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ABSTRACT

A three-dimensional  fully-coupled poroelastic
displacement discontinuity method is developed and
used to analyze the temporal variation of opening and
dip of a natural fracture in a reservoir in response to
the sudden application of fluid pressure in the
fracture surfaces. Numerical results show that a
hydraulic fracture opens in an increasing manner with
time as the rock moves towards a drained state under
the applied stress. The applied pore pressure induces
a time-dependent closure caused by the rock dilation.
On the other hand, poroelastic analysis of a natural
fracture subjected to shear shows that the fracture slip
decreases with the time in response to a pore
pressure-induced increase in the normal stresses on
the joint.

THEORY OF POROELASTICITY

One of the main features of the deformation of fluid-
saturated porous rock is its transient nature which is
related to the presence of a fluid diffusion process,
and is described by the linear theory of poroelasticity
(Biot, 1941). Since the pioneering work of Biot, the
theory of poroelasticity has been reformulated by a
number of investigators, such as Rice and Cleary
(1976), and Carroll (1980).

The coupled congtitutive equations of poroelastic
material under isothermal conditions are (e.g., Rice &
Cleary, 1976):
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where & and o, ae respectively the strain and
stress of the solid matrix, P and ¢ are respectively
the pore pressure and pore volume, 5” is the

Kronecker delta. The material constants are the shear
modulus G, Biot coefficient ¢, the drained and

undrained Poisson’s ratios Vand V,, Skempton's

pore pressure coefficient B. These equations
describe the fundamental aspects of the deformation
of fluid-saturated porous rock namely; (i) the
sensitivity of the volumetric response of the rock to
pore pressure changes and thus the rate of loading,
and (ii) variation of pore pressure due to the
application of a mean stress.

The three-dimensional filed equations for the
poroelastic rock deformation can be presented as a
Navier equation with a coupling term, and a diffusion
equation:
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where u, is the solid displacement in the i

direction, £ is the volumetric strain, and the other
notations are the same as those defined previously.

DISPLACEMENT DISCONTINUITY METHOD

The displacement discontinuity (DD) method is an
indirect boundary element method which is based on
the fundamental solutions of a point DD in an infinite
elastic or poroelastic medium. This technique has
been used extensively in mining and hydraulic
fracturing (Crouch and Starfield, 1983; Vandamme,
1989; Ghassemi and Roegiers, 1996). It isa boundary



method and has the advantage of reducing the
dimensions of the problem by one. The formulation
of DD can be based on the solution of a constant line
or square DD in an infinite elastic medium (Crouch
and Starfield, 1981). Alternatively, a point
displacement DD can be integrated over an area
(square, triangle or quadrilateral) to form elements
which form the building block of the DD method.
The stresses and displacements due to a three
dimensional point DD in a poroelastic medium is
given by Carvalho and Curran (1998) and Cheng and
Detournay (1998).

A fracture in a poroelastic medium can be viewed as
a surface across which the solid displacements and
the normal fluid flux are discontinuous. The DDs and
fluid sources are then distributed along the fracture
surface such that the superposition of their effects
satisfies the prescribed boundary conditions at the
fracture surface. Given the DDs and fluid sources, the
stresses and pore pressure at any point in the
reservoir rock may be evaluated using the principle
of superposition:
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where Dy, (or D;) and D, are the displacement

discontinuity and the fluid source intensity,
respectively; oy, o, p and p° ae the
instantaneous fundamenta solutions, i.e., the stresses
and pore pressures due to a unit impulse of the
displacement discontinuity (“id”) in the kn-direction
and a unit impulse of the fluid source intensity (“is’);

and 0, and p, are the initial stresses and pore

pressure. Egs. (5) and (6) are applied on the fracture
surface to obtain the solution system. For planar
fractures, the normal stresses at the fracture depend
only on the normal component of DD; while the
shear stresses on the fracture depend only upon the
shear components of DD. Also, the fluid source
intensity on the fracture contributes only to the
normal stresses but not the shear stress on the
fracture surface, and only the normal components of
DD contribute to the pore pressures at the fracture
surface (z=0). Therefore, the traction components at
the fracture surface can be written as:
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in the shear directions, where z-axis is in the normal
direction of the fracture surface, x-axis and y-axis are
perpendicular and in the fracture surface plane.

Egs. (7)-(8) can be solved together to obtain the DDs
in the normal direction and fluid source intensities;
thereafter, Egs. (9)-(10) are solved to obtain the DDs
in the shear directions. Once the DDs and fluid
source intensities on the fracture surface are
determined, Egs. (7)-(10) can then be used to
caculate the stresses and pore pressure at any
location in the rock matrix.

In genera, the integral equation presented above
cannot be solved analyticaly and therefore, a
numerical procedure is required. In this work, the
fracture is discretized into a number of four-noded
quedrilateral elements in the spatial domain, which
makes the integrals over the whole fracture be
replaced by a sum of integrals over these elements.
The DDs are assumed to be constant over each
element which facilitates the treatment of the
hypersingular integrations involved; while the fluid
source intensities are assumed to vary linearly over
each element. In the time domain, the DDs and
source intensities are assumed to be constant over
each time step, and the space integral are performed
numerically.

The above procedure can be used to study both
hydraulic fractures and joints. A hydraulic fracture
usually is pressurized in excess of the minimum in-
situ stress and remains open during the loading
process, which means both the normal and shear
gtiffness of the fracture are zero. On the hydraulic
fracture surface, the normal tractions equal the fluid
pressures in the fracture and the shear tractions equal
zero. However, a different approach must be used for
joints, as the joint normal and shear tiffness are
nonzero and the normal and shear tractions on ajoint
change with joint normal and shear displacements.

The procedure for modeling the joint element is
similar to that used by Ghassemi et al. 2007,
however, the fracture is discretized into a number of
four-nodded quadrilateral elements in this work.
During the fracture pressurization, each element can
be either in a state of “separation”, “stick” or “dip”;
the element is closed in the latter two states.



In this paper, we denote the normal stiffness of the
fracture as K. The shear stiffness of the fracture

may be different in different shear directions.
However, here we assume the shear gtiffnesses are
the same in al shear directions for simplification and

denote it as K. The fracture aperture increment for
any closed element “ i ” can be expressed as:
i i i _A I' i
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where Ao, istheincrement of the normal effective

stress and agi is the dilation-induced aperture
increase due to shear dip. In this work, for
simplification, we assume the shear dilation is the
same in al shear dlip directions. As a result, the shear
dilation for any element “i” may be simply calculated
by the following relation:
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where Dizx and f)zy are the shear displacement
components in X and Yy direction, respectively and

1
@4, isthefracture dilation angle.

MODEL VERIFICATION

To verify the numerical model, we compare its
predictions with the available analytical solutions for
the penny-shaped crack problem. Sneddon (1946)
solved the problem of an infinitely thin crack
subjected to uniform normal traction p applied to its

faces. The fracture opening in the normal direction is
given by:
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where a istheradius of the fracture, r isthe radius
of the computational point, G is the shear modulus,
and Vv is the Poisson’'s ratio. Also, Segedin (1950)
solved the problem of an infinitely thin penny-shaped
fracture whose faces are subjected to uniform
shearing tractions, S. The ride of the fracture in the
direction of the shear forceis given by:
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where al the notations are the same as those in Eq.
(13).

The material is assumed to be linear elastic in both
Eq. (13) and (14). However, in our numerical model,
the material is poroelastic meaning that the fracture
aperture would be time dependent. To compare the
two solutions, we consider the drained poroelastic
response from the numerical solution, corresponding
to a very large time when the pore pressures in the
rock amost completelg dissipate (here we use 10°s
for arock with 10°m? of permeability). We set the
shear modulus and Poisson’s ratio of the material to
4000 MPa and 0.25, respectively. Fig. 1 shows the
fracture mesh which contains 800 four-noded
quadrilateral elements and 841 nodes. The size of
typical elementsis around 1.5x1.5 m?and the time
increment is 10%s in the computation.

Fig. 2 shows the comparisons between the numerical
and analytical solutions for the opening of the
fracture under a unit uniform normal traction. The
results for the fracture ride under a unit uniform shear
tractions applied at the fracture surface are shown in
Figure 3. Generally the numerical results agree well
with the analytical results. The error of the numerical
results increases near the fracture tip; this is caused
by the use of constant elements instead of special tip
elements.

NUMERICAL SIMULATIONS

We consider a horizontal circular planar fracture in a
poroelastic rock. The fracture is subject to a suddenly
applied, constant fluid pressure p=15 MPa at time

t=0. It is assumed that the initial stresses in the
filed are isotropic and the vertical and horizontal
components are 30 MPa and 20 MPa, respectively.
The fracture normal stiffness modulus of the fracture
is assumed to be 10° Pa/m. The problem can be
decomposed into two sub-problems corresponding to
two types of the loading (Carter and Booker, 1982):
Mode 1, a normal stress loading ¢, = pH (t); and

Mode 2, a pore pressure loading p=pH (t), where
H (t) denotes the Heaviside step function. The mesh

used for this part contains 1047 four-noded
guadrilateral element and 1100 element nodes.

Fig. 4 shows the evolution of the fracture aperture in
the middle of the central fracture element in response
to Mode 1 loading. Note that the fracture opens with
time as the pore pressure that isinitially generated in
the porous rock gradualy dissipates. The fracture
response under Mode 2 is illustrated in Fig. 5; the
fracture closes progressively starting from zero to a
stabilized value after a long time. This phenomenon



is caused by the rock dilation when the fluid |eaks-of f
from the fracture into the reservoir matrix.

Fig. 6 shows the fracture aperture profiles for the
complete problem (both Modes 1 and 2) for the
undrained and drained cases. In the undrained case,
we let t=100s in the numerical smulation so that
there is amost no pore pressure dissipation or fluid
leak-off from the fracture into the rock; while in the
drained case, we let t=10%s in order to alow both of
Modes 1 and 2 transient processes to be complete.
Note that the fracture aperture in the early time
(undrained) case is larger than that of the large time
(drained) response because of the effect of Mode 2
which induces a fracture closure.

In the following, we analyze the opening and dlip of a
planar fracture that is subjected to a fluid pressure
which is less than the in-situ minimum stress. This
condition can be expected when stimulating
geothermal reservoairs. The fracture surface has a dip
angle of 60° and its strike direction is paralléel to the
local x-axis. It is assumed that the fractureisin anin
situ  stress of  6,=60.13MPa, 011in=34.81MPa,
Ohmax=50.88MPa, and p=17.4MPa (Ghassemi et al.,
2007). The orientation of opym IS pardle to the
fracture strike direction. This stress field can be
rotated to the local fracture coordinate system to
obtain 0,=41.1MPa, ¢,,=0MPa, and 4,,=11.0MPa. It
is also assumed that the effective friction angle and
dilation angle of the fracture are 30° and 3°
respectively. Both the norma and shear stiffness of

the fracture are assumed to be 10" Pa/m. The other
material properties used here are shown in Table 1.

In the numerica model, the fracture is discretized
into a mesh with 1834 four-noded quadrilateral
elements and 1919 element nodes as shown in Fig. 7.
For simplicity, we assume the fluid pressure in the
fracture is constant and uniform and its value is
25MPa. Figs 8-11 show the simulation results for the
variations of fracture aperture, shear dlip in the x-
direction, shear dip in the y-direction, and the normal
effective stress on element B (see Fig. 7). Figure 8
illustrates the fracture aperture variation on element
B with time; indicating a fracture closure. As can be
seen in Figures 9 and 10, the magnitudes of the shear
dlip in both the x-direction and y-direction decrease
with the passage of the time. This is an interesting
result made possible by our anaysis, it can be
explained by the increase of the normal stresses with
time. The joint closure and shear strength are directly
proportional to the normal effective stress at the
fracture surface. The normal effective stress increases
(Figure 11) in response the matrix dilation due to
fluid leak-off from the fracture into the reservoir
matrix and constraint dilation.
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Figure 1:

Table 1. Data set used in the numerical example.

Parameter Value
Shear modulus G (GPa) 4.0
Poisson’sratio v 0.25
Fluid viscosity z (N.s/m°) 0.001
Fluid diffusivity ¢ (m?/s) 10°
Biot's coefficient o 0.95
Fluid density p; (kg/m°) 1000
Rock density p, (kg/m°) 2650
Rock permeability « (m?) 107"

Mesh for the circular fracture example
used to verify the numerical model.
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Figure 2: Comparisons between numerical and
analytical results for fracture opening.
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Figure 3: Comparisons between numerical and
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analytical resultsfor fracture slip in shear.
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Figure 5: Variations of fracture opening with time at

element A due to Mode 2 loading.
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Figure 6: Long term and short term fracture opening
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Figure 7: Discretization of irregular fracture using

four-noded quadrilateral elements.
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Figure 8: Variation of fracture aperture on element B

with time.
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Figure 10: Variation of dip in y-direction for
element B with time.

CONCLUSIONS

A three-dimensional displacement discontinuity
method has been developed to analyze the behavior
of the fracture opening and dip in response to the
application of fluid pressure in the fracture. The field
guantities such as solid displacement, fluid flux,
stress and pore pressure, are evaluated by using the
integral equation method in terms of the densities of
the discontinuous solid displacement and fluid flux
across the fracture. Using these boundary integral
equations, we only need to discretize the fracture
surface instead of the whole domain. The natura
fracture deformation was assumed to be linear elastic
and considered dilation related to the fracture dlip
which was modeled using Mohr-Coulomb criterion.

The three-dimensional model was applied to study
the poroelastic response of the fracture opening and
dip. It was found that the application of the normal
stress loading causes the increase of the fracture
opening with the time because of the dissipation of
the pore pressures in the rock; while the pore pressure

18.5

11sx1n" w00 w10° w10t w10’ w10t wie’
Time (s)
Figure 11: Variation of normal effective stress for
element B with time.

loading causes the increase of the fracture closure
due to fluid leak-off from the fracture into the rock.
This is consistent with previous studies (Ghassemi
and Roegiers, 1996; Detournay and Cheng, 1993).

Often, field applications involve injection pressures
that are insufficient to jack the fracture open.
Simulation of this scenario shows that application of
the fluid pressure in a fracture under critical shear
stresses causes the fracture to dip and dilate.
Thereafter, the fracture slip decrease as the matrix
dilation caused by pore pressure diffusion increases
the normal stress on the fracture surface, and reduces
the dilation induced crack opening. Such a transient
dlip can be manifested in injection pressure variations
as well in induced reservoir seismicity observed in
enhanced or engineered geothermal systems.
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