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Abstract

The objective of thisresearch has been to investigate the effectiveness of nonlinear
optimization techniques to optimize the performance of hydrocarbon producing wells.

The performance of a production well isafunction of several variables. Examples
of these variables are tubing size, choke size, and perforation density. Changing any of the
variables will ater the performance of thewell. There are several ways to optimize the
function of well performance. Aninsensible way to optimize the function of well
performance is by exhaustive iteration: optimizing asingle variable by trial and error while
holding all other variables constant, and repeating the procedure for different variables.
This procedure is computationally expensive and slow to converge--especidly if the
variables are interrel ated.

A prudent manner to optimize the function of well performanceis by numerical
optimization, particularly nonlinear optimization. Nonlinear optimization finds the
combination of these variables that results in optimum well performance by approximating
the function with a quadratic surface. The advantages of nonlinear optimization are many.
Using nonlinear optimization techniques, there is no limit to the number of decision
variables that can be optimized simultaneously. Moreover, the objective function may be
defined in awide variety of ways. Nonlinear optimization achieves quadratic convergence
in determining the optimum well performance and avoids atrial and error solution. Severa
different optimization methods are investigated in this study: Newton's Method, modified
Newton’s Method with Cholesky factorization, and the polytope heuristic.

Significant findings of this study are: the performance of Newton’s Method can be
greatly improved by including a line search procedure and a modification to ensure a
direction of descent; For nonsmooth functions, the polytope heuristic provides an effective
aternative to a derivative-based method; For nonsmooth functions, the finite difference
approximations are greatly affected by the size of the finite differenceinterval. This study
found afinite difference interval of one-tenth of the size of the variable to be advisable.
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Chapter 1

INTRODUCTION
The performance of a production well is afunction of several variables.
Q =f(Pres) Dtubing: Dchokes Dfiowlines Psep ) (1.1)

A changein any one of the variableswill cause a change in the performance of the well.
When designing a new well, or when analyzing an existing well, an engineer will attempt
to determine the combination of variables under his or her control that produces the “ best”
performance of thewell. A common procedure to determine the optimal combination of
these variablesisto develop amodel of the well and then use some form of trial and error
procedure until the engineer feelsthat the optimal mix of variables has been determined. In
addition to being quite expensive computationally, no certainty can be had that thisisthe
optimal mix of variables as opposed to just agood mix of variables. Fortunately,
mathematical techniques are available to determine the optimal mix of these variables
without performing atrial and error procedure.

Mathematically, optimization involves finding the extreme values of afunction.
Given afunction of severa variables,

Z =f(Xq1, X2, X3, -+, Xn) (1.2

an optimization scheme will find the combination of these variables that produces an
extreme value in the function, be it a minimum value or amaximum value. There are many
examples of optimization. For example, if afunction gives an investor’s expected return as
afunction of different investments, numerical optimization of the function will determine
the mix of investments that will yield the maximum expected return. Thisisthe basis of
modern portfolio theory. If afunction gives the difference between a set of dataand a
model of the data, numerical optimization of the function will produce the best fit of the
model to the data. Thisisthe basisfor nonlinear parameter estimation. Similar examples
can be given for network analysis, queueing theory, decision analysis, €etc.

Optimization has historically been used in the petroleum industry to alocate
production through pipeline networks, to schedul e transoceanic shipments of petroleum
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from supply sites to demand sites, to model refinery throughput, and to determine the best
use of limited amounts of capital. Lasdon et al. (1986) point out that the production sector
of the petroleum industry has seen few successful applications of optimization methods.

The objective of this research has been to investigate the effectiveness of nonlinear
optimization techniques to optimize the performance of hydrocarbon producing wells.
The study consisted of two primary phases: 1) development of awell model that determines
well performance, and 2) optimization of well performance with nonlinear optimization
techniques.

1.1 Optimization Studies in Petroleum Engineering

Optimization methodol ogies are the focus of the field of Operations Research, afield that
has only been in existence since the 1940's. Operations Research concepts were not
adopted by the petroleum industry until the early 1950's. The bulk of the literature since
then has been on linear programming techniques applied to reservoir management on a
macro-level. For adetailed treatment of optimization methodsin petroleum engineering,
see Aronofsky (1983).

Aronofsky and Lee (1958) developed alinear programming model to maximize
profit by scheduling production from multiple single-well reservoirs. Aronofsky and
Williams (1962) extended the same model to investigate the problems of scheduling
production for afixed drilling program and also scheduling drilling for a fixed production
schedule. Charnes and Cooper (1961) used linear programming to develop areservoir
model that minimized the cost of wells and facilities subject to a constant production
schedule. Attraet al. (1961) developed alinear programming model to maximize flow rate
subject to several production congtraints. All of these models used linear reservoir models
based on material balance considerations, and the reservoirs were generally assumed
uniform and single phase.

Rowan and Warren (1967) demonstrated how to formulate the reservoir
management problem in terms of optimal control theory. Bohannon (1970) used a mixed-
integer linear programming model to optimize a pipeline network. O'Dell et al. (1973)
developed alinear programming model to optimize production scheduling from a
multireservoir system. Huppler (1974) developed a dynamic programming model to
optimize well and facility design given the delivery schedule and using amaterial balance
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reservoir model. Kuller and Cummings (1974) devel oped an economic linear
programming model of production and investment for petroleum reservoirs.

Several investigators have attempted to couple numerical reservoir smulation with
linear programming models. The idea has been to use the reservoir smulator to generate a
linearized unit response matrix that could be used with linear programming models.
Wattenbarger (1970) developed alinear programming model to schedule production from a
gas storage reservoir using this technique. Rosenwald and Green (1974) also used
influence functionsin a mixed-integer linear programming model that optimized well
placement. Murray and Edgar (1979) used influence functions in a mixed-integer linear
programming model that optimized well placement and production scheduling. See and
Horne (1983), extending on work performed by Coats (1969) and Crichlow (1977),
demonstrated how to refine the unit response matrix using nonlinear regression techniques.
Thiswork was expanded by Lang and Horne (1983) to consider dynamic programming
techniques.

Asheim (1978) studied petroleum developments in the North Sea by coupling
reservoir simulation and optimization. Ali et al. (1983) used nonlinear programming to
study reservoir development and investment policiesin Kuwait. McFarland et al. (1984)
used nonlinear optimization to optimize reservoir production scheduling.

Noticethat virtually al of the previous research has attempted to model reservoir
performance by linearizing the reservoir performance and feeding this to some variation of
linear programming. The main focus in every case was to model the reservoir
performance. None of the models endeavored to optimize the well performance.

1.2 Modeling Well Performance with Nonlinear Optimization

A clarification of terminology is necessary. In the current literature, the expressions ‘ nodal
analysis and ‘production optimization’ are virtually synonymous. Thisleadsto confusion
between nodal analysis and nonlinear optimization. A natural question iswhat
distinguishes nonlinear optimization applied to hydrocarbon production systems from the
conventional procedure of nodal analysis. The distinction is quite simple: nodal analysis
finds the zero of afunction which yields the stabilized flow rate of awell (see Figure 1.1);
nonlinear optimization finds the zero of the gradient of afunction which yieldsthe
maximum or minimum value the function can achieve. To restate thisimportant distinction,
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nodal analysis finds a solution by locating the zero of a function; nonlinear optimization
finds the optimum solution by locating the zero of the gradient of an objective function.

Reservoir Performance
Curve
Pressure
Pressure Differentid
Stabilized Conditions
a - p| o 2RI S | a of--------=-—--- -
Solution : Solution |
/
Node Tubing Performance ' Node r
o I Root of I
urve | . |
: Function |
I I
I I
Flow Rate o* Flow Rate o*

Figure 1.1: Graphical Examples of Nodal Analysis.

The mathematical basis of nodal analysisisrelatively straightforward. Several
submodels are coupled together to provide aworking model of awell (see Figure 1.2).
The procedure of nodal analysisisto find the root of the function that causes the pressure
differential at the solution node to vanish. Thisroot will be the stabilized flow rate that the
well will achieve for the given well conditions. Thus, nodal analysisis not any form of

Outpuit:
Oil Flow Rate

Input:

Choke Size Separator
Pressure
Input:
Tubing Size

Figure 1.2: Schematic of a Well Model.




optimization, it is merely the procedure of finding the stabilized flow rate that satisfiesthe
function of well performance. The confusion with optimization arises because some people
will use nodal analysisin an exhaustive manner to optimize asingle variable ( e.g., tubing
diameter). By holding al other parameters constant, a single parameter is varied to see
where the maximum stabilized flow rate will occur. For more information on nodal
analysis and ‘ production systems optimization’, see Brown (1977), Chu (1983), Brown
and Lea (1985), Golan and Whitson (1986), Lea and Brown (1986), and Hunt (1988).

Itistrivia to optimize afunction of asingle variable: smply plot the variable
against the objective criterion and take the extreme value. A single performance curveisall
that isrequired. Matters become complicated if afunction of several variablesisto be
optimized, particularly if the variables are interrelated. To optimize afunction of two
variables, aperformance curve of thefirst variable plotted against the objective criterionis
required for every discrete value of the second variable. The single performance curve
required to optimize one variable balloons into afamily of performance curves when two
variables are optimized. If three variables are optimized, afamily of performance curvesis
required for every discrete value of the third variable. This manner of optimization rapidly
becomes intractable because it suffers from the curse of dimensionality--the work involved
increases rapidly as additional dimensions are added. Thisiswhen the potency of
numerical optimization becomes very obvious.

Using nonlinear optimization techniques, there is no limit to the number of decision
variables that can be optimized concurrently. All that isrequired is an objective function
that takes al of the decision variables as input and determines the objective variable.
Examples of different objective functions are numerous: to maximize the present value of
the production stream, to maximize the net present value of the well, to maximize
cumulative recovery on an equivalent barrel basis, to minimize the cumulative gas-ail ratio,
to minimize the cumulative water-oil ratio, to minimize total investment per equivalent
barrel produced, to maximize the rate-of-return of the well, and so on.

As previously mentioned, the study consisted of two primary phases: 1)
development of awell model that determines well performance, and 2) optimization of well
performance with nonlinear optimization techniques. Chapters 2 through 5 discuss the
intricacies involved in the design and development of the various components of the well
model as follows: Chapter 2 discusses reservoir material balance and inflow performance,
Chapter 3 discusses multiphase flow through vertical tubing, Chapter 4 discusses
multiphase flow through surface chokes, and Chapter 5 discusses the separation facilities.
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Chapters 6 through 8 discuss the integration of the well model with the nonlinear
optimization methods and the conclusions that were drawn. Chapter 6 discusses the theory
and implementation of nonlinear optimization techniques. Chapter 7 describes the results
of optimizing the well model with various types of nonlinear optimization techniques.
Chapter 8 concludes the report by discussing significant findings and proposing ideas for
future research.



Chapter 2

RESERVOIR AND INFLOW PERFORMANCE

To replicate the reservoir and inflow performance of a hydrocarbon production system, this
study adopted areservoir model developed by Borthne (1986) at the Norwegian Ingtitute of
Technology. The model was originally designed with just this purpose in mind--to provide
asimple but functional reservoir component to beincluded in alarger model. The model
provides an accurate representation of constrained reservoir performance that requires
minimal computer processing. Since the model wasto be used in an optimization study
that would require numerous function evaluations, the speed of the model was important.

Borthne's (1986) modd is a black-oil model that performs a generalized materia
balance calculation in concert with an inflow performance relationship based on
pseudopressure. The model derivesits processing speed from making several simplifying
assumptions. Some of the major assumptions are:

» Thereservoir is homogeneous, isotropic, horizontal, cylindrical, and of
uniform thickness;

» Thereservoir isazero-dimensiona single cell that is bounded by no-flow
boundaries;

* Thereservair isinitialy saturated with a single phase fluid--either oil
above the bubble point or gas above the dew point--and immobile connate
water;

» Thereservoir drive mechanism is solution-gas drive for oil and depletion
drivefor gas;

» The producing gas-ail ratio is constant throughout the reservoir;

 Production occurs under pseudosteady state conditions and at a constant
rate;

» Capillary pressure, gravity effects, and coning are negligible.



The reservoir model is constrained by both pressure and flowrate. 1n addition to specifying
aminimum flowing well pressure, two flowrates must be specified: a minimum flowrate
and a maximum target flowrate. The model attempts to satisfy the target flowrate without
violating the minimum flowing well pressure.

2.1 Reservoir Material Balance

Reproduced hereis the theory and procedure of the “generalized” material balance method
as implemented in the reservoir model developed by Borthne (1986). For amore
exhaustive treatment on the subject, the reader isreferred to Borthne' sthesis.

For the following discussion, a ssimple notation scheme is employed. A variable
may be given a superscript of S or R, denoting standard conditions or reservoir conditions,
respectively. Those without a superscript are implied to be standard conditions. In
addition, avariable may be given atwo letter subscript, such as OO, OG, GO, or GG. The
first letter of the subscript indicates the current phase of the variable and the second | etter
indicates the source phase of thisvariable. For example,

pGSO
isthe standard density of gas derived from free reservoir oil. Similarly,
Ve
isthe reservoir volume of oil, and
Qoo
is the standard volumetric flow rate of oil derived from free reservoir ail.
Using this notation scheme, the formation volume factors may be expressed as

Bo = Vo (2.1)
R
B, = VG (2.2)

The solution phase ratios may be expressed as



V& (2.3)

3 (2.4)

where

R is the solution gas-oil ratio
rsisthe solution oil-gas ratio

It should be made clear that the model allows both phases to contain the other phasein

solution as shown in Figure 2.1.

Surface Oi

(R&eervoir Oil ) Reservoir Gas

Figure 2.1: Phase Behavior Assumptions of Reservoir Material Balance Procedure.

Though frequently derived in terms of avolumetric balance, conservation of mass
provides the basis for the mathematical development of the reservoir material balance. The
law of conservation of mass for flow in porous mediais

om _ .(k P DP)VB (2.5)

where

om is the accumulation of massin the reservoir



g isthe mass production rate from the reservoir, the source-sink term, and

k p OP . . .
D.( P )VB isthe mass flux term across the reservoir boundaries.

A material balance considers the reservoir to be asingle cell with no-flow boundaries.
Therefore the mass flux term is zero and the equation simplifiesto

om ..
—_— + = 2-6
ot a=0 (26)

Discretizing and multiplying by atimeinterva At yields
Am+qAt=0 (2.7)

which smply states that the change of fluid mass in the reservoir must be equivalent to the
mass of fluid that was produced or injected.

Equation 2.7 consists of a mass accumulation term and mass source-sink term. The
accumulation term consists of the change in the mass of the reservoir fluids over time. The
fluid massin the reservoir at any given time (implied standard conditions) may be given as

Mo =Moo + Mog (28)

where
Moo = cpSg (E)oso Ve (2.9)
Moe = cpS; go% Va (2.10)
mee = CPSS CE)GSG Ve (2.11)
Moo = cpSg SGSO Ve (2.12)
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The source-sink term of Equation 2.7 consists of flowrate terms. These flowrates,
defined for the production of oil and gas, are

Jo = Joo *+ Goc (2.13)

e = Yec *+ doo (2.14)
where

too = doo PG (2.15)

GoG =0aG s posc’s (2.16)

ticG = GG P& (2.17)

tico = Goo Rs PO (2.18)

Now we introduce a new superscript, the double quotation mark (" ). This
superscript means that the variable has been normalized to the reservoir bulk volume (i.e.
X" =X I'Vg), thus making the variable dimensionless. Substituting the mass terms and the
source-sink terms back into Equation 2.7 results in four mass-balance equations for oil
from ail, oil from gas, gas from gas, and gas from oil:

s
Bo
S
G
Se P |, 2.21
A([)B&‘l'qGGpGSGAt:O (2.21)
G
s
A o ES Pco |, oo Rs 0, At = 0 (2.22)
0

Combining and simplifying yields two expressions for standard oil and gas production:

S S
A(‘pi+mp& +Q60At+q&'3(3ﬂtrspﬁ=0 (223)
Bo Bg pCS)O, pOSO
Se . SoRs P! . - : P& (2.24)
A(pBi"'BiS% +qGGAt+qooAtRS GSO:C) )
¢ © pcs/] PcG

11



The volumetric flowrates of both free reservoir oil and free reservoir gas are present in
these equations. These may be related to each other by Darcy’s law for flow in porous
media

Oo = A KKra p (2.25)
Ha
as
GooBo=C1 kro (2.26)
Ho
- A (2.27)
He

where C; and C, are constants. Capillary pressure is assumed to be zero, so C; = C, and

doo Bo Ho _ dcs Ba Ko (2.28)
kro kra

which, expressed as a gas-oil ratio, is

dec _ kreBolo (2.29)
Ooo KrOBcHG

Multiplying by the time step At resultsin

AGgg _ kra BoHo (2.30)
ANgo  KroBa Mo

where AGqg isthe incremental gas production from free reservoir gas for time step At and
ANoo istheincremental oil production from free reservoir oil for time step At expressed as

AGgc = Ogg At (2.31)
AN = Gop At (2.32)
Substituting these three expressions back into Equations 2.23 and 2.24 gives

So, So's Pas

Pcs kra o Bo| _ (2.33)
Bo  Be p&,

A
pS, kro UG Be

® +ANgo[1+Ts

12



o So + SoRs peo)

BG Bo PG

+ AN | XRe Ho Bo Rs@
90\ kro He B P

These two equations are the oil materia balance equation and the gas material balance
eguation. Notice that they are both written in terms of the incremental oil production,
ANE)O . These two equations may be abbreviated with the following definitions:

« _ P3G (2.35)
Po= s
Poo
. _Pgo (2.36)
Pe= s
Ye'e
and at time K
AOK =@ So , Se'sPo (2.37)
Bo Be
AGy = (p( S, SoRsPG (2.38)
B Bo
ROk (1 LTs Po kra Ho Bo) (2.39)
kro HG Bs
+  Kre HoBo
RGk =[R *reHo Bo (2.40)
T ( sPe* kro MG Be
Substituting these definitions into Equations 2.33 and 2.34 yields the expressions
AOk - AOx1 + ANgo ROavG = 0 (2.41)
AGy - AGk.1 + ANoo RGayg = 0 (2.42)

Theterms AO and AG represent reservoir conditions at the beginning and end of the time
step, specifically at timest,_; and tx, whereas RO and RG represent the average properties

over thetime step. |deally, we would like to evaluate an expression such as

HAL (243)
ROAvG = Alt RO( P) o dt
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but the estimation of this term would be impractical. Instead, we use arithmetic averages

ROavG = (W) (2.44)
RGv = (RO ROk (2.45)
Once we have solved for ANE)O, we can solve for the total incremental oil and gas
production for the time step as
ANp = ANoo ROave (2.46)
AGp = ANGo RGave (2.47)
Substituting Equations 2.46 and 2.47 into Equations 2.41 and 2.42 yields
AOk - AOk.1 + ANp = 0 (2.48)
AGy - AGx.q +AGp=0 (2.49)

Thus, the materia balance errorsfor the oil and gas material balance equations may be
expressed as

AEq = AOk - AOk.1 + ANp (2.50)
AEg = AGy - AGy.1 + AGp (2.51)

The solution procedure for the generalized material balance method when the preferred
phaseisoil isasfollows:

1. Specify the constant oil rate, dg , and the time step length, At.

2. Determinethetotal incremental oil production, AN;.

ANp = g At

14



. Estimate the average reservoir pressure at the end of the time step. Use
thisin conjunction with the known average reservoir pressure at the
beginning of the time step to determine the average reservoir pressure
over the length of time step.

PR:

o )
2

Use this average reservoir pressure to determine the pressure dependent
properties Bo, Bg, Rs, I's, Ho, Ha, Po, P, and @.

. Calculate oil saturation, Sy, from Equation 2.41 which may be rewritten
as

So , (1-Sw-So)rspo

- AOk.1 + ANp =
Bo Bo Ok-1 p=0

K

¢

Since AO 1 was calculated at the last time step, Sy is the only unknown.
. Cdculate the gas saturation
Se=1-Sp-Sw

. Caculate the relative permeability ratio as afunction of gas saturation.
Thisisdone by linear interpolation of log(krg / krp) versus Sg. If krg
or kg is zero, the logarithm is approximated by alarge negative or
positive number, respectively.

. Calculatethe terms AOy, AGy, RO, and RG.

. Calculate incrementa oil production from free reservair ail, AN(;O, using
the oil material balance (Equation 2.41). The term, ANoo, links the ail
material balance (Equation 2.41) with the gas material balance (Equation
2.42).

. Determine the total incremental oil production, ANp, and the total
incremental gas production, AGp, from Equations 2.46 and 2.47.

15



10. Calculate the material balance error, AEg, from the gas material balance
equation (Equation 2.42).

AEG = AGy - AGk.1 + AGp

Since the oil material balance equation was satisfied in step 8, it gives no
contribution to the error.

11. Proceed, beginning with step 3, until the material balance error converges
to within a specified tolerance.

2.2 Reservoir Inflow Performance

The purpose of the reservoir inflow performance component isto relate the average
reservoir pressure to the bottomhole flowing pressure according to the flowrate. Once
again, for amore exhaustive treatment on the theory and procedure of the inflow
performance as implemented in this model, the reader isreferred to Borthne' sthesis
(1986).

Darcy’slaw provides the fundamental relationship between the average reservoir
pressure, the flowing well pressure, and the production rate. For radial flow, Darcy’s law
IS

doBo _ kkro 0P (2.52)
2nirh o or

Integrating from the wellbore radius to the radius of drainage

GoBoy = | kkroOP 4 (2.53)
21rh Mo oOr
yields the equation
Pe
- 2mkh kro (2.54)
Qo= dP
In(re/fw) » HO Bo
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whichisvalid for steady-state, radial flow, and constant production rate. The expression
may be modified for pseudosteady-state flow by the inclusion of a skin term

PR
21k h Kro  g4p (2.55)
n(re/fw) - 0.75 + S+Ddp Ho Bo

Pt

qo:|

Using the concept of pseudopressure, defined as

- | kro (2.56)
m(P) = dP
(F) jo Ho Bo
the above expression may be written as
Go =, 2Tikh [(m(PR) - m(Pu) (257)

n(re/fw) - 0.75 + S+Dqy

Theail flow rate in this expression refersto the oil flow rate in the reservoir. The flow rate
may be converted to a standard flowrate by expanding the pseudopressure integrand to
include aterm that accounts for oil originating from the reservoir gas.

(2.58)

_ kro . krc's
m(P) = + dP
(P) f (Ho Bo McBg

Notice that for a nonvolétile gas, where the oil-gasratio, rg, is zero, the equation reduces to
Equation 2.56. The corresponding equation for gas with oil in solution is

" 2.59
m(P) = ( kre 4 kroRs) gp (2:59)
. MeBs HoBo

We now have aflow equation in terms of modified pseudopressure. The pseudopressure
iIsafunction of both pressure and saturation. By assuming a constant producing gas-oil

ratio, arelationship may be found between saturation and pressure. 1n the preceding
discussion of the reservoir material balance, the producing gas-oil ratio, Rp, was

approximated by

Rp=8Cp (2.60)
ANp
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Substituting the gas material balance equation for AGp and the oil material balance equation
for ANp and defining the mobility ratio as

M = <Re Ho Bo (2.61)
kro He Bg
Equation 2.60 may be rewritten as
_ ANgo (M +Rs pg) (2.62)

Rp

ANGo (1 + 15 po M)
which solving for the mobility ratio yields

_ Rp-Rspg (2.63)
1-Rerspo

M

Having ca culated the mobility ratio from the material balance equations, we may use the
definition of the mobility ratio, Equation 2.61, to determine the relative permeability ratio.
Since the relative permeability ratio is a monotonic function of phase saturation, either oil or
gas, we may determine phase saturation as afunction of pressure for each time step.
Subsequently, we may use the phase saturation to determine the individual relative
permeability values, kg and kg, to be used in the pseudopressure function.

The déliverability expression initsfinal form, in terms of pseudopressure, is

PR
( kro , kre rs) 4P = OIOIn (re/fy) - 0.75 + S+Dgq (2.64)
HoBo HcBec 2mkh

Paf

where the right-hand-side of the equation is a constant for each time step. A Newton-
Raphson procedure isimplemented to find the flowing well pressure that sets the numerical
integration of the left-hand-side equal to the constant on the right-hand-side.
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Chapter 3

VERTICAL MULTIPHASE FLOW IN TUBING

Multiphase flow is a complex phenomenon that is common in all facets of hydrocarbon
production systems. Multiphase flow occursin the reservoir, in the production string, in
the surface pipeline, and throughout the refining process. Typically, an operator will
separate the phases at the earliest opportunity to avoid the difficulties associated with
flowing multiple phases in the same conduit. However, there are many instances where
multiphase flow cannot be eliminated and must be incorporated in the design. For instance,
hydrocarbon developments in the deep offshore environment may not have the luxury of
immediate separation facilities.

Multiphase flow analysisis used primarily to model the pressure loss that occurs
over asegment of conduit. However, it isalso used in the design of phase separation
facilitiesto predict liquid ug sizes that the facilities must be able to accommodate.

No completely satisfactory correlations presently exist and, in the view of the
extreme complexity of the flow mechanism, it isunlikely there soon will be. Currently,
correlations are known to work acceptably under certain sets of conditions and are used
accordingly. For agood treatment of two-phase flow correlations, see Brill (1978).

Thefollowing is adiscussion of the implementation of the multiphase flow
component of the well model used for the optimization.

3.1 Principles of Multiphase Flow

The flow of multiphase mixtures is much more difficult to model than single phase-flow.
Whereas single-phase flow may be characterized by laminar or turbulent flow, multiphase
flow analysis must consider the quantity of the phases, the flow pattern of the phases, the
interfacial tension between the phases, stratification between the phases, and the different
velocity of the phases. Typicaly the phases will move at different velocities due to
variation in phase densities and viscosities. The disparity in the phase velocitiesis referred
to asthe dip velocity. Due to the phases“dipping” past each another, the relative
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concentrations of the phases inside the system are distinct from the rates the phases are
crossing the system’ s boundaries. Since the phases are not moving in tandem, the phase
volumes inside the system cannot be directly inferred from the phase flowrates. The
difference between the in situ concentrations inside the system and the concentrations of the
phases flowing though the system is known as the holdup phenomenon. Much of the
attention of multiphase flow research has been directed at predicting liquid holdup and
phase slippage.

Now let us define the primary variables used in multiphase flow analysis. Liquid
holdup, H, , is defined as the volumetric fraction of liquid residing inside the conduit

_ Volume of liquid
Volume of conduit (3.1)

L

Thisisthe true concentration of liquid in the conduit accounting for dippage between the
phases. If the boundaries of the system were instantaneously closed and the system were
allowed to achieve static equilibrium, thisisthe fraction of liquid that would settle out. On
the contrary, the no-dlip liquid holdup, A, , assumes no slippage between the phases and
therefor the concentration of the phasesin situ is the same as the fractional flow rates
through the system

=g (32)
QL +Qc '
Conversely
He=1-H_ (3.3)
Ae=1-A (3.4)

The dlip density and the no-dlip density are defined as
pPs=pL HL + pc He (3.5)
PNs=PL AL *+ Pc Ac (3.6)
Similarly, the dlip viscosity and the no-dlip viscosity are defined as

hs = W pEe (3.7)
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Mns =ML AL *+ PG A (3.8)

The superficia velocity of aphaseisthe velocity the phase would exhibit if it were the only
phase in the system and had access to the entire cross-sectiona area of the conduit. The
superficia velocity for gasand liquid are

Ves=X e Vas (39)
and the velocity of the mixture isthe sum of the superficia velocities
Vm=Vgs+ Vg (3.10)
The superficia phase velocities differ from the true velocity of the phases which are
Vo= AQGHG and VLT AQQL (3.11)
Slip velocity is defined as the difference between the true velocities of the phases.
Vs=Vg-VL (3.12)

Most multiphase flow correlations only attempt to model binary systems. In the context of
hydrocarbon production, the two phases are typically taken to be gas and liquid. If more
than one liquid phase is being considered, such as oil and water, then aweighted average
of the liquid parametersis used.

pL = pofo+ pw fw (3.13)
UL = Mo fo + Hw fw (3.14)
oL =0pofo+owfw (3.15)
where
fo= 0
Qw+ Qo (3.16)
and
fw = Q\N(?:-NQO (3.17)



3.2 Derivation of the Mechanical Energy Equation

The theoretical basis of multiphase flow equationsis the general energy equation, an
expression for the conservation of energy. Simply put, the energy equation requires that
the energy of afluid entering a system, plus any shaft work done on or by the fluid, plus
any heat added to or taken from the fluid, plus any change of energy with timein the
system, must equal the energy leaving the system. For the energy equation to be practical,
it must be expressed in amechanical form. Govier and Aziz (1972) showed that the
mechanica energy equation may be derived from either the momentum equation or the
genera energy equation. Reproduced here is the derivation from the general energy
eguation. Starting with aform of the general energy equation for two phases, a and 3,

Mg Vo 0V , MaVpdVp

_ g
dZ—(MG+MB)—dZ+Maqu+MBdHB+ O O o5 0o

dc

(3.18)

we must first convert the equation to include only mechanical forms of energy. We do this
by substituting, in place of the enthalpy terms, terms involving irreversibilities that account
for any degradations of mechanical energy to internal energy. The equation becomes

Ma Vo dVo , MaVedVp
0o Oc 0 gc
+ Mg dPg + Mg ddg =0 (3.19)

(Ma+ Mg ) 5 dZ + (M Ua + Mg ug) dP+

Rearranging, the equation becomes

Mg+ M Mg Vg dV
dp=[% P B gdZ+ MGVGdVO‘+ BIRTTR 1 (3.20)
Qu+Qp )9c Oa Oc dgdc /Qu+Qp
+
Qu *+Qp

Distinguishing between the irreversibilities that occur in each phase is arbitrary, so we
group al of theirreversibility termsinto asingle term
Mgy d®y + Mg dd
-dP; = a a B B
Qu *+Qp

(3.21)

and the equation becomes
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Mg Vg dV
dp=_1 [(MG+MB)gdZ+MO‘V“dVU+ S s

1 _dP
Qd + QB gC Oa Oc GB Jc ] F (322)

Applying the equation to afinite length of the conduit, inclined at an angle 6 from
horizontal, and defining AP = (P, - P,), the equation becomes

My +M
AP:( o B)gLsine+

2 2
Ma+Mp Mo (VE,-VE) | Mg (Vi - Vi
Qa"’QB 9c

-dP (3.23)
200 (Qu+Qp)oc 20p(Qu+Qp)ac|

This equation may be expressed as a pressure gradient and generalized to aform consisting
of threeterms

2 (@) (2 * (2 024

where

dP
(ﬁ) 1S the pressure gradient due to hydrostatic head,
or potential energy, of the fluid,

dP
(ﬁ) ke 1Sthe pressure gradient due to the acceleration,
or kinetic energy, of the fluid, and

dP
(&) ¢ Isthe pressure gradient due to friction.

The impetus of most multiphase flow correlations isto predict the potential energy
effect by accurately predicting the liquid holdup. Of secondary interest is how to best
predict the two-phase friction effect. The kinetic energy effect, which is usually negligible,
has largely been ignored by the research community.

The many empirical correlations that have been developed to model the performance
of two-phase flow in conduits may be distinguished in the manner they determine these
three components. Correlations may easily be classified by whether the correlation
accounts for dlippage between the phases and whether the correlation alows for different
flow regimes. Many of the earlier correlations assume no slippage between the phases and
do not distinguish between different flow regimes. Correlationsin this category include
Poettmann and Carpenter (1952), Baxendall and Thomas (1961), and Fancher and Brown
(1963). Hagedorn and Brown (1965) allow for dlippage between the phases but do not
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account for different flow regimes. The more recent correlations of Duns & Ros (1963),
Orkiszewski (1967), Aziz et al. (1972), and Beggs & Brill (1973) account for slippage
between the phases and provide different algorithms to model different flow regimes.

3.3 The Correlation of Hagedorn and Brown (1965)

The version of Equation 3.24 presented by Hagedorn and Brown (1965), in field units, is

2 n2 BS A(VM)
144 8P = g 4 4Tm( Qo Qu ) MT, 77 120c (3.25)
AZ 2.9652 x 101 D® pg AZ '

Hagedorn and Brown (1965) adopted an approach of backing out the liquid holdup. After
obtaining multiphase flow performance data from an experimenta well, the acceleration
term and the friction term were solved in the conventional manner and then avalue of liquid
holdup was calculated to satisfy the observed pressure gradient. Thus the liquid holdup
used in the above equation is not a true measure of the volume of the pipe occupied by the
liquid but is merely a correlating parameter.

To correlate the liquid holdup, Hagedorn and Brown (1965) drew upon the
dimensionless groups defined by Ros (1961). These are Ny, the liquid velocity number;
Ny g, the gas velocity number; Np, the diameter number; and N , the liquid viscosity
number, modified by Hagedorn and Brown (1965) as

NLv = 1.938 Vg /PL /g, (3.26)
Nev = 1.938 Vg y/PL /g, (3.27)
Np = 120.872 D +/PL /g, (3.28)
NL = 0.15726 p 4/ 1/pLGE (3.29)

These four numbers are used in conjunction with three graphs published by Hagedorn and
Brown in their origina paper (1965) to obtain H,_ asfollows:

* N isused with thefirst graph to obtain the product CN| , where Cisa
correlating parameter.
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Nov NLO.38
N2 14
second correlating parameter.

0.1
. Theterm (|\]NQ,Lg/75) (é) (%) is used in association with the third graph
&

) H
to obtain the term (L

P

o Theterm is used with the second graph to obtain s, where pisa

) which yields the liquid holdup.

These graphs have been tabulated and are presented in Table 3.1.

Table 3.1: Correlating Functions of Hagedorn and Brown (1965).

GRAPH 1 GRAPH 2 GRAPH 3
Nov NO38 |y (N) P 0T (CNL (HL)
N CNL N2 14 N&,575 (Psc) (ND) 1
.002 .0019 .010 1.00 0.2 .04
.005 .0022 .020 1.10 0.5 .09
.010 .0024 .025 1.23 1. .15
.020 .0028 .030 1.40 2. .18
.030 .0033 .035 1.53 5. .25
.060 .0047 .040 1.60 10. .34
.100 .0064 .045 1.65 20. A4
150 .0080 .050 1.68 50. .65
.200 .0090 .060 1.74 100. .82
400 .0115 .070 1.78 200. .92
.080 1.80 300. .96
.090 1.83 1000. 1.00
Having obtained the correlated value for liquid holdup, the pressure gradient due to
hydrostatic head is simply
d£ = g + = g
(9P).,, = g (PLHL+ paHa) = o ps (3.30)

In determining the friction component, Hagedorn and Brown (1965) elected to
correlate a two-phase friction factor with atwo-phase Reynold's number using the standard
Moody diagram. The two-phase Reynold's number, as defined by Hagedorn and Brown
(1965), is
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_pPnsVu D
g=PNSYME

Rey
Hs

(3.31)

Having obtained the two-phase friction factor from a Moody diagram using the two-phase
Reynold’' s number, the friction component of the total pressure gradient is given by

2 2
dP) _fmPdsV
(dZ) F  20cpsD (3.32)

We can account for the accel eration effects of the kinetic energy component by
defining Ex as

£, = M VsG Pns
K gc P (3.33)
Thetotal pressure gradient isthen given by
£, (8
dP _\dZ/yy \dZ)k (3.34)
dz 1-Ex

Treating the accel eration component in this fashion requires caution: asthe value of
Ey approaches one, the total pressure gradient becomes indeterminant. Thisis physically
analogous to sonic or choked flow and is common for high gas velocities at |ow pressures.
Since numerical instabilities arise as you begin to approach one, the value of Ey istypically
constrained below acertain ceiling value. Inthe model developed for thisreport, Ey is not

alowed to exceed a conservative value of 0.6.

Many people employ amodified version of the Hagedorn and Brown (1965)
correlation, the modification being that the Griffith and Wallis (1961) method is used for
the bubble flow regime. The Griffith and Wallis (1961) modification is made if

Vs
vy B (3.35)
where
2
Lo=1071- 028V ;5013 (3.36

If the bubble flow regime isindicated, then the liquid holdup for bubble flow, as
determined by Griffith and Wallis (1961), is given by the expression
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2
H|_:1-% 1+V_M-V(1+V_M) 4Vss

Vs Vs Vs (3.37)

where the dlip velocity, Vg, is assumed to be constant at 0.8 ft/sec. The density component
of the total pressure gradient is determined from the expression

Py — 9, -9

The friction component for the bubble flow region is based solely on the liquid phase and is
given by

dp fm pL (\ﬁﬁ_‘)z
)" s

az 2gcD (3.39)
where the Moody friction factor is based on the Reynold’s number of the liquid
_pPVa D
Re= (3.40)

The acceleration component was considered to be negligible in the bubble flow regime.
Therefore, the pressure gradient in the bubble flow regime is given by

(g%)BUB ) (g%)HH * (g%)F (3.41)

3.4 The Correlation of Aziz, Govier, and Fogarasi (1972)

Aziz, Govier, and Fogaras (1972) proposed a multiphase flow correlation that was
dependent on the flow regime. The Aziz et al. (1972) correlation has some theoretical
justification and is considered to be one of the least empirical correlations available. Four
flow regimes are considered: Bubble, slug, transition, and annular-mist (see Figure 3.1).
Aziz et al. (1972) presented origina correlations for the bubble and dug flow regimes and
used the method of Duns and Ros (1963) for the transition and annular-mist flow regimes.
The flow regimes are identified with the following variables:

P )1/3( 72 )1/4
0764/ 1624 0.

Nx = VSG( (3.42)
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(3.43)

Bubble Transition Migt

Figure 3.1: Flow Regimes of Aziz, Govier, and Fogarasi (1972).

Ny and Ny give the location within the flow map while the boundaries of the flow regimes

are given by
B2 = 0.51 (100 Ny)0-172 (3.44)
B,3 = 8.6 + 3.8 Ny (3.45)
B34 = 70 (100 Ny)0-152 (3.46)

The flow regimes may be identified as follows:

Bubble Flow: Ny < B1o (3.47)
Slug Flow: B12< Nx <Ba3 (3.48)
Transition Flow:  B23<Nx <Bas ; Ny <4 (3.49)
Annular-Mist: B3a < Nx (3.50)

TheAziz et al. (1972) flow map is presented in Figure 3.2.
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A paper by Hazim and Nimat (1989) proposed that the performance of the Aziz et
al. (1972) correlation could be improved by using other flow-pattern maps instead of the
map proposed by Aziz et al. (1972). For their specific data set, best performance was
attained when the Aziz et al. (1972) correlation was used in conjunction with the Duns and
Ros (1963) flow-pattern map.

Bubble

0.1

Annular-Mist

Transition

I I
1.0 10. 100. 1000.

NX

Figure 3.2: Flow-Pattern Map Proposed by Aziz, Govier, and Fogarasi (1972).

3.4.1 BubbleFlow Regime

To obtain the pressure gradient due to fluid density in the bubble flow regime, Aziz et al.
(1972) proposed to define the liquid holdup as

where the absolute bubble rise velocity is

and the bubblerise velocity is

1.V
Hi=1-y.; (3.51)
Vee=12Vpy + Vags (3.52)
oL g(pL - Po)\Ya
Vps= 141 (2) (3.53)
PL

29




The hydrostatic head component of the total pressure gradient is then

dP| - -9
(E)HH =gc (P HL+ P He) =4 Ps (3.54)

To determine the friction component, they proposed to use

(dj)F_ fw Ps Vi (3.55)

dz/g 2gcD

where the Moody friction factor is obtained using a Reynold’ s number of

pLVmD
ML

Re= (3.56)

The accel eration component was considered to be negligible in the bubble flow regime.
Therefore, the total pressure gradient for the bubble flow regimeis given by

E @57)
3.4.2 Slug Flow Regime

The density component in the slug flow regime uses the same definition for liquid holdup
and Vg employed in the bubble flow regime. However, Vggis defined as

1

Vas=C (gD(PL'pG) 2 (3.58)

PL

where
C=0345(1- exp(-0.029 Ny)| 1- exp (337~ Ne) (3.59)
Ne = 9P (PL-Pc)

c o (3.60)
Ny =(9D° P (upL -po))"? (3.61)

L

where min Equation 3.59 is evaluated as follows:

Ny m
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Ny <18 25 (3.62)

-0.35
18 < Ny < 250 69 Ny (3.63)
250 < Ny 10 (3.64)

Having obtained the liquid holdup, the hydrostatic head component of the total pressure
gradient is

(dP

dZ)HH:g%(pL HL + pe He) = 2 ps (3.65)

Oc

The friction component in slug flow is evaluated as

2
dP) _fmpLHLVY
(dZ)F 20cD (3.66)

where the Moody friction is obtained using a Reynold's number of

_pPVuD
ML

Re

(3.67)

Asin the bubble flow regime, the acceleration component was considered to be negligible
in the slug flow regime. Therefore, the total pressure gradient for the slug flow regimeis
given by

(SZ_P)SLUG ) (gZ—P)HH ' (g_ZP)F (3.68)

3.4.3 Transtion Flow Regime

The transition flow region is, as the name indicates, aregion of transition between the slug
flow region and the annular-mist flow region. When flow occurs within the transition
region, the pressure gradient is obtained by performing alinear interpolation between the
slug and annular-mist regions, as suggested by Duns and Ros (1963). The interpolationis
performed as follows:

(dj

I
dZ/trans N3 - Np SLUG

dz N3 - No dz)Mlg (3.69)
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3.4.4 Annular-Mist Flow Regime

For modeling the annular-mist flow regime, Aziz et al. (1972) used the procedure
developed by Duns and Ros (1963). Duns and Ros assumed that the high gas vel ocity of
the annular-mist region would allow no dippage to occur between the phases. The mixture
density used to calculate the density component is, therefore, the no-dip density, pys. The

expression for the density component is

Py -9, .-9
(&)HH = gc PNs T ge (pL AL + pc Ao) (3.70)

The friction component for the annular-mist region is based solely on the gas phase
and is given by

2
dP) _fmpPeVss
(dZ)F > D (3.72)

where the Moody friction factor is based on the Reynold’ s number of the gas

_PcVssD
He

Re (3.72)

Duns and Ros (1963) gave specia treatment to the manner that the relative
roughness was determined. They discovered that the pipe roughness was altered by the
thin layer of liquid on the wall of the pipe. Two variables are used to characterize this
effect. Thefirstisaform of the Weber number

2
Nwe = P6 Vsa € (3.73)
oL
and the second is dimensionless number based on liquid viscosity
I
M b oLe (3.74)

Duns and Ros (1963) proposed the following relationship to model the relative roughness:

_0.0749 0,

Nwe Ny < 0.005 0
PeV&D (3.75)

Olm
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Nwe Ny > 0.005 0.3713 0. (Nwe Nu)0-302

£
D 2
PeV&D (3.76)

The value of the relative roughnessis constrained to be no less than the actual relative
roughness of the pipe and no more than 0.5.

For values of relative roughness greater than 0.05, the limits of the Moody diagram
are approached. Duns and Ros (1963) proposed the following relation for the moody
friction factor for values of relative roughness greater than 0.05:

fy = 4 1 +0.067 (£]""
£)\R D (3.77)
(4 log (0.27 D))
We can account for the acceleration component by defining Ex as
£, = VM VsGPns
K gc P (3.78)
Thetotal pressure gradient isthen given by
(£,
(d_P) _\dZyn \dZe (3.79)
dZ/\isr 1-Ex

Asmentioned earlier, treating the kinetic energy term in this fashion requires care asthe
term will become indeterminant as Ex approaches one.

3.5 The Correlation of Orkiszewski (1967):

The work of Orkiszewski (1967) is acomposite product: after testing the available
correlations for their accuracy, he selected the flow correlations he considered to be the
most accurate. Theseinclude the Griffith and Wallis (1961) method for bubble flow, the
Duns and Ros (1963) method for annular-mist flow and transition flow, and a method he
proposed for slug flow. The Griffith and Wallis (1961) method was previously discussed
with the Hagedorn and Brown (1965) correlation and the Duns and Ros (1963) method
was previoudy discussed with the Aziz et al. (1972) correlation. Discussion of these
methods will not be repeated here.
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Orkiszewski's contribution was an original correlation to model slug flow. The
flow map of Orkiszewski (1967) is partitioned by the boundaries of

2
Lg = 1.071- (0-221[?\/M , Lg=2013 (3.80)
Ls=50+36NyLy (3.81)
Ly =75+84N, %7 (3:82)

where the dimensionless numbers N\ and Ngy/, as proposed by Ros (1961), are

_ ‘/pL

NLv =VsaL go (3.83)
_ ‘/PL

Nev =Vs go (3.84)

The flow regimes are identified by the following rules:

Bubble \\//85“8

Sug \\’/;35>LB and Ngy <L
Transition Ls < Ngv < Ly
Annular-Mist Lym < Ngv

The flow-pattern map suggested by Orkiszewski (1967) is shown in Figure 3.3.
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Figure 3.3: Flow-Pattern Map Proposed by Orkiszewski (1967).

To model the slug flow regime, Orkiszewski (1967) defined two-phase density as

_PL(Vs +VB)+pe Vs
Ps = Vo + Vg +pLd (3.85)

Two different Reynold’s numbers are required to find Vg

(3.86)

(3.87)

The procedureto find Vg isiterative:

1. EstimateVg. Orkiszewski (1967) recommendsVg =0.5VgD

2. Caculate Nre; ysing the value of Vg from step 1.

3. Calculate V, according to the following rule set.

4. Repeat until convergence is achieved.
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Therule-set to evaluate Vg is

NRge, < 3000 Vg =(0.546 + 8.74x10 Ngg,) VgD
¢ =(0.251 + 8.7x10° Ngg,) VgD
3000 < NRg, < 8000 \ «/E 1350 11, ]
pD
8000 < Nge, Vg =(0.35 + 8.74x10° Ngg,) VgD

The variable d in the two-phase density expression is given by

WOR | V), °
> < .
3 <101 (0018logW) 66140232109V - 0.428 10g D
D1.38
>3 |>10 W-o_mg-o,mmongl -0.88810og D
D0.799
< < ) +
3 | <101 00127109(M.*+1) 564 4 0167 log Vy - 0.113log D
Dl.415
02741 +1
<3 |10 0.0 0193(7ilt ) +0.161 + 0.569 log D
0.011 +1
-log Vi H 0g(K*+1)), 3974063 log D
Dl.571

where the value of & is constrained by
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(3.91)
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(3.93)

(3.94)



(3.95)
Vv <10 5>-0.065Vy

(3.96)

-Vg Ps
> ]
Vu > 10 6_VM+VB(1 PL)

Having obtained the two-phase density, the density component of the total pressure
gradient is

d£ =~ = g

(dZ)HH dc Ps gc (pL HL + PG HG) (397)

The friction component is given by

dap) _fmpe VMZ((VSL +Vp )
(dZ)F 200D Wy +vg |70 (3.98)
where the Moody friction factor is based on the Reynold' s number
_pLVmD
Re = ™ (3.99)
The accel eration component was considered negligible for the dug flow regime.
Therefore, the total pressure gradient for the slug flow regimeis given by
dP —(dP dP
(dZ)SLUG (dZ)HH T (dZ)F (3.100
3.6 Implementing the Correlations

Implementing the empirical multiphase flow correlations can be difficult due to the
codependency of the pressure and the fluid properties. Because the fluid properties and the
pressure are mutually dependent--it takes fluid properties to determine the pressure and
conversdly it takes pressure to determine the fluid properties--the procedure isiterative and
must be performed for small increments over which the pressure and fluid properties may
be assumed constant. Thus the length of the conduit is traversed in small increments,
determining a new pressure at each step, in what is known as a pressure traverse.
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Although a pressure traverse may be performed by iterating on either length or on
pressure, iterating on pressure is the preferred method. By iterating on pressure, the sum
of the length interval's can be set to equal the length of the conduit and no interpolationis
required in thefinal step. Moreover, the scheme of iterating on length can have numerical
difficulties associated with downward flow due to the friction component and the density
component working against each other. The general procedure of performing the pressure
traverseisdetailed in Figure 3.4.

Gregory et al. (1980) demonstrated that the pressure traverse is direction
dependent. They concluded that significantly higher accuracy is achieved when the
pressure traverse proceeds from the high pressure region (bottomhole) to the low pressure
region (wellhead).
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Chapter 4

SURFACE CHOKES

Virtually al flowing wells utilize some form of surface restriction to regulate the flowrate.
Typicaly, asurface choke islocated immediately following the wellhead. For offshore
wells, the “storm” choke is located upstream of the wellhead beneath the mudline. There
are two genera types of chokes: positive chokes and adjustable chokes. An illustration of a
positive choke is shown in Figure 4.1.

The reasons for having a choking device in the production system are to

* protect reservoir and surface equipment from pressure fluctuations,

WELLHEAD

FLOW
P1
*
POSITIVE
FLOW
BEAN

Figure 4.1: Positive Choke (from Golan and Whitson, 1986).
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* maintain stable pressure downstream of the choke for processing
equipment;

* provide the necessary backpressure on areservoir to avoid formation
damage and to prevent sand from entering the wellbore;

* prevent gas and/or water coning;
* control flow rates and maintain well allowables; and
* produce the reservoir at the most efficient rate.

By introducing a surface choke, operators can effectively isolate the reservoir component
from the surface processing component.

Surface chokes are capable of two modes of flow: critical and subcritical. Critical
flow occurs when the vel ocity through the choke is greater than the sonic velocity of the
fluid resulting in aMach number for the fluid that is greater than or equal to one. Recall
that a pressure disturbance travels at the sonic velocity. Therefore, if the velocity of the
fluid is greater than the sonic velocity of the fluid, any downstream perturbation is unable
to propagate upstream and the mass flow rate through the choke is solely afunction of the
upstream parameters. As can be seen from Figure 4.2, there exists a certain critical
pressure ratio below which the mass flow rate is constant, regardless of the downstream
pressure.

Although correlations for single-phase flow across chokes are well devel oped,
accurate correlations for multiphase flow across chokes are rare. Of the correlations that
are available, most are strictly for critical flow. A few correlations make attempts at
modeling subcritical flow but fall short of their objectives. The present state-of-the-art for
modeling subcritical multiphase flow through chokes is disappointing at best.

The procedure of nodal analysis avoids the problem of modeling the binary flow
behavior of surface chokes by assuming that chokes are alwaysin critical flow. Nodal
analysis will then use one of the many empirical choke equationsto account for all well
conditions. Whilethisis an acceptable solution most of thetime at relatively little
computational expense, it ssimply does not provide an accurate model of surface choke
behavior.
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@ure 4.2: Mass Flow Rate versus Pressure Ratio.

4.1 Literature Review

Tangeren et al. (1949) were among the first to publish significant findings on multiphase
flow through chokes. The importance of their research was that it demonstrated that for a
compressible mixture, there exists acritica flow velocity above which pressure fluctuations
cannot be transmitted upstream.

Gilbert (1954) published asimple formula based on daily production data of a
Cdiforniaoil field that related the liquid flow rate, the gas-liquid ratio, the choke diameter,
and the upstream pressure. Hisequation is

Py = 2R QL (4.)

Sl.89

where

Pwn = flowing wellhead pressure, psia
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Py)
5
|

= producing gas-liquid ratio, Mscf/stb

QL

gross liquid rate, stbd

S

bean diameter, 64ths of aninch

If the gas-liquid ratio is considered constant, then the flowing wellhead pressure and the
gross liquids production are linearly proportional to each other as

Pwh =K QL (4.2)
where
0.5
K= 43351239 (4.3)

By inspection, it is apparent that Equation 4.3 is strictly for critical flow, due to the
exclusion of al downstream parameters. Gilbert (1954) claimed that his equation was valid
only when the upstream pressure was more than 1.7 times the downstream pressure (P, /
P; <0.588). Healso noted that the formula was extremely sensitive to the choke diameter:
errors of 1/128ths of an inch in the choke diameter can cause an error of 5 to 20% in the
flowing wellhead pressure estimate.

Gilbert’s (1954) work was followed by several researchers making modifications to
hisformula. The researchersincluded Baxendall (1957), Ros (1959), and Achong (1961).
All of the formulas kept the same basic form of

AR Q (4.4)
Pwn == -
s¢
where only the constants were changed. The valuesfor the coefficients for the various

researchersarelisted in Table 4.1. Baxendall’s revision (1957) of the Gilbert equation was
simply an update of the coefficients based on incrementa data. Ros (1959) extended the
theoretical work of Tangeren (1949) and in the process formulated his own version of the
Gilbert (1954) equation to match the particular data he was working with. Achong (1961)
modified the Gilbert (1954) equation to match the performance of 104 wellsin the Lake
Maracaibo Field of Venezuela.

Severa researchers have taken the treatment of choke performance beyond a purely
empirical basis. Those of consequence include Ros (1960), Poetmann & Beck (1963),
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Table 4.1: Empirical Coefficientsfor Two-Phase Critical Flow Correlations.

Correlation A B C
Gilbert (1954) 10.00 0.546 1.89
Baxendall (1957) 9.56 0.546 1.93
Ros (1959) 17.40 0.500 2.00
Achong (1961) 3.82 0.650 1.88

Omana et al. (1969), Fortunati (1972), Ashford & Pierce (1975), and Sachdevaet al.
(1986). It should be pointed out that only Fortunati (1972), Ashford & Pierce (1975), and
Sachdevaet al. (1986) have attempted to model both critical and subcritical flow.

Ros (1960) extended the work of Tangeren (1949) to account for mist flow where
gasisthe continuous phase. Ros (1960) demonstrated that accelerationa effects dominate
choke behavior and that dippage effects are negligible. Poetmann & Beck (1963)
converted the Ros (1960) equation to field units and presented it as a series of nomographs.

Omana et al. (1969) conducted experiments with water and natural gas flowing
through restrictions. They performed a dimensional analysis that yielded eight
dimensionless groups to characterize the flow. A regression analysis produced an
empirical correlation based on five of these dimensionless groups. The Omana (1969)
correlation was never widely accepted because it was based on small diameters (4 to 14/
64ths of an inch), low flow rates (800 bpd maximum), low pressure (400 to 1000 psig),
and the correlation was devel oped for a water-gas mixture as opposed to an oil-gas
mixture.

Fortunati (1972) demonstrated how to apply the findings of Guzhov and
Medviediev (1962) to model the performance of a surface choke. Guzhov and Medviediev
(1962) developed a curve relating the vel ocity of the mixture, V,,, to the pressure ratio of
downstream pressure to upstream pressure, P,/ P, where P; was constant at 19.8 psia.
Fortunati (1972) showed how to correct the the mixture velocity for the actual downstream
pressure. Having the corrected velocity of the mixture, the determination of the liquid
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flowrate is straightforward. Fortunati’s (1972) work was one of the first to be applicable
to both critical and subcritical flow.

Ashford & Pierce (1975) presented an analytic method to determine critical and
subcritical flow rates in subsurface safety valves. Their model was based on actual field
tests and included oil and water flow, aswell as free gas and solution gas. They derived an
expression to predict the pressure ratio of downstream to upstream pressure, P,/ P, at the
critical-subcritical flow boundary. They assumed that the derivative of mass flow rateto

the pressureratio is zero at critical flow conditions. One of the shortcomings of the
Ashford & Pierce (1975) model istheir definition of the downstream pressure. Ideally, P,

isthe lowest pressure reached in the choke. In practice, this pressure cannot be easily
measured and without uncertainty.

4.2 The Sachdeva et al. (1986) Choke M odel

One of the most recent treatments of the choke problem was performed by Sachdevaet al.
(1986). The premise of their work is the determination of the critical pressure ratio and is
an extension of the work of Ashford & Pierce (1975). Intheir 1986 paper, Sachdeva et al.
(1986) outline a procedure to determine the critical pressure ratio as well as the actual
pressure ratio.

Although the Sachdeva et al. (1986) modd is, perhaps, the best method we
currently have at our disposal, it neverthelessisrife with limiting assumptions. Some of
these assumptions are

* the gas phase contracts isentropically but expands polytropically;
 flow isone-dimensiondl;

» phase velocities are equal at the throat (no dippage occurs between the
phases);

* the predominant influence on pressure is accelerational;

« thequality of the mixture is constant across the choke (no mass transfer
between the phases);

* theliquid phaseisincompressible.
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Moreover, the Sachdeva et al. (1986) model makes no attempt to distinguish between free
gas and solution gas, nor does it take into account the effect of different mixtures of
liquids. Despiteal of its apparent shortcomings, the Sachdeva et al. (1986) mode is,
relatively speaking, one the best available.

Thefirst step of the Sachdevaet al. (1986) approach isto locate the critical-
subcritical flow boundary. Thisis done by iterating and converging on Y ¢ in the

expression
k1)
K 1-Xy)Vi(1-Y¢) K-1 (4.5)
Yoz K-1 X1 Ve
c=
K N N(@-X)VL +M{(1 - Xl)VLF
K-1 2 X1 Vg 2| X1V
Usethe critical pressure ratio to determine the critical mass flux
1-Xq)(1-Y 0.5
G =Cp (2 gc 144 Py pfy, | 1)(L o)+ X1 K (ve1-Yeve) | (4.6)

K-1

\ l

and use the upstream parameters to determine the mass flux at upstream conditions as

Gl — PG QG +5.615 PL QL (4.7)
150 mD&,

Compare the upstream mass flux with the critical massflux. If the massflux is greater than
the critical massflux, G1 = G¢, then we arein the critical flow region and the maximum
downstream pressureis

Po=Yc P (4.8)

If the calculated mass flux is less than the critical massflux, G; < G¢, then we arein the
subcritical flow region. The downstream pressure may be found by solving for the root of
the expression (G; - G,), where G, is found with the equations

=52 (4.9
1
Ver=Ver v\ i) (4.10)
pm2 = (X1 Va2 +(1- Xg) Vi)t (4.11)
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[Figure 4.3: Real and Spurious Roots of the Mass Flux Residual.
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/

The expression G;-G, isaparabolic function asillustrated in Figure 4.3. We know that
the root we are searching for lies somewhere between Y - and one. Since the expression
{G; - G,} hastwo roots, one above Y - and one below Y , care must be taken to converge

Gy=Cp 2 gc 144 Py 2,,| (L= XD (2-Y) X3 K (4.12)

| pL K-1

(Ve1-Y Ve

to the proper root. Several routines exist which alow the user to constrain the range for the
solution. This study used Brent’s Method (Press et al., pg. 251) with the solution
constrained between Y - and one. When the proper root of the expression has been found,
the actual pressureratio will be known and the downstream pressure may be solved for
with Equation 4.8.



Chapter 5

PHASE SEPARATION

The well stream that arrives at the surface consists of multiple phases such asail, gas,
water, and possibly sand. Before the hydrocarbon well stream may be directed to storage
facilities or delivered to market, it must first be separated into the discrete phases present.
Gas pipelines stipulate maximum levels of water vapor content and contaminants. Qil
purchase contracts specify the maximum amount of basic sediment and water that is
alowablein the crude.

The most common form of isolating the gas and liquid phases present in awell
stream is to pass the stream through a separator (see Figure 5.1). A separator istypicaly
maintained at a constant operating pressure by controlling the effluence from the separator
with backpressure valves. A separator is designed to provide sufficient time for the
various phases of the well stream to equilibrate and separate by means of gravity

Pressure Control Vave

Gas Out
Mist
Inlet Inlet Extractor
Diverter
Gas Liquid Interface
Leve Control
Vave
> Liquid Out

Figure 5.1: Schematic of Horizontal Separator.
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segregation. The gas phase must exit from the top of the separator whereas the liquid
phase must exit from the bottom. The resulting gas may then be passed to a glycol
dehydrator for further removal of water vapor and contaminants before being delivered to a
pipeline. Theliquid stream coming out of a separator may be passed through additional
separators operating at successively lower pressures before finally being delivered to the
stock tank (see Figure 5.2). Alternatively, the liquid stream may be passed through
gunbarrels, free water knock-outs, skim tanks, and heater treaters depending on the
specific treating requirements. Any solids present in the well stream are usually removed
by the force of gravity which may be augmented by hydrocyclones.

; })ak} > Gas Out
Feed High
> Pressure
Separator

> Gas Out
Intermediate
Pressure
Separator > GasOut

—>| Low

Pressure
1psig Separator

K

Figure 5.2: Stage Separation (from Arnold 1986).
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5.1 Optimization of Phase Separation

The optimization of phase separation practices isimportant because by varying the blend of
surface oil and gas produced per reservoir volume, an operator may markedly affect the
total value of the mix. Thetota value of the mix is affected by the fractiona volumes
produced of each phase aswell asthe quality of each phase. The fractional volume of each
phase is important because traditionally the market has paid a significant premium for
hydrocarbons in the liquid phase. At times, the vapor phase was considered to be of no
economic value, prompting operatorsto flare the gas rather than attempt to find a market for
it. In addition to the gross volume produced of the oil and gas phases, the total valueis
affected by the quality of the phases. A gas priceis adjusted for the BTU content while the
price paid for crude varies with the API gravity of the oil.

An important concept in surface phase separation is that the fractiona liquid
recovery will always be enhanced by adding more separators between the wellhead and the
stock tank. By increasing the number of separators, the liberation process between the
wellhead and the stock tank is essentially transformed from aflash liberation processto a
differential liberation process, thusimproving the fractional liquid recovery. In astage
separation process, the light hydrocarbons molecules that flash are removed at relatively
high pressure, keeping the partial pressure of the intermediate hydrocarbons lower at each
stage. Asthe number of stages approaches infinity, the lighter molecules are removed as
soon as they are formed and the partia pressure of the intermediate componentsis
maximized at each stage.

An equally important concept is that for afinite number of separators, thereisan
optimal combination of discrete separator pressures that will maximize the fractional liquids
recovery. At the optimal combination of separator pressures, the API gravity of the crude
will be maximized and the gas-ail ratio will minimized (see Figure 5.3).

To mimic the behavior of surface facilities, this study elected to model the
performance of atwo-stage separation process. A two-stage separation process involves
flashing the well streaminitially at the separator operating conditions and then flashing the
resulting liquid stream at stock tank conditions. Assuming the temperatures of the two
stages to be constant and by setting the stock tank pressure to atmospheric pressure, the
separator pressure can be optimized to yield the most beneficial mix of oil and gas fractional
recoveries.
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Figure 5.3: Effect of Separator Pressure in a Two-Stage Separation Process (from Amyx,
Bass, & Whiting 1960).

5.2 Flash Equilibria

A mixtureis flashed by being suddenly exposed to a new temperature and pressure at
which it must re-equilibrate. A flash calculation takes the overall composition of a mixture
and determines the resulting phase equilibria at a new temperature and pressure, such asthe
number of phases present and the composition and amount of each phase. The procedure
of performing aflash calculation isiterative and converges when the fugacity of each
component is the same in both phases. The basic procedure of aflash calculation involves
Six steps:

1) Given the composition of the mixture, Z;, at atemperature T and pressure
P, guess the resulting compositions of the gas and liquid phases, Y; and
X; respectively.
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2) Cadculate the equation of state parameters.

3) Solvethe equation of state for the fractional molar volumes of vapor and
liquid, VV and V' respectively.

2V
4) Determine the partial fugacities of the componentsin each phase, fi' and
2L
fi” respectively.

5) Check if theratio of the fugacities for each component has converged to a

AV oL
value of one, i.e. abs (fi Iaf ) < (1+€), |f the ratio for each component has
converged to avalue of one then equilibrium between the two phases has
been achieved.

6) If the fugacity ratio has not converged to one for each component, then
improve the estimates for the phase compositions, Yi and Xi, and
proceed with step 2.

5.2.1 Initial Estimate of Phase Compositions

Theratio of the vapor mole fraction to the liquid mole fraction for a given component is
known as the equilibrium ratio, or alternatively as the K-value, and is defined as

Ki=Y;/X; (5.2)

Empirical correlations can be used to provide an initia estimate of the equilibrium ratios.
The Wilson equation (1962) was used in this model

exp 537(1+uxW1-£LH

i= o (5.2
where
Ti=T/Tg
Pi=P/Pg

and wy isthe acentric factor for component i and is available in the literature. Performing a

material balance on component i we know that
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Zi=XiL+Y;V (53)
whereV and L are the vapor and liquid mole fractionsand L =1 - V. Using therelation Yi
=Ki/ Xi and solving for Xi yields

Zi

X -0 K (5.4)

and letting Xi =Yi/Ki and solving for Yi yields

Y. = Ki Z;
'TL+(1-L)K; (5.5)
Noting the constraint of
Xi - Yi =0
5xi-3 -
we must find a solution to the equation
Z ( 1-K; ) =0
HL)= ) Ki+(1-K;j)L
L=3 Ki+(1-K) 57
This equation can be efficiently solved with Newton-Raphson iteration where
F(L
k+1l = k _
L L oF
oL |- (5.8)

and convergence is achieved when both
1) abs(L**1-Lk)<eg
2) ALk <e

where € isasmall tolerance. In this study, £ was set equal to 10719, Once L is determined,
the compositions of the liquid and vapor phases are obtained from Equations 5.4 and 5.5.

The number of phases present is determined by considering Equation 5.7. At the
dew point, where L = 0, Equation 5.7 yields



A:l

2 Ki
i
Likewise, at the bubble point, where L = 1, Equation 5.7 yields
Z Kizi=1
i
Two phases are present when
Z KizZ>1
i
Zi
iz K. >1

5.2.2 Calculate Equation of State Parameters

(5.9)

(5.10)

(5.11)

(5.12)

One of the most popular equation of statesin use today is the Redlich-Kwong equation of
state as modified by Soave (1972). The standard form of the Soave-Redlich-Kwong

(SRK) equation of stateis

P= RT . an
V-b " V(V-Db)

where

a= 0.42748R?T?
Pc

0.8664 R T,

b= P

o = 1+(0.48508+ 1551710 0.156130)2)(1—TP'5)F

The SRK equation of state may be expressed in cubic form as

v3-F§v2+Fl,((aa)m-meT-Pb?n)v-(a“)FTbm=o

where
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(a0 )y = .Z ,Z YiYi(ao); (5.18)
O = .Z Yib (5.19)
(a)ij = (1 - Kjj) V(ao) (aot); (5.20)

where Kij are the binary interaction parameters and may be obtained from Table 5.1.

Table5.1: Binary Interaction Parameters for the Soave Equation

(Prausnitz 1986).

st C02 N2 CO
H2S 0.102 0.140
CO2 0.102 -0.022 -0.064
N2 0.140 -0.022 0.046
CO -0.064 0.046
Methane 0.0850 0.0973 0.0319 0.03
Ethane 0.0829 0.1346 0.0388 0.00
n-Propane 0.0831 0.1018 0.0807 0.02
2-Methylpropane 0.0523 0.1358 0.1357
n-Butane 0.0609 0.1474 0.1007
2-Methylbutane 0.1262
n-Pentane .0.697 0.1278
n-Hexane 0.1444
n-Heptane 0.0737 0.1136
n-Octane 0.10
n-Nonane 0.0542
n-Decane 0.0464 0.1377 0.1293
Propylene 0.0914
Cyclohexane 0.1087
| sopropylcyclohexane 0.0562 0.01
Benzene 0.0810 0.2131
1,3,5-Trimethylbenzene 0.0282
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5.2.3 Solve Equation of Statefor V- and VV

The cubic form of the SRK equation of state must be solved for the liquid and vapor molar
volumes. An analytical solution was used to solve the cubic equation asfollows. For a
cubic equation of the form

V3+ AV2+ ALV + Ag=0 (5.21)
let

W=V +A,/3 (5.22)
Q:%(3A1-A2) (5.23)
5=L(2A3-9R2A1+27A,) (5.24)

2 3\l
“:('g- 2';1+£227) (5.25)

AR
2 4" 27 (5.26)

The roots of the cubic equation are

onereal and two imaginary roots if 5 + Q® >0
4 27 ,

threereal (two equal) roots if i + Q;Q’ -0
4 27 ,

or three real and nonequal roots if & + Q° <0
4 27

For threereal roots, let

COSG=¢

27 (5.27)

Then
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Pp=2 cos% A/ % (5.28)

w2:2(0052+23”) % (5.29)
w3:2(cosg+43") % (5.30)

5.24 Determine Partial Fugacities

For the Soave-Redlich-Kwong equation of state, the partial fugacity of component i is
given by

b 2> (Yiag) In(VJ\’/bm)

)+ +
V-bn V-bn RTDbn

Rsz ( (V5 P)- V+bm) '”(Y H (5.31)

5.25 Convergence Check

fi = Pexp H

A solution is found when the partial fugacity of each component isthe same across all
phases.

T
=1 forali
i (5.32)

—>

Since the agorithm isiterative, an exact solution is difficult if not impossible to achieve.
Instead, we must test if we are within some tolerance of this requirement. The convergence

criterion used in this study was whether the fugacity ratio for each component was within a
tolerance of € of one:

abs(F /)< 1+e (5.33)

If the convergence criterion is met then the phase compositions and molar volumes are
known.
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5.2.6 Maodify the Vapor and Liquid Compositions

For the purposes of this study, a successive substitution scheme was used to estimate new
equilibrium ratios for successiveiterations. The fugacity coefficient is defined as

~\/ ~\/
%=
YiP (5.34)
~L _ ?IL
YiP (5.35)
It follows that
~L
@ _fiy
VoV X
(0} i (5.36)
At equilibrium, the partial fugacities are equal. The equation simplifiesto
~L
®_Yi
Vo X
@ (5.37)

which is simply the definition of the equilibrium ratio. Therefore, we can used the fugacity
coefficients determined in the current unsuccessful iteration to estimate new K-values.

/\-
k| k+1 —_ /\I\I/_ klk

The new K-values are used to restart the procedure.
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Chapter 6

NONLINEAR OPTIMIZATION

There are numerous problems for which people strive to find an optimal solution. These
problems might be minimizing the fuel consumption of an engine, maximizing the
efficiency of a process, or minimizing the volume occupied by acluster of objects. Itis
trivial to optimize a problem that depends on asingle variable. It iswhen several variables
are optimized simultaneoudly that matters become complicated.

Mathematics can provide a powerful tool to optimize a problem, regardless of the
number of variablesinvolved. Numerical optimization isthe location of the extremaof a
mathematical model. The mathematical model, referred to as the objective function, accepts
multiple decision variables as input and returns asingle value, the objective variable, as
output. Optimization strives to locate the minimum or maximum value of the objective
function.

Nonlinear optimization methods based on Newton’ s technique locate the extrema by
approximating the objective function with a nonlinear quadratic model. Let the objective
function, F, be a nonlinear function of the vector of decision variables, X.

F = f(X) (6.1)

Newton’s method approximates the nonlinear objective function, F, with aquadratic
model, Q, which is also afunction of the vector of decision variables, X.

Q(x) = F(x) (6.2)
The quadratic approximation
~\ _ ~ 1 ~T ~
Q(x)—ch+§x G X (6.3)
may be conceptualized, in two dimensions, asabowl. If the matrix G is negative-definite,
the expression is bounded above and unbounded below (the bowl is upside-down) and will

therefore have a maximum (See Figure 6.1). Conversdly, if the matrix G is positive
definite, the expression is bounded below and unbounded above (the bowl is right-side-up)
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X2 X2

Negative Definite Pogitive Definite

Figure 6.1: A Maximum and a Minimum (from Strang 1986).

and will have aminimum. If G isindefinite, the expression is unbounded both above and
below and therefore does not have an extrema.

To find aminimum of an objective function, a positive definite matrix should be
used. Likewise, to find amaximum of an objective function, a negative definite matrix
should be used. However, in al of the literature pertaining to optimization, the convention
isto aways frame the problem in terms of finding the minimum of afunction. Therefore,
instead of maximizing afunction, the convention isto minimize the negative of the
objective function. Thus, even for maximizing a function, we will speak of ‘descending’
to the minimum.

For a problem that is inherently nonlinear, nonlinear approximations of the
objective function allow the solution to be found at a much faster rate than with linear
approximations. In contrast, the much heralded linear programming approximates the
objective function with linear models. Since alinear relationship is unbounded in all
directions (unlessit is constant), a minimum or maximum value cannot occur without some
form of constraint. Thus, the solution to alinear programming problem can only occur at
the intersection of alinear approximation and aconstraint. Thisisthe principle that the
Simplex algorithm is based upon.

The theory of optimization isvery well developed. Optimization routines are
widely available through software libraries such as the Numerical Algorithms Group and
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IMSL (1987). For abroad overview of numerical optimization techniques, see Gill,
Murray, & Wright (1981). For amore extensive treatment of numerical optimization
applied to petroleum engineering problems, see Barua (1989).

6.1 Newton’s Method

Newton’s Method is one of the most common techniques used in nonlinear optimization. It
isthe standard against which al other algorithms are measured. If Newton’s Method is
provided with agood initia estimate of the solution, quadratic convergence is achieved.

Newton’s Method achieves this rate of convergence by approximating the objective
function with aquadratic model. The quadratic model is chosen so that, at a given point,
itsfirst and second derivatives are identical to the first and second derivatives of the
objective function. Therefore, at the given point, the objective function and the quadratic
model areidentical in value, dope, and curvature. The quadratic model is solved for the
stationary point where its gradient goesto zero. If the quadratic model isagood
approximation of the objective function, then the stationary point of the quadratic model
should be near a stationary point of the objective function. The stationary point of the
guadratic model is taken as the new estimate of the objective function’s stationary point and
the processiis repeated until some form of convergence criteriais satisfied.

Taylor’ s theorem provides the mathematical basis for Newton’s Method. Taylor’'s
theorem states that if afunction and its derivatives are known at a single point, then
approximations to the function can be made at al points in the immediate neighborhood of
the point. The Taylor series expansion of ageneral function F about X givesasimple
approximation to the function F in the immediate neighborhood of X as

F(x+p) = F(X)+gTp+2p" Hp+OlIpl) (6.4)
where X is the vector of variables,

(6.5)
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P isthe vector of displacement from X,

AXq

AXo

=]
I

AX3

AXn

g isthe gradient n-vector of X,

oF

6X;|_
oF

6x2

(o]
I

6x3
oF
0Xn

and H isthe Hessian matrix of X,

Considering only the first and second order terms of the Taylor’ s series expansion

0°F  0°F 0% 0°F
0X10X1 0X10X2 0X10X3 0X10Xn
0°F  0°F 0% 0°F
0X20X1 0X20Xo 0X20X3 0X20Xn
0°F  0°F 0% 0°F
0X30X1 0X30X2 0X30X3 0X30Xn,
0°F  0°F  0%F 0°F
| 0Xp0X1 0Xn0X2 0XndX3 OXndXn |

(6.6)

(6.7)

(6.8)

(Equation 6.4) gives a quadratic approximation of the function F in the neighborhood of X

as

Qx+P) =F(X)+g " p+ 2P HP

(6.9)



The minimum of afunction can occur only where the gradient vector vanishes and the
gradient vector vanishes only at a stationary point. To find the stationary point of the
quadratic approximation, we take the gradient of Q

R _G+Hp (6.10)
0X

and equate thisto zero. The resulting equation
Hp=-9 (6.11)

can only be satisfied by a stationary point. To solve for the step-direction P that will lead to
the stationary point, the Hessian must be inverted

p=-H1g (6.12)

The step-direction P indicates the displacement from the point X that would give the
stationary point of the quadratic model. The Newton step is defined as the product (p P)
where p isthe scalar step-length and P is the step-direction vector. We can update our
estimate of the point X by taking a Newton step

X X+pP (6.13)

Thus, the method takes a step of length p in the P direction. In unmodified Newton’'s
Method, the length of the Newton step isimplicitly taken as unity.

If the objective function is quadratic in form, then the quadratic approximation is
exact and Newton's Method will converge to the stationary point in asingle iteration. In
the more likely event that the objective function is not quadratic in form, the higher-order
terms that were ignored in the Taylor series expansion will become negligible as Newton's
Method begins to converge on the stationary point. As the higher-order terms go to zero,
the quadratic model will provide avery good approximation to the local surface and the
method will approach quadratic convergence.

A key insight to Newton's Method can be obtained by investigating the eigensystem
of the Hessian matrix. By performing spectral decomposition of the Hessian

H=VAVT (6.14)
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we obtain V, the matrix of eigenvectors, and A\, the diagonal matrix of eigenvalues. Since
the Hessian is symmetric and V is unitary, the inverted Hessian is given as

Hl=V /\'1 vT (6.15)

Expressing the gradient as alinear combination of the eigenvectors,

g=Va (6.16)
the step-direction is given by
p =-H1g (6.12)
=-VA'VTVa (6.17)
=-VAta (6.18)
= | Y2 Y3 W lo (6.19)

AL Ao As An

Recall from linear algebrathat an eigenvauethat is close to zero indicates that the function
iscloseto being singular and therefore will change very little along the corresponding
eigenvector. Equation 6.19 indicates that the smaller an eigenvalueis, the larger the step-
direction will be in the direction of the corresponding eigenvector. Therefore, Newton's
Method will take the largest stridesin the directions that the function is least sensitive.
Whilethisfeatureis desirable with regard to convergence, it is extremely threatening to the
stability of the algorithm if left unchecked. Since Newton’s Method isonly a quadratic
approximation to the local surface of the objective function, al steps should be somewhat
tentative.

The primary expense of Newton’s Method is not the matrix solution (Equation
6.12), but the evaluation of the derivatives required for the gradient and the Hessian. If

analytic expressions are unavailable for the derivatives, they must be evaluated using finite
n2+n
difference approximations. For n decision variables, ( 2 ) second partial derivatives are

necessary for the Hessian (recall that the Hessian is symmetric) and n first partial
derivatives are necessary for the gradient. If g istheith unit vector and h; isthe finite
difference interval for the ith decision variable (see Figure 6.2), then the elements of the
gradient are given by the expression
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__ F(x+hie) - F(x-hie)

gi = oh (6.20)
The diagonal elements of the Hessian are given by
Hi = F(x+hyg)- 2F(2x) + F(x-hjg) (6.21)
h;
and the off-diagonal elements of the Hessian are given by
Hi = F(x+hig+h;g) + F(x-hjg-h;g) - F(x-hjg +hjg) - F(x+hje-h;g) (6.22)

Ahihy

All of the finite difference approximations are second-order accurate which preservesthe
second-order accuracy of the quadratic model. If first-order accuracy is acceptablein the
mixed partial derivatives, significant savings can be realized by evauating the off-diagonal
elements of the Hessian as

F(x+hig+hjg) + F(x) - F(x+hjg) - F(x+h;e)

6.23
o (6.23)

Hij =

Notice that after determining the elements of the gradient with Equation 6.20 and the
diagonal elements of the Hessian with Equation 6.21, each off-diagona element can be
obtained with Equation 6.23 by a single additional function evaluation as opposed to the
four additional function evaluations that would be required by Equation 6.22.

F(x + hjg- hi &) F(x + h ) F(x + hjg+ hi e)
----- S S
F(x 'Ih e) h Fl(x) F(x+lh| a)
----- e 2 S
F(x-heg-he) F(x - hg) hi F(x-he+he)

Figure 6.2: Discretization Scheme Used for Finite Difference Approximations
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If used properly, Newton’s Method offers the fastest rate of convergence available.
However, thisrobust rate of convergenceis achieved at the expense of the stability of the
algorithm. Some of the shortcomings of the method are

A good initia starting point isrequired for convergence. A poor estimate
will result in divergence.

 If Newton’s Method does converge, it converges to the nearest stationary
point. No guarantee can be made that thisisthe desired stationary point.
It could be alocal minimum, a maximum, or a saddlepoint.

» The Hessian matrix is subject to numerical instabilities during the matrix
solution.

« If the anaytic derivatives are not available, the derivatives necessary to
construct the gradient and Hessian will have to be evaluated by very
costly finite difference approximations.

6.2 M odifications to Newton's Method

In practice, the first modification made to Newton's Method is to incorporate a one-
dimensional line search to obtain an improved step-length. Based largely on the credo of
“Look beforeyou leap,” the line search is performed on the objective function in the
direction indicated by p. The line search locates, or approximates the location of, the
minimum in thissingle dimension. The distance to the minimum in this single dimensionis
taken as the step-length p. This minimum is taken as the new estimate of X by taking a step
of length p in the P direction (Equation 6.13).

The next level of modifications made to Newton’s Method involve altering the
eigenvalues of the Hessian. Theideal modification will converge rapidly, with speed
approaching that of Newton’s Method, and will always be descending downhill towards
the minimum. A direction of descent is guaranteed if the Hessian is positive definite,
meaning that all of the eigenvalues are positive. Three methods are discussed that modify
Newton’s Method to produce a positive definite Hessian. These are the method of steepest
descent, the Marquardt (1963) modification, and the Greenstadt (1967) modification. The
method of steepest descent isincluded primarily for illustrative purposes and is not
recommended for practical usage.
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6.2.1 TheMethod of Steepest Descent

The method of steepest descent is perhaps the easiest of the modifications to implement.
The method simply replaces the Hessian matrix with the identity matrix, |, multiplied by a
scalar, W

H«lp (6.24)

This causes the search vector to be directly proportional to the gradient vector. The search
vector will therefore take the largest step in the dimension with the largest gradient--hence
the name, “ steepest descent.”

The method of steepest descent will aways move in adirection of descent, abeit
not very efficiently. The method is notorious for “hemstitching” through valleys--
zigzagging form side to side across the valley while making slow progress along the axis of
thevalley. Therefore, while the method exhibits good stability--it will always move
downhill--its rate of convergenceis extremely slow, sometimes requiring hundreds of
iterations to reach the minimum.

6.2.2 TheMarquardt Modification

The Marquardt (1963) modification is based on the principle that adding a constant,
M, to the diagonal elements of the Hessian matrix is equivalent to adding the same constant

to the eigenvalues of the Hessian
HHlg o A+l (6.25)
Thus, the Marquardt modification changes the Newton condition to
(H+1wp=-9 (6.26)

The constant 1, known as the Marquardt parameter, should be chosen so that its addition
causes any hegative eigenvalues to become positive. If al the eigenvalues are made
positive, the Hessian becomes positive definite and a direction of descent is ensured.

Since an analysis of the eigensystem is very expensive, the Marquardt (1963)
modification does not actually require knowledge of the eigenvalues. Instead, the
Marquardt parameter isinitialized as avery large constant. If aline search indicates that
extrapolation (an increase in the step-length p) is possible, the Marquardt parameter is
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reduced by an order of magnitude. On the other hand, if aline search indicates that
interpolation (a decrease in the step-length p) is necessary, the Marquardt parameter is

increased by an order of magnitude.

If the Marquardt parameter islarge, the method imitates the method of steepest
descent, which converges slowly but has excellent stability properties. If the Marquardt
parameter is small, the method behaves like Newton’s Method, which has good
convergence characteristics but is prone to difficulties. Thus, in ill-conditioned regions the
Marquardt (1963) modification will imitate the method of steepest descent whereasin well-
behaved areas the method will imitate Newton’s Method. The modification seemingly
offers the best of both worlds.

The cavedt isthat the Marquardt (1963) modification can become “stuck” inill-
conditioned regionsif the Marquardt parameter is allowed to increase unfettered.
Expressing Equation 6.26 as

1H+|)N=-1N 6.27
(H P H J (6.27)
it isapparent that asp —. 00, the step-length becomesinfinitesimal. Therefore, when

implementing the Marquardt (1963) modification, the Marquardt parameter should always
be given an upper bound of some kind and a line search procedure should always be used.

6.2.3 The Greenstadt M odification

Greenstadt (1967) proposed a procedure to ensure that the Hessian matrix is positive
definite. The Greenstadt (1967) modification involves two steps:

1) All of the negative eigenvalues are replaced with their absolute valug;
2) Any small eigenvaues are replaced with infinity.

Thefirst step requires spectral decomposition to ascertain the eigenvalues. Although this
procedure is very expensive computationally, it avoids the main pitfall of the Marquardt
(1963) modification--blindly changing the eigenvaluesin lockstep. By taking the absolute
value of the negative eigenvalues, the Greenstadt (1967) modification merely reverses the
direction of the ascending eigenvectors and forces them to take the same step lengthin a
descent direction. The relative proportions of all the eigenvalues are maintained, the only
difference being that they are all moving downhill.
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The second step of the Greenstadt (1967) modification, replacing small eigenvalues
with infinity, is based on the objective function being insensitive to any small eigenvalues.
Since the objective function isinsensitive to a parameter with asmall eigenvalue, this
parameter should not be allowed to influence the step-direction. Thisis precisely what is
achieved by replacing the eigenvalue with infinity. Replacing an eigenvalue with infinity is
accomplished by replacing the reciprocal of the eigenvalue with zero when inverting the
Hessian.

Conceptually, the Greenstadt (1967) modification applied to Newton’s Method
should result in arobust algorithm that is rapidly convergent and not affected by insensitive
parameters; the caveat being that it is very expensive computationally. For information on
the performance of the Newton-Greenstadt algorithm applied to petroleum engineering
problems, see Barua, Horne, Greenstadt, and L opez (1989).

6.3 Quasi-Newton Methods

Newton’s Method is quadratically convergent when starting with agood initial estimate.
However, it is very expensive since the Hessian must be built and solved every iteration,
particularly when the Hessian is built with finite difference approximations. Theidea
behind Quasi-Newton methods is to compromise on the speed of convergence while saving
on the expense associated with building and solving the Hessian. Instead of building and
solving an exact Hessian every iteration, Quasi-Newton methods attempt to update an
approximation of the Hessian.

Quasi-Newton theory is based on multidimensiona generalizations of the secant
method. The object isto build up secant information as the iterations proceed. Suppose at
the kth iteration, the Newton step {X,.,1 - X} causesachangein the gradient of {4 -
O}- Then the next Hessian approximation will satisfy the secant passing through these
two iteratesif

Xk+1 - Xk = His1 (Ok+1 - Ok ) (6.28)

This condition is termed the Quasi-Newton condition and is the design criteriafor Quasi-
Newton methods. Notice the similarity between this condition and the Newton condition,
Equation 6.12. This condition forces the Hessian approximation to exactly match the
gradient of the function in the displacement direction, { X4 - X,}. For multiple
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dimensions, it isimpossible to uniquely solve for the Hessian approximation, since there
are an infinite number of solutions that will satisfy the Quasi-Newton condition. Asthere
are many different Hessian approximations that will satisfy the Quasi-Newton condition,
there are equally many Quasi-Newton methods. All of these attempt to update the current
Hessian approximation rather than build a new one from scratch.

The Broyden, Fletcher, Goldfarb, Shanno (BFGS) method (Broyden, 1970) is
particularly suitable for optimization. Using the notation

Yk = Ok+1 - Ok (6.29)
Sk = X1 - Xk (6.30)
the BFGS update may be written as
Yk Hy St H 6.31
Hypg = Hy + Kk k SkSk Mk (6.31)

VeSS His

Starting with the identity matrix, the Hessian approximation is built up as theiterations
proceed. This update maintains the symmetry and positive definiteness of the Hessian
approximation while satisfying the Quasi-Newton condition. Most importantly, the BFGS
update requires fewer function evaluations than Newton’s Method.

The drawback of using a Quasi-Newton method such as the BFGS update is that
the convergence is g-superlinear (somewhere in between linear and quadratic convergence).
The hope isthat the reduced cost of each iteration makes up for the reduced rate of
convergence and the overall method is more efficient than Newton’s Method.

6.4 The Polytope Algorithm

All of the aforementioned methods are some variation of Newton's Method. These
methods require a smooth, continuous function that is twice differentiable. Complications
arise if these derivative-based methods are used on nonsmooth functions. Fortunately,
there are aternative methods available that do not require derivative information. These
alternative methods are called direct search methods or function comparison methods.
They require nothing more than the value of the objective function at severa different
points and are equally applicable to smooth and nonsmooth functions. The concept of the
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direct search method is simple to understand but sometimes challenging to implement.
Furthermore, due to the heuristic nature of direct search methods, no guarantee can be
made of their convergence.

The polytope agorithm (Gill, 1983) is a good example of afunction comparison
method. For a problem consisting of n decision variables, a polytope of n+1 pointsis
created. The objective function is evaluated at each point and then the polytope moves
away from the point with the largest value by replacing it with a new point on the opposite
side of the polytope. Thisisthereflected point. If the reflected point isa*®good” point, the
polytope attempts to expand in this direction. If the reflected point isa“bad” point, the
polytope contractsin size. The polytope moves along, one new function evaluation at a
time, reflecting, expanding, and contracting. At the minimum of the function, it should
contract to asmall enough size to satisfy convergence criteria.

For an n-dimensional problem, the polytope consists of n+1 points, X;, X5, ...,
Xn+1- Theobjective function is evaluated at each of the points and the function values, F,
F,, ..., Fhe1, areranked such that F.1 2 F, 2 ... 2 F, 2 F{. The maximum function
value, F,,4, and its corresponding point, X,,,1, are removed from the polytope set. The
centroid of the remaining n pointsis given by

% (6.32)

The centroid is used to generate the tria reflection point (see Figure 6.3)
r)\(lr :6+ G(é-%m.l) (633)

where a isthe reflection coefficient (a = 1). Evaluating the function at X, yields F,. There
are three possibilities for the reflected function value, F,, when compared to the existing set
of function values:. 1) it isthe new low value, 2) it isthe new high value, or 3) itis
somewhere in between:

1) F <Fy. If thereflection function valueisthe new low value, then we

assume that thisisa*good” direction and attempt to expand the polytope
even further along the reflection vector. The expansion point, X, iS

given by

Xe=C+ B(X; - ©) (6.34)
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2)

3)

where 3 is the expansion coefficient (3 > 1). The expansion value, F, is
obtained at X. If Fo <F, then the expansion has been successful and X,
replacesX,,,1. If the expansion failed then X; replaces X, 1.

F,>F, Ifthereflection valueislarger than the largest value in the

set, the polytope is assumed to be too large and is contracted. The
contraction point, X, is given by

Ke=C+y(Kne1-©)  ifF 2Fog (6.35)
%= C+y(% -0 if F, < Fryq (6.36)

whereyisthe contraction coefficient (0 <y < 1). The contraction value,
F., isobtained at X.. If F. <min{ F,, F,;1} then the contraction step
has succeeded and X,,, 1 isreplaced by X.. Otherwise, an additional
contraction is performed.

Fi<F <F, Ifthereflected function valueisnot the new low value
or the new high value then the reflection point, X, is added to the set of
points and replaces X, , 1 -

Thus, X, isreplaced with either X, X,, or X, and anew iteration is commenced.

In addition to reflecting, contracting, and expanding, the polytope algorithm also
includes restarting and shrinking. Restarting involves creating a new polytope whose
vertices are equidistant from the current centroid. Restarting is necessary if the polytope
becomes unbalanced after severa cycles of contracting and expanding in different
dimensions. Restarting is also necessary if the polytope begins to oscillate back and forth
between the same points, reflecting from one side of the polytope to the other. Shrinking
the polytope is necessary if a contraction step fails or if the best point remains unchanged
for too many iterations. Shrinking the polytope involves moving al of the vertices towards
the best point by some fraction.
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Figure 6.3: Two-Dimensiona Polytope with Reflection, Expansion, and Contraction
Points.

One of the difficulties with the polytope agorithm is distinguishing between when
the algorithm is undergoing temporary difficulty and when it has found the minimum.
Nelder and Mead (1965) suggest the following two stopping criteria

Criterion 1: IF1 - Fned < €(1+[F4)) (6.37)
n+1 - 2 (6_38)
> Fi

n+1 =
Criterion 2: z Fi - 1/ o

where € is a specified tolerance. The method is assumed to have converged as soon as one
of the two criteria has been satisfied.

While the polytope agorithm will never be as robust as a derivative-based method,
it can be useful for a nonsmooth, nondifferentiable function where a derivative-based
method would fail. On a smooth function, the polytope agorithm will always be slower to
converge and less reliable, especialy in higher dimensions. If the polytope agorithmis
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employed, significant enhancements can be made to the polytope algorithm on a case-by-
case basis.
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Chapter 7

RESULTS

Each of the preceding chapters has expounded the theory of a single facet of the well
model. This chapter will discuss how this study integrated each of these individua
componentsinto afunctional production system model and how the production system
model was then optimized.

7.1 Model Development
7.1.1 Developing a Well Model Prototype

To test out the general concept of using numerical techniques to optimize awell model, a
simplified well model was initially developed. The simplified model was a single-phase,
dry-gas model that consisted of three distinct components: a generalized inflow
performance relationship to model the reservoir deliverability; the Cullender and Smith
(1956) correlation to model the flow in the vertical tubing; and the Weymouth equation to
model the flow through a horizonta flowline. The well components were coupled together
and optimized with Newton’s Method. The decision variables of tubing inside-diameter
and flowline inside-diameter were used to optimize the objective criterion of instantaneous
flow rate (see Figures 7.1 and 7.2). Due to the smplified nature of the model, the surface
was unbounded--the larger the inside-diameters, the larger the flowrate. The inside-
diameters were constrained to be a maximum of five inches each. Figure 7.3 showsthe
convergence path for two different starting points, both of which converge to the maximum
inside-diameters allowed.

Having proven the general concept of production optimization on a prototype, a
more ambitious model-devel opment program was launched. The new well model was to
have significant improvements over the initial model. The new model was to account for
multiphase flow in the reservoir, in the tubing, and in the surface facilities. The reservoir
component of the new model was to account for the reservoir performance over time. The
new model was to model flow through the surface choke, have an optimization scheme
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Figure 7.1: Flow Rate Surface of Single-Phase Model, 3-D.
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Figure 7.2: Flow Rate Surface of Single-Phase Model, 2-D.
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Figure 7.3: Convergence Path of Single-Phase Model.
80



more stable than unmodified Newton’s Method, and was to optimize long-term financial
objectives.

7.1.2 Developing the Reservoir Component

To replicate the reservoir dynamics and inflow performance in the well model, this study
adopted areservoir model developed by Borthne (1986) at the Norwegian Institute of
Technology, as discussed in Chapter 2. The reservoir model was originally designed with
just this purpose in mind--to provide a simple but functional reservoir component to be
included in alarger model. The model provides an accurate representation of constrained
reservoir performance that requires minimal computer processing. Borthne's model isa
black-oil model that performs a generalized material balance calculation in concert with an
inflow performance relationship based on pseudopressure. The reservoir model is
constrained by both pressure and flowrate. In addition to specifying a minimum flowing
well pressure, two flowrates must be specified: a minimum flowrate and a maximum target
flowrate. The model attempts to satisfy the target flowrate without violating the minimum
flowing well pressure. For more details on the reservoir component used in the well
model, see Chapter 2.

7.1.3 Developing the Tubing Component

The next stage in the model development was to design and develop a component to model
the multiphase flow through the vertical flowstring. For thiswe relied on the many
empirical correlationsthat have been developed over the years. Three correlations were
selected to be included in the model. These were the modified Hagedorn & Brown
correlation (1965), the Orkiszewski correlation (1967), and the Aziz, Govier, and Fogaras
correlation (1972). All three correlations are extensively used in the petroleum industry.
The Hagedorn and Brown (1965) correlation is one of the most empirical available, the
Aziz et al. (1972) correlation has the strongest theoretical basis.

Gradient maps of the three correlations were generated and are shown in Figures
7.4 through 7.9. Figures 7.4 and 7.5 show the gradient surface generated by the modified
Hagedorn and Brown (1965) correlation. The transition from the origina Hagedorn and
Brown correlation, representing slug flow, to the Griffith & Wallis (1961) correlation,
representing bubble flow, isvery distinct. Figures 7.6 and 7.7 show the Aziz et al. (1972)
correlation with their suggested flow map superimposed. Note theat the map appears
continuous everywhere except at the boundary between bubble flow and slug flow.
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Figure 7.4: Hagedorn and Brown Gradient Map, 2-D.
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Figure 7.5: Hagedorn and Brown Gradient Map, 3-D.
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Figure 7.6: Aziz, Govier, and Fogarasi Gradient Map, 2-D.



Figure7.7: Aziz, Govier, and Fogarasi Gradient Map, 3-D.
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Figure 7.8: Orkeszewski Gradient Map, 2-D.
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Figure 7.9: Orkeszewski Gradient Map, 3-D.
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The Orkiszewski gradient maps appear in Figures 7.8 and 7.9. Here the boundaries
between al four flow regions are very distinct. For more information on the multiphase
flow component used in thiswell model, see Chapter 3.

7.1.4 Developing the Choke Component

After the reservoir and flowstring components were completed, we next developed a
component to model the surface choke. A surprising degree of difficulty was encountered
at thisstage. Recall from Chapter 4 that a surface choke isabinary device: it operatesin
either critical flow or subcritical flow. Also recall that in critical flow the flow rate through
the choke isindependent of the downstream pressure. Thus a discontinuity occurs at the
critical-subcritical flow boundary. Since the well model wasto be used in an iterative
fashion, the surface choke component would have to be applicable to al flow conditions,
both critical and subcritical. Much to our dismay, we discovered after researching the
techniques avail able that although good correlations are available for single phase flow
across chokes, good correlations for multiphase flow across chokes are rare. Of the
correlationsthat are available, most are strictly for critical flow.

Nodal anaysis handles the surface choke discontinuity by avoiding it. In nodal
analysis, the separator pressure is specified and then related to the pressure downstream of
the choke by a horizontal flow correlation. Then the pressure drop across the chokeis
obtained by assuming that the choke is alwaysin critical flow and using an empirical
correlation. Notice that by specifying the downstream pressure and then calculating the
upstream pressure, this procedure manages to determine both the upstream and
downstream pressuresin critical flow. 1f we specified the upstream pressure and tried to
determine the downstream pressure during critical flow, the best we can do isto ascertain
the maximum downstream pressure.

Assuming that the choke isaways in critical flow was rejected as an option for this
well model. An attempt was made to devise a method to handle both critical and subcritical
flow. One of the few correlations to make an attempt at modeling both critical and
subcritical flow isthe Sachdeva et al. (1986) choke model. With afew modificationsto the
algorithm, the Sachdeva et al. (1986) model was able to be incorporated into the well
model. During critical flow through the choke, the downstream pressure was determined
by assuming the choke to be at the critical-subcritical boundary. This assumption allowed
the critical pressure ratio to determine the downstream pressure. See Chapter 4 for details.
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The Sachdeva et al. (1986) model was devel oped and tested with the other
components of the well model. Figure 7.10 shows the present value surface generated by
the Sachdeva et al. (1986) model as afunction of choke diameter and tubing diameter.
Notice that the critical-subcritical flow boundary occurs at a choke diameter of
approximately ten centimeters. Below this critical size, the surface is completely afunction
of the choke diameter. Above the critical choke diameter, the surface is completely a
function of the tubing diameter. However, aphysical constraint is required: the choke
diameter cannot be allowed to exceed the tubing diameter. This constraint is shown in
Figure 7.11.

Although we were able to successfully incorporate into the well model a choke
component that modeled both critical and subcritical flow, thiswas at great computational
expense. In addition, several of the assumptions in the choke model, such as no mass
transfer occurring between phases, were considered to be highly suspect. For these
reasons, we opted not to include a choke component in the well model.

7.1.5 Developing the Separation Component

The next stage was the development of a component to model surface facilities. We elected
to model the surface facilities with a two-stage separation process. A two-stage separation
process involves flashing the well stream initialy at the separator operating conditions and
then flashing the resulting liquid stream at stock tank conditions. The flash calculation
implemented in this component is based on the Soave-Redlich-Kwong equation of state.
For more information on the phase separation component, see Chapter 5.

Thus, initsfinal state, the well model consists of areservoir component, a
production string component, and a surface phase separation component. For any
combination of variables, the model will give the production profile for agiven time step
and agiven project life. In al examples cited here, a six-month time step and a 15 year
project life was used.

7.2 Defining the Objective Criterion

In order to perform optimization on the well model, the production profile had to be
transformed into an objective criterion. The objective criterion used in this research was the
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Figure 7.10: Present Vaue Surface of Choke Diameter vs. Tubing Diameter.
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Figure 7.11: Constrained Present Value Surface of Choke Diameter vs. Tubing Diameter.
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present value of the revenue stream generated over the life of the project. The present value
of the revenue stream is obtained by discounting the revenue stream over the life of the
project back to the present. The discounting scheme used in this model isrelatively smple
and easy to follow. The model accounts for both the company’s cost of capital and the
expected inflation rate. Both of these parameters are assumed constant over the life of the
project.

A company has two primary means of securing capital from outside sources. the
issuance of equity in the company and the assumption of debt. A company’s cost of capital
istypically determined as a weighted average of the company’s cost of debt and the
company’s cost of equity. If welet

rp = interest rate of debt, fraction

re = return on equity expected by shareholders, fraction
D = amount of long-term debt, $

E = amount of outstanding equity, $

T = corporate tax rate, fraction

then the company’ s cost of capital may be expressed as

x _ i D E
r=ro(1-Td) g g *EprE (7.1)

Typicaly acompany’ s executive management will specify the weighted-average cost of
capital to be used in financial calculations.

Knowing the cost of capital, r*, and the inflation rate, i, the discount rate, in real
terms, may be expressed as

_(1+r*) 2
R= (+) -1 (7.2)

Thus both the effect of the cost of capital and the effect of inflation have been coupled into
one discount factor. Note that this discount factor, the real discount factor R, may only be
used with cash flow expressed in real terms.
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At the end of each time step, the well model gives the cumulative production that
occurred during atime step. Specificaly, the well model will yield a stream of n
production quantities, Cy, C,, ..., C,, where n is the number of time steps occurring over
thelife of the project. These production quantities are discounted back to the present by
assuming the production is constant over the time step and discounting from the midpoint
of the time step (see Figure 7.12).

t=0 t=T
At At At v At At
< >
| | | /] | |
C1 C2 Cs Cn1 Cn
Figure 7.12: Revenue Stream is Discounted from Center of Time Step.

For instance, if the time step is one year, then the cumulative production produced over the
first year will be discounted as if it were sold in one discrete quantity at six months’ time.
Thus, the present value of the production stream for n time steps of length At may be

expressed as

Cn Pn
((2n-1)/2) at

-3

A

(7.3)
where P, isthereal price of the production at the nth time step.

The present value calculation determines only the positive effects of the decision
variables, namely the revenue stream. The concept of present value is easy to conceptualize
sinceit issmply the gross value of the revenue stream. To change the objective criterion
from present value to net present value, the negative effects of the decision variables must
beincluded. For instance, the negative effects may include capital expenditure, tax
payments, royalty payments, labor cost, and corporate overhead contribution just to name a
few. Sincethe purpose of the research was to demonstrate the effective application of
optimization techniques and not to concoct an el aborate economic model, present value was
made the objective criterion. However, to use this technique in the design or analysis of an
actua well system, the objective criterion should be made to reflect the financia
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ramifications as accurately as possible and therefore a criterion of net present value should
be used.

7.3 Results
7.3.1 The Surfaceof the Wdl M odél

Once the well model was completed and the objective criterion was decided upon, a surface
map was generated of the objective criterion as afunction of two decision variables.
Namely, the present value of the production stream was plotted as a function of the
separator pressure and the tubing diameter (see Figure 7.13). The surface appearsto bea
textbook example of an optimization surface: nice, smooth contour lines bounding the
extreme value on al sides. However, closer inspection of the surface reveals a different
story. Asshown in Figure 7.14, looking at a closer level reveals a surface that is very
rough and ill-behaved. The rough features were masked by the graphics software in Figure
7.13 but are plainly visiblein Figure 7.14.

A better understanding of the surface can be obtained by examining severa
unidimensional profiles. Figures 7.15 through 7.18 show four different profiles of the
surface. Thefirst three figures keep the separator pressure constant while varying the
tubing diameter. Itisclearly visible that the surface is very rough and discontinuous along
thisdimension. Figure 7.17 shows the amount of noise present at the maximum of the
surface. Figure 7.18 isaprofile of the other dimension. This profile was obtained by
holding the tubing diameter constant and varying the separator pressure. The figure shows
that in this dimension, the surface is avery smooth and continuous function. Thus, the
surface is rough as afunction of tubing diameter and smooth as a function of separator
pressure.

This conclusion about the surface obtained from the profilesis reinforced by
investigating the derivatives of the function. Figures7.19 and 7.20 show the first and
second derivatives of separator pressure. These derivatives clearly exhibit that the surface
is very smooth as afunction of separator pressure (be advised that the two graphs are
shown from two different viewing angles). The smoothness of the function with respect to
separator pressure is very much in contrast to the roughness of the function with respect to
tubing diameter. Figures7. 21 and 7.22 show the first and second derivatives of tubing
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Figure 7.13: Present Value Surface of Separator Pressure vs. Tubing Diameter.
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Figure 7.14: Rough Features of Present Vaue Surface.
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Figure 7.15: Profile of Tubing Diameter for Constant Separator Pressure.
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Figure 7.16: Close-up of Tubing Diameter Profile for Constant Separator Pressure.
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Figure 7.17: Close-up of Tubing Diameter Profile at Optimum.
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Figure 7.18: Profile of Separator Pressure for Constant Tubing Diameter.
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Figure 7.19: First Derivative of Separator Pressure.
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Figure 7.20: Second Derivative of Separator Pressure.
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Figure 7.21: First Derivative of Tubing Diameter.
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Figure 7.22: Second Derivative of Tubing Diameter.
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Figure 7.23. Second Mixed-Partial Derivative of Tubing Diameter and Separator Pressure.
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diameter (again the graphs are shown from two different angles). The surfaceisvery
discontinuous in the vicinity of the optimal tubing diameter. Figure 7.23 shows the second
mixed partial derivative. Note that the origin of this derivative coincides with the extreme
value of the surface.

Further insights to the function can be obtained by investigating the elgensystem of
the surface. Figures7.24, 7.25, and 7.26 show the minimum eigenvalue of the surface,
the maximum eigenvalue of the surface, and the curvature of the surface. Notice that the
eigenvalues are negative. Going against the convention in optimization to always pose the
problem so that minimization is performed, this study has explicitly performed
maximization of the objective function by using a negative definite Hessian. Since the
Hessian isforced to be negative definite so that an ascent direction is assured, the
eigenvalues are negative in value. Since we are approximating the objective function with a
negative definite Hessian, regions of positive curvature indicate areas where Newton's
Method may fail to converge. Note the similarity between these three graphs and the three
graphs of the second derivatives.

7.3.2 Performing Optimization on the Well Model

Having developed the well model and having analyzed the properties of the surface of the
decision variables, numerical optimization techniques were employed in an attempt to
maximize the function. Knowing that the surface is not smooth with respect to one of the
variables, we did not expect derivative-based optimization methods to perform very well on
the function.

Figure 7.27 shows the results of using unmodified Newton’s Method to optimize
the function. Shown on the figure are four different starting pointsthat are all relatively
close to and equidistant from the desired solution. However, two of the starting points
resulted in convergence to the maximum value while two of the starting points resulted in
divergence. The difference between the four points becomes apparent by analyzing Figure
7.21, the graph showing the first derivative of the tubing diameter. Figure 7.21 shows a
trough occurring in the first derivative between atubing diameter of eight to nine
centimeters. Thetrough in thefirst derivative of the tubing diameter represents an
inflection of the second-order surface. 1n essence this trough divides two distinct second
order surfaces. The two points that converged to the maximum were on one side of this
inflection while the two points that diverged were on the other side of the inflection. Recall
from Chapter 6 that unmodified Newton’s method simply makes a quadratic approximation
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Figure 7.24: Minimum Eigenvalue of Hessian Matrix.
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Figure 7.25: Maximum Eigenvalue of Hessian Matrix.
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Figure 7.26: Curvature of Hessian Matrix.
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to whatever the immediate second order surface happensto be. Since unmodified
Newton’s method does not force the solution to take a descent direction, the two points
which start at atubing diameter of nine centimeters are attempting to convergeto a
stationary point other than the desired stationary point. Thus, using unmodified Newton's
Method, the initial guess must be on the proper side of thisinflection to converge to the
desired stationary point.

We next tried optimizing the function with amodified form of Newton's Method.
The agorithm employed was obtained from Dr. Walter Murray of the Stanford
Optimization Laboratory. The algorithm is described on pages 108-111 of Gill et al.
(1981) and is based on modified Cholesky factorization. The modification isvery smilar
to the Greenstadt modification discussed in Chapter 6 in that after it factors the Hessian to
obtain the diagonal, it forces the diagonal elementsto be positive and greater than some
small value. The algorithm also employs aline search procedure to ensure that the optimal
step length is taken for a given search direction. As can be seen from Figure 7.28,
significant improvement was achieved in the convergence to the maximum value. Even
when the starting points were not near the solution, the method always converged to the
optimum solution.

Due to the unavailability of analytic derivatives, both of the Newton-based methods
determined the gradient and Hessian by using finite difference approximations. Sincethe
surface of the function is nonsmooth, obtaining meaningful derivatives was very difficult.
Critical in the performance of both methods was the size of the finite difference interval.

By taking relatively large finite difference intervals, we were able to mask the effects of the
nonsmooth surface. We found that taking finite differences of one-tenth of the size of the
decision variables produced good results.

As an dternative to derivative-based methods, the performance of the polytope
heuristic was investigated. As discussed in Chapter 6, the polytope heuristic isadirect
search method based on function comparisons and not on derivative information. The
performance of the polytope heuristic is shown in figures 7.29, 7.30, and 7.31. Measured
strictly on the number of function evaluations required to find the solution, the polytope
method took the equivalent of five iterations of Newton’s Method. Specificaly, the
convergence path shown in Figure 7.29-7.31 required 45 function evaluationswhich is
equivaent to five iterations of a Newton-based method using anine-point finite
differencing scheme.
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Figure 7.27: Convergence Path of Unmodified Newton’s Method.
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Figure 7.28: Convergence Path of Modified Newton's Method.
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Figure 7.29: Convergence Path of Polytope Heuristic, 2-D.
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Figure 7.30: Convergence Path of Polytope Heuristic, 3-D.
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Figure 7.31: Convergence Path of Triangular Polytopes.
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Chapter 8

CONCLUSIONS

8.1 Conclusions
The emphasis of this study may be summarized by two key points:

1) Nonlinear optimization techniques can be successfully applied to
production system optimization.

2) Nonlinear optimization of a production system model is an intelligent
alternative to exhaustive iteration of a production system model.

The significant advantages of using nonlinear optimization in lieu of exhaustive iteration are

» Nonlinear optimization is not limited by the number of decision variables-
-an unlimited number of decision variables may be optimized
simultaneously. Exhaustive iteration islimited to one or two decision
variables and becomes intractable when three or more variables are
optimized, especially when the variables are interrelated.

» Nonlinear optimization may be used to optimize various objective criteria
Examples of various objective criteriaare: to maximize the present value
of the production stream, to maximize the net present value of the well,
to maximize cumulative recovery on an equivaent barrel basis, to
minimize the cumulative gas-oil ratio, to minimize the cumulative water-
oil ratio, to minimize total investment per equivaent barrel produced, to
maximize the rate-of-return of the well, etc.

117



Nonlinear optimization may be used to optimize well conditions over a
gpan of time. Thisis best described by considering an example: for aten-
year time span, nonlinear optimization will determine the optimal tubing
diameter to use each year--smply add ten decision variables, one for each
tubing size each year. Asanother example, if only three tubing changes
are allowed over the ten-year span, nonlinear optimization will determine
when the changes should be made and what size the tubing should be.
Attempting this with exhaugtive iteration isill-advised.

Nonlinear optimization avoidsthe trial and error procedure of exhaustive
iteration. Nonlinear optimization based on Newton’ s technique will
achieve quadratic convergence to the optimal solution.

This study investigated several different nonlinear optimization methods. The
significant findings are

Unmodified Newton’s Method is not viable for optimization. This
techniqueis highly sensitive to the initial guess.

The performance of Newton’s Method can be greatly improved by
including aline search procedure and a modification to ensure adirection
of descent.

For nonsmooth functions, the polytope heuristic provides an effective
aternative to a derivative-based method.

For nonsmooth functions, the finite difference approximations are greatly
affected by the size of thefinite difference interval. This study found a
finite differenceinterval of one-tenth of the size of the variable to be
advisable.

8.2 Suggestions for Future Work

Oneideathat wasflirted with briefly but is not included in this report isto revise the
implementation of classical nodal analysis. Current practitioners of nodal analysis use

exhaustive iteration to solve the system of equations that represents the well. Why not
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formulate the problem to solve for the root of a system of nonlinear equations, namely by
using Newton’s Method? Simply set up the problem to contain a pressure residua at each
node and then use Newton’s Method to solve the equations for the stabilized flow rate.
Alternately, you could set up the problem to contain aflow rate residual at each node and
then use Newton's Method to solve the equations for the stabilized pressure at the solution
node. Hence, you could use Newton's Method for two different purposesin the
optimization of a production system: to solve for the zero of the function and then again to
solve for the zero of the gradient of the function.

Severa improvements can be made to the current well model. Obvioudly, it would
be interesting to know why the model is nonsmooth with respect to tubing diameter. The
cause of thisisnot yet apparent. In addition, it would be nice to expand the model to
include a completion component that model s the compl etion effects (perforations, gravel
pack, ....) and also a horizontal flow component that models the pressure loss and phase
segregation that occur in surface flowlines between the wellhead and the separator. It
would also be interesting to develop awell model based on a compositional equations
instead of black oil equations. In addition, one area where the current well model has
significant problems is with computational expense. A more efficient manner for solving
for the stabilized flow rate should be found.

Perhaps the biggest improvement would be to demonstrate the use of different
objective criteriain the optimization process. Thiswould clearly demonstrate the inherent
advantages of nonlinear optimization over exhaustive iteration.
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Nomenclature

Area.

Flow regime boundaries used by Aziz et al (1972) correlation.
Formation volume factor of phase a.

Centroid of polytope; Hagedorn and Brown (1965) correlating parameter.
Discharge coefficient.

Cumulative production during time step n.

Diameter; Long-term debt, $; Non-Darcy skin.

Material balance error.

Timestep, t - t .1

Outstanding equity, $.

ith unit vector.

Kinetic energy component; acceleration term.

Nonlinear function.

Fugacity of phase a; Fractional flow rate of phase .

Moody friction factor.

Partial fugacity.

Cumulative gas production; Mass flux.

Force of gravity; Gradient n-vector of x.

Gravity constant.

Hessian matrix.

Holdup of phase a; Enthalpy of phase a.

Height of reservair.

Finite differenceinterval of ith dimension.

I dentity matrix.

Inflation rate, fraction.

Specific heat ratio, Cp / Cv; Equilibrium ratio; Binary interaction parameter.
Reservoir permeability.

Relative permeability of phase a.

Flow regime boundary used by Griffith & Wallis (1961), Orkiszewski
(1967); Liquid mole fraction.

No-slip holdup of phase a.

Mohility ratio.

Mass of fluid in the reservoir.
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m(P) Gas pseudopressure.
N Cumulative oil production; Dimensionless groups defined by Ros (1961);
Flow regime parameter used by Aziz et al. (1972).

P Pressure; The n-vector of displacement from x; Newton search vector.

Py Real price of the production at the nth time step

PV Present value.

Q Quadratic equation.

Q Stabilized flow rate determined by nodal analysis.

q Volumetric flow rate.

q Mass flow rate.

R Universal gas constant; Real discount factor.

r* Cost of capital, fraction.

o Interest rate of debt, fraction.

Re Reynold’s number.

e Return on equity expected by shareholders, fraction.

re Radius of drainage.

Rp Producing gas-liquid ratio.

Rs Solution gas-oil ratio.

rs Solution oil-gas ratio.

Iw Radius of wellbore.

S Darcy skin; Diameter of bean, 64ths of an inch.

Sa Saturation of phase a.

T Temperature.

Te Corporate tax rate, fraction.

Vv Volume; Velocity; Specific volume; Vapor mole fraction; Matrix of
eigenvectors.

Vq Velocity of phase a.

Vg Bulk volume of the reservoir.

VgE Absolute bubble rise velocity.

Vgs Bubble rise velocity.

Vm Superficia velocity of the mix.

Vsq Superficial velocity of phase a.

Wy Acentric factor of phase a.
Free gas quality; Oil composition.

X n-vector of decision variables.

Xc Contraction point.
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Xe Expansion point.

Xr Reflection point.

Y Pressure ratio, downstream to upstream pressure; Composition of gas.
Z Objective variable; depth in well; Composition of mixture.
Subscripts

1 Upstream.

2 Downstream.

BUB Bubble flow regime.

¢ Critical.

CH Choke.

= Friction.

G Gas.

G Gas phase derived from gas phase.

0 Gas phase derived from oil phase.

HB Hagedorn and Brown.

HH Hydrostatic head.
i Gridblock position in x-direction.
i Gridblock position in y-direction.

K [teration number.

KE Kinetic energy.

L Liquid.

M Mixture.

MIST Annular-mist flow regime.

NS No S|Ip

o) Qil.

oG Oil phase derived from gas phase.
0 Oil phase derived from oil phase.
r Reduced.

S Sli P.

UG Slug flow regime.

TRANS Transition flow regime.

W Water.

WH Wellhead.
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Super script.
) Variable is normalized to reservoir bulk volume.

o Liquid phase.
R Reservoir conditions.
S Standard conditions.
T Transpose.
M Vapor phase.
Greek Letters
a Reflection coefficient.
B Expansion coefficient .
€ Absolute pipe roughness; tolerance.
()] Reservoir porosity; Fugacity coefficient.
) Mechanical irreversibilities of phaseq.
Y Contraction coefficient.
Diagona matrix of eigenvalues.
U Marquardt parameter.
Ho Viscosity of phase .
P Newton step length.
Pa Density of phase a.
o Interfacial tension.
W Hagedorn and Brown correlating parameter; Roots of cubic equation.
0 Gradient.
0l Divergence.
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