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ABSTRACT

Heat extraction from a fracture in a geother-
mal reservoir is typically modeled based on
the assumption that heat conduction is one-
dimensional and perpendicular to the fracture.
In this paper an integral equation formula-
tion is used to model the three-dimensional
heat flow in the reservoir. This method re-
sults in a numerical procedure in which the
discretization of the reservoir geometry is en-
tirely eliminated, leading to a much more ef-
ficient scheme. In addition to providing the
temperature distribution in the reservoir, the
three-dimensional boundary integral equation
formulation provides an efficient means for cal-
culating the induced thermal stresses on the
facture surface and in the reservoir.

INTRODUCTION

The Hot Dry Rock (HDR) concept of geother-
mal exploitation involves drilling two or more
wells to suitable depths to connect permeable
fractures of natural or man-made origin, in-
jecting cold water into one well, and recover-
ing hot water from the other. A number of an-
alytical and numerical solutions exist for mod-
eling heat extraction from a fracture. See, for
example, Willis-Richards and Wallroth (1995)
for a comprehensive review. With few excep-
tions such as the finite element solution by
Kolditz (1995), GOECRACK, and the bound-
ary element model by Cheng et al., 2001; the
heat conduction in the reservoir is modeled
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Figure 1: Heat extraction from a planar frac-

ture.

as one-dimensional and perpendicular to the
fracture surface. The primary reason for such
simplification is due to the difficulty in mod-
eling an unbounded domain by numerical dis-
cretization. In this work, the governing equa-
tions for the three-dimensional heat extrac-
tion from a single fracture embedded in an
infinite geothermal reservoir are transformed
into an integral equation. The procedures for
solving the resulting integral equation are de-
scribed and some numerical results are pre-
sented.

MATHEMATICAL MODEL

Figure 1 illustrates, schematically, a view of
heat extraction from a hot dry rock system
by circulating water through a naturally ex-
isting or man-made fracture. The fracture is
assumed to be flat and of finite size. The
geothermal reservoir containing the fracture



is assumed to be of infinite extent. Other as-
sumptions are similar to these postulated in
Cheng et al., 2001. Specifically, it is assumed
that (1) all properties such as fracture thick-
ness, permeability, and reservoir heat capacity
are constant; (i) the injection rate of cold wa-
ter is steady; the reservoir is impermeable to
water and the fracture has no storage capac-
ity; hence the production rate of hot water is
equal to the injection rate; and (iii) the heat
storage and dispersion effects in the fracture
fluid flow are negligible.

FRACTURE FLOW

It is assumed that the fracture width is small
such that the flow in the fracture is laminar
and governed by the lubrication flow equation:

e

w3 (x,y)

X,y €A
(1)

where (V3) is the gradient operator in two

Vap(x,y) =— alx,y);

spatial dimensions, p is the fluid pressure, p
the fluid viscosity, w the fracture width, and
A is the fracture surface (see Figure 1). Note
that:

q=wvV (2)

is the discharge per unit width, and V is the
average flow velocity given by:
T R
“V(x,y,z)dz (3

where V is the flow velocity. Assuming that
(1) the fluid is incompressible, (ii) the fracture
wall is impermeable to fluid flow, and (iii) the
fracture width does not change with time, the
fluid continuity equation can be written as:

V2 dlxy) =0 (4)

where (V3-) is the two-dimensional divergence
operator. Solving equation (1) for q(x,y) and
substituting into equation (4) yields a second

order partialhdifferential equation:
1

Vi Wxy)Vaplxy) =0  (5)

Vix,y) =

The above equation can be used to solve for
the pressure distribution within the fracture
using appropriate boundary conditions and the
known fracture width, . The discharge and av-
erage velocity can then be obtained from (1)
and (2).
For the current problem, the boundary con-
dition is:
op

5= =0 ondA (6)

In addition, there exist flow singularities in
the fracture plane due to the injection and
extraction wells. Hence equation (4) must be
modified to include these singularities, i.e.,

Va-alx,y) = QB(Xe) — 8(Xi)]  (7)

where Q is the injection and extraction rate
(must be equal), d is the Dirac delta function,
Xe =[x —xe), (y —ye)l, Xi = [(x —xi), (y —
yi)l, (xi, yi) and (xe, Ye) are the coordinates
of the injection and extraction wells, respec-
tively. Similarly, (5) needs to be modified to:
h i

V2 W y)Vaplxy) =c-[B(X) —8(X,)]

(8)

where ¢ = Q.
HEAT TRANSPORT IN FRACTURE

The heat transport equation for the frac-
ture can be written as:

2K
Vs [Ty, 0,t)] = ——.
- prW
Mevzbz pxy e A ()
0z z=0%*

where the fracture flow field, q(x,y), is known
by solving the fluid flow equation; T is the wa-
ter temperature; p,, is the water density; c,,
is the specific heat of water; and K, is the rock
thermal conductivity. Note that heat stor-
age and dispersion terms have been neglected
based on earlier findings (Cheng et al., 2007).



The heat conduction in the rock can be
modeled by a diffusion equation in three di-
mensions:

2 P+Cr aT(X>U)Z)t)

T t) = :

v3 (va>z) ) KT at )
for x,yz € Q (10)

where p, is the rock density, ¢, is the specific

heat of rock, and V3 is the three-dimensional

Laplacian operator. Note that the same no-

tation, T, is used for the temperature of the

reservoir rock and water in the fracture, be-

cause temperature must be continuous between
the two media.

The governing equations, (9) and (10), are
subject to initial and boundary conditions.
The initial temperature of the rock and the
water in fracture is assumed to be a constant:

T(XJJ,Z,O) :TT‘O (11)

At the injection point (xi,yi,0), the temper-
ature is equal to the injection water tempera-
ture:

T(Xi)yi,ovt) :TWO (12>

It is clear that there exist singularities at the
injection and extraction points; these must
be included in the governing equation (9) as
source and sink terms:

vz - [Q(X»U)T(Xxyy Q)t)] (13>
2K, 0oT(x,y,z,1t)-
= - +
Py Cw 0z L0+

Q [T(XE)ye)O)t) : 6(X€) - TWO S(Xl)]

Or, by expanding the quantities under the
divergence operator and noting the flow equa-
tion (7), the above equation can be written as:

2K, dT(x,y,z,t)-
q(’%U)'VZT(X,U,O,t)— 4 ( Y )_
prW aZ z2=0+

=0 (14)

LAPLACE TRANSFORM

In order to facilitate the use of the Laplace
transform technique, it is more desirable to
have a zero value for the initial condition. Hence

a dimensionless temperature deficit is defined:

Tro_T
Tg=—no——— 15
T To — Two (15)

Equations (14) and (10) preserve the same
form in the new variable, i.e.,

ZKT aTd(X>U>Z)t)E

q(X)U) . VZ Td(x)y)0>t) =

PwCw 0z L0+
(16)
oT t
KTV% Td(X)U,Z,t) = prcr% (17)
The initial condition then becomes:
Ta(x,v,2,0) =0 (18)

At the injection point, the dimensionless tem-
perature deficiency is:

Td(Xi)Ui)())t) = ] (19)

From the flow singularity in (7), we can write
(16) in this form:

pwcwvz : [Q(X)Q)Té (va>o>t)] -
aTd(X>U)Z>t): o

O (20)

pWCWQ [Td(Xe,ye,O,t) 6(Xe) - 6(Xl)]

Performing Laplace transform on (17)-(20),
results in:

h i
prWVZ’ q(X,U)¢d(X)U)O,S) -

0%y (x,y,2,5)

2K
’ 0z
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' 1
prwQ ¢d(xe>ye>0) s) 0(Xe) — g d(Xq)

K:V3®a(x,v,2,8) = sp,¢; Fa(x,y,2,8) (22)

1
®a(xi,vi,0,8) = 3 (23)

where s is the Laplace transform parameter.



INTEGRAL EQUATION

Equations (21) and (22) are defined in three
spatial dimensions. Solving transient, three-
dimensional problems in an infinite domain
still poses a challenge for modern day com-
puters. However, by utilizing Green’s func-
tion, the system can be converted into a two-
dimensional integral equation defined on the
fracture surface, thus significantly reducing the
computational effort. To model the tempera-
ture in the reservoir due to a continuous point
heat source with strength &, we introduce the
following equation:

KTV% $d (XJJ, Z, S) - SpTCT$d_(va>Z)¢S) =
a8 'x— X (24)

where & is the Dirac delta function, and X’ is
the source location. The solution of (24) is
given by the Green’s function:
r
a1 M

- 47K, R P =

1T
R (25)

PrCrS
K-

where:
q

R= (x=x)P2+(y—y)?+(z—2)? (26)

Then it can be shown that the temperature in
the reservoir due to a continuous distribution
of sources on the fracture surface A is given
by:

Fi(x,v,2,8) = (27)

h i
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where = 3‘%, f1 = ]J—leXP(—B Ry), fi =

RLieXp (_[3 Ri), fe = R]_eeXp(_B Rc), and:

q

Re =  (x—%e)?+ (y—ye)?+2%(28)
q

Ry = (x —xi)2 4+ (y —vi)? + 2% (29)
q

Ri = (x—x)2+(y—y)?*+2z* (30)

Because the flow field g contains singularities
in the fracture domain A due to injection and
extraction, equation (27) cannot be readily in-
tegrated. To remove the singularity, a regu-
larization technique can be applied to obtain:

?d(X,U,Z)S) = (31)
C R © N
N pzlvmv(\)Q AV2: a(x',y') - ¥5 fiddy’ +
T .
C ] ]
ZV;EKW$§ . fe - g _¢d(x,y)0’s) fi’

h i
where ?hz = %.(x',y,0,s) —?d(x,y,(i),s) and
§ = ®alxe,Ye,0,8) —Falx,u,0,s) . The
integrand is no longer singular at the injection
and extraction points, (xi,yi,0) and (xe, ye, 0).
To avoid dealing with derivatives in the inte-
grand, the integral in (31) can be transformed
based on the divergence theorem and noting
that the integral performed over the fracture

boundary, 0A, vanishes due to the no flux con-
dition qn = 0 on 0A (see (6)):

fa(x,v,2,8) = ] (32)
c ©~ ] s a
PrCn Qs fo— L~ Falou,0s) i
C R ’"* *
th—Kw ATd-grexp(—BRy)-q" dX'dy’
where:
oR;4 oR;4
x 1981 1981
q qX(X)U)aX/ +qy(X>U)ay,(33)
1
g1 = @(1+BR1) (34)
1

Applying the above equation on the frac-
ture surface, (x,y) € A and z = 0, results
in:



extraction well

Figure 2: Computational mesh.

¢d(X)U,0>S) = . (35)
prWQ ©~e 1 ) @
T¢ . Fo— ——® F
47TKr d e S d(X,U>O>5) i
R -
pWCW T* X G . q* dX/dy/

Ak, A 4

where Fe - %exp (_BTGL Fi - T]_iexp (_BTiL
G= 5 (1+pr) exp(—Pp7), and:

a

T = (x=x)2+@y—-y)¥ (36)
a

Te = (X_xe)z+(U_Ue)2 (37>
a

o= (x=x)P+y—u)? (38

Note that equation (35) is now defined in a
two-dimensional space, x,y € A and can be
utilized for an integral equation solution.

NUMERICAL IMPLEMENTATION

To solve the system represented by (35), the
fracture surface, A, is discritized into a num-
ber of elements and is defined by a total of n
nodes (see Figure 2) Then, an unknown tem-
perature deficit ?jd is assigned to each node,
except for the node at the injection point where
§4 = 1/s is the imposed boundary condition.
Hence there exist n—1 unknown discrete tem-
peratures. Equation (35) is applied to the
n — 1 nodes (excluding the injection point)
by selecting the nodal locations as the base
points:

Ty = X o (39)
1
prWQ Te T o l o

h i
_pWCW R T ¢y T
47Ky Sel Tm, &) Td G

-Nr];i Fi}

i, E) 5 i, )2 dn'de!
where T]d is the current nodal point, :ffl is tem-
perature at the extraction point, n’ and &' are
the element local coordinates, and T(n/, &)
is the temperature at some point inside el-
ement. Note that %U = a%rg for square el-
ements. After performing numerical integra-
tion over the elements, each equation becomes
a linear equation involving @ ,j=1,...n—1,
as unknowns. The linear system can then be
solved for the discrete temperatures ?J;i.

In the present implementation of the nu-
merical scheme and program development the
temperature distribution in a circular crack
is found by using square, four-node linear ele-
ments. In addition, the dipole solution is used
to model fluid flow due to the injection and
extraction process in the fracture. The no-
flow boundary condition for the circular crack
is imposed by using the method of images
(Strack, 1989) and superposition to find the
appropriate potential function. The potential
is then used to calculate the fluid discharge
for every fracture element (Figure 3). When
the extraction well falls inside an element, it
is moved to the nearest nodal point. The tem-
perature inside an element is interpolated us-
ing standard shape functions for the element,
Ni:

Ne = (1£x)(1 )

All other function are calculated exactly at
each nodal point.

The double integrals in equation (39) are
integrated numerically over each element us-
ing the Gaussian integration procedure. For



each element both the four-point and nine-
point integration schemes are used. If the ab- -
solute value of the relative error, % ,
is less than 0.01-0.001 then result of the nine-
point integration routine is used. Otherwise,
the element is further divided into four parts
and the nine-point scheme is applied over each
sub-element. If the error is still too large, each
sub-element is again subdivided into smaller
elements until the error is small enough or

a specified maximum number of iterations is
reached.

A direct solver is used to solve the linear
system of equations. An iterative solver can
also be used, however, in this case it yields
similar results but convergence is very slow.
Once the nodal temperatures are obtained,
the extraction point temperature can be cal-
culated by (i) using the nodal values (ii) or
using a contour integration around the origi-
nal extraction point. In the latter case, the in-
tegration path consists of eight nodes nearest
to the extraction point, and the temperature
is then given by:

Te 1R I T /A
sza ree An (X, Y Ta(x',y') ds

It is necessary to transform the solution
back into the time domain. This can be achieved
by using an approximate Laplace inversion method,
e.g., the Stehfest (1970) method (Cheng et al.,
1994).

EXAMPLE

The solution of the three-dimensional heat con-
duction is examined below through a numeri-
cal example using the following data set:

3

R = 300m: Q = 5x1032%
secC

o = 1.0g/em®; p, = 2.65g/cm?;
Ke = 258 Wm 'K,

cw = 4.05x10° J kg 'K,

¢ = 1.1x10° J kg 'K~

Figure 4 presents the normalized temperature
deficit as a function of time. It can be ob-
served that a finer grid yields a higher value
of temperature. However, the curves do con-
verge as a finer grid is used. Also, the values
of T4 obtained from the nodal values is higher
than the values obtained using the averaging
scheme described above. Figure 5 illustrates
the normalized extraction temperature for the
same problem. Figure 6 shows that a larger
fracture results in a higher extraction temper-
ature, as expected.

The 3D model prediction is compared with
the one-dimensional heat conduction model
of Gringarten and Sauty (1975), as reported
by Kolditz (1995), in Figure 7. It can be
observed that our solution predicts a higher
extraction temperature, this agrees with the
observation of Kolditz (1995). The same nu-
merical approach was used to model the one-
dimensional heat extraction from a circular
fracture using the data of Rodemann (1982).
The result is shown in Figure 8. The black
contour lines represent the one-dimensional
analytic solution of Rodemann (1986). There-
fore, the Numerical results presented herein
are in qualitative agreement with other pub-
lished results.

SUMMARY AND CONCLUSION

The three-dimensional boundary integral equa-
tion for heat conduction in a geothermal reser-

voir has been solved numerically. The integral

equation solution eliminates the need for dis-

cretization of the geothermal reservoir. In ad-

dition to rigorous testing of the model, future

activities include modeling of reservoir elastic-

ity, thermo-elasticity and poroelasticity. These
can cause the fracture width to depend on

the fracture fluid pressure, temperature, and

reservoir compliance. The present formula-

tion lends nicely itself to these developments.

Efforts in these directions are underway.
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Figure 3: Fluid flow in a circular fracture from

an injection/extraction pair (dipole solution).

\

\\\\\\\\\\‘~.rr/////////
NN NN A S A R PR P P P A A

N

NN NN

N N L e B B R D S P P O e

Fracture Radius=300m; Injection Rate: 5 liters/sec

T o (80X50) | 4 - -
w7 T (50x50) | T 0 7
5o T (30x30) [T o o i
—-0 Tavg (80x30) | 5 - - -, -
RSy R
- N A
- R Sl R
P R B S
03 [injection well: (-150m,0) [ 7. _ T S I oo
iextraction well: (150m,0) |- - - -« 4o Th=as
2-step' Laplace Inversion,|~ '~ = C T R
0.477777777777777 T
0.5
5 10 15
Time, yeas

Figure 4: Temperature deficit as a function of

time for a 300 m fracture.
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ferent fracture radii.



Fracture Radius=300m; Injection Rate: 5 liters/sec; (70x70) grid
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