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Abstract

A new approach to determine the influence of the relative permeabilities in the parameter
estimation problem is presented in this work. Relative permeabilities govern the
multiphase flow; therefore, they have a significant importance in understanding the
reservoir behavior. Traditionaly, relative permeabilities have been assumed as known
parameters when the inverse problem is solved. This assumption introduces a new source
of uncertainty in the reservoir model. The am of this work was to study the influence of
the relative permeability when automatic history matching is performed to determine
reservoir parameters such as porosities and absolute permeabilities. In this work, relative
permeabilities were parameterized using Corey type curves and including them into the
inverse model as six additional parameters. The results obtained show the impact that
using wrong relative permeabilities has on the estimated parameters. Finaly, severd
suggestions to minimize the uncertainty introduced by the relative permeabilities are

made.
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Section 1

| ntroduction

In the modern petroleum industry, automated history matching using mathematical
reservoir models plays a useful role in order to estimate reservoir parameters such as
porosity and absolute permeability. These parameters are then used to develop reservoir
performance predictions, economic estimations, infill well placement and many other
decisions during the reservoir life. However, the accuracy of the reservoir predictions
depends not only on the reservoir mathematical and numerical models but aso on the
quality of the data supplied. One of the most important parameters in reservoir property
estimation is relative permeability since it governs the multiphase flow behavior.

Relative permeabilities can be obtained from different sources. One source is core
flooding techniques such as described by Jensen et al. (1959). The main drawback of
these experimental determinations arises from the core size because no matter which
laboratory technique is used, cores represent a small fraction of the reservoir which
normally does not consider large scale heterogeneities. Another source of relative
permeabilities are mathematical models. Several correlations have been formulated in
order to depict reservoir relative permeabilities such as those proposed by Corey (1954)
or Coats (1971). However, correlations are not general and, consequently, they may not
be suitable for al reservoirs. Works of Al-Labban (1990) and Mamora (1990) attempted
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to overcome these shortcomings by matching production data. However, in their
approaches, the rest of the reservoir parameters such as porosities and absolute
permeabilities must be known. More recent works in automatic history matching, Landa
(1996 and 1997) and Phan (1999 and 2002) integrated several sources of static and
dynamic data in more effective computational algorithms in two-dimensional and three-
dimensional reservoir models. These models assumed that the relative permeabilities for
each phase are known from Corey correlations.

From the mathematical standpoint, because the history matching is an ill-posed problem,
introducing inaccurate relative permeability values may cause the solution to diverge or
to match the production history but with incorrect parameters. The second scenario is the
most significant since it would give a false impression of achieving the right reservoir
description.

The aim of this work was to study the influence of the relative permeabilities on the
distributed parameter estimation when history matching is performed. The relative
permeabilities were parameterized using the Corey model and included in the inverse
mode. Thus, the relative permeability parameters were treated as additional unknowns

along with porosities and absolute permeabilities.



Section 2

M athematical Background

The reservoir can be modeled by means of mathematical equations. These equations must be
capable of representing or predicting the physical behavior of the reservoir when it is under an
external perturbation (e.g. change in well rates). In this case, reservoir parameters (absolute and
relative permeabilities and porosities) are known. This situation is called the forward problem and

can be schematized asin Figure 2.1.

Externd Paramet
Perturbation \/ ameters

Mathematical

'

Predicted Behavior

Figure 2.1: Forward problem.

Alternatively, in reservoir characterization problems, the reservoir parameters are

unknown. For these cases, the ideais to find a set of parameters that reproduce the true

-3-
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reservoir behavior when an external perturbation is applied. This second situation is

referred to as an inverse problem, asin Figure 2.2.

Externd .
Perturbation Y Real Behavior

Mathematicd
Mode€

'

Parameters

Figure 2.2: Inverse problem.

Defining the inverse problem can be divided into three main sections:
e Mathematical model.
e Objective function.

e Objective function minimization.

The general algorithm used to solve the inverse problem is shown in Figure 2.3.

Initial Guess

v

‘ » Reservoir Model  |[€——] External Perturbation

v

Parameter Update Objective Function

? No ¢

Optimization Algorithm  .«—— Stop Criteria achieve?
Yes i
End

Figure 2.3: Inverse problem general algorithm.
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Assuming an initial guess of the parameters, the reservoir model is initialized and the
response due to the external perturbation is calculated. The objective function compares
the ssimulated response with the real response. Then, the stopping criteria are checked; if
these criteria are not reached, the optimization subroutine is called to generate a new
parameter set and the reservoir response is compute again. This loop is repeated until the

stopping criteria are reached.

2.1 Forward Problem Equations

In order to solve the forward model, a mathematical system of equationsis required. This
mathematical system is based on physical laws that govern the reservoir fluid dynamics:

e Law of mass conservation.

e Darcy'slaw.

e Capillary pressure equations.

e Relative permeability equations.
e [Equations of state.

The law of mass conservation is a material balance written for a component in a
representative elementary volume of the system modeled. Let V be a representative
elementary volume whose surface S is crossed by a flux of mass of component c.
Assuming that the mass transfer by dispersion and diffusion is negligible and isothermal
and no chemical reaction occurs, the law of mass conservation for reservoir standard

conditions can be stated as:
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Inflow of ¢ ] Outflow of ¢ .\ Snk/Source | Accumulation of -
across the across the term - cwithin (21)

Rewriting Equation (2.1) for a system with np phases:

(22)

The surface integral in Equation (2.2) may be change into a volume integral through the
divergence theorem. Besides, the representative elementary volume may approach to zero

sinceit is chosen arbitrarily. Thus, Equation (2.2) iswritten as:

ZV(_“"”J”‘: Y ( chs] ° 23

p P—l p

where q. is the flow rate of component ¢ per unit reservoir volume at standard conditions

such:

= Z (2.4)

p=1

Equation (2.3) is the material balance differential form for component c. For the purpose
of this work, two immiscible components are considered, oil and water; consequently,
two phases will be present in the reservoir at maximum. Since there is no gas present,
both fluids are considered dlightly compressible. In addition, capillary forces are

neglected. The resulting material balance equations for each phase are:

T FER R
B ot

(o]

-6-
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u, ). o R
V|l |4y 2| g =0
( B, } o [¢ B, SA,] + 0y (2.6)
Darcy’s Law is the equation that governs the motion of the fluid through the porous

media and can be written for each phase as follow:

l_jo = _k(%](vpo - pogVZ) (27)

o

k
d, =—-k| ™ ((Vp, — Vz
w =(ﬂwj( P~ PuGV2) (2.8)
For Equations (2.7) and (2.8) it was assumed that the medium is heterogeneous and
isotropic and Cartesian coordinates with z-axis vertical and oriented downwards.

Substituting Equations (2.5) and (2.6) into Equations (2.7) and (2.8) respectively the

forward model main equations are obtained:

V[ (Y, - pogV2) | +q, =i£¢ij

ot B, (2.9)
J( .S,
where A, and A,, are the mobilities for oil and water phases respectively defined as:
et
= K| —— p = 0, w ]
p = Bp:up (2 11)
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In order to take into account the variation in the pore volume caused by changes in the
pressure gradient, the following approximation is used to calculate the reservoir

porosities:
¢ =¢°(L+ce(p-p°)) (2.12)

Additionally, relative permeabilities are parameterized using Corey curves (Corey 1954)

o (1-5,-Se )"

krO - kro[l_ S\NC _ Sor j (2.13)
o S-S )"

k., = k,w[—l_ 5 5 j (2.14)

Given the fact that the fluids are assumed dightly compressible, formation volume factors for

both oil and water become:

1 1 ,
g—§(1+ c,(p-p°) (2.15)

(o] (o]

1 1
B @(“ c.(p-p°))

w (2.16)

Similarly, density equations can be written for oil and water:
po=p3li+c,(p-p°) (217)
pu=pali+c,(p-p°) (218)
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The forward model is isotherma and the viscosities of the oil and water are weak
functions of the pressure, so assuming that they are constant will not introduce a great
deal of error in the results and will save programming and computational time.

2.2 Objective Function

The main aim of the reservoir parameter estimation problem isto find a set of parameters
such that the reservoir mathematical model response is as close as possible to the real
reservoir response. In order to measure the agreement and minimize the discrepancy of
both responses, an objective function must be constructed. The objective function with
most extensive use is the weighted |east squares:

nobs 2.19
E = Zb: Wi (diobs _ dicalc )2 ( )

i=1

where nobs are the number of observed data and E, the error, is a measure of discrepancy

between the observed data, d® and the resulting data generated by the mathematical

reservoir model d™. The observed data used in this work were the bottom hole

pressures and water cuts so weight factors, wi, must be included into the sum to account
for their different order of magnitude.

2.3 Objective Function Minimization

The centra requirement is to minimize the objective function means to find a set of

parameters, ¢ = ¢, such that:
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E(@")=minE() (2.20)

aS)l

(2.21)

Yl
1]
N1 XN

=

¢ Porosity vector
k Absolutepermeability vector
k. Relativepermeability vector

As previously done by Landa (1997) and Phan (1998 and 2002), this work used the
Gauss-Newton algorithm for parameter estimation. In the same fashion as other gradient

methods, Gauss-Newton assumes that for a given a,such that VE#0, it is aways

possible to decrease the value of E by finding a descent direction and an adequate step

Size.
E(@,)>E(@,+6p) (2.22)

P descent directionwith ||f|=1
0 stepsizewithd >0

For unconstrained minimization, assuming that E is a smooth function, the necessary

conditions for & to be aminimum are:

VE@)==| =0 (2.23)

and

-10-
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@'Ha>0 Va=0 (2.24)

where H isthe Hessian matrix of second derivatives of E,

H==7" (2.25)

Since E is assumed to be smooth, it can be linearized by means of a second-order Taylor

expansion in the neighborhood of ¢, :
E(a)=E(@, + Ad) = E(a,)+ VE" (@,)Aa + %A&T H(a,)Aa (2.26)
Calculating the gradient of Equation (2.26) and setting it equal to zero:
H(a,)Aa=-VE(&,) (2.27)

Computing the descent direction using Equation (2.27) is known as Newton’s method.

Premultiplying Equation (2.27) by Ad" :
Aa"HAa=-Aa" VE (2.28)

Newton’s method has the significant advantage of fast (quadratic) convergence; however,
adescent direction is not guaranteed if the second derivatives in the Hessian matrix is not
positive-definite. Another important shortcoming of this method is the fact that the
Hessian matrix must be computed, which may be expensive in computation time. The
Gauss-Newton method makes use of structure of the objective function structure in order

to calculate a positive-definite approximation to the Hessian matrix which only requires

-11-
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the first derivatives (less expensive to compute) and when closing to the minimum the

convergenceis still quadratic. Writing Equation (2.19) in matrix notation:

=+ + = ~ 2.29
E(O_Z):(dObS—dcalC)Tﬂ(dObs—dcalc) ( )
with,
obs  calc p’\?wbs - rjvc\?lc (5()
A = = (s (2.30)
W — Wy (0()
W Symmetricmatrix of constant weight factors
p.; Vector of bottom holepressures
W, Vector of water cut values
and differentiating Equation (2.30) with respect to the parameters,
a(a'obs _a'calc)_ aacalc G
@ aa = (2:31)
Using Equation (2.31) the gradient and the Hessian matrix of E can be written as:
VE=-26"W (d* -d=) (2.323)
a(G"W (@ - d=
ﬂ:av_.E:_z (: =( ~ ))ZZQTV_VQ_Z[Ul'“Ui"'Unpar] (233)
= Jda da = ==
defining U, as:
0G (e =
0 =—=W(d*®-d=° 2.34
=S ) (2.34

-12 -
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and the Gauss-Newton Hessian matrix, H  , is defined from Equation (2.33) as follows:

H., =2G'WG (2.35)
and Equation (2.27) becomes.
H . (@)Aa=-VE(d,) (2.36)

Provided that the weight matrix is positive-definite, the Gauss-Newton Hessian is
guaranteed to be at least semipositive-definite. The lack of positive-definiteness arises
form the fact that the reservoir parameters have different degree of influence on the

reservoir response; thus, columns of the sengitivity matrix, G, may vary several orders of
magnitude making the H  ~either singular or ill-conditioned. A common approach to
stabilize Gauss-Newton Hessian and overcome the difficulties above mentioned is the

modified Cholesky factorization method which introduces increments in the diagona

elements of H  ~ producing a positive-definite matrix. A detailed description of this

method can be found in Gill, Murray and Wright (1981).

2.4 Sengitivity Coefficients

The objective function, E, depends on the model response which is a function of the
reservoir parameters as can be seen from Equations (2.29) and (2.30). Hence, computing
the derivatives of the objective function means to compute the derivatives of E with
respect to the model response and then the derivatives of the model response with respect
to the parameters. The derivatives of the model response with respect to the parameters

are called sensitivity coefficients and are defined as:

-13-
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[od(X,t,a)]
oo,
Y\ % t.G 2.3
Vd:(a_dj _|ad(x.t,@) (2.37)
le3 L
ad(X,t, @)
i 0 ey |
where
a=p.KK) (2.38)

A computationally efficient procedure was one of the central points of the work of Landa
(1997) to calculate the sensitivity coefficients respect to porosities and absolute
permeabilities. The current work need Landa's approach to compute the sensitivity
coefficients with respect to absolute permeability and the less substitution approach to
calculate the sensitivity coefficients with respect to the relative permeabilities.

The substitution method can be represented in the following scheme:

1. Set a=a,
2. Solve d, =d(x,t,d,)

3. Fori=1to npar

—

=0!0| + &

i) where g are small numbers.

i) Solve d=d(X,t,a).

i od| _d-d,
804‘07:

4. End.

Including the relative permeabilities to the parameter estimation problem will add only
six additional parameters. Despite the fact this method is not so computationally efficient,

-14 -
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the small number of new parameters added will not decrease the overall performance of
the estimation algorithm to a great extent. The advantage is a significant gain in

algorithm simplicity.

-15-



Section 3

Results and Discussion

3.1 Reservoir Test Model

The reservoir test model consisting of a single-layer quarter five-spot configuration, as
shown in Figure (3.1), was used in al of the studied cases. The grid consists of 10 x 10 x
1 grid blocks. The length of each grid block in x and y directions is 132 ft and 100 ft in
the z direction. The value of absolute permeability was set to 500 md in x, y and z
directions for each grid block. Porosity of al grid blocks is 20% and the rock
compressibility is 4.8 x 10° psia* both at reference pressure of 3600 psia. The top of the
reservoir is at 8000 ft. Oil and water formation volume factor are 1.0 RB/STB a a
reference pressure of 3600 psia. Compressibility for oil and water are 5.6 x 10° psia® and
8.0 x 10° psia™ respectively at reference conditions of 14.7 psia. Reference densities for
oil and water are 49.1 Ib/ft® and 64.8 Ib/ft® respectively at standard conditions. Viscosities
are assumed constant and are 5 cp for oil and 0.29 cp for water. The reservoir temperature
is assumed constant at 692 °R. A summary of the reservoir model datais shown in Table
(3.1). Relative permeability curves are shown in Figure (3.2) and Table (3.2) shown the
values used to generate these curves. Data for both wells were generated with the
numerical simulator and can be seen in Figures (3.3) through (3.6).

-17 -
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3.2 Sensitivity Coefficients Analysis

Sensitivity coefficients for all relative permeability parameters were calculated for an
arbitrary grid block and the results are illustrated in Figure (3.7). Before the waterfront
arrival, sensitive coefficients are zero. A peak in sensitive coefficients occurs when the
waterfront arrives and then the values decrease (in terms of absolute value) after the
waterfront arrival. Since sensitivity coefficients can be interpreted in terms information
about the data, from Figure (3.7) it can be said that most of the information about the
parameters is contained in the waterfront; therefore, it is important to gather pressure and
water cut data when the breakthrough takes place. Besides, Figure (3.7) shows the
relation between the parameters. The sensitivity for the exponent n,, has an opposite sign
to the other two parameters relative permeability end point and residual saturation. This
relation means that an increase in n,, will necessarily produce a decrease in the remaining
parameters.

3.3 Influence of Relative Permeabilities on Estimated Absolute
Permeabilities

Using the data set generated with the numerical simulator, absolute permeability in the x-
direction was set as unknown with an initial guess of 300md for all blocks. In addition,
relative permeability parameters were set as unknowns one at a time totalizing six cases.
Initial guesses for relative permeability parameters and results are summarized in Figures
(3.8) through (3.19). In al cases, a good agreement between the production data and the
calculated data was achieved except for the case of the connate water saturation, Figure
(3.12), where the matching curves present some discrepancies with respect to the original
history. In addition, inversions that include matching residual saturations have more
difficult convergence and the computational time is higher than for the other cases. This

-18-
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behavior occurs because to modify residual saturations implies that both relative
permeability curves change resulting in a harder matching process. Calculated
permeability maps show a great deal of discrepancy compared to the true maps
demonstrating that matching the production history will not assure the correctness of the
inversion. From the permeability maps, it can be seen that the reservoir permeability
distribution follow two different patterns, a centra zone of high permeabilities
connecting both wells surrounded by two zones of low permesbilities and two external
zones of high permeabilities separated by a single central zone of low permeability at the
center of the reservoir. However, no matter which pattern is obtained the averages of the
calculated permeabilities are close to the true permeability average. This means that some
geological information should be supplied in order to constrain the inversion not in terms
of local values but in the reservoir big picture avoiding this kind of channel pattern result.
Furthermore, including water relative permeability parameters into the inverse problem
results in higher absolute permeability averages. Even for those cases where the
estimated relative permeability parameters were close to the true values the absolute
permeability distribution is not close to the right one.

3.4 Influence of Relative Permeabilities on Estimated Porosities

The same data set generated with the numerical simulator was used in this section. As
initial guess for porosity a value of 10 % for all blocks was chose. Initial guesses for
relative permeability parameters and results are summarized in Figures (3.20) through
(3.31). Except for the connate water saturation case, the calculated history matches the
numerical data set. As explained in previous section, including the residual saturationsin
the inverse problem leads to more difficult convergence and CPU time because both
relative permeability curves are modified simultaneously. Regarding the porosity

distribution, the results obtained are much better a those obtained for absolute

-19-
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permeability distribution. The porosity distribution seems to be less sensitive to the
relative permeability values than the absolute permeability distribution. Even when the
production data could not be matched so precisely, as Figure (3.24) illustrates, the
porosity distribution calculated agrees reasonably with the true distribution Figure
(3.25). Moreover, the average of the calculated porosities for all casesis equal or almost
equal to the true average confirming the low dependence of the porosity distribution on
the relative permeability.

-20-
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Producer

Injector
Figure (3.1): Reservoir grid.
Ax=Ay 132 ft
Az 50 ft
Reservoir Top 8000 ft
Ky 500 md
ky 500 md
ke 500 md
¢ 20 % @ 3600 psia
Bo 1 RB/STB
Bw 1 RB/STB
Uo 5.00cp
L 0.29cp
Do 49.1 10/t @ 14.7 psia
O 64.8 Ib/ft* @ 14.7 psia
Cr 4.8x 10° psia’@ 3600 psia
Co 8.0x 10° psia’ @ 14.7 psia
o 5.6 x 10° psia® @ 14.7 psia
Treservoir 692 °R
Pint 2500 psia

Table (3.1): Reservoir properties
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Figure (3.2): Relative permeability curves.

No 12
Nw 1.2
Sor 0.2
Sie 0.1

’ 0.4
K, 1.0

Table (3.2): Relative permeability parameters.
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Figure (3.3): Bottom hole pressure for injector and producer wells.
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Figure (3.4): Water cut for injector and producer wells.
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Figure (3.5): Flow rate for producer well.
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Figure (3.6): Flow rate for injector well.
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Figure (3.7): Sengitivity of pressure and water cut at producer with respect to the relative
permeability parameters.

-25-



SECTION 3. RESULTSAND DISCUSSON

6000 -
5500
5000
4500
4000
3500
3000 R —

2500 1 s AR
2000 § 7

1500 7

= Injector

—— Producer

A Calculated Data
X Calculated Data

Pwi (Psia)

...................

..................

0 200 400 600 800 1000
time (days)

----------------

—— Injector

Wet
o
o

‘

—— Producer
A Calculated Data
X Calculated Data

0 Bsssan : :
0 200 400 600 800 1000
time (days)

Figure (3.8): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and the end point of the water relative permesability curve.
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Figure (3.9): Estimated absolute permeabilities (x-coordinate) and the end point of the
water relative permeability curve.
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Figure (3.10): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and the exponent of the water relative permeability curve.
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Figure (3.11): Estimated absolute permeabilities (x-coordinate) and the exponent of the
water relative permeability curve.
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Figure (3.12): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and connate water saturation.
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Figure (3.13): Estimated absolute permeabilities (x-coordinate) and connate water
saturation.
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Figure (3.14): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and the end point of the oil relative permeability curve.
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Figure (3.15): Estimated absolute permeabilities (x-coordinate) and the end point of the

oil relative permeability curve.
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Figure (3.16): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and the exponent of the oil relative permeability curve.



SECTION 3. RESULTSAND DISCUSSON

True kx Calculated kx

y-axis
y-axis

200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200 1400
j— avg __
Kyiniia = 300 md k¥ = 568 md
No init = 0.80 No final = 1.32

Figure (3.17): Estimated absolute permeabilities (x-coordinate) and the exponent of the
oil relative permeability curve.
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Figure (3.18): Match of bottom hole pressure and water cut for absolute permeabilities (x-
coordinate) and residual oil saturation.
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Figure (3.19): Estimated absolute permeabilities (x-coordinate) and oil residual
saturation.
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Figure (3.20): Match of bottom hole pressure and water cut for porosities and the end
point of the water relative permeability curve.
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Figure (3.21): Estimated porosities and the end point of the water relative permeability
curve.
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Figure (3.22): Match of bottom hole pressure and water cut for porosities (x-coordinate)
and the exponent of the water relative permeability curve.
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Figure (3.23): Estimated porosities and the exponent of the water relative permeability
curve.
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Figure (3.24): Match of bottom hole pressure and water cut for porosities and connate
water saturation.
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Figure (3.25): Estimated porosities and connate water saturation.
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Figure (3.26): Match of bottom hole pressure and water cut for porosities and the end
point of the oil relative permeability curve.
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Figure (3.27): Estimated porosities and the end point of the oil relative permeability
curve.
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Figure (3.28): Match of bottom hole pressure and water cut porosities and the exponent
of the oil relative permeability curve.
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Figure (3.29): Estimated porosities and the exponent of the oil relative permeability
curve.
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Figure (3.30): Match of bottom hole pressure and water cut for porosities and residual oil
saturation.
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Figure (3.31): Estimated porosities and oil residual saturation.
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Section 4

Conclusions and Recommendations

This work discussed the influence of the relative permeability in the inverse problem to
estimate distributed parameters. The approach followed was to parameterize the relative
permeabilities using the Corey model and then treat those parameters as unknowns aong
with absolute permeabilities and porosities. Based on the results of the test cases

discussed in the previous section, the following conclusions can be drawn.

e Sengitivity coefficients, as measures of the information about the parameters
being estimated, indicate the importance of recording data when the breakthrough
occurs as well as the relationship between the parameters.

e The absolute permeability distribution is much more sensitive to the relative
permeabilities than porosity distribution. Indeed, using wrong relative
permeabilities may not affect the porosity distribution to a great extent.

e Connate water saturations and residual oil saturations should be obtained using

others sources instead of including them in the data inversion problem because the
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high degree of uncertainty they may add to the parameter estimation. Besides,

including them in the inversion increases the computer cost.

e In order to avoid the inverse model converging to a channel pattern model,

geological information should be integrated in the inverse mode!.

e Externa sources of information such as rock wettabilities or residual saturations
should be included to constrain relative permeability if they are included in the

invese problem.

e As was stated in Section 2, the numerical model used in this work does not
include capillary forces. Since relative permeabilities have a strong dependence
on them, capillary pressure should be considered in the model in future works.
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Formation volume factor
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Sie Connate water saturation

—

Transpose

time

—+

Volume

<

Darcy velocity vector

Spatia coordinate vector (X,y,2)
Weight

Weight Matrix

xi

= =

Vertical direction
Watercut

N

g

Symbols

Parameter

S R

Step size
Samall number
Porosity
mobility
Viscosity
Density
Difference

Gradient
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NOMENCLATURE

Superscripts
0 Reference conditions
cal Cdculated data

obs Observed data

Subscripts

C Component

np Number of phases
Oil phase

Phase

Rock

Water phase

s m T O
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