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ABSTRACT

Axelsson (1989) described a method of lumped
modeling to simulate data from several low-
temperature geothermal reservoirs in Iceland. His
lumped model is based on a genera
capacitor/conductor network. In his formulation, the
basic system of equations was derived in matrix form
and, thus, the solution is presented in implicit form.

The lumped parameter model s presented in this paper
are similar in concept to Axelsson’s model. As in
Axelsson’s work, our solutions are valid for the low-
temperature liquid reservoirs only and assume that
variations in temperature within the system can be
neglected. However, our model equations are given
in terms of the well-known materia balance
equations, and the solutions are in the form of
explicit analytical expressions.

In this paper, the analytica solutions are presented
for 1 reservoir-1 aquifer, 1 reservoir-2 aquifers, and 1
upper reservoir-1 lower reservoir-1 aguifer systems.
The reservoir simulates the innermost (production)
part of the geothermal system, and the aquifers
simulate the outer parts of the system. The outer
aquifer can either be closed or can be connected to a
constant-pressure source, which supplies the recharge
to the geothermal system. The equations are
presented in terms of pressure change, or the water
level change of the reservoir. The rate of water influx
(or recharge) between the aquifer and reservoir or
between the aguifers is expressed by using
Schilthuis's steady-state equation with water influx
constant. The systems with more than 1 aquifer are
unsteady-state hydraulic analogues of water influx
into a reservoir. The Duhamel’s principle is applied
to obtain the solutions for the variable mass flow rate.

INTRODUCTION

Most of the low-temperature geothermal fields are
produced by pumping from boreholes, while in some

cases the production is by spontaneous discharge.
The production causes the pressure in the geothermal
systems to decline, which is reflected in the lowering
of the water level in boreholes. The rate of pressure
decline is determined by the rate of production, the
size and properties of the geothermal system, and the
recharge characteristics of the system. The recharge
water invades the system in response to the lowered
pressure or water level. Depending on the type of the
system, temperature decline may or may not be
observed.

Simple analytical models as well as complex
numerical models can be used to simulate geothermal
systems. A simpler approach is known as lumped-
parameter or zero-dimensional simulation. In this
case average properties are assigned to the parts of
the geothermal system. The changes in pressure
and/or water level are monitored and
production/reinjection rates are recorded. If the
temperature change is negligible or not observed,
then the main factors describing the behavior of the
system are the production/injection flow rate,
pressure and/or water level. These data are important
for al evaluation of changes in the reservoir and are
important for simulations. Information on the nature,
properties and size of a geothermal reservoir are
obtained by careful monitoring of its production and
reservoir history.

Several lumped-parameter models have been reported
in the literature (Whiting and Ramey, 1969; Brigham
and Ramey, 1981; Grant, 1977, Brigham and Neri,
1980; Grant, 1983; Castanier, Sanyal, and Brigham,
1980; Olsen, 1984; Gudmundsson and Olsen, 1987,
Axelsson, 1989; Axelsson and Dong, 1998; Alkan
and Satman, 1990). Axelsson and Gunnlaugsson
(2000) discuss the usefulness of lumped parameter
models of interpreting the monitored production data
of low-temperature geothermal fields.

In this paper, an effective method of lumped
parameter modeling is discussed. The lumped
parameter models presented in this paper are similar
in concept to Axelsson’s (1989) model. As in



Axelsson’s work, our solutions are valid for low-
temperature liquid reservoirs only and assume that
variations in temperature within the system are
neglected. However, our model equations are given
in terms of the well-known materia balance
equations, and the solutions are in the form of
explicit analytical expressions. A companion paper
by Sarak, Onur, and Satman (2003) presents field
applications of the models.

MODELS OF LOW
GEOTHERMAL SYSTEMS

For reservoirs with liquid only, the production path is
for al practica purposes isothermal. The heat
balance thus can be omitted. The reservoir is treated
as one lump with average properties. In a confined
system, the production is due to expansion of the
compressed liquid. When this system is produced, the
water level decreases in the same manner as
emptying atank.

TEMPERATURE

During the drawdown history of a geothermal
reservoir, recharge will maintain pressure in the
reservoir, by replacing the produced liquids. A term
of influx mass has to be added to the mass balance
equations. Assuming no mass loss, the mass balance
becomes

W, =W _Wp +W, )

where the current mass, W;, equals that initialy in the
reservoir, W, minus what has been produced, W,
plus any water influx, W,.

The initial fluid in place in a liquid-dominated
reservoir may be compressed water. In this case,
when the reservoir is produced, the water expands
because of its compressibility. This is cadled a
confined reservoir. For a reservoir of volume V,, the
liquid massin placeis given by

W, =V, ¢, p, %)

where ¢, is reservoir porosity, and p, is liquid
density. When this relationship and Equation 1 are
differentiated with respect to time and the definition
of isotherma compressibility is used, the following
equation in terms of mass flow rate, w, results,

d
W, — W, :Vr¢rprctd_[: (©)

where ¢ is the total (liquid+formation)
compressibility for the reservoir system.

We use the steady-state Schilthuis (1936) water-
influx method assuming that the recharge is
proportional to the pressure difference between the

tank and the recharge source. The pressure at the
outside boundary of the system is constant, and the
rate of influx is expressed as

W, = (P = P) (4)

where ¢, isthe “productivity index” of the aquifer, p;

is the pressure of the recharge source and p is the
pressure of the reservoir. In cases where we model a
closed system, we set w, = 0 in Equation 3. Here and
throughout, we work with pressures. However, the
equations and solutions given in this paper can be
represented in terms of water level h(t) by using the
relation p(t) = pgh(t) . Throughout, we use the Sl

system units.

We studied severa variations of geothermal systems
using the tank model approach and obtained explicit
analytical solutions describing the reservoir pressure
behavior. The systems studied in detall are 1
reservoir with recharge source, 1 reservoir-1 aquifer,
1 reservoir-2 aquifers, 1 reservoir-3 aquifers, 1 upper
reservoir-1 lower reservoir-1 aquifer, and 1 upper
reservoir-1 lower reservoir-2 aquifers. Here we
discuss some of them and present results.

1 Reservoir With Rechar ge Source

Consider a geothermal system sketched in Figure 1
consisting of a reservoir and a recharge source. The
system (reservoir and recharge source) is in
equilibrium at t = 0. Reservoir is produced at a mass
rate of w, and the recharge source at a constant
pressure of p; supplies water.

Production

I Reservoir, p
pi Vr’¢r’pr’ct
Recharge
W,

a’a

Figure 1. Schematic of a single tank model with
recharge source.



Using Equation 4 in Equation 3 and rearranging the
resulting equation gives

d
Wy = @y (P = P) = K ®)
where
Ky =Vr¢rprctr (6)

Because p; is constant, we can recast Equation 7 in
termsof Ap=p, —p as

@+ﬁAp=& @
da  x K,

Equation 7 is a first order ordinary differential
equation and its solution is given by

Ap=%[1— exp(—“K—at)} ®

a r

Equation 8 gives the pressure behavior of a
geothermal system as a function of production time
under the conditions of a constant production rate and
aconstant aquifer outer boundary pressure.

For sufficiently small times, t, the exponential termin
Equation 8 can be approximated as
exp(-a,t/x,)=1-e,t/x, . Thus, Equation 8
becomes

w,t
p(t) = pi - ©)
K,

r

which clearly indicates that reservoir pressure will
decline linearly with time, and recharge to reservoir
will be negligible over these small times.

For large time values under constant production rate,
Equation 8 reduces to

w
p(t) = p; —a—p =const. for t>>«x, /e,  (10)

a

It is worth noting that for all practical purposes,
Equation 10 becomes valid for t=5x,/a,. SO
Equation 10 indicates that for al t such that
t>5k, /o, , the reservoir pressure stabilizes at a

value determined by a balance with the recharge. The
pressure decline becomes independent of reservoir

storage coefficient, «,, but dependent on the aquifer
productivity, «, .

The pressure equation for the variable production rate
case will be discussed later in the paper.

1 Reservoir-1 Aquifer Systems

The second lumped parameter model considered in
this work consists of two tanks. A schematic of the 2-
tank lumped model is shown in Figure 2. The first
tank represents the reservoir, the inner or central part
of the geotherma system, where the production
occurs. The second tank simulates the outer part of
the system (aquifer) recharging the reservoir. The
aquifer may be treated as a closed one or with a
constant pressure source. Both tanks are
interconnected. If the second tank is connected to a
constant pressure source, then this source supplies
recharge with a rate of w,, (= a1(p; — py)) to the

geothermal system.

Production
Wp
i

Recharge Aquifer, p1 > Reservoir, p2
Walraal Va1¢arparcta Vr’¢r'prvctr
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W,,, 0,
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Figure 2. Schematic of a 2-tank model.

Hot water is pumped out of the first tank (reservair),
which causes the pressure and water level to decline.
This in turn causes the decline of pressure and water
level in the second tank (aquifer). Thus the total
geothermal system is affected by the production.

When using this method of lumped parameter
modeling, the data fitted (simulated) are the pressure
or the water level data for an observation well in the
reservoir, while the input for the model is the
production/injection history of the field.

The mass balance written for the 2-tank system
shown in Figure 2 yields the following differential
equations describing the flow:

For aquifer:

ea( = Py) ~ o (P~ Po) = Ky ot (1
where K, =Va@aPaCi

For reservair:

Wy ~ g (s~ Po) =, P2 (12)

dt



Initial condition:
P (t=0)=p,(t=0)=p (13

The solutions describing the aquifer and reservoir
pressure behaviors can be obtained from Equations
11-13 by the use of Laplace transformation. Details
of the solution procedure can be found in Sarak
(2003). Here, we only record the solution describing
the reservoir pressure behavior, Ap, = p; — P,

Apz = & d + Hy— d e_:ult
Ko tafly (U = 1)
+ Aefﬂzt) (14)
Moy — 1)
where d =%t %2 gg 4, and u, are the
Ka
roots of
(s+ “a1+0’a2j(5+@]_ ak
Ka Kr KaKr
=(s+m)(s+4,)=0 (15

The analytical solution of the 2-tank problem,
Equation 14, yields the magnitude of the reservoir
pressure decline and as well as the time at which the
steady-state pressure drop occurs (Karaalioglu et al.
2002). The steady-state pressure drop is given by

(Apz)ss:[Mjwp:( 1,z jwp (16)

A1y Q1 Oy

and the time at which the steady-state pressure drop
occurs (denoted by t, steady-state or stabilization
time) is found from

10(x K, )
—Kalaz — Ky (aal + aaz) + QQT

t a7)

n

Ss

where QT is given by

2
QT = \/[Kaaal + Ky (aal + aaZ)] - 4aalaa2KaKr

It is interesting to note from Equation 16 that the
steady-state reservoir pressure drop, (Ap,)s, IS @
function of the harmonic average of reservoir and
aquifer productivities and the production rate
(A, @a2, Wp), Whereas the stabilization time, ts,

is dependent on aquifer and reservoir properties and

independent of the production rate. These results are
similar to the ones obtained from the 1 reservoir tank
with recharge source case.

We have aso derived the solutions for the two-tank
model for the case where the aquifer is closed. For
this case, we set «,; =0 in Equation 11 and then
solve the resulting system of equations for p; and p,
by using Laplace transformation (Sarak, 2003). Here,
we only record the pressure change solution for the
reservoir, i.e, Ap,(t), for the case of constant
production rate (i.e., wj, is constant). This solution is
given by

w a, W, W —_e M
Apz(t)=( : jt—( a2 p——p] 1-e
Ka T K; Kaki b Ky H

(18)

where 1 isgiven by

o K, + K
e a2( a r) (19)
KaKr

It can be shown that for sufficiently small values of
time such that 1—e™* ~ ut , Equation 18 reduces to

W
Ap,(t) = el (20)

r

which indicates that the pressure drop in the reservoir
increases linearly with time with a slope equal to
Wy &, .

Similarly for sufficiently large times such that

1-e* =1 in Equation 18, then it can be shown that
Equation 18 becomes

w, WK
Ap,(t) = t+ 5
(r0a + ;) O (Kn + K7 )

(21)

which indicates that the pressure drop in the reservoir
increases linearly with time with a slope equal to

Wp /(g +%).

A Comparison of Behavior of the Open and Closed
2-Tank Systems

We already discussed the behavior of an open tank
system with constant pressure outer boundary
condition. If no recharge is allowed for the reservoir-
aquifer system then the system is described as a
closed system.



Figure 3 shows early time and late time reservoir
pressure drawdown for the open and closed 2-tank
lumped models for constant production rate. As long
as the production rate is constant the early time
pressure response of a closed system is the same as of
an open system. The pressure drop increases linearly
with the production time and is given by Eg. 20. This
corresponds to pseudo-steady state flow behavior of
the reservoir itself.

After some transition time the pressure (or water
level) declines steadily with time. The pressure drop
during this long-term production is given by Eq. 21,
which corresponds to pseudo-steady state behavior of
the total system of reservoir and aguifer.
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Figure 3. A comparison of early time and late time
reservoir pressure drawdown in 2 tank closed and
open lumped models for constant production rate.

1 Upper Reservoir-1 L ower Reservoir Case

Here, we consider a lumped model, where the
reservoir consists of two parts; 1 upper (shallower)
reservoir and 1 lower (deeper) reservoir. Both are
supplied by the same recharge source. However, due
to depth differences between the upper and lower
reservoirs, the initial pressures for both reservoirs at
equilibrium condition may vary. The pressure of the
recharge source stays constant at p;. A schematic of
the model discussed is presented in Figure 4.

Let py be the initial pressure of the upper reservoir
and p,; be the initia pressure of the lower reservair.
Then the basic equations are the mass flow equations:

for upper reservoir:

d
g (P = P1) + (P — Pr) Wy = Krl% (22)

for lower reservoir:

d
Qa2 (Py = P2) — 12 (P2 — Pr) —Wpp = ’(rz% (23
and theinitial conditions

P(t=0)=py, Po(t=0)=py (24

where Wy, and w,, are the mass flow rates from the
upper and lower reservairs, respectively.

Production

Wi, P2
g

Upper
Reservair, p;
Vi1, 81, Pr1,Cua

1
Lower

Reservair, p;
Vi2,8r2,Pr2,C2

Figure 4. Schematic of a lumped model with 1 upper
reservoir and 1 lower reservoir, both supplied by the
same recharge source.

Assuming wp; and wj, are constant, the solution of
system of equations given by Equations 22-23 with
the initial condition of Equation 24 can be obtained
by use of the Laplace transformation (Sarak, 2003).
The solutions in terms of pressure change for upper
and lower reservoirs (Ap; and Ap,) are given by,

respectively,

Wpl

o
— BiApy +—2Apy j
r1 Kr1
=P — it Uy = Py /lti|
x| —t—L=s 1l-e )+ —=~= _[1-e/
{#1(/‘1‘#2)( ) ﬂz(/‘z_#l)( )

2

oWpo o o

+ —p+—12Apll _L’BZApZi
KnKro KK K1

]

Ha (/11 —H>
(29)

st

] (1— gt )+

1
X e —
[ﬂl(ﬂz —H



and

Ap,(t) = (E+@Apu —ﬂzAPZij
r2 K2
Lﬂll_ it Uy = f 1 /lzti|
X{#l(/‘l_ﬂz)( © )+ ﬂz(/‘z_#l)( © )

oW 2
_{ 12 Pl_a12ﬂl Apy + %P ApZij

Kr1Ke2 Ko Kr1Ke2

1 _ 1 _

x| ———— - ) ——[1-e#!

[ﬂl(ﬂz—ﬂl)( ) ﬂz(ﬂl—ﬂz)( )}
(26)

where
Ap; (t) = pyji — P (1) (27)
Apji = P — Pji (28)
ﬂ] — aal ’:-aIZ (29)

rj

and

Kyj :Vrj¢rjprj Ctrj (30)

for j=1,2. In Equations 25 and 26, x;, and yu, arethe
roots of

2

o4 + O o+ o
(S+ al 12}(5_’_ a2 lzj_ 12 )
K1 K2 Kr1Ky2

=(s+u)(s+u,) =0 (31)

Other Cases Considered

We have aso considered lumped parameter models
containing more than two tanks. For example, Figure
5 shows a system containing 1 reservoir and 2
aquifers. The system is represented by three tanks.
The outer aquifer is connected to a recharge source at
a constant pressure of p.. Thus the system is called
open three-tank model.

When the number of tanks is increased the analytical
solution of the problem becomes complicated. The
analytical solution for this system has been obtained
(Sarak, 2003), however, it is not included here due to
the length of the equations.

pi Production
y
Oa
Recharge

Aquiferl ) Aquifer2 ) Reservoir,
P1, Ka1 P2, Ka2 P3, %

%ap a3
Recharge Recharge

Figure 5. Schematic of an open threetank (1
reservoir-2 aquifers) model.

Modeling Variable M ass Flow Rate

The Duhamel’s principle is applied to obtain the
solutions for the variable mass flow rate. Applying
the Duhamel’s principle, the pressure drop in the
reservoir is given by

t
Ap(t) = j w, (7)Ap, (t—7)dz (32)
0

or interms of pressure,
t '
p(D) = pi — [ W (D)Ap, (t-7)d7 (33)
0

where Ap, is the pressure drop that would be
obtained with the unit constant mass rate of w, and
ApLl is the time rate of change (or simply time
derivative) of Ap,. For example, Equation 8 is the

genera solution for the constant mass withdrawal w,
then if we set w, = 1 kg/s in Equation 8, we can
obtain the unit rate pressure change, Ap,(t) , and its

time derivative, Ap(t) , respectively, as

Ap, (t)=ai{1— exp(—“?tﬂ (34)

a r

and

A (t) = Kiexp(— “th (35)

r r

For the other lumped models discussed in this paper,
one can similarly derive the unit-rate pressure change
and its time derivative and apply Equation 32 or 33 to
generate the pressure response for a given variable
mass flow rate history. In cases where we have step
changes of mass flow rate history, we consider a



partition of the time interva (Ot) as
0=ty <t <t,<---<t, <ty =t and write Equation
32.

n tn

Ap(t)= P~ p) =Y [w, (AP} (t-)d7  (36)

i=0 1y,

Following Thompson and Reynolds (1986) and
Kuchuk and Ayestaran (1985), we approximate
Equation 36 as:

Ap(t) = ) AW, (t).1) Ap,(t—t;) (37)
j=0

where  Aw,(t;,;) =W, (tj,1) — W, (t;) represents the
mass flow rate steps. Note that in deriving Equation
37, we used ty = 0, wy(0)=0 and Ap,(0) =0.

DISCUSSION AND CONCLUSIONS

The models presented in this paper are based on
meterial balance only. We recognize that in
geothermal reservoirs, the heat content of the rock
and fluid congtitute the main resource, so an energy
balance should be included to describe the system
more accurately. However, unless excessively
disturbed, the cooling effect in the low-temperature
geothermal systems may be neglected. For example,
the production histories of the low-temperature
geothermal reservoirs in Turkey do not indicate
significant changes in the temperature of the water
produced. Generally speaking, pressure (or water-
level) decline is the parameter affected from
production operations.

Our main objective was to study the effect of
recharge on the pressure behavior of the low-
temperature geothermal systems. We developed the
explicit analytical solutions for severa types of
geothermal systems. Solutions yield the importance
of the reservoir and aquifer parameters on simulation
of the geothermal system’s pressure (or water-level)
behavior.

The lumped parameter models presented in this paper
are appropriate in cases where data on reservoir and
aquifer conditions are scarce but where the pressure
(or water level) response of a reservoir has been
recorded for some time.
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