PROCEEDINGS, Seventeenth Workshop on Geothermal Reservoir Engineering
Stanford University, Stanford, California, January 29-31, 1992
SGP-TR-141

VAPOR-LIQUID COUNTERFLOW IN
HETEROGENEOUS POROUS MEDIA

A K. Stubos, C. Satik and Y.C. Yortsos

Department of Chemical Engineering
Petroleurmn Engineering Program
University of Southern California

Los Angeles, California 90089-1211

ABSTRACT

Based on a continuum description, the effects of
permeability heterogeneity on steady state, countercur-
rent, vapor-liquid flow in porous media are analyzed. It
is shown that the capillary heterogeneity induced acts
as a body force, that enhances or diminishes gravity
effects on heat pipes. Selection rules that determine
the particular steady states reached in homogeneous,
gravity-driven heat pipes are formulated. It is shown
that the “infinite” two-phase zone terminates only if
a substantial change in permeability occurs somewhere
in the medium. The two possible sequences that re-
sult, namely liquid - liquid dominated - dry or liquid -
vapor dominated - dry find applications in geothermal
systems. Finally, it is shown that weak heterogeneity
affects only gravity-driven flows, but stronger variations
in permeability give rise to significant capillary effects.

INTRODUCTION

Countercurrent vapor-liquid flows in porous media
have been the subject of many recent studies due to
their relevance in geothermal processes, boiling, ther-
mal methods for oil recovery and nuclear waste dis-
posal [1-5]. Of particular interest are steady state heat
pipes driven by gravity. In theory, when the system
i1s homogeneous, an infinitely long two-phase zone of
nearly constant saturation develops if the heating rate
is low enough (below a critical value). Two such states
are predicted, one coresponding to low liquid satura-
tion (vapor-dominated, VD) and one corresponding to
high liquid saturation (liquid-dominated, LD). In a re-
cent note [6], using the detailed analysis described in
a previous paper [7], we have proposed that the selec-
tion of the particular solution only depends on the past
history of the system. For instance, in boiling applica-
tions which involve bottom heating, it is the LD branch
that is followed.While, in the case of condensation of a
superheated vapor (top cooling), it is the VD branch
that is selected. In either of the two cases, capillarity is
necessary to connect the constant saturation profiles to
the subcooled or dry regions, respectively.
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In practice, because of finite size, the two-phase Zone
must terminate at a finite location, thus, the “infinite”
extent predictions of the heat pipe formalism cannot
hold indefinitely. Termination of the two-phase zone
must be obtained by smoothly merging the two-phase
region with a subcooled liquid or a dry region, in the
LD or VD cases, respectively (otherwise, non-zero va-
por and liquid fluxes would exist at the impermeable
boundary of the medium [6]). Analogous problems arise
in the gravitational stability of counterflow vapor-liquid
systems, when a vapor-rich region underlies a subcooled
liquid layer. Even if we accept the suitability of the var-
ious base states used in the analysis [8,9] (the validity
of which is questionable), the present consensus is that
unconditional stability is possible only if a heterogene-
ity is present somewhere in the two-phase region.

Heat pipe instability, but in the different context of
the sensitivity of steady, 1D profiles to the boundary
conditions, was considered in a recent study [10]. It
was suggested that, under certain conditions, a VD so-
lution is unconditionally “unstable” and must revert to
a “stable” LD configuration, or vice versa, if the bound-
ary conditions are reversed. While not immediately ap-
parent, this problem is really related to heterogeneity,
as shown below. One should recall that boundary end
effects in immiscible displacement can be considered as
special cases of heterogeneity, when the change in per-
meability is abrupt and very large [11].

Effects of heterogeneity on vapor-liquid concurrent
flow were studied in [12] where previous works on the
steady state, two-phase flow of non-condensing fluids
[11] were generalized. With the exception of a rather
incomplete study [13], however, heterogeneity effects
on countercurrent vapor-liquid flows have not been ad-
dressed in much detail and they are currently poorly
understood. Cases in point are the previously men-
tioned questions on the termination of the theoretically
“infinite” two-phase zone, on the gravitational instabil-
ity and on the sensitivity to boundary conditions. This
paper aims at resolving some of these issues. We inves-
tigate effects of heterogeneity under various configura-
tions. We find that permeability (capillary) heterogene-
ity acts in reality as a body force (e.g. gravity), with the




important additional property that it is also spatially
varying. Heterogeneity may thus enhance or counter-
balance gravity effects, depending on magnitude, form
and direction of change.

- This paper is a brief summary of results contained
in [14]. It is organized as follows: We first study the
simpler, but quite useful, horizoutal case. Then, we
apply the results obtained to interpret effects of grav-
ity when the heat flux is below critical. Next, we ad-
dress problems involving both heterogeneity and grav-
ity at conditions of slow and fast permeability variation.
Throughout the paper, the formalism of [7] is followed.

FORMULATION

We proceed with the assumption that the main het-
erogeneous variable is permeability [11,12]. An impor-
tant parameter which is affected in the present case of
1D counterflow is capillary pressure. This is a result of
the Leverett J-function representation:

al(S)
vk

The function J (as well as the relative permeabilities)
may also be taken as weakly varying, although it is
the dimensional v/k-dependence that basically controls
the capillary variation (see also [11] for a more detailed
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discussion).

In the absence of heat conduction, we can formulate
the problem in a straightforward fashion, because satu-
ration and temperature are decoupled from each other
and the solution is obtained by simple means. Following
[7], a straightforward manipulation of mass, momentum
and energy balances yields the simple equation:

Iﬁ ﬁ _w(krl+ﬂkru>
d€ dé B krlkrv

Here 7 = \/k/k* is the heterogeneity variable which is
spatially varying, k* denotes a constant reference per-

TJ -J +sind 72 (1)

meability and superscript ' indicates derivatives with

respect to S. The notation is identical to [7] except
for 7, which here does not denote temperature. The
coordinate ¢ increases in the direction from the liquid
to-the vapor, such that the liquid velocity is positive,
while the dimensionless heat flux w = qu,/k* L,gApp,
is normalized with a reference permeability. In this no-
tation, therefore, different permeability regions have the
same value of w, but not the same critical values (see
also below). Equation (1) must be generally solved nu-
merically. Preliminary insight can be obtained by an
analytical solution, which is possible for a special case
in horizontal counterflow.

A. Horizontal Counterflow

In a horizontal system (8 = 0) counterflow is driven
by capillarity only [5]. It is shown in [14] that useful re-
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sults are obtained in the special case when 7 is piecewise
linear

1 ; €<0
r=<af+1 ; 0<é<d (2)
o5 d<{

where 74 = ad + 1. Two different cases are considered:

1. a > 0 (Figure la)

Here, the permeability is increasing, and we obtain:

s krekeyJ'dS 1
=-1 1
>/~;o w(krf + ﬂkTv) + k’rfkrva J a n(aé + )

(3)

where S, is the saturation at 0 (presently unknown).
Because of a > 0, the saturation decreases steadily also
within the region of heterogeneity (Figure 1). The par-
ticular saturation profile depends on the conditions im-
posed away from the heterogeneity. If the location of
the subcooled liquid boundary on the left is known, then
integration occurs from left to right, and S,, S; etc. can
be determined sequentially (see [14]). The reverse ap-
plies if it is the location of the dry region on the right
which is known.

(a) (b)

Fig. 1. Schematic of a special heterogeneity profile: (a)
Permeability increase: (b) Permeability decrease.

J(51)

Of special interest is the case of a sharp discontinuity

(a > 1). Then (3) yields
_ J’E
ISy - TV

which is nothing else but the condition of constant cap-

(4)

illary pressure, implying a saturation jump across the
discontinuity. This is the static (no flow) condition,
which differs from the case a < 0, as shown below,
as well as from the case of concurrent flow [11]. In the
latter, a build-up of the wetting phase saturation is nec-
essary before a high permeability region is entered.

2. a < 0 (Figure 1b)

While the previous are straightforward, non-trivial
effects arise in the case of a permeability decrease. When
a < 0, the denominator in (3) may vanish, if w is small
enough. For this to occur, the following equation must



admit a real solution:
erkrv
krt’ + ﬂkru

The RHS of (5) is schematically plotted in Figure 2.
We note that there exists a critical value

Jkrfkrv
won=(amps (5] @

(5)

w=-—alJ

above which a real solution to (5) does not exist. In
dimensional notation we obtain:

ol

(7)

I dz

v

Thus, sharper changes in permeability result into larger
critical flux values. The system response depends on the
relative value of w:

(i) For w > w p, equation (5) has no solution. Then,
the effect of heterogeneity is identical to the previous
(a > 0), as schematically plotted in Figure 2.

(ii) For w < wer, i, on the other hand, equation (5) has
two roots, denoted by Sy g and Spy (0 < Svy < Spp <
1), in very close analogy with the vapor-dominated and
liquid-dominated regimes, respectively, of gravity-driven
heat pipes. The similarity with the latter is very inter-
esting. Indeed, as in heat pipes, the saturation integral
diverges at the two saturations, thus nearly flat satu-
ration profiles (either VD or LD) develop to span the
region of heterogeneity. Here, however, it is capillary
heterogeneity, with the permeability decreasing in the
direction of liquid flow, and not gravity, that sustains
the constant saturation profiles.
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Fig. 2. The capillary heterogeneity function ®(S).

Consider, integration from the vapor side (Figure 3).
This requires that superheated vapor exists somewhere
on the right so that we may start integrating from the
location S = 0 in the negative ¢ direction. The satu-
ration, S;, reached when the heterogeneity is entered,
¢ = d, dictates how the solution behaves inside the het-
erogeneity:
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Fig. 3. Saturation profiles for integration from right-to-left:
(a) S1<SvH ; (b) Svu<S1<SLH ; (¢) SLu<S;

- If Sy < Svm, then dS/d¢é < 0, and the solution is
rapidly attracted to the asymptotic value Sy g as shown
in Figure 3a. This is a vapor-dominated regime as in
gravity-driven heat pipes. Outside the heterogeneity,
£ < 0, the integration is straightforward:

VH (krl + ﬂkrv) B w£ (8)
This solution applies until conditions of subcooled lig-
uid are reached (S = 1).

-If Svg < 51 < SLy, then dS/df > 0, and the solution
is again asymptotic to Sy g, except that the saturation
is now decreasing in-the short region before the asymp-
tote is reached (Figure 3b).

- Finally, if Spg < 51, then dS/dé < 0, but the so-
lution cannot be now attracted to a flat profile. The
latter does not develop, instead the saturation is de-
scribed with the previous equations, much like the case
A.1 (Figure 3c).

~ Consider, next, integration from the liquid side. We
assume that subcooled liquid exists somewhere on the
left, such that we can proceed integrating from the lo-
cation S =1 in the positive direction. If we denote by
S, the saturation at ¢ = 0, the following options are
possible:

- If Spp < S5, then dS/dé < 0, and the solution is at-
tracted to the liquid-dominated regime with value Spg
(Figure 4a). After exiting the heterogeneity, further
integration proceeds normally, until superheated vapor
conditions are eventually reached (S = 0).

-If Svw < S, < Spm, then dS/d¢ > 0, and the solution
is attracted to the same liquid-dominated asymptote,

/5 krek,oJ dS
S
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Fig. 4. Saturation profiles for integration from lefi-to-right:
() SLH<S, ; (b) Svu<So<SLy ; (€) So<SvH

except that now the saturation increases in the short
region before this asymptote is reached (Figure 4b).

- Finally, if S5, < Syn, then dS/d¢ < 0, but the solution
is not attracted to a flat profile. Instead, it decreases
relatively fast, much like in the homogeneous case (Fig-
ure 4c).

Thus, depending on the direction of integration, two
different solutions (a VD and an LD} are found to sat-
isfy the system. This feature is particular to vapor-
liquid steady state counterflow. The selection of the
particular paths (for example, whether it is the profiles
in Figure 3 or those in Figure 4) is strictly determined
from the past history of the system, which therefore at-
tributes a hysteresis effect, albeit on a large scale [6].
The VD solutions of Figure 3 correspond to steady
states reached by a system which is initially vapor-
occupied and subsequently cooled from the left, while
superheated conditions are maintained somewhere on
the right. This is a condensation process (akin to im-
bibition). The LD solutions of Figure 4, on the other
hand, correspond to steady states reached by an ini-
tially liquid-occupied system which is subsequently heat
ed from the right, while subcooled conditionsare main-
tained somewhere on the left. This corresponds to a
boiling process (akin to drainage).

B. Vertical Counterflow

The above pertained to counterflow in the absence
of gravity. We consider, next, the case of vertical coun-
terflow (Figure 5). Here, two generic configurations are
possible, heating from the top (6 = =/2, sinf > 0),
and heating from the bottom (8 = 37x/2, sinf < 0).
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Fig. 5. Schematic of vertical counterfiow.

We refer to [14] for the general case. In the first case,
equation (1) yields:

’_d_S_ . w(kré + Bkru)
d€ B krfkru

where a(&) is the heterogeneity gradient, ¢ = dr/d¢. In
the homogeneous case (1 = const., a = 0), the RHS
above vanishes for the two saturation values Syg and
Src that solve the equation:

rJ —(r* = Ja) (9)

Tzkrl’kru
W=
krl + ﬂkru

provided that w < we, . The critical value w, s is con-
stant for a homogeneous system of a given permeability
(e.g. equal to 0.3063 for 7 = 1, [3]). The two steady
states of gravity-driven homogeneous heat pipes were
investigated in [10], where a theory of heat pipe insta-
bility was developed. We recall that an identical multi-
plicity was also encountered in heterogeneous, horizon-
tal counterflow. Because of this similarity, we contend
below that, in a strict sense, instability is not really
relevant and that the selection mechanisms of the hor-
izontal case are much more appropriate.

(10)

(i) Homogeneous Systems: Steady State Selection

When the integration proceeds from the bottom (the
“vapor side”) upwards, it is the VD branch Sy which
is selected, if the starting saturation S; lies to the left
of Srg, S1 < Sre (Figure 6a). This would be the case
if superheated vapor existed somewhere below, as in
the bottom curve of Figure 6a. In the interpretation of
[6] this case could result from an initially superheated
system that partly condenses due to top cooling. If
S, > Spg, on the other hand, a flat profile does not
develop and the saturation rapidly converges to § =1
(Figure 6b).

By contrast, when the integration proceeds from the
top (the “liquid side”) downwards, it is the LD branch,
Sre, which is selected, if the starting saturation S, lies



Fig. 6. Steady-state selection in homogeneous heat pipes:
(a) Integration upwards, S1<S g, (b) Integration
upwards, S;<S| g, (¢) Integration downwards,
So<Svg, (d) Integration downwards, S,<Svg.

to the right of Syg, S, > Svg (Figure 6¢). This is the
case of subcooled liquid somewhere at the top, a typical
application being boiling [6]. If S, < Svg, a flat profile
does not develop, the saturation rapidly approaching
the dry regime, S = 0 (Figuré 6d). We readily conclude
that it is the past history of the system that determines
the steady state solution. Evidently, all such saturation
profiles are intrinsically stable.

(ii) Sharp Discontinuity: Termination of an

“Infinite” Two-Phase Zone

Next, we consider the special case of an abrupt dis-
continuity (|a| > 1). This analysis is necessary to ex-
plain how VD or LD saturation profiles can merge with
subcooled liquid or superheated vapor, respectively, thus
how an “infinite” two-phase zone can terminate for § =
37/2. In the case of large |a|, heterogeneity is much
stronger than gravity and controls the saturation pro-

file much like the horizontal counterflow of section A.

Consider, first, integration from the bottom within a
constant permeability region (where w < werg). Then,
a VD regime is rapidly reached. In a homogeneous
medium this regime is predicted to continue indefinitely
(although see [6] and [7]). Can this profile merge with
another LD regime or with a region of subcooled lig-
uid? The answer is negative to the first part, but not
to the second. In either case, for a change in the satu-
ration state, a region of low permeability k; must exist
somewhere at the top. Then, because a is positive and
large, the response is much like in the horizontal case

and capillary pressure continuity applies. If k; is such
that w remains below critical in the top (recall that we, g
is proportional to 72 or k), the previous scenario (per-
taining to Figures 6a-6b) is in effect and the solution is
either another VD region or a rapid approach to sub-
cooled liquid, depending on the particular conditions.
On the other hand, if w > w,, g at the top, only a finite
two-phase zone develops that rapidly ends by merging
with a subcooled liquid region.

If integration proceeds from the top (where w <
wer,), an LD region is rapidly approached. Again, for
this flat profile to eventually change, and for a dry re-
gion to be eventually encountered, the bottom must be
at a higher permeability. Since for this case we also have
a > 0, we can employ the same reasoning as before to
reach the conclusion that it is the scenario of Figures
6¢-6d that is followed, namely there will be either an
attraction to another LD solution or a relatively fast
approach to superheated (dry) conditions. However, in
the present case, the approach to superheated condi-
tions can also be accomplished if the bottom is at a
(much) lower permeability.

A somewhat different way of stating the above is
that in order to terminate a steady state vertical coun-
terflow with § = 37 /2, when a VD region exists at the
bottom. it is necessary that the permeability increases
somewhere in the downwards direction. Subcooled lig-
uid dominates the top. If an LD region lies at the
top, the two phase zone terminates if a sharp change

_in permeability occurs. Superheated vapor must ex-
ist at the bottom. Significantly, LD and VD branches
never merge with each other, regardless of the position
or form of heterogeneity. This contrasts some of the
arguments of [10] in which an.“unstable” VD regime
becomes connected to a “stable” LD regime, and vice
versa.

(i%i) General Heterogeneity Effects

Consider, next, the more general case of heterogene-
ity, with normal variations in 7. Equation (9) sug-
gests that heterogeneity enhances (makes more vapor-
rich or liquid-rich) the respective VD or LD regimes
when a < 0, and acts to diminish them in the opposite
case.

For a numerical example we used the profile of Fig-
ure 7a. Because here the combination 72 — aJ is always
positive, it is possible for the RH S of (9) to vanish for

“all 7 provided that w is low enough (w < Wer min, Where
Wermin Must be obtained numerically). According to
[14], the solution must follow closely the variation of 72,
resulting into either an LD or a VD branch, depending
on the direction of integration. Numerical results shown
in Figures 7b and 7c for the respective regimes verify
the theoretical predictions. After a short interval, the
profiles are attracted to this asymptotic state and, with
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Fig. 7. Weak heterogeneity (a) t profile, (b) LD regime,
o = 23.0, (¢) VD regime, o = 25.0.

a small spatial delay of about 0.05, mimic the variation
of 72. The VD solution shows a weaker sensitivity due
to the relatively narrower range of saturation values al-
lowed. As predicted theoretically, saturations in the LD
regime increase or decrease as T increases or decreases,
respectively, while the saturations in the VD regime
follow opposite trends. Capillary effects are significant
only near the initial boundary.

When the heat flux acquires larger values (w >
Wer,min ), there are spatial locations where the local crit-
ical values may be exceeded (w > w,(£)). Then, the
saturation departs from the corresponding regimes and
becomes rapidly attracted to a single phase region (dry-
out in the case of an LD state, as in Figure 8a, or sub-
cooled liquid in the case of a VD state, as in Figure 8b).
On the opposite side, for very low values of w, as is typi-
cal in geothermal reservoirs, all saturation values in the
VD regime are very low, hence the profile is very nearly
flat, (Figure 9), despite the variation in permeability.
It is clear that the existence of a flat profile should not
be taken to imply a homogeneous medium.

The second case investigated corresponds to a nor-
mal variation of 7 (Figure 10a). Here, the combination
7% — aJ changes sign often within the interval. The
solution displays hysteresis again, depending on the di-
rection of integration. However, now capillary effects
are quite significant. For an LD state this is contrary
to the gravity effect noted in the previous. Consider, for
instance, integration from the left, where an LD regime
is obtained provided that w is low enough (Figure 10b).
As long as the 7 variations are not too great, the satura-
tion values are relatively constant (early part of Figure
10b). The saturation variation is mild even though re-
gions of relative large increase in 7 are traversed. This
behavior is similar to the horizontal counterflow for a
negative and large. At the point where a sharp increase
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Fig. 8. Weak heterogeneity for larger heat fluxes: (a) LD
regime, ® = 24.0, (b) VD regime, w = 28.0.
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Fig. 9. The Vlﬁ) regime corresponding to Figure 7a for
= 0.6.

is encountered and a becomes large (around the mid-
point of Figure 10a), capillarity dominates, capillary
pressure continuity is enforced and the saturation falls
significantly. If the drop is not too high, a lower satu-
ration state, still of the VD type, will be followed in the
remaining part.

Under the same conditions in w, a VD regime arises,
when the integration is from the right (Figure 10c). The
first part of the profile (for £ roughly between 0.5 and
1) corresponds to heterogeneity with generally positive
slope (a > 0), thus capillary pressure continuity applies,
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Fig. 10. Normal heterogeneity: (a) T profile, (b) LD regime,
o =0.02, (c) VD regime, ® = 0.02

the saturation rising as lower permeabilities are encoun-
tered. The second part of the heterogeneity, however,
involves a rather steep negative slope (between 0.15 and
0.4). As pointed out previously, the saturation response
may not be given by capillary pressure continuity alone.
Indeed, after the saturation falls rapidly (for £ between
0.3 and 0.4), further large changes in permeability do
not induce significant saturation response. For further
details see [14].

CONCLUSIONS

Within the framework of a continuum description,
effects of permeability heterogeneity on steady state,
vapor-liquid counterflow in porous media were exam-
ined. Permeability variations affect mainly two pro-
cesses, gravity-driven flow and capillarity. The vari-
ations of the latter can be significant. It was shown
that, as in similar previous flows [11], capillary hetero-
geneity acts like an external body force (such as grav-
ity), with the additional property that it also varies spa-
tially. For example, a multiplicity of steady states sim-
ilar to gravity-driven heat pipes was found for decreas-
ing permeabilities in horizontal counterflow and for heat
fluxes lower than a critical value. Vapor-dominated and
liquid-dominated regimes were obtained using selection
rules that were postulated to depend on the past history
(transient state) of the system. The analysis was aided
by an exact solution obtained for a special heterogeneity
profile [14].

The selection rules were next applied to determine
the steady state regimes in gravity-driven heat pipes in
homogeneous systems. It was shown that VD regimes
originate from underlying dry regions, while LD regimes

are extensions of overlying subcooled liquid regions. Sig-.

nificantly, the different regimes may never connect with
each other, thus retaining their identity as long as the
system remains in a two-phase state. The issue of the

termination of the infinite two-phase zone was next ana-
lyzed. It was determined that termination requires that
a sharp change in the permeability occurs somewhere
in the medium. Across this discontinuity it was shown
that, depending on past history, either the overlying LD
state rapidly connects with a dry region below, or the
underlying VD state rapidly converts to a subcooled lig-
uid above. The emerging picture (from top-to-bottom)
is thus, subcooled liquid - LD - (discontinuity) - dry
region, or subcooled liquid - (discontinuity) - VD - dry
region, in the respective cases. This ordering may be
helpful in the interpretation of the nature and origin of
geothermal systems. Unfortunately, this argument can-
not apply for homogeneous systems, the termination of
an “infinite” two-phase zone within which remains an
unresolved question.
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