 1< rp< Rp (36)
_ 1 dpp2
qu = “I I'D er , RDS l'D< oo (37)

To determine the constants Cy;, C;y, Cy;, and C,,, the appropriate boundary con-
dition$ are used in addition to the conditions at the discontinuity. In Laplace space,

Equations (15) through (20) become, respectively:

Poi(l,5) = 68)

PpiRp ; 8) =Pp2(Rp , 8) (39)

dizz =2 d;izl ,  rp=Rpandtp>0 (40)

Poa(tp , 8)0 , 1p—eo (41)

%P2 (fep, ) =0,  Rp< rp< o 42)
drp

Po2Cep s 8) =0, Rp< 1.p< o (43)

For instance, the constants for the infinite reservoir case are obtained by using

Equations (38), (39), (40), and (41). At the wellbore, rp = 1, and:

Qo = Vs [CIIII(\E) - C12K1(\/§)] (44)
In region 11 the flowrate is:

dpy = Cyp ipMs Ky(rp¥Ms) ,  Rp< 1p< oo 45)




The cdnstants C,;, Cy,, and C,, have to satisfy the following system of linear equa-

tions:
1
Cyy Li(¥s) T Cjy Ko(¥s) = =

IiRpYs) Cy; + KoRpYs) Cpp — KoRg¥Ms) Cpp = 0

)\'II(RD‘IE) Cll - kKl(RD‘[S—) C12 + \/ﬁKI(RDM) C22 = O

This system of linear equations is solved by direct substitution to yield:

Cu==5 [1K1<RD\/§)KO<RDW1§) - \/ﬁKo(RDJE)KI(RDVﬁ‘w]

where

D= | MRp¥OK RS + VI RoVK, Rp ) | Ko)

+ | MK RpVS)KoRpVIs) - VK oRpV)K, RpVNS) ] Io(Vs)

1= s | 15045) - ST, 6) ] Ci1

L

caz =

s | Ko(Vs) + SVsK,(Vs)

Cyp =

K¢RpVs) + s{[KO(\E) + S*/EKI(\/E)]IO(RD\/E) - [IO(\/E) - S\fgll(*/g)]Ko(RD\/E)} C,

(46)

(47

(48)

(49)

(50

&3y

4

sKoRp¥ns) lKO(\E) + S\EKI(\E)]

(~a kN
<)

ThHe inversion of the solution from Laplace space to real space is performed

numerigally by an algorithm developed by Stehfest (1970).
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The homogeneous Laplace space rate solutions are as follows (after Fetkovich, 1980):

Infinite Case:

VsK; (Vs )
sKq(¥s )

dp =

Closed Finite Systems:

% [Il(rerIE) K, (Vs) — K;(r.pVs) I;(Vs) ]

qD =
s 1K1(rer/§) To(Vs) + I, (TepVs) Ko(Vs) J

Constant Pressure Finite Systems:

%5 [Io(reD\/g) K;(Vs) + Ky(repVs) I;(Vs) ]

q =
o [K1<reDV§) Io(¥s) + 11 tepVs) Ko(¥s) J

Finally, since the rate at t = O is zero, we have:

ogp | _
L {E;}— Sqp

Hence, for the log-log derivative, equation (57) is used:

ol tp O t
n@) _ D% _ D L {Sqo}

For the semi-log derivative, equation (58) is used:

9qp
= L-l a
alntD tD {SqD }

(53)

54

(55)

(56)

(S7)

(58)




HOMDGENEOUS RESERVOIRS

Pigure 2 presents the dimensionless wellbore flow rate declines for homogeneous
reservoirs. Three types of reservoirs are considered: infinite, constant pressure outer
boundary, and closed outer  boundary. The  exterior radii  are
rep = 90, 100, 200, and 500. The rate decline for the closed outer boundary cases were
considered by Fetkovich (1980). At early time, the rate declines are all infinite acting.
Only when the effects of different r,p’s are encountered do the rates deviate from the
infinite case, and the deviation for the two different outer boundary conditions occur at
the same time. Fetkovich (1980) also observed that the rate decline for a closed outer
boundary reservoir is exponential. The constant pressure rate responses become almost

constant at late time as the fllav approaches a steady state condition.

Log-log decline curve derivatives for the same cases as presented in Figure 2 are
shown in Figure 3 in log-log coordinates. Here again, the time of deviation from the
infinite! case depends on r.p. The larger the r.p, the later the deviation occurs. How-
ever, the deviation of the rate decline derivatives from the infinite case derivative
occur almost one log cycle earlier than the corresponding deviation observed in the
rate decline. The constant pressure rate derivatives approach zero as the constant pres-
sure rates approach constant values for differing r.p’s. The closed outer boundary
derivatives increase in a linear fashion on the log-log graph and become a straight line

at late time with a slope of unity.

The same decline rates in Figure 2 are presented on semi-log coordinates in Fig-
ure 4. The corresponding semi-log rate derivatives are shown in Figure 5 in semi-log
coordinates. Here again the deviations of the derivatives from the infinite case deriva-
tive occurs earlier than in the rate decline Figure for the same data. The very apparent

maxima and minima in the semi-log derivatives are reflections of the inflection points

12
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present in the semi-log rate declines. The derivatives for the constant pressure case
deviate below the infinite acting derivatives and approach zero. The derivatives for the
closed outer boundary case display significant character. The first inflection point in
the semi-log rate decline (Figure 4) corresponds to a minimum in the semi-log deriva-
tive, and the derivative increases above the infinite acting derivative. The second
inflection point in the rate response corresponds to a maximum value of the semi-log
derivative. After this maximum, the semi-log derivative decreases rapidly and
approaches zero as the reservoir depletes and reservoir pressure approaches the

wellbore pressure.

Fetkovich (1980) presented a method for collapsing rate decline data into a type

curve defining:

th = tD 1 1 1 (59)
0 [rg-D- 1 ] [ln(reD)— > ]
and
ape = [m(rem - -};] (60)

In this collapsed curve, all solutions for various r.p’s in a closed outer boundary
homogeneous reservoir converge to a single curve at the onset of depletion. This
observation is shown in Figure 6 for r,p =50, 500, and 5000. The rate declines for
different va]ues of r.p In a constant pressure outer boundary homogeneous reservoir
collapse into a single curve in the same manner (See Figure 6). Due to similarity in
shape of the rate derivative curves for different r.p’s, it seems that they too would be

collapsible into a single curve. The derivatives for the same cases as in Figure 6 are

17
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shown in Figure 7 collapsed together using Fetkovich’s method. These curves do not

shift into a single curve. However, if Fetkovich’s dimensionless time is simplified to

be:

tpg = tp —— 61)

re2D -1
the constant pressure rate derivatives and the closed outer boundary derivatives col-
lapse into individual curves, shown in Figure 8. The collapsing of the derivative curves

for the constant pressure cases is not as good as the collapsing for the closed outer

boundary case. However, for practial purposes, we can consider the curves to be col-

lapsed,

19
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becomes very short for mobility ratios less than|5.
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Due to this similarity in shape, it would seem that the curves would be collapsible into
a typa curve, with the transition flow periods for different mobility ratios collapsing
into single curves. Using Fetkovich’s method again, Figure 11 shows that this is
indeed the case, as was shown by Turki (1986). The match is fairly good, especially
in the early portions of the transition flow periods for the different mobility ratios.

This method for collapsing the rate responses of composite systems was presented by

Turki (1986).

The log-log derivatives of the wellbore flowrate response of composite systems
with Rp = 50 and 500 presented in Figures 9 and 10 are shown in Figures 12 and 13,
respectively. The maxima and minima apparent in the derivative Figures correspond
to inflection points present in the rate decline curves of Figures 9 and 10. Here, the
deviations from the infinite acting portion of the derivative curve due to different
mobility ratios occur earlier than the corresponding deviations present in the rate
decline curves. The shapes of the derivative curves for various mobility ratios with R,
= 50 and 500 are very similar. This would lead us to believe that they too may be
collapsible into single curves for the transition flow periods and various values of R,.
Using the modified "shifting" method developed for the homogeneous cases results in
a very good match. This is shown in Figure 14. Again, the match is extremely good
for the early transition flow periods for different mobility ratios. At later time, the
match deteriorates, more noticeably for unfavorable mobility ratios, but the earlier time

transition period data is most important in well test analysis.
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ANALYSIS PROCEDURE

Simulated rate decline data for an infinite composite reservoir with R, = 500 are
graphed in Figure 15. Covering just over three log cycles, the data matches very well
over the portion of the curve representing the infinite acting rate response. However,
very little character is displayed by this plot; no evidence of exponential decline has
appeared yet. This is a problem that is encountered with type curve matching on the
Fetkovich collapsed decline curves. If there is not enough data, the radius of the sys-

tem cannot be determined, and only a minimum radius can be estimated.

If a closed outer boundary is present, or if the reservoir is a composite reservoir,
the values of r, or Rp can still be determined with this data. The data for the same
case is differentiated and graphed on the derivative response type curve in Figure 16.
Here, the derivative response due to the effects of the mobility ratio or a closed outer
boundary occurs almost one log cycle earlier than the rate response. While no
significant character was evident in the rate response curve, very apparent character is
displayed here. The deviation from the infinite acting case is obvious; but it is not
known whether it is due to the effects of an unfavorable mobility ratio, or due to the
presence Of a closed outer boundary. In other words, the value for the minimum R,
can be estimated if the conversion factor between t and ¢ is known. In order to dis-
tinguish between these two, the data would need to extend over the "hump" displayed
in the derivative response graph. But the fact remains that the derivative response
yields ‘'valuable reservoir information almost one log cycle earlier than the correspond-
ing rate response. If zp is known, or if an approximation for ¢, is available, R, can be

estimated from a time match point using equation (61).

The maximum slope obtainable in the derivative response curve is unity. The

deviations from unity seen in the composite reservoir derivative response for
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Figure 15. Log-log match of rate data for a simulated example.
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Modified Dimensionless Rate Derivative (Log-Log)
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Figure 16. Log-log match of rate derivative data for a simulated example.
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unfavorable mobility ratios is due to the response of the outer reservoir region. Thus,
if the derivative data arrives at a slope of unity and remains constant at unity for a

long period of time, the response may be due to the effects of a closed outer boundary.

Thus, derivative analysis allows for the detection of a reservoir outer radius or a

boundary -between two distinct reservoir regions around the well.
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CONCLUSIONS

1. Rate derivative responses for closed outer boundary and constant pressure outer
boundary homogeneous reservoirs are collapsed into one type curve.

2. A new time correlating group was found that is different from the correlating group
presented by Fetkovich (1980).

3. Rate derivative responses for infinite composite reservoirs are collapsed into one
type curve in the same manner that was used for the homogeneous reservoir cases.

4. If the conversion factor between t and ¢, is known, the exterior radius, r,p, or the
distance to the discontinuity, Rp, can be estimated from a time match point using
equation (61).

5. For a composite reservoir case, the match of the derivative data to the type curve
may Yield the value or a lower limit of the value of the mobility ratio, A.

6. The derivative response type curves presented in this study provide valuable reser-

voir information almost one log cycle earlier than is available from the
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NOMENCLATURE

total compressibility, LT2/M

formation thickness, L

modified Bessel function, first kind, zero order
modified Bessel function, first kind, first order
modified Bessel function, second kind, zero order
modified Bessel function, second kind, first order
pressure, M/LT?

Laplace transform of p

initial pressure, M/LT?

flow rate, L*T

Laplace transform of q

Fetkovich dimensionless wellbore flow rate
radius, L

discontinuity radius, L

reservoir exterior radius, L

Laplace variable

time, T

Fetkovich dimensionless time

viscosity, M/LT

porosity

mobility ratio of region | to region II

diffusivity ratio of region 1 to region II
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Subscripts

1= region |
2 = region II
D =  dimensionless
w = wellbore
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