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ABSTRACT

Poro-mechanical, thermal, and chemical pro-
cesses can play a significant role when devel-
oping enhanced geothermal systems. These
processes occur on various time scales and the
significance of their interaction varies with the
problem of interest. Of particular importance
is the thermo-mechanical coupling during in-
jection operations (time scale of months/years).
In fact, the phenomena of the variation of in-
jectivity with injection water temperature and
reservoir seismicity can be attributed to ther-
mal stresses. In this paper a three-dimensional
integral equation formulation is presented for
calculating thermally induced stresses associ-
ated with cooling of a fracture in a geother-
mal reservoir. The procedure is then imple-
mented in a computer program and is used to
treat the problem of injection into an infinite
fracture. The thermally induced stresses are
calculated using actual field data for an injec-
tion experiment. The resulting calculations
are found to be consistent with those based
on a semi-analytical solution as well as field
observations.

INTRODUCTION

Thermally-induced stresses significantly con-
tribute to seismicity in petroleum and geother-
mal fields (Sherburn, 2002; Stark, 1990). The
variation of injectivity with injection water
temperature (Petty, 2002) and reservoir seis-
micity in geothermal fields have been attributed
to thermally-induced stresses. Stark (1990)
has found that half the earthquakes in The
Geysers field seem to be associated with cold
water injection. The mechanism by which
seismicity occurs is well understood namely,
shear slip on natural fractures resulting from
a reduction in effective stress acting across
the fracture. The magnitude of the thermal
stresses associated with advective cooling has
been estimated analytically (Mossop, 2001)

using an axisymmetric model of injection into
a planar reservoir and a 1D heat flow in the
rock mass. It has been shown that one- and
two-dimensional heat flow models underesti-
mate heat transfer to the fluid from the crack
(Ghassemi et al. 2003). Thus, rock cooling
and the associated thermal stresses should be
studied using three-dimensional heat transfer
and stress models. This requires coupling a
3D heat flow model to a 3D elasticity model.
A reason for ignoring the three-dimensional
nature of heat conduction in the reservoir is
the difficulty in treating the infinite geother-
mal reservoir geometry by numerical discretiza-
tion. However, it has been demonstrated (Ghas-
semi et al. 2003) that by using 3D Green’s
function for heat conduction and the integral
equation formulation the need for discretizing
the 3D reservoir is completely eliminated. In
this paper we present a 3D integral equation
formulation for calculating thermally induced
stresses associated with cooling of a planar
fracture in an infinite reservoir. A brief pre-
sentation of the fluid flow/heat transfer model
is also provided for the sake of completeness.
Additional details regarding the heat trans-
fer modeling can be found in (Ghassemi et al.
2003).

FLUID FLOW & HEAT TRANSFER

A schematic view of heat extraction from a
fracture or a fracture zone in rock is illus-
trated in Figure 1. With only a few excep-
tions such as the finite element solution by
Kolditz (1995), Kolditz and Clauser (1998),
and Kohl, et al. 1995, and the boundary ele-
ment model by Cheng, et al. 2001, the heat
conduction in the reservoir is typically mod-
eled as one-dimensional heat flow perpendicu-
lar to the fracture surface (Bodvarsson, 1982;
Heur, 1991; Kruger et al. 1991) The primary
reason for such simplification is the inefficiency
in modeling an unbounded three-dimensional



domain by numerical discretization. The nu-
merical difficulty can be overcome by utiliz-
ing the integral equation formulation and the
three-dimensional Green’s function of heat con-
duction.

In this work, the fracture is assumed to be
flat, of finite size, and with arbitrary shape.
The geothermal reservoir, on the other hand,
is of infinite extent. Other physical assump-
tions are similar to these postulated in Cheng,
et al. 2001. Specifically, it is assumed that the
geothermal reservoir is impermeable to water,
has constant heat conduction properties, and
is non-deformable. The heat storage and dis-
persion effects in the fracture fluid flow are
negligible. and production rate of hot water
is equal to the injection rate in the fracture. It
is further postulated that the fracture width
is small such that the flow in the fracture is
laminar and governed by the lubrication flow
equation.
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well
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Figure 1: Heat extraction from a planar frac-

ture.

In dealing with the governing equations of
the problem, it is desirable to have a normal-
ized solution field that becomes dimensionless
with a value between zero and one. There-
fore, a normalized temperature deficit is in-
troduced: 7T
= TO——T (1)

o inj

The heat transport occurs both in the geother-
mal reservoir and the fracture. For the geother-
mal reservoir, the heat conduction is governed
by the three-dimensional diffusion equation:

Ty

Ty(x,y, z,t)

KTvg Ty(z,y, z,t) = pycr 5t (2)

where p, is the rock density, ¢, is the specific
heat of rock, V% is the Laplacian operator in
three dimensions, and {2 represents the infi-
nite geothermal reservoir (Figure 1).

For heat transport in the fracture the gov-
erning equation is (Ghassemi et al. 2003):

OTy(x,y, z,t
q(x,y)VQ Td(xvyv Ovt) = 2K, ( )
P CwO0Z

3)

The governing equations are subject to ini-
tial and boundary conditions. Prior to the
heat extraction operation, the temperature of
the rock and the fracture fluid is assumed to

be at a constant, T'(x,y, z,0)=T, and at the
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injection point (x;, y;, 0), the temperature equals

that of the injected water: T'(z;, y;, 0, t)=Tjn;.
The extraction temperature T'(ze,¥e,0,t) is
unknown. The initial and boundary condi-
tions can be expressed in terms of Ty:

Ty(z,y,2,0) =0 (4)

Td(l‘i,yi,o,t) =1 (5)

where p,, is the water density, ¢, is the specific
heat of water, K is the rock thermal conduc-
tivity, and T;,; is the injection water temper-
ature. In the above, the term on the left hand
side of (3) represents the heat advection by
fracture fluid flow, the first term on the right
hand side gives the heat supply through the
fracture walls (two sides) by conduction, and
the last two terms correspond to a heat sink
and a heat source respectively caused by the
extraction and injection of water. It should be
noted that in (3) a single notation Ty(x,y, 2, 1)
is used to denote the temperature of the rock
and the fracture fluid, because temperature
is continuous across the two media. The wa-
ter temperature T, is equal to the rock tem-
perature on the fracture plane z = 0, i.e.,
Tw(l‘a Y, t) = T(l‘, Y, Oa t)a T,y € A.

To facilitate the treatment of the time vari-
able, we apply Laplace transform to the above
equations and obtain:

KTV% Td(xvyvzas) = SpTCTTd(xvyaZas) (6)

2K, ﬁfd(:ﬂ, Y, 2, S)

Q(x,y>VQ Td(xayaoa 8) = PuCu Oz

(7)
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~ 1
Ta(xs, 9,0, 8) = 3 (8)

where the wiggle overbar denotes the Laplace
transform, and s is the transform parameter.
Note that the initial condition (4) has been
absorbed into (6) thus, equations (6)—(8) form
a complete solution system.

INTEGRAL EQUATION

The system of equations (6)—(8) is defined in
three spatial dimensions. It has been demon-
strated that by utilizing Green’s function of
three-dimensional diffusion equation, the so-
lution system can be reduced to a two-dimen-
sional integral equation (Cheng et al. 2001).
The numerical discretization is performed on
the fracture surface only, significantly reduc-
ing the computational cost. For the tempera-
ture on the fracture surface (z = 0) we have:

Ty=v /A [q(w@y’) Vo Ty, 4,0, 8)] wdz'dy’
9)

where y =—£4=% and:
T

1 0rCrS
/ r=r
w=—-exp|—y/—=—T
o ()
r=V(@-a)?2+y-y)?  (10)
Equation (9) is entirely defined on the two-
dimensional plane A. Together with the bound-
ary condition (8), it forms a complete solution
system for fluid temperature in the fracture.
Equation (9) contains the temperature gradi-
ent as an unknown, which requires a finite dif-
ference approximation in numerical solution.

The scheme for solving the system represented
by (9) is shown in Ghassemi et al. 2003.

THERMOELASTICITY

When rocks are heated/cooled, the bulk solid
as well as the pore fluid tend to undergo ex-
pansion/contraction. A volumetric expansion
can result in significant pressurization of the
pore fluid depending on the degree of contain-
ment and the thermal and hydraulic proper-
ties of the fluid as well as the solid. The net
effect is a coupling of thermal and porome-
chanical processes. The theory of poroelastic-
ity couples pore pressure and solid stress fields

in deformable fluid saturated porous rocks. In
the isothermal poroelastic theory, the time de-
pendent fluid flow is incorporated by combin-
ing the fluid mass conservation with Darcy’s
law; and the basic constitutive equations re-
late the total stress to both the effective stress
given by deformation of the rock matrix and
the fluid pore pressure. Thermally induced
pore pressure and stresses can also play an
important role in geothermal reservoir devel-
opment, for example in reservoir stimulation
by hydraulic fracturing and borehole stability.
In order to consider the influence of a tem-
perature gradient on both pore pressure and
stresses, it is necessary to use a non-isothermal
poroelastic theory, or poro-thermo-elasticity
(Ghassemi and Zhang, 2004). However, in
the current three-dimensional analysis, a ther-
moelastic approach is used that combines the
theory of heat conduction with elastic consti-
tutive equations. Thus, only the coupling be-
tween the temperature and stress fields is in-
cluded .

Let us consider an isotropic and homoge-
neous elastic body, subjected to permanent

strain €. The total strain €;j consists of

Z]'
two parts the initial strain E?j and the elas-

. . ’
tic strain ;.
! 0

The elastic strain €; is a linear function of the
stress:

Egj = 2M/0ij + )\léijd kk (12)
where 24/ = %, N = m and G
is shear modulus and, \ = % is a

Lame’s constant.
In the case of thermoelasticity, the perma-
0

nent strain €;; can be written in the form:

SQ‘ ozt&;jAT (13)

ij =
where AT is the change of temperature and

oy is the coeflicient of thermal expansion (%i)
Substituting equation 11 into 12 and solving
the latter equations for the stresses yields:

0jij ZQG(EU‘ — E?j) + )\(Sij(fkk — 6%) (14)

or:



0y = 2G8ij + ()\Skk — 'yT)&;j (15)

where v = (3\ + 2G)ay.

The equilibrium equation in terms of dis-
placements (in the absence of acceleration and
body forces) can be written as:

Guijj + (A + Gluj e =T (16)

Introducing Goodier thermoelastic displace-
ment potential, @, such that:

U; = ‘I)J' (17)

and substituting the latter in the equilibrium
equations yields:

Dk =mT, m=r~/(A+2u) (18)

The solution of this equation yields the func-
tion &, which can then be used to calculate
the strain and stresses by means of the follow-
ing relations:

cij =Py, 045 =2u(Pi; — 6P pr)  (19)

The function ® can be represented by the Pois-
son integral:

__m [T(§)dV(E)

o) = ir) R@9)

(20)

However, calculation of the displacement po-
tential using the latter volume integral requires
significant computational time, therefore, a
different approach is used. Similarly to the
approach in the heat transfer part of the prob-
lem, the thermoelastic stresses are treated us-
ing the superposition of stresses induced by a
distribution of instantaneous heat sources to
generate the thermoelastic displacement po-
tential.

Consider an instantaneous heat source act-
ing at the origin of the coordinate system.
The solution of the heat conduction equation
for this case is known as (Carslaw and Jaeger,
1959):

Q R?

where ¥ = 4sct, 2 = %, Q is source strength,
K, is thermal conductivity of rock, p is the
rock density, C.. is the specific heat capacity
of rock, t is time, and R is the distance from
the source to the point of observation. Ac-
cording to Nowacki (1973), the thermoelastic
displacement potential ®, in Laplace space,
for an instantaneous point heat source of unit
strength is given by:

4 ¥ m o —BR
¢ 4msRpc (1 P ) (22)

with 8 = y/s/». Or, after inverse Laplace
transform:

O* (2, 1) = *#}zpc orf (%) (23)

Then, the displacement potential for a system
of distributed non-stationary heat sources at
time ¢ can be calculated via a multi-dimensional
integral:

B, )= / / Qa, )0 (1—&, 1 — 7) dr de
0oV

(24)
Performing the Laplace transform by using
L [y fi(t=7)fo(r)dr= L[fi(t)] -L [f2(t)]; yields:

B, s) = / Oz, )0 (x — €,5) dE (25)
14

where () is a heat source intensity function in
Laplace space. After inverse Laplace trans-
form for displacement potential, the stresses
can be calculated from the relation:

0i5 = 2/1,(‘19,1']' - (Sijq),kk:) (26)

HEAT SOURCE ON FRACTURE

For the problem of a rock cooled by fluid flow
in a fracture, the heat source can be repre-
sented by the heat flux through the fracture
boundaries:

~ oT
Q= 2K, E (27)

Or, using the relation:



2K, 0T (x,y,2, s
Va: Q(x,y)T(x,y,O,s)} - (2,9, 2, )

PowCuw 0z
(28)

it can be written as:

Q = pycuVo [q(;g,y)f(:l:,y,(),S)]:

pucu |4s(@.9) T + ay(w.9)Ty) - (29)

Because the temperature distribution inside
the fracture is already known in Laplace space,
the heat source can be directly calculated in
Laplace space as well, and the volume inte-
gral over all the heat sources reduces to a two-
dimensional integral over the fracture surface.
The Green function for the displacement
potential (Eq. 22) has a weak singularity (1/R),
the fluid flow also has a 1/R singularity at the
injection point. But, the heat flux through the
fracture surface (¢ - VT) is not singular (Eq.
31) for the one-dimensional case). Therefore,
overall integral Eq. (25) is only weakly singu-

lar. This type of integral, £ (gy), can be com-

puted with quite good accuracy using simple
9-point Gaussian procedure. Thus, similarly
to the integrals for heat transfer, the ther-
moelastic stress integral is solved numerically
using a 9-point integration procedure that has
proven to be sufficiently accurate. The same
mesh pattern is used in the thermoelastic por-
tion of the calculation with different square el-
ement sizes for different solution times (3.25,
3.5 and 4.25 m). This is because the distance
to the boundary of the cooled zone is differ-
ent for each time and it is divided into the
same number of element in each run (80x80
elements). A computer program has been de-
veloped based on the above procedures. In
order to test the validity of the numerical al-
gorithm and the analytical methods, an ex-
ample is presented next.

EXAMPLES

We first treat the problem of injection into an
infinite planar fracture with the injection well
located at the origin (Figure 2). The initial
rock temperature is a constant T' = T,, and
t = 0" water is injected at a temperature of

2=01

Tinj at arate Q. The data for this problem are
shown in Table 1 and approximates the con-
ditions in Coso during stimulation of Well
86-13.

Table 1. Input Parameters
E elastic modulus | 3.75E04 | MPa
v Poisson’s ratio | 0.25
pr | rock density 2650 kg/m?>
P | water density 1000 kg/m?>
Cy | rock heat cap. | 790.0 J/(kg-C)
Cyw | water heat cap. | 4200 J/(kg-C)
c® | thermal diff. 5.10E—6 | m?/sec
Bs | rock exp coef. | 2.40E—5 | m/°C
Q injection rate 25.0 ¢/ sec
Tr | rock Temp. 350 F
Ty | injection Temp. | 86 F
I fluid viscosity 3.50E—4 | Pa-sec
h fracture width | 1073 m

,/’Qr:iﬁcial boundary ) N
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Figure 2: An infinite fracture with an injec-

tion well.

This problem can also be solved analyti-
cally if one assumes that the heat flow in the
rock is one-dimensional (normal to the frac-
ture plane). The temperature distribution can
be written in closed-form (Mossop, 2001) as:



Model of temperature distribution around the injection well 86-13
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Figure 3: Temperature distribution around

the injection point.

ar? + bz
T=Tp—ATerfe | 2122 30
R erc(m) (30)

where o= h——; O=T0; and AT=(T-

Tw); K is a thermal conductivity of rock, m,
is the injection rate (kg/s); ¢, is specific heat
capacity of water; k=K/(cyp,) is the ther-
mal diffusivity of rock; h is fracture thickness;
P 18 the density of water; ¢, is the specific
heat capacity of rock; and p, is the density
of rock. This solution for 7" can then used
in a hypersingular volume integral to solve
for the thermoelastic stresses (Mossop, 2001).
In contrast, we solve surface integrals to cal-
culate the temperature distribution and the
stresses. However, for the sake of comparison,
we also calculate the thermal stresses by using
the closed form solution for 7" (8) to obtain an
analytical expression for the fluxes for use in
numerical solution for stresses:

2bexp [—2+/s(ar? + bz)]
\/E

The temperature distribution for the simula-
tion of the Well 83-16 is shown in Figure 3.
As can be seen, the extension of the cooled
zone increases with time to exceed 100 m from
the injection well. The cooling induced stresses
are illustrated in Figures 4-6. The solid curves

Q ~ —2KAT

(31)

Model of normal stress (°zz ) distribution around the injection well; tension (+)
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Figure 4: Normal stress distribution on a frac-

ture surface around an injection well.

show the solution based on the analytical ex-
pression for 1D heat flux. The 3D numeri-
cal results are shown using data markers. We
note that there is good agreement between
the two approaches. This is to be expected,
as in the current problem the difference be-
tween the 3D and 1D heat flow models are
small and appear only at very large times (see
previous section). Several features are worth
noting about the stress distribution. First,
the normal (axial) stress on the fracture sur-
face is smaller than that predicted by uni-
form cooling. Also, the normal stress is tensile
to some distance from the injection well, its
maximum occurs near the injection point and
gradually approaches zero. Then, the nor-
mal stress switches sign (becomes compres-
sive). This is because as the cooled rock shrinks,
it tends to pull on the exterior rock material
(strain compatibility) inducing a compressive
stress in it.

Along the x-axis 0, and o4, represent the
tangential and radial stresses, respectively. Both
are an order of magnitude larger that the ax-
ial stress. The tangential stress distribution is
different from the radial stress and similarly to
the normal stress becomes slightly compress-
ible, whereas the radial stress remains ten-
sile throughout the domain and approaches
zero. This behavior can be explained by the
requirement that the radial stress be in equi-
librium across the cooled zone boundary and
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Figure 5: Radial stress distribution around an

injection well for various injection times.

the strains be continuous across it. Note that
all induced stresses increase with the injection
time, as expected. It is also interesting to note
that the thermoelastic stresses around the in-
jection well can produce the actual pressure
drop (due to cold water injection) observed in
the Well 83-16.

The main source of error in stress calcula-
tions around the well is the heat flux term in
the integral. Because the numerical temper-
ature distribution has errors, the gradient of
temperature also will have errors. The tem-
perature gradient is, however, multiplied by
large values of fluid flow near the well that
result in magnification of this error to signifi-
cant levels. This does not occur in other parts
of the fracture since the error in computation
of VT does not pose a problem as flow val-
ues are small. To partially reduce the error,
a simple Gaussian smoothing procedure with
a 3x3 filter size (Gonzales, 1992) is used for
the temperature that involves recalculation of
nodal values of T using the 9 nearest points
with certain weights.

CONCLUSIONS

An integral equation formulation for 3D heat
extraction from a planar fracture in an infinite
hot rock reservoir has been used to calculate
the temperature and heat flux distributions
within the crack. The results are then used to

Model of Sy distribution around the well; tension (+)
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Figure 6: Tangential stress distribution

around an injection well for various injection

times.

determine the 3D thermal stresses resulting
from cold water injection. This is in contrast
to most existing work, analytical and numer-
ical, that treats the heat conduction in the
geothermal reservoir as one-dimensional and
perpendicular to the fracture. The analytical
procedures and computational schemes have
been tested by considering the problem of in-
jection into an infinite fracture and compar-
ing the results with a semi-analytical solution.
Then, using actual field data, the thermally
induced stresses were calculated for an injec-
tion experiment. The results are consistent
with the pressure drop and increase injectiv-
ity observed in the field. It has been found
that the normal (axial) stress on the fracture
surface is smaller than that predicted by uni-
form cooling of the crack surface. Also, the
normal stress is tensile to some distance from
the injection well, its maximum occurs near
the injection point and gradually approaches
zero away from it. The normal stress becomes
compressive at some distance away from the
well; this is because as the cooled rock shrinks,
it tends to pull on the exterior rock mater-
ial (strain compatibility) inducing a compres-
sive stress in it. The model predictions are
found to be consistent with those based on
a semi-analytical. Although the present inte-
gral equation solution has been applied to a



single fracture, the same concept can be ap-
plied to a reservoirs with a number of frac-
tures. In addition, the stresses can be used in
a rock mechanics study to analyze the details
of reservoir /fracture response to water injec-
tion and cooling. Work in these directions are
under development and will be reported in the
future.
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