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ABSTRACT 
Several methods have been presented in the 
literature for analyzing transient pressure data 
of fractured wells. We tested with some model 
studies based on the solutions to the 3D problem 
of multiple high-angle fractures (HAM) 
intersecting a wellbore. The model solutions 
representing transient pressure behavior of HAM 
fractures are defined in terms of 3D rectilinear 
coordinates. The HAM fracture model equations 
include the finite conductivity of the fractures, 
and our solutions reduce to previously published 
results for the special case of vertical 
fractures and/or infinite-conductivity 
fractures. A computer program, MULFRAC, has been 
provided to calculate the dimensionless drawdown 
at the wellbore. This paper shows the solutions of 
MULFRAC, some comparison of MULFRAC results with 
publishedspecialcases. 

INTRODUCTION 
This paper is a model for analysis of the pressure 
response of High Angle Multiple (HAM) fractures 
intersecting a wellbore. The geometry of the HAM 
fractureproblemis shown inFigure 1. 
Previous work on transient pressure response of 

fractured well has been concentrated on three 
model approximations. The model include vertical 
(Gringarten et al., 1974), horizontal 
(Gringarten and Ramey, 1974), and distributed 
fractures (Warren and Root, 1963). In all cases to 
date some common assumptions have been made for 
almost all transient well test solutions.' For 
example the assumptions include: a)the reservoir 
is infinite with closed top bottom, b)the 
reservoir consists of homogeneous rock and fluid, 
c)is isotropic, d)gravity is negligible, and 
e)the reservoir fluid is only slightly 
compressible. Variations on these assumptions 

have been made for gas reservoir applications, 
and many forms of bounded reservoirs have been 
investigated. 
Multiple fractures have been investigated also 

(Strubhar et al., 1975), but the fractures 
treated in that report in highly inclined wells, 
and are not similar to fractures found in 
geothermal reservoirs. In the latter case, the 
fractures (fau1t.s) are often at high angles from 
horizontal and the wells are only slightly or 
moderately inclined, resulting in penetration of 
multiple high angle fractures as shown in Figure 
1. This study will review the existing fracture 
models in order to make familiar the most 
applicable solution processes. Then important 
points will be covered for the extension of the 
existing theories to case of High Angle Multiple 
(HAM) fractures penetrating the wellbore. 
However, this time we didn't calculate multiple 
fracture with the computer program MULFRAC 
(current version), although the model was 
considered with the concept of multiple fracture. 
At first, we compared the MULFRAC results with 
published special cases about single fracture, 
and we investigated the property of this model 
based on some comparisons (vertical fracture and 

inclinedone). 

BACKGROUND OF FRACTURE MODEL 
Vertical Fractures 
The first solution for the finite conductivity 
vertical was developed by Cinco-Ley and 
Sameniego using the methods developed by 
Gringarten et al. Their solutions were obtained 
numerically using a discretized representations 
of the fracture. In 1978 Cinco and Sameniego 
applied the Laplace transform to the problem of 
the Laplace transform of the dimensionless 
pressure drop in terms of the Laplace variable, 
s, for the linear and bilinear portions of the 
curve are 

L[Pwd]= z 

w/- 

The equation can be solved using the numerical 
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inverse Laplace transform. The early-time and 
late-time solutions can be obtained analytically 
and are given by 

a) fracture linear flow 

b) bilinear flowperiod 

x 
Pwd= to,, 1'4 r ( i . 2 5 ) 6  

c) formation linear flow period 

P w d = G f + z  7c 

( 3 )  

( 4 )  

Horizontal Fractures 
The first solution for a horizontal fracture was 
developedby Gringarten andRamey usingthe point 
Green's function approach coupled with Newman's 
product-solution technique as they did for the 
vertical fracture case. The dimensionless 
pressure is givenby 

They calculated the effect of a rectangular 
fracture instead of the circular fracture of 
Gringartenetal. His equation is 

Inclined Fractures 
The only analyses of inclined fractures have been 
by Cinco and Daneshy. Cinco used the Green's 
functionmethodof Gringarten and Rameytoderive 
an expression for the pressure in an inclined 
fracture. The pressure response was calculated 
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numerically from 

PfD=-$ J;; I D  

4hwd 

where 

n = l  
) ) )dZ (8) ZCOS B -ZWD 

hD 
cos(nn ( 

No analyses of multiple,inclined fractures has 
been found inthe literature. 

PHYSICAL MODEL OF MULTIFRACTURES 
MODEL 
When the fracture is inclined relative to the 
vertical wellbore, the representation must be 
3-dimensional as shown in Figure 2 .  For inclined 

fractures the intersection of the wellbore and 
the planar fracture is an ellipse. The 
elliptical intersection has the limiting cases 
of a circle for horizontal fractures and a 
full-fracture-height line for a vertical 
fracture. The elliptical shape of the 
wellbore-fracture intersection is most 
important for small fractures and is negligible 
for large fractures, i.e. when xf >> rw. In the 
latter case the wellbore-fracture intersection 
can be approximated by a line source in the plane 
of the fracture with length equal to the major 
axis of the ellipse. The wellbore intersection 
and fracture plane are shown in elliptic 
coordinates in Figure 3 .  

The view shown in Figure 3 is looking 
perpendicular to the fracture. In Figure 4 we 
see three views of the fracture. In the 
coordinate system of Figures 2 and 4 the y and z 
coordinates in the plane of the fracture are 
related by 

ZFP = Y F P  cot(@> (9 )  

where FP refers to y,z values in the fracture 



plane. The outer boundary conditions are 

Zim-pO = 0 

Zim-F'=' = 0 

*D 

Y D  

EQUATION OF MULTIFRACTURES MODEL 
Review of the Differential Eauations 
The following equations satisfy the model 
described in this report. The symbols are 
defined in the previous section and in the 
Nomenclature, below. The pressure drawdown 

variables P D and P 1) 1 are the Laplace 
transforms, and are not the time-dependent 
solution. The latter is obtainednumerically. 

(10) 

In the fracture the flow is pseudo-linear. In 
the x directionwe have 

d'PDfi  1 dPD J P D  S 

ax,. FD [ JYD J Z D  1 V D  
+ - -f- FP = -PD/z ( 1 1 )  

The inner (wellbore) boundary condition is 
governed by the pseudo-linear flow pattern, i.e. 
inthex direction forthe fracture 

Similarly, the formation late time has the x 
equation 

Equation (13) corresponds to the one-dimensional 
bi-linear flow approximation used previously by 
Cinco et. a1 and for a vertical fracture, and as 
we show below, equation (14) corresponds to the 
formation-dominated flow. The symbol WB on the 
left hand side of equation (12) indicates that 
the terms must be evaluated at the "WellBore". 
The initial conditions are givenby 
PD = Po = 0 at t D q  5 0 (15) 

The Boundan Conditions 
Since the fracture is approximated by a plane, 
the following condition holds 

PI* = (i-,,),,, 

(16)  

andtheclosedreservoir condition is givenby 

(17) 

where the Neumann boundary condition in equation 
(18) is evaluated at the top and bottom of the 
reservoir. The parameter, h, is the reservoir 
height as shown in Figure 4. In this coordinate 
system the rectangular parallelepiped that just 
enclosesthe fracture plane, FP, is definedby 

-xDj 5 X D  5 +xO.. 

-YDl 5 Y D  5 
-20 5 ZD 2 +zD, 

The rectangle representing the wellbore 
intersectionwith the fracture is definedby 

(20) 1 - r D  5 X D  5 +rD 

- 7 D  5 y D  5 + r D  

where the heiqht of the wellbore rectangle is 

(21) 

Solutions in Each R& 
In the reservoir the pressure drawdown is modeled 
by Equation (10) for each separate region. The 
solutions in region I are given in terms of the 
region IV values (see Figure 3 ) .  For the outer 
portion of region I, i .e. x I>> x I) i , y I,> y 11 i 

where P I I I ' " " ~ '  is evaluated on the surface 
defined by x II i and y 11 i between-B and 0 .  We see 
that yur- 0 when the fracture angle goes to 
zero. AS y I I i -  0 the inner region I, and the 
entire region IV, are reduced to zero also. In 
that case the outer portion of region I gives the 

complete'region I solution, and P I n n ' '  is then 
the wellbore. In the latter case the z 

dependence is given by equation ( 2 7 ) ,  below. 
The region I1 solution is given in terms of the 
region IV solutions, where the boundary matching 
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requires that the region I1 solution matches at 
both z D =  0 and z I ) =  z I) .thus we have 

(23) P ~ , ,  = (fD,, + fh) e-"cxD-xDf' e-w<rD-rD/> 

where the f functions are givenby 

(24b) 

and where f u a and f 11 h are evaluated along the x 
and y boundaries of region IV between z D =  0 and z 

D =  z D f . As the fracture angle goes to zero the 
regionmultiplier in equation (23) reduces tothe 
wellborevalue. 
The region I11 solution is given in terms of the 
regionvsurfacedefinedby 

(25) 

The region V solution is given in terms of the 
region IV solution, but has a more complicated z 

dependence due to the closed boundary at z u =  H I)  

(26) 

For the inner portion of region I, i.e. 0 < x n <  x 
I)I , 0 < y I,< y I I I  we have 

e-<.<a+HD>) 

PDF = P D I v Z , ,  (27) 

where P D I v is evaluated on the z I ) =  0 surface of 
region IV. In equations (22) through (27) the 
value of a is given by 
3aa = az + bZ (28) 

andthevalues of a andb are givenby 

(29a) 

b =is_ i + C o f ( e )  (29b) 
In Region IV above and below the fracture (see 
Figure 4 )  the y,z flow is perpendicular at the 
fracture. Region IV is described by the partial 

differential equation 

(30) 

The first y,z solution for equation] (30) is 
defined in region Iv the fracture plane and 
has ay-dependence givenby 

e- <o<YD--YDI> > 
pDIV = pDf , - < u < y F P - - y D j ) >  

Y F P  5 Y D  5 Y D f  (31a) 

The second region IV solution is for the portion 
of region IV that is above the fracture, and is 
definedwith a z-dependence. 

e- < b < r D - r D F >  > 
P D I V z  = P D f  e - c b c  rFP-rDF> > 

Z F P  5 20 5 ZDI (31b) 

The reason that these particular expressions are 
used is that in order to solve the fracture 
equation and match the region boundaries the 
formation drawdown solutions are required in 
terms of either the fracture drawdown or the 
bounding region's functional form. When the 
angle goes to zero region IV decays to the 

fracture and there is then only x dependence for 
the flow inthe fracture. 
In equations (29) as the fracture angle goes to 

zero the parameter a goes to & and b goes to 
zero. 
The partial differential equation describing the 
flow of fluid in the fracture plane is given by 
Equation (11) and (12). Using the partials of 
Equations (31) in Equation (11) and (12) gives 
the solution for the fracture flow in terms of 
the wellbore pressure, P u W  

(32b) 

where x I I' , y r ~ '  , z 1'1, are the values of x u , y u , 
z 11 in the fracture plane. From equations (29) 
and (13) we have for the fracture contribution to 
the Laplace transform of the wellbore 
dimensionless drawdown 

n 
P O W  = - 

FdY 
and r is definedtobe 
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(33)  

(34) 



and a andb are given inequation (29). 
Equation ( 3 4 )  dominates during the early time and 
through the bi-linear flow period. Then the 
formation linear flow begins to dominate. At 
that time the wellbore dimensionless drawdown is 
given by 

(36) 

Equation ( 3 4 )  reduces to the finite conductivity 
result of Cinco et. a1 when 0 = 0 (vertical 

fracture), and equation ( 3 6 )  reduces to , 

which has an inverse Laplace transform 

P ( t )  = 6 , i.e. the well-known 1/2 slope 
result for a vertical infinite conductivity 
fracture. 
From inspection of the above equations we see 
that the flow to the fracture only has y 
dependence and the flow in the fracture only has 
x dependence for 0 = 0 (vertical fracture). 
These results hold true over all x, y, and z 
values andin the fracture. 

n 

Multiple Fractures 
For multiple fractures we make the following 
assumptions: 

( 3 5 )  

a) the fractures are spaced by vertical amounts 
dl, d2, d3,e-a 

b) the flow rates from the fractures are 
93, - * - 
c) the fractures have the fracture angles 
2, 0 3 , e . e  

d) the fractures arenot intersecting 

The solutions given above are for a 
fracture centered on its coordinate system. 
Thus to superimpose the solutions from the i 
distinct fractures, the position of each 
fracture must be defined with respect to a grand 
coordinate system. For simplicity we choose the 
coordinate of the deepest fracture as the grand 
coordinate system, since all distances are then 
obtained from positive addition. This means 
that the fractures will be numbered from the 
deepesttothe shallowest. 
The distance from any point r to the coordinate 
systemofthe ith fracturewill be 
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The totalmass flowratewill be 

4 = ,$ 4, 

wherenisthe number of fractures. 
The dimensionless pressure drawdown (buildup) at 
any point in space and time is given by the 
superposition of the pressure drawdowns 
(buildups) contributed by the flow to each 
fracture. The drawdown at the point r for the 
ith fracture is added for all n fractures to give 

(39) 

P U  is the dimensionless drawdown obtained from 
the inverse Laplace transform of the solutions 
given in the previous sections of this report. 
The subscript on the ith fracture drawdown in the 
summation allows the fractures to have different 
angles (as long as they don't intersect). 

COMPARISON OF MULFRAC RESULTS WITH 
PUBLISHED SPECIAL CASES 
As the first step to check the equation, MULFRAC 
calculation results was compared with some 
publishedcases of single fracturemodel. 

ErlougherS case (Vertical fracture model) 
Figure 5 shows the comparison with Erlougher's 
fracture model (1977). This model is based on 
single infinite conductivity fracture. On the 
figure, Solid line shows MULFRAC calculation and 
circle plots shows Erlougher's result. The 
MULFRAC result shows good matching to the 
vertical model. 

Cinco et al. S case (Inclined fracture model) 
Figure 6 shows the comparison with Cinco et al. ' s 
fracture model (1975). This model is based on 
single inclined infinite conductivity fracture. 
On the figure, Solid line shows MULFRAC 
calculation andcircle plots shows Cincoetal.'~ 
result. The MULFRAC result shows good matching to 
the inclined fracture model. 

CONCLUSIONS 
In this report the solutions to the 3D problem of 
multiple high-angle fractures are given. The 
model solutions representing transient behavior 
of HAM fractures are defined in terms of 3D 



rectilinear coordinates. The pressure behavior 
in the five regions approximates linear flow 
patterns and reduces the 3D problem to tractable 
equations. The five solution regions are linked 
at the region boundaries and provide a complete, 

unique solutionintheLaplace domain. 
The HAM fracture model equations include the 
finite conductivity of the fractures, and our 
solutions reduce to previously published results 
for the special case of vertical fractures and/or 
infinite-conductivity fractures. These new 
solutions do not give results for the limiting 
case of horizontal fractures, since further 
model development would be required for that 
case. The solutions are sufficiently general to 
allow the multiple fractures to have uneven 
spacing, different flow rates from each 
fracture, and different fracture angles. The 
elliptical intersection of the wellbore and the 
planar fracture is modeled by a rectangular 

source intersecting the fracture with length 
equal to the major axis of the e l l ipse .  This 
assumption only results in approximation error 
if the fracture length is comparable to the 
wellbore radius. 
Acomputer program, MULFRAC, has been providedto 
calculate the dimensionless drawdown at the 
wellbore. Solutions at any other point in space 
and for more than one fracture can easily be 
obtainedby adding tothe programthe appropriate 
equations given in this report. 
Since the MULFRAC program using this report was 
not extended to multiple fractures, we are 
starting to extend the program to multiple 
fractures model now. 

NOMENCLATURE 
The following symbols and definitions areusedin 
the parameter definitions, below. 

V a r i a b l e s  
B formationvolume factor 
c fluidcompressibility 

F I) relative fracture conductivity 

ki w 
k xr 

-__  

h reservoir height 
k matrix permeability 
L fracture height measured in the 

plane of the fracture 
P dimensionless Laplace transform of 

thepressuredrawdown 

mass flow rate 
radius 
Laplace domain independent variable 
time 
fracture width 
xcoordinate 
ycoordinate 
z coordinate 

angle of inclination from the z axis 
for inclinedwell 

porosity 
fluidviscosity 

k 17 D diffusivity = - @w 

S u b s c r i p t s  
D denotes dimensionless variable 
f fracture variable or denotes 

fracture boundary 
FP fracture plane 
i initial value 
w wellbore variable 
WB wellbore surface in contact with 

the fracture 
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Figure 1. A generalized view of the HAM 

fractures. 

Figure 2. The inclined fracture geometry showing 
the fracture boundaries xf,yf,zf, and the 
elliptical intersection of the wellbore and 
fracture. 

" 
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Figure 3 .  The fracture plane showing the 
elliptical wellbore-fracture intersection, the 
rectangular approximation to the ellipse, and 
the outline of the fracture rectangle. 
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Figure 4 .  The geometry and boundaries defined for 
the inclined fracture, and the regions (I) 
through (V) that are defined for solution 

purposes. 
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Figure 5. Infinite conductivity fracture comparison. 
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Figure 6.Angled fracture comparison. 
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