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ABsTRAcr 

oftracertestsprsuppasesasingletracer Sqqxxethattheimpukreqomeofthetracer~er 
history - i m y  a m e  slug oftracer. system is denoted h(t). Then @ the input tracer mass 

Unfortunately, tracer injection functions can be very as a function of time is x(t) and the produced 
wnccntration is C(t), 

concentrations. Under these circumstances it is . 
essential to correct the data for the erratic tracer 

response of the injcctor-produccr system. 

erratic, leading to variations in the recov& lracer 

injection, thereby recovering the impulse or slug 
m 

C(t) = p-a)h(a)da.  (1) 

We' discuss a method for estimating the impulse 
response using the Wiener-Hopf equation. The 
estimation technique involves forming and solving a 
Toeplitz matrix approximation of the Wiener-Hopf 
equation for the impulse response. The elements of the 
ma~areautocorrelationoftheinjiqjectiontracermass 
with respect to time, while the hown vector is the 
cross-correlation of the injected tracer mass and the 
prcducedtraaxamcentrations. Thematrixsolutionis 
easytofannulateandaxqutaionallyrapid. 

other published techniques for Corrtction for tracer 
reinjection. Fithemethodcanestimatetheimpdse 
rejpoa~e in principle no matter how complicated the 
initialinjectiontracermasshistory. Itisalsotheleast-J 
spuanscstimatoroftheimpukerqpome. 

reactive and non-reactive tracer data 

The Wiener-HOpf has several advanrage (rvet 

ulse estimation technique using 

v w .  

We wish to estimate h(t) from this equation given a 
tinite number of noisy measured values of C(t) and 
x(t). 

Robinson (1985) presents a method for estimating 
h(t), for the case where produced water is re-injected 
Briefly, he supposes that the injection tracer 
concentration umsists of an iuitial slug and subsequent 
r e i n j d  waters. Thus for t 2 0, 

(2) 

where p(t) is some function which expresses the 
degree to which the reinjectedwateris c4mmtratedor 
rafe?ied. Thus i n t l x x i a  (2) into (1) gives 

x(t) - Mt) + P(t)C(t). 

(3) 

or 

must be acausal linear process in aproprly designed 
tracer test, it is reasonable to use the impulse response 
of the system as the standard of comparing or 
modelling a tracer test. In this case, wt must find 
effective means of estimating the impulse response of 
the system from an arbitrary tracer input and a 
measured ourput at& production~n. 
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Solving this equation for h[n] gives 

As in the case of continuous data, the impulse 
response at a particular time is a function of the 
impulse response at previous times. 

This formulation is concise and appealing. However, 
it has several possible drawbacks. First. the 
technique supposes that each measurement is exact, 
when in fact noise is always present in the data. 
Second, it presupposes an initial impulse injection, 
when in fact the actual initial injection concentration 
may be unlike an impulse. In this paper we seek a 
technique of estimating the impulse rcsponse which 
wiu not have these two failings. 

We wish to solve equation (1) in a least squares 
sense, which will ameliorate the effects of data noise 
on the estimate of h. Following Papoulis (1977, p. 
340). the least-squares solution to (1) is the solution 
to the Wm-Hopf equation, 

0 

&(T) - R&-a)hb)da = 0. (7) 

for T a 0,  where kX is the cross-correlation of 
C(t) andx(t) and Rxx istheautocorrelationof x(t). 
This equation has a formal solution for h, which is 
d i s c d b y  Papoulis. 

In an actual tracer experiment, data is collected at 
discrete time intervals. Thus. the discrrtc version of 
the Wiener-Hopf equation is (Papouiis, 1977. eq. 10- 
115). 

0 

&[m] - R,[m-k+l]h[k] = 0. (8) 
k-1 

where m z 0. Since data is collected at only N 
points, equation (8) becomes 

N 
&[m] - R,[m-k+l]h[k] = 0, 

k-1 
(9) 

where m 0 0.1 ...., N-I. The values of & and Rut 
can be estimated using the formulas 

or 

(Oppenheim and Schafer, 1975). These estimato~~ 
differ only m the value of ?he anmior multiplier. The 
faestimator is unbiased but has large variance as m 
approaches N. The second estimator has a bias 

which approaches 0 as N becomes large. It has a 
smaller variance than the fmt estimator as m 
approaches N. Althoughsomestudyastotheproper 
estimator to use rm t be useful we simply use the 

Watts (1968) that it may in many cases give a smaller 
mean-square residual. 

Equation (9) determines a set of equations which give 
thematrixform 

second following Bh e conjuncture of Jenkins and 

where we have used the fact that R&k] = Rn[k]. 
The mauix is a Toeplitz matrix, which means that the 
matrix equation can he rapidly solved for h usmg the 
Rybicki algorithm (Press et al., 1986). By design, 
the solution will be valid in a least-squares sense. 

NUMWUCAL EXPWME NTS 

As a test of tfie Wiener-Hopf technique we considered 
a simple tracer experiment. depicted in Figure 1. The 
impulse response for this experiment converts a unit 
impulse into two impulses of amplitude .5 lagged one 
and two time units respectively, CIS shown in Figure 
1. During the experiment, the produced water-tracer 
solution is diluted by an equal part of pure water and 
is reinject&, as in Figure 1. 

The sampled values of x[i] and c[i] for this case 
were used to estimate h[i] using both the Robinson 
technique aod the Toeplitz matrix technique. In the 
case of noise-free data both techniques did a good job 
of estimating h[i], giving estimates which were .5 to 
three significant figures at i - 2,3 and were smaller 
than .5x 10-4 for all other h[i] values. In both 
cases. the estimated impulse responses oscillated 
about 0 with decreasing envelope as i increased. 
We then contaminated the tracer data with Gaussian 
noise having a varianceequal to 5% ofthe data values 
using an algorithm from Press et al. (1986). Using 
this contaminated data, the Robinson technique gave 
h[2] = .537 and h[3] = .478. while the 1east-sqm-e~ 
technique gave h[2] = .569 and h[3] - .512. Both 
techniques gave h[i] less than .2x 10-3 for all other 
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x [i]  - S[i- 11 

Figure 1. Theoretical impulse response and re- 
fartheiimnumericatestestcase. 

h[i] values. Asbefore,both 
about 0 with decreasing envelope as i i n d .  

Although the Robinson technique worked well with 
noisy data in this particular case, we emphasize that 
its general response to noisy data inunknown. 

respoase falls below the data, as is expected. The 
total percent difference between the data and the 
impulse response at day 70 for the Fluomceinis 8% 
ofthe impulse mprmse, while the disaepancy forthe 
Benzoic acid at day 70 is 10% of the impulse 
response. Forbothtracm, the impulse~has  
osdllations which track the oscillations m the data. 
This suggests that these high frequency variations m 
t h e t r a a x ~ . m  notcausedbyvariations m the 
taaoxmassofre-mpctedwater. 

CLUSIONS 

We have discussed the esthation of the impulse 
response of single injector tracer experiments using 
the Wiener-Hopf equation. This approach is 
advmtageousbecauseitisnotxrs&kkdtoa~ 
initial tracer injection mass history and it gives the 
least squares estimation of the impulse response. We 
have illustrated the use of the technique using tracer 
datagatheredatDixievalley. Inthisappkatkmthe 
technique was important in demonstrating the 

h c e  ofoscitlationsm the tfacertesponses 

filtering of the data. Thus our impulse response 
cstixnates may not be the best achievable from a 
particulardatasetusingthe Wm-Hcpfcquatian. 
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FLUORESCEIN - Impulseresponse 

+ Normatizeddata 
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Figure 2. 
withtheimpulserespanseestimatedusingthe Wmer-Hopfequaticra 

Flwrrscein umcentdm data for the Dixie Valley Test. noxmabd to a unit mass initial dug, together 
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Rgure 3. 
withtheimpulserespomeestimatedudingthe Weiner-Hopfequation. 

Benzoic acid amccntratimdataforthe Dixie Valley test, noRnatizedto aunit mass initial slug, together 
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Figure 4. Reinjected Fluorescein as a function of time. 




