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ABSTRACT

In this paper, we investigate the propagation of
uncertainties in the input variables (used in the
volumetric method) on to stored and recoverable
thermal energy estimates calculated from volumetric
methods. Effects of the different types of input
distributions, correlation among input variables and
cognitive biases are also investigated. Both Monte
Carlo (MC) and the analytic uncertainty propagation
(AUP) methods are considered and compared for
uncertainty characterization. Analytic uncertainty
propagation equations (AUPES) are derived based on
a Taylor-series expansion around the mean values of
the input variables. The AUPEs are general in that
correlation among the input variables, if it exists, can
also be accounted for on the resulting uncertainty.
Monte Carlo methods (MCMs) were used to verify
the results obtained from the AUPEs.

A comparative study that we have conducted shows
that the AUPM is as accurate as the MCM for the
problem of interest. We show that AUPM can be
used as a fast tool, without resorting to the MCM
because the resulting distributions of stored and
recoverable heat are always log-normal, which makes
it possible for the results of the AUPM to accurately
characterize the uncertainty. It is also shown that it is
incorrect — a commonly made mistake — to add the
“proved” and “probable” (which corresponds to Py
and Py, percentiles of the cumulative distribution
function, respectively) thermal energy “reserves”
from individual wells (or fields) to get “proved” field
(or country) reserves. Applications on synthetic and
field data cases are presented to demonstrate the
methodology considered in this work.

INTRODUCTION

Uncertainty is inherent and ubiquitous in estimation
of any type of reserves (oil, gas or heat) from
underground energy systems. The thermal energy or
power “reserve” of a given geothermal reservoir is no
exception. Unfortunately, this is also true regardless

of any method used for estimation, e.g., volumetric,
decline curve, or reservoir simulation methods
because the input variables required for the reserve
estimation problem always contain uncertainties to
some degree that propagate into reserve estimates.
Therefore, to make good decisions, one must be able
to accurately assess and manage the uncertainties and
risks.

In this work, we limit our study to the assessment of
uncertainty in estimated thermal energy reserve (in
the form of stored or recoverable) by the volumetric
methods (for example, see Muffler and Cataldi,
1978).

Volumetric methods are usually used to estimate
stored heat and recoverable power reserves in the
early life of geothermal reservoirs. Estimation of the
thermal energy requires geological, geophysical, and
petro-physical data including reservoir temperature,
reservoir area, thickness, porosity, rock and fluid
specific heats, etc. The values of these input variables
have usually large uncertainties associated with them,
and hence it is very important to propagate these
uncertainties on to the estimation of the thermal
energy reserves. From the view points of a field
investment, an accurate assessment of uncertainty in
stored and recoverable heat is a crucial task from
which to make decisions that will create value and/or
mitigate loss in value (risk).

In the past, various authors have considered assessing
uncertainty in estimated stored and recoverable
power from the volumetric method by using the
Monte Carlo (MC) method (Brook et al., 1979;
Serpen, 2001; Lovekin, 2004; Arkan and Parlaktuna,
2005; Serpen et al., 2008). However, none of these
works provide a deep investigation of and insight to
the uncertainty assessment from the volumetric
method. These works simply apply the MCM to
characterize uncertainty in estimated stored heat or
recoverable power for the geothermal reservoirs
interest.



It is no doubt that the MCM used in the previous
references cited is a general approach for assessing
the uncertainty. In this work, we show that there is a
simple and fast alternative method — which we refer
to it as the analytic uncertainty propagation method
(AUPM) - to the MCM method for characterizing
uncertainty. The validity of the AUPM for accurately
characterizing uncertainty results from the fact the
distributions of stored heat and power for a zone,
well, or field to be computed from the volumetric
method are almost always log-normal. This result
simply follows from the fundamental theorem of
statistics and probability — the Central Limit Theorem
(CLT) (e.g., see Parzen, 1962). The CLT states that
the sum of a sufficiently large number of independent
random variables each with finite mean and variance
will be approximately normally distributed. As a
consequence of this theorem and the functional
relationship of the volumetric method which involves
a product/quotient of several independent random
variables for computing thermal energy reserves, one
should expect that the resulting distribution of the
thermal energy will tend to be log-normal as the
number of input random variables increases. This
result is in fact valid no matter what form of
uncertainty the input variables assume. The same
findings have been reported previously for the
assessment of uncertainty in oil or gas reserves
computed from the volumetric methods by Capen
(1996, 2001).

Other objectives of this work are as follows: We
would like to show how the different types of input
distributions, correlation among input variables, and
cognitive biases regarding the input distributions
(Capen, 1976; Capen, 2001; Welsh et al., 2007)
propagate into the uncertainty of the estimated
thermal energy or power. In addition, we show that it
is incorrect — a common mistake — to add the
“proved” thermal energy reserves from individual
wells (or fields) to get “proved” field (or country)
reserves, which has long been established by Capen
(1996, 2001).

VOLUMETRIC METHOD

Here, we introduce the volumetric method used to
compute the stored heat and recoverable thermal
energy (in terms of power) for a given geothermal
field. Throughout, we will assume a geothermal
reservoir containing hot solid rock and single-phase
liquid water.

Based on the volumetric method, the total stored heat
in the reservoir is equal to the sum of the stored heat
in the (solid) rock and water:

H =H,+H,, (1)

where H; and H,, are given, respectively, by

Hs =(l_¢)cspsAh(Ts _Tr)’ (2)
and
H, =¢chWAh(TW—Tr). (3)

In Egs. 1-3, the subscript r, s, t, and w denote
reference, solid rock, total, and water, respectively.
The variables used in Egs. 1-3 and their units are
given below:

area in m?

specific heat in kJ/(kg °C)
net thickness in m

stored heat in kJ
temperature in °C
porosity (fraction)
density in kg/m®

ASERSUE B i P 4

A few remarks are in order for Egs. 2 and 3: Egs. 2
and 3 are given by Muffler and Cataldi (1978) who
consider different temperatures for the solid rock and
fluid components of the reservoir. In Egs. 2 and 3,
however, we will assume that a local thermal
equilibrium is always valid in the reservoir so that
solid rock and fluid temperatures are identical in Egs.
2 and 3; i.e., Ty =T, = T. Hence, using Egs. 2 and 3
with this assumption in Eq. 1 yields:

H, =[(1-¢)c.p, +¢c,p, |AR(T =T,). @)

H, defined by Eq. 4 is usually referred to as the
accessible resource base and it can be converted to
recoverable power (in MW) by the following
equation (Serpen, 2001; Arkan and Parlaktuna,
2005):

_HRY
10°Let,

()

The variables used in Eg. 5 and their units are given
below:

H; total stored heat in kJ

Le load factor (fraction)

PW recoverable power in MW

Re  recovery factor (fraction)

Y  transformation yield (fraction)
t,  project life in seconds (s.)

Here, Lg, the load factor, represents the fraction of
the total time in which the direct heating or power
generation is in operation, and Y, the transformation
yield, represents the efficiency of transferring thermal
energy from the geothermal fluid to a secondary
fluid.



It is worth noting that the stored heat in the solid rock
is typically an order of magnitude larger than the
stored heat in the water. In other words, the ratio of
stored heat in the solid rock to the total stored heat in
the solid rock plus water, i.e., Hy/H,, is nearly 0.80 to
0.90 (or in percentage 80 to 90%). Note that in the
case of hot dry rock, this ratio is unity because ¢ is
zero for hot dry rock applications. In other words, for
most of the applications, H, = H,. This observation

indicates that ignoring the stored heat in water in
computing H; and PW from Egs. 4 and 5 may not
introduce significant underestimation in H; and PW.

It is also worth noting that Eqgs. 4 and 5 are valid for
predicting the recoverable power for both direct-
heating and power (electricity) generation
applications provided that the variables such as T, T,,
Re, Y, Lg and t, are “adequately” chosen for the
specific application of interest. For example, for most
of the direct-heating applications, T, usually ranges
from 15 to 60 °C, whereas for electricity generation,
T, usually ranges between 70 to 100 °C. Although it
is important how to choose the variables and their
ranges for accurately assessing uncertainty in H, (Eq.
4) and PW (Eq. 5), our purpose here is not to get into
a detailed discussion of appropriate sources of data
and how one could determine the appropriate values
of the variables and the associated uncertainties.
Assessment of uncertainties in the input variables
itself is a notoriously difficult problem, because, to
our knowledge, there is no standard rule for
characterizing uncertainty in the input variables. On
this aspect, we refer the readers to the works of
Capen (1976) and Welsh et al. (2007).

Uncertainty (in the stored heat and the recoverable
power) results from our lack of knowledge in most of
the input variables in Egs. 4-5. Quantification of
uncertainty is inevitably subjective  because
knowledge about the input variables is dependent on
available data and personal experience of the
interpreter. As well stated by Welsh et al. (2007), it is
quite possible for two people to have different
probability estimates for the same input variable,
based on their differing knowledge. Thus, there is no
single “correct” probability distribution, unless all
people have identical experience and information,
and process it in the same way (Welsh et al., 2007).

Based on the discussion given in the previous
paragraph, there is no reason to claim that any
particular type of probability distribution (e.g.,
uniform, normal, log-normal, triangular, etc.) for our
input variables be preferable. As we will show later
based on the CLT, the resulting distributions of H,
and PW are log-normal regardless of the types of
probability distributions chosen for the input
variables.

When computing H; from Eq. 4, we treat H; as a
function of eight random, input variables; namely, A,
h, @, Cs, Cu, Ps, Pwr (T-Ty). When computing PW from
Eq. 5, we treat PW as a function of eleven random
input variables; the same eight input variables given
previously for the H; plus three more input variables;
namely Rg, Lg, and Y. In our applications, we fix T, at
a constant value, but the variable (T-T,) in Eq. 4 will
be treated as a random variable because T in Eq. 4 is
treated as a random variable. If the mean and

variance of T are s ando?, then the mean and
variance of the (T-T,) are Mg 7y =ty -T, and o7,

r

respectively. Furthermore, we assume that there is no
uncertainty associated with the variable t, in Eg. 5.

Some input variables involved in Egs. 4 and 5 can be
expected to be statistically correlated. For example,
Puw the density of water, is expected to be dependent
on the value of T, reservoir temperature in Eq. 4. We
would expect that increasing T decreases p,, which
indicates that these two variables are negatively
correlated. Hence, this indicates that p, and T may
not be treated as two independent variables in Eq. 4.
We may also expect that c;, the solid rock specific
heat be negatively correlated with p,, the solid rock
density, and c¢; be positively correlated with
temperature. In addition, reservoir area may be
positively correlated with the net thickness (Murtha,
1994). Our point is that ignoring existing correlations
between input variable pairs may lead to an incorrect
characterization of uncertainty in H,and PW. If data
and available information permit, one should make
scatter plots of input variable pairs to identify the
correlation between them, if any, and then include
these correlations into the uncertainty assessment
procedure.

QUANTIFICATON OF UNCERTAINTY

In this section, we review some basic equations and
methods used for quantification of uncertainty in the
estimation of H; and PW by the volumetric method
(Eq. 1-5). We first consider the Monte Carlo method
(MCM) and then the analytic uncertainty propagation
method (AUPM).

However, before getting into details of these
methods, we first note that Eq. 4 for estimating H;
involves a product of  four random

variables; [ (1-¢)c,p, +¢c,p, |, A, h, and (T-T),

whereas Eq. 5 for estimating PW involves a product
of three random variables; H;, Rg and Y, and a
quotient of the random variable Lg. As H, involves a
product of four random variables, then PW is a
product of seven random variables and a quotient of
one random variable.



If we take the natural logarithm of PW given by Eq. 5
and rearranging the resulting equation so that the
right-hand side of the resulting equation can only be
expressed in terms of the input random variables, we
obtain:

INPW +In(10° ) =InH, +InR_ +InY —InL_,
(6)

where InH;, which follows from E. 4, is given by:

InH, =In[(1-¢)c.p, +¢c,p, |+InA

()
+Inh+In(T-T,)

Egs. 6 and 7 clearly indicate that InPW and InH; can
be written as a sum of the natural logarithms of all
independent random variables. If all these random
variables are treated as independent, then it follows
from the CLT, discussed previously, that the resulting
distribution of InH, or InPW will tend to be normal. It
is important to note that this is true no matter what
type of distribution the input random variables
assume.

If InH; and InPW will tend to be normal, then the
corresponding distributions of H, and PW will tend to
be log-normal. We would expect the distribution of
PW to be more like log-normal than that of H,
because PW involves more products/quotients than
does H..

Note that the CLT promises that InH; and InPW be
normal if all the random variables are independent.
Hence, we may not claim that InH; and InPW be still
normal if some of the input random variables are not
independent. However, our results to be shown later
indicate that the resulting distributions of InH, and
InPW still tend to be normal even if some of the input
variables are treated as dependent.

Finally, we state our definitions to be used for
characterizing uncertainty in H; or PW. For this
characterization, we adopt the convention proposed
by Capen (2001). We will refer to Py, as “proved”,
Pso as “probable”, and Py, as “possible”, where Py,
Pso and Pgy correspond to 10th, 50th and 90th
percentiles of the cumulative distribution function,
respectively, for H, or PW.

Monte Carlo Method (M CM)

The MCM relies on a specified probability
distribution of each of the input variables and
generates an estimate of the overall uncertainty in the
prediction due to all uncertainties in the variables
(Kalos and Withlock, 2008). As it does not require a
linearization of the function and a continuity of the
random variables, it is a more general approach for
characterizing the uncertainty for any given nonlinear

random function f. In our case, f represents H, given
by Eqg. 4 or PW given by Eq. 5. In the applications to
be given, we 1perform Monte Carlo simulations by
using @RISK,™ spreadsheet-based software (2004).

Analytical _Uncertainty Propagation Method
(AUPM)

Here, we derive an uncertainty propagation equation
for a function f (such as H,in Eq. 4 or PW in Eq. 5 or
their natural logarithms given by Egs. 6 and 7) where
it is treated as a continuous random function due to
uncertainties in the input variables. We assume that
all uncertainties are due to the random uncertainties
in the input variables and ignore the systematic errors
in the input variables and modeling errors. The error
propagation equation we present is based on a Taylor
series approximation of the function around the mean
values of the variables up to its first derivatives with
respect to each of the input variables. As a
consequence of this approximation, the uncertainty
propagation equation provides a linearization of the
function in terms of its input random variables
(Barlow, 1989; Coleman and Steele, 1999; Zeybek et
al., 2009).

The AUPM provides a simple approach for
estimating the variance of a function defined by
several random variables — particularly so, of a
function defined by products and quotients of random
variables, whether they are independent or correlated.
The method does not assume a specific type of
distribution for the input variables and all needed to
use the AUPM are the statistical properties of the
distribution of each random variable; specifically the
mean, variance (or std. dev.), and the covariance (or
correlation coefficient) among variable pairs if the
random variables are correlated.

Before we present the derivation of the AUPM, it is
worth noting that the AUPM provides an exact result
for the mean and variance of a random function f if f
is linear with respect to the input random variables.
Otherwise, i.e., if f is nonlinear, then the AUPM
provides only approximate estimates of the mean and
variance of f. The approximation gets better if
nonlinear f can be well approximated by a linear
function near the means of the input random
variables.

For the problem of interest in this work, we wish to
estimate the variances of H; and PW given by Egs. 4
and 5. As can be seen from these equations, H; is, in
general, a nonlinear function of the variables A, h, ¢,
Cs, Cws Os, Pwr (T-Ty). Because H; is nonlinear, then PW
given by Eq. 5 is also a nonlinear function of the
same input variables plus the variables R, Lr and Y.
As noted before, if we work, however, with the
natural logarithms of H; and PW (Egs. 7 and 6), then
we obtain “nearly linearized” equations for H, and



PW. We say “nearly linearized” because InH, and
InPW is still nonlinear, but now are “weakly”
nonlinear. For example, InH; (Eq. 7) is more linear
compared to H;, (Eq. 4) because InH;, is only nonlinear
with respect to the variables; ¢, ¢, Cy, o5, Pw, bUL iS
linear with respect to InA, Inh, In(T-T,), whereas H; is
nonlinear with all of these eight random variables.
Similar arguments are valid for PW and InPW
functions. Therefore, as to be shown later, we obtain
more accurate estimates of the variances of InH;, and
InPW if we apply the AUPM directly to InH; (Eq. 7)
and InPW (Eqg. 6) instead of applying it to H, (Eq. 4)
and PW (Eq. 5).

One final remark is that if the porosity is nearly zero
(e.g., in the case of hot dry rock), then InH; given by
Eqg. 7 can be written as:

InH,=Inp,+Inc,+InA+Inh+In(T-T,). (8)

So, in this case, InH, is a linear function of the natural
logarithms of the input variables; g, ¢, A, h, and T-
T,. Using Eq. 8 in Eq. 6 yields:
INPW +In(10°t,) =In p, +Inc,+InA+Inh
+In(T-T,)+InR. +InY , (9)
—InL;
which indicates that InPW is a linear function of the

natural logarithms of the input variables; g, c;, A, h,
T-Tr, Rg, Y, and Lg.

AUP Equationsfor H; (Eq. 4) and PW (Eq. 5)

Let’s consider a random function f of M variables, X;,
i =12..M, e, f="f(X,X,...,X,). Then,
expanding f around the mean (or true) values of X;s
(denoted by u,,i=12,...,M) by using a Taylor

series up to first derivatives, we obtain:

f (X, X, Xy)= f(,uxl,,uxz,...,yxM)
+i(xi _ﬂxi){;_;ij

It can be shown that the mean ( , ) and variance of f

(10)

Xi=tty, i=L,..M

(O'f') are approximated by:

ﬂf=f(#xl”uxz""'#xm)' (11)
and
M M-1 M
o7 =605, +2) > 68,cov(X,, X;),  (12)
= i=1 j=i+l

where cov(X;,X;) represents the covariance between
the variable pairs X; and X;, and if we use the relation
between covariance and correlation coefficient,

Px.x; then we can express Eq. 12 in terms of the
correlation coefficient as:

M M-1 M
01 = 2000 +22. >, 06,p,x,0x0, - (13)
) i=1 j=i+l

In Egs. 12 and 13, @ is the derivative of f with
respect to the variable X;, i.e.,

o[
oX,
Note that & represents the sensitivity of f to the

variable X; evaluated at the mean values of all the
variables.

(14)

Xi=tty; i=L.M

It can be noticed (from Egs. 12-14) that the
uncertainty propagation into f is determined not only
by the variances of the variables and correlation
among them, but also the sensitivity of f to each
variable in the volumetric method (Egs. 4-7).

We can derive several useful forms of AUPEs. For
example, if we divide both sides of Eq. 13 by z?, we
obtain:

M-l M 6, 0, o o)
)ID I Enl i PR iy il
i1 j=iel \ M yor Hy, )\ Hx,
(15)
where o, /u, is called the relative uncertainty in f

and oy /u, represents the relative uncertainty for

the variable X;, and simply denoted by RU;. It is
worth noting that the term 6/ in Eq. 15

represents the normalized (or dimensionless)
sensitivity of f with respect to the variable X; and is
explicitly computed from:

p i_ﬂ[a_fJ
“ae g\ 9X,

Another useful measure of the total uncertainty can

be obtained by multiplying both sides of Eq. 15 by

(16)

Xi=tty; i=1...M

(yf/af)zand then rearranging the resulting
equation:



(17)
Eq. 17 can also be simply rewritten as:
M M-1 M
D UPC,+> > UPC,, =1, (18)
i=1 i=1 j=i+l

where we define UPC; as a measure of the individual
contribution (in fraction) of each variable’s

uncertainty to the total uncertainty (or variance) in f:
2
iy, 6
ol yZi o\
UPC, =67 = |=~ "t | 25 | (19)
O o, Hy,
yor

and define UPC;; as a measure of the contribution of

the correlated pairs X; and X; (in fraction) to the total
uncertainty (or variance) in f:

O-Xi O-Xi
UPCLJ— =2 —6 9]- Px, x,
O O

Hrg | Hxig . (0)
ol N o Yo ]
o\ Hy, )\t )
My

Note that UPC; (Eq. 19) is always positive, but UPC;;
(Eq. 20) can be positive or negative depending on the
signs of the normalized sensitivities (Eq. 16) and the
correlation coefficient p,, . If, and only if, all

variables are uncorrelated, all UPC;; are zero.

A few important remarks (from Egs. 13-20) are in
order: If the variables are completely independent,
the total uncertainty in f will be dominated more by
the variables having the larger products of
normalized sensitivities and relative uncertainties. So,
for this case, one only needs to inspect the product of
normalized sensitivity and relative uncertainty, or
UPC; for each of the variables to identify which of

the variables contribute more to the total uncertainty
in f. If the variables are correlated, then one should
compute UPC;s in addition to UPC; to identify which
of the variables and the correlated pairs contribute
more to the total uncertainty in f.

It may not be obvious from Egs. 13-20 to see how
correlation among variables propagates into
uncertainty in f because in the case of correlation, the
uncertainty in f (Eq. 13) depends on (i) the number of
correlated pairs, (ii) magnitude and sign of the
correlation coefficient between the correlated pairs,
and (iii) magnitude and sign of the sensitivity of f to
the correlated variables. So, the uncertainty in f can
increase or decrease with correlation. However, how
correlations among variables propagate into
uncertainty in f can be easily identified by calculating
and then inspecting the UPC; and UPC; given by
Egs. 19 and 20, derived from the error propagation
equation accounting for correlation among the
variables.

As mentioned previously, for the problem of interest,
f in Egs. 10-20 could represent H; given by Eq. 4 or
PW given by Eq. 5. The sensitivities of H, and PW
(i.e., @s) required in Egs. 12-20 can be obtained by
analytical differentiation of Egs. 4 and 5. For
example, the sensitivity of H, to a given variable in
Eq. 4 is obtained by differentiating Eq. 4 with respect
to that variable. These sensitivities are tabulated in
Table 1. To compute uncertainty propagation in PW
given by Eq. 5 from Egs. 12-20, then we first
compute the sensitivities from the formulas given in
Table 2.

Table 1: Sensitivity of H; (Eq. 4) with respect to a
given variable X; in Eq. 4.

Variable X; 6 = aH/oX;’

¢ (=t + o, p1,, ) ety .

G (L=t ) 1, ittt .

Ps (1t ) e, pbtn i,

Cw Mgy HpbnHir )

P Hoble Hallobls

A (=t ) 1, + ottt Lttt
h [ty ) e, + 1yt 1, |ttt
T [0 a1y ) ot + bt 1, |ttty

*evaluated at the mean values of the variables X;s




Table 2: Sensitivity of PW (Eq. 5) with respect to a
given variable X; in Eq. 5.

Variable 8 = IPW/OX,
Xi
¢ (_ﬂcs My + M My, ):uA:uhﬂ(T MR My
10°u, t,
G (1_ Hy ):u,o5 Mt Mir T, )/URF Hy
10°u, t,
Ps (1_ Hy )IucsluAluh:u(T—T,)luRFluY
10°u, t,
G HoHlp HptnHhr 1) Hr, Hy
10°u, t,
P Myl Mt iy 1y He My
10°4L t,
A
[(1_ Hy )'ucs Hp, + Holee o, :|luhlu(T—T, yir, Hy
10°u, t,
h
[(1_ Hy ) e ty, + Hotle 1, ]ﬂAﬂ(T—Tr)luRF Hy
10°u, t,
T, [0 1ttt + bttt ]ttt
10°u, t,
R
] [(1_ Hy ) e My, + 1y M, ]:uAluh:u(T )My
10°u, t,
Y
[(1_ U [4 )lucS /ups + /u¢:ucwlupw :|lLlAlLlh11’l(T T, ),URF
10°u, t,
L
F [(1_ ,U¢ )lucS /u,oS + /u¢:ucwlupw ]/uA/uh,U(T T, )/URF ,Uy
—10°t, 41,

*evaluated at the mean values of the variables X;s

AUP Equationsfor InH; (Eqg. 7) and InPW (Eq. 6)

In the case where we consider uncertainty
propagation in Inf (e.g, Inf = InH, given by Eq. 7 or
Inf = InPW given by Eq. 6) instead of f, then we may
use two different approaches to derive AUP
equations. These approaches yield two different AUP
equations for estimating the variance of InH; or InPW.

Approach 1: The first approach is based on the
Taylor series expansion of InHy (or InPW) around the
mean values of the input variables x, s . For this case,
the AUP equations are given by Egs. 10-20 with f

replaced by Inf. Hence, the sensitivities 8s required
in Egs. 12-20 are given by:

din f
9= —— 21
(5] @)
If we consider uncertainty propagation in Inf = InH,,
given by Eg. 7, then the sensitivity of InH; with

respect to X; is simply obtained by using the chain
rule as:

Xi=tt; i=L..M

dlnH, 1 9H,

X, H, X,

, 22
. H, oX (22)

Xi=tt; i=L..M

where X; and oH,/0X, are tabulated in the first and
second columns of Table 1.

Similarly, if we consider uncertainty propagation in f
= InPW given by Eq. 6, then the sensitivity of InPW
with respect to X; is obtained by using the chain rule
as:

dInPW 1 9PW|
X,  PW X, |

: (23)

Xi=tty; i=L.M

where X; and dPW /9X; are tabulated in the first and
second columns of Table 2. Table 3 and 4 present the
formulas for the derivatives for InH; and InPW with
respect to X;, respectively.

Table 3: Sensitivity of InH, (Eq. 7) with respect to a
given variable X;in Eq. 7.

Variable X; 6 =olnH/oX,"
¢ (—poaa,, +pt, 1)
(A=t )a t, + ottt |
& (1-4,)u,
(Wt )ttt + ety |
P (L=t ) 1,
(=t + e |
Cw Hoty,
(=t p, + e |
P Holl,
(=t + e |
A Yy,
h Uy,
T-Tr Vi,
*evaluated at the mean values of the variables X;s




Table 4: Sensitivity of InPW (Eqg. 6) with respect to a

given variable X; in Eq. 6.
\)éariable 6 = 9InPW/aX;’
i

¢ (= 0y, + 1 18,,)

| (Lt )t + bttt 1, |
& (1-4,) 1,

(Lt )t + ot 1, |
Ps (1_/“«»)/‘%

[ (L) e, + ot |
Cw Moy,

(Lt )t p, + ot 1, |
P Mo,

| (Lt )t + ot 1, |
A U p,
h 1/ u,
T-T, Uy,
Re 1/t
Y U,
Le -1,

*evaluated at the mean values of the variables X;s

Approach 2: The second approach is based on the
Taylor series expansion of InH;, (or InPW) around the
mean values of natural log of the input variables; i.e.,

xS - For this case, the AUP equations are given by
Egs. 10-20 with f replaced by Inf, X;s by InX;s, and
Uy SbY p1,, . Hence, for this approach, the

sensitivities @s required in Eqgs. 12-20 are to be
computed from:

g - dln f
aln’X;
If we consider uncertainty propagation in Inf = InH,,

then the sensitivity of InH, with respect to InX; is
simply obtained by using the chain rule as:

(24)

Xi=tty; i=L,..M

dInH, _ X, H,
alnX, H, oX,

(25)

Xi=tt; i=L..M

Similarly, if we consider uncertainty propagation in
Inf = InPW given by Eqg. 6, then the sensitivity of
InPW with respect to InX; is obtained by using the
chain rule as:

dINPW _ X, 9PW|
olnX, ~ PW 9X, |,

(26)

i=Hy; Ji=l...M

The derivatives (Egs. 25 and 26) are simply
computed by multiplying the derivatives given in the
second columns of Table 3 and 4 by the mean value

of the variable interest, u, .

Our numerical results indicate that Approach 2
provides slightly better estimate of the variance than
Approach 1. However, unlike the Approach 1, the
Approach 2 for estimating the variances of InH; and
InPW will require us to work with the means and
variances of the natural-log of the input model

variables, ie., 4,y and Ufnxi- In the correlated
case, we will also need to convert to correlation
coefficient between two pairs, say py, x 10 Py, nx, -
All these require an additional effort to compute the
mean 4, and variance ofnxi from a given
distribution of the input variable X;. If the distribution
of X is log-normal with mean «, and variance oﬁi ,
then InX; is normal with the mean g, and

variance oy , given by:

1 o%
My, =Nty _Eln(l-'_,u_z} (27)
and

2
o
Oy, = |n£1+%}. (28)

XI

If the chosen distribution for the input variable X; is
not log-normal, then we can use descriptive statistics

on the available data to compute ,, and O',ixi f

such exhaustive data are not available, then we may
generate samples from a known distribution and use
descriptive statistics on these samples to compute

2
Hyy X; and O-In X"

Estimation of 10th, 50th and 90th percentiles of H;,
PW, InH; and InPW

As discussed previously and to be shown with
numerical results later, the resulting distributions of
H; and PW are nearly log-normal due to the CLT.
Consequently, the distributions of InH, and InPW are
nearly normal. Hence, using this observation, we can



compute other statistical measures such as Pyg, Psxp,
and Py, for characterizing uncertainty in H, or PW in
addition to the mean and variance determined from
the AUPM. When using the AUPM, we first compute
natural logs of Py, Psg, and Pgy; i.e., INPyg, INPsg, and
InPgy, from the following formulas given for a normal
distribution (also see Capen, 2001):

In P].O = Ut _1'28O-Inf ) (29)

InR, =4, +1.280,,; , (30)
and

NPy, = MPo 1N : nFy (31)

where Inf represents either InH; or InPW.

The 1.28 in Egs. 29 and 30 stems from the fact that
for a normal distribution, 10 or 90 percentile lies 1.28
standard deviation units away from the mean.

It is important to note that how we compute the
natural log of percentiles from Egs. 29-31, which

require the values of 4, , and o7, (square root of

the variance yields the standard deviation o,,; ) from
the AUPM. If we directly apply AUPM to H; (Eq. 4)
or PW (Eg. 5), then we can estimate the mean and
variance of H, or PW; i.e, x, and o7, where f
represents either H; or PW. Then, using these values
in Eq. 27 and 28 (where X; is replaced by f) because f
is log-normal due to the CLT, we can estimate x,,,

and o}, . As mentioned previously, we do not

recommend using this approach because applying the
AUPM directly to H, or PW does not provide as
accurate estimates of x, and o? as applying it to

InH; or INPW due to nonlinearity in H; or PW.

Therefore, we estimate directly the mean and
variance of InH, or InPW; i.e., 4, and o}, , where f

represents either H, or PW, by using the AUPM
method based on either Approach 1 or 2, discussed
previously. Then, we compute InPyq, InPs, and InPgy
by using Egs. 29-31. We finally exponentiate the
computed values of InPyy, InPsy and InPg, to obtain
P10, Pso and Py, respectively, for Hiand PW.

RESULTS

Here, we present our results obtained by considering
a few examples to make our points.

Uncorrelated Case

First, we consider a case where all input variables are
independent in H; and PW given by Egs. 4 and 5. For
the purpose of this example, we choose to model all
distributions with a triangular distribution. As
discussed previously, in fact, there is no reason to
insist upon any particular probability distribution for
our input variables. The minimum, most likely
(mode), and maximum values of the input variables
are given in Table 5. The values of mean and
variance given in Table 5 were computed from the
well-known formulas for a triangular distribution:

_ Min+ Max+ Mode

, 32
Uy, 3 (32)
and
,  (Min)* +(Max)’ +(Mode)’
0% =
| 18 _
(Minx Max + Minx Mode + Maxx Mode)
18
(33)

The data given in Table 5 pertain to Izmir Balgova-
Narlidere geothermal field in Turkey and were taken
from Satman et al. (2001). For this application, T, =

60 °C.

Table 5: Distributions of the input variables.

Variable Min | Mode | Max | Mean® | Variance"
X, Hy, O->2<i

P) 002 [005 |01 |0057 |2722x10"
Cs, kli(kg °C) 0.75 0.9 1.0 0.883 2.639x107°
05, kg/m? 2550 | 2650 | 2750 | 2650 1.667x10°

Cuw kikge) | 400 | 418 |421 |4130 | 2.150x10°
pwkgm® | 922 [ 931 [ 987 | 9467 | 2.067x10°

A, m? 5x10° | 9x10° | 2x10° | 1.1x10° | 1.006x10
h, m 250 350 1000 | 533.3 | 2.764x10*

T-T,°C 40 75 85 66.67 9.306x10*

Re 007 [018 |024 |0163 | 1.239x10%
Y 0.7 0.85 |09 0.817 | 1.806x10°
Le 035 [041 |05 0.42 9.500x10*
to, S. 8x10° | 8x10° | 8x10° | 8x10°® | 0.0

“mean and variance were computed from the known formulas

given for a triangular distribution, see Eqgs. 32 and 33.




Figures 1-4 show histograms of H, (Eq. 2), H,, (Eq.
3), H; (Eq. 4), and PW (Eqg. 5) generated from the
MCM by using the distributions given in Table 5 in
@RISK. The statistical variables (e.g., mean,
variance, Py, Pso, and Pgg) for each histogram are
given in the insets of Figures 1-4.

As is expected from the CLT, all histograms of
Figures 1-4 are nearly log-normal. This can be further
verified by simply sorting the computed values in
ascending order and plotting the resulting values on a
log-normal probability paper. If the points fall close
to a straight line, then the distribution can be
considered as log-normal. Figure 5 shows a plot of
PW on a log-normal probability paper. The result of
Figure 5 verifies that PW is reasonably log-normal.
Although not shown here, plots of H,, H,,, and H, on a
log-normal probability paper indicate that these
variables are also reasonably log-normal.
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Figure 1: Histogram of stored heat in solid rock, Hs,
generated from the MCM.
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Figure 2: Histogram of stored heat in water, H,,
generated from the MCM.
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Figure 3: Histogram of total stored heat in solid
rock plus water, H;, generated from the

MCM.
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Figure 4: Histogram of recoverable power, PW,
generated from the MCM.
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Figure 5: Cumulative plot for recoverable power,
PW, generated from the MCM.

It is worth noting that the total stored H, is the sum of
stored heat in the solid rock and the stored heat in
water occupying the “pore” spaces. Inspecting the
histograms of H; (Fig. 1), H,, (Fig. 2) and H; (Fig. 3),



we see that the contribution of H,, to H; is small, and
H, is dominated mainly by H, stored heat in the solid
matrix. In fact, as discussed previously, this is not
surprising because most of the heat is normally stored
in the solid rock in geothermal reservoirs.

It may be also worth noting that as expected from a
statistical point of view, the sum of the means of the
distributions of H, and H; is exactly equal to the
mean of the distribution of H;. However, we see that
the sum of individual variances of H, and H;
distributions, though they are close and they agree
within 15%, is not exactly equal to the variance of the
distribution of H,. It is actually less than the variance
of the distribution of H;. The reason for this is due to
the fact that H,, and H, are somewhat (positively)
correlated with each other due to the common
variables (¢, A, h, and T-T,) involved in sampling the
distributions of H,, and H,. Hence the variance of the
distribution is different (greater) from (than) the sum
of the individual variances of H,, and H, distributions.
This indicates that we can simply add the means, but
not the variances of individual distributions for
estimating the mean and variance of a random
function involving the sum of two individual random
distributions unless they are uncorrelated.

Now, we compare the estimates of means, variances,
P10, Pso, and Py computed for H,, PW, InH,, InPW
from the MCM and AUPM. As mentioned
previously, when we use AUPM, we can consider
two different approaches for estimating the variances
of InH; and InPW functions. The second approach
(Approach 2) requires that we should work with the
mean and variances of InX;s instead of X;s. Table 6

gives 4,y and O',ixl values — computed from

descriptive statistics after applying natural log
transformation to each X; — for the input variables

Table 7 compares the values of means and variances
computed from MCM and AUPM for H;,, PW, InH;
and InPW. The computed values of mean and
variance from the MCM and AUPM for H,, PW, InH,,
and InPW functions agree well (Table 7). We also
notice that the values of mean and variance for InH;
and InPW computed from the AUPM based on
Approach 1 and 2 are nearly identical to those
estimated from the MCM. The means and variances
computed from the MCM and AUPM for H; and PW
functions, however, do not agree as good as those
computed for InH; and InPW functions. This is not
surprising though, and is an expected result because
as mentioned previously, the AUPM provides a linear
approximation to a nonlinear random function around
the mean values of the input variables and can
provide exact results for the mean and variance for a
function f if that function is linear with the input
random variables. In our case, both H; (Eqg. 4) and
PW (Eqg. 5) are in fact nonlinear functions of their
input variables. On the other hand, InH, (Eg. 7) and
InPW (Eq. 6) are almost linear (or weakly nonlinear)
functions of the input variables. Consequently, the
AUPM (based on either Approach 1 or 2) provides
estimates of means and variances for InH; and InPW
functions that agree very well with those computed
from the MCM. Notice that AUPM based on
Approach 2 provides estimates essentially identical to
those from the MCM.

Table 7: A comparison of means and variances from
the MCM and AUPM for H,, PW, InH;
and InPW functions.

listed in Table 5.

Mean Variance

MCM AUPM MCM AUPM

Ej, 9.76x10" | 9.50x10" | 2.04x10%" | 1.85x10%

PW, 38.9 37.7 428.4 367.4
MW

InH, 32.11 32.19" 0.2051 | 0.2044

32.11° 0.2045°

InPW | 3.529 3.629" 0.2681 | 0.2590"

3.531" 0.2680°

TAUPM based on Approach 1
“AUPM based on Approach 2

Table 6: Mean and Variance of X; and InX;.
Variable Ay, Uii Mo, 0'|2n .

Xi
¢ 0.057 | 2.722x10* | -2.919 | 9.324x1072
Cs, kikgec) | 0.883 | 2.639x103 | -0.127 | 3.437x10°
D, kg/m® 2650 1.667x10° | 7.882 | 2.382x10™
Cw kiikg®c) | 4.130 | 2.150x10% | 1.418 | 1.261x10™
Pun kgim?® 946.7 | 2.067x10% | 6.853 | 2.264x10™
A, m? 1.1x10° | 1.006x10% | 13.896 | 8.104x1072
h, m 533.3 | 2.764x10* | 6.236 | 9.630x10?
T-T,°C 66.67 | 9.306x10' | 4.200 | 2.296x102
Re 0.163 | 1.239x10% | -1.837 | 5.487x10%
Y 0.817 | 1.806x10% | -0.204 | 2.854x10°
Le 0.42 9.500x10* | -0.871 | 5.314x103
to, S. 8x10° | 0.0 205 | 0.0

Next, we compute the 10", 50" and 90™ percentiles
for H;, PW, InH; and InPW functions. As mentioned
previously, to compute these percentiles when using
the AUPM, we apply the AUPM (based on either
Approach 1 or 2) directly to InH, or InPW to estimate
4, and o ., where f represents either H, or PW.
Then we use these values of mean and variance in
Egs. 29-31 to compute InPy, InPsy, and InPgy.

Exponentiating the values of InPy,, InPsg, and InPx
yields Py, Psg, and Py, respectively, for the H; or PW




function. Table 8 compares the values of Pq, Psg, and
Pgo computed from the MCM and AUPM (based on
Approach 1 and 2). The values of Py, Pso, and Py
computed from the AUPM for H; and PW (Table 8)
were computed with the procedure just mentioned
above. The values of Py, Psy and Pgy given in the 5t
and 6™ rowa of Table 8 for InH, and InPW represent
the values InPyg, InPg, and InPgy computed from Egs.
29-31.

The values of Py, Pso, and Py, percentiles computed
from the MCM and AUPM agree well (Table 8). The
maximum relative difference for the MCM and
AUPM based on Approach 1 is around 10%, whereas
the maximum relative difference for the MCM and
AUPM based on Approach 2 is around 2%.

Another nice feature of the AUPM is that we can
identify and quantify which of the input variables
contribute more to the total uncertainty in H;, InH,,
PW, or InPW. Because InH; and InPW are nearly
linear functions of the input variables as discussed
previously, we consider InH; and InPW to identify
which of the input variables contribute more to the
total uncertainty in InH; and InPW. For this purpose,
as the input variables are treated as independent
random variables in this example, we can simply use
UPC; given by Eq. 19, the relative measure of the
individual (fractional) contribution of each variable’s
uncertainty to the total uncertainty (or variance) in
InH; or InPW. Table 9 tabulates the values of UPC;
along with the relative uncertainty (RU;) and the
products of normalized sensitivity (NS;) and relative
uncertainty for the input variables involved in InH,.
Table 10 present the results for the input variables
involved in InPW. In Tables 9 and 10, RU;, NS;, and
UPC,; are defined as:

RU = O-InXi
R (34)
InX;
NS, = 2 9 (35)
Hyg OINX,
and
2
(:uInXi din f \J
. 0InX, o, ?
UPC, = il [ '“Xi] . (36)

& 2 /uln X;
Hint

In Eqs. 34-36, frepresents H; or PW.

Table 8: A comparison of the values of 10th, 50th and
90th percentiles computed from the MCM
and AUPM for H,, PW, InH,, and InPW

functions.
PlO PSO PQO
MCM | AUPM | MCM | AUPM | MCM | AUPM
Hx10% | 486 [529" [884 [9647 [159 [17.6'
kJ 4.95 8.83 15.8
PW, 17.4 | 195" |342 [37.77 [663 |7227
MW 17.6° 34.2" 66.3"
InH, 315 [316" [321 [3227 [327 |328
315 321" 2.7
InPW 286 |297 [353 [363" [419 [4.28
2.87 3.53 4.19

'AUPM based on Approach 1
AUPM based on Approach 2

Table 9: The values of RU, UPC and normalized
sensitivities (NS) for each variable in

InH..
Variable
« [RU;| | |NS| | |RU;xNS| | UPC,
i

¢ 0.105 | 3.4x10° | 3.5x10” | 6.1x10™
Cs kikge) | 0.469 | 3.6x10° 1.7x10° | 1.4x10%
ps kg/m® | 0.002 | 2.2x10" | 45x10* | 9.8x10™
Cw kiikg°c) | 0.008 | 4.2x10° 3.2x10° | 5.1x10°®
Pwkg/m® | 0.002 | 2.0x107 | 4.3x10° | 9.2x10°
A m? 0.021 | 4.3x10" | 8.9x10° | 4.0x10™
h, m 0.050 | 1.9x10* 9.7x10° | 4.8x10™
T-T, °C 0.036 | 1.3x10* 47x10° | 1.1x10™

Table 10: The values of RU, UPC and normalized
sensitivities (NS) for each variable in

InPW.
Variable
[RU,| | [NS]| | |RU;xNS| | UPC,
Xi

¢ 0.105 | 3.0x10° | 3.2x10° | 4.8x10™
Cs kiikg°o) | 0.462 | 3.3x107 1.5x10 1.1x10°
ps, kg/im? 0.002 | 2.0x10° 4.1x10° 7.5x10™
Cw» KIkg°c) | 0.008 | 3.7x10% 3.0x10* | 4.0x10°
Pw kg/m® | 0.002 | 1.8x107 | 3.9x10% | 7.0x10°
A, m? 0.021 | 3.9x10° 8.1x102 | 3.0x10*
h, m 0.050 | 1.8x10° 8.8x1072 3.6x10"
T-T,,°C 0.036 | 1.2x10° 4.3x107 8.6x1072
Re 0.128 | 5.2x10* 6.7x10 2.1x10
Y 0.262 | 5.8x10? 1.5x102 1.1x10?
Le 0.084 | 2.5x10* 2.1x10? 2.0x1072




The UPC; values given in Table 9 indicate that for
the example considered, mainly three variables are
contributing to the total uncertainty in InH,. These
are, in the order of, thickness (h), area (A), and
temperature (T-T,). Similarly, from Table 10, we see
that mainly four variables are contributing to the total
uncertainty in InPW, which are, in the order of,
thickness (h), area (A), recovery factor (Rg), and
temperature (T-T,).

Another important point that we wish to make from
the results of Tables 9 and 10 is that the variables that
are more influential on the total uncertainty in InH; or
InPW can be identified by inspecting the absolute
value of the products of RU; and NS;, but cannot be
identified by inspecting solely their individual values.
In other words, inspecting RU; or NS; alone is not
sufficient to identify the variables that are more
influential on the total uncertainty in InH; or InPW.
Note that such identification can be made before
applying the MCM or AUPM by computing the
values of normalized sensitivities from the formulae
presented (Tables 1-4) and the given values of
relative uncertainty for each input parameter.

Correlated Case

Here, we investigate the propagation of correlations
among input variables into the total uncertainty in
InH, and InPW. As mentioned previously, it is
possible that various input variables in stored heat
and recoverable power can be correlated with each
other. For example, the solid rock specific heat may
be negatively correlated with the density of the solid
rock, the density of water may be negatively
correlated with temperature, and the solid rock
specific heat can be positively correlated with
temperature. In addition, we may expect that area (A)
and thickness (h) are positively correlated (Murtha,
1994). For this investigation, we use the same input
distributions given in Table 5, but assume correlation
between the five correlated pairs and the correlation
coefficients given in Table 11.

Table 11: Correlated variable pairs and correlation

coefficients.
Correlated | Correlation
Variable Coefficient
Pairs
loxi,xi
(X,)

(c.,T-T,) +0.63
(c..0.) ~0.44
(pT-T,) | -062
(
(

Cos P -0.42
Ah) +0.24

Figures 6 and 7 show histograms of H; (Eqg. 4), and
PW (Eqg. 5) generated from the MCM by using the
distributions given in Table 5 and the correlation
coefficients given in Table 11 in @RISK.
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Figure 6: Histogram of total stored heat H,
generated from the MCM, correlated
case.

1400

1 Mean 1 39.967
1200 — Variance :530.671
] P :16.406
P, :34.416

1000 —| 50
| P :170.732

800 —

Frequency

600 —
400 —

200 —

0 m—— |

0O 20 40 60 80 100 120 140 160 180 200 220
PW, MW

Figure 7: Histogram of recoverable power, PW,
generated from the MCM, -correlated
case.

It can be seen that correlation did not change the
shape of the H, and PW distributions. When the
results of Figs. 6 and 7 for the correlated case are
compared with the results of Figs. 3 and 4 for the
uncorrelated case, we see that correlation increased
the variance significantly (about 30%). Correlation
increased the 10", 50™ and 90" percentiles of H, and
PW slightly (about 6%) compared to the
corresponding results for the uncorrelated case.

Table 12 compares the values of means and variances
computed from MCM and AUPM for H;,, PW, InH;
and InPW. We used the AUPM based on Approach 2
to compute means and variances of InH; and InPW
functions. This approach requires that we work with
the correlation coefficient between the pairs in terms
of the natural-log of input random variables; i.e.,

Pinx, inx, - OUr results indicate p;,y ,x, = Py, x, - That
is; one can use the correlation coefficients based



Py, x, When using the AUPM method based on

Approach 2. Note that the means and variances
obtained from MCM and AUPM based on Approach
2 for InH; and InPW are essentially identical.

Table 13 compares the values of Py, Psg, and Pgg
computed from the MCM and AUPM (based on
Approach 2). Again, there is a very good agreement
in the 10", 50™ and 90™ percentiles computed from
both methods.

Table 12: A comparison of means and variances from
the MCM and AUPM for H,, PW, InH;
and InPW functions, correlated case.

in InPW and InH; functions even for the correlated
input variables.

Table 13: A comparison of the values of 10th, 50th
and 90th percentiles computed from the
MC and AUP methods for H,, PW, InH,,
and InPW functions, correlated case.

I:)10 PSO P90

MCM | AUPM | MCM | AUPM | MCM | AUPM
Hx108 | 456 | 4.65 8.80 |8.87 17.2 169
kJ
PW, 16.4 | 16.7 344 343 707 | 706
MW
InH, 315 | 315 321 |321 328 |328
InPW 282 |281 353 | 354 425 | 4.26

M ean Variance

MCM AUPM MCM AUPM
Hy, 1.00x10* | 9.50x10% | 2.67x10%" | 2.30x10%’
kJ
PW, 39.9 37.7 530.7 438.5
MW
InH, 32.12 32.12 0.2553 0.2547
InPW | 3.534 3.536 0.3148 0.3177

Table 14 tabulates the values of UPC; (Eq. 36) and
UPC; (Eq. 37) values computed from the AUPM
method for INPW function. UPCjs is computed from:

o] Oy,
UPCU:Z( o, alnpwj( X, aInPW} o

Oppw 9INX; )\ Opy 9INX
(37)

The results of Table 14 indicate that correlations in
five correlated pairs contribute positively about 16%
to the total uncertainty. The remaining 84% in the
total uncertainty is due to individual variables
contribution (UPC;s) to the total uncertainty. In fact,
these results explain why the variance of InPW (or
InH,) for the correlated case increased about 17% (or
24%), compared to that of InPW (or InH,) for the
uncorrelated case. From Table 14, we also notice that
the correlation between area (A) and thickness (h)
contribute the most (about 13%), among the other
four correlated pairs, to the total of UPC;s.

In summary, our results show that correlation among
variables, particularly between A and h, if they exist
and that data available permits one to identify
correlation among variables, should be accounted for
accurate characterization of uncertainty in H;, PW,
InH;, and InPW. The results also indicate that the
AUPM works as good as the MCM to estimate
uncertainty (variance, 10", 50", and 90" percentiles)

Table 14: The values of UPCi, and UPCij for InPW.

Variable
X UPC, UPCij
i
é 4.0x10™* -
Cs, ki/(kg °C) 9.1x10° -
s, kg/m® 6.3x10™ -
Cy» kU/(kg °C) 3.3x10° -
Pun kgim?® 6.6x10° -
A, m? 2.6x10! -
h, m 3.0x10" -
T-T,,°C 7.3x10% -
Re 1.7x10" -
Y 8.8x10° -
Le 1.7x102 -
Correlated
Pairs,
(%x,)
(¢, T-T,) - 3.3x107
(Cs’ ps) - -2.1x10®
(P T-T.) - -8.2x10™*
(o Pu) - -3.8x10°®
(Ah) - 1.3x10*




Cognitive Biases

It has long been known - e.g., Tversky and
Kahneman (1974), Capen (1976), and Welsh et al.
(2005, 2007) — that cognitive biases impact decisions
taken under conditions of uncertainty. Cognitive
biases results from discrepancies between calculated,
optimal decisions and those made using intuition
(Welsh et al., 2005). There are three different specific
cognitive biases of interest; overconfidence, trust
heuristic (or anchoring), and availability.

Overconfidence results from people’s tendency to
understate uncertainty due to having no good
quantitative idea of uncertainty. Thus, they
overestimate the precision of their own knowledge
(Capen, 1976, Welsh et al., 2005 and 2007). For
example, 80% confidence ranges are commonly used
when interpreters are asked to estimate variables such
as average porosity and thickness of reservoir. Data
collected from interpreters however, indicate that
such ranges on average include the actual values less
than 50% of the time rather than 80% as the
confidence range should indicate (Welsh et al.,
2007). In other words, commonly stated or used
ranges for the variables by interpreters are too
narrow. In this work, we limit our investigation only
to how cognitive bias due to overconfidence
propagates into the total uncertainty in InH; and
InPW. We will not consider cognitive biases due to
trust heuristic — results from managers’ tendency to
rely on the judgments of individuals that they have
learnt to trust, rather than incorporating the opinions
of everyone working on an interpretation task — and
availability — results from people’s tendency to
ignore the total number of possible events and to use
the number of events that can be recalled (Welsh et
al., 2005 and 2007). We refer the interested readers
to Welsh et al. (2007) for details regarding modeling
trust heuristic and availability.

To model cognitive bias due to overconfidence, we
use the same approach used by Welsh et al. (2007).
We consider the input variable distributions given in
Table 5 as the base distributions for the
overconfidence model. To model the impact of
overconfidence on the total uncertainty, the 10" and
90™ percentiles of each of the base input distributions
given Table 5 were calculated. Then, for each of the
base distributions, a triangular distribution with the
same mode and mean was found by adjusting the
minimum and maximum values by equal amounts so
that the 10" and 90" percentiles of the base
distribution corresponds to 20" and 80™ percentiles of
the “real” distribution. Hence, the base distributions
given in Table 5 is 20% overconfident compared to
the transformed distributions (referred to as “real”).
For example, Figure 8 compares the real (wider)

distribution of porosity (¢) against the 20%
overconfident (narrow) distribution of ¢.
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Figure 8: A comparison of overconfident ¢
distribution with “real” ¢ distribution.

To assess the effect of overconfidence,
transformations described above were applied to all
of the input variables (given in Table 5) used in
calculating the H;, PW, InH; and InPW. We assume
that all input variables are independent. Here, we
only present our results obtained for PW. Similar
results obtained for H..

Table 15 compares the mean, variance and 10", 50",
and 90™ percentiles computed for PW based on the
20% overconfident input variables and the real input
variables by using the AUPM (based on Approach 2).
The mean and variance given for PW in Table 15
were obtained after computing the mean and variance
for the InPW and then using the following
transformation from normal to log-normal:

2

O,
How = exp[/umpw + InzPW j ' (38)

and

O-SW = exp(zlum pw T O-Ii PW )[exp(oﬁ PW )_1] -(39)

As can be seen from Table 15, although the mean is
identical for both the 20% overconfident model and
the real model, the uncertainty markers; variance and
percentiles, are significantly different, as expected.
The variance for the real case is about twice the
variance of the 20% overconfidence case. Hence, the
10™ and 90" percentiles of the PW pertaining to these
two cases are different. As expected, the 10" and 50"
percentiles for the 20% overconfidence case are



larger than the corresponding ones for the real case,
and 90™ percentile for the 20% overconfidence case
is smaller than that for the real case.

Hence, 20% overconfidence model predicts
significantly too low uncertainty in the estimates of
stored heat and recoverable power.

Table 15: The values of mean, variance, 10th, 50th
and 90th percentiles for the real and %20
overconfidence models.

Uoy | 05, | Pu |Pso | Po

PW for the 20% | 39.1 | 468.8 | 17.6 | 34.2 | 66.3
overconfidence
PW for the real 39.1 (9294 | 10.7 | 29.4 | 78.2

Po = Hpw, —1.280,,,_, (41)
o = Hew, +1-280-ch ' (42)
and
P, +P
Ry =—2 2 %= PW - (43)

The values of 10", 50" and 90™ percentiles computed
from Eqgs. 41-43 for the PW, for the 10-field example
case considered are given in Table 17.

Table 16: The values of mean, variance, 10th, 50th
and 90th percentiles for each pseudo

Adding Individual Well (or Field) Reserves to
Deter mine Field (or Country) Reserves

Here, we show that it is incorrect — a commonly
made mistake — to add the “proved” and “probable”
(P10 and Pgy percentiles) thermal energy reserves
from individual wells (or fields) to get “proved” field
(or country) reserves, which has long been
established by Capen (1996, 2001) in the context of
stochastic estimation of oil and gas reserves.

For the purpose of demonstration, we assume a
country Z consisting of 10 pseudo geothermal fields,
each having a log-normal distribution for PW with
means, variances and Py, Psg, Pgo percentiles as
given in Table 16.

If we let PW; to denote the recoverable power for
field j, j=1,2,...,Ns, where N¢ denotes the total number
of fields, the total recoverable power (denoted by
PW(¢) for the country Z is simply given by

Ny
PW, =Y PW, .

=l

(40)

Because we treat each field’s PW; as independently
distributed random functions, the mean and variance
of the PW. given by Eq. 40 are simply the sums of
each field’s mean and variance, respectively. These
values are given in the last row of the second and

third columns in Table 16; i.e., i, =1612.15 MW
and o, =110,420 MW? (or oy, =332.295 MW).

Based on the CLT, we expect that adding PW;s (Eq.
40) leads asymptotically to the normal distribution as
N; becomes large. Then, assuming that PWc is
normal, we can compute the P, Psy and Pg
percentiles of the PW, distribution by simply using
the formulas given by:

field’s PW.

How Ol P1o Pso Pgo

- o MW MW MW
Field 1 856.2 8.07x10* | 538.1 | 813.2 1224.8
Field 2 408.0 2.57x10* | 234.4 | 377.0 618.0
Field 3 96.59 1.07x10° | 60.10 | 91.45 138.4
Field 4 50.25 7.17x10% | 23.93 | 44.22 84.07
Field 5 49.41 5.57x10% | 2455 | 44.74 79.62
Field 6 41.54 5.36x10° | 18.57 | 36.28 70.69
Field 7 40.39 5.20x10% | 17.65 | 34.83 69.41
Field 8 26.37 2.02x10? | 12.26 | 53.19 44.03
Field 9 26.36 2.62x10% | 10.75 | 22.31 46.58
Field 10 17.04 1.47x10% | 6.10 13.88 31.59
Total 1612.15 110420 946.4 | 1531.1 2407.2

Table 17: Comparison of 10th, 50th and 90th

percentiles computed from different
approaches for the Country Z.
PlO PSO I:’90
MwW MW MwW
PW ! 1186.8 | 1612.2 2037.5
PWc * 12271 | 15745 2044.5
PWc ° 12161 | 1579.0 2050.0
PWc* 946.4 1531.1 2407.2
Ipercentiles computed based on normal assumption
2 percentiles obtained from the MC simulation
3percentiles computed based on log-normal assumption
“percentiles calculated as the simple sum of the individual
field’s corresponding percentiles.

To check the validity of the percentiles computed
(see 2" row of Table 17) for PWc based on the
normality assumption, we performed Monte Carlo
simulation based on Eq. 40 with each field’s PW,,



j=1,2,...10, distribution specified in Table 16. Figure
10 shows the histogram of PW¢ generated from the
MCM. The percentiles of the PW¢ distribution are
recorded in the inset of Fig. 9, as well as in the 3"
row of Table 17. Although the agreement between
the percentiles computed by assuming normality
(Egs. 40-41) and considering the MC is good (all
percentiles agree within less than 3.5%), we notice
from Fig. 9 that the histogram of PW¢ is more like a
log-normal than normal because it is slightly skewed
right. Therefore, we check whether assuming a log-
normal distribution, instead of normal distribution,
for PW¢ improves the percentiles. The values of the
percentiles computed by assuming a log-normal PW¢
are recorded in the 4™ row of Table 17. Interestingly,
the results indicate that for this example, assuming
log-normal distribution for PW¢ does provide better
estimates of the percentiles than does assuming a
normal distribution for PW.. [The agreement
between the percentiles computed by assuming log-
normality and the MCM are very good (all
percentiles agree within less than 1.0%)]. Although,
this result may be viewed as contradictory to the
CLT, it seems, however, that adding log-normal field
PW;s does not quickly approximate a normal, which
is consistent with the findings of Capen (2001).
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Figure 9: Histogram of the PW¢ generated from the

MCM.

Finally, as an important point, we note that if we just
add the P40, Psgs, and Pgs of individual fields (i.e.,
simple sum), we obtain 946.4, 1531.1, and 2407.2
MW, respectively (see the last row of Table 16, and
also the 5" row of Table 17). However, if we
combine each field’s distribution properly and back-
calculate Pygs, Psgs, and Pgs, we obtain 1227.1,
1574.5, and 2044.5 MW, respectively. From a
comparison of these numbers, we find that the simple
arithmetic sum of each field’s Py is 1.3 times
smaller than the correct Py, for the country’s total
“proved” “reserves” for the recoverable power,
whereas, the simple arithmetic sum of each field’s
Pgos is about 1.2 times larger than the correct Pg for

(LT3

the country’s total “possible” “reserves.” These are

sizable errors.

Based on the results of the specific example
considered above as well as our other results not
shown, it is clear that one should not add individual
zone, well, or field estimates of Pgs, Psps, and Pggs to
obtain well, field, or country estimates of Py, Ps,
and Pg, respectively. The simple arithmetic sum
significantly underestimates the true Py, while it
significantly overestimates the true Pgo. This is also
consistent with the findings of Capen (1996, 2001).
In addition, like Capen (2001) who looked at the
stochastic oil and gas reserve calculations, we found
that the distribution resulting from properly
combining each zone, well or field “reserve” is more
like a log-normal distribution, and hence quick and
accurate estimates of Py, Psp and Pg for a well, field
or country could be calculated based on the log-
normal assumption without resorting to the MC
simulation.

CONCLUSIONS
On the basis of this work, we state that:

1. The distribution of stored heat energy and
recoverable power for an individual zone, well,
or field for a geothermal reservoir, based on a
volumetric method, is log-normal, regardless of
the types of probability distributions chosen for
the input variables in the volumetric equation.
This result follows directly from the
fundamental theorem of statistics and

probability — Central Limit Theorem (CLT).

2. Analytic uncertainty propagation equations
(AUPEs) — based on a Taylor-series expansion
around the mean values of the input variables —
were presented for computing the mean and
variance of the stored heat and recoverable
power for a zone, well, or field. The AUPM
method, when combined with the assumption of
log-normality for the stored heat and
recoverable power, provides a fast alternative to
the Monte Carlo simulation for accurately
characterizing uncertainty markers such as
variance, P, Pso and Pgy.

3. The derived AUPEs are quite general in that it
can account for correlation among the input
variables used in the volumetric equation. It was
shown that ignoring correlation, if it exists, may
underestimate or overestimate the uncertainty in
stored and recoverable power.

4. We have shown that cognitive bias (in the form
of overconfidence resulting from choosing too
narrow variances for the input variables) can
significantly underestimate the uncertainty



(variance, percentiles of the cumulative
distribution).

5. Finally, we showed that it is incorrect to use a
simple arithmetic sum of the “proved” and
“probable” (P, and Py  percentiles,
respectively) thermal energy reserves from
individual wells (or fields) to obtain “proved”
and “probable” field (or country) reserves. It is
shown that the simple arithmetic sum
significantly underestimates the true P,, and
significantly overestimates the true Pg,
obtained from the probabilistic sum.
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