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ABSTRACT Tester e t  al., 1983; Horne and Rodriguez, 
This study presents a semianalyt ical  so lu t i on  1983; Jensen, 1983: Hugakorn e t  ai., 1983; 
o f  the i n t e g r a l  form f o r  continuous, f i n i t e  Maloszewski e t  al., 1985: Rasmuson, 1985: 
step and sp ike- in jec t ion  flow o f  a t race r  Okandan, 1987: Rivera e t  al., 1987; Ramiret 
i n  n a t u r a l t y  f rac tu red  reservoirs. An impor- e t  al., 1988). I t  i s  important t o  know tha t  
t a n t  advantage o f  t h i s  s o l u t i o n  i s  t h a t  the number o f  studies tha t  consider a quanti- 
the numerical dispers4on reported by previous t a t i v e  determination o f  reservo i r  parameters 
i nves t i ga to rs  when us ing  the  Stehfest i n v e r t e r  i s  l i m i t e d  (Grove and Beetem, 1971; Tang 
Laplace transform a lgor i thm e t  al., 1981; Walkup and Horne, 1985; Rivera 
The rese rvo i r  i s  t rea ted  as being composed ., 1987; Ramirer e t  al., 1988) 
o f  two regions: a mobile region where dif fu- 
s ion  and convection take place and a stagnant o f  t h i s  study i s  t o  present a 
region where on ly  d i f f u s i o n  and adsorption so lu t i on  o f  the  i n t e g r a l  form 
are allowed. This model can a l so  be used tinuous, f i n i t e  step and spike- 
t o  study the  f low o f  rad ioac t ive  tracers. inpu t  f low o f  a t race r  i n  n a t u r a l l y  f rac tu red  
The so lu t i on  o f  t h i s  paper i s  expressed reservoirs. This so lu t i on  considers a l l  t he  
i n  terms o f  two dimensionless parameters: a f f e c t  t race r  flow: 

sorp t ion  and radio- the Peclet  number f o r  the fractures, P 
and a parameter a= (5 where &+DP(vbjl8 
and Pez!s the  Peclet  %umber f o r  the matrix. 
A s e n s i t i v i t y  study was c a r r i e d  out w i t h  
regard t o  the  above mentioned main parameters 
t h a t  enter i n t o  the  continuous, f i n i t e  step 6 %  cje\b p is  study i s  shown 
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The so lu t i on  o f  t h i s  equation i n  Laplace 
space considering the  proper i n i t i a l  and 
boundary condi t ions i s  given by (Ramirez 
e t  al., 1988): 
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It has been Shown (Ramirez, 1988) t h a t  
fo r  p r a c t i c a l  purposes the  thickness E 
o f  the  r e p e t i t i v e  element o f  Fig. 1 does 
not sensibly a f f e c t  the t race r  concentrat ion 
results, because f o r  the  parameters tha t  
enter i n t o  the  hyperbol ic tangent, i t s  
evaluat ion r e s u l t s  approximately i n  a value 
o f  1. Under these conditions, Eq. 2 can 
be w r i t t e n  as fol lows: 

- 1 'elXD CID = ; exp(-) exp 
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I t can be mentioned t h a t  Tang e t  al. (1981) 
have presented an expression s i m i l a r  t o  
Eq. 4. 

If Eq. 4 i s  analyzed, i t  i s  possible t o  
define a new dimensionless parameter 
a tha t  would al low t o  express t h i s  so lu t i on  
in  terms o f  only two dimensionless param- 
eters: 

Considering a chemical t race r  (y=O) and 
tha t  R=l, Eq. 4 can be w r i t t e n  as f o l l o q :  

I - r -  

( 6 )  

It can be observed from Eq. 6 t h a t  through 

the parameter a the stagnant region a f fec ts  
the t race r  concentrat ion o f  t he  mobile region. 
Based upon t h i s  observation, f o r  smatl values 
o f  a ( a  + 01, the  system would behave as i f  
the immobile region were impermeable and t h a t  
the t race r  w i l l  only f low through the mobile 
( f ractured) region. Th is  case i s  equivalent 
t o  consider the  f low o f  a t race r  through a 
homogeneous media. Thus, under t h i s  condition, 
Eq. 6 can be expressed: , 

The invers ion  o f  t h i s  equations y ie lds:  

1 

(8)  
1 
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Eq. 8 has been presented -by Coats and Smith 
(1964) f o r  homogeneous systems. For the  case 
o f  t h i s  study o f  a f rac tu red  formation, i t  
represents a l i m i t  ana ly t i c  s o l u t i o n  due t o  
the f a c t  t h a t  maximum t r a c e r  concentrat ions 
are a t ta ined when there i s  no t race r  t rans fe r  
t o  the  second immobile region, which as mention 
ed corresponds t o  impermeable condi t ions 
( a  = 0 ) .  

I n  many f i e l d  s i tuat ions,  the  t race r  i s  i n j e c t -  
ed f o r  a short  pe r iod  and are re fe r red  t o  
as "spike injecticn tests" in the literature (ualkrp, 
1984). I t  has been s ta ted  (Walkup, 1984; 
Walkup and Horne, 1985) that the soluticn f o r  
an spike t e s t  i s  the  t ime de r i va t i ve  o f  a 
step i n j e c t i o n  solut ion:  

1 D  
(9) 

Subst i tu t ing  Eqs. 6 and 7 i n t o  Eq. 9: 

r .1 

The so lu t i on  f o r  a f i n i t e  step i n j e c t i o n  
f o r  f rac tu red  and homogeneous systems can 
be der ived through the  app l i ca t i on  o f  the  
p r i n c i p l e  o f  superposi t ion and the  use o f  
Eqs. 6 and 7. 
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VALIDATION OF THE SEMIANALYTICAL (INTEGRAL) 
SOLUTION. 

Equations 12 and 13 were numerical ly i n te -  
grated using the  algor i thm o f  O'Hara and 
Smith (19691, and compared t o  the numerical 

approach invers ion  so lu t ions  using the  algor i thm of 
Stehfest (1970 a,b) o f  Eqs. 6 and 10. Figures 
2 and 3 show the r e s u l t s  obtained o f  t race r  
concentrat ion for the  continuous i n j e c t i o n  
and Figs. 4 and 5 show the  corresponding 
resu l t s  f o r  t he  sp ike- in jec t ion  case. I t  
can be observed from these r e s u l t s  tha t  the  
semianalyt ical  ( i n teg ra l )  so lu t i on  i s  f a r  
b e t t e r  than tha t  obtained through numerical 
Sthefest inversion. 

Another step taken toward the  v a l i d a t i o n  
o f  the i n t e g r a l  so lu t i on  method was t o  ob ta in  
the l i m i t  i n t e g r a l  so lu t i on  f o r  the continuous 
case o f  Eq. 7, f o l l o u i n g  the same procedure 
already ou t l i ned  i n  the  previous section: 

F i r s t  the  algor i thm f o r  the Laplace transform 
of Stehfest used to invert 6, f inding 
some numerical d ispers ion  o f  the  resul ts,  
,,,hich increased t h e  dimensionless tirne. 
Based on this finding, an 
t o  solve t h i s  problem uas sought. 

q. 7.4.3 of Abramouitr and Stegun 
4, 6 and 7 ye obtained the  (1970) to 

f o l l o u i n g  solut ions:  

Continuous in jec t ion .  

Radioactive tracers. 

0 

(15) 

This equation 15 uas numerical ly in tegra ted  
by the  algor i thm of O'Hara and compared t o  
the l i m i t  so lu t i on  f o r  homogeneous systems 

an exce l len t  compar- 
next. The next step 

uas t o  compare the 
t a i  ned through the 

the l i m i t  s o l u t i o n  
l i m i t  ana ly t i c  solu- 
stems given by Eq. 
i ntegra t  i o n  so lu t i on  

the same as 

in tegra  1 so lu t i on  
d fo r  , the cont in-  

ca r r i ed  out f o r  
i n j e c t i o n  cases 

ar ison  u i t h  the  

on i s  presented 
the continuous, 
on cases given 

case by Eqs. 
important p a r t  

of t h i s  discussion w i l l  focus on the f i n i t e -  



step i n j e c t i o n  case tha t  i s  o f t e n  used i n  
f i e l d  appl icat ions.  

I t  i s  important t o  keep i n  mind tha t  the  
i n t e g r a l  so lu t i on  o f  t h i s  study, used t o  
describe the t race r  f l o u  i n  n a t u r a l l y  f rac tu r -  
ed systems, i s  expressed i n  terms o f  only 
two basic parameters: t he  a parameter and 
the  Peclet number f o r  the mobile region P 1. 
Thus, i t  i s  easy t o  check the e f f e c t  o f  eech 
o f  these parameters on the t race r  f l o u  re- 
sponse. 

Fig. 6 shows the  t race r  behavior f o r  d i f f e r e n t  
distances o f  the  i n j e c t o r  t o  the producing 
well, f o r  values o f  P =I and a 4.01. For 
p r a c t i c a l  purposes, " tacer  concentrat ion 
i s  important f o r  a distance xD=l and, conse- 
quently, r e s u l t s  o f  t h i s  study u i l l  correspond 
t o  t h i s  distance. 

I t  has been prev ious ly  discussed t h a t  the  
a parameter determines the in f luence o f  

the immobile region upon the  t race r  f l o u  
through the  f rac tu res  ( i t s  d e f i n i t i o n  g i v  
en by Eq. A-11 involves the poros i ty  o f  the 
matr ix 42 and the d i fuss ion  c o e f f i c i e n t  D2). 

I t  i s  use fu l  t o  f u r t h e r  discuss Fig. 3 which 
shous the in f luence o f  the parameter a upon 
t race r  concentration. I t  can be not iced t h a t  
as a increases, the  t race r  concentrat ion 
a t  x =l-decreases and a l so  t h a t  the  break- 
throegh ti,nle o f  the  t race r  i s  essen t ia l l y  
constant f o r  a l l  a values. I n  addition, the 
graphical  r e s u l t s  i nd i ca te  t h a t  the  curve 
fo r  the l i m i t  concentration, a =0.01, i s  an 
upper l i m i t  f o r  a l l  so lu t ions  and tha t  the  
t racer  responses f o r  t he  var ious a values 
eventual ly u i l l  reach a maximum concentrat ion 
less than 1. O f  course, t h i s  i s  due t o  the 
t rans fer  o f  t race r  t o  the immobile region. 

Figs. 7 and 8 i l l u s t r a t e ,  f o r  the case o f  
continuous in ject ion,  the inf luence o f  Peclet 
number o f  the mobile region upon the t race r  
concentration. I f  ue analyze the  d e f i n i t i o n  
o f  the Peclet number (Eq. A - 9 ,  i t  can be 
concluded t h a t  f o r  p r a c t i c a l  purposes the 
v a r i a t i o n  of Pel i s  due t o  d i f f u s i o n  i n  the 
mobile region represented by D1: 

D1 = DLV + D* (1 6) 

where DL i s  the l o g i t u d i n a l  d ispersion coef- 
f i c i e n t  o f  the f rac tu res  and D* i s  the t race r  
molecular d i f f u s i o n  coef f i c ien t .  The values 
o f  t he  molecular d i f f u s i o n  c o e f f i c i e n t  D* 
are usua l ly  q u i t e  smaller than the  values 
o f  DL and consequently, the  Peclet  number 
Pel i s  inverse ly  p ropor t iona l  t o  DL. 

Fig. 7 a lso  ind ica tes  tha t  the breakthrough 
t ime o f  the t race r  i s  a func t ion  o f  the  Peclet  
number f o r  the mobile region Pel. As expected, 
if Pel increases ue get longer t race r  break- 

through times. Th is  can be explained by saying 
tha t  as P increases, t he  c o e f f i c i e n t  D, 
u i l l  be sma(i2er and t h i s  u i l l  r e s u l t  i n  l o n g e r  
breakthrough times. Houever, a f t e r  breakthrough, 
the increase o f  t race r  concentrat ion i s  f as te r  
f o r  the  higher P values; t h i s  means t h a t  
the slope o f  t h t  t race r  concentrat ion re- 
sponses increases and as shoun i n  Fig. 8, 
f o r  values o f  P greater than 5 the response 
u i l l  be s im i la f  t o  tha t  o f  p i s t o n  l i k e  d is -  
placement p red ic ted  by the  Buckley-Leverett 
f r o n t a l  theory of l i n e a r  waterf looding d is -  
placement i n  o i  1 reservo i rs  (Craig, 1971). 

I n  summary, from the  foregoing discussion 
i t  has been concluded tha t  f o r  a f i x e d  value 
o f  a, the  Peclet  number P a f f e c t s  the  
t race r  concentrat ions responses ( d i f f e r e n t  
shapes and a lso  changing breakthrough times), 
and t h a t  f o r  a constant Pel the  responses 
fo r  var ious a values show curves o f  .s im i la r  
shape, and t h a t  the  response f o r  a equal 
t o  0.01 i s  an upper l i m i t  f o r  a l l  solut ions. 
These conclusions a l so  ho ld  f o r  the  f i n i t e -  
step and spike i n j e c t i o n  cases t o  be discussed 
next. 

With regard t o  the  f i n i t e -s tep  case, Fig. - 
9 shous r e s u l t s  f o r  an i n j e c t i o n  pe r iod  ex- 
pressed i n  dimensionless t ime equal t o  0.3, 
P = 1 and var ious a values. I t  can be ob- 
sgrved tha t  the t ime t o  reach maximum concen- 
t r a t i o n  condi t ions i s  independent o f  0 ; 
t h i s  means t h a t  the d i f f u s i o n  and adsorpt ion 
o f  t he  t race r  i n  the  immobile reg ion  has 
no in f luence on the  t r a v e l  o f  the  maximum 
concentrat ion touaurd the  producing well. 

Fig. 10 shous r e s u l t s  o f  t race r  concentra- 
t i o n  f o r  the f i n i t e -s tep  case f o r  a =  0.01 
and var ious values o f  the  P parameter f o r  
an i n j e c t i o n  per iod  o f  0.3; 6' can be no t iced  
tha t  the t ime t o  reach maximum concentrat ion 
condi t ions w i l l  increase as Pel increases. 

Fig. 11 shous r e s u l t s  o f  t race r  concentrat ion 
f o r  the f i n i t e -s tep  case f o r  the  same 0 and 
P 's parameters already s ta ted  f o r  Fig. 10, 
bfi l f o r  an i n j e c t i o n  per iod  o f  0.1; comparing 
the r e s u l t s  o f  t h i s  Fig. 11 u i t h  those of 
Fig. 5 f o r  the  spike i n j e c t i o n  case, i t  can 
be concluded tha t  the  t race r  responses f o r  
both cases are s i m i l a r  and t h a t  the  f i n i t e -  
step so lu t i on  v i 1 1  only converge t o  the  spike 
so lu t i on  f o r  la rge  dimensionless times. Another 
important p o i n t  i s  t h a t  the  t ime t o  reach 
maximum concentrat ion and the  breakthrough 
t ime are essen t ia l l y  the same f o r  both solu- 
tions, f o r  the p a r t i c u l a r  case o f  an in- 
j e c t i o n  per iod  equal t o  0.1. 

Next, Fig. 12 presents the r e s u l t s  o f  t race r  
concentrat ion f o r  the  f i n i t e -s tep  case, 
f o r  a value o f  a = 0.01, P = 2 and values 
o f  t he  i n j e c t i o n  per iod  8) 0.1, 0.3 and 
0.5. As expected, i t  i s  observed from r e s u l t s  
o f  t h i s  f i g u r e  t h a t  as the i n j e c t i o n  t ime 
increases, so does the  maximum t race r  con- 



cent ra t ion  and t h a t  the  t ime a t  which t h i s  
maximum i s  a t ta ined  i s  la rger  than the in- 
j e c t i o n  period, due t o  t h s  d ispers ion  effects, 
taken i n t o  account i n  the Peclet  number P 1. 
It can a lso  be no t iced  t h a t  t he  t race r  c%n- 
cent r a t i o n  response f o r  d i f f e r e n t  i n j e c t i o n  
per iods i s  the same f o r  t imes smil l ler than 
the i n j e c t i o n  time. Th is  imp l ies  t h a t  f o r  
times smaller than the  i n j e c t i o n  time, the 
continuous s o l u t i o n  i s  v a l i d  t o  analyze t race r  
concentrat ion response. This can be f u r t h e r  
v e r i f i e d  i f  the r e s u l t s  o f  t h i s  f i g u r e  f o r  
an i n j e c t i o n  t ime o f  0.5 are compared t o  
those o f  Fig. 3 f o r  a = 0.01, f i n d i n g  tha t  
both responses are the  same f o r  t imes smaller 
than the  i n j e c t i o n  time. 

CONCLUSIONS 

The main pourpose o f  t h i s  work was t o  present 
a semiana ly t i ca l  s o l u t i o n  o f  the  i n t e g r a l  
form f o r  the f low o f  a t race r  i n  n a t u r a l l y  
f rac tu red  reservoirs. 

Based on the  ma te r ia l  presented i n  t h i s  study, 
the fo l l ow ing  conclusions are  pert inent.  

1. A model i s  presented f o r  t he  flow o f  a 
t race r  i n  n a t u r a l l y  f rac tu red  reservo i r  
t h a t  considers the  fo l l ow ing  mechanisms: 
di f fusion, convection, adsorption and 
rad ioac t ive  decay. 

2. The i n t e g r a l  semianalyt ical  so lu t ions  
presented f o r  the continuous, the f i n i t e -  
step and the  spike i n j e c t i o n  cases do 
not show numerical d ispers ion  as shown 
by previous i nves t i ga to rs  when using the  
Stehfest  i n v e r t e r  Laplace transform algo- 
rithm. 

3. For p r a c t i c a l  pourposes the  
(s ize) o f  the  mat r ix  blocks does 
the t r a c e r  concentrat ion resul ts.  Under 
t h i s  condition, the  t r a c e r  concent r a t i o n  

t h a t  the  shape (slope) o f  t he  t r a c e r  
concentrat ion response i s  a f fec ted  by 
t h i s  parameter. 

7. The continuous i n j e c t i o n  s o l u t i o n  i s  
v a l i d  t o  analyze t race r  concentrat ion 
response f o r  t imes smaller t h a t  t he  
i n j e c t i o n  t ime. 

NOMENCLATURE 

C = t race r  concentration, MIL 
CD = dimensionless t r a c e r  consentrat ion 
D 
E = f r a c t u r e  specing, L 
H = step function, EqsO312, 13 and 14 
k = adsorpt ion constant, L IM 
L = distance from the  i n j e c t o r  t o  producing 

3 

= d i f f u s i o n  coef f i c ien t ,  L I T  

well, L 
L - ~  = inverse Laplace's 

parameter, Eq. 3 F' = Peclet  number, dimensionless 
Re dimensionless group, Eq. A-10 
s e Laplace va r iab le  
t = time, T 

tD v veloci ty,  1IT 
= dimensionless time, Eq. A-7 

w = fracture-hal f -width,  L 
x = distance i n  the  x d i r e c t i o n  
xD = dimensionless distance i n  the  x d i -  

r e c t i o n  Eq. A-6 
y = distance i n  the  y d i r e c t i o n  , 
yo = dimensionless distance i n  the y d i rec-  

Greek simbols. 

tion, Eq. A-2 
, 

a = dimensionless group de f ined by Eq. 
A-1 1. 

decay constant, T 

Mathematical 
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APPENDIX A 

DIMENSIONLESS GROUPS USED TO DESCRIBE THE 
FLOW OF TRACERS 

Peclet number. 
Mobile ( f ractured) region (1) 

v, L 
Pel' A 

Dl 

Immobile region (2) 

v1 
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Dimensionless t ime (tD> 

Vlt 
tD= - L 

Dimensionless concentrat ion 
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Dimension less  pa ramet e r R 
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a= E T 2  
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Table 1. Comparison of the limit analytic solution for homogeneous systems (Ea. 8), the limit solution 
(EO. 14), and the numerical integration solution of the general EO. 12. for a = 0.01. 

TD 
CDlint. 
(Eq. 14) 

CDint. 
(Eq. 12) 

0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1 .oo 

0.004077 
0.0637 53 
0.163726 
0.270613 
0.364975 
0.446383 
0.515730 
0.574723 
0.625022 
0.668101 

0.004076 
0.063753 
0.165726 
0.270613 
0.364975 
0.446383 
0.51 5738 
0.574723 
0.625023 
0.668102 

0.004047 
0.063309 
0.164584 
0.260769 
0.362320 
0.443422 
0.512365 
0.371021 
0.621058 
0.663929 
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Fig. 1 ldealbed proposed model for re 
naturally fractured medium. semianalytiial solutions. 

Continuous injection tracer concentration 
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Fig. 5. Spike injection tracer concentration semianafytical Fig. 8. Influence of the peclet number on the continuous 
injection tracer concentration for long times. solutions 
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Fig. 6. Continuous injection racer concentration for various 
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Fig. 7. Influence of the peclet number on the continuous 
injection tracer concentration for short times. 
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Fig 9. Influence of the a parameter on the finite-step 
injection tracer concentration for to = 0.3. Pel = 1. 
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Fig. 10. Influence of the peclet number on the finite-step 
injection tracer concentration for to = 0.3. a = 0.01. 
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Fig. 11. Influence of the peclet number on the finite-step 
injection tracer concentration for to = 0.1, a - 0.01. 




