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ABSTRACT

I present optimizations to the computation of
Elsworth’s single zone, hot dry rock thermal recovery
model. These enhancements lead to as much as a 6-fold
increase in computational speed. The greatest time sav-
ings derive from an efficient evaluation of the model’s
thermal response due to a step in heat flux, which is
required for solution of the more general problem via
Duhamel’s Principle. Further enhancements come from
taking advantage of the special structure of the model’s
finite difference equation.

Reductions in execution speed were sought in order
to facilitate the model’s implementation on AT-class mi-
crocomputers. The PC-based application requires mul-
tiple evaluations of the model. Typical execution times
on a 33 MHz 80386 microcomputer for 128 time steps
were T seconds, as compared with 25-42 seconds for the
non-optimized approach, and for 512 time steps were
28 and 100-168 seconds, respectively; the timing of the
non-optimized method depended upon particulars of the
dimensionless variables.

INTRODUCTION

DOE is sponsoring the development of software tools
which estimate the impact of research and development
on the cost of geothermal power generation [Petty et
al., 1988]. Although a mature tool for hydrothermal re-
sources exists, work on geopressured and hot dry rock
resources continues. A goal for this software is that
it execute in a reasonable amount of time on AT-class
microcomputers. To this end, computational enhance-

ments were sought for the single zone, hot dry rock*

thermal recovery model of Elsworth [1989a], which was
adopted for the hot dry rock software tool. Figure (1)
shows a typical prediction of Elsworth’s model for pa-
rameters assumed to be appropriate for the Fenton Hill
Hot Dry Rock Project [Robinson and Kruger, 1988],
which Table (1) lists. The results illustrate the differ-

ence in magnitude of temperature change with time for
alarge (800 m) single reservoir compared to a small (200
m) reservoir. Note that in all of the cases the temper-
ature has dropped below a 150° C temperature by the
end of a typical 30 year project life.

This paper describes the enhancements to the meth-
ods of Elsworth [1989a]. The greatest savings in time
come from the efficient evaluation of the step response
of the spherical reservoir, including its analytic eval-
uation, which Elsworth computes numerically. Further
savings come from exploiting the special structure of the
finite difference equations which approximate the perti-
nent differential equation. The resulting matrix equa-
tion was amenable to a fast inversion method which also
has extremely modest memory requirements. In addi-
tion, given one solution, a solution correct to first order
in small perturbations to the dimensionless varjables can
be computed with substantially less effort that the exact
solution.

Elsworth [1989b] has since expanded his model to in-
clude multiple porous zones. The methods presented
here can be applied with minor modification to Elsworth
[1989b).

ELSWORTH’S MODEL
Statement of the Problem

The theory which Elsworth [1989a] presents will only
be summarized here. Conceptually, heat is extracted
from a porous, spherical inclusion in an otherwise uni-
form, infinite half space. Water of a given initial tem-
perature circulates through the sphere and returns at a
time varying temperature which the flow rate and the
reservoir porosity dictate. The inclusion and half space
are in thermal equilibrium with each other prior to the
circulation of water.

Elsworth assumes that the circulating water imme-
diately attains equilibrium with the reservoir upon en-
try, a reasonable assumption given the low thermal con-
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ductivity of most host rocks. To render the problem
tractable, Elsworth further considers only the tempera-
ture averaged over the surface of the sphere.

Given this model and its assumptions, Elsworth
shows how to compute the time variation of the average
temperature from the step heat flow response of a sphere
in an infinite space. The solution in an infinite half space
follows from the method of images to satisfy either zero
heat flux or constant temperature at the surface of the
infinite half space. Application of Duhamel’s Principle
then defines the heat flux variation into the half space
at the sphere’s surface in terms of the temperature rate.
The following differential equation describes the energy
balance between the semi-infinite heat reservoir and the
spherical inclusion:

Aradpscs O
(g) = qeprer (Tu(t) = 1) + L= (T,)

47ra/OtC(t—T)%(TR—TD(T)) dT (1)

(To(t =0)) =Tk

or in terms of dimensionless variables, assuming that
the inlet and initial half space temperatures T; and T
are constant, and after some rearrangement,

Q@» ®, 0T, Ty
XD —— - = 1 2
mr T 5t |\t 2 C=0 >0 (2)

Tp=1, t,=0. (3)

.Table 2 defines the dimensionless parameters in terms
of physical parameters, which are themselves defined in
Table 1. The function C' above is the reciprocal of the
sphere’s step heat flux response, which depends on di-
mensionless sphere radius & = a/z and dimensionless
time tp, = Kxt/prcra®. The notation %, denotes convo-
lution performed in dimensionless time. The notation
< - > denotes an average of the bracketed quantity over
the spherical surface.

The density and thermal capacity of the spherical
reservoir here are defined in terms of the correspond-
ing properties of the fluid and rock and its porosity ¢:

Ps Cs = (1 - ¢)Pn cr+ ¢ pr Cr. (‘%)

The convolutional integral in these equation builds the
general heat flux solution in terms of the temperature
variation on the boundary using the basic building block
provided by the function C.

Finite Difference Approximation to the Differ-
ential Equation

If time is discretized in Equation (2) over N time
steps k Atp, k = 1,..., N, and the discrete versions of

derivatives and integrals are employed, then the follow-
ing matrix equation in terms of dimensionless parame-
ters results:

Qo, @, e
[Atb4—7r|+73+auc>] Ty =

Here, | is the order N identity matrix; @ is a matrix
which is all ones along the main diagonal and all -1’s
along the first sub-diagonal; L(C) is a lower triangular
matrix, which has the vector C as it first column, con-
stant entries along the main and sub-diagonals, and all
zeros above the main diagonal; € is a column vector
with &’th element which is the integral of the reciprocal
step response C evaluated between dimensionless times
(k —1)Atp and kAtp; ’I‘D i1s a column vector of the di-
mensionless temperature values, so that element k is the
dimensionless temperature at time step k; and &; is a
unit column vector of all zeros except for the first ele-
ment, which is one. Ty 1s the initial value of the dimen-
sionless temperature, which by definition is just 1. In
the following, this value is inserted, and T is dropped.

SOLUTION OF ELSWORTH’S PROBLEM
Computing the Step Response

The step response C' describes the simplest heat flux
response of Elsworth’s model. Its reciprocal is the tem-
perature variation, averaged over the sphere’s surface,
due to a step in heat flux over that surface. This recipro-
cal is the sum of the self-heat C'; due to the sphere, and
the heat C; due to the image source, which maintains
boundary conditions of either constant flux or tempera-
ture at the surface of the earth. The image source heat is
expressible in polar spherical coordinates as an integral
over co-latitude angle. Elsworth computes this integral
numerically. However, as I show in Appendix A, it may
be expressed in closed form, and therefore need not be
numerically evaluated. '

While the closed form evaluation of the integral C,
provides a savings in numerical effort, as well as an as-
surance of accuracy, there still remains the need to inte-
grate 1/(C, £+ C;) over the intervals of discrete time in
the finite difference equation. Consideration of the be-
havior of the step response at small and large times sug-
gests approximations, described in Appendix A, which
require only 10%-20% of the computational effort as the
exact expression, depending upon the boundary condi-
tion. These approximations, which are sums of expo-
nentials in logt,, provide excellent fits over the entire
allowable ranges of dimensionless time and radius.
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Inverting the Finite Difference Matrix

The matrices of Equation (5), |, @, and C, have spe-
cial structures. First note that the entries along any
diagonal are constant, which is the defining feature of a
Toeplitz matrix. Second, all diagonals above the main
diagonal are zeros, making them lower triangular ma-
trices. Thus, the first column, or last row, completely
specify a lower triangular Toeplitz matrix. As I show in
Appendix B, such a matrix can be inverted with an ef-
fort proportional to N log, NV floating point operations,
or flops, where N is the number of time steps and
where one flop may be roughly defined as a compu-
tational effort which requires one multiplication or di-
vision of two floating point numbers, plus the effort to
add or subtract two floating point numbers. The time
required to finish a software task is generally propor-
tional to the number of flops expended. The next best
method, back substitution, requires N(N +1)/2 flops.
The fast method derives its speed from the fact that the
matrix multiplications can be computed from convolu-
tions of the first columns of the matrices, which in turn
can be done quickly with Fast Fourier Transforms. The
fastest implementation of this method requires that N
- be an integer power of 2.

In principal this algorithm is both fast and concise. In
practice, the overhead associated with the partitioning
and the various FFT-aided convolutions keeps this al-
gorithm from surpassing back substitution for N < 128
time steps. Table 3 shows a comparison of the back
substitution and FFT-based methods, averaged over 4
trials, applied to random Toeplitz matrices of various
sizes to solve the matrix equation AT = ¢ for vector .
These numbers were computed with The MathWorks’
matrix manipulation software AT-MATLABTM op a 33
mHz 80386-based PC using a math coprocessor. The
table gives the required execution time and the compu-
tational effort, which MATLAB provides. For a length
of 1024 points, the FFT-based method took 6 seconds,
as compared with 40 seconds for the back substitution
method, a factor of nearly 7 faster. Note also, in this
particular case, that the results for N = 256 and 512
show that the number of f1ops required do not necessar-

ily dictate the execution time. The FFT-based method :

requires 1.5 to 3 times more flops than the back sub-
stitution method, yet executed faster. This is because

MATLAB provides optimized code for power-of-2 length °

FFT’s.

Solution for Small Perturbations

Suppose that the reservoir parameters @,, ®, and ?
are subjected to a small perturbation 6Qp, §®, and 6C.
Denote the lower triangular Toeplitz matrix generated

by the unperturbed values as H(Qp, ®p,C). Then the
resulting temperature perturbation 6TD(6QD, 5<I>D,5(:“),
correct to first order in the perturbations, can be found
from the solution TD(QD, o), C-") and the inverse matrix
H Y (Qp, b, C') with much less effort than the exact so-
tution. This perturbation can be found from the Taylor
series of Ty (z + 6z), where z is a scalar:

To(z + 62) = Tp(z) + 5xg_zj‘p(a:) + O((6z)), (6)

so that to first order in éz,

d a
5za—ITD(x) . (M

6T, =

Recalling that T, = H™'7, where § = C + &,9,/3, and
using the result

5 -1 -1 6' -1

. = —H' - H

IHI@)= K TH@HT, @
(see, for example, Gradshteyn and Ryzhik [1980, p
1107]) the perturbation to the temperature is, after
some rearrangement,

. o (9 .
_ 19 o gy (9
5TD—6m[H 227 H ((%H) TD} . (9
Consider first a perturbation §Q), to the dimension-
less flow rate. From the last equation,

” 5
5T (5Q0) = —AtD-%

H'T, (10)
where the parameter dependence is on the unperturbed
values unless otherwise explicitly stated. This matrix
multiplication requires only one convolution to com-

pute.
Consider next a perturbation §®, to the dimension-

less porosity. Proceeding as above,

60,

§TH(605) = 3

[H'e, —0H™' T, (1)

where the result H™'@ = @H™" was used. This perturba-
tion can also be performed with a single convolution, as
follows. First, note that H™'&, is just the first column of
H™!, &, say, so that no computations at all are required
for this operation. Next, note that the matrix @H™" can
be computed from the first differences of H™'. No re-
course to convolution is needed to compute this. Thus,
only the convolution of T, with this vector difference is
required.

Finally, suppose a perturbation 6C to the step re-
sponse. Considering the individual perturbations due
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to each element of 6C in Equation (8), the aggregate
first order perturbation to T} is

§To(6C) =H'6C —@H L(6C) Ty,  (12)

where the commutability of the matrices were applied.
This operation requires two convolutions. The first con-
volution yields the vector H'6C. Then, the matrix
product 8 H™* L(JC_") is found from first differences of
the vector H_léé, without recourse to convolution. A
second convolution yields the product of this difference
operation with TD.

If sufficiently small perturbations occur to all quan-
tities, the net result is just the sum of these three indi-
vidual results.

DISCUSSION

The ideas of this paper were implemented with Mi-
crosoft’s QUICKBASIC 4.5. Recursive calls were not
used to invert the Toeplitz matrix. To facilitate com-
parison, Elsworth’s original FORTRAN code was trans-
lated to QUICKBASIC 4.5. The execution time of the
original code was sensitive to the particulars of the prob-
lem, while that of the optimized code was not. Several
runs of 128 time steps on a 33 MHz 80386 clone without
benefit of a math coprocessor yielded average execution
times of 6.7 seconds for the enhanced code. On the other
hand, the original code times ranged between 24.1 and
41.8 seconds, with time increasing as with the product
Qotp. Runs of 512 points required 27 seconds for the
optimized code and 107—168 seconds for the original
code. These results attest the success of the streamlin-
ing efforts. Furthermore, use of the perturbation scheme
yielded new solutions in less than one second, typically.

Application to Multiple Zones

Elsworth {1989b] extends the single zone problem to
describe a multiple zone hot dry rock resource. The
discrete problem can be cast as a lower triangular block
Toeplitz matrix equation, where the fixed diagonal en-
tries are matrices rather than scalars. Each of the ma-
trix entries are square matrices of order M which de-
scribe the mutual effects of the M subzones on one an-
other at a given time step, while the temperature vector
comprises subvectors of length M which give the aver-
age temperature of the M source zones at a given time
step. The mutual effects of each zone play the role of the
image source in the single source model. The Toeplitz
matrices in Equation (5) carry over in a straightforward
manner to the multiple zone problem. For example, the
I’s in the matrix 8 become identity matrices of order M.
It may be shown that each of the special properties of

the scalar problem carry over into the matrix problem
(see Bitmead and Anderson [1980]). In particular, the
inverse matrix 1s also lower triangular block Toeplitz,
so that its first column of matrices entries completely
describe it.

Although in general these matrix entries need have no
special structure, the assumptions of FElsworth [1989b]
result in each being a symmetric Toeplitz matrix. To
render this problem tractable, Elsworth assumes that
the resource comprises several proximate single zones
in an infinite whole space, and that the size and ther-
mal properties of each zone are identical. This special
structure means that matrix multiplications can be per-

formed with convolutions, either directly for small M or
by FFT’s for larger M.
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APPENDIX A
COMPUTING THE STEP RESPONSE

Analytic Solution

Elsworth [1989a] characterizes the thermal recovery
of the hot dry rock resource by the average temperature
variation (T'r — T,) over the spherical reservoir surface:

1

(T —T,) = 47ra[' (Cy £ Cy), (A1)
where
Ci(tp) = 1 — e'? erfe(Vip) , (A2)
and

=3 T e () -
e=1+p) erfc (2\/_ + f)} (A3)

() describes the thermal flux due to the sphere, while
C; describes that due to a fictitious image source at dis-
tance 2z from the sphere, where z is the depth of the
sphere in the half space. The image source maintains
either constant flux (C; is added) or constant temper-
ature (Cy is subtracted) at the surface of the infinite
half space. In these equations, ¢, is dimensionless time,
and 7 = r/a, where r is the distance from the image
source to a particular spot on the sphere’s surface. The
colatitude angle 6 completely specifies r in a spherical
coordinate system centered on the sphere with the ver-
tical axis along the line to the image source,

8) = a\/1+ 4/ — (4cos 0)/a, (A1)

where @ = a/z.

Elsworth evaluates C; numerically; however, it has
a closed form evaluation. Note that, from the above
equation, df = di a#/2sin 8, so that for any function

13 (0)),
" . sin 8d6
| 160) T =

7(0)

a [ o
2 /m) £(#) d#. (A5)

Thus, the angular integral for C; is equivalent to one in

eo=5 foy o (572)

7
— elP=1+tp) (erfc

b

V)| o

The solution of this integral is now straightforward, e.g.
using integration by parts:

1

6 = @+ vere () + - 2pere (1)
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+a [6(2(1 a)/é+to) erfe (

)
(2/a+tD)erfc( \/_+\/_>]}( 7)

Approximating the Analytic Solution

Approximations to the reciprocal step response C
are presented here which facilitate the rapid evalua-
tion of both C and its integral over intervals of dis-
crete time. At small dimensionless times ¢, < 1073,
the self heat term dominates with a value of approxi-
mately 2y/t,/7, so that the integral of the reciprocal
presents an integrable singularity. At larger dimension-
less times 1/(Cy £+ C,) is well approximated by sums of
exponential terms with exponents which are quadratic
in the logarithm of time. The forms of the curve fits
are constrained by the values of the step responses at
large times. The integral of such a fit can generally be
expressed as the sum of a linear term and erfc functions,
but simple trapezoidal rule integration of the erfc terms
was found to be sufficiently accurate for typical values
of Atp, <1.

In the case of a constant flux boundary condition,
where the step response is Cy = C) + C3, the functional
fit for ¢, > 1072 is

Q+(z) az®+ bz + ¢

m(?—q, (48)
Cy
where ¢ = logt, and ay = 1 + @/2, so that

/kmD dtD ~ AiD =24 _1_ |(eQ+(1'k—l) + eQ+(Zk)) .
(k=1)Atp C+ oy 204 N

(A9)
The situation for the constant temperature boundary
condition, with step response C. = Cy — C,, is more
complicated. In this case, the fit is to

1 1 1
_ = log|l—|+——=1=> Al0
where 8 = 1/a_ — 1/a,, with a_ = 1 — a/2. Then,
/"A“’ dtp, Aty
(k-1)Atp C_ ~a_
1
= | Q+(zx-1) Q.+ (zx)
30 (e +eQ+(an))

B ( atoncs) , Q(on
—5(6 k1) e ") . (A11)

Thus, a strategy would be to sample the exact step re-
sponse over, say, half decade intervals in dimensionless




time (12 functional evaluations in the 6 decades span-
ning 1073 < t, < 10%, for example), and to curve fit
according to the proposed models.

APPENDIX B
INVERTING A LOWER TRIANGULAR TOE-
PLITZ MATRIX

The bracketed matrix expression in Equation (5) is a
lower triangular Toeplitz. The general solution of any
lower triangular matrix system, say A £ = ¥, can be
computed with back substitution, in which element k is

1 k-1
ze= (e — 2 Ak 25), (B1)
kk i=1

where Ay; is the element of A in the k’th row and j’th
column. Back substitution uses previously computed
values of the vector & to define the next value. Thus,
evaluation of this equation must proceed from k = 1 to
N in order, where IV is the number of time steps. This
scheme requires S°h_, k = N(N -+ 1)/2 £lops.

While this strategy is a vast improvement over gen-
eral matrix inversion, which requires on the order of N3
flops to evaluate, even greater improvement is possi-
ble by exploiting the Toeplitz structure of the matrix
and its equivalence to convolution. Below, I develop an
algorithm which requires order N log, N £lops follow-
ing the work of Bitmead and Anderson [1980], who show
how to find the inverse of a general, full Toeplitz matrix.

The basis of the algorithm is the structure of in-
verse matrix. This inverse is itself lower triangular Toe-
plitz. If L(Z) denotes a lower triangular Toeplitz ma-
trix with first column Z, the inverse L™(%) of an order
N, lower triangular Toeplitz matrix L(#) has the parti-
tioned structure

-1 _ [ Su Si2
S=L7(2) = ( Sy Sw ) (B2)

where S3; = L™'(Z[1:K]) is a lower triangular, square
Toeplitz matrix of order k; S12 is a k x j matrix of all
zeros, with j = N — k; Sp = L7(&[1:3]) is a lower
triangular, square Toeplitz matrix of order j; and S2; =
—S92 L(£)21 S11 is a rectangular Toeplitz matrix of size
7%k, where L(Z)2; is the corresponding j x k partitioning
of the original matrix. The notation Z[j:X] denotes a
column vector formed from elements j through k of Z.

The algorithm proceeds by recognizing that the in-
verse matrix is completely defined by its first col-
umn; that the various matrix multiplications involved
in defining the S partitions are essentially convolutions,
which can be. rapidly computed using FFT’s Press et
al. [1986, Ch. 12]; and that the solution can be found

by recursively calling the algorithm to solve successively
smaller partitions of the original matrix. Note, however,
that the algorithm need not be formulated recursively.
In general, the algorithm must call itself twice per re-
cursion: omnce to find S11, and again to find Sy2. Only
the first column of Sq is required to complete the com-
putation of the inverse of the lower triangular Toeplitz
matrix which was passed to the routine. Moreover, the
memory requirements are of order N since only single
column vectors are needed to specify the matrices, in
contrast to the N? values needed for a full matrix.

In particular, if the lower triangular Toeplitz matrix
has order N which is a power of 2, and the partitioning
is done by halving the matrix size, so that the partition
matrices are all the same size, the algorithm is at its
fastest. This is because, first, S;; = S22, which obviates
the need for computing one matrix inversion per recur-
sion, and, second, power-of-two FFT’s are computed
most quickly.

Once the inverse of the Toeplitz equation is found, the
solution to the finite difference equation, Equation (5),
is given by the convolution of the vector on the right
hand side of this equation with the vector which de-
fines the inverse matrix, again a task which can be done
quickly with FFT’s. Explicitly, if L(Z) defines the in-
verse matrix, then the solution is given by the first half

of o
Fx (é + ?Dél) (B3)

Implementing the Inversion Algorithm

Figure 2 describes the implementation of the inver-
sion algorithm. Only the recursive implementation is
outlined, but the extension to non-recursive inversion is
straightforward. Various notations are adopted to facil-
itate concise pseudo-code. #[j:k] denotes a vector com-
prising elements j through & of vector £. L(&) denotes a
lower triangular Toeplitz matrix which has 7 as its first
column. {#; #] denotes an augmented column vector
comprising & atop §. Also, in performing FFT-aided
convolutions, vectors of length N must be augmented,
or padded, by NV zeros. Unless otherwise stated, this
augmentation occurs at the end of the vector. The lat-
ter half of this convolution is generally discarded, while
the other half represents the operation of the matrix
multiplication.
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Table 1. Physical Parameter Definition

Parameter Units Definition Fig. 1 Values
t s Time < 30 years
gr(r,t) w Thermal flux
ar m3/s Fluid flow rate 150 & 300 gal/min
cp J/kg-deg C  Fluid heat capacity 2095
Pr kg/m3 Fluid density 895
T; deg C Fluid inlet temperature 50
To(1) deg C Fluid outlet temperature
Kp W/m-deg C Rock thermal conductivity 2.5
cr J/kg-deg C  Rock heat capacity 1020
Pr kg/m3 Rock density 2600
Tx deg C Rock initial temperature 275
e m Sphere radius 200 & 800
z m Depth of sphere’s center 4000
es J/kg-deg C  Sphere heat capacity
ps kg/m?3 Sphere density
] (fraction)  Sphere porosity 0.05
C(t) (none) Heat flux step response

Table 2. Dimensionless Parameter Definition

Parameter  Definition Name
a - Radius
c
3% Psts Porosity or heat capacity
PrRCR
9r Pr Cr
-l Flow rate
@ Kra
<T,-T; >
T —————  Temperature
D Ta—T, P T
Kxt
th ——E'_ " Time
PrCrG

Table 3. Comparison of Toeplitz Inversion Methods

FFT-Based Back Substitution
Time Compute Effort Compute Effort

Steps Time (s) (flops) Time (s) (flops)
4 0.11 907 0.03 22
8 0.29 2,713 0.06 78
16 0.49 6,992 0.08 286
32 0.74 16,499 0.18 1,086
64 1.10 37,401 0.41 4,222
128 1.61 83,089 1.13 16,638
256 243 182,522 3.34 66,046
512 3.91 390,208 11.08 263,166
1024 5.78 824,717 39.64 1,050,622

TEMPERATURE (degrees C)

PREDICTED TEMPERATURE DRAWDOWN FOR FENTON HILL

300 T T

T - — T
a=800m
250 L ﬁk\qmso gal/min
200 + . - . 1
a=800 m ~
: qr=300 gal/min
150 L
[ a=200m
qr=150 gal/min
100 [ ; \ . 1
.a=200m\
50 | gr=300 gal/min ) 1
ol o ‘ .
0.1 1 10

TIME (years)

Figure 1

Recursive Inversion of Lower Triangular
Toeplitz Matrix

1. Given: First column Z of order Nlower triangular
Toeplitz matrix. N must be a power of 2.

2. If length of vector N =1
(a) Return first column of inverse = 1/z[1].
3. Else
(a) Use algorithm (recurse) to compute first
column Ly of L—l(f[izN/2]).

(b) Compute convolution Ly *Z[N/2+1:N] using
FFTs. Save first half as L.

(¢) Compute convolution £y * [(]; £[2:N/2]] us-
ing FFTs. Add first half to L,;. Note that
Z[2:N/2] is pre-padded with N/2 + 1 zeros.

(d) Compute convolution Ly  Lz; using FFTs.
Save first half as Ly

(e) Return first column of inverse of L(Z) as
augmented vector [Lyy; — Ly

Figure 2,






