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ABSTRACT 

In this paper, novel geometries of heat exchanger architectures are proposed for evaporators that are used in Organic Rankine Cycles.  A 

multi-scale heat exchanger concept was developed by employing successive plenums at several length-scale levels.  Flow passages 

contain features at both macro-scale and micro-scale, which are designed from Constructal Theory principles.  Aside from pumping 

power and overall thermal resistance, several factors were considered in order to fully assess the performance of the new heat 

exchangers, such as weight of metal structures, and total present cost.  Numerical simulations based on laminar and turbulent flow 

correlations for supercritical R134a and water were used to obtain performance indicators for new heat exchangers and baseline heat 

exchangers.  For some operating conditions it was found that the new heat exchangers outperform their corresponding baseline heat 

exchangers. 

Notice: This submission was sponsored by a contractor of the United States Government under contract DE-AC05-00OR22725 with the 

United States Department of Energy. The United States Government retains and the publisher, by accepting the article for publication, 

acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable, world-wide license to publish or 

reproduce the published form of this manuscript, or allow others to do so, for United States Government purposes. The Department of 

Energy will provide public access to these results of federally sponsored research in accordance with the DOE Public Access 

Plan (http://energy.gov/downloads/doe-public-access-plan). 

1. INTRODUCTION 

Increasing the brine effectiveness for binary geothermal plants is one of the most efficient ways to lower the cost of geothermal power 

generation.  Minimization of the temperature differences and the elimination of the “pinch points” in the boiler will lead directly to an 

increase in the brine effectiveness. However, these characteristics cannot be altered with the rigid flow-paths found in the traditional 

shell-and-tube heat exchanger designs.   

In this study, the advancements made in the design of flow-paths are reviewed, and several concepts were proposed for performance 

evaluation.  In the last two decades new flow-paths for heat exchangers that include refinement at several length scale levels was 

proposed (Bejan and Errera 2000; Bejan, 2002; da Silva et al. 2004; Zimparov et al. 2006).  A multi-scale approach was introduced by 

Bejan and his collaborators in a series of papers.  A multi-scale design optimization method using fractal and constructal approaches 

was introduced by Luo et al. 2007.  It has to be mentioned that recently, several cross-flow heat exchangers were proposed (Harris et al., 

2000).  The envisioned evaporator designs considered include several sections, each with its own length scale.  In addition to the heat 

load and parasitic losses, an attempt was made to estimate the cost for the new proposed heat exchanger designs.   

2. HEAT EXCHANGER ARCHITECTURE AND GEOMETRY 

In this study, a heat exchanger architecture that accommodates flow-paths at several length scale levels, similar to those investigated by 

Bejan and Errera (2000), Bejan (2002), da Silva et al. (2004), Zimparov et al. (2006), and Luo et al. (2007), is considered.  A cross-flow 

design was chosen in order to accommodate the multiple flow paths that contain these channels at several length-scales.  The heat 

exchanger (HX) architecture consists of a series of channels that distribute the flow to the next level of channels and so on.  A schematic 

of the proposed heat exchanger architecture is shown in Figure 1.  Consistent with geothermal evaporator designs, the brine (fluid 1) 

flows within the channels while the refrigerant (fluid 2) flows in the vertical direction around the 3-rd level channels and along the 2-nd 

level channels.  Basically, the i-th level channels act as plenums for channels at level “i+1”.  The channels in the last level of refinement 

are considered to be circular pipes unlike all the channels at the other levels, which have rectangular cross-sections.  In this study, three 

levels of channel size refinement are used, i.e., the 3-rd channel level contains features at the smallest length-scales.  The length of the 

3-rd level channel is equal to (or a fraction of) the thermal entrance length defined as: 

𝐿𝑒3 =  0.05 𝐷3 𝑅𝑒3𝑃𝑟1    for laminar flow  and 𝐿𝑒3 =  10 𝐷3  for turbulent flow    (1) 

http://energy.gov/downloads/doe-public-access-plan
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The “thermal entrance length” concept was successfully introduced in the design of a dendritic heat exchanger by Bejan (2002). A 

schematic of the heat exchanger architecture is shown in Figure 2 to indicate: (a) dimensions for the 1-st and 2-nd level channels, and 

(b) dimensions and flow patterns for 3-rd level channels.  The geometry relationships across different channels are given in Table 1 for 

the flow path of fluid 1.  Note that for the sake of simplicity, the subscripts for fluid 1 were omitted in the Table 1.  The pipes are 

arranged in a staggered pattern (Figure 3), governed by dimensionless spacing “a” and “b” between the tubes in the direction normal to 

the flow and along the flow, respectively.  The values in Figure 3 for the “a” and “a/b” cases, were limited by the availability of 

correlations for the friction coefficient and the Nusselt number through staggered tubes (Heat Exchanger Design Handbook, 1983).   

The HX designs are labeled by specifying a letter (A-E) followed by 4 numbers, indicating the following variables:  

 staggered mode (letter A-F as shown in Figure 3), 

 𝑛2, number of 2-nd level channels on one horizontal row, 

 𝑛𝑠2 number of rows of 2-nd level channels in the vertical direction, which is effectively the number of passes of fluid 1, 

 𝑛3 number of 3-rd level channels on one horizontal row, and 

 𝑛𝑠3 number of vertical rows of 3-rd level channels.   

As an example, design A6_4_8_4 would indicate (1) an arrangement of tubes corresponding to the combination of a=1.5 and a/b=1.5 

(actually drawn in Figure 3a), and (2) 𝑛2=6, 𝑛𝑠2=4, 𝑛3=8, and 𝑛𝑠3=4. The relationship between the total flow rate and that through one 

3-rd level channel for the 1-st fluid, 𝑄1,𝑐ℎ, and 2-nd fluid are given by: 

𝑄0,1 = 𝑛2 (2 𝑛3) 𝑛𝑠3 𝑄1,𝑐ℎ and 𝑄0,2 = (2𝑛2 − 1) (𝑛3 − 1) 𝑄2,𝑐ℎ, respectively.     (2) 

(a) (b)  

Figure 1. Drawings of the tube-based heat exchanger architecture illustrating the use of channels of different lengthscale levels: 

(a) entire HX and (b) HX with 1-st level inlet channel removed for a detailed view of the internal.   

(a) (b)  

Figure 2. Schematic of the tube-based heat exchanger architecture indicating dimensions for several channel levels: (a) top view 

of the inlet level cross-section, identifying the three channel levels (number of 3-rd levels channels n3=10) (b) vertical 

cross-section illustrating ns3=4 for the number of vertical rows of tubes and ns2=3 for the number of vertical rows of 2-

level channels.  
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(a) (b) (c) 

Id  a a/b 

A 1.5 1.5 

B 2 1.5 

C 2 2 

D 2 2.5 

E 2 3 

F 2 3.5 

Figure 3.  Drawings of staggered tube arrangement for cases (a) a=1.5 and a/b=1.5; and (b) a=2 and a/b=3.5.  Letter 

identification for all cases considered. 

The optimum spacing of cooling channels and for volumetric heating was investigated in Bejan and Errera (2000).  However, these 

optimum relationships cannot be directly used for a two-stream heat exchanger as the nature of the heat generated volumetrically in 

Bejan and Errera (2000) is different than the heat exchanged in two-stream heat exchangers. The relationship between the size of the 

channels at one level, k, with respect to the size of the channels at the next level, k+1, is based on generalization of the “Murray’s law.” 

Murray (1926) found that the optimum ratio between pipe diameters in a bifurcation joint was found to scale to 21/3.  This principle was 

mainly used for bifurcating channels in a general theory of multi-scale shapes and structures in nature and engineering, called the 

“Constructal theory” (Bejan, 1997; Ledezma et al., 1997; Bejan 2000a, Bejan, 2000b) and ramified fluid distributors (Tondeur and L. 

Luo, 2004). Here, it is assumed that for the case when one large channel distributes flow to identical number of multiple channels, M, a 

similar relationships between the channel sizes to that given by Murray’s law holds, i.e.,: 

𝐷𝑚𝑎𝑖𝑛_𝑐ℎ𝑎𝑛𝑛𝑒𝑙 = 𝐷𝑐ℎ(𝑀)
1/3          (3) 

 

Table 1.  Geometry relationships across different channel levels when N=3. 

Level Relationships Assumptions/Notes 

1 𝑊1 = 𝑊2(𝑛2)
1/3; 𝐻1 = 𝐻2 

𝐿1 = (2𝑛2 − 1) 𝐿3 + 2𝑛2(2 𝑡2 +𝑊2) 
𝐴1 = 𝑊0,𝑖𝑛 𝐻1 

Generalized Murray’s law for channel size, Eq. 3 

𝑛2 number of 2-nd channels from channel 1 

2 𝑊2𝐻2 = 0.25𝜋 𝑊3
2(2𝑛𝑠3 𝑛3)

1/3 ;  𝐻2 = 𝐻1 

𝐿2 = (𝑛3 − 1) 𝑆3 + 𝑛3 (2 𝑡3 +𝑊3) 
𝐴2 = 𝑊2 𝐻2 

𝑄2𝑛2 = 𝑄1 

Generalized Murray’s law for channel size, Eq. 3 

𝑛𝑠2 number of vertical rows of 2-nd channels 

𝑛3 number of 3-rd channels from channel 2 

𝑛𝑠3 number of vertical rows of 3-nd channels 

3 𝐿3 = 𝐿𝑒1,3  

𝐴3 = 0.25𝜋 𝑊3
2 

𝑄3(2 𝑛3) 𝑛𝑠3 = 𝑄2 

Entrance length, Eq. 1 

0 𝐿0 = 𝑊0,𝑖𝑛 +𝑊0,𝑜𝑢𝑡 + 𝐿2 

𝑊0 = 𝐿1  

𝐻0 – height 

Neglecting wall thicknesses of inlet plenum and exit plenum 

 

4. COMPUTATIONAL METHODOLOGY FOR THE ANALYSIS OF TEMPERATURE AND PRESSURE DROP 

In order to account for the variation of the heat transfer coefficient in the entrance region, a heat transfer model was developed.  The 

variation of the brine and refrigerant temperatures along each pipe was considered.  For the sake of simplicity, the temperature within 

each pipe in the same horizontal plane was considered to be the same.  The temperature properties of the R134a refrigerant and brine 

(water) were calculated using the REFPROP database.  The inlet temperatures for the brine and refrigerant were 160 and 25 oC, 

respectively.  The inlet pressure for the brine and refrigerant were considered to be 1.5 and 5.09 MPa, respectively.  Each pipe was 

discretized into a number of segments in order to capture the variation in fluid properties and temperatures were calculated at these 

locations.  The computational cycle and equations used for temperature calculations are shown in Table 2. 
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Table 2.  Overall computational cycle for temperature calculations. 

Start solver for dimensions 

1) Obtain L3 based on the channel flow rate and fluid properties (Eq. 1) 

2) Obtain all other geometry dimensions using relationships in Table 1. 

End dimension solver. 

Start loop for each segment along the pipes 

Start iteration, m 

1) Calculate inside fluid 1 properties at 𝑇1
𝑎𝑣𝑒 = 0.5(𝑇1

𝑖𝑛 + 𝑇1
𝑜𝑢𝑡) and Pr, Re, Nu, and ℎ1 

2) Calculate temperature at the segment exit for the inside fluid, 𝑇1
𝑛𝑒𝑤,𝑜𝑢𝑡

, using 𝑇2
𝑎𝑣𝑒 at previous iteration. 

𝑇1
𝑛𝑒𝑤,𝑜𝑢𝑡 = 𝑇2

𝑎𝑣𝑒 − (𝑇2
𝑎𝑣𝑒 − 𝑇1

𝑖𝑛) exp(− 
2𝜋𝑟𝑜

𝑄1,𝑐ℎ  𝐶𝑝1 [
1
ℎ1
+
𝑟𝑖
𝑘𝑠
log (

𝑟𝑜
𝑟𝑖
) +

𝑟𝑖
𝑟𝑜

1
ℎ2
] 
 ∆𝐿) 

3) Calculate the heat exchanged for inside fluid, as: 

 𝑞1 = 𝑄1,𝑐ℎ  𝐶𝑝1 (𝑇1
𝑛𝑒𝑤,𝑜𝑢𝑡 − 𝑇1

𝑖𝑛) 
4) Calculate the outside fluid temperature based on the energy balance: 

 𝑞1 = 𝑄2,𝑐ℎ  𝐶𝑝2 (𝑇2
𝑛𝑒𝑤,𝑜𝑢𝑡 − 𝑇2

𝑖𝑛) 
5) Calculate the outside wall temperature based on heat flux and thermal resistance from the refrigerant to the 

outside wall. 

𝑇𝑤𝑎𝑙𝑙,2
𝑛𝑒𝑤 = 𝑇1

𝑜𝑢𝑡 +
 𝑞1

𝜋𝐷3 ∆𝐿 
[
1

ℎ1
+
𝑟𝑖
𝑘𝑠
𝑙𝑜𝑔 (

𝑟𝑜
𝑟𝑖
)] 

6) Calculate  𝑃𝑟𝑤𝑎𝑙𝑙,2 at 𝑇𝑤𝑎𝑙𝑙,2
𝑛𝑒𝑤  

7) Calculate outside fluid properties at 𝑇2
𝑎𝑣𝑒 = 0.5(𝑇2

𝑖𝑛 + 𝑇2
𝑜𝑢𝑡) and Pr, Re, Nu, and ℎ2 

8) Evaluate the residual between the temperatures at previous cycle and current cycle,  

|𝑟𝑒𝑠| =  𝐴𝐵𝑆

(

 1 −
𝑇𝑤𝑎𝑙𝑙,2
𝑛𝑒𝑤

𝑇𝑤𝑎𝑙𝑙,2
⁄

)

  

9)  Exit cycle if temperature residual is less than 10-5. 

End cycle. 

End loop for all the segments. 

 

RESULTS 

The performance of the entire HX is evaluated by the number of heat transfer units (NTU), HX effectiveness, mass of metal, area of 

heat exchange, total volume footprint, heat load, pressure drops for both fluids, and required pumping power for both fluids (Appendix 

B).  In addition, total present cost, 
	
C

tot
, is estimated based on capital investment costs, 

	
C

init
, and discounted operating costs 

	
C

oper
 for 

the pumping power, as: 

	
C

tot
= C

init
+C

oper            (4) 

		

C
init

= 8,000+259.2 A
m( )

0.91

= 8,000+259.2
mass

m

r
m
t

m

æ

è
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ö

ø
÷

0.91

       (5) 
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       (6) 

In this study, the diameter of the 3-rd level channels, D3, was considered to be 18mm.  The wall thickness of all the channels was 

considered to be 1mm.  The following input variables are specified: (a) total flow rates for each fluid (3 and 6 kg/s for brine and R134a, 

respectively), (b) the tube arrangement (Figure 3a), and (c) numbers of channels 𝑛2, 𝑛𝑠2, 𝑛3, and 𝑛𝑠3.   

Results for laminar flow regime 

Six laminar cases, A4_4_75_4, B4_4_75_4, C4_4_75_4, D4_4_75_4, E4_4_75_4, F4_4_75_4 were first considered to assess optimum 

tube arrangements (Figure 4).  The results for the Cost objective function and NTU indicate that the optimum tube arrangements are A 

and F, respectively.  Next, 50 cases were considered for each of the tube arrangements A and F to assess the optimum number of passes 

for fluid 1, ns2.  For the tube arrangement, A, the following cases were considered: A4_M_150_2, A4_M_100_3, A4_M_75_4, 

A4_M_60_5, A4_M_50_6, A4_M_30_10, A4_M_25_12, A4_M_20_15, A4_M_15_20, and A4_M_10_30, where M was 4, 6, 8, 10, 

12, and 16.  Similar cases were considered for the tube arrangement type F (i.e., with a=2 and a/b=3.5).  All of these cases have 

n3*ns3=const., in order to maintain the same brine flow rate as given in Eq. 2.  The results for different cases with different ns2 are 

shown as Cost versus NTU graphs in Figures 5a and 5b for tube arrangements of type F and A, respectively.  The optimum HX designs 

on a (Cost, NTU) graph would be located on the lower right corner of the graphs, indicating both a lower cost function and an increased 

thermal performance (i.e., higher NTU).  As it can be seen for both tube arrangements, the cost function and NTU increase with ns2.  
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Based on the data shown in Figures 5a and 5b, HX designs with ns2=4 and 6 were considered to be optimum, i.e., attaining an 

acceptable level of thermal performance with lower costs.   

Next, the optimal HX designs for ns2=4 and 6 were analyzed in detail to identify the optimum number of vertical row of tubes, ns3.  For 

the tube arrangement of type F (Figure 6), these HX cases were considered to be F4_M_150_2, F4_M_100_3, F4_M_75_4, 

F4_M_60_5, F4_M_50_6, F4_M_30_10, F4_M_25_12, F4_M_20_15, F4_M_15_20, and F4_M_10_30, where M=4 and 6 for ns2=4 

and 6, respectively.  The Cost and NTU data indicate that the optimum vertical row of tubes, ns3, was 15 for both ns2=4 and 6.  As ns3 

was increased beyond 15, the NTU showed modest increases while the costs were significantly increased.  These optimum cases were 

F4_4_20_15 and F4_6_20_15, respectively.  The results for a similar sensitivity study for the tube arrangement of type A to that for 

type F on ns3 are shown in Figure 7.  The Cost and NTU data indicate that the optimum vertical row of tubes, ns3, was 5 for both ns2=4 

and 6.  Unlike the variation for tube arrangement type F, the NTU variation shows a local peak at ns3=5 while Cost shows the same 

variation for both tube arrangements.   

 

Figure 4.  Calculated cost function and NTU to identify optimum arrangements for staggered pipes for laminar flows (𝑸𝟎,𝟏=3 

Kg/s and 𝑸𝟎,𝟐=6 Kg/s; 𝒏𝟐=4, 𝒏𝒔𝟐=4, 𝒏𝟑=75, and 𝒏𝒔𝟑=4).  

(a) (b)  

Figure 5.  Calculated cost function and NTU to identify optimum number of passes for fluid 1, ns2 for laminar flows and tube 

arrangement types: (a) F (a=2, a/b=3.5) and (b) A (a=1.5, a/b=1.5). (𝑸𝟎,𝟏=3 Kg/s, 𝑸𝟎,𝟐=6 Kg/s; 𝒏𝟐=4, 𝒏𝟑 and 𝒏𝒔𝟑vary such 

that 𝒏𝒔𝟑𝒏𝟑=const.). 

(a) (b)  

Figure 6.  Calculated cost function and NTU to identify optimum number of vertical row of tubes, ns3, for laminar flows, tube 

arrangement type F and number of fluid 1 passes of: (a) ns2=4 and (b) ns2=6 (𝒏𝟑 and 𝒏𝒔𝟑vary such that 𝒏𝒔𝟑𝒏𝟑=const.). 
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(a) (b)  

Figure 7.  Calculated cost function and NTU to identify optimum number of vertical row of tubes, ns3, for laminar flows, tube 

arrangement type A and number of fluid 1 passes of: (a) ns2=4 and (b) ns2=6 (𝒏𝟑 and 𝒏𝒔𝟑vary such that 𝒏𝒔𝟑𝒏𝟑=const.).  

Next, a sensitivity of the Cost function and NTU were analyzed as a function of the number of 2-nd level channels on one horizontal 

row, n2.  The 46 HX cases considered for this sensitivity study are shown in Table 3.  For all these cases, ns2=4.  For tube arrangement 

type F, the results for the Cost function and NTU are shown in Figure 8a.  For each n2, the NTU increases monotonically as n3 is 

decreased (and ns3 is increased accordingly), while the cost function exhibit a local minimum.  The optimum cases correspond to ns3=6 

and are highlighted and indexed in Figure 8a.  These optimum cases are indicated with a * mark on Table 3 and their design labels are 

F4_4_50_6, F6_4_33_6, F8_4_25_6, and F10_4_20_6.  For tube arrangement type A, the results for the Cost function and NTU are 

shown in Figure 8b.  Unlike the variation for type F tube arrangement, for each n2, the NTU exhibits an “N” type variation, peaking at 

ns3=5 and at it largest value considered, and exhibiting a local minimum at ns3=6.  The cost function exhibits similar variation, showing 

a local minimum for moderate values of ns3.  The optimum cases correspond to ns3=5 and are highlighted and indexed in Figure 8a.  

These optimum HX cases are indicated with ** mark on Table 3 and their design labels are A4_4_60_5, A6_4_40_5, F8_4_30_5, 

F10_4_24_5, and F12_4_20_5.   

Comparison between new heat exchangers and their corresponding baselines for laminar flows 

In order to assess the potential improvement of the new HX designs, baseline HX designs were investigated for a direct comparison with 

new HX designs.  Ideally, the baseline HX designs should include long tubes of the same diameter as those of the 3-rd tubes, placed 

between one inlet and one outlet.  The length of the baseline tube should be set to the length of horizontal entrance-length tubes on one 

row, as if the level 2 plenums would be simply removed.  Removing the internal level 2 channels to construct the corresponding 

baseline HX design would have an effect of creating longer tubes, as they are now used in current practice.  By removing the internal 

level 2 channels, the flow rate inside the tubes would increase accordingly.  Here, the baseline HX designs were created starting from a 

new HX design by removing most of the internal level 2 plenums and keeping n2=2.  The limitation of baseline HX to configurations 

with n2=2, having two inlets and two outlet plenums of level 2, is imposed by the current solver to estimate the HX performance.  In the 

simulation of the baseline HX performance the same flow rates were used for the fluids considered.  This is consistent with geothermal 

applications, in which the brine flow rate is usually fixed and the maximum power in geothermal systems is sought at a constant brine 

flow rate.  The 9 cases, which were found to be optimum for the n2 sensitivity study, were considered for evaluation against their 

corresponding baselines.  Those cases are highlighted in Table 3 and marked with * (F4_4_50_6, F6_4_33_6, F8_4_25_6, and 

F10_4_20_6) and ** (A4_4_60_5, A6_4_40_5, A8_4_30_5, A10_4_24_5, and A12_4_20_5).  For some baseline cases, the flow 

regime in the tubes changed from the laminar to the turbulent regime.  For those baseline HXs, which are expected to operate in the 

turbulent regime, appropriate correlations for the turbulent flow were used to estimate their performance.  Thus, the comparison has to 

be made not only between new HXs and baseline HXs operating both in the laminar flow regime, but also for cases in which the new 

HX are in the laminar regime and baseline HX are in the turbulent regime.  The Cost function vs. NTU is shown for both the new HX 

and corresponding baseline HX in Figure 9.  For the tube arrangement type F, the new HX exhibit the lowest cost but at average 

performance.  The data shown in Figure 9a, indicate that the new laminar HX outperform the corresponding baseline laminar HXs that 

operate both in the laminar regime (i.e., having higher performance at lower cost).  For those baseline turbulent HX cases, the 

comparison with the corresponding new HX is not straightforward.  Those laminar HXs are still lest costly but their performance is 

reduced as compared to their corresponding baseline HXs.  For the tube arrangement type A, the new HXs outperform the 

corresponding baseline laminar HXs and baseline turbulent HXs, as their cost function is the lowest while the NTU performance is 

almost identical to the baseline HX (turbulent or laminar). 
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Table 3. HX designs for laminar regime showing considered 𝒏𝟑 number of 3-rd channels on one horizontal row, and 𝒏𝒔𝟑 

number of vertical rows of 3-rd channels for different numbers of 2-nd level channels on one horizontal row, 𝒏𝟐 (𝒏𝒔𝟐=4). 

n2=4 n2=6 n2=8 n2=10 n2=12 

case n3 ns3 case n3 ns3 case n3 ns3 case n3 ns3 case n3 ns3 

1 150 2 12 100 2 23 75 2 33 60 2 43 50 2 

2 100 3 13 66 3 24 50 3 34 40 3 44 33 3 

3 75 4 14 50 4 25 37 4 35 30 4 45 25 4 

**4 60 5 **15 40 5 **26 30 5 **36 24 5 **46 20 5 

*5 50 6 *16 33 6 *27 25 6 *37 20 6 47 16 6 

6 30 10 17 20 10 28 15 10 38 12 10 48 10 10 

7 25 12 18 16 12 29 12 12 39 10 12 49 8 12 

8 20 15 19 13 15 30 10 15 40 8 15 50 6 15 

9 15 20 20 10 20 31 7 20 41 6 20    

10 10 30 21 6 30          

 

(a) (b)  

Figure 8. Calculated cost function and NTU to identify optimum numbers of 2-nd level channels on one horizontal row, 𝒏𝟐, for 

laminar flows and tube arrangement types: (a) F (a=2, a/b=3.5) and (b) A (a=1.5, a/b=1.5). (𝑸𝟎,𝟏=3 Kg/s, 𝑸𝟎,𝟐=6 Kg/s; 

𝒏𝒔𝟐=4;  𝒏𝟑 and 𝒏𝒔𝟑 as shown in Table 3).  

(a)  (b)  

Figure 9. Calculated cost function per heat load and NTU for several new HX designs and their corresponding baseline HX 

designs for laminar flows and tube arrangement types: (a) F and (b) A. (𝑸𝟎,𝟏=3 Kg/s, 𝑸𝟎,𝟐=6 Kg/s).  

Results for turbulent flow regime 

For the turbulent flow regime, a similar approach to that for the laminar regime was taken.  Although not shown here, similar results to 

those presented in Figure 5 indicated that 𝑛𝑠2=12 is optimum for the turbulent HXs.  A sensitivity of the Cost function and NTU were 

analyzed as a function of the number of 2-nd level channels on one horizontal row, n2.  The 35 HX cases considered for this sensitivity 

study are shown in Table 4.  For all these cases, ns2=12.  For tube arrangement type F, the results for the Cost function and NTU are 

shown in Figure 10a.  For each n2, the NTU increases monotonically as n3 is decreased (and ns3 is increased accordingly), while the cost 

function exhibit a local minimum.  The optimum cases correspond to ns3=6.  These optimum cases are indicated with * on Table 4 and 

their design labels are F6_12_33_6, F8_12_25_6, and F10_12_20_6.  For tube arrangement type A, the results for the Cost function and 

NTU are shown in Figure 10b.  Unlike the variation for the laminar flow, for type F tube arrangement, the NTU increases 
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monotonically.  The cost function exhibits similar variation, showing a local minimum for moderate values of ns3.  The optimum cases 

correspond to ns3=6.  These optimum HX cases are indicated with * on Table 4 and their design labels are A6_12_33_6, A8_12_25_6, 

and A10_12_20_6.   

Comparison between new heat exchangers and their corresponding baselines for turbulent flows 

In order to assess the potential improvement of the new HX designs, baseline turbulent HX designs were investigated for a direct 

comparison with new turbulent HX designs.  Ideally, the baseline HX designs should include long tubes of the same diameter as those 

of the 3-rd tubes, placed between one inlet and one outlet.  As indicated in the laminar flow sections, the baseline HX designs were 

created starting from a new HX design by removing most of the internal level 2 plenums and keeping n2=2.  The limitation of baseline 

HX to configurations with n2=2, having two inlets and two outlet plenums of level 2, is imposed by the current solver to estimate the 

HX performance.  In the simulation of the baseline HX performance the same flow rates were used for the fluids considered.  The 3 

cases, which were found to be optimum for the n2 sensitivity study, were considered for evaluation against their corresponding 

baselines.  Those cases are highlighted in Table 3 were F6_12_33_6, F8_12_25_6, and F10_12_20_6.  The Cost function vs. NTU is 

shown for both the new HX and corresponding baseline HX in Figure 11 for the tube arrangement type F, the new HX exhibit the 

lowest cost but lower thermal performance than their corresponding turbulent baseline HXs.  Definitely, if cost would be the ultimate 

selection criteria, then the new turbulent HX would be desired.   

Table 4. HX designs for turbulent regime showing considered 𝒏𝟑 number of 3-rd channels on one horizontal row, and 𝒏𝒔𝟑 

number of vertical rows of 3-rd channels for different 𝒏𝟐 numbers of 2-nd level channels on one horizontal row (𝒏𝒔𝟐=12). 

n2=6 n2=8 n2=10 n2=12 

case n3 ns3 case n3 ns3 case n3 ns3 case n3 ns3 

1 100 2 12 75 2 22 60 2 32 50 2 

2 66 3 13 50 3 23 40 3 33 33 3 

3 50 4 14 37 4 24 30 4 34 25 4 

4 40 5 15 30 5 25 24 5 35 20 5 

*5 33 6 *16 25 6 *26 20 6 36 16 6 

6 20 10 17 15 10 27 12 10 37 10 10 

7 16 12 18 12 12 28 10 12 38 8 12 

8 13 15 19 10 15 29 8 15 39 6 15 

9 10 20 20 7 20 30 6 20    

10 6 30          

 

(a) (b)  

Figure 10. Calculated cost function and NTU to identify optimum numbers of 2-nd level channels on one horizontal row, 𝒏𝟐, for 

turbulent flows and tube arrangement types: (a) F (a=2, a/b=3.5) and (b) A (a=1.5, a/b=1.5). (𝑸𝟎,𝟏=20 Kg/s, 𝑸𝟎,𝟐=40 Kg/s; 

𝒏𝒔𝟐=12;  𝒏𝟑 and 𝒏𝒔𝟑 as shown in Table 4). 
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Figure 11. Calculated cost function per unit load and NTU for several new HX designs and their corresponding baseline HX 

designs for turbulent flows. Tube arrangement types F (𝑸𝟎,𝟏=20 Kg/s, 𝑸𝟎,𝟐=40 Kg/s).  

CONCLUSIONS AND DISCUSSIONS 

A cross-flow heat exchanger design was chosen in order to accommodate the multiple flow paths that contain these channels at several 

length-scales.  The HX architecture consists of a series of channels that distribute the flow to the next level of channels and so on.  

Basically, the i-th level channels act as plenums for channels at level “i+1”.  The channels in the last level of refinement are considered 

to be circular pipes unlike all the channels at the other levels, which have rectangular cross-sections.  The relationship between the size 

of the channels at one level, k, with respect to the size of the channels at the next level, k+1, is based on generalization of the “Murray’s 

law.”  In order to account for the variation of the temperature and heat transfer coefficient in the entrance region, a heat transfer model 

was developed.  The variation of the brine and refrigerant temperatures along each pipe was considered.   

The performance of the entire HX was evaluated by several indicators, including the number of heat transfer units (NTU), HX 

effectiveness, mass of metal, area of heat exchange, total volume footprint, heat load, pressure drops for both fluids, and required 

pumping power for both fluids.  In addition, total present cost, which was estimated based on capital investment costs and discounted 

operating costs for the pumping power, was calculated.  For the laminar and turbulent flows, the results for the Cost objective function 

and NTU were used to identify the optimum tube arrangements.  For laminar flow, it was found that the optimum numbers of passes 

were 4 and 6.  Depending on the tube arrangement, it was found that the optimum number of vertical rows, which is in fact number of 

rows in the tube bank seen by the outside fluid, was either 5 or 15.  

In order to assess the potential improvement of the new HX designs, baseline HX designs were investigated for a direct comparison with 

new HX designs.  Ideally, the baseline HX designs should include long tubes of the same diameter as those of the 3-rd tubes, placed 

between one inlet and one outlet.  The baseline HX designs were created from the new HX designs by simply removing most of the 

internal 2-nd level channels to use longer tubes than the entrance length, as they would currently be used.  Consistent with geothermal 

applications, the performance of new HX designs was compared to that of baseline HX designs at the same flow rates.  For some 

baseline cases, the flow regime in the tubes changed from the laminar (for the original new HX) to the turbulent regime.  For the tube 

arrangement type F, the Cost function and NTU data indicate that the new laminar HXs outperform the corresponding baseline laminar 

HXs that operate both in the laminar regime (i.e., having higher performance at lower cost).  For those baseline turbulent HXs, which 

originate from laminar new HXs, the comparison with the corresponding new HX is not straightforward.  Those laminar HXs are still 

lest costly but their performance is reduced as compared to their corresponding baseline HXs.  For the tube arrangement type A, the new 

HXs outperform the corresponding baseline laminar HXs and baseline turbulent HXs, as their cost function is the lowest while the NTU 

performance is almost identical to the baseline HX (turbulent or laminar).   

For the turbulent flow regime, a similar approach to that for the laminar regime was taken.  For turbulent flows, it was found that the 

optimum number of vertical rows, i.e., number of rows in the tube bank seen by the outside fluid, was 6.  For the tube arrangement type 

F, the Cost function vs. NTU data for both the new HX and corresponding baseline HX, showed that the new HX exhibit the lowest cost 

but lower thermal performance than their corresponding turbulent baseline HXs.  In these cases, it is still an open question how the 

thermal performance as defined by NTU would impact the selection of costlier HXs.  Definitely, if cost would be the ultimate selection 

criteria, the new turbulent or laminar heat exchanger would be desired.   
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APPENDIX A.   

Correlations for fluid dynamics and heat transfer in the entrance region of a tube and for flow through a tube bank 

The average Nusselt number, between x1 and x2 locations away from the entrance, within the entrance region for a tube is given (Bejan, 

2004), as: 

Nu̅̅ ̅̅ =
1

𝑥2−𝑥1
∫ Nux
𝑥2
𝑥1

𝑑𝑥 =
1

𝑥2−𝑥1
[3.1815(√

𝑥

𝑅𝑒𝑃𝑟𝐷3
)
0.3178

]
𝑥1

𝑥2

      (A1) 

The average heat transfer coefficient over the entrance region becomes:  

ℎ1 =
𝑁𝑢̅̅ ̅̅  𝑘1

𝐷ℎ,3
 and ℎ2 =

Nu̅̅ ̅̅  𝑘2

𝐷ℎ,3𝑏
          (A2) 

The overall heat transfer coefficient between fluids 1 and 2 in the level 3 channels is then given by: 

ℎ̅ =
1

1

ℎ1
+
𝑡3
𝑘𝑠
+
1

ℎ1

           (A3) 

The following correlation was used for the Nusselt number for the flow through a staggered bank of tubes (Bejan, 2004): 

𝑁𝑢̅̅ ̅̅ = 0.9 𝐶𝑛Re
0.4𝑃𝑟𝑏

0.36 (
𝑃𝑟𝑏

𝑃𝑟𝑏,𝑤
)
0.25

,         (A4) 

 where Reynolds number, Re =
𝑉𝑚𝑎𝑥𝐷𝑜

𝜐
, for the outside fluid is based on the maximum velocity through the tube banks, which occurs at 

the smallest cross sectional area between the tubes.  Where 𝑃𝑟𝑏,𝑤 is evaluated at wall temperature. 

The pressure drop in the entrance region of a pipe was estimated using the relationships from Shah (1978),  as: 

∆𝑃 = 𝑓𝑎𝑝𝑝𝑅𝑒 4 𝑥
+ 𝜌𝑢

2

2
;  𝑓𝑎𝑝𝑝𝑅𝑒 =

3.44

√𝑥+
+
𝑓 𝑅𝑒+𝐾(∞) 4𝑥+⁄ +3.44 √𝑥+⁄

1+𝐶 (𝑥+)−2
; 𝑥+ =

𝑥

𝑅𝑒 𝐷
      (A5) 

The pressure drop in a tube bank was computed, as: 

∆𝑃 = 𝐸𝑢𝐾1 ∗  𝛼 (
𝑎

𝑏
)
𝛽
∗ 𝑛𝑠2 ∗ 𝑛𝑠3 ∗  

𝜌2𝑉𝑚𝑎𝑥
2

2
         (A6) 

Table A1.  Correlations for 𝜶 and 𝜷 coefficients used to estimate the pressure drop in a tube bank. 

a/b Re 𝜶 𝜷 

0.5 to 1.2 50 to 2,000 1 0.096 − 0.048 ∗ log10(𝑅𝑒) 

1.25 to 3.5 50 to 2,000 0.888 + 0.021 ∗ log10(𝑅𝑒) 0.872 − 0.196 ∗ log10(𝑅𝑒) 

 

Table A3.  Correlations for𝑬𝒖𝑲𝟏 used to estimate the pressure drop in a tube bank. 

a Expression for 𝑬𝒖𝑲𝟏 

a < 1.375 
𝐸𝑢𝐾1 = 0.795  +

0.247E3

𝑅𝑒
+
0.335E3

𝑅𝑒2
−
0.155E4

𝑅𝑒3
+
0.241

𝑅𝑒4
 

a > 1.375 and a < 1.75 
𝐸𝑢𝐾1 = 0.683 +

0.111E3

𝑅𝑒
−
0.973E2

𝑅𝑒2
+
0.426E3

𝑅𝑒3
−
0.574E3

𝑅𝑒4
 

a>1.75 
𝐸𝑢𝐾1 = 0.713 +

0.448E2

𝑅𝑒
−
0.126E3

𝑅𝑒2
−
0.582E3

𝑅𝑒3
 

 

APPENDIX B.   

Relationships for estimating performance of heat exchangers 

The pressure drop in the entrance regions of 3-rd level channels was estimated based on the apparent friction coefficient defined in 

relationship A5 and the loss coefficient due to abrupt cross-section contraction at the entrance and abrupt change in cross-section at exit, 
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as: 

∆𝑝1 =
2 𝑓𝑎𝑝𝑝𝑅𝑒1 𝜇1𝑉3𝐿3

𝐷ℎ,3
2 +𝐾𝑐

 𝜌1𝑉3
2

2
 and ∆𝑝2 =

2 𝑓𝑎𝑝𝑝𝑅𝑒2 𝜇2𝑉2,𝑐ℎ𝐻3

𝐷ℎℎ,3𝑏
2       (B1) 

The following relationships were then used to estimate the UA, NTU, and efficiency, as: 

𝑈𝐴 =
𝑄𝑎𝑣𝑔

𝐹 ∆𝑇𝑙𝑚
 ; 𝑁𝑇𝑈 =

𝑈𝐴

min(𝐶𝑐,𝐶ℎ)
 ; 𝜀 =

𝑄𝑎𝑣𝑔

𝑄𝑚𝑎𝑥
  ,       (B2) 

where 𝑄𝑎𝑣𝑔 = (𝑄𝑐 +𝑄ℎ)/2; 𝐶𝑐 = 𝑚̇𝑜,𝑐ℎ𝐶𝑝𝑜; 𝐶ℎ = 𝑚̇𝑖,𝑐ℎ𝐶𝑝𝑖, 𝑄𝑚𝑎𝑥 = min(𝐶𝑐 , 𝐶ℎ) (𝑇𝑖,1 − 𝑇𝑜,2); 𝐶𝑟 = min(𝐶𝑐 , 𝐶ℎ)/max(𝐶𝑐 , 𝐶ℎ); and 

∆𝑇𝑙𝑚 = [(𝑇𝑖,1 − 𝑇𝑜,2) − (𝑇𝑖,2 − 𝑇𝑜,1)] ln (
𝑇𝑖,1−𝑇𝑜,2

𝑇𝑖,2−𝑇𝑜,1
)⁄   .   


