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ABSTRACT

Several methods have been presented in the
literature for analyzing transient pressure data
of fractured wells. We tested with some model
studies based on the solutions to the 3D problem
of multiple high-angle fractures (HAM)
intersecting a wellbore. The model solutions
representing transient pressure behavior of HAM
fractures are defined in terms of 3D rectilinear
coordinates. The HAM fracture model equations
include the finite conductivity of the fractures,
and our solutions reduce to previously published
results for the special case of vertical
fractures and/or infinite-conductivity
fractures. A computer program, MULFRAC, has been
provided to calculate the dimensionless drawdown
at the wellbore. This paper shows the solutions of
MULFRAC, some comparison of MULFRAC results with

published special cases.

INTRODUCTION

This paper is a model for analysis of the pressure
response of High Angle Multiple (HAM) fractures
intersecting a wellbore. The geometry of the HAM
fracture problem is shown in Figure 1.

Previous work on transient pressure response of
fractured well has been concentrated on three
model approximations. The model include vertical
(Gringarten et al., 1974), horizontal
(Gringarten and Ramey, 1974), and distributed
fractures (Warren and Root, 1963). In all cases to
date some common assumptions have been made for
almost all transient well test solutions. For
example the assumptions include: a)the reservoir
is infinite with closed top bottom, b)the
reservoir consists of homogeneous rock and fluid,
c)is isotropic, d)gravity is negligible, and
e)the reservoir fluid is only slightly
compressible. Variations on these assumptions
have been made for gas reservoir applications,
and many forms of bounded reservoirs have been
investigated.

Multiple fractures have been investigated also

(Strubhar et al., 1975), but the fractures
treated in that report in highly inclined wells,
and are not similar to fractures found in
geothermal reservoirs. In the latter case, the
fractures (faults) are often at high angles from
horizontal and the wells are only slightly or
moderately inclined, resulting in penetration of
multiple high angle fractures as shown in Figure
1. This study will review the existing fracture
models in order to make familiar the most
applicable solution processes. Then important
points will be covered for the extension of the
existing theories to case of High Angle Multiple
(HAM) fractures penetrating the wellbore.

However, this time we didn’t calculate multiple
fracture with +the computer program MULFRAC
(current version), although the model was
considered with the concept of multiple fracture.
At first, we compared the MULFRAC results with
published special cases about single fracture,
and we investigated the property of this model
based on some comparisons (vertical fracture and

inclined one).

BACKGROUND OF FRACTURE MODEL

Vertical Fractures

The first solution for the finite conductivity
vertical was developed by Cinco-Ley and
Sameniego using the methods developed by
Gringarten et al. Their solutions were obtained
numerically using a discretized representations
of the fracture. In 1978 Cinco and Sameniego
applied the Laplace transform to the problem of
the Laplace transform of the dimensionless
pressure drop in terms of the Laplace variable,
s, for the linear and bilinear portions of the

curve are
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(1
pasy S.2Y8 )
o F»

The equation can be solved using the numerical
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inverse Laplace transform. The early-time and

late-time solutions can be obtained analytically

and are given by

a) fracture linear flow

2
Pwd=——v 7 7 olox

FD (2)

b) bilinear flow period

bid
Pl 1%
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c¢) formation linear flow period

(4)

Pwd=+v ntm+L
3Fyp

Horizontal Fractures
The first solution for a horizontal fracture was

developed by Gringarten and Ramey using the point

Green'’s function approach coupled with Newman’s

product-solution technique as they did for the

vertical fracture case. The dimensionless
pressure is given by
tay 1
Pfd= 1 e,%(ﬁ]’ [r_u] - g vdvy
HD « POZre Je
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They calculated the effect of a rectangular
fracture instead of the circular fracture of

Gringarten et al. His equation is

tog
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Inclined Fractures

The only analyses of inclined fractures have been

erf(
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)dr
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by Cinco and Daneshy. Cinco used the Green’'s
function method of Gringarten and Ramey to derive
an expression for the pressure in an inclined

fracture. The pressure response was calculated
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numerically from
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No analyses of multiple,inclined fractures has

been found in the literature.

PHYSICAL MODEL OF MULTIFRACTURES
MODEL

When the fracture is inclined relative to the
vertical wellbore, the representation must be
3-dimensional as shown in Figure 2. For inclined
fractures the intersection of the wellbore and
the planar fracture is an ellipse. The
elliptical interséction has the limiting cases

of a circle for horizontal fractures and a

full-fracture-height line for a vertical
fracture. The elliptical shape of the
wellbore-fracture intersection is most

important for small fractures and is negligible

for large fractures, i.e. when xf >> rw. 1In the

latter case the wellbore-fracture intersection
can be approximated by a line source in the plane
of the fracture with length equal to the major

axis of the ellipse. The wellbore intersection

and fracture plane are shown in elliptic

coordinates in Figure 3.
The view shown in is
perpendicular to the fracture.

of the

Figure 3 looking
In Figure 4 we
see three views fracture. In the
coordinate system of Figures 2 and 4 the y and z
coordinates in the plane of the fracture are
related by .

zrr = yer cot(6) (9)

where FP refers to y,z values in the fracture



plane.

EQUATION OF MULTIFRACTURES MODEL
Review of the Differential Equations

The following equations satisfy the model

described in this report. The symbols are

defined in the previous section and in the

Ndmenclature, below. The pressure drawdown

variables Po and Pon: are the Laplace

transforms, and are not the time-dependent

solution. The latter is obtained numerically.
’Pp ’Py i’Pp

+ +

2 2 2

Axp ayp dzp

= sPp (10)

In the fracture the flow is pseudo-linear. 1In

the x direction we have
3Py 1 [ 1Py N Py
Fp

3x02

S
= —Pp
o | iz ]FP 7 e (11)

and the y, 2z flow component is given by
aZPDI.M aZPny‘z 1 3PD BPD
2 + 2 + — + FP
a_‘yp 320 FD

3yg 32,3

S
= —Py,. (12)
o

The inner (wellbore) boundary condition is
governed by the pseudo-linear flow pattern, i.e.
in the x direction for the fracture

8Py
8xp

ws = — ? _ZDWSZDS+ZDw (13)

D

Similarly, the formation late time has the x

equation
O )y = = <zp<+
(9XD wB = B 2pw SRS T2pw (14)

Equation (13) corresponds to the one-dimensional

bi-linear flow approximation used previously by
Cinco et. al and for a vertical fracture, and as
we show below, equation (14) corresponds to the
formation-dominated flow. The symbol WB on the
left hand side of equation (12) indicates that
the terms must be evaluated at the "WellBore".

The initial conditions are given by

P, =Py =0 at oy < 0 (15)

The Boundary Conditions

Since the fracture is approximated by a plane,

the following condition holds

Py = (Pp)er

The outer boundary conditions are

xD - oo
lim Py = 0 an
yD — oo
and the closed reservoir condition is given by
[ aPD ]LH - 0 §
dzp e (18)

where the Neumann boundary condition in equation
(18) is evaluated at the top and bottom of the
reservoir. The parameter, h, is the reservoir
height as shown in Figure 4. 1In this coordinate
system the rectangular parallelepiped that just
encloses the fracture plane, FP, is defined by
—xy < 1 < +xp

¥ < yp <+ }
—zy < zp < +zy

The rectangle representing the wellbore
intersection with the fracture is defined by

—7¥p S Xp S +7p ]
-1 < yp < +m
where the height of ‘the wellbore rectangle is

given by
Zow = 75 cot(8) 2w < 1 (21)

Solutions in Each Region

In the reservoir the pressure drawdown is modeled

by Equation (10) for each separate region. The
solutions in region I are given in terms of the

region IV values (see Figure 3). For the outer

portion of region I, i.e. X > Xni , Y0 2 Y 0t
PDqum _ PDI’IM" e—-a(xD*xD/) e—a(yDAyD/) (22)
where Pop:'""“" is evaluated on the surface

defined by xor and yn: between-H and 0. We see
that yor— 0 when the fracture angle goes to
zero. As yn»r— 0 the inner region I, and the
entire region IV, are reduced to zero also. In
that case the outer portion of region I gives the

inner

complete ' region I solution, and P is then
the wellbore. In the latter case the =z
dependence is given by equation (27), below.

The region II solution is given in terms of the

region IV solutions, where the boundary matching
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requires that the region II solution matches at

bothzo=0and z2»= z 1n: .thus we have

Pou = (fo + Foa) e rCEPD> gmalobs0r> (23)
where the £ functions are given by
be = Pow y DfDf M
sinh(a zy) (24a)
4
fna = va y Df=0 M
smh(a ZD/) (24b)

and where fo. and fpr are evaluated along the x
and y boundaries of region IV between z n= 0 and z
p= 2pr. As the fracture angle goes to zero the
region multiplier in equatidn (23) reduces to the
wellbore value.

The region III solution is given in terms of the
region V surface defined by

= xp and Yo = Y

= Pu g2 D= e-a(yD-yDl)

PDIII

The region V solution is given in terms of the
region IV solution, but has a more complicated z

dependence due to the closed boundary at zo=H»p

cosh{a(Hp—25))

P v = PDIVz R
’ cosh{a(Ho—25))

(26)

For the inner portion of region I, i.e. 0 <xo<x

pi, 0<yn<yo: wehave

) e—(a(zD+HD>) -
Poi"™ = P, DiVzy = 3] (27)
where Poiv is evaluated on the z p= 0 surface of

region IV. In equations (22) through (27) the

value of @ is given by

3af = & + b (28)
and the values of a and b are given by
. _‘/___i___
¥ I+tan*(9) (29)
b _‘/_S__
Y 1+cof(0) (29%)

In Region IV above and below the fracture (see
Figure 4) the y,z flow is perpendicular at the
fracture. Region IV is described by the partial
differential equation

3*Porv 3*Porv
8yz>2 iz

=5 Pov
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(30) is

defined in region IV below the fracture plane and

The first y,z solution for equation]

has a y-dependence given by

e CalyD-3DfD >

Pow s = Por s>

yer < Yo < Yo (31a)

The second region IV solution is for the portion

of region IV that is above the fracture, and is

defined with a z-dependence.

P Cb(2D-2DF D D

e CoCzFP-2DF ) D

Popr. = PD/

Zrp i Zp i Zps (3”.'))

The reason that these particular expressions are
used is that in order to solve the fracture
equation and match the region boundaries the
formation drawdown solutions are required in
the
the
the

terms of either the fracture drawdown or

When
to

bounding region’s functional form.
angle goes to zero region IV decays
fracture and there is then only x dependence for
the flow in the fracture.

In equations (29) as the fracture angle goes to
zero the parameter a goes to ¢; and b goes to
zero.

The partial differential equation describing the
flow of fluid in the fracture plane is given by
Equation (11) and (12). Using the partials of
Equations (31) in Equation (11) and (12) gives
the solution for the fracture flow in terms of

the wellbore pressure, P ow

o CrCad-=Pd )

Py s = Pou iy (32a)
e*(a(yD/—xFP))
Py s = Po —Cmsy (32b)
and
o CoCaFP-2Dw ) )
PD/ . = Pp, 8_04‘”"') (326)
where x vv , Y #r , 2 rr are the values of xv, Yo,

2z in the fracture plane. From equations (29)

and (13) we have for the fracture contribution to

the Laplace transform of the wellbore
dimensionless drawdown
4
Pp, = — (33)
Fosy
and v is defined to be
1 s
f = S p (34)
Y X .



where
B = (I+tan(6))a+(I+cot(8))b (35)

and a and b are given in equation (29).
Equation (34) dominates during the early time and
through the bi-linear flow period. Then the
formation linear flow begins to dominate. At
that time the wellbore dimensionless drawdown is
given by
4
= s(a+b)

Equation (34) reduces to the finite conductivity

Pow (36)

result of Cinco et. al when 6 =0 (vertical

11
fracture), and equation (36) reduces to —- ,
s

which has an inverse Laplace transform
P(t) = m , i.e. the well-known 1/2 slope
result for a vertical infinite conductivity
fracture.

From inspection of the above equations we see
that the flow to the fracture only has y
dependence and the flow in the fracture only has
x dependence for 6 = 0 (vertical fracture).
These results hold true over all x, y, and z

values and in the fracture.

Multiple Fractures

For multiple fractures we make the following

assumptions:

a) the fractures are spaced by vertical amounts
dl, d2, d3,---

b) the flow rates from the fractures are ql, g2,

q3,
¢) the fractures have the fracture angles 6 1, 6
2, g 3,000

d) the fractures are not intersecting

The solutions given above are for a single
fracture centered on its coordinate system.
Thus to superimpose the solutions from the i
distinct fractures, the position of each
fracture must be defined with respect to a grand
coordinate system. For simplicity we choose the
coordinate of the deepest fracture as the grand
coordinate system, since all distances are then
obtained from positive addition. This means
that the fractures will be numbered from the
deepest to the shallowest.

The distance from any point r to the coordinate

system of the ith fracture will be
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The total mass flowrate will be

2

9= 2 (38)

i=1

where n is the number of fractures.

The dimensionless pressure drawdown (buildup) at
any point in space and time is given by the
superposition of " the pressure drawdowns
(buildups) contributed by the flow to each
fracture. The drawdown at the point r for the

ith fracture is added for all n fractures to give

PD(T,t) = g‘, qi PD{(?’—T/;,[) (39)

Py is the dimensionless drawdown obtained from
the inverse Laplace transform of the solutions
given in the previous sections of this report.

The subscript on the ith fracture drawdown in the
summation allows the fractures to have different

angles (as long as they don’t intersect).

COMPARISON OF MULFRAC RESULTS WITH
PUBLISHED SPECIAL CASES

As the first step to check the equation, MULFRAC
calculation results was compared with some

published cases of single fracture model.

Erlougher’s case (Vertical fracture model)

Figure 5 shows the comparison with Erlougher'’s

fracture model (1977). This model is based on
single infinite conductivity fracture. On the

figure, Solid line shows MULFRAC calculation and
circle plots shows Erlougher’s result. The

MULFRAC result shows good matching to the

vertical model.

Cinco et al.’s case (Inclined fracture model)

Figure 6 shows the comparison with Cinco et al.’s
fracture model (1975). This model is based on
single inclined infinite conductivity fracture.
Oon the figure, Solid line shows MULFRAC
calculation and circle plots shows Cinco et al.’s
result. The MULFRAC result shows good matching to

the inclined fracture model.

CONCLUSIONS

In this report the solutions to the 3D problem of
multiple high-angle fractures are given. The
model solutions representing transient behavior

of HAM fractures are defined in terms of 3D




rectilinear coordinates. The pressure behavior
in the five regions approximates linear flow
patterns and reduces the 3D problem to tractable
equations. The five solution regions are linked
at the region boundaries and provide a complete,
unique solution in the Laplace domain.

The HAM fracture model equations include the
finite conductivity of the fractures, and our
solutions reduce to previously published results
for the special case of vertical fractures and/or
infinite-conductivity fractures. These new
solutions do not give results for the limiting
case of horizontal fractures, since further
model development would be required for that
case. The solutions are sufficiently general to
allow the multiple fractures to have .uneven
spacing, different flow rates from each
fracture, and different fracture angles. The
elliptical intersection of the wellbore and the
planar fracture is modeled by a rectangular
source intersecting the fracture with length
equal to the major axis of the ellipse. This
assumption only results in approximation error
if the fracture length is comparable to the
wellbore radius.

A computer program, MULFRAC, has been provided to
calculate the dimensionless drawdown at the
wellbore. Solutions at any other point in space
and for more than one fracture can easily be
obtained by adding to the program the appropriate
equations given in this report.

Since the MULFRAC program usivng this report was
not extended to multiple fractures, we are
starting to extend the program to multiple

fractures model now.

NOMENCLATURE
The following symbols and definitions are used in

the parameter definitions, below.

Variables

B formation volume factor

c fluid compressibility

Fo relative fracture conductivity
kw
Tk %

reservoir height
matrix permeability
fracture height measured in the
plane of the fracture
P dimensionless Laplace transform of

the pressure drawdown

q mass flow rate
r radius
s Laplace domain independent variable
t time
w fracture width
X x coordinate
y y coordinate
z 2z coordinate
6 angle of inclination from the z axis
for inclined well
@ porosity
7 fluid viscosity
nD diffusivity = k.
Puc
Subscripts
denotes dimensionless variable
£ fracture variable or denotes
fracture boundary
FP fracture plane
i initial value
W wellbore variable
WB wellbore surface in contact with
the fracture
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elliptical wellbore-fracture intersection, the
rectangular approximation to the ellipse, and

the outline of the fracture rectangle.
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Figure 4. The geometry and boundaries defined for
the inclined fracture,
(V) that are

and the regions (I)

through defined for solution

purposes.




105 104 103 1072 107 10° 10! 102 10° 10*

10"

10°

10"

1072

Dimensionless Wellbore Pressure Drop, pD

1072

10

LB AL R B R AL N AL B LA AL, SR R ALLL ML L AL SR LELALLLL BB AL ALLY SRR

LRI T T TVTEm

T IO

TR B ST B Ut

e sl

Mulfrac infinite Conductivity Fracture
@ Infinite Conductivity Fracture(theory)

T

ST BETEPETITT IS U I NENETETTTT TS WYY ST AW Rt SRS W T 1T M S H S ITIT N AR Rt

10"

10°

103

10

108 104 1073 1072 10! 10° 10° 102 10° 10*

Dimensionless Time, tD

Figure 5. Infinite conductivity fracture comparison.

1073 1072 107" 10°

10"

10"

T T

Dimensionless Wellbore Pressure Drop, pD

T T

— g 10’

Mulfrac theta = 30deg
B Fracture Angle = 30deg(theory)

s 1oacaanl M S W | o3 g ganl i el PR T WA

102
10

1073 1072 107 10°

Dimensionless Time tD

Figure 6. Angled fracture comparison.

266

10°





